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SUMMARY. Itisshown under somo mild restrictions that the joint distribulion of & U-atatixtic
(Hoefliling) ot the ax-th ordor atatistio tenda to (i) the bivarinto normal distribution if 2= p,0 < p < 1,
n

{ii) the joint distribution of two independont variatles, one of which is gamma and the other noymal, in
cone Gp —P CONstant or n—dn—p conetant, (iii} the joint distribution of two independent normal variables

— 0. Tho obove zemulis #ro generalired to the cove of severn) order

if aq— @ such that =20 or 1228
» £

statintics and soveral U-statiatics. The goneralitation 10 the cafo of several populations snd generalived
{Lohmenn) U-statintics is alwo pointed out,

1. INTRODUCTION

Let x,, ...z, be n independent observations on a random variable X.
Writing down the observations in increasing order we get 2y, € Tip & <o < Tim-
1f {a,} is a sequence of integers satisflying 1 € a, € », then by the a,-th order statistic
we mean 7., The random variablo corresponding to it is .\'l”_). Wo are interested
in tho joint asymptotic distribution of X, , and any U-statistic. Sukhatme
(1957) has shown that the joint asymptotic distribution of .\‘([_]) and any

1
U-statistic with a beunded kernel, from a distribution whose density function is
continuous at tho median, is bivariate normal. We now proceed to prove tho
results stated in the summary,

2. THE CaSE n,aw;%ap.0<p<l

Theorom 1 : Let z,, ... z, be n indepcndent obscrvations on & random
variable X with distribution function F(z) and densily function f(x). Let f(z) be continuous
at 0, the p-th quantile of the populution, Let y be the a,-th order slatistic from the sample

Irhcn%‘—»p, 0<p<l. Let Y be the randem variable corresponding lo y. Lot
U, be generated as a U-statistic from the bounded kernel
PYliey, ..o 10). e (20)
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La EX, . X} =,
Then the joint distribution of
= VaT=0), 1= /a(U.—m)}

tends to the bivariate normal.

Proof: Let vz} = E(@{z;, Xys ooes X)) . (2.2)
El{p{X)—m)t = gt . {23)
_f. (#(w)—m) f(w)diw = m’ )
J (vlie) ~m) f(w)dw = m*
> W {2
1 (re)-mptfrobto = ot @9
i (r(w)—m) [0} = o}
g=1-p
Thon we have m'4ni*=0, oitof=ol. . (2.0)
. . 15
The characteristio function p,{t,, f;) of [ £, %' =——)> (p(X)—m)]
R )
is given by v,(f), fy) = Efexp (it £ + ityy)} = E¢ (Efexp (it, & +ity7')]E)). ... (2.6)
Then procoeding as in Sukhatmo (1057) it turns out that
= — ™ 0 oxp (il E+ it '(y)_"')f(y)dyx
i {a.—1) (n—a,)i _l_ ! LY
. 4 o plw)— aa—1 T B )= LE
X [J- oxp (ul, %;_m )/(w)dw] x[ ! oxp ( ity %ﬂ) /(w)dw]
. (27
Putting w=10+4 V‘—.ﬂ- wo find as in Sukhatmo (1957) that
[ exp (i B frortom p ity o ot i 4 £ o L)
. (28)

Fn
3.
I

[ exp L, 2)=m ity M !
'[exp\-. T ede T T =
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whero A= ]l/ (04 5 )au
i @9

o= (1o 0+ ) mpr{ 0 )

We also note that for a fixed ¥, A=£ f(0) 28 n— 0 sinco f{ir) is continuous at 4.
Using (2.8) and simplifying (2.7) after expansion

o=t n—oa
log{[[:exp (n‘l, 'lw)_m)/(w)dw] X l-! exp (n’l, ":;);_m] S(w)dw ] }

- A 2it, fm*® wmy B mt  m 2
const — %L g -2—+T’A(7_?)+?(T _q_)+o(l) e (2.10)

77
4
- P+ =)
Thus  g,{4, ;) = const X _[-exp [il,g_,_il‘ o \/‘/,,") ”_ %,:4,
+'§ ("'T"+ )+ 2ty a(q’ ,,) T'\;—q+a(l)]j(0+%)'15- e @10)

Now letting n—0, and taking the lim sign inside the integral, which is valid in virtue
of the bounded convergence theorem, we find that the right hand side of (2.11) without
the conatant tonds to

r ; 0)% | 2il, 2 £ m .

I(D)Loxl) [I’]E—j,é—)‘ '.[(0){{ 12-_az+_23("‘7 +_";_)]JE
= _dE e 2hlymt _my pg 7
Vi o [~ -2 (T -5) -3

and the constant on the right hand side of (2.11), namely
1 o 1
w —,
A 14 Vv 2npq
Lo (= g+ ow) sfo+75)e

(2.12)

_ § 2ty m° p__ 4% p1_
Thus p,{,, 1) '(I,.I,)—exp[— T2 (_q__ P) % P ] -
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Thus, we aco that tho nsymptotio distribution of (8, ') is bivariato normal. From
Hoeffding (1048) wo 800 that E(y—1y')*— 0 as n— 0, so that y and £y’ are asymptoti-
eally equivalent. Thus tho asymptotic distribution of (3, #) is bivariate normal

with zoro means and asymptotic \'uriuncus]% and % tho correlation coofficiont

being (’% - ”7') ‘L/aﬂ" . (213)

The above thcorem was proved under the condition that y(w,, ... w,) is
bounded. It is ensy to show that tho theorem holds good provided P(uw, ... w,) is
bounded on any bountled interval of (w,, ... 1) and

E(@%Xy o X)) < o0, . (219)

This condition is sometimes more uscful in practice.

The above theorems can bo easily extended to the case of several U-statis-
ties cach of which satisfics onc of the conditions (2.1) or (2.14). Again, tho result
can also bo extended to the case of several ordor statistics. Tho last extension iy
quite straightforward, but the proof involves heavy algebra and hence will not be
given here,

Another kind of extension of the above resulta is as follows :

Let (zy, ..., Zn,} 80d {3, ..., ¥n,} be independent observations on two indepon-
dent random variables X and Y respectively. Lot {a,}, {b,} botwo sequences of integers

and let Z,, Z, be tho random variables corresponding to z‘(,_l) and y(b_l,, Let %—v P

%——bp, 0<p,p <1 Let 8, and 0y bo the p,-th, p,-th, quantiles'of X and Y res-

pectively.

Let Unyn, bo a gencralised (Lehmann) U-statistic with kernel P(xy, ... xq;
¥y, ..» t;) which is cither bounded or bounded in any bounded interval of its
ar and p a third t. If E({) = m then the joint distribution of

S AR AREX LR ARVER UML)
tends to the trivariate normal distribution as n,, ny~20 such that ", 6,0 <e< 0o,
Ny
The proof depends on the fact that
n —_ ny
= 1 - V/ny -
1y (Unyy ng—m) and —— ¢, (X4 X2 2 (¥
Vi Uy 0d .gv.( R ;v.f /)

are asymptotically equivalent (sco Fraser, 1057) whero
Vi) = E(r, Xg oo, X3 Yy, Yid=m
and Valn) = B Xy oo Xo3 9 Yy ooy Yi)—~m.
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3. TUE CASE a,~b 8 or n—a,~3(r—1) WHERE 8 AND r ARE CONSTANTS

Sinco {a,} is 8 sequenco of integers, it is obvious that and a,—s and
n—a,—+(r—1) implies that alter a certain stage, and a,=2# and n—a, = (r—1)
respectively, so that wo may tako them to bo s and (r—1) respectively for all n.
Thus wo will have to find the joint asymptotic distribution of tho s-th and
{n—r+1)-th order statistics and U-statistie.

Theorem 2 :  Let 2, ... x, be n independent observations made on a random
variable X with a distribution function F(x) which is continuous. Let y and z be the g-th
and (n—r+1)-ih order, statistics of the sample. Let U, be a U-statistic generated out of
a bounded symmetric kernel Yy, ... 10).

Let EHXy . X)) =m

E=n F(Y)
y = n{l—F(Z)) e (30)
{ = Vu{U,—m)
Then, in the asymplotic distribution of (3, v, §) the variables are independent and the
marginal distributions are gamma, gamma and rormal, respectively.

Proof: It is obvious that we nced prove tho theorem for the caso of the
rectangular distribution only,

Let

#1) = Bz, Xa s X E(p(X)~m)' =0t ... (3.2)
1 38
= 7;‘2_-‘(1(4\':)—'")-

Then the characteristic function of (£, 7, ') is given by

st 1) Efexp it 0} = E[E(oxp -+t +bONE 1) - 63)

v
Arguing as before

Pallys by, 13) =

- 1=-2}—
(._l)!(n—_"_r'__')!('_l_)! H’ exp [il,5+-’l,q+.':,(_7")__m ( ) m)J

0Ct+v<n

tla ”- =n
x [!exp (i[,z(li)/—;m)dw] lx [IJ:I exp(l'l,'_(w)v_:"ﬂ) dw]'_,_,

X[ lf . exp (l'l, '(;:};_ﬂ) dw ]'-‘i;‘#, e (3.4)
=y
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It is easily seen that

Un
J oxp(il,!%'ﬂ)dw=§;+o (%) W
T o elw)—m 3 E_g 1
J exp (it SV Y dwm 1 ==Lt () t - e
1
,_I'I oxp (v'l,!(%.zl‘ ) dw = -:’T+o (%)
so that :
" g
vallis fals) = W_;W_—WKLL:W l-ul.5+ll,'l+tl,( i +

1)
+%ll)] XE+o(n x [1= 1B Lo 1) ] xpoy-adn
(3.6)

Now letting n—20, and taking tho lim sign inside the integral which is valid in virtue
of the bounded convergence theorem, we have

Tm it t ) = const x [ [ oxp [ itftitig—3 ot—g—] gty-sazdy
0o

—po?

= const X 2 o (37

1
g X ——— Xe
=y~ a=iy
whore again, wo can casily seo that tho constant is unity and henco the theorem is
prosed. Extonsions to tho caso of soveral U-statistics and generalised U-statistics
are obvious. Incidentally wo note that the a-th order statistic and the (n—r+1)-th
order statistio are indopendent in the limit, if r and & aro constants.

4. TRE CASE a,-)0; ‘:‘_-—.o or ";#—» 0

Theorem 3 : Let 2,,...,%, be n independent observations on a random
eariable X with distribution function F(z) which is continuous. Let {a,}, {b,} be o
sequences of integers such thal
b,
n

1< e, <b, < nand a,—xo0, b,—wo,%'—. 0, 21, Z—'< Ka consland, ... (4.1)
n

where ¢, = n—b,.
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La U, be any U-statisiic g ted by a bounded kernel Y{w,, ... 10} and let

viz)) = E(ylz, X,, ... X))
E(p(X)) =m

E(p(X)—m) = o*
Then the asymplotic distribution of (%, 7, §) where

e {52
7= 7’3_— (b;_ FX )

£ = yAU,~m)

n
. i X ~t{ o4+ 5
is given by the densily function, conslant Xe I( ").

)

Proof: It is obvious that we nced prove tho theorom for the rectangular

case only. If {'= 7‘,2(9(3',)—".) thon p,(4), ty, &) tho characteristic function
n
=1

of (£, 9, {') is given by
#altus e 1) = E{ oxp (itE ity +it,2)}
= Ey, o [E{ o3p (i E-+ityy+it8) | €, 7))
Procoeding on the samoe lines as in tho previous cases

ut Vag,

e le ) = e e W

x

1 4
X [ I oxp [ ihEilyy ity ( (”
0 Jauk +VEar<n—oa=ca

v v

o .l&-‘ an—1
" on
o plw)—m
X I exp(u, T) dw X
0
|=a_dem, A—ay—catl
e (wj—m
. ()~
X . [“ oxp(ll,—V;_)dw X
e

X I‘ oxp(l'l, '(_w\};?.ﬂ) dw didp

1=a_va,
" n

2905

T fiog i)

(4.4)

)]

(4.5)
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which on simplifying, as done in provious paras, reduces to

N
Pulls 1y, 1) = const X ! [ exp [|I|E+ll‘7,+|l,( T

Jaut+ Jea Kn—an—ca

B _E

p)—m
T L A ) )-_20 Ll ] @ 6o

Lotting n—0, (the Yimits for &, n hecome (0, a), (0, 00) beeauso E‘: < K), tho above

integral without the constant tends to
® ®
[ . . B gt e, L 7
o[ o[oxp [—‘zla"+|l,i+|l,7,— ‘Z—_E_] didy=2n exp[ ] _2.¢7] . (47
and the constant which is
! L1
T Jexp(=8R—y'2Fo(l))idy " 2’
Jout+ VeI n—on—cx
f g 8
Thus ally, 1y, 13)- exp [ --é——f—-;— w'] e (48)

and hence the theorom is proved.

The extensions to sovoral U-statistics and generalised U-statistics are immo-
dinte. We noto that the a,-th and b,-th order statistics whon suitably atandardised
are asymptotically normally and independently distributed if condition (4.1) holds,

In section 4 and section 5 we have shown that U, and F(Y), whero Y is the
a,-th order statistic, havo & cortain asymptotic distribution. To make o similar

statement about U, and ¥ wo neced the following, (in caso ‘_:-;:—w).
F(z} bas a density function f(x) and lim f(z) exista and is not equal to
Fiz)=0

zoro, For an examplo whero this occurs, we may cite tho exponential distribution.
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6. Rexarxs!

In the abovo proofs the uso of charactoristic functions has partly
blurred out the picturo of the oxact proccss by which tho limit distributions wero
attained. To gain zomo insight into this aspect wo reason os follows: Supposo
wo fix the a,-th order statistic, i.e., the normalised variable corresponding to it.

Ify = _l... Z (#(X)—m) wo seo that it splits up into 3 parts. One part being tho

-l
sum of {a,~1) independent random variables whero = ranges on (—,z,,), another
part being the sum of (n—a,) independent random variable whiere z ranges on (2(4,),%0)

and a third part fixed at

!(1—("‘;)2—_—"‘ From an application of the Central Limit
n

Theorem we sco that the limit of tho conditional distribution of 7° for a fixed is

pormal. It enn also be shown, after somo algebra, that the mean and varianco of
this distribution are

(—!(0) E("—;-'—m'), 11’—( i +$)) in the caso 2

? E2
(0, %) in tho case 3
(0,0%) in tho caso 4

and in ench of these cases wo know the limiting marginal distribution of £ so that
the nature of the limiting joint distribution ean bo concluded to be bivariate normal
in case 2, tho distribution of independent normal and gamma variables in case 3,
and tho distribution of two independent normal variables in caso 4. Tho conclusion
can be justified using the following

Lemma: Let (X, Y,) be a sequence of random variables. Let F(y]z), the
conditional distribution of Y, given X, =z, tend weakly to a distribution Flyfz).
Also let G (x) the marginal distribution of X,, tend weakly to a distribution function
Glz). Then under some conditions Fy(z,y) the joint distribution of (X,, Y,) tends

to the distribution | Flyfz)dGiz).
N

A sct of sullicient conditions are (1) F(y/) ia continnous in y for cach z,
(2) G,(x), G(x} admit of probability densitics g,(z), glz) respectively, and g, (x) - g{x)
uniformly in any bounded interval of z. Both, that theso conditions are suflicient
and that theso eonditions are satisfied in our ense, ean bo ensily verified).

1We aro gruteful 1o Dr, 8, K. Mitra of the Indixn Statistical Inatituto for thows remsrke.
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