ON SOME CLASSIFICATION STATISTICS

By S. JOHN
Indian Statistical Institute, Calculla

SUMMARY. Various suthors havo suggualed various slatintica for uso in clasification problonua,
To 2ot up tha clamification procedure and to study the h istics of duree thus sot
vp, it is noocszary 1o know tho distributions of the slatistics usod. This paper gives the oxact distributions
of soveral classification statistics.

1. INTRODUCTION

Rosoarch workers are ofton faced with tho problem of assigning an individual,
known to bolong to ono or other of two classes, to its corroct class. They do this by
observing various charactoristics of tho individual. Some characteristics whose
rangoa for the twa classes are complotely disjoint would have been ideal for classifiea-
tion purposos. But it is gonerally the case that there is a cortain range of valuos whero
individuals from both tho classos may appear. This prevents us from being always
correct. But if wo know the distributions of the ch istics in both tho classes,
we can deviso a procodure in which tho cl of misclassification are least. This
will bo achioved 11‘ wo use tho likelthood ratio ma a ecritorion. Tho woll-known
procedure of using the discriminant function is cquivalont to tho one using the
Likelihood ratio provided the distributions of the cl istics aro in both the
populations, multivariate normal with idontical disporsion matrices. If we donote
tho characteristics obscrved by z = (x,, ..., z,) tho common disporsion matrix by X
and the mean vectors in the two populations P, and Py by g and p, the
discriminant function is

D(z) = (pW—p9)S-1y’, . (L)

Individuals with small D{z) values are assignod to P, and thoso with large D{x) valuea
are assigned to Py,

If tho distributions of z in P, and Py aro unknown, wo are unablo to uso this
procedure. To meot this situation, Wald (1944) suggestod that we could uso the func-
tion U(z) obtained by substituting in D{z) samplo estimates of p™, 4 and E. To
aot. up tho clnsslﬁcn.uon procodure and to ovaluato the ohances of misclassification

Ivod in g the p duro thus set up, we require the distributions of U(z)
for z's from Py Mld P, \Vald tacklod this problom in 1044, Ho oxhibited Ufx) ns a
function of threo statistics m,, m,, m, whose joint distribution ho oxprossed os a
product of thros factore, the first an exponontial factor, the second a product of gammn
and beta functions and the third an expestation of a power of a random detorminant.
In 1051, Anderson evaluated this expoctation for the spocial caso whore ' and 4
aro parallol veotors. Later Sitgroavos (1952) gave au altornato derivation of tho jvint
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distribution of m,, m, and m;, again for the ssme upecial cass as considered by
Anderson.  Btill it was only the joint distribution of m,, m, snd m, and not the
distribution of Wald's classification statistio iteslf. Harter (1851) derived tho exact
distribution for the univariate case upnder the assumption that at least ono of the
populations has zero mean. For the multivariate case he showed that an
wpproximation could be derived provided the mean vector of one of the populations
v zorv and tho dispersion matrix is esti d with a farge even degree of froedom.

In a previous paper (John, 19569), the author obtained the exact distributi
of Wald's clsssitication statistic for the cass where the dispersion matrix is known.
Unfortunately, in that paper the assumption was made that there was no loas of
geverslity in assuming ¥ = 0. In this paper, we romove thix restriotion.

Since Wald made his suggestion other authors have come forward with other
procedures.  Of thees, the one suggested by Rao (1954) was specially constructed so
#a to be most powerful in discriminating hetween alternatives which were close to
each other. But in no case was the necessary distribution available. We obtain
these distributions. Some remarks on the relative merits of theee statistics are
also included.

2. Noratiox

We shall denote the two alternate populations by P, and Py, It is assumed
that the classification procedure is based on p characteristics z, xy, ..., 2,. In what
follows, z = {x,, ..., £,) will be supposed to follow the multivariate normal law in
both P, and P,. Wo shall ansume that theso two distributions have the same disper-
sion matrix ¥ but different mean vectors, ut = (#, ..., pQ") for P, and
AP = DB for Py,

Estimates of x'"' and 4™ are required Iater. (Wo are, in this paper,
assuming that £ iy known). If A (@ = 1, 2, .. 1, 2,.... p) is random
samiple of N, individuals from P, and AP (@ =1, ..., Ny i = 1,2, ..., p} is & sample
of N, individusls from Py,

U o (5‘1)_ 'S”- . ,«’n)

and w0 D, R, L B

N, Ny

z = 5 oAP
whero B sy and 3P = et

can bo used as estimates of 4V and p™ respectively.
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3. \WALD'S CLASSIFICATION BTATISTIC
In tho notation doveloped abovo, tho atatistio suggested by Wald is
Ulz) = (#0—7)z-1z, v (3)

Using thia statistio wo may sct up a classification proceduro as follows : Dotormine
o constant d, such that

Pr{lUx) <d|zeP) =a, e {3.2)
and o constant d, such that

Pr(U(z) <dylze Py} =ay. e {3.9)
What a, and x, aro—will bo mado clear below. Assign the individual to P, or Py
according as

< min(d,, dy)

£3 . (3.4)
> max(d,, dy)

If this classification procodure is adopted, the chance of misclassifying an individual
from Py will not excoed a,; so also the chance of misclassifying an individual from
P, will not excood a,.

Ifd, < dy nnd &, € Ulx) < dy, or if dy < d, and dy < U(x) < d,, we will not
classify the individual as belonging to P, or Py In tho first caso the individuals who
are unclassified are thoso about whom thore is a suspicion that they came neither from
Py nor from P, but from some other population. In the socond case the individuals
who are unclassified are thoso who are claimed by both P, and P,,

If it is proferrod not to have a region of indoterminacy, wo may adopt the
procedure of classifying the individual as bolonging to P, or P, according as
Uiz) § Uiz Em)), e (3.5)
Tho chancos of errors of the two kinds involved in thia procodure can bo d with
the holp of the distributions which wo obtain bolow.
The distribution of Wald's classification slatistic. The distribution of tho

statistio (F9—20) Il js required. e shall obtain tho distribution of this
statistio under the assumption that z came from P, : its distribution for 2's from
Py can bo obtained similarly,

Rathor than (z®—3%M)S2’ wo profer to considor tho statistio

T=2 (%1:1%‘ (Fm—zm) g1z, . (30)
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(N, N

Put u=24, v= C\m’ﬁ‘

@En—zmA e (3.7)

where 4 is a (pxp) matrix such that A'ZA =1,

Thon
T=2o =2 £ wry=} & (otu)=1 & =) = l—w (sny). ... (38)
{=1 i=2 fml
¢ and 10 have independont 1 chi-aq distributions, in oach case with degreo
of freodom p but with noncentralitics given respectively by
Ay=1csl and A, ={dEW e (3.9)
whore ¢ = pOH(NF 14 N7 )0 —p) e (30)
and d= ll'"—(Nl_‘+N;l)'.(l‘""'l‘ll’) e (311)

The joint density of ¢ and w is

I w)
L sl 1

H‘-mnr(’%"')r(”_";f_’)

[ i i3 g-tlsw)s

. (312)
Hence the density functiqn of T is given by
¢(THT = [ .. [ S, wdtdw. e (3.13)
TU—w<T 44T
On simplification this pives
- 58 AN rhebpnit
gT)=2"¢ P E—F T W, (TXT > 0) ... (3.14)

== p(2EY)

whore A= r;; m= % .. (3.15)

and whero W, (T) is Whittaker's confl hyperg trioc function defined by

i =
W""(’)=r(mz_ e [ e mtatgma . p1g
IfT<0,

- o ~F=7 37 )0
g)=27 ¢ My 3 AN o - .. 317
" () SO )
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4. ANDERSON'S CLASSIFICATION STATISTIO
In this section wo consider a statiatie suggested by Anderson for classification
purposes, In our notation this statistio ia

Q= (;(l)_zm):-lz'_i(im_im)g-l(;m+§u))'. e (B1)

Tho steps involved in sctting up tho classification procedure are much the
same as for Wald's classification statistio. We determine two constants ¢, and e,
such that

PO > ¢lzeP)=a e (4.2)
and PriQ < e5lzePy)=¢a, e (43)

a, and a, boing respectivoly tho levels at which the two kinda of error aro to bo
controlled. Individuals are nssigned to P, or P, according as

< min (¢, ¢)
(44)
2 max (¢, &),

If this procedure is adoptod thoe probability of wrongly assigning to Py an individual
from P, will not oxceed a,; 80 also tho probability of wrongly assigning to P, an indivi-
dual from P, will not exceed a,.

It is to be noted that wo are abstaining from classifying individuals for whom
nin {¢;, ¢) < Q(z)  max ey, ¢). e (4.5)

Thoso are again individuals who are eithor claimed by both P, and P, or individuals
about whom there is a suspicion that thoy enmo neither from P; nor from Py but from
some other population.

If it is desired not to have a rogion of indeoision the following classifi
procedure may bo followed. Assign individuals to P, or Py according u

eso. e (4.6)

It ia not difficult to sce that this procedure is equivalont to assigning individuals
to P, or Py according as

U(z) § U(Em42)), o (1.7)

In whatever way the classification procoduro is set up, if it is based on Q, the
chancos of errors of the two kinds involved in such a proceduro can bo ovaluatod
using the diatribution of @ obtainod bolow. The author has given elsowhoro simplo
approximations as well as oxact oxpressions for theso probabilitics.
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Distribution of Anderson’s classification slatistic. We shall now oblain the
distribution of Anderson’s classification statistio for z'a from P,; its distribution for
2's from P, be obtained similarly,

Since tho steps involved in arriving at theso distributions aro similar to
thoso for Wald's classifieation statistio, only tho final expressions will be given.

2= AN NNy N (N 4 Ny AN, V)0 o (48)

has tho density function

Hpt2 1 +2)
—ra-hp &8, GO
¢ _30 ac,, p(P+2’) 2 =117 (c2) (2 > 0)
2

~

Ay =
P altPiv1 i)
ST E B e p[EEE] et <0
2 e (49)
where a=(14+p), b=(1—-p)?, ¢=(atb)2 . (4.10)
P = (Ny—N)(Ny - Np) 4N, Ny - N Nyt e (411)
= gMM 'ﬁ!n:ﬁli (He)-trrean . (4.12)
Ay = Y1+p) "N NN Nt —(N) 4+ Ny 14N, Ny H8e - (113)
Ay = {(1—p)1 V(N -+ Ny (N N+ 4N, V)8t w (R14)
8 = (g —p )TN it gy, e (4.15)

¥ and m have tho same meanings aa before.
Tt is ensy to sco that if Ny = Ny, z has tho snme distribution s T with
A, and 2, givon by equations (4.13) and (4.14).
5. Rao's staTIsTIC
Rao (1954) prop tho following statistio for clossification purposes

retottyray Woe) yrap - D)
H (XN
where ay= NN Ny,

ay=—N(N-+ N !

b = NNy,

by LW W)

U= 3"(Nlim'l'N"m)(Nl“'Nx)"

T = 2_pt),

Whon ¥, = ¥,, this is equivalont to And 's statisti

q
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For later uso wo define
d = 2571 by, ag)t. e (52)

Asguming that x came from P,
!
8,= = 5 [l+(\' FN)H 1NN 0, d2) R - (5.3)

has tho aamo distribution as z, with

A= ML UNAY, 4 V¥ Nk 1
HUHN N0 d LA . (5.4)

M= Y —pl NN N ) Vo N 1) —
—(HN N b a F D ... (5.5)

£ = VNP HE AN by, - (59

Tho changoes to Lo nddo to obtain tho distribution of this statistio for z's
from P, are obvious.

Tho distributions wo have obtainod aro found to contain cortain parawotors.
The distributions of Anderson’s classification statistic and Rao's clamsification
statistio involvo ono parameter each. In eithor caso it is tho distance Lotweon tho
two populations I, and P, On tho other hand the distribution of Wald's olassification
statistic contains two parametera. They aro not simply relatod to tho distanco betweon
P, and P, This featuro makes Wald’s classification statistio loss atiraotive than
oither Andorson’s statistic or Rao's statistio.

That the classification proceduro using Wald's statistio is not invariant undor
changes of origin is another point on its debit sido.

Since the distributions involve parawotors, how shall wo find constants
€, €5, dy, dyoto?  Considor Anderson's statistio snd Rao’s statistic. The paramoter
appearing in the distributions of cithor of thoso statistics is tho distance & botween
the two populations P, and P,. Wo may roquire that if 8 > &, the probability of
an orror of the first kind, (i.0. of wrongly classifying an individual from Py as bolong-
ing to P,) shall not excood «, and also that tho probability of an error of tho second
kind (i.0. of wrongly olassifying an individual from Py as bolongmg to Py) shall not
oxceed «p. This rogni will bo satisfied if wo d tho ts ¢, €5
ote., assuming that § = &,.  For a classifieation procodure thus sob up, tho probability
of errors of tho two kinds for other vnluos of 8 can bo ovaluated with the help of the
distributions obtained in this papors
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A discuséion of furthier problems of a similar nature will bo included in o

later pnper.
I wish to thank Dr. C. R. Rao for his careful perusal of this papor.
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