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SUMMARY. Exprossions are oblained for the resultant of n voctors whoso directions ara
complotely randem in # dimensions, but for cach of which the distribution of the scalar squaro ia given.
This is most roadily calculated from the voctorisl cumulants, which aro definod, and shown, bosides their
cumulstive proporly, to measure departure from s gamna distsibution.

IxTRODUCTION
I consider tho addition, or position, of vectorswh Jirection is completely
random in & di i Rand of direction iz a very much simplor notion

than randomness of & scalar number, as appears from the various formulations which
Jeffreys (1033) has used to oxpress his ignoranco of the value of a scalar. By the
t t that the direction of a displ is complotely random I mean that if a
point is displaced through a distanco z the probability that it will be displaced into any
region of equal magnitude (length, area, volume, ote.) of tho (s—1) dimensional variety
{circle, sphero, etc.) consisting of points at a distanco 2 in Euclidean or other isotropic
space from its original position, is equal. In particular the probability that a one
dimensional vector will have a positive or nogative valuo must bo equal, When we
havo said that tho direction is complotely random we know nothing about tho scalar
gnitude. I shall suppose that the distribution of its squaro, that is to say of the
squared magnitudo of a displacomont, or the scalar square of a vector, is specificd by
its cumulants «,. e might have uscd the moments s, of tho square, or the even

Ky, OF Htg, of tho displ t, but theso load to less compact
expressions. [ shall Jater introduco the voctorial cumulants 8, which have soveral
propertics analogous to 1 in ono dj i As bowovor they nro functions

of the number & of dimonsions it is best to show how thoy ariso naturally in tho courso
of tho analysis.
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It is worth while idering for a what happons if the directions of
the voctors added aro incompletoly random. The simplost types of doparture from
complote randomncss aro of two kinds, The diroctiona of all vectors may bo unoqually
frequent in differont directions, for examplo displacemonts approximately north or
south may bo commoner than thoso approximately east or west. Unless the
probabilities of displ in two opposite diroctions are equal there is no
advantage in using scalar equarcs. But ovon if thoy aro, it is ofton best to considor
displacoments in mutually orthogonal directions soparatoly. Secondly tho angle
botween two successivoly addod vectors may have somo other distribution than
that appropriato to & dimonsions. If so, addition is not in general associative,
though wo shall discover the conditions under which it is s50. Here howevor thore is
no advantagoe in resolving the vectors orthogonally.

I have deliborately avoided such resolution becauso in the data which inducod
mo (Haldano, 1960) to undertake this investigation, namely those of Alstrim (1958),
thero was a considerablo positive corrolation botwoen the squares of displacoments
in orthogona! directions, The most goneral problom of the addition of random
vectors would, I supposo, bo something liko this. e have addod a serics of vectors
[0 yuzi ) (22 9021 - )s oo [Zaegs Yaops Zaeas o] in that ordor, z, g, 2, ete. being
resolutes in s mutually orthogonal directions. Given these vectors wo can predict the
frequoncy with which tho rosolutes x,, ¥ Za.... of the n-th vector lie botween
infinitesimal limits, Wo have to dotermine the distribution of tho sum of thess n
veetors. If there aro sdimensions then in the most genoral caso the s scalars z,,, ¥y, 24
havo a joint distribution whose parameters dopond on the s{n—1) components of the
preceding vectors, and on an indofinite number of arbitrary constants. Tho problem
is hopelessly complicatod. In what follows I assumo that successive vectors are
indepondont as regards their magnitude, though the distrib of the anglo b
thom, which plays a part comparablo to correlation, deponds on the number of
dimonsions.

THE ADDITION OF TWWO RANDOM VECTORS

Let X, Y, bo two random vectors in Euclidean spaco. Let tho non-negative
nurabers x and y bo their scalar squrres X. X and Y. Y, and let ¢ bo tho angle botwoon
their directions. As the resolutes of the vectors may bo negative we can suppose
0 ¢ n If wonssumed 0 € ¢ 7 we should havo to add that the distribution
function of $~—4n was even, othorwise we could not oporats with squares. Then if
Z ig the sum (resultant) of X and Y, and z = Z . Z is tho scalar square of Z,

2= 24 y42v/zy cos . e (1)

Lot x,, A,,{, bo the r-th cumulants of tho distributions of z, y, and z. I
assume that positivo and negativo values of the ambiguity are oquiprobable, so that
the expectations of odd powors of +4/zy cos @ aro zoro. Lot

8(cos¥@) = c,,.
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The distribution function of ¢ in s dimensions is

dFcein-1gdg (o> 1),

H i
Thus Cyp = I sin*-tg cos? gd ¢ + I sint-14d .
9 [
_1 __ 13 __ 135 L 135e(2r=1)
Heneo =20 @0= 009 = proerdy ™~ et oura-prmy o @

S0 &) =& (ehari ( ] ) eleber-tayH16( | ez ryr-sette] o )

‘This ia of course a torminating series with §r--1 terms if  is oven, and §(r+4-1)
if r is odd. Bofore calculating the valucs of ¢, it is instructive to consider the cases
when 8 =1 and s = 0. Tho lattor is very simplo. As s tends to infinity almost all
angles botween X and Y are right angles, and their scalar aquarcs become additive,
s0 that z = z+y, and {, = ¥, + A,, the well-known additive property of cumulants.
When & =1, s0 that ¢ = 0, the evon cumulants of z} have this property. Ifx;, bo tho
2r-th cumulant of the distribution of 2} we write xg,=0], and find, inverting equations
(3) of Haldane (1941), then :

0, =x,

Oy = xy—2x}

0y = ky—12¢,%,4+ 164}

0y = ®g—24K,k, =323+ 272K, —272x}

0y = ky—40k,x,— 200K, x4+ 88053k, 4-2,400% k5 —0,020K K, 47,036k}

Oy = x— 00K, x;— 480K,k —452x 544,200k + 22,368, Kk 4+ 15,360%] —
—29,344x]xs—496,128x3x3 41,304,628k {xy —1,439,5523. ... (1)

The values of «, in torms of 0, 6,_,, oto, have alroady been givon by Haldane
{1841). The exprossions (4) are of no valuo in this investigation, excopt as spocial
cases of the exprossions (9) derived later which hold in any number of dimensions,
on which thoy furnish a useful chock.

From (3) wo can write down expressions for tho expectations of powers of
z, and honeo for tho cumulanta of its distribution. If ¥, and A, are the r-th cumulants
of tho distributions of z and y, whilst £, aro thoso of z, we find :

fi=x+A
Oy = Ky ApH ey,
L= Kyt Ay 120x(x, 25+ 21y)
Co= Kot At 240 (Keda A K+ 204 A0)+ 100Ky + K TAg A7) — 453K IAL
8o = Xy A H 4060 A A K Bk g+ Agks) 1806, [KaAy + gk s KT+
FA K5+ 2007+ A 020+ 26,2 (%, A F-Arky)]— 480ch Ay (K A+ A k) . (D)
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Tho exprexsion for {, is iderably more pli 1, ining terms in
,¢cyc, and ¢, T do not think it is likely to bo required in practico, Inserting
the values of ¢ and ¢, given by (2) we have :

Gi=rtdy

= kgt A 4070,

fi= ‘l+)l+li’"(.lll+"l'l)

Lom Kot A 2067 00+ A,K) 487 o+ 2) (e 4+ 31k Ag 4807 s+ 2)
(x3A,+A1x,)— 965 Ys+2) 'k fAY

oo Oy Ay 4007 A+ 4,0 ) 4 12067 (e 4 2) o+ e Ay Agxa) +
20007 a4 2 x84 AT+ 48007 o 4 2)7 Ry A )0y A g — 0008 0 2)7

Ak At A K)o (8)

These are the fundamental equations for vectorial addition on which most of

what follows is based. The valuce for 8 = 2 may be useful. They aro:

fi=xtd,

£y = KybAy+ 20,4,

o = Kyt A 8(x, 20+ 2,x,)

L= Kyt A 12002, 420,04 3054, 4 6(x JA,+ Ali,) — 85 1AT

G = &g A4 2000+ A% )+ 00(k Ay A% g1 30(k A4 Afeg) - 600K + A )x Ay —

—80k Ak Ayt K e (T)

When s = 1 thess expressions givo the lanta of the distribution of tho variance
of the sum of two random variables in terms of the cumulants of tho dixtributions of
the two variances.

THR COXDITIONS THAT ADDITION S8HOULD BF ASSOCIATIVE

[t is clear from the symmetrical character of equations (5) that the addition
of random vectors is commutative, that is to say X+Y = Y+X, no matter what are
tho mean values ¢y, of cos¥0, But unlesa ¢y, has the special valuca given in (2) this
aildition does not in general obey tho associative law, thatisto say tho distributions of
(X+Y)+Z and X4(Y+Z) aro not tho same, Theo first threo cumulants aro the samo,
but the fourth is not. To tako ono examplo, if y, are the cumulants of the
distribution of Z . Z, then tho coefficient of x Aty in (X+Y)+Z is 32 (63 +¢,+2¢,6,),
and that of kA, or KAy, is 288, from oquations (5). The condition for
associative addition is that theso should bo equal, or

288} = 36c}-ci4 2e4t,)

whenco A .

=
14-2¢,
Thus if €y = o™, ¢, = 357 (a42),
Tho same condition can bo derived by considering other coofficionts, It is,
I think, clear that the addition of random vectors whose directions aro strictly random
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in s dimensions is associative. That is to eay tho addition of randoin vectors is
nssocintivo provided oquations (2) hold good for tho moments of the cosine of the
anglo botween successivo vectors. Further (2) is necossary as well as sufficiont, for
a8 wo consider successive cumulants, ench new valuo of ¢,, arisea aa fta firat power, 8o
it is unnmbiguously given in terms of the preceding values of c,,.

However thero is no need that s should bo a positive integer in oquations (2).
In fact these equations ean bo satisfied if s is not less than unity. In particular thoy
ean bo satisfied in two dimensional spaco. Wo can postulato that tho distribution
of tho anglo ¢ botween successive vectora should have the distribution of that botweon
any pair of veetors in random directions in & dimonsions, or the distribution whoso
moments aro given by (2) for non-integral s,

TIE VECTORIAL CUMULAXTS AND TIE GENERAL EQUATIONS FOR
ASSOCIATIVE ADDITION

Wo can now proceed to build up goneral equations from (8), Considor tho
addition of n random vectors, each with given cumulants; let £, be the r-th cumulant
of tho distribution of tho scalar squaro of their resultant. If r > 2, {, includes some
terms of a type not found in (6). For exaraplo if to the sum of the two random
vectors giving tho cumulanta of (6) we add a third vector the r-th cumulant of whoso
scalar square i y,, wo find :

o= Ko H Ayt 1270 A F Ay (K 4 At kg g+ 487 0A))]
= Ky Ayt 1267 (0 A A+ Agpg b Aggty i K gtk ) 4887 A .

Thesa equations may bo written in terms of symmetrical functions or power
sums, In what follows x,A, means tho sum of all products of the second cumulant
of tho distribution of the scalar square of ono vector by tho first cumulant of that of
another, S«}x, means the sum of all produets of the second cumulant of ono such
distribution and the squaro of the first cumulant of tho samo distribution, and
so on. We find:

G=1Ix
{y = Ixyt48715K,4,
{y = Ix3+12671Sx,A, 4485722k, A 1), eto.

L=Ix
Ty = Exyb 27 (SK, -]
& = Doy 1200 By Sy 4 B (0, P BERIT R H2ER), oto. e (8)
But these expressions soon become vory cumbrous. Tho expression for { in
symmotrical functions consists of 12 terms, that in torms of power and product sums
consists of 42 torms such as +000s7%(a+42)"}a+3)Ex,(x,)".  They aro complicated
for tho samo reason as tho exprossion for the 10-th momont of the sum of » random
variables with given ts about zero is plieated. Theso Intter complications
aro of courso groatly reduced by tho uso of eumulants, The question arises whothor
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we oan find funoti of the cumulants x, appertaining to one vector which have
suitable additive properties. We ocan, and they prove to have other properties
analogous to those of the cumulants of the distribution of & one-dimensional random
variable. I call them the vectorial cumulants 6,. They can be caloulated from (8)
without much difficulty by the method of undetermined coefficients given that 8, = x,.
We oan multiply &; by any constant without affeoting the properties of these
cumulants, and it might be better to put @, = #-'x,;, but I think the terminology here
adopted is preferable. It is easy to show that 0, =«,—2s~1x}. Given this, suppose
that 0 = ky—xK,Ko+yk , and assume additivity. Then from the third of

equations (6)

Ky+Ag—a(k Ko+ A A} +y(k]+ A7) = L—28ila+y8}
= K3+ A+ 128711, A5+ A, K g) —2(K) + A, ((Kg+ A+ 4871k, A,) -1k, + A0

Hence (K3 Aq+ KA, (1287 —z) - (K3A, +Afi )(By—4s717) = 0.
Tt follows that x = 1287}, y = ;— sy = 1648732,

To determine the 4 coefficients of ¢, by the samoe method we have 6 simulta-

neous linear equations which are consistent. Similarly for the 6 coefficients of 4

we have 10 equations. The values of §, are:

0, = K,

0, = Kg—287 'k}

0, = Ky— 12871, Kk, 4 16872}

8, = K— 24571k, x;— 2487 Y8+ 2)" s+ 3) k34 4Bs~%(s+ 2)71(Ba+ 12)KiK, —
—48873(s+2)7'(5s4-12)k}

05 = K,—408~ i Kk — 12087 1(8+ 2)~ (54 4) KK, -+ 240825+ 2)~ (38 + 8)icdie, +

41440828+ 2) (8-} 4) K | k§— 9605733+ 2)~ (T8 1 24) KK, T68s—3 (s 2)!

(784-24)x%
= ks—4087 10,k ¢+ 3(a+ 2)"N 8+ 4) K,k 5]+ 240872(s4-2) Tk,
[(33+ 8K Ky+ B(s+4)K,]— 1828-3(s+ 2)~ (T 24)k} Bk 3 — 48~ kF). )}

The equations for k, in terms of 8, 6,...,0,are:

Ky = 01
Ky = Oy 257163
k3 = 05+ 128710,0,+ 857363
K = O,+248716,0,+ 245~ (8 2)~X(a-- 3)0F+ 14469620, -+ 48596}
Ky = Oy +4087260,0,4- 120578+ 2) (8- 4)030, -+ 48083626, +
+9605-%(84-2)~1(8+ 3)6,03+ 192052030, + 3845~465. ... (10)
It will be seen that when 8 = 1, equations (9) agree with equations (4) which
were in fach worked out as a check on them, and to enable others to extend them
further if desired. Similarly (10) agree with Haldane's (1941) equations (3). They
are & good deal simpler than (9).
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THE DISTRIBUTION OF THE RESULTANT OF A SBAMPLE OF % RANDOM
VECTORS, AND THAT OF n UNIT VECTORS
Consider a samplo of » random voctors, cach drawn from a population in which
tho r-th cumulant of tho distribution of the acalor square is x,. To find tho cumulants
of the distribution of the scalar square of their resuitant, wo have only to muitiply
tho values of §, in (9) by n, and then to apply cquations (10), We find :
& =nx;
§s = 2n(n—1)s kI 4-nx,
&y = dn(n—1)a1x,[2(n~2)a~ k4 3] nx,y
£ = An{n—1)e"12{(n—2)(n—3)—s{s+ 2)~Js~2x{ + 2(3(n—2)+ o(a 4 2)~"Jo-txxy +
H{1+He+2) ik nx
£, = Sn{n—1)a[48{n —2){(n—3)(n—4)—Ss{a+2)-)a-3k} 4+ 120{2(n—2)(n~3)+
+(2n—Ba{a+-2)~Jaxixy 4 80{3{n—2)— (n—B)s(s 4 2) e iy i+
+30{2(n—2)+ afa+-2)~ Yty + 16(1 4 208+ 2 kyKy 4By kg . (1)
Since theso oquations may be of use in the theory of random migration on a
plane surfrcs, I give tho values for s = 2. Thoy aro:
f=nx,
§y=nln—1)x}4ney
& = 2n{n—1)x;[(n—2)k}4-3x,)Jnx,
£y = 3n(n—1){(2a—10n 4+ 11)x}{+2(6n— 1 1)kiKg 4 6k 445 Kg]+-nx,
s = 2n{n—1)[3(n—2)(2n*— 1404 10)x 4 30{418~18n 4 10)iK,+15(Tn — 12} x3 4
+15(4n—T)x kg 45k Ko+ 10K X J+nKkg .. (12)
Finally I give tho cumulants of tho rosultant of n unjt voctors with random
direction. Here ¥; = 1,x, = O(r > 1). Thoy aro:
Li=n
&= 2afn=1e"
{3 = Sn(n—1)}{n—2)7"
£ = 48n{n—1)[(n—2)(n—3){e-+2)—a)sYa42)*
£y = 384n(n—1)(n—2){(n—3)(n—4)e+2)—5e)s (s +2)" o (18)
1t will be soon that in (11) {, tends to 2'(r—1) n's~'x} as x tonds to infinity,

that is to eay the distribution approximates to & Gamma, or Pearsonian Typo ITI,
distribution,

THE VECTORIAL CUMULANTS AS MEASURES OF DEPARTURE FROM A
OAMMA DISTRIBUTION

It can bo shown that if x, = 2°-I(r—1}f s'~"x{ then all tho vectorial cumulants
after the first vanish. If tho voctor X has a orthogonal compononts oach normally
distributed with mean zoro and standard doviation &, thon &, = a0, and X, = 42 (r—1)!
0¥, a3z has & x! distribution with & dogrees of frcedom. Haldano (1960) gives somo
values of x, for othor “'parent” distributions and a tost for tho significanco of tho
departuro of , (which is all that can bo cetimated with any acouraoy in the sample
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there considered) from zero,  If & = 1 it is readily seen that 0, = p1,—3p, (5 and g1,
being moments of z), Oy = 1y — 1551+ 305§ and 2o on, s0 that 4, is tho 2r-th cumulant
of tho distribution of z.
0,0, can thus bo used as a shapo paramoter which bocomes equal to Fisher's
7y when e = 1. From (9) we xoo that tho sum of n vectors has
0, = Xx,
0y = Sxy—24-15k}
ote. Hence 0,077 tends to zero subject to the conditivns of the contral limit theorom.
In tho caso of » unit vectors
0, =n,0, = —287n, 0y = +168s7%n, 0, =— 4%~ Ha+2)"" (364 12)n, olc.
So 0,07 = —2/ns. Tho greater tho number of dimonsions tho more rapid tho
approach to zero. 8,0; tends to zero with a'~*, but can bo very largo whon r is

large.
Discrssiox

Beckmann (1959) has considered the case of the resultant of a numbor of
unit voctors whose directions in two dimensions have a given distribution. This is
complementary to my general caso. The present investigation araso from a
consideration of Alstrém’s (1058) work on distancoes'between birthplaces of parents and
offspring. It iy possiblo howover that it may find applications in physics as well as in
domography. The velocity of a moleculo is o vector, and its scalar squaro is the
proportional to the kinotic enorgy, s0 in this caso it is quite natural to consider the
distribution of tho squarcd velocity, which was of course done by Maxwoll. Ina
perfoct gas s =3, and 0, = 0{r > 1). Unfortunately for many purposes wo aro
interested in the small fraction of moleculea whose energy exceods a critical valuo, and
tho first fow moments of a distribution give little information about thom.

T have deliberately kopt this paper short, sinco it is possiblo that some different
symbolism may prove moro cfficiont than my own. Howover it scoms possiblo that
the atudy of random voctors may throw light on soveral probloms of practical and
theorotical statistics. Terhapa tho most obvious extension is to ider tho resul
of random vectors on tho surfaco of a sphcro, and moro generally in various kinds of
non-Euclidean spaco.

I havo to thank Professor C. R. Rao and Mr. 8. R, Varadhan for valuablo
corroctions and suggestions.
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