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SUMMARY. Reference has boen mado to tho lgical status of Fixher'a null hypothesis that
all variotica under test hiave the samo yivld on any experipwental plot, The tyjxs of departures from thoe
null hypotheais, which tho ratio of mesn aqunros of varistica to error can deteet with a reasonablo chance,
have been examined in the caso of gencral incomplate block dusigns, Tt nppenra that the tost ignoros dif.
furencos [ variotios which are, in somu senae, atiributable te inteenrtinn belwoen blocks ard treatments,
A study of Lhe consequences of non-random nllocation of subsets of varictica 10 blocks lcods 4o n special
proporty of tho BIBD and somoe PBIBD dusigns. The offcot of ranam indrxing of varictics, L., of asso-
clating tha givon variutics with tho symbola in which a devign ia ropresented, is alwa considered.

1. IxTRODUCTION

In carlior papers (Rno, 1947, 1956) on gencral methods of analysis for in-
complote block designs, the author has shown how combined intra and inter-block
estimates and the oxpressions for their variances and covariancos can be obtained
from tho theory of least squares under the hypothesis that treatment and plot effecta
aro additive. Tho present paper is intended to clarify some of the points not fully
elaborated in tho earlier papers.  Further, accopting Fisher's null hypothesis that an
observed yield of a varioty on & particular plot is purcly a plot effcct independent of
the varioty,! the types of departures from tho null hypothesis which the analysis
of varianco test can dotect havo beon examined. The latter is done by comparing
thoexpected values of the mean squares for varicties and error in the analysia of vatiance
under a genoral hypothesis that on each plot the varieties have possibly different
yields, and plot x treatment and block X treatmient interactions exist. Tho first
attempt in this dircction was due to Neyman {1935), who obtained tho expoctations
for Randomized block and Latin square designs. Rocently Wilk (1955), Wilk and
Kempthorno (1957), and others have considored the two cases treated by Neyman
undor & more goneral set up.

The null hypothesis is sometimes stated as the equality of varioties with
respect to the total yiclds over all plots of tho experimental area although plot X treat-
ment and block x treatment interactions may cxist (Neyman, 1935). Somo concorn
is expressed when it s found that under these conditions the expected mean square
for varicties is smaller than that for error implying that the analysis of varianco
ratio test is not unbiased and probably insensitivo.

It may bo notod that whon the total yiolds of somo varictics over & given
aren aro all equal, thoro must oxist portions of tho aren over which thoy must differ
ifinteractions oxizt. 'Tho validity of tho null hypothesis that the total yields are the

1 In this puper no distinction is made botwoeon varivly ond tho moro generul form treatmont.
Thoy have boca used synonyniously.
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same over an experimental area then deponds lnrgely on what particular area
hos been chosen or was availablo for tho experiment, Such a null hypothesis has,
thereforo, not the samo logical status as Fisher's null hypothesis.  We may now raiso
the question as to what typo of departures from Fisher's null hypothesia aro detect-
ablo by tho varianco ratio test of mean squaro for varicties to that for error. It turns
out, in tho cascs examined before such as Randomized block and Latin square
designs as well as for other designs considered in tho present paper, the variance ratio
tost has only o small chanco of detecting overall differences equal to or smaller in
magnitude than the block X treatment interactions.  Differences comparatively larger
than the interactions havo, however, a reasonablo chance of detection. It is, perhaps,
a desirablo property of tho test that it should ignore overall differences of the order
attributable, in some senso, to tho presenco of interactions. Tho object of the experi-
ment may not bo to examine whether differcnces oxist over the experimental aren used,
but to look for evidence whother the rosulta of tho experiment would justify an investi-
gation on a largo scalo, over a wider arca. The varianco ratio test secms best suited
for this purpose. Indeed, if the cxperimental arca itselfis chosen at random from a
wider area the ratio of variances provides an unbiased test for oxamining the difforoncea
in varicties ovor the wider arca.

Section 2 of this paper is dovoted to o brief restatement of some of tho results
of tho earlier papor (Rao, 1047) to clarify some of tho statements made carlior and
to explain the now notations used in the present communication.

2, RANDOMIZATION ANALYSIS OF INCOMPLETE BLOCK DESIGNS
UNDER AN ADDITIVE MODEL
Let us consider an incompleto block design involving v variotics arranged in b
subsets of k varicties each, such that every varicty is used r times and any pair of
varicties g and h occurs in A, subscts. Tho actual layout of the experiment in b
blocks of & plots is determined by tho following randomization procedurcs.

R, : Tho subsots of varieties are assigned to tho blocks at random.

R,: Within each block, tho variotics of a subset are assigned to the plots
at random,

Tho null hypothesis epocifies that all varietica give tho same yicld on each
plot of the experimontal area. We may, howover, write tho yicld of the g-th varicty
on the j-th plot of tho i-th block as

7+2y g=1..,v e (20)

whore tho parameter 7, is spocifio for tho g-th varicty and z is independont of the
treatment and may be considercd as & plet offect. With the spocification (2.1) the
null hypothesis under test is

Iy: n=an=..=7,
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EXPECTED VALUES OF MEAN SQUARES
Let ue define, with tho usunl notations for avernges,
S X {(z,

. =T
%= Sty

50 thnt ¢} is tho inherent averago variation botweon plots within blocks and o} is the
variation between blocks. Consier a particular subsot of variotics, say 7,, ..., 7,
without loss of generality, and represent the corresponding obsorved yiolds by 2t,...,2%
Then it is casy to seo that under the randomization procedurea R, and Ry,

E(Z) = 1+2.
’ k— b—1
Vi) = S o3 4+ 2 o

cov (2zf) = —_L_r:+ I% $

and thero exists an orthogonal transformation

BivE = (24 ... +2)|vE o (2.2)
o= by Dbyt e (23)

1= 1., k=1
such that tho now variables aro all uncorrelated and
V(BI\k) = Hb—1)olfb
Viyy=of, i=1..,k1
Ely) = by 1+t banye
An exporiment with b blocks provides b{k—1) obsorvations of the typo (2.3), which
aro all uncorrclated, have the samo variance o} and have as their oxpectations linear
functions of tho unknown parametors 7. Henco tho theory of least squares can be
used for obtaining tho best lincar estimates of treatment differences 7,—7;, expres-
sions for variances of extimatos and tho analysis of varianco for testing any sct of
linear hypothesca. This supplies the theory of intra-block analysis.
If, in addition, we make an orthogonal transformation of the block totals
{divided by /F)
20 =Byt + BV
2o = (6 B+ Fca BIVE o8
i=1,..,b=1
wo find that all z aro uncorrelatod, ¥(z) = ko3, § =1, ..., 5—1, and E(z,) is a lincar
function of tho variotal effects. Tho (—1) obscrvations (2.4), cach with variance
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kaj together with tho Jk—1) observations (2.3), ench with variance o2 yickl combined
inten and inter-block estimales by tho uxo of weighted least squaro theory, Tho
expressions for variances cte., involving the reciprocal of tho variances

w=ljo} wd w = 1jko} e (2.5)

aro given in the nuthor's earlicr papers (Rao, 1947, 1956) where o different interpre-
tation was given to o3.

Ono uscful result of tho carlicr papers was the derivation of tho formulae
for variotal differonces, and variances and eovariances in such & way that tho samo
oxpressions ean bo used buth for intra-block analysis and combined intra and inter
block analysis by substituting approprinte values for the parameters.

To obtain estimates of o} and o3, wo uxo tho expectations 6, mean squares in
the analysis of varidnce of total sum of squares into blocks, varicties and error.
Table 1 contains the relovant expeetations.

TADLE 1. EXPECTATIONS OF MEAN SQUARES ASSUMING TIIE SPECIFICATION (2.1)

duo te a.f. e oxpectedd menn aquare
;i ot - ot o224 pm
blocks {ignoring variotics) b-1 Sp toy +b—l,2‘, v ’ (ri—my)?
e N 1 N
variotics (eliminating block«} o—l—c Scs o, + fe=1=¢) l!‘(,l./fr(—i":
error 7 5 u;
PR . vR=1} o r
varictics {ignoring Liocka) v—1 S, =1 % + — E) lij(q—q):
blocks (climinating vrictics) bl Sy, TSNedDor L flroD) o

To=1) % T fp=n) %

Notg: g = bk-b-vtl+e, ¢ = degrees of freadom confounded, which is (v—1) minus the nombor of
indepenulent varictal contraata estimiblo from intra-block nnnlysis. The valus of ¢ is zero when all
variotal differcnces aro calimable 04 in nny connected deaign for variotal trisls. The relationship
Sy Sey = Set Sy cauld be utitivod In computing the sum of squares Ses {or Ses) altor obtnining
directly Say (or Spp).

Tho estimates of of and of aro obtnined using tho mean squares whoso expee-

tations aro freo from varictal differences.

G=8,+9

8% = [kSs,— (9—hc—R)S,g)+-v(r—1).
For somo designs, known ifs resolvablo designs, it is poasiblo to arcango the subsets
into groups forming compieto, replieations.  Tho subsots forming a completo replica-
tion aro assigned to contiguous blacks so that the variation botweon replications could
bo romoved from the block differcices.  Defining a7 as the varianco betweon repli-
cations the expectations givon in Table 2 aro obtained.
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EXPECTED VALUES OF MEAN SQUARES

TABLE 2. EXPECTATIONS OF MEAN SQUARES IN TIIE FUNTIIER ANALYSIS OF BLOCK
YARIATION, ASSUMING TIIE 8PECIFICATION (2.1)

dua to af s expectedl meon mpunro
replications (ignoring blocks) —1 5 vo,
. " o—hrkd) 4, (e=bir=1} 4
blocks (withia reglications) bor S IR on o Goleol oy
blocks {oliminating variotics) =1 S, -

In such & cnso, the estimato of o} ia
6} =[Sy p—~(0—ke—£)S, Jgk) = (v—k)r—1).

For further detaily tho reader is referred to Rao (1947).

3. EXPECTATIONS OF MEAN SQUARES WIHEX R, IS NOT FOLLOWED

Wo shall eonsider the situation when the subscts of varictios are not randonly
assigned to tho blocks but only the varictics within a block are randomized, i.e., only
the proceduro R, of Section 2 is followed. In such a case only intra-block estimation
ia possiblo. Considoring tho set up (2.1) let

- (30)

o= f- {2y~ )t + (k=1),

be the variation botween plots within tho i-th block. Tha transformed varinbles
Vi o Ypy, cOEidered in (2.3) arising out of the subsot assigned to the i-th block have
the varianco a};.  Sinco o}; is unknown and cannot bo cstimated unless romo variotica
are repeated more than onco in each Llock, it is not possible to adopt tho proce-
duro of weighted least equares (of weighting tho varinbles of each block by thereciprocal
of the corresponding intra-block varianco). Lot us, thereforo, oxamino tho consoquenco
of ignoring tho differences in ¢% in estimation and tests of significanco of varictal
differences.

Lot vy of denoto the varianco of (;,—Ar,), tho intra-block cstimato of tho
difforenco botween the i-th and j-th variotios, nssuming & common variance o} for all
tho blocks. The oxpressions v, for various types of standard designs disevssed in
literaturo aro known, Lot 8, bo the sum of v, for all possiblo pairs § and j of variotics
included in tho s-th block. Thus, if the s-th block hna threo varictios dosignated by
1,4, 5 then &, = v +w+vy;.  Tho oxpectations of mean squares for variotics anc{
orror in the intra-block analysis of varianco are given in Tablo 3,
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TABLE 3. EXPECTATIONS OF MEAN SQUARES ASSUMING TUE SPECIFICATION (2.1}
WHEN R I8 NOT SATISFIED

duoe lo d.f. ne. expected mean yuare
blocka (ignoring variotive) b=l So —_
e on fobie it 1 ) b o 1 .
varietioa {climinating blocks) vl Sed Rooh) (LN [ +..+ 8 a'.)+ 1("_—1)'15(”‘(”"').
blk—1 1
orror ) Sy ‘_,’ o —5 B, Tt

of = (0} +...+oR) = b

From Tablo 3, we find that whon 7, = ... = 7,, the expected mean squares
for varicties and error aro not, in general, tho same, By equating the coeflicionts of
o%; in the two expressions, we obtain

& _ k-1
Ho—=1) g

8 or g = K0=1)

kg b

80 that tho necessary and sufficient condition for the equality of expectations for error
and varictics is that & aro all equal, i.e., the sura of variances of all comparisons within
any subsot of varieties assigned to a block should be the same, the variances being
computed, in tho usual way, under the assumption of no differenco in intra-block
variances,

It is easily scen that this condition is satisfied for the BIBD and PBIBD of
tho two-associate typo with the spocial values A, = 1, A, = 0such as the quasi-factorial.
It mny be of some interest to charactorizo an oxperimontal design by the presenco
or absenco of this property. Even if this condition is satisficd, there is the additional
difficulty of estimating the oxact varianco of the estimated difference bétween two
given varioties. The exact varianco in such a case is a linear compound of the
intra-block variances, which, in general, is not a constant multiple of the expected mean
squaro for error excopt in the cnso of complote randomized blocks.

4. EXPECTED MEAN SQUARES UNDER A NON-ADDITIVE MODEL FOR A BIBD
In tho general caso of a non-sdditive modol the following notations and defi-
nitions are usod.
(i) 2§ = yiold of the a-th varicty in thoe j-th plot of the i-th block
(i) af, 22, %, 7% ropresont sums and averagos over the suflixes roplaced
by dots
(iii) Variance botwcen plots within blocks
bk—l)oka) =S5 («j—F)1, a=1,..,v
(iv) Varianco betweon black-means
$—Noja) = = (22—5), a=),..,v
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EXPECTED VALUES OF MEAN SQUARES
(v) Int i i plot X within blocks
bk—1)i3a, ¢) = S X {f—24—F~H) a,c=1,..,0
(vi) Interaction variances, treatmont X block, based on mean values of blocks
(b—1)i¥a, ¢) = IE @ —F—~(B—2)) a,c=1,...,v
(vif) Averngo variances summed ovor tho variotics

a;:za';(a)+v,uf=£a§(n,a)+v

fT=x E iXa, ¢} + v{o—1), i} = E '5(“: ¢} =+ vv—1}
Tho oxpectod mean squarcs in the caso of BIBD aro givon in Tablo 4.

TABLE 4. EXPECTATIONS OF MEAN SQUARES IN THE ANALYSIS OF A BIBD
(NON-ADDITIVE MODEL)

dus to ar  as oxpected monn squaro
. . vir=1) ¢
bloska (eliminating varioties) b=l She T(b_l R RN S
variotice (eliminating blocks) A - = =t +“,_“..(7.—F)’
error ) 5 o —gi +i

The oxpectationy in Tablo 4 under the genoral sob up enablo us to examine the nature
of tho differences in the varioties which tho analysis of varianco test can deteet,
Under the null hypothesis, that all varieties havo the samo yicld on cach plot of tho
experi tal arca, tho exp of the mean square for error and variotics aro
tho samo as shown in Table 1. If this null hypothesis is not truo then the expected
mean square for varictics oxceeds that for error only when

U_L 1+l Era— > i}

Hv—1)

or 0'3—%-? >0 e @W1)

whore 6 = Z(r,—7)!(v—1), tho varianco botwcen varictal effcels. Tho rolation-
ship (4.1) shows that tho analysis of variance test has a reasonablo chance of detecting
departures from the null hypothesis only when the overall differonces in yields oxceod
a cortain magnitudo depending on the block X troatment interaction.

For oxamining the hypothesis ¢} = 0, although 4} and if may not bo zoro,
the analysis of variance test is somowhat conservative as in tho caso of Randomizod
block and Latin square dosigns (Noymen, 1036); the position is, however, slightly
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better for a BIBD. Tho difference botwoen the expocted vnlues of mean squares
for varictics and error in this caso is {{k—1)/(v—1)]iF which is small when & js small
compared to v, Tho corresponding differenco for randomized blocks is if apart from
some differcnce in the magnituco of if itsell duo to Increased block sizo.

5. EXPECTED MEAN SQUARFES IN THE CASE OF A GENENAL
INCOMPLETE BLOCK DESION

For a BIBD it is scon that under the hypothesia 7, = 0, tho expectationa of
mean squares for varioties and crror agreo upto terms containing intra-block variances
and plotXtreatment intoractions. But this may not bo truo for a general
incomplote block design. Lot us consider a block containing variety a with (k—~1)
others denoted by 1, 2, ..., k—1 without loss of generality, and defino o} ¥V, ag the vari-
ance of the least squarv intra-block estimato of tho contrast

k=11, =Ty —ree—=7p_,

undor the additive model (2.1) where of is tho intra-block error. For any standard
design for which intra-block estimates aro provided, the value of ¥, can bo obtained
directly by first estimating tho contrnst and computing ita varianco. Or, if olvy
stands for tho varianco of tho intra-block estimato of (r,—7)), then

Vo=2 kv, —Z Iy e (50)
where in the summations § and j vary over a, 1,..., k—1.

Let 5V, = sum of V, for blocks in which the varietics § and a occur and

1
Ea = P2 En V-
%, = ila (S,V 4 E TV~ A) o (5.2)

Tho expected valuo of the sum of squares due to varioties climinating blocks js

v e Ty "u o i2 1 t]

L0045 Ehlle, 0—SE L, ] e, O+ Edlr~rt . (53)

bk ki <y

and that due to error is

fr{k—1 - e P L -

T l’(T) —¢]ojim)—£% :4,+f}:';] a0+ =2 (2 b1 0,0 0 (50

Tho condition for terms involving ,{a) 10 bo oqual in the two expeetations (5.3) and

h.4) is

E = "__v_l (indopendont of a). . (58)
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EXPECTED VALUES OF MEAN SQUARES

‘This is truo for BIBD, PBIBD of the quasi-fuetorial typo, and linked block designs
{LBD), though not for a goncral incomplote block design, Similnrly for the torms
involving plotx troatment variances to Lo equal

= (q—'__l_)i..A . (5.8)

which is truo for BIBD and PBIBD of tho quasi-factorial typo and not LBD, Tho
condition for torms involving block X trentmout variances to bo oqual is

- {(o—=D){vr—v+1)
= Ao e (5.7
It may bo oxnminod whethor this rolation can over Lo truo and if truo, what should be
the naturo of tho design.

Tho actual exprossivns for LBD are computed to show the disagroomont in
the plot X treatmont interactions torms. Tho expocted sum of squares for varicties
is, apart from tho term involving variotal diffcronces,

v=l Eu“(a)—_ TEA (

: "«).3(«,¢)+T:IT:.‘:,\,('-/\.).}(¢,¢) . (58)

and that for error is

—Eoi(a)——k-.... b— """)"(a,c)+ z..,\,,( ""- #a,0) .. (59)

where p is tho number of varioties common to any two blocks in a linked block
design,

For tho coofficionts of i¥(a, ¢) in (5.8) and (5.9) to bo tho samo, A,, should be
constant, in which case tho design is a BIBD. How far tho disagreement in tho intor-
action terms can bo considered as a drawback of tho LB dosign romains to bo
examined.

As observed earlior there oxist designs for which even the terms involving
ay{a) do not agree and it may bo of somo interost to obtain a classification of the
designs with respeet to tho terma in which the oxpeotations of mean aquarcs for varietics
and crror agreo.

8. RANDOM INDEXING OF VARIETIES

In completo randomized block, Latin square and BIBD designs, the associa-
tion schomo for the actual variotiea is ind Jent of tho correspondonce set up between

P

tho variotics and tho symbols in which o dosign is 1, Thus, in & randoml;

P
chosen Latin square of order 4 using the aymbola 4, B, C, D it does not matter which
of tho four varictics is mado to correspond with A, which with B and so on. But in
2 design liko tho quasi-factorinl obtained by choosing, as blocks, tho rows and columns
of & squaro with s? symbols writton in the &3 colls thore is tho further problom of
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assigning tho variotics to symbols. In this doxign differences of varioties chosen to
correxpond with aymbals occurring in the samo row or column aro estimablo with a
higher precision than thoso not in tho snmo row or column,  So, if cortain comparisons
aro deemed to bo more important than others it may be possiblo to detormine a cor-
respondence which allows tho estimation of theso comparisons with a higher precision.
If no such distinction could bo mado among the various possiblo comparisons then
we may follow tho procedw'o R, statod below,

Ry : Obtain tho correspondonco between tho variotics and the symbols in which
& design is roprosonted by randomly pormuting tho symbols over the variotics.

It is onay to vorify that whatovor may bo tho design used, with respoct to the
f set g d by the randomization p 1 R,, R, of Section 2 and R,
stated abovo, the following aro true.

(i) The varianco of tho estimated differonce betwoen any two varioties is
a constant indopondont of tho varictics choson.

(ii) Tho oxpocted mean squares for variotios and error aro samo as thoso
obtained for a BIBD (Tablo 4).

Howover, it is not suggestod that the procodure R, justifies attaching the same
precision to all estimatod difforonces from the results of an experiment whon tho design
is not balanced.

Nole: If ench observation in an exporimont is subjeet to an additional
independent random crror (known as tochnical orror) with variance of, tho expeota-
tions of mean squares in all tho Tables of this paper will have the additional term ¢f
with coefficient unity. If o} is large, tho cstimation of variance of block totals
presents some difficulty. Some aspocts of this will bo considercd in n subsequent
publication.
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