A study
on

MAXIMAL INTERSECTING [FAMILIES
OF FINITE SETS

THESIS
by

KAUSHIK MAJUMDER

ISTAT!STICALI

.’- \ i

Z>»=-0Z=—
Py
Mo Cd=m N Z =

fAdaam 294R |

| UNITY IN DIVERSITY |

INDIAN STATISTICAL INSTITUTE

AUGUST 2015






A study
on

MAXIMAL INTERSECTING [FAMILIES
OF FINITE SETS

A THESIS
SUBMITTED IN PARTIAL FULFILMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
Doctor of Philosophy

IN MATHEMATICS

BY
KAUSHIK MAJUMDER

(SUPERVISOR : PROFESSOR BHASKAR BAGCHI)

STATISTICAL

Z>»=-0Z=—
"y
Mo Colmm 0 Z =

U E

Taadaam 3an
I UNITY IN DIVERSITY I

THEORETICAL STATISTICS AND MATHEMATICS UNIT
INDIAN STATISTICAL INSTITUTE
BANGALORE CENTRE
INDIA






Dedicated

to

My parents






ACKNOWLEDGEMENT

It is needless to say that without the support, encouragement and friendly care of some
people this research work would not have been possible. I am happy to acknowledge the

help T received from various quarters.

It has been a great privilege to spend few years in the Theoretical Statistics and
Mathematics Unit at Indian Statistical Institute, Bangalore Centre. I express my deepest
gratitude to Indian Statistical Institute, both academically and personally, for the financial
support and facilities. I am also grateful for having a chance to meet so many wonderful
people and professionals. I perceive this opportunity of pursuing Mathematics as a big
milestone in my career development. I will strive to use the gained skills and knowledge

in the best possible way.

It is my radiant sentiment to place on record my sincere gratitude to Professor Bhaskar
Bagchi, for the guidance which was extremely valuable. His quest for perfection and
passion for Mathematics has always inspired me. From finding an appropriate problem in
the beginning to the process of writing thesis, he offers his unreserved and unconditional
help. T am thankful for his invaluably constructive criticism and friendly advice during
this journey.

I would like to express my gratitude and respect to Professor Siva Athreya, Professor
B.V. Rajarama Bhat, Professor Mohan Delampady, Professor Basudeb Datta, Professor
Jaydeb Sarkar and Professor B. Sury. My deep respect, hearty felt gratitude and grate-

fulness will always remain unaffected to them.

I express my deepest thanks to Dr. Ambily A.A., Dr. Shibananda Biswas, Mr. Suprio
Bhar, Dr. Anirban Bose, Dr. Prateep Chakraborty, Dr. Arup Chattopadhyay, Dr. Bata
Krishna Das, Mr. Shubhabrata Das, Mr. Soumen Dey, Dr. Sushil Gorai, Dr. Sumesh K.,
Mrs. Sonali Majumder, Dr. Mithun Mukherjee, Mr. Satyaki Mukherjee, Dr. Sarbeswar
Pal, Dr. Sourav Pal, Mr. Subham Sarkar and Dr. Amit Tripathi for taking part in useful
discussions, giving necessary advices and guidance and arranged all facilities to make life
easier. I choose this moment to acknowledge their contributions gratefully. Finally, I like
to acknowledge the most important persons of my life:- my parents and family. They have

supported me endlessly throughout this journey.

I take full responsibility for any errors or inadequacies (that may remain) in my thesis

work.

Place: Kolkata Kaushik Majumder
Date : August 14, 2015.



ii



PREFACE

By a family we shall mean a family of finite sets. For a family F, the members of F are
called its blocks and the elements of the blocks are called its points. A family F is said to
be uniform if all its blocks have the same size. If F is a uniform family we shall denote
its common block size by k(F). A blocking set of a family F is a set which intersects
every block of F. We define a transversal of F to be a blocking set of F with the smallest
possible size — in case F has a finite blocking set. In this case we denote by tr(F) the
common size of its transversals. If F has no finite blocking set we may put tr(F) = oc.
(Please note that, many authors use the word transversal as a synonym for a blocking
set.) If tr(F) < oo, we denote the family of transversals of F by F'. Note that F' is a

uniform family with k(F ) = tr(F). Now we introduce:-

Definition. A family F is said to be a mazximal intersecting family (in short MIF) if
tr(F) < oo and F = F'. We use MIF (k) as a generic name for MIF’s with k(F) = k.

We say that a family F is an intersecting family if any two blocks of F have non
empty intersection. Clearly any MIF (k) is an intersecting family. Indeed, the MIF (k)’s
are characterised among all k—uniform intersecting families as those families which are
maximal with respect to the property of being intersecting. Thus, an intersecting family F
of k—sets is a MIF (k) if and only if there is no k—set outside F (anywhere in the universe
of all sets!) which is a blocking set of F. In the hypergraph literature these are known as

the mazximal k— cliques.

Paul Erdés and Lészlé Lovész proved in [7] that, for any positive integer k, up to
isomorphism there are only finitely many maximal intersecting families of k—sets. So they
posed the problem of determining or estimating the largest number N (k) of the points and
the largest number M (k) of blocks in such a family. Today these two problems remain
more or less where Paul Erdds, Laszlé Lovasz, Zsolt Tuza, Péter Frankl, Katsuhiro Ota
and Norihide Tokushige left them. For instance, it is not known for large & which MIF (k)
has N(k) points and which MIF (k) has M(k) blocks. This thesis work mainly deals with
these two problems of finding a MIF (k) with N (k) points and finding a MIF (k) with M (k)
blocks. We put our best effort to keep this work self contained and self explanatory. We

now outline the contents of the thesis briefly.

In Chapter 1, we present a review of the literature on mazimal intersecting families

along with some proofs and constructions.

iii



Paul Erdos and Laszl6 Lovasz proved by means of an example that
1/2k—2
N(k)>2k—-2+ = .
=225 ()
Much later, Zsolt Tuza proved that the bound is best possible up to a multiplicative
constant by showing that asymptotically N (k) is at most 4 times this lower bound. In
Chapter 2, we reduce the gap between the lower and upper bound by showing that

asymptotically N (k) is at most 3 times the Erdés-Lovasz lower bound.

We find that each maximal intersecting family has a “core” which generates it. We call
this core a closed intersecting family. In Chapter 3, we introduce the notion of closed

intersecting families, some of its properties and examples.

In Chapter 4, we classify all the maximal intersecting families of 3—sets. We prove

that there are 8 non isomorphic maximal intersecting families of 3—sets.

In Chapter 5, we study constructions over the cyclic graph. Erdés and Lovéasz showed
by means of an example that there exists a MIF (k) with approximately (e — 1)k! blocks.
This example is constructed by a recursive procedure. Lovész conjectured in [17], that
the MIF (k) thus constructed was the extremal one. In this chapter, we present simpler
constructions (see G(k,t) and F(k,t) in Construction 5.2.1) to prove that there exist at
least two MIF (k) with at least (approximately) (5)¥~! blocks. (More precisely, we present
an alternative proof of [9, § 2, Theorem 1], see Corollary 5.3.6 below). In [9], Frankl et
al. conjectured that the maximal intersecting family of k—sets constructed by them has
the largest number of blocks, and it is the only such family (up to isomorphism) with
these many blocks. We use the theory developed in this chapter to prove that both these
conjectures are false, at least for small k. Specifically, the uniqueness part is incorrect for
k = 4, while the optimality part is incorrect for k = 5. We close this chapter by posing

some interesting conjectures.

In the appendices, we study two extremal questions about ISP(k,¢). The first is
called the Bollobas Inequality. It deals with the problem of finding maximum number
of pairs in an ISP(k,t). The second theorem mentioned here is based on the problem
of finding maximum number of points in an ISP(k,¢). These two theorems played an
essential role in Chapter 2. In the final appendix, we re-investigate the transversal size of
the family F(k, t) as described in Chapter 5, with a different approach. Here we are able to
show that tr(F(k,¢)) = ¢ for ¢ < 10. Finally, we present a new proof of the fact that F(k, 2)
is the unique intersecting family of k—sets with the maximum number of transversals of

size 2. This result was originally proved by Frankl et al. in [8].
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CHAPTER 1

INTRODUCTION TO

MAXIMAL INTERSECTING FAMILIES OF FINITE SETS

In this chapter, we survey the literature on mazimal intersecting families and recall some
important theorems and examples. An effort has been given to keep it self contained. The

definitions and notations given here will be used throughout this work.

1.1 Introduction

By a family we mean a family (set) of finite sets. Such a family is called intersecting if any
two of its members have non empty intersection. A maximal intersecting family of k— sets
is an intersecting family which can not be embedded properly into any larger intersecting

family of k—sets.

Definition. Let G be a non empty family of non empty sets. Any B € G is called a block
of G. The point set of the family G is defined as BLGJgB and is denoted by Pg. Any x € Pg
is called a point of G. In case G is finite, we denote its number of points (size of the point
set) by v(G). A family G is said to be uniform if all its blocks have the same size. If G is

a uniform family we denote its common block size by k(G).

Definition. A family G is said to be isomorphic to the family # if there exists a one-to-one

and onto function ¢ : Pg — Py such that ¢(B) € H if and only if B € G.

Definition. A blocking set of a family G is a set C' which intersects every block of G. In
case G has a finite size blocking set, a blocking set of G of the smallest possible size is
called a transversal of G. In this case, we denote the common size of its transversals by
tr(G). If G has no finite blocking set, we may put tr(G) = oo. If tr(G) < oo, we denote the
family of transversals of G by G'. Note that G' is a uniform family with k(gT) = tr(G).

Warning: Many authors use the word transversal as a synonym for a blocking set.

Definition. A family F is said to be a maximal intersecting family (in short MIF) if
tr(F) < oo and F = F'. We use MIF (k) as a generic name for uniform MIF’s with
k(F) =k.

Clearly any MIF (k) is an intersecting family. In fact, the MIF (k)’s are characterised

among all k—uniform intersecting families as those families which are maximal with respect
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to the property of being intersecting. In the hypergraph literature the intersecting families

of k—sets are called the k—cliques and the MIF (k)’s are known as the mazimal k— cliques.

Let us give the following characterisation. In this thesis work we mostly use (c) and

(d) of this proposition.

Proposition 1.1.1. Let F be an intersecting family of k—sets with tr(F) < k. Then the

following statements are equivalent:

(a) There is no k-set outside F (anywhere in the universe of all sets!) which can be added

to the family without violating the property that F is an intersecting family of k—sets.

(b) There is no k—set outside F (anywhere in the universe of all sets!) which is a blocking

set of F.

(c) For any set C, consisting of at most k points of F, if C is a blocking set of F, then
C itself is a block of F.

(d) F=F'.

Proof : Firstly we prove (a) < (b), secondly we prove (b) < (c) and finally we prove (c)
& (d).

Suppose (a) holds. Let C' be a blocking k—set of F but C ¢ F. Then F U {C} is
an intersecting family of k—sets. It contradicts the assumption (a). Hence (b) holds.
Conversely suppose (b) holds. Let C' be a k—set but C' ¢ F and it can be added to the
family F without violating the property that F is an intersecting family of k—sets. It
means that C is a blocking k—set of F. It contradicts the assumption (b). Hence (a)
holds.

Suppose (b) holds. Let C' be a blocking set of F, with |C| < k. Suppose C' is not
a block of F, i.e. C' ¢ F. Let us choose a k—set C', with C' € C" such that (C' < C)
is disjoint from Pr. Then C is a blocking k—set of F but C’ ¢ F. It contradicts the
assumption (b). Hence (c) holds. Conversely suppose (c) holds, if (b) is false, then there
exists at least one blocking k—set of F stays outside F, call it C. But by assumption (c)
we have C' € F, a contradiction. Hence (b) holds.

Suppose (c) holds. Since F is an intersecting family of k—sets, tr(F) < k. Suppose
tr(F) < k —1, then T € F'. By assumption (c) we have T € F, with |T| < k— 1, a
contradiction. Therefore tr(F) = k, consequently F € F'. Let T € F', then |T| = k,
by assumption (c) we have 7' € F. Therefore, ' € F. Hence (d) holds. Conversely
suppose (d) holds, let C be a blocking set of F, with |C| < k. Now (d) implies tr(F) = k,
therefore |C| = k, consequently C' € F. Hence (c) holds. O
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Construction 1.1.2. Let k be positive integers and P be a (2k — 1)—set. Construct the
family F := (ij ), i.e. F is the family of all possible k—subsets of P. We denote this family

by (k).
Theorem 1.1.3. 5(k) is a MIF (k).

Proof : Let B, B € F then B intersects B for otherwise |P| > |B U B'| > 2k, a
contradiction. Hence F is an intersecting family of k—sets. Let C' C P with |C| < k and
C' is not a block of F, hence |C| < k — 1. We show that there exists a block of F, which
is disjoint from C. But |P ~ C| > k and any k—subset of P \ C' is the required block of
F which is disjoint from C. 0

Theorem 1.1.4. Any MIF (k) has at least 2k — 1 points. B(k) is the only MIF (k) with
2k — 1 points.

Proof : Let A be a MIF (k). Since A is non empty, it has at least one block say B. We
choose any (k — 1)—subset C' of B. Then there is a block B disjoint from C. So B'UC
contains 2k — 1 points. Suppose A has exactly 2k — 1 points. We show that each set C' of
k points of A is a block of A. If not, then exists a block B disjoint from C. Then B U C
contains 2k > (2k — 1) points, a contradiction. O

A projective plane of order k is a family of (k4 1)—sets so that (a) for any two points
there exists a unique block containing those two points and (b) any two blocks intersect
in a unique point. It can be shown that, every point is in k + 1 blocks and every block

contains k + 1 points. It has k% + k + 1 blocks and k2 + k + 1 points.

Theorem 1.1.5. Any projective plane of order k (if it exists) is a MIF (k + 1).

Proof : Let P be a projective plane of order k. Since any two blocks intersect in a unique
point, P is an intersecting family. Let C' be a blocking set of P, with |C| < k+ 1. We
show that C is a block (or line) of P. We observe that there are at least k? points not
in C, we choose one such point ¢ C. The k + 1 blocks through z are pairwise disjoint
outside x and each of them intersects C' in at least one point. Hence |C| > k + 1. Then
|C| = k+ 1 and each block through x meets C' in a unique point. Now take two points
y# zin C (as |C| =k+ 1> 3). Let [ be the block joining y and z.

Claim: 1l c C

Proof of claim : Suppose not, then there exists p € (I~ C). Then p ¢ C, but the block
[ through p meets C in at least two points y and z. This contradicts what we discussed

in the previous paragraph. Hence the claim is established.
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But |l =k+1=|C|. So C =1is a block . O

1.2 Examples

In this section we present some examples. These examples are important because they

shed light on some extremal questions.

Construction 1.2.1 (§ 3, Construction (b), [7]). Let k be positive integers with k& > 2.
Let P be a (2k —2)—set. For each bi-partition (4, P\ A) of P with |A| = [P\ A|=k—1,
we introduce a new symbol z,. We consider the family of all k—subsets of P together with

all k—sets of the forms {z,} U A and {z,} U (P ~ A). We denote this family of k—sets by
By (k).

Theorem 1.2.2. 5,(k) is a MIF (k).

Proof : Clearly B4(k) is an intersecting family of k—sets. Let C' be a blocking k—set of
Bg(k). We show that C' € py(k). If |C N P| < k — 2, then any k—subset of P \ C is
disjoint from C, a contradiction. Hence |C' N P| > k — 1. If |C N P| = k then C € py(k)
and we are done this case. Otherwise, we assume |C N P| = k — 1. Since |C| = k and
|C N P|=k—1, C contains exactly one new symbol. Since |C' N P| =k — 1, it induces a
natural bi-partition of P, namely (4, P\ A), with A = CNP. If C # AU{x,}, where z, is
the new symbol corresponds to the bi-partition (A, P\ A), then (P~ A)U{x,} is disjoint
from C. Therefore C' # AU {z,} is not possible. So C = AU {x,}, i.e. C € B4(k). O

An affine plane of order k is a family of k—sets so that (a) for any two points there
exists a unique block containing those two points; (b) given a point = and a block B with
x ¢ B, there exists a unique block B', containing z and disjoint from B and (c) there are

three distinct points not on a block.

Let B and B’ be two blocks of an affine plane. We say B is parallel to B if and only
if B= B or BN B = (. This relation is an equivalence relation. Any equivalence class
with respect to this relation is called a parallel class. In an affine plane of order k there
are k2 points, k? + k blocks and k + 1 parallel classes. Each such parallel class contains k

blocks and each block contains k points.

NOTATION : Let G and H be two non empty families of non empty sets. Suppose Pg and
P4 are disjoint. Then G ® H denotes the collection of all sets of the form A Ll B, where
A€ Gand B € H. If G consists of a single k—set B, then we denote G ® H by B® H. If
G consists of a single 1—set {a}, then we denote G ® H by o ® H.
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Lemma 1.2.3. Let F be an affine plane of order k (assuming it exists) and Fo, Fi, ...,
Fi be its parallel classes. Fix an ng, with 0 < ng < k. If C is a blocking k—set of F, for
each n # ng, with 0 < n <k, then C € F,,.

Proof : Let Lo :={a; : 0 <i <k} be a set disjoint from Px. Then
k
P(F) = {Looj U (U (i ® Fi))
is a projective plane of order k and C U {ayn,} is a blocking set of P(F). Hence by
Theorem 1.1.5, C'U {ay, } is a block of P(F). Consequently by the construction of P(F),
we have C € Fp,. O]

Construction 1.2.4 (§ 2, [11]). Let F, G and H be affine planes of order k (provided
they exist) with pairwise disjoint point sets. Let Fy, F1,..., Fk; Go, G1,- .-, Gr and Ho,
Hi, ..., Hi be the parallel classes of F, G and H respectively. Let Fop = {F; : 1 < i < k},
Go={G;:1<i<k}and Ho={H,;:1<i<k}. Let A(k) be the union of all families of
the form F,, ® G,,, G, ® H,, and H, ® F,,, where 1 < n < k.

Theorem 1.2.5. Let k be a positive integer such that affine planes of order k exist. Then
A(k) is a MIF (2k).

Proof : Clearly A(k) is an intersecting family of 2k—sets. Let C' be a blocking set of
A(k), with |C| < 2k. We show that C € A(k). Suppose |C NPx| < k — 1. Then there
exists [}, € Fo for some ng, with 1 < ng < k, disjoint from C' N Px. But C is a blocking
set of Fy,, ® Gp,. Since Gy, consists of k mutually disjoint k—sets, |C N Pg| > k. Similarly,
|C NPg| < k— 1 implies |C NPy| > k and |C N Py| < k — 1 implies |C N Px| > k.
Together we have if |CNPx| < k—1, then |CNPg| > k and |CNPyx| > k. Since |C| < 2k,
|CNPx| < k—1implies |CNPg| = k and |CNPy| = k, consequently CNP £ is empty. But
C'is a blocking set of A(k) and C' NP x is empty, so C'NPg is a blocking set of F,, ® G,, for
each n, with 1 <n < k. By using Lemma 1.2.3, we have C' N Pg € Gy say C NPg = G,
for some mg, with 1 < mg < k. Also C'NPy is a blocking set of H,, ® F,, for each n, with
1 <n <k. Since CNPg = Gy, CNPy is a blocking set of G, ® H,, for each n # mg, with
1 < n < k. In other words, CNPy is a blocking set of H,, for each n # mg, with 0 < n < k.
Therefore, by using Lemma 1.2.3, we have CNPy € Hyy,. Hence C € Gy ® Hipy C A(k).
Similarly, |C NPg| < k—1 implies C' € A(k) and |CNPx| < k—1 implies C € A(k). Since
|C| = 2k, either [CNPr|<k—1or |CNPg|<k—1or|CNPy| <k—1. Therefore in
any case C' € A(k). O
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1.3 Extremal questions on the number of points and blocks

The chromatic number of a family is the smallest number of colours needed to colour the
points in such a way that no monochromatic block occurs. It is trivial to see that the
chromatic number of any uniform intersecting family (clique) F is at most 3. (Let us choose
x € B € F. Assign the first colour to x, the second colour to the other points of B and
the third colour to the remaining points.) Thus any such family is either 2—chromatic or
3—chromatic. Every k—uniform 3—chromatic intersecting family is a maxzimal intersecting
family of k—sets. But the converse is not true. Any projective plane of order ¢ > 3 (if it
exists) is an example of a 2—chromatic maximal intersecting family of (¢ + 1)—sets. Also,
it is easy to see that a k—uniform intersecting family is 3—chromatic if and only if its
blocks are the only minimal (as opposed to just minimum sized) blocking sets. Paul Erdés
and Lészlé Lovész [7] were mainly concerned with k—uniform 3—chromatic intersecting
families. This is a proper subclass of the class of maximal intersecting families of k—sets.
They proved the surprising result that any MIF (k) is finite; indeed it has at most &* blocks.
Therefore, we define the integers N(k), M (k) and m(k) as follows. Here we present a brief

sketch of the results from the literature.

N(k) :== max {|Px| : F is a MIF(k)},
M(k) := max {|F| : F is a MIF(k)},
m(k) := min {|F| : F is a MIF(k)} .

Theorem 1.3.1 ([5]). Let k > 4 be a positive integer. Then m(k) > 3k.

Proof : Fix a block B of a MIF(k) A. Note that through each point « € B there is
a block B" of A which is tangent to B (i.e., such that BN B = {z}). For i > 1, let
m; be the number of points of B through which exactly ¢ tangents to B pass. Thus at
least 1-mq + 2 - mg + 3(k — m1 — ma) = 3k — 2m; — my blocks are tangent to B. If =
is one of the m; points of B through which a unique tangent B to B passes, then, for
each y € B~ {z}, (B~ {z}) U {y} is (a transversal and hence) a block of A. So we get
(k — 1)m; blocks intersecting B in k — 1 points.

If z1 # a2 are two of the mq points of B through each of which two tangents pass, then
either there is a block intersecting B in {x1,z9} or ( letting Cy and C3 be the tangents
through x1, D; and Dy be the tangents through xo, and choosing y; € C; N Dy and
y2 € Cy N Dy) the set (B~ {x1,22}) U {y1,y2} is a (transversal and hence) block of A

ma

intersecting B in k — 2 points. Thus ( 9 ) distinct blocks intersect B in 2 or k — 2 points.
Thus including B we get 143k —2my —ma+my (k—1)+ ("3?) distinct blocks of A. So m(k)
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is at least the minimum of this expression (over all m; > 0, mg > 0 with my + mg < k)

which is 3k. O

In [23], it was proved that m(4) = 12 and there is a unique MIF(4) with 12 blocks.

We note that, Jeff Kahn [16, Conjecture 5.1] made a conjecture on the numbers m(k):

Conjecture 1.3.2 (Kahn). lim # exists.

k—o0

In [11], it is shown that if an affine plane of order k exists, then m(2k) < 3k%. This
upper bound is produced through an example (namely, A(k) in Construction 1.2.4), which
we discussed in Theorem 1.2.5. In [6] and [3], it is established respectively that if a
projective plane of order k exists, then m(k"™ + k"~ 1) < k" + k271 4 k272 for every
positive integer n, and if k — 1 is a prime power, then m(k) < % + 5k + o(k). However
in [1], we have the strongest known result which is applicable to all positive integers k, it

states that m(k) < k°.

This thesis work mainly deals with the problems of finding or estimating the numbers

N(k) and M(k). Here we briefly discuss the previous and new results on N (k) and M(k).

Theorem 1.3.3 (Theorem 8, Erdds-Lovész, [7]).
1/2k—2 k(2k—1
94 = < <= .
2k 2+2<k:—1>_N(k)_2< . >

From Theorem 1.2.2, we have fS4(k) is a MIF (k) with 2k — 2 + %(2::12) points. Hence
the lower bound follows. In [25], Tuza improved the upper bound by showing:

t—1
Theorem 1.3.4. N(k) < (Qkk_l) - (%k_g) + %Z (2;)
i=1

However, we prove in Chapter 2 that

lim sup N(k) < 3
2k—2\ — 9"
koo (7)) 2

Theorem 1.3.5 (§ 3, Construction (c), [7]). Let k > 2 be a positive integer. Let A be a
MIF (k — 1) and let B be a k-set disjoint from P 4. Define

A={B}U{AU{z}: A€ Az € B}.
Then A is a MIF (k).

Proof : Clearly Ais an intersecting family of k—sets. Let C' be a blocking set of .Z, with
|C| < k. We show that C € A, i.e. we show that C' = B or C = AU {z} for some z € B
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and A € A. Suppose C # B, then B~ C is non empty and we choose xg € B~ C. Since C
intersects B, we have the natural decomposition C' = (CNP4)U(CNB)and CNP 4 is a
block of A. (If not, then there exists A € A disjoint from C' NP 4. Consequently AL {zo}
is disjoint from C.) Hence |C NP4| = k — 1 and |C N B| = 1. Therefore C € A. O

In this context, we mention that an alternative proof of Theorem 1.3.5 can be found

by applying Theorem 3.2.3 (taking F = {B}).
Theorem 1.3.6 (Theorem 7, Erdds-Lovész, [7]).

[(e — 1)k!| < M(k) < k.

Starting with 3(2) and applying repeatedly Theorem 1.3.5, we construct a MIF (k)
with approximately (e — 1)k! blocks and this gives the lower bound of the Theorem 1.3.6.
However, using Construction 5.2.1 (namely, G(k,k — 1) and F(k,k — 1)), we construct
at least two MIF (k)s with at least (approximately) (£)¥=! blocks. The upper bound of

Theorem 1.3.6 is a special case of Theorem 2.2.2 (namely, case t = k).



CHAPTER 2

MAXIMUM NUMBER OF POINTS

IN A MAXIMAL INTERSECTING FAMILY OF FINITE SETS

Paul Erdds and Laszlé Lovéasz proved in a landmark article that, for any positive integer
k, up to isomorphism there are only finitely many maximal intersecting families of k—sets
(maximal k—cliques). So they posed the problem of determining or estimating the largest
number N (k) of the points in such a family. They also proved by means of an example
that N(k) > 2k — 2 + %(Qkk__f). Much later, Zsolt Tuza proved that the bound is best
possible up to a multiplicative constant by showing that asymptotically N (k) is at most
4 times this lower bound. In this chapter we reduce the gap between the lower and upper
bound by showing that asymptotically N(k) is at most 3 times the Erdds-Lovasz lower
bound. A related conjecture of Zsolt Tuza, if proved, would imply that the explicit upper
bound obtained in this chapter is only double the Erdés-Lovasz lower bound. Most of the

results in this chapter are from [19].

2.1 Introduction

In [7] Erd6s and Lovdsz proved the surprising result that any MIF (k) is finite; indeed
it has at most k¥ blocks. In Theorem 2.2.2 we point out that, more generally, for any
k—uniform family F with finite transversal size tr(F) = ¢, the family F ' is finite. Indeed,
\FT| <kt
In view of the result of Erdés and Lovédsz quoted above, we see that, for any fixed
k > 1, there are only finitely many MIF (k)’s, up to isomorphism. This led Erdés and
Lovész to ask for the determination of the maximum possible number N(k) of points
among all MIF(k)’s. By means of an explicit construction in [7] (see Constriction 1.2.1),
it was proved that Lok 9
N(k:)22k:—2+2<k_1>. (2.1.1)
Note that the lower bound in (2.1.1) is asymptotically %(2;:12). In 1985, Tuza [25] proved
that, up to a multiplicative constant, this is best possible. In order to explain Tuza’s

contribution, we recall

Definition. An intersecting set pair system (in short ISP) is a collection {(A4;, B;) : 1 <
i < I} of pairs of finite sets with the property that, for 1 <1i,j <1, A;NB; = 0 if and only
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if i = j. Clearly, in such a system, the sets A; (as well as the sets B;) are distinct. The
set i:él(Ai U B;) is called the point set of the ISP. We denote by v(I) the number of points
of an ISP I. If in I, |A;| = k and |B;| =t for 1 <14 <[, then we say that I is an ISP with
parameter (k,t). We use ISP (k,t) as a generic name for an ISP with parameter (k,1t).

In [2], Bollobés proved the following inequality for arbitrary ISP’s. If {(A4;, B;) : 1 <

i <} is an ISP, then
!

1
Z|A|+B|) <1. (2.1.2)

=1 ( [Aq

In particular, for any ISP (k,t) consisting of [ pairs, we have Bollobds’s inequality

1< <k;:t) (2.1.3)

This inequality shows that, for any two positive integers k and t, there are only finitely
many ISP (k,t), up to isomorphism. This raises the question of determining or estimating

the number

n(k,t) := max {v(l): I is an ISP(k,t)}.
Notice that we have n(k,t) = n(t, k).

In Theorem 6(a) of [25], Tuza used an extremely elegant argument to deduce the
following bound from Inequality (2.1.2). (The sum here is a simplification of the sum

given by Tuza. See Theorem A.3.1 in Appendix A.)

=1 .
kE+t 2t —1 3 21
For k >t k,t) < - — . 2.14
orE=h n(’)(t—i—l) <t+1>+2;(2‘> (2.14)
A family F is 1—critical if for any # € B € F, there is a B’ € F such that BNB' = {z}
(see [25, v—critical family]). Notice that any MIF (k) is 1—critical (else B \ {x} would be
a blocking set). In Corollary 12 of [25], Tuza observes that n(k,k — 1) is an upper bound
on the number of points in any k—uniform 1—critical family. In particular this applies to
MIF (k)’s. So we have
N(k) <n(k,k—1). (2.1.5)
Substituting t = k — 1 in (2.1.4) we therefore get
k—1 .
3 2 2k — 2
N <- ~ 2 2.1.
where the asymptotics is determined by Lemma 2.2.1 below. Thus, as £k — oo, Tuza’s

upper bound is 4 times the lower bound given by Erdés and Lovész.

10
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The main objective of this chapter is to improve the estimate (2.1.6) on N(k). The
method adopted here is inspired by that of Tuza [25]. We introduce the problem of finding

or estimating the number
NT (k,t) := max {|Pzr| : F is a uniform family with k(F) = k and tr(F) = t} .

(Note that we are trying to maximise the size of the point set of the family of transversals
of F, which in general is a subset of the point set of F.) This number is finite in view of

Theorem 2.2.2 below. In Theorem 2.2.5 we prove:
NT(k,t) <n(k,t—1). (2.1.7)

In Theorem 2.2.7, we show that, given any MIF (k) F that has two points o and [ such
that {«, 5} is not contained in any block of F, one can construct another MIF (k), denoted
F[B + «a], with one less point. Among the blocks of the new MIF (k) are included the
sets {a} U (B~ {B}), B € B € F; hence the name. One might imagine that a method to
reduce the number of points in a MIF (k) can not have much to do with the problem of
estimating the largest possible number of points in a MIF (k). However, our final result
(Theorem 2.2.8) is a new upper bound on N(k) obtained by combining Theorem 2.2.5 and
Theorem 2.2.7 with Inequality (2.1.3). Here we prove

N(k) < ;(2:__3 +n(k, k—2). (2.1.8)

In view of Tuza’s inequality (2.1.4), this yields the bound
Ben(20\ 1(2k—2\ 3(2%k—2
N(k) <= — = ~ = . 2.1.
()—2;(2’) 2<k:—1> 2<k—1> (2.1.9)

Again, the asymptotic value here follows from Lemma 2.2.1. Thus as k — oo, N(k) is at

most 3 times the lower bound (2.1.1) of Erdés and Lovész.

In [13], Hanson and Toft proved that, actually, N(k) = 2k — 2+ %(2:__12) for 2 < k < 4.
In conjunction with Tuza’s bound (2.1.6) and its improvement (2.1.9), this result leads us

to pose:

Conjecture 2.1.1. For £k > 2, N(k) =2k — 2 + %(2:_12).

It may be noted that Tuza constructed ([25, Construction 11]) a k—uniform 1—critical
family with 2k —4+ 2(2kk:24) points. This number is larger than 2k — 2+ % (2kk:12) for k > 5.
However, as already noted, the class of 1—critical uniform families is larger than that of
MIF’s. Indeed, the families constructed by Tuza are not MIF’s. So this construction does

not disprove the above conjecture.

11
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Finally, we note that, Tuza [25] made a precise conjecture on the numbers n(k,t):

Conjecture 2.1.2 (Tuza). For k >t + 2,

=[5 (5 ]

If this is correct, then, in particular, n(k,k — 2) = 2k — 4 + 2(2kk__24) for k > 3, so that

our bound (2.1.8) becomes
1/2k—2 2k —4 2k — 2
< = — 4~
N<k)_2(k—1>+2<k—2)+2k 4 <k:—1>’

which is asymptotically double the precise value of N (k) we conjectured above.

2.2  On the maximum number of points in a MIF (k)

Recall that, for any finite uniform family F, k(F) is its common block size. F' is the
family of transversals of F and tr(F) is the common size of the transversals. N(k) is the
maximum of |Pz| over all MIF (k) F. NT (k,t) is the maximum of [P 7| over all F with
k(F) =k and tr(F) =t. Also n(k,t) is the maximum of v(I) over all ISP (k,t) L.

We begin by establishing the asymptotic values claimed in (2.1.6) and (2.1.9).

(%) ~5 ()

Proof : Stirling’s famous asymptotic formula for the factorial implies the following

Lemma 2.2.1. As m — o0,

equally well known result:

YRS T

()~ #T

=1

Therefore we get

So, to complete the proof, it suffices to show that
L4t 4 o4m
Zf ~ (2.2.1)
, 3 m
But we have:
LT 1 m 4i+1 o 47,
LV TsE v

i=1

12
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S e

1
(i-1)3

- 1 1 Ien 4
oS (A Lyls ¢
2 v ey
An elementary estimate shows that the right hand sum is of smaller order of growth than

4
NGE Hence (2.2.1) follows. O

Theorem 2.2.2. Ifk(F) =k and tr(F) =t , then |F'| < k.

We observe that 0 < 41— — L <

— . Therefore,

—_
~
N[ =

Proof : This is the s = 0 case of the following.

Claim : For 0 < s < t, any set of s points of F are together contained in at most k¢

transversals of F.

Proof of claim : We prove this claim by backward induction on s. It is trivial for s = ¢.
So suppose the claim holds for some s, with 1 < s < t. Take any set A of s — 1 points.
Since tr(F) =t > |A|, A is not a blocking set of F. So there is a block B € F disjoint from
A. Therefore each transversal containing A contains at least one of the k sets AL {z},
r € B. By induction hypothesis, A U {z} is contained in at most k'~% transversals for
each z € B. Therefore A is contained in at most k - k*~* = k'~(~1) transversals. This

completes the induction. ]

Corollary 2.2.3. Let k,t be positive integers. Then up to isomorphism, there are only
finitely many families G with k(G) =t such that G is isomorphic to F ' for some uniform
family F with k(F) = k.

Proof : By Theorem 2.2.2, any such G has at most k' blocks; hence it has at most t.k
points. Therefore up to isomorphism, we may assume that all such families G are contained

in the power set of a fixed set of size tk'. So there are only finitely many G’s. O

This corollary is the central attraction to study intersecting families with finite transver-

sal size. It shows that N(k) and N (k,t) are both finite.

Construction 2.2.4. Let 2 <t <k —1 and let S be a set of k£ 4+ ¢ — 2 symbols. Let (‘f)
denote the family consisting of all i—subsets of S. Take a new symbol x4 (from outside
S) for each A € (lﬁl) Let

F= (5 ofepoaac(F))

13
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We shall discuss this construction in detail in Chapter 3 [Construction 3.1.5]. In brief, we

have tr(F) =t and

fT:G)u{{xA}u@\A):AE (kfl)}'

Theorem 2.2.5. For2<t<k-1,

k+t—2

k4t—2
+ +( o

) <NT(k,t) <n(k,t—1).

Proof : Construction 2.2.4 yields a k—uniform family F such that tr(F) =t and F' has

k+t—2+ (k;r_tf) points. Hence we get the lower bound.

Let F be a k—uniform family with tr(F) = ¢t. We show that |Prr| <n(k,t —1). Let
E={B;:1<i<n}

be a minimal subfamily of F such that tr(€) = ¢. Then, for 1 <1i < n, & =&~ {B;} has
tr(&;) =t — 1. Let us choose a transversal T; of &;, where 1 < i < n. Since tr(€) = t, it
follows that T; N B; = (). Thus

I={(B;,T;):1<i<n}

is an ISP (k,t — 1). Therefore, to complete the proof, it suffices to show that each point
z of F' is a point of I. Let us choose a transversal T of F such that x € T. Then T
intersects all the B;’s. If  was not a point of £ , then T'\ {z} would be a blocking set of

&, of size t — 1, contradicting the choice of £. So x is a point of £ and hence of L. 0

Since, clearly, N(k) < NT(k, k), Theorem 2.2.5 includes Tuza’s upper bound (2.1.5)
on N (k).

Construction 2.2.6. Let F be a MIF (k) and suppose a # [ are two points of F such
that no block of F contains {«, 8}. Let G :={B e F:a ¢ B, ¢ B}. Put

Fifs ol = GU{TL{a} : T €67,

Theorem 2.2.7. Let a, 8 be two points of a MIF (k) F such that no block of F contains
both « and . Then the family F[5 — «] (given by Construction 2.2.6) is a MIF (k) with
point set Pr ~ {5}

Proof : Let G be as in Construction 2.2.6. If T is a transversal of G with |T'| < k — 2,
then T'U {«, 8} is a blocking set of F of size at most k. Since F is a MIF (k), it follows
that TU{a, B} is a block of F. This is a contradiction since no block of F contains both «

14
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and 8. Thus tr(G) > k— 1. Since, for 5 € B € F, B~ {8} is a blocking set of G, it follows
that tr(G) = k — 1. Thus F := F[8 — a] is uniform with k(F) = k. This argument also
shows that if 3 ¢ B € F, then B is a block of F. Also if 3 € B € F, then {a} L (B~ {8})
is a block of 7. We have the following.

Claim : For each T € G there exists T € G such that TN T =0.

Proof of claim : Suppose the claim is false. Then there exists T € G' such that T
is a blocking set of G'. SoTis a blocking set of G U QT, and hence of F. This means
tr(F) < |T| =k — 1, a contradiction.

Let C' be a blocking set of F. Then in particular it is a blocking set of G. Since
tr(G) = k — 1, it follows that |C] > k — 1. If [C| = k — 1, then C € G, so that
a ¢ C. By the above claim, there exists a T € G such that TN C = (. Hence C is
disjoint from T U {a} € F, a contradiction. Hence |C| > k. Therefore tr(F) = k. Since
F is an intersecting family, the construction of F shows that F is an intersecting family.
Consequently F C (.7? )T, If T is a transversal of Fand a € T, then T~ {a} is a transversal
of G, so that T = (T ~ {a})U{a} € F. If T is a transversal of 7 and o ¢ T, then (as
all the blocks of F with 3 ¢ B are blocks of F and for 8 € B € F, (B~ {8}) U{a} is a
block of f) T is a transversal of 7. Hence T' € F and 3, ¢ T, so that T € G C F. Thus
(F)T € F, so that F is a MIF (k).

Clearly the point set of F is contained in Px {B}. Take any v € Pr ~ {5}. Take a
block B of F such that v € B. If 8 ¢ B, then we have v € B € F and hence v is a point
of F. If B € B, then, as |B| = k = tr(F), there is a block B' of F such that BN B’ = {+}.
Then vy € B’ € .7?, hence again v is a point of F. Thus the point set of Fis Pr~ {s}. O

Theorem 2.2.8. For k > 2,

N(k) < ;(i’“:f) +n(k, k—2).

Proof : Let F be a MIF (k). We show that |Px| < %(2]5:12) + n(k,k — 2). Fix a point
a of F. We inductively define two finite sequences: a sequence {3, : 0 < n < M — 1}
of distinct points of F and a sequence {F,, : 1 < n < M} of MIF(k)’s. Define 5y = «,
F1 = F. Suppose we have already defined 3, for 0 <m <n —1, and F,, for 1 <m < n.
If for each point 8 of F,, there is a block of F,, containing both a and 3, then put n = M
and terminate the construction. Otherwise, we choose a point 5, of F,, such that no block

of F,, contains both o and f,, and construct F,,+1 := F,[8, — «]. By construction and
Theorem 2.2.7, for n > 1 each F,41 is a MIF (k) with Px,., =Pz, ~ {6}

15
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Notice that this construction must end in finitely many steps, since by Theorem 2.2.2,
JF1 = F is finite. Since induction has terminated at the M —th step, Fjs has the property
that for each point 3 of Fjs there is a block of Fj; containing both a and 5. Put

G={BeFy:a¢B}.

For o € B € Fy, B~ {a} is a blocking set of G of size k — 1. So tr(G) < k— 1. If T is
a transversal of G with |T'| < k — 1, then T U {a} is a blocking set of Fjs of size at most
k. Since Fys is a MIF(k), it follows that T'U {a} is a block of Fps. Thus tr(G) =k — 1
and consequently, G = {B ~ {a}: a € B € Fyr}. As M—th step is the terminal step so
Pg =Pgr =Pr~ {B,:0<n < M —1}. Therefore, by Theorem 2.2.5,

Pr| =M+ [Pgr| <M +N"(k,k—1) <M +n(k, k- 2). (2.2.2)

Let us choose two blocks By, BE) of F = Fi such that By N B(’) = {Bo}. Also, for 1 <
n < M — 1, we choose two blocks B, B;L of F,, such that B, N B;l = {B,}. (As already
remarked, any point of a MIF (k) lies in such a pair of blocks.) Put T,, = B, ~ {0.},
T, =B, ~{B,}. Thus T, N T, =0 for 0 <n <M —1.

Claim : For 0 <m <n <M —1, T,, U{a} and T,, LI {a} are blocks of F;,.

Proof of claim : This claim may be proved by finite induction on n.

If n = m+1, then Fy, = Fpu[Bm — a] and T, U{Bm}, To U{Bm} € Frn implies Ty, L {a},
T,lnl_l{a} € Fmt+1 = Fn. Ifm <n < M—1, and the claim is correct for this value of n, then
T U{a}, T, U{a} € F, and Fpi1 = FylBn — o] implies Ty, U {a}, T), U{a} € Fpii.

Now for 0 < m <n < M —1, T,, U{a}, T, U{a}, T, U{B,} and T, U {B,} are
blocks of the intersecting family F,,. Therefore these four sets intersect pairwise. Since
Bn # a, it follows that T, N T, # 0, T, NTp # 0, T,n VT, # 0 and T, NT,, # O for
0<m < n<M —1. Therefore,

I:= {(Tn,T,;):ogngM—l}u{(T;,Tn):ogngM—l}

is an ISP (k — 1,k — 1) containing 2M pairs. Therefore by Inequality (2.1.3), we get

1/2k—2
< — . 2.
M_2(k_1> (2.2.3)
From (2.2.2) and (2.2.3), we conclude that |[Pr| < %(Qkk__f) +n(k, k—2). O

16
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Corollary 2.2.9.
3820\  1(2k—2\ 3 (22
N(k) < 2 - ~2 :
w3 (7)-3(020) ~3(0))
Proof : Follows from Theorem 2.2.8 and Theorem A.3.1 (with ¢ = k — 2). The asymp-

totics is now immediate from Lemma 2.2.1. O

17
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CHAPTER 3

CLOSED INTERSECTING FAMILIES OF FINITE SETS

This chapter introduces closed intersecting families, some of its properties and examples.
We present results of an ab initio study on closed intersecting families. Most of the results

in this chapter are from [20].

3.1 Introduction

Our idea is to decompose a maximal intersecting family into some suitable subfamilies and
study these subfamilies to gain a better understanding of the original family. Using this
idea we are able to locate a similarity between the recursive Erdés-Lovasz construction
in 7, Construction (c), Page 620] and non recursive Frankl-Ota-Tokushige constructions
in [9, § 2]. We find that each maximal intersecting family has a “core” which generates
it. We call this core a closed intersecting family. In [9], Frankl et al. conjectured that
the maximal intersecting family of k—sets constructed by them has the largest number of
blocks, and it is the only such family (up to isomorphism) with these many blocks. We
use the theory developed here to prove that both these conjectures are false, at least for
small k (see Example 5.3.1 and Example 5.3.2). Before going into the technicalities let us
recall some notations. Let G and H be two non empty families of non empty sets. AU B
denotes the union of two disjoint sets A and B. G LU H denotes the union of two disjoint
families G and H. For any set A, |A| will denote the cardinality of A. Suppose Pg and
P4 are disjoint, then G ® H denotes the collection of all sets of the form A LI B, where
A€ Gand B € H. If G consists of a single k—set B, then we denote G ® H by B® H. If
G consists of a single 1—set {a}, then we denote G ® H by o ® H.

Definition. Let F be a uniform family with k(F) = k and tr(F) = ¢. F is said to be a
closed intersecting family (in short CIF) if tr(F) < k(F) —1 and F = (FUF")T. We
use CIF (k,t) as a generic name for CIF’s F with k(F) = k and tr(F) = t. Note that any

closed intersecting family is necessarily an intersecting family.

We have the following characterisation.

Proposition 3.1.1. Let F be an intersecting family of k—sets with tr(F) < k — 1. Then

the following statements are equivalent:
(a) Any k—set which is a blocking set of F U F ' is a block of F.

19
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(b) If a k—set is a blocking set of F, but not a block of F, then it is not a blocking set of
Fr.

(c) F=(FuFrnHT.

Proof : Firstly we prove (a) < (b) and then we prove (c) < (a).

Let C be a k—set which is a blocking set of F and C' ¢ F. Suppose C is a blocking
set of F', then by (a) C € F, a contradiction. Hence C is not a blocking set of F.
Conversely, let C be a k—set which is a blocking set of 7 LU F". Suppose C ¢ F, then by
(b) C is a not blocking set of F ', a contradiction to the assumption. So our supposition
C ¢ F was wrong. Hence C € F.

From (c) it follows that tr(F LU F ") = k. Let C be a blocking k—set of F U F'. Then
C' is transversal of the family F U F . Hence C € F. Conversely, let C be a transversal of
FUFT. Suppose |C] < k — 1. Consider a set X, of size k — |C|, disjoint from Pz. Then
X UC is a blocking k—set of F1UF ' and it is not a block of F, a contradiction to (a). So
|C| = k and hence by (a) C' € F, which proves (c). O

Henceforth, by closure property we refer any one of (a), (b) and (c) in our study.

Construction 3.1.2. Let k,t be positive integers with t < k — 1. Fix a (k +t — 1)—set
and let 5(k,t) denote all k—subsets of the set. So any two k—sets in 5(k,t) has non empty

intersection. Therefore B(k,t) is an intersecting family of k—sets.

Theorem 3.1.3. tr(S(k,t)) = t and B(k,t) is a CIF(k,t). Its transversals are all
t—subsets of Pg(py. B(k,t) has k +t — 1 points, (k+li_1) blocks and (k+§_1) transver-

sals.

Proof : Let C be aset of size at most t—1. Therefore [CNPg(; )| < t—1 and consequently
[Pg(,e) N C| > k. If we choose a k—set B C Py, )\ C, then B is disjoint from C'. Since C
is chosen arbitrarily, tr(3(k,t)) > t. We observe that any t—subset of Py ) is a blocking
set of B(k,t). Therefore tr(8(k,t)) = t.

Let C be a k—set with the property that C' ¢ 5(k,t) but C is a blocking set of 5(k, ).
Then [C NPyl < k—1, as all k—sets from Py ) are blocks of 3(k,t). So any t—set

from Py )\ C does not intersect C; i.e the closure property is satisfied. O

Theorem 3.1.4. Any CIF (k,t) has at least k+t—1 points. Moreover, B(k,t) is the only
CIF (k,t) which contains exactly k +t — 1 points.
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Proof : Let F be such a family. Let T € F'. We observe that for each z € T there
exists B € F disjoint from 7'\ {z}. Hence |Px| > |B|+|T ~ {z}| =k +t— 1.

Let F be a such a family with exactly k + ¢ — 1 points. Suppose there exists a k—set
B CPrbut B¢ F.

Case A : B is not a blocking set of F.
In this case there exists B € F disjoint from B. Hence |Px| > 2k, a contradiction.
Case B : B is a blocking set of F.

In this case, using the closure property of F there exists T € F ' disjoint from B. Hence

|Px| > k + ¢, a contradiction.

Since both cases lead to a contradiction, our supposition that there exists a k—set
B C Pr such that B ¢ F was wrong. Consequently, each k—set from Pr is a block.
Hence F is isomorphic to 5(k,t). O

Construction 3.1.5. Let k,t be positive integers with 2 < ¢t < k — 1. Let P be a
(k +t — 2)—set. For each bi-partition (A, P~ A) of P with |A| = ¢ — 1, we introduce a
new symbol x 4. We consider the family of all k—subsets of P together with all k—sets of
the form {z4} U (P~ A). We denote this family of k—sets by G,(k, ).

Theorem 3.1.6. tr(By(k,t)) = t and Py(k,t) is a CIF(k,t). Its transversals are all
t—subsets of P and all t—sets of the form {xs} U A, for any bi-partition (A, P . A) of
P with |Al = t—1. It has k +t — 2+ (k+t_2) points, (k+,i_2) + (k+t_2) blocks and

k—1 P
(k+§_2) + (kj_tIQ) transversals.

Proof : Since |P| = k+t—2and 2 <t < k — 1, therefore f,(k,t) is an intersecting
family of k—sets. Let C' be a set of size at most ¢t — 1. We show that there exists at least
one B € fy(k,t), which is disjoint from C. If any one of the new symbols z4 € C, where
x4 corresponds to the bi-partition (A, P~ A), then |C' N P| <t — 2. So any k—subset of
P~ C (note that, any such k—subset is a block of 34(k,t)) is disjoint from C. Without
loss of generality we assume that C does not contain any such new symbols. Again if
|C'NP| <t—2, then again any k—subset of P~ C'is disjoint from C. So if [CNP|=1t—1,
then we note that {z4}LI(P~C), where x4 ¢ C corresponds to the bi-partition (A, P\ A)
of P with A= CNP and P~ A = P\ C, is the required block of 34(k,t), which is disjoint
from C. Therefore tr(By(k,t)) = t.

Let C be a blocking k—set of S4(k,t) such that C' ¢ B4(k,t). We show that there
exists at least one T € B;(k,t), which is disjoint from C. If |C N P| < k — 2, then any
t—subset of P\ C (note that, any such t—subset is a transversal of f4(k,t)) is disjoint
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from C'. Without loss of generality we assume that k—1 < |[CNP| < k. Since C ¢ B,4(k, 1),
|C' N P| # k. Hence |C N P| = k — 1. Then, there exists a bi-partition (A, P \ A), with
Al =t—1and P~ A =CnNP. Now {za} U (CN P), where x4 is the new symbol
corresponds to the bi-partition (A, P ~\ A) of P, is a block of f4(k,t). Since we assume
that C' ¢ By(k,t), x4 ¢ C. Hence C is disjoint from {x4} U A, which is the required

transversal. O

We present some immediate properties of closed intersecting families.

Proposition 3.1.7. Let F be a CIF(k,t).

(a) For each T € F' there erists at least one T e FU disjoint from T.

(b) 2<tr(FT) <k.

(c) If tr(F") =k, then F C F'T.

(d) For each x € Pxr, there exists T € F' and B € F such that T N B = {x}.

(e) If Prr # Px, then tr(F') <k — 1.

(f) Iftr(FT) <k —1, then for each A € F'7 there exists B € F disjoint from A.
(g) k <tr(F)+tr(Fh).

Proof : Let T € F'. Then by assumption |T| < k — 1. Since tr(F U F ') = k, there
exists T' € F LU F' disjoint from 7. Since T € F' such T' ¢ F. Hence T' € F'. This
immediately implies (a) and (b). We observe that each B € F is a blocking set of . So
if tr(F ') =k, then B € F' T and the part (c) follows.

Let x € Pxr. Then there exists a block T € F ' such that x € T. Since |[T~{x}| = t—1,
T ~ {z} is not a blocking set of F. In other words, there exists a block B € F disjoint
from 7'\ {z}. But T intersects B; hence T'N B = {x} and the part (d) follows.

To establish (e), we observe that Pt C Pr. So Pr7 # P means that there exists a
point o € Pr\ P z7 and consequently there exists a block B such that o € B. We observe
that B~ {a} is a blocking set of F'. Hence tr(F") <k — 1.

Let tr(F') <k—1and A € F'T. Suppose A is a blocking set of 7. Then by the
closure property of F, we have |A| > k, which is a contradiction to the assumption. Hence

the part (f) follows.

To establish (g), we observe that the result is obvious if tr(F ') = k. Without loss of
generality let tr(F') <k —1. Now let A € F'T and construct the following non-empty
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subfamily of F,
Fa={BeF:ANnB=10}.

Let C € F]. Then AUC is a blocking set of 7 and F'. Also we observe that |C| < tr(F).
Hence by the closure property of F, k < |[A| + |C| = tr(F ")+ |C| < tr(F") + tr(F). O

3.2 Correspondence between closed and maximal

intersecting families

Theorem 3.2.1. Let F be a subfamily of a MIF (k) X such that t := tr(F) < k —1
and X ~ F = A® F' for some family A. Then F is a CIF (k,t) if and only if A is a
MIF (k — t).

Proof : Let F be a CIF(k,t) and let T € F'. Then, by (a) of Proposition 3.1.7 there
exists at least one T' € F ' disjoint from T. Since A ® F' is an intersecting family of

k—sets, it follows that A is an intersecting family of (k — t)—sets.

Let C € AT. Then, for each T € F', CUT is a blocking set of X and hence |CUT| > k.
Thus |C| > k — t, with equality if C UT € X for all T € F'. Since each block of A is a
blocking set of size k — t, it follows that tr(A) = k —t and A € A". Also if C € A and
T € FT, then CUT € X. The argument in the previous paragraph shows that C'UT is not
a blocking set of F" and hence CUT ¢ (FUF )T =F. Thus CUT € ¥\ F=A®F" .
Hence C' € A. Thus AT € A and hence A = AT. Thus A is a MIF (k — ).

Conversely, suppose A is a MIF(k — t). Since F is an intersecting family of k—sets,
every block of F is a blocking k—set of F U F' and hence tr(F U F") < k. We show
that F is a CIF(k,t). It suffices to show that if C' is a blocking set of size k for F which
is not a block of F, then C is not a blocking set of F'. If C ¢ A® F', then C is not
a block of X and hence there is a block B € X disjoint from C. But C' is a blocking set
of F. So Be A® F'. Then BN P is a block of F' disjoint from C, so that C is not
a blocking set of F' in this case. On the other hand, if C € A® F', then we choose a
point o € C NP 4. (It exists since k = |C| >t = k(F').) Since C is a block of a MIF (k)
X, there exists at least one B € X such that BN C = {a}. Since o ¢ Pz, it follows that
Be A® F" and hence BNPF is a block of F' disjoint from C. So C is not a blocking

set of F T in this case also. O

The following immediate corollary of Theorem 3.2.1 shows the existence of a closed

intersecting family inside any maximal intersecting family.
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Corollary 3.2.2. Let X be a MIF (k), then there exists at least one CIF (k,k — 1) F and
a € Py ~\Pr such that X = FU (a® F').

Proof : Let a € Py. Define F = {B€ X :a¢ B} Then F' = {B~{a}:a € Be X}.

The conclusion follows as an application of Theorem 3.2.1. O

The following theorem is a sort of converse to Theorem 3.2.1. Together, Theorem 3.2.1
and Theorem 3.2.3 show that closed intersecting families are the cores which may be used

to obtain maximal intersecting families via recursive construction.

Theorem 3.2.3. Let A and F be a MIF (k —t) and a CIF (k,t) respectively where A and
F have disjoint point sets. Then F U (A® F') is a MIF (k).

Proof : Let C be a blocking k—set of FLI(A®F ). It is enough to prove C € FU (A®
FT). If C € F we are done. Assume C ¢ F. By the closure property of F, C is not a
blocking set of F LI F . This implies C' is not a blocking set of F'. Hence there exists at
least one T' € F ' which is disjoint from C. Since C' is a blocking set of T'® A, it follows
that C NP 4 is a blocking set of A. So [C NP 4| >k —t. Also C NPr is a blocking set of
F, and hence |[C NPx| >t. But |C| =k, s0 |[CNPy|=k—tand |CNPg|l =t Hence
CNPygeAand CNPrc F'. So C € A® F'. This shows that every blocking k—set
of the family 7 U (A® F ') is a block of that family. O

We recall that M (k) is the maximum of | F| over all MIF (k) F. The following immediate
corollary of Theorem 3.2.3 helps to estimate M (k).
Corollary 3.2.4. For each integer k > t + 1, if F is a CIF(k,t) with b blocks and b"
transversals, then M(k) > b+b"M(k —t).

Proof : We choose a MIF (k—t) with M(k —t) blocks so that its point set is disjoint from
Pr. Call it A. Hence by Theorem 3.2.3, F LU (A® F') is a MIF (k) with b+ b"M(k — t)
blocks. O

In the following theorem, we use three copies of closed intersecting families in a circular

way to obtain a maximal intersecting family.

Theorem 3.2.5. Let k < 2t — 1 and let F, G and H be three CIF (k,t)’s with mutually
disjoint point sets and tr(F ') =tr(G') =tr(H") = k. Then

(Feghu@eHHUHaF")
is a MIF (k +1t).
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Proof : Let A:=(F®GHU(G@®H ) U(H®F'). Let C C PrUPgUPy such that
|C| < k+tand C is a blocking set of A. We show that C' € A. Since k < 2t — 1 we have
|C| < k+t <3t—1, hence at least one of C NPz, CNPg and C NPy contains less than
t points.

Claim 1 : If |CNPg| <t —1, then |C NPg| > k. Similarly, if |C N Pg| <t — 1, then
|CNPy| >k and if |[CNPy| <t—1, then [CNPx| > k.

Proof of claim : Due to similarity, it is enough to prove only the first statement. Sup-
pose [CNPx| <t—1 and tr(F) =t. Then there exists at least one Br € F disjoint from
C NPz. But C is a blocking set of Br ® G'. This implies C is a blocking set of G'.
Hence |C'NPg| = |C NPgr| > k and the claim is established.

Claim 2 : If [CNPg| <t —1, then C € G® H'. Similarly, if |C N Pg| <t — 1, then
CeM®F andif [CNPy|<t—1,then C e F®G'.

Proof of claim : Due to similarity, it is enough to prove only the first statement. Sup-
pose |C NPx| <t— 1. Therefore |C NPy| > ¢t. (If not, then |C NPy| <t —1 and by the
above claim [CNPx| > k > t+1, a contradiction.) Again by the above claim [CNPg| > k.
Since |C| < k + ¢, we have [CNPg| =0, [CNPy| =tand |CNPg| = k. Since C is a
blocking set of H® F " and C NP r is empty therefore C NPy is a blocking set of 7. Since
|C N Py| =t we have C NPy € H'. Since C NPz is empty, C N Pg is a blocking k—set
of GLIGT. Therefore, by the closure property of G we have C N Pg € G. Consequently,
C=(CNPg)U(CNPy) € G®H' and the claim is established.

From the above two claims, it follows that C € A. O

Remark 3.2.6. The inequality in the statement of Theorem 3.2.5 is necessary. For k > 2t,

we conclude with a similar proof that

tr(FO®GHUGeH ) UH®F') =3t

3.3 Construction of maximal intersecting families using

closed intersecting families

Proposition 3.3.1. Let F be a CIF(k,t). Suppose for each i, with 1 < i < mn, A; is a
MIF (k — t) and C; is a subfamily of F ' with the following properties:

(a) each A; and F have disjoint point sets;
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(b) FT = 0

(c) each t—set of C; is a blocking set of F' ~ C;.

Then F U (.QIAZ' ®C;) is a MIF (k). Moreover, n < %(Qtt)

Proof : Let G := F U ('QlAi ® C;). Clearly it is an intersecting family of k—sets. Let C'
be a blocking set of G Wzi;h size at most k. To prove C' is a block of G. If C' € F we are
done. So assume C' ¢ F. By the closure property of F there exists at least one 7' € F '
such that C NP is disjoint from T and T € C; for a unique 7. Since C' is a blocking set of
T®A;, we have [CNP4,| > k—t. Also CNPr is a blocking set of . Hence [CNP£| > t.
This implies |[C NPy,| =k —t and |CNPx| =t, hence C € A; ® C;.

For the next part, by assumption (c¢) we observe that, for each ¢ with 1 < ¢ < n there
exists at least one pair (Ti,TZ-/), where T;, TZ/ € C; with T; N TZ/ = (). Also for each i, j

with 1 < i < j < n, we have T; N ij # 0 and T, N T; # 0. Hence by using (A.2.3) of

Theorem A.2.1, we have {(T},7}) : 1 <i < n} is an ISP(¢,t). Therefore n < %(2;) O

Remark 3.3.2. The proof of Theorem 3.2.3 follows from Proposition 3.3.1 corresponding
to the case n = 1. The above proposition is of interest, since there is no restriction on the

choice of A;, where 1 <1 < n.

+1

Proposition 3.3.3. Let F be a CIF(k,k —n). Suppose F' = 7ulcz-, where for each 1,
1=

with 1 < i < n+ 1, the subfamily C; satisfies the following properties.

(a) Fach C; is an intersecting family of (k — n)—sets.

(b) Ifi # j, then for each T € C; there exists at least one T € C; disjoint from T

Let Ay, Ao, ..., Apt1 be the (n+1)—parallel classes of an affine plane of order n (assuming
+1

it exists), whose point set is disjoint from Px. Then F U (7'l|_|1 A; ® C;) is a MIF (k).
1=

Proof : Let G := F U (nglrllflZ ® C;). Clearly it is an intersecting family of k—sets. Let
P be the point set of thisz_afﬁne plane. Let C be a blocking set of G with size at most k.
To prove, C' is a block of G. If C' € F we are done. So assume C ¢ F. By the closure
property of F there exists at least one 7' € F ' such that C NP is disjoint from 7. Then
there exists at least one ¢, with 1 < i < n+ 1, such that T' € C;. But C is a blocking set
of T'® A; hence |C N P|>n. Also CNPy is a blocking set of F; hence |[CNPx| > k—n.
This implies [CNP| = n and |CNPz| = k—n and hence CNPx € F'. So by assumption
(a) and (b), C NPx € C; for some j # i. Then again by assumption (b) there exists at
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least one T; € C; such that C' NP r is disjoint from T3, for each [ with [ # j. So CN P is a
blocking set of each such T; ® A;. Hence, by using Lemma 1.2.3 we have, C' N P is a line
of A;. Therefore C' € A; ® C;. O

3.4 Recursive constructions of closed intersecting families

Theorem 3.4.1. Let A be a MIF (1) and let F,, x € P 4, be uniform families with pairwise
disjoint point sets. Suppose k(F;) =k and tr(Fy) =t for all x. Put

QZ{ I_IAFx:AEA,FIGFxforaHxGA}.
S

Then we have the following.

(a) GT = { l_IATx A€ AT, € F) forallz € A}. In particular, k(G) = kl and tr(G) =
Te
tl.

(b) If, further, each F, is a CIF (k,t) with tr(F,)) = k, then G is a CIF (ki, t).

Proof : If Ac Aand T, € F, for all z € A, then clearly I_IATm is a blocking set of G of
Te

size tl. Thus, tr(G) < tl. Let B be a blocking set of G of size at most tl. For x € P 4, put

T.,=BNPr,. Let A={x € Py:|T,| >t}. We have

> |T| =Bl <t (3.4.1)

2€P 4
and hence |A| < I. If A is not a block of the MIF(l) A, then there is a block A" of A
disjoint from A. Hence |T,| <t —1for all z € A". So, for each x € A" there is a block F},
of F, disjoint from T,. Hence LI /Fx is a block of G disjoint from B, a contradiction. So
A € Aand |A] = 1. Then (3.4.5816)Aimplies that |T,| = 0 for x ¢ A and |T| =t for z € A.
Thus, |B| = tl, so that tr(G) =t/ and B € G'. Since B = x|E|AT$ € G" and |T,| = t, it
follows that T}, € F, for all # € A. This proves part (a).

Now we assume each F, is a CIF(k,t). Since A, as well as each F, is an intersecting
family it follows that G is an intersecting family. Using the description of G' from part

(a) and applying part (a) to the families F,|, x € P 4, we see that
gTT:{ uASx:AeA,Sxe}‘JT foralleA}.
BS

Thus tr(G U QT) > tr(gT) = kl. Since all the blocks of G are blocking sets of G LI G of
size kl, it follows that tr(G U QT) =kland G C (GU QT)T. Let C be a transversal of
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GUGT. Then C € G'T and hence C = xlélAS‘T’ for some A € A and S, € fJT for all
x € A. If we can show that C' € G, then we are done. Otherwise, there exists at least
one y € A such that S, ¢ F, = (F, U fJ)T. Since S, € fJT it follows that S, is not a
blocking set of F,. So there exists at least one U, € F, disjoint from S,. Sincey € A€ A
and A is a MIF(]), there is a B € A such that AN B = {y}. For each x € B \ {y}, we
choose arbitrary U, € F,. Then erBUz is a block of G disjoint from the blocking set C,
a contradiction. Thus C' € G. Hence (G U QT)T C G. Therefore G = (G U QT)T and this
proves part (b). O

Theorem 3.4.2. Let F and G be two uniform families with disjoint point sets. Let
k(F) =k, k(G) = k+t, tr(F) =t and tr(G) = t. Suppose tr(G') > t +1t. Let
H=GU(F®G"). Then,

(a) H = F" ®G". In particular k(H) =k +t, tr(H) =t 4+t

(b) If, further, both F and G are closed intersecting families, then H is a closed intersecting
family.

Proof : Since every member of F' @G is a blocking set of H of size t+t , tr(H) < t+t.
Let C be a transversal of H. Then |C| <t+t. If C NPx is not a blocking set of F, then
there is a block A € F disjoint from C N Px. Since |C| <t +t < tr(G") — 1, there is
a B € G disjoint from C NPg. Then AL B € H is disjoint from the blocking set C, a
contradiction. Thus, C' NP £ is a blocking set of F. Clearly C'NPg is a blocking set of G.
Therefore |C NPz| >t and |C N Pg| > t. Since |[C| <t+t and Pz, Pg are disjoint, it
follows that | NPz| =t and |C N Pg| = t. Therefore CNPx € F' and CNPg € G'.
Thus C € FT ® G. This proves part (a).

Now suppose F and G are closed intersecting families. In particular they are intersect-
ing families. Hence H is an intersecting family. Thus the blocks of H are blocking sets of
HUH" of size k+t. Sotr(HUH') < k+t Let C be a transversal of H U H". Thus
|C| < k+t. If we can show that C' € H, then H is a closed intersecting family and we
are done. If C' € G we are done. So suppose C' ¢ G. But C is a blocking set of G. Since
G is a closed intersecting family, it follows that there is a 7' € G disjoint from C. Since
C is a blocking set of F ® G CHand alsoof FT ® G = HT, it follows that C NP is
a blocking set of F LI F'. Since F is a closed intersecting family with k(F) = k, we get
|C NPx| > k. Also, as C NPg is a blocking set of G and tr(G) = ¢, |C N Pg| > t. Since
Pr and Pg are disjoint, |C| > k +¢. But |C| < k+t. Therefore |C| =k+t, CNPr € F,
CNPg e G'. Consequently, C € F®G' C H. Hence C € H. This proves part (b). [
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CHAPTER 4

CLASSIFICATION OF

MAXIMAL INTERSECTING FAMILIES OF 3—SETS

4.1 Introduction

This chapter is meant to classify maximal intersecting families of 3—sets. We prove that
there are 8 non isomorphic maximal intersecting families of 3—sets. The elementary
constructions and various extremal bounds are given in [7], where the authors studied
3—chromatic intersecting families of k—sets. Any intersecting family of k—sets is either
2—chromatic or 3—chromatic. Any 3—chromatic intersecting family of k—sets is a MIF (k)
but the converse is not true in general. But the converse is true for & = 3; i.e. any MIF(3)
is a 3—chromatic intersecting family of 3—sets. In this chapter we list all the MIF(3)s.
We observe that [14, Theorem 5] gives a classification theorem for MIF (3). This chapter

provides an independent proof of that theorem. The results in this chapter are from [21].

We fix the following notations, which are used throughout this chapter. Let G be a
family of k—sets. For each « € Pg, the number |{B € G : x € B}| is defined as degg(x).
zyz denotes the 3—set {z,y, z} and zy denotes the 2—set {z,y}. Let A be an MIF(3) and
a be a point of A. By using Theorem 3.2.3, we decompose A in the form F L (a ® F '),
where F is CIF (3,2). Here F T is realised as a graph with vertex set P and edge set F .
In fact, the vertex set is Pzt but by property (d) of Proposition 3.1.7 we have P+ C Pr
so we can assume the vertices from P \ Pzt remain isolated. We denote this graph by
F. Let T € F'. Then {a} UT is a block of MIF(3) .A. Therefore there exists at least one
block B € A such that BN ({a} UT) = {a}. Hence there exists at least one transversal
of F, namely T := B ~ {a}, disjoint from T'. This induces the following property on the
graph F.

Lemma 4.1.1. For each edge e of the graph F there exists another edge € disjoint from

€.

4.2 Classification of MIF(3)s with 6 points

This section classifies MIF (3)s with 6 points through Theorem 4.2.8. Here we let A to be
an MIF(3) with 6 points and « to be a point of A such that deg 4(c) is minimum. So here
F has 5 vertices and deg 4(«) edges. The proof of Theorem 4.2.8 is dependent on deg 4(«).
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Lemma 4.2.1. F = {P]:\T T € (P{) \.FT}.

Proof : Let T € (P{) \F'. Then T is not a blocking set of F. So there exists at least
one B € F disjoint from T'. Since |Pz| =5 and tr(F) = |T'| =2, so B =Pz ~\ T is the
unique block disjoint from 7. Therefore, {P}- \NT:Te€e (P{) ~ fT} C F. Since we have

a unique association T — Pz ~\ T from (P{ ) < FT to F, this proves the other inclusion

FolprariTe ()N FTY. O
Lemma 4.2.2. For eachx € Pr, deg 4(a)—3 < degg(z) < 3. Moreover, 2 < deg 4(a) < 5.

Proof : Let € Prr. Then there exists at least one block of A which contains both «
and z. Since tr(A) = 3, there exists at least one block B € A disjoint from {a, x}. Hence
there are at most 3 blocks which contain both o and x. Consequently degg(z) < 3. By
using the unique association T+ Px \ T from (PZF) \FT to F in Lemma 4.2.1 we have

the following.
degr(z) = |{B € F:x € B}

—{PrNT:zg¢T¢F Y
—{T ¢ F e TY

:‘{T€<P27:>:T¢FT} —HTe(P;):TgéﬂandxeTH

= (5) - 1771~ 4 - derelo) (1.2.)

We already assumed that o € P 4 is a point such that deg 4(«) is minimum. Therefore for

each x € P4 \ {a} we have
T = deg (@) < degp(x) + dege(2)
)
— <2> — | FT| = {4 — degg(z)} + degg(x)

=6 —|F" |+ 2degp(z). (4.2.2)

Thus we have the lower bound since deg 4(a) = |F|. This completes the first part.

From the first part it follows that |F'| < 6. If |FT| = 6, then again using the first

part of the lemma it follows that the graph F is regular of degree 3 and it has % = 7%
edges, a contradiction. Hence deg 4(«) < 5. By Lemma 4.2.1 we have there are at least 2
transversals of F. Hence deg 4(a) > 2. This completes the proof of the second part of the

lemma. O

Lemma 4.2.3. For each x € Pr, degg(z) < 2.
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Proof : Let x € Pr. Using Lemma 4.2.2 we have degg(x) < 3. Suppose for some = € Pr
we get degp(z) = 3. Let Pr = {z1, 29, 23,24, 25}. Without loss of generality, let © = z;
and x1x2, x123 and x1x4 be only edges through x; in the graph F. This implies zox3x4 € F.
Suppose deg(xs) = 0, then from Lemma 4.2.1, it follows that F contains a complete sub
graph on 4 vertices namely x1,x2,x3 and z4. Therefore by using Lemma 4.2.1, we have
(3) = |FT| = deg4(a) < 5, a contradiction. So degg(z5) > 1. Thus there exists at least
one edge of the form x5z, where x € {x9, x3, x4} without loss of generality let it be zows.
But there exists at least one edge disjoint from xixo so it is either z4x5 or x3z4. Since
|FT| <5, both of z4x5, 2324 can not be edges. Thus the following two cases exhaust all

the possibilities.
Case A. F' = {x1@9, 213, 124, ToT5, T4T5}.
Case B. F' = {x1@9, 213, 124, ToT5, T3T4}.

But in each of the above cases there exists at least one x € Pz such that degg(z) = 1.
(For Case A © = x3 and for Case B z = x5.) Since from Lemma 4.2.1 we have F =
{P; NT:T e (P{) ~ ]-"T}, degr(z) = 2. Hence degy(z) = degr(z) + degp(z) = 3. A

contradiction arises since deg 4(«) is minimum and 5 = deg 4 (a) < deg4(z) = 3. O

Lemma 4.2.4. If deg 4(«) = 2, then the graph F is isomorphic to the following graph.

Consequently, A is isomorphic to {234,235, 245, 246, 256, 345, 346, 356 }1L1{123,145}. (Here
A is expressed in the form F U (a® F').)

Proof : Since deg,(a) = 2, F has two edges. By using Lemma 4.2.3 and the first part
of Lemma 4.2.2 we have for each € Pz, 0 < degg(z) < 2. But there does not exist any
x € Pr with degg(z) = 2. If for some x € Pr degg(x) = 2, then it follows that the graph

F is isomorphic to

It contradicts Lemma 4.1.1. So for each = € Px, 0 < degg(z) < 1. It proves the first part
of this result. Using Lemma 4.2.1 we get the consequent part. O
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Lemma 4.2.5. If deg () = 3, then the graph F is isomorphic to the following graph.

*—o—o
*——o

Consequently, A is isomorphic to {235,236, 245, 246, 345, 346, 356 } L1{123, 134, 156}. (Here
A is expressed in the form FU (a® F').)

Proof : Since degy(a) = 3, F has three edges. By using Lemma 4.2.3 and the first part
of Lemma 4.2.2 we have for each = € Pz, 0 < degg(z) < 2. But there does not exist any
x € Pr with degg(z) = 0. If for some = € Pr degg(x) = 0, then it follows that the graph

F is isomorphic to

It contradicts Lemma 4.1.1. So for each z € Pr, 1 < degg(z) < 2. It proves the first part
of this result. Using Lemma 4.2.1 we get the consequent part. O

Lemma 4.2.6. If deg4(«) = 4, then the graph F is isomorphic to either of the following
graphs.

A e

*—o

Consequently, A is isomorphic to

{235,236, 245, 246, 345, 346} LI {123,124, 134,156} and
{235,245, 246, 345, 346, 356} LI {123,134, 145, 156}

respectively. (Here A is expressed in the form FU (a® F').)

Proof : Since deg,(a) = 4, F has four edges. By using Lemma 4.2.3 and the first part
of Lemma 4.2.2 we have for each z € Pr, 1 < degg(z) < 2. It proves the first part of this

result. Using Lemma 4.2.1 we get the consequent part. O

Lemma 4.2.7. If deg 4(«v) = 5, then the graph F is isomorphic to the following graph.
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Consequently, A is isomorphic to {235,245, 246, 346,356} LI {123,126, 134, 145, 156}.

Proof : Since deg () =5, F has five edges. By using Lemma 4.2.3 and the first part of
Lemma 4.2.2 we have for each z € Px, degg(z) = 2. It proves the first part of this result.
Using Lemma 4.2.1 we get the consequent part. O

Combining Lemma 4.2.4, Lemma 4.2.5, Lemma 4.2.6 and Lemma 4.2.7, we prove the

following classification theorem.

Theorem 4.2.8. Any MIF(3) with 6 points A is isomorphic to one of the following:

(a) {123,145,234, 235,245, 246, 256, 345, 346, 356},
(b) {123,134,156,235, 236,245, 246, 345, 346, 356},
(c) {123,124,134, 156, 235,236, 245, 246, 345, 346},
(d) {123,134,145, 156, 235, 245, 246, 345, 346, 356},

(e) {123,126,134, 145, 156, 235, 245, 246, 346, 356 }.

4.3 Classification of MIF(3)s with at least 7 points

In this section, we classify all MIF (3)s with at least 7 points in Theorem 4.3.5. Here F
has at least 6 vertices and deg 4(c) edges. Suppose that the graph F has N vertices, i.e.
Pr=Psa~{a}={x;:1<i< N}, where N > 6.

Lemma 4.3.1. For each v € Pr, degp(x) < 3. Moreover, degg(x) # 2 for each v € Pr.

Proof : Let x € Pr. If v ¢ P, then degp(z) = 0 and we are done this case.

Now let © € Prr ie. there exists at least one block B in A such that {a,z} C B.
Therefore there exists at least one block B  disjoint from {c, z}. Hence there exists at
most three blocks B in A such that {a,z} C B, namely {a,z,y} where y € B'. Since
|B'| = 3, degg(x) < 3. This proves the first part of this result.

Suppose, if possible, degg(x) = 2 for some = € Pr. Without loss of generality, let

x = x1 and let x1x9, z1x3 be only edges through z1. So x1x9, 123 € FT and 21z ¢ Fr
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for each = € {z; : 4 <i < N}. Since A is a MIF (3), there exists at least one block B € A
disjoint from {«,z1} but {z2,23} C B. Hence B € F.

Claim : {B € F :x9,23 € B,x1 ¢ B}| =2

Proof of claim : Using the same argument as in the previous paragraph, we conclude
that {B € F : x9,23 € B,x1 ¢ B}| < 3. Suppose |{B € F : x9,23 € B,x1 ¢ B} =3. So
let

{B € F:x9,23 € B,x1 ¢ B} = {wox3x, X223y, T2X32}

where z,y,z € {x; : 4 < i < N}, this implies xyz is a block of F but xixy € FT does
not intersect it, a contradiction. Hence |[{B € F : x9,23 € B,x1 ¢ B}| < 2. Now let for
some z € {z; : 4 <i < N}, xoxsx € F. Since z1x ¢ .7-"T, there exists at least one block
B € F disjoint from it. Again since x1x2, T123 € FT, such a B is of the form ToT3y,

where y € {x; : 4 <i < N} ~ {z}. Hence the claim is established.

We assume without loss of generality that xoxsxy, xoxsxs € F. Using the same argu-
ment as before there exists at least one block B € A such that x4, 25 € B and x9, 23 ¢ B.
We observe that such a B is in either of the form axsxs or of the form zx4xs, where
x=xyorz € {r;:6<i< N} Since zixy and z1x3 € FT, therefore we have either

z4xs € F| or xizyzs € F.

Case x4x5 € F' . Here we observe that for each z € {x; : 6 <4 < N} there exist at least
2 blocks BY, B € A with BY N B = {x}. So at most one of them contains « and hence
at least one of Bf or Bj belongs to F. So without loss of generality let Bf € F. Hence
xr1x2, r1r3 and zyxs intersects BY, and this implies B = xx1y where y € {z4,25}. But

this block does not intersect both blocks xox3zs and xox3xs of F, a contradiction.

Case xix4ws € F. For this case also we observe that for each x € {z;: 6 < i < N} there
exist at least 2 blocks BY, B € A with Bf N B = {x} so at most one of them contains
x1 and hence at least one of B or Bj does not contain 1. Without loss of generality let
BY do not contain x;. Hence BY is of the form zyz where y € {x4, 25} and z is a common
point among the blocks axixe, axirs, ToTsrs or axriTe, ari1T3, Torzxy, according as

Yy = x4 or y = x5 respectively, a contradiction, since there is no such common point.

Since we are lead to contradictions in both cases, the supposition degg(z) = 2 for some

x € Pr was wrong. This completes the proof. O

Lemma 4.3.2. If for some x € Pr degg(z) = 3, then
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(a) F contains a sub graph which is isomorphic to the following graph,

AL

(b) F is isomorphic to {123,234, 246,345},

(c) A is isomorphic to {123,234,246,345} U {147,237,247,257,347,367}. (Here A is
expressed in the form FU (a® F').)

Proof : Without loss of generality let degg(z1) = 3; also let z1x9, 123 and z124 be the

only edges through z;. This immediately implies that zoz3x4 € F.

Claim : Exactly one of xoxs, xox4 and x3xy is a transversal of F.

Proof of claim : Suppose all the above three belong to F'. Since all the above three
form a MIF(2), tr(F') = 3. As a result we have 1913, 712324, 17274 € F. So A
contains xrexs, T1X3Ty, T1X2Te, T2X3L4, AT1T, LT3, AT1T4, AL2T3, ATIT4, AT3T4. It
means A is isomorphic to the MIF(3) 5(3). But A is a MIF(3) with at least 7 points, a

contradiction.

So suppose two the above belong to F'. Without loss of generality let zoxs and
zoxy € F . This implies z1x3x4 € F. Using Lemma 4.3.1 there exists another transversal
of F through x3 other than zix3, xoxs, similarly through x4 other than xix4, rox4. Again
using Lemma 4.3.1 we let 235, 242 € F |, where z € {x; : 5 < i < N}. If possible suppose
x3s5, Taxs € F . Then by using Lemma 4.3.1 there exists at least one x5z € F T where
x € {x; : 6 <1 < N}. This is impossible since x5z does not intersect zizsxy € F. So
without loss of generality we let z3xs, x4z € F' and consequently z1zoxs, 12226 € F.
This is impossible since z3x5 € F T does not intersect 212926 € F and similarly x4z € F T

does not intersect xixoxs € F.

So suppose none of the above belongs to F'. From Lemma 4.1.1 there exists at least
one edge e disjoint from xix9 and intersects xoxsz4. Hence e contains at least one of x3
or x4. By assumption e # x3z4. So let e = x3z, where z € {z; : 5 < i < N}. Without loss
of generality we assume e = x3rs. By Lemma 4.3.1 there exists at least one edge through
x3 other than x1x3 and x3x5. Without loss of generality suppose it is x3xg. This implies
r1x526 € F. This is impossible since zox3z4 € F and it does not intersect x1x5x¢. Hence

only remaining possibility is the statement of this claim, so the claim is established.
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Therefore without loss of generality let z3z4 € F'. But by Lemma 4.3.1 there exists
at least one edge through x3 other than z;x3 and x3x4. Without loss of generality let it be
xr3Ts, similarly there exists at least one edge through x4 other than xix4 and zzx4. Let it
be z4x, where x € {x; : 5 <i < N}. But such an x # x5, if so, then by Lemma 4.3.1 there
exists at least one edge x5y other than z3xs5 and z4x5. Hence yzrsxzy € F and intersects
zr1ze € F . Thus y € {z1,z2}. But z1x9, r123 and x4 are only edges through ;1. Hence
y = x2 and xoxszry € F. Now from Lemma 4.3.1 there exists at least one edge through x-
other than z1z9 and zox5. By the above claim x9z, where z € {z; : 6 < i < N}, is only
possible edge. This implies z1x5z € F which is disjoint from xex3z4 € F, a contradiction.

Thus x € {z; : 6 <1 < N}. Without loss of generality let it be x4x6. Hence
FU D {x129, 2123, 2124, 374, 375, 476}

and (a) follows. This immediately implies xjz3x¢, 12475, Tox3zy € F. Only remain to
show 212314 € F. We decompose A = GU (z; ®G '), where G is a CIF(3,2) and z; ¢ Pg.

Thus from the previous conclusions this implies
T
{a$27 QT3, T4, T3T6, 1’4IE5} C g .

By using the similar claim as above, we have exactly one of xoxg, zoxs and z3x4 is a
transversal of G. But xox3 is disjoint from azyzg € G and zoxy4 is disjoint from axsxs € G.

This implies z3z4 € G'. Hence z12324 € A and therefore z1x324 € F. This proves (b).

Now from (a) and (b) we get A contains a subfamily H isomorphic to
{123,234, 246,345} LI {147, 237,247,257, 347,367 }.
But H is a MIF(3). Hence A = H and this proves (c). O

Lemma 4.3.3. For each x € Pr, if dege(x) # 0 or degg(x) # 3, then A is a finite

projective plane of order 2.

Proof : We first observe that if for each x € Pz, 0 < degg(z) < 1, then any two
transversal of F are mutually disjoint. (If possible, suppose there exist T and T e FT
such that TNT = {z} for some = € Pz, so degg(z) > 2, a contradiction.) As F is a
3—uniform family, hence there are at most 3 transversals of F. Here using Lemma 4.3.1
we have for each © € Pr, dege(x) = 1. Hence there exists exactly 3 transversals of F.

Without loss of generality let

]:T = {x1$2,$3$4,x5$6}. (4.3.1)
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Therefore any block of F is of the form xyz where z € {x1, 29}, y € {23,724} and z €
{x5,26}. Without loss of generality let z1z375 € F. We decompose A = G U (z1 ®G ')
where G is a CIF(3,2) and x1 ¢ Pg. We observe that {axs, z325} C G'.

Claim 1 : z42¢ € G' and x3x¢, 2425 ¢ G .

Proof of claim : If z4x6 ¢ G, then x12426 ¢ F. Since F is a CIF(3,2), there exists
at least one T € F' disjoint from xjx426. It is impossible by (4.3.1). So x4z € G'.
Suppose, if possible, z3z6 € G'. Consequently zjz3z¢ € F. Since zi1x3 ¢ F ', there
exists at least one block B € F disjoint from {z1,x3}. Hence by (4.3.1), B = xox4x where
x € {x5,z6}. But such a B does not intersect both zjz3xs and z1z3x6, a contradiction.

By a similar reasoning z4z5 ¢ G'. Hence the claim is established.
Claim 2 : G = {axy, 2375, 426 }.

Proof of claim : From Claim 1 we have {aws, 2325, z426} € G'. Since z3z4 € F',
axzry €G. Let pg € GT ~ {awxs, 375, 2426}, then p € {o, x3, 24}

Suppose p = a. Since x1 ¢ Pgr and axy € G', soq € {z;:3<i< N} hence
az1q € A and consequently z1g € F ', which violates (4.3.1). Now suppose p = x3.
Then from the previous arguments we have ¢ # «a. But azszs € G and z3z5 € G'.
Hence g = x¢, which violates Claim 1. Similarly suppose p = x4, then from the previous
arguments we have ¢ # a and ¢ # 3. But azszg € G and z426 € G'. Hence ¢ = s,

which violates Claim 1. This proves Claim 2.
Claim 3 : xox3xg, ToXaxs € G

Proof of claim : By Claim 1 we have x4z5 ¢ GT. So there exists at least one block
B € G such that B disjoint from z4x5. Hence using Claim 2 either B = azgzg or
B = zx3xg. Due to (4.3.1) we have B # awsgxg. Therefore B = xoxsxs. By a similar

argument xox4xs € G and the claim is established.
Thus A contains a subfamily H isomorphic to
{Oéxle, QAT3T4, AX5L6, L1X3T5, T1L4X6, L2L3TE, $2x4$5}'

We observe that H is a MIF(3) with 7 points which is also the example of finite projective
plane of order 2. Hence A is a MIF(3) and is a finite projective plane of order 2. O

Lemma 4.3.4. Suppose A is not isomorphic to a finite projective plane of order 2 and

for each x € Pr 0 < degg(xz) < 1. Then there exists at least one point 5(# a) € P4 such
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that if A= GU(B®GT), where G is a CIF(3,2) and 8 ¢ Pg, then there exists at least
one vertex y in the graph G := (Pg,G") such that degg(y) = 3.

Proof : Using an argument in Lemma 4.3.3, we observe that if for each x € Pr, 0 <
degp(z) < 1, then any two transversals of F are disjoint. As F is a 3—uniform family,
there exists at most 3 transversals of F. But if there exists exactly 3 mutually disjoint

transversals, then N > 6.

If N > 7, then there exists at least one z € Pr \ Prr. So there exists at least one
B € F such that x € B and B~ {z} is a blocking set of 7' with size 2. It contradicts that
tr(F ') = 3. Hence N = 6 and consequently all the conditions of Lemma 4.3.3 are satisfied.
Therefore, A is isomorphic to a finite projective plane of order 2 which contradicts the
assumption. Thus |FT| < 2. Since A is a MIF(3), each point belongs to at least 2 blocks
hence |FT| = 2. Without loss of generality, let ' = {x129,z374}. Note that A is a
MIF(3) and zjx2 intersects all the members of A except axsxs. Hence zixox € A where

x € {x3,x4}. By a similar reasoning z3z4y € F where y € {1, z2}. Therefore
{x1203, T122 4, T1 2324, xox324 } U (0 ® {m122, 2324}) C F U (@ ® .7:T) c A.

So we choose 3 = 1. Then {axy, xox3, 1224, v374} C G' and using Lemma 4.3.1 we have

degg(z2) = 3, i.e. required vertex y is xa. O

Theorem 4.3.5. Any MIF (3) with at least 7 points is isomorphic to one of the following:

(a) {123,145,167,246,257,347,356} i.e. finite projective plane of order 2,

(b) {123,124,127, 145,147,167, 246, 247, 257, 347}.

Proof : Let A be a MIF(3) with at least 7 points. We decompose A in the form FU (a®
FT), where F is a CIF(3,2) and o ¢ Px. Let F := (P#, F ') be the graph as we mentioned
in the introduction. By using Lemma 4.3.1, we have for each x € Pz, degg(z) < 3. If for
some z € Pr we get degg(z) = 3, then by using part (c) of Lemma 4.3.2 we have A is
isomorphic to {123,124, 127,145,147,167, 246, 247,257,347}.

Now we assume that for each x € Pz, degg(z) # 3. Again by using Lemma 4.3.1 we
have for each z € Pr, 0 < degg(x) < 1. If for each z € Pr we get degg(x) = 1, then
by using Lemma 4.3.3 we have A is isomorphic to {123,145, 167,246, 257,347,356} (i.e.

finite projective plane of order 2).

Now we assume A is not isomorphic to finite projective plane of order 2 and for each

x € Pr, 0 < degg(x) < 1. Therefore all the conditions of Lemma 4.3.4 are satisfied.
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Lemma 4.3.4 ensures that there exists another decomposition of A in the form G LI
(B®G"), where G (# F) is a CIF(3,2) and 8 ¢ Pg. With respect to this (new) de-
composition there exists at least one vertex y in the graph G := (Pg,G") such that
degc(y) = 3. Therefore by using (c) of Lemma 4.3.2, we have A is isomorphic to
{123,124,127,145,147,167, 246, 247,257, 347}. O

We observe that Theorem 4.3.5 ensures, any MIF (3) with at least 7 points has exactly

7 points. Therefore as a consequence we have the following corollary.

Corollary 4.3.6. There does not exist any MIF (3) with v points, where v > 8.

4.4 Conclusion: The classification result

Any MIF (3) contains at least 5 points and 3(3) is the only MIF(3)s with 5 points, so the
complete list of MIF(3) is the following.

(i) Up to isomorphism there is a unique MIF (3) with 5 points, namely 3(3).
(ii) Up to isomorphism there are five MIF (3)s with 6 points, namely
(a) {123,145,234,235,245, 246, 256, 345, 346, 356},
(b) {123,134, 156, 235, 236, 245, 246, 345, 346, 3561,

)

)

(c) {123,124,134, 156,235, 236, 245, 246, 345, 346},

(d) {123,134, 145,156,235, 245, 246, 345, 346, 356},
)

(e) {123,126, 134, 145, 156, 235, 245, 246, 346, 356}
(iii) Up to isomorphism there are two MIF (3)s with 7 points, namely

(a) {123,145,167, 246,257, 347, 356},
(b) {123,124,127,145, 147,167, 246, 247, 257, 347}

(iv) There does not exist any MIF(3) with 8 or more points.
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CHAPTER 5

CONSTRUCTIONS OVER THE CycLiCc GRAPH

AND THEIR APPLICATIONS

In this chapter, we study constructions over the cyclic graph. In Section 5.3 it is shown
that Example 5.3.1 and Example 5.3.2 are counter examples to [9, § 3, Conjecture 4] in
certain cases. In the final section we close this chapter by stating some conjectures. Most

of the results in this chapter are from [20, 22].

5.1 Introduction

Erdés and Lovéasz established, in their landmark article [7], that any MIF (k) has at most
k* blocks. They showed by means of an example that there exists a MIF (k) with approxi-
mately (e —1)k! blocks. They constructed it by a recursive procedure [7, Construction (c),
Page 620] starting with the unique MIF(1). Lovész conjectured in [17], that the MIF (k)
thus constructed was the extremal one. Later in [9], an extremely elegant and compli-
cated example was given to show that there exists a MIF (k) with at least (approximately)
(5)k=1 blocks (i.e. it has more blocks) and it disproves Lovasz conjecture. In this chapter,
we present two comparatively simpler constructions (see G(k,t) and F(k,t) in Construc-
tion 5.2.1) to prove that there exists at least two MIF (k)’s with at least (approximately)
(%)k_l blocks. (More precisely, we present an alternative proof of [9, § 2, Theorem 1], see
Corollary 5.3.6 below). In [9], it is conjectured that the construction of Frankl et al. yields
the unique MIF (k) with the largest number of blocks. Here we show that both parts of

this conjecture are false. Specifically, the uniqueness part is incorrect for k£ = 4, while the

optimality part is incorrect for k = 5.

5.2 Constructions over the Cyclic Graph

Construction 5.2.1. Let £ and t be positive integers with ¢t < k. Let X,,, 0 <n <t—1,

be t pairwise disjoint sets with

x, =] Bl 0<n<|5]
1

k— |5t if [ 4+1<n<t-

say X, = {7y, : 0 <p < |X,| -1}
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(a) Let G(k,t) be the family of all the k—sets of the form
an_l{x;‘jizlgigk—|Xn|},
where 0 <n <t—1,0 < p; <|Xp+i| — 1 and addition in the superscript is modulo t.

(b) Let F(k,t) be the family of all the k—sets of the form
Xpu{apt:1<i<k—|Xn|},

where 0 < n <t — 1, addition in the superscript is modulo ¢ and {p,, : m > 0} varies

over all finite sequences of non negative integers satisfying,

po =0 and for m > 1,p,, = pm—1 Or 1 + prm_i1. (%)

Clearly, both the families F(k,t) and G(k,t) are examples of intersecting families of

k—sets (since the t—cycle is a graph with diameter [5]). Also the family F(k,t) is a
subfamily of G(k,t). In this context, we mention that there are similar type of families,
namely ¢ in [9, § 2]. However, the compact description given here is amenable to rigorous

arguments.

Theorem 5.2.2. tr(G(k,t)) =t.

Proof : We prepare a t—set B by choosing one element from each X,,, with0 < n <t—1,
then B is a blocking set of G(k,t). Therefore tr(G(k,t)) < t. Let C be an arbitrary but
fixed set of size t — 1. To show that tr(G(k,t)) > ¢, it is enough to show there exists a
block of G(k,t) which is disjoint from C'. We divide our arguments in the following two

exhaustive cases.
Case A : Foreach n, with 0 <n <t—1,|CNX,| <|X,| -1

Since |C| = t — 1, there exists a set X, with 0 < n < t — 1, which is disjoint
from C'. Without loss of generality let n = 0. In this case we have, for each m, with
1 <m < k—[Xo[, X;n\C is non empty. Now we choose one element namely z," € X;,~\C.
Therefore, XoU{z)! € X;~C:1<m < k—|Xo|} is the required block of G(k,t), which
is disjoint from C.
Case B : For some n, with 0 <n <t—1, CNX, = X,. (This case will arise for k, with
t<k<t—1+|5])

Since |C| = t—1, there exists at most one n, with 0 < n < t—1, such that CNX,, = X,,.
We observe that

O Xl =t —1— |Xo| <t+ BJ 1k
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Since k >t we have,
t
ICNXp|=t—1—-1]X,| < {QJ —1.

So there exists at least one m, with n+1 < m < n+ [§], such that (C' \ X,,) N Xy, is
empty; call such an m = mg. Therefore, for 1 < i < k — | X,,,|, we have X,,,,4; ~ C is non

empty and choose one element say x;ﬁ?ﬁi € Ximo+i \ C. Therefore,

Ximo U{ap0 ! € Xingri N C 21 < i <k — Xy |}

is the required block of G(k,t), which is disjoint from C. O

Theorem 5.2.3. For k >t + 1, G(k,t) is a CIF(k,t). Moreover, each transversal of
G(k,t) intersects each X, in exactly one point, where 0 < n <t — 1.

Proof : Let C bea k—set. If for each n, with0 <n <t—1, CNX, ;Cé X, then X,,~\C is
non empty and 7'(C) := {z,, € X, ~C : 0 < n <t—1} is a transversal of G(k, t), which is
disjoint from C. Now suppose for some n, with 0 <n <t—1, CNX, = X,; since |C| =k
and k > t+ 1, there exists at most one such n; call it ng. Therefore |C'~\ Xy, | = k — | Xn, |-
We observe that for each m # ng, with 0 < m <t—-1, CnN X, ; Xm, hence X,,, N~ C
is non empty and choose zy! € X, \ C. If for some m, with ng +1 < m < ng + L%j,
| X NC| > 2, then there exists mg, with ng+1 < my < ng+ L%J such that X,,, is disjoint
from C. Consequently, X,,, U {xgzg;lz € Xmo+i NC 11 <1 <k—|Xp,} is disjoint from
C. So for each m, with ng+1 <m < ng+ [§], | X, N C| = 1. Therefore in such a case C
is a block of G(k,t) containing X,,,. This implies that, for an arbitrary k—set C' which is

not a block of G(k,t), there exists a transversal T'(C') of G(k,t) which is disjoint from C.

Let T be a transversal of G(k,t). Here k > t+ 1. Arguing similarly as in Case B, while
proving Theorem 5.2.2, we have for each n, with 0 <n <t -1, X,, N'T # X,,. Therefore
X, N\ T is non empty and we choose xgn € X, \T. If for some m, with 0 < m <t -1,
X, is disjoint from T, then X, LI {xflfnﬁ € Xp+inT:1<i<k—|X,|}is disjoint from
T, a contradiction. Therefore for each n, with 0 < n <t —1, |X,, NT| > 1. Hence the

second part of the result follows from pigeonhole principle. O

The following remarkable lemma is essentially the case n = 1 of [24, Theorem 2.1].
Since the original proof is obscured by many hypotheses and technical terms, we include

a simpler proof for the sake of completeness.

Recall that, for any finite sequence (r1,...,7¢) its cyclic shifts are the ¢t sequences

(rit1y...,7riyt) where 0 < ¢ <t —1 and the addition in the subscripts is modulo ¢.
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¢
Lemma 5.2.4 (Raney). Let (r1,r,...,r) be a finite sequence of integers such that > r; =
i=1
1. Then, exactly one of the t cyclic shifts of this sequence has all its partial sums strictly

positive.

Proof : For1<n<t,lets,=ri+...+1, — % Let 1 be an index such that s, is the

minimum of these t numbers. Now, for p+1 < m <t

m— i

Tl + oo+ 1Tm = (Sm — 8u) + >0
and for 1 <m < u,
m
Fubt oAb = L= (s D) 4 (s + )
—-m
:(sm—s“)—i-l—u > 0.
Thus, the partial sums of (r,41,...,7,4¢) are all strictly positive. This proves the exis-
tence.
Conversely, let ;1 be an index for which the partial sums of (r,41,...,7,4¢) are all

strictly positive. Then each of these partial sums is at least 1, so that if we subtract a

proper fraction from one of them, then the result remains positive. For p+1 < m < t,

M=l

Sm—Su=(Tpp1+...+7m) —

and for 1 <m < p,

Sm_s,u:(Tﬂ+1+"'+rt+rl+”'+rm)_(1_

Thus p is the unique index for which s, = min{s; : 1 < ¢ < t}. This proves the uniqueness.

O]

Theorem 5.2.5. tr(F(k,t)) = t.

Proof : If C is any t—set which intersects each X, in a singleton, then C' is a blocking

set of F(k,t). So tr(F(k,t)) <t. So, it suffices to show that F(k,t) has no blocking set C'

of size t — 1. Assume the contrary. For 0 <n <t —1, |C N X,| is a non negative integer

and tz:(1)|C' N X;| =t — 1. Therefore, if we define the integers r,+1 = 1 — |C' N X,,|, where
1=

t
0<n<t—1,then > r; =1. So applying Lemma 5.2.4 to this sequence, we get a unique
i=1

0 < pu <t—1suchthat Y r,; > 1, ie |[CN (ﬁOXqui)‘ <n,for0<n<t—1. In
i=0 i=

n
particular, C is disjoint from X,,. For 1 <n <k —|X,|, let [, =n— > |CNX,4;|. Thus
i=1
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l, > 0. Let P, be the set of all integers p > 0 for which there is a sequence (p1,...,pn)
satisfying (x) such that p, = p and for 1 <i <mn, xﬁﬁ ¢ C.

Claim : |P,| > 1+1, for 1 <n <k —[X,|
Proof of Claim : We prove it by finite induction on n. When n =1,

‘Pn|:2_|cmXu+n|
=1+1,.

So the claim is true for n = 1.

Now let 1 < m < k—1 — |X,| and suppose that the claim is true for m. Since

|IC N Xpygmt1] =14 by, — L1 and clearly
P12 (PrU{l+p:p€ Ppn}) N (CNXytmir),
we have

|Pmy1| = [P U{l+p:p€ Py} —[CN Xpyjm1]
> 1+ [Pn| = |C N Xypmil
> 2+ by — (1 + b — bnt1)
=1+lnt

This completes the induction and proves the claim.

By the case n = k —|X,| of the claim, Py |x,| 1s non empty. Hence there is a sequence
{p1,. ., pr—|x, |} satisfying (x) and such that {2ht 1 <i<k-— | X[} is disjoint from C.
Therefore, the block X, LI {aht 1 <i<k-— | X,|} is disjoint from C. Thus C is not a
blocking set of F(k, t). Since C is an arbitrary set of size t—1, this shows tr(F(k,¢)) > ¢. O

Theorem 5.2.6. For k>t + 1, F(k,t) is a CIF(k,t).

Proof : Let C be a blocking k—set of F(k,t) such that C ¢ F(k,t). It is enough to
show that there exists at least one T' € F' (k, t) disjoint from C. If for each integer n, with
0 < n <t—1, there exists at least one x,, € X,, such that z,, ¢ C, then {z,, : 0 <n <t—1}
is the required 1" and we are done in this case. Suppose there exists at least one integer
n, with 0 < n <t —1, such that X, ; C. Notice that for each m with m # n and
0 <m <t—1, there exists at least one x,, € X,, such that z,, ¢ C. (If not, then there
exists at least one such integer m with X,, ;Cé C. This implies that X, U X,, C C; a

contradiction arises since k > ¢+ 1.) When ¢ = 2r — 1, then without loss of generality we
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can assume Xg C C. When t = 2r, then without loss of generality we can assume either

X()CCOI“XL%J+1:XTCC.

Case A : Let Xo G C.

Here C' = Xo UY. We observe that if Y is disjoint from T}, := {z]' : 0 < i < n}, for
some n with 1 <n < L%J, then T, U{z; : z; € X; ~C,n+1<i<t—1} is the required
transversal disjoint from C' and we are done. So we assume that Y NT, # 0 for each n
with 1 <n < [§]. Since |Y| = [§] and Tp,, 1 < n < [§], are |£] pairwise disjoint sets, so
Y intersects T}, in exactly one point for each n. Since C' ¢ F(k,t) so Y is not of the form
{x;i 1< < L%J} In the next paragraph, under these assumptions on Y, we produce a
transversal T € F' (k,t) which is disjoint from both Y and Xj. (Consequently, such a T
is disjoint from both C' and Xj.)

We have |Y N {z,z1}| = 1 suppose 2, € Y and z]_, ¢ Y, where e; € {0,1}. Set

c1 = e1. 'Y is disjoint from {2, 27, }, then

{x%_61,x2 :JU%JFCI}I_I{xizxi eX;NC,3<i<t—1}

c1)

is the required transversal and we are done. So let |Y N {zZ,z7,.}| = 1. Suppose
224, € Yand 22, . ¢ Y, where e € {0,1}. Set ¢ = ¢1 + €2. In general our

construction procedure is as follows: suppose we have already constructed a sequence

c1,Co,...,Cn with the following properties.
(a) For each n with 1 <n <m, ¢, =¢,—1 + €, and ¢, € {0,1}.

(b) {zl! :1<n<m}cCY.

Cn,
(¢) S i=A{21_, YU {a? 1 . :2<n<m}is disjoint from Y.

m+1

Now we construct c;,41 if necessary. If Y is disjoint from {z{" ", 27" Cl }, then

Sml_l{mgl:l chl}u{xl reXiNCm+2<i<t-—1}
mtl x1+cin}| = 1, suppose

€Y and xgj_:l_emﬂ ¢ Y, where €p,+1 € {0,1}. Set ¢pm+1 = ¢m + €my1. This

is the required transversal and we are done. Now let |[Y N {x

m+1

xcm+5m+1

yields {z :1<n <m+1} CY and Sp41 is disjoint from Y. Since Y is not of the

form {z}, : 1 <i < |£]}, this sequence contains at most [§] — 1 terms. If this sequence

M+1

AR +Cl }. Consequently,

contains exactly M terms, then Y is disjoint from {z

SMU{x%;rl xﬁt}t}u{xi:xiEX,-\C,M—l-QSiSt—l}

is the required transversal.
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Case B :LetXt%H_l?ﬁ .

Here C = X [t=1)4q U Y. This case is similar to the above case. (Precisely, we need to
2

=1 .
replace L%J by L%J, :1:](;) by xé 7 I+ and z(4) by J:L%HH(‘)‘) -

Now we investigate the transversal size of G (k,t) and F (k,t). The answers are given

in Theorem 5.2.9 and Theorem 5.2.8.

Lemma 5.2.7. Let G and H be two families with finite transversal size. Let tr(H) = 1 and
suppose that no transversal of G is a blocking set of H. Then tr(GUH) = tr(G) + tr(H).
Consequently, GT ® H" S (GUH)T.

Proof : Let T} € G" and Tb € K. Then T} U T5 is a blocking set of G U H with size
at most |T1| + |To| < tr(G) + tr(H). Hence tr(GUH) < tr(G) + tr(H) = tr(G) + 1. Note
that, if we prove equality here then it follows that |77 U Ty| = |T1| + |T2|. Hence T} and
T are disjoint. Therefore T} UTy, € G' @ H ", showing that GT ® H' € (GUH)'. So, to
complete the proof, it is enough to show that tr(G U H) % tr(G). Otherwise, if T € G,

then any transversal of G U H is a blocking set of H, contrary to assumption. O

Theorem 5.2.8. tr(G' (k,t)) = k.

Proof : We establish this result by using induction on k. From Theorem 5.2.2 we have
tr(GT (t,t)) = ti.e. the result is true for k = . Suppose the result is true for k = n > ¢, i.e.
tr(G' (n,t)) = n. We show that the result is true for k = n+1, i.e. tr(G' (n+1,t)) = n+1.

We construct the following ¢t—sets.

{xf_, :0<i<2r—2} if t=2r—1

Ty == A :
" b 0<i<r—1Yu{zl r<j<2r—1} if t=2r.
n—r n—r+1

We observe that T}, is a transversal of G(n+1,¢) and it consists of the “new points” from
each X;, where 0 <4 < ¢ — 1. Therefore it is disjoint from Pgr(, 4. Let G := G'(n,t)U
{T)+1}. Then by using Lemma 5.2.7 we have tr(G) = n + 1. By definition of transversal
each B € G(n+1,t) is a blocking set of G (n+1, ), therefore tr (G ' (n+1,t)) < |B| = n+1.
But G C GT(n+1,t). Hence tr(G™ (n+1,t)) =n + 1. O

We use the same approach as in Theorem 5.2.8, to prove the same result for F' (k. t).

But we prove it by combining the previous results.

Theorem 5.2.9. tr(F' (k,t)) = k.
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Proof : We observe firstly that each B € F(k,t) is a blocking set of F'(k,t). Therefore
tr(F' (k,t)) < |B| = k. Secondly, F(k,t) & G(k,t). So by using Theorem 5.2.2 and
Theorem 5.2.5 we have G' (k,t) C F'(k,t). Consequently tr(G'(k,t)) < tr(F'(k,t)).

Finally, the result follows from Theorem 5.2.8. 0

5.3 Some applications

In this section, it is shown that Example 5.3.1 and Example 5.3.2 are counter examples
to [9, § 3, Conjecture 4] in special cases. In the following examples we continue with the

notations of Construction 5.2.1.

Example 5.3.1. By using Theorem 5.2.6, we have for & > 2, tr(F(k,2)) = 2. So by
Theorem 5.2.6 we have, for k > 3, F(k, 2) is a CIF (k,2). We observe that, the transversals
of F(k,2) are {mg,mé}; {x}, 21}, where 0 < p < k—2and 0 < ¢ < k — 1. Hence there
are k* — k + 1 transversals and 3 blocks in F(k,2). So if we take k = 4 we have a
CIF (4,2) with 3 blocks and 13 transversals. Let A be the unique MIF(2) isomorphic to
{{a,b},{b,c},{a,c}} and P4 N Pg9) = 0. Therefore by Theorem 3.2.3, F(4,2) L (A ®
FT(4,2)) is a MIF(4) with 42 blocks and 10 points. In this MIF(4) there are 3 points in
26 blocks, 5 points in 14 blocks and 2 points in 10 blocks.

Example 5.3.2. By using Theorem 5.2.6, we have for k > 3, tr(F(k,3)) = 3. So by
Theorem 5.2.6 we have, for k > 4, F(k, 3) is a CIF(k, 3). We observe that the transversals
of F(k,3) are {xg,xé,x%}; {xg,x(l),le,}; {xé,m%,xi} and {x%,m%,ajg}, where 0 < p,q,r <
k — 2. Hence there are (k — 1)3 + 3(k — 1) transversals and 6 blocks in F(k,3). So
if we take k = 4 and k = 5 respectively, we have a CIF(4,3) and CIF(5,3) with 6
blocks and 36 & 76 transversals respectively. Let A be the unique MIF (1) (respectively,
unique MIF(2) isomorphic to {{a,b},{b,c},{a,c}}) and P4 N Py 3 = O(respectively,
P4 N Ppgs3 =0). By Theorem 3.2.3, F(4,3) U (A®F'(4,3)) is a MIF(4) with 42 blocks
(respectively, F(5,3) LU (A® F'(5,3)) is a MIF(5) with 234 blocks). In this MIF (4) there
are 1 point in 36 blocks, 6 points in 16 blocks and 3 points in 12 blocks.

Remark 5.3.3. Example 5.3.1 and Example 5.3.2 proves the existence of two non iso-
morphic MIF (4) with 42 blocks. It disproves a special case (case k = 4) of Conjecture 4

in [9], which claims such MIF(4) is unique up to isomorphism.

Remark 5.3.4. Example 5.3.2 proves the existence of a MIF(5) with 234 blocks. So we
have M(5) > 234. It disproves a special case (case k = 5) of Conjecture 4 in [9], which
claims M(5) = 228.
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Lovéasz conjectured that, for large positive integer k, M (k) is asymptotic to (e — 1)kl
Disproving this was the prime object of article [9]. Here we present an alternative and

simpler construction to prove M (k) is at least (5)F=1.

Theorem 5.3.5. Let k >t+ 1. Then
r—1)k—-r+1) 4 (k—r+ 1) ME-2r+1) if t=2r—1
2r(k —7)" L+ (k—r)"(k—r+1)"M(k — 2r) if t=2r
(5.3.1)

M(k) >

Proof : Let.Abea MIF(k—t) with M(k—t) blocks. By Theorem 5.2.3 and Theorem 3.2.3,
it follows that G(k,t) U (A® G (k,t)) is a MIF (k). Here we observe that any block of
G(k,t) is of the form

XpU{ap™ € Xppi 1 1 <i <k — | Xnl},

where 0 < n <t — 1. It means that for each X,, with 0 < n <t — 1, and for each i,

with 1 < i < k —|Xp|, there are |X,, ;| number of choices for z*. Therefore there are
k—|Xn|

[T |Xn+i| choices for such blocks. Hence,

i=1

2r—1)(k—-—r+1)t if t=2r—-1

G(k, )] >
2r(k —r)r—t if t=2r.

Also by using Theorem 5.2.3, we have

k—r+1)21 if t=2r—1
Gk = F T L
(k=r)"(k—r+1)" if t=2r
Therefore the results follow from Corollary 3.2.4. O

If we take t = k—1 in (5.3.1), we obtain the following corollary (Theorem 1 of [9, § 2]),

which shows that M(k) grows like at least (£)*~! and it disproves Lovész Conjecture.

Corollary 5.3.6 (Frankl-Ota-Tokushige).

(g + 1)kt if k is even
k k—1

(B2 (B3)55" it ks odd .

The problem of interest is to find a MIF (k) with M(k) blocks. Using Theorem 3.2.3,
we observe that this problem actually boils down to find a CIF(k,t) F and a MIF (k —t)
A, so that | F|+|A||F | is maximum for some suitable choice of t < k—1. So we formulate

the following conjecture.
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Conjecture 5.3.7. For any large positive integer k, any MIF (k) with M (k) blocks con-
tains a CIF (k,t), for some ¢ < k — 1, which is isomorphic to a subfamily of G(k,t).

Our future interest is to resolve Conjecture 5.3.7. Currently, we do not have any
approach to solve it. But we feel that there are a lot of intermediate questions which need

to be addressed first. Our prediction is the following.

Conjecture 5.3.8.

M(k) = [F(k,k —1)| + [F" (k, k — 1)| for every large positive integer k. (5.3.2)

But F(k, k—1) is not the unique CIF (k, k —1) for which (5.3.2) holds. So we formulate

the following conjectures and close this chapter.

Conjecture 5.3.9. For every sufficiently large positive integer ¢ and every integer k with

k>t+1,

(a) There exist at least two non-isomorphic subfamilies of G(k,t), say F; and F3 such
that
A =15 = [F (k,1)].

(b) We define the integer
MT (k,t) := max {|.7-'T| : F is an intersecting family with k(F) = k and tr(F) = t} .

Then
M (k,t) = [FT(k,t)|.

Acknowledgement. Theorem 5.2.5 is a joint work with Mr. Satyaki Mukherjee.

50



A

APPENDIX

A.1 Introduction

In this chapter we study two extremal questions about ISP(k,t)s. The first is known
as Bollobas Inequality. It deals with the problem of finding the maximum number of
members (pairs) in an ISP(k,t). The second theorem mentioned here is based on the
problem of the finding maximum number of points in an ISP (k,¢). These two theorems
played an essential role to solve the problem of getting the maximum number of points
in a maximum intersecting family in Chapter 2. Before going into the theorems let us

quickly recall the definitions of an intersecting set pair system and an ISP (k,t).

Definition.

(a) An intersecting set pair system S (in short ISP) is a collection of pairs of sets of the
form (B, T), with the property that if (By,T1), (B2, T2) € S, then B; N T; = () if and
only if ¢ = j.

(b) Let k, t be positive integers, with ¢ < k. An ISP (k,t) is an intersecting set pair system

S, where each pair (B,T') has the property that |B| = k and |T| = t.

Example A.1.1. Let k, t be positive integers. Let P be a set of k + ¢t symbols. All pairs
of sets of the form (B, P\ B), where B is a k—set from P, form an ISP (k,¢). Denote this
ISP (k,t) by B(k,t), which contains (k;gt) pairs.

A.2 Bollobas inequality

In this section we prove Theorem A.2.1. The proof idea is due to Lubell [18] and it is

based on counting permutation.

Theorem A.2.1 (Bollobas Inequality). Let S = {(B;,T;) : 1 <1i < n} be an intersect-
ing set pair system. Suppose |B;| = ki and |T;| = t;, where 1 < i < n. Then the following
inequality holds:

(A.2.1)

(]
—

&

+ | =
S*
~—

IN
—

=1

Moreover the following inequalities hold.
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(a) If k =max{k;: 1 <i<n} andt=max{t; : 1 <i <n}, then
n< (k + t). (A.2.2)
k
Equality in (A.2.2) is uniquely attained by B(k,t).

(b) If both {B: (B,T) € S}, {T : (B,T) € S} are intersecting families, then

"1
Z(k;—t

(A.2.3)

| =

(i) Moreover in this case, if k = max{k; : 1 <i <n} and t = max{t; : 1 <i < n},

then
1/k+t
< — .
n<5("))

(ii) LetS be an ISP (k, k) with the property that both {B : (B,T) € S}, {T : (B,T) €
S} are intersecting families. IfS contains exactly %(Zkk) pairs then S is isomorphic
to B(k, k).

Proof : Suppose |Ps| = N and let P be the set of all linear orders on Ps. Hence |P| =

Let A and B be mutually disjoint subsets of Ps and < be a linear order on it. By A < B
we mean (with respect to the linear order <) for each a € A and b € B a < b. Fix
(B,T) € S. We define the following sets

QB,T)={<eP:B<T},

R(B,T)={<e€ P:T < B},

r€B
Q(B,T,z,1) <e Q(B,T) | x occurs in the ith position and
y<axforeachye B
E'

Claim 1: Q(B,T) U
xe

Q(B,T,z,i) and Q(B,T) contains exactly (k +t) linear orders,
where |B| =k and |T| = t.

Proof of claim : It is easy to see that
Q(B,T,l’,i) N Q(BaTawvj) = @

for i #j and Q(B,T,x,i) NQ(B,T,y,i) =0 for x # y. So let i # j and z # y. Suppose
<€ Q(B,T,z,i) N Q(B,T,y,j), then  occurs in the i*" position and y occurs in the
4% position with respect to <. Since i # j, either z < y or y < x. Without loss of
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generality assume that x < y. Here <€ Q(B,T,x,7) so y < x. This implies that y = x, a

contradiction arises since we assume y # z. Hence the first part of the claim is established.

For the next part we observe that,
- N
IQ(B, T, z,i)| = (;_1>(k—1)!< t Z>t!(N—k—t)!
N—Fk—t
- - (Y

From the first part we have,

N
CEEATED By SRR ST

reBi=1

N
- {Z(z — 1IN —i)! <Ni__kk_ t)} (Zl)
i=1 zeB
N—t
_ {m;(]vi__kk_ t)ﬁ(z’,N—i+1)} (k)

N!

-

Hence the claim is established.

Claim 2 : Q(B,T)NQ(B',T") = 0, for each distinct (B,T),(B",T") €S.

Proof of claim : Suppose <€ Q(B,T)NQ(B,T'). Let t € BNT andy € B NT.
Then x <y and y < x since B < T and B < T respectively. Therefore x = y and hence
x € BNT. This contradicts that B NT = (. Hence the claim is established.

From Claim 2 we have,
U Q(B,T)C P (A.2.4)

Now using Claim 1 we get,

Hence the inequality (A.2.1) follows.

For the next part, we are associating for each ¢ two mutually disjoint sets B; and TZ/

of size (k — k;) and (¢ — t;) respectively, so that they are disjoint from Pg. Then

{(BZ-I_IB;,E-I_IT;):lgign}
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is an ISP (k, t). Denote it by S" and proceeding similarly for S" as we did for S up to (A.2.4)
in the above argument, we conclude that

“ NI

E —— < N
k+ty —

)

Hence the inequality (A.2.2) follows.

Claim 3 : If the equality in (A.2.4) holds for some ISP (k,t) S
ie. U QBT =P

then S is isomorphic to B(k,t).

Proof of claim : Fix a k—set C from Ps. Let < be a linear order, which keeps the
elements of C' as first k£ terms of the order followed by the elements of Pg ~. C. Then the
equality in (A.2.4) implies that there exists (B,T) € S such that <€ Q(B,T), this also
implies that C' = B. It means that any k—set from Pg is a member of {B : (B,T) € S}.
Arguing similarly, we can conclude that any t—set from Pg is a member of {7 : (B, T) € S}.

Suppose |Ps| > k+t+1. Fix a k—set B from Pg. Then there exists at least two t—sets
Ty and 75 disjoint from B. We deduced in the earlier paragraph that S has the following
property.

Any k — set from Pg is a member of {B: (B,T) € S}. (A.25)

Any t — set from Pg is a member of {T": (B,T) € S}. -
Therefore, B € {B: (B,T) € S}. Since S is an ISP (k, t), exactly one of (B,T}) or (B, T5)
is a pair of S. It means at least one of T} and T» is not a member of {T": (B,T) € S}. It
contradicts property (A.2.5) of S. Hence Ps is a (k+t)—set and the claim is established.

Claim 4 : Suppose both {B : (B,T) € S} and {T : (B,T) € S} are intersecting families;
then for each (B',T") €S,

R(B,T)NQ(B',T"Y=0 and R(B,T)NR(B',T) = 0.

Proof of claim : Suppose <€ R(B,T)N Q(B/,T/) for some (B',T/) € S. From the
hypothesis of this claim, there exists x € BN B’ and yeTNT . Now T < B and B <T
imply y < z and = < y respectively. Therefore z = y and hence z € B'NT - Contradicts
that B'NT" = (. The proof of the second part of this claim is similar to Claim 2. Hence

the claim is established.
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From Claim 4 we have,

(B%)GS{Q(B’ T)UR(B,T)} € P.

Now using Claim 1 we get,
2 oy <
i=1 ( s )
Hence the inequality (A.2.3) follows by taking k; = t; = k, for each i with 1 <i <n.
Claim 5 : Let S be an ISP(k, k) with the property that both {B : (B,T) € S}, {T :
(B,T) € S} are intersecting families. Suppose S contains exactly %(2:) pairs,

ie. b AQIBT)UR(BT)} =P

then S is isomorphic to B(k, k).

Proof of claim : Fix a k—set C from Ps. Let < be a linear order, which keeps the
elements of C' as first k& terms of the order followed by the elements of Pg ~. C. Then the
equality in (A.2.3) implies that there exists a pair (B,T) € S such that <€ Q(B,T) or
<€ R(B,T), this also implies that C'= B or C' = T'. It means that any k—set from Pg is
a member of {B: (B,T) € S}u{T: (B,T) € S}.

Suppose |Ps| > 2k + 1. Fix a k—set Y from Ps. Then there exists at least two k—sets
T} and Ty disjoint from Y. By the property (A.2.5) of S we have

Y e{B:(B,T)eS}u{T:(B,T) €S}

Without loss of generality suppose Y € {B : (B,T) € S}. Since S is an ISP(k, k),
exactly one of (Y, T1) or (Y,T») is a pair of S. It means at least one of T} and T5 is not
a member of {T': (B,T) € S}. It contradicts the property (A.2.5) of S. Hence Pg is a
2k—set and the claim is established.

A.3 On the number of points in an ISP (k,t)

Bollobas inequality shows that, for any two positive integers k and t, there are only finitely
many ISP (k,t), up to isomorphism. This raises the question of determining or estimating
the number

n(k,t) :=max{v(l) : I is an ISP (k,?)}.
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Notice that we have n(k,t) = n(t, k).

Theorem A.3.1 (Theorem 6(a), [25]). For k >t,

o= (71~ (0) 2 ()

=1

Proof : Let S be an ISP (k,t) with n pairs. Let S; be a sub collection of S with respect to
the minimality property Ps, = Ps. Suppose it contains m; < n pairs. Due to minimality
property of Sy, each pair (B, T') € Sy contains a point z(p r) such that x(g 1y ¢ Ps,((B,1)}-
This implies that

S1={(B~zprT~zpmn): (B,T)ecS} (A.3.1)

is an intersecting set pair system such that

Ps,| = my + |P (A.3.2)

S’l"
Now from (A.2.1) of Lemma A.2.1, it follows that

mi

Z%Slwhereki:k—lort—l.
= )

Proceeding inductively for j > 2, we let S; be a minimal intersecting set pair subsystem
of S;-_l with respect to the property Ps, = Py . Suppose that it contains m; < m;_y
—1
pairs. Due to minimality property of S;, each pair (B,T) € S; contains a point z(g )
such that x(p 1) ¢ Ps,((B1)}- This implies that
Sii ={B~A{zen}hT~{zmn}): (B,T)cS,;}

is an intersecting set pair system such that

|PSj‘ =m; + |PS; ’

Now from Bollobas inequality (A.2.1) it follows that for j > 2,

1 . )
Z(k+t—j) <1where k; e{k—j,....k—1}U{t —j,...,t — 1},
=1\ Kk

We observe that, for k; € {k —j,....,k—1}U{t —j,...,t — 1}

<k+t—j>< (Hf_j) if j<k-—t
ki - (L’ztzrfj) it j>k—t
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Therefore, we have,

The result follows since for n >t we have > (z) = ("H). O

i=t

Construction A.3.2. Let k, t and ¢ be non negative integers, with 0 < t <t.

(a) Let P be a set of size k+t. For A € (I,j), let X4 be a (t —t')—set disjoint from P
and for all A, B € (5 ) X 4 is disjoint from Xpg. Let I be the following collection.

{(A,(P\A)I_IXA):AE <];>}

(b) Let Q be a set of size k+t — 1. For A € (k‘fl), let Y4 be a (t —t + 1)—set disjoint
from @ and for all A, B € (,f_?l) Y, is disjoint from Yp. Let J be the collection of all

pairs of the form
(Au{y}h, (P~ A) U (Yax{y})),

where A € (k(:?l) and y € Yju.
We observe that I and J are examples of ISP (k,t) with k 4+t + (t — t,)(kzt ) points
and k+t —1+(t—t +1) (kzifl) points respectively. In [25], Tuza has constructed the

above two examples of ISP (k,¢) and made a precise conjecture (see Conjecture 2.1.2) on

the numbers n(k,t). It states that for k >t + 2,

= [ ] (Y e
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B

APPENDIX

B.1 Introduction

We start this chapter by recalling the construction of F(k,¢) from Construction 5.2.1.

Construction. Let k,t be positive integers with t < k. Let X,,, 0 < n < t—1, bet

pairwise disjoint sets with

B[+

T R FT 0<n< (5
1

|55 i (S F1<n<t-

~+

say Xy, = {7y, : 0 < p < |X,| — 1}. Let F(k,t) be the family of all the k—sets of the form
an_l{xgj'izlgigk:f]Xﬂ},

where addition in the superscript is modulo ¢ and {p,} varies over finite sequences of

non-negative integers such that pg =0 and for n > 1, p, = pp—1 0or 1 + pp_1.

B.2 Stepwise Constructions

Purpose of this section is to present a second proof of Theorem 5.2.5. With this method,
we prove that tr(F(k,t)) = ¢ for t < 10. We expect that this method may be completed
to the cases t > 11.

B.2.1 Construction of G,

Construction B.2.1. We continue with the notations of the above construction. Let
G1 = {Xo} and m < t be a positive integer. Suppose G,, is known. If B € G,, with
|B| = k, then B € Gp,y1. Otherwise, if B € G,,, with |B| < k — 1 then there exists a
least integer p such that z'~! € B, consequently BU{z}'} and BU{z7",} € Gpny1. Also
Xm € Gmy1-

By constructing Gy, Go, ..., G; recursively, we can see that G,,, for 1 < m < t, is the

family consisting of all sets of the form

an_l{a:gji:1§i§min(m—n—1,k—|Xn])},
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where 0 <n <m — 1.

Lemma B.2.2. Let 1 <m <{t—1. Let B be a block of Gm+1 such that z;' € B for some
non-negative integer p. Then either B = X,,, or B contains exactly one of the two points
m—1

m—1
T, and T,

Proof : Let such B # X,,. Then B is of the form
X, U {:UZ:F" :1<i<min(m—n,k—|X,])}

for some non-negative integer n with 0 <n <m — 1. But z}' € B; therefore B is of the
form X,, U {x;‘:” 1< <m— n} for some non-negative integer n, with 0 < n < m — 1.
Since z," € B, we have pp,—n = p. It implies p—1 < pj,—p—1 < p. The result follows since

1 ¢ B. [

Pm—n-1

Lemma B.2.3. Let 1 <m <t —1. Let B be a block of Gyi1 ~ {Xm} which contains x

but does not contain :z;n_l for some non-negative integer p. Then there exists a block B

of Gm+1 ~ {Xm} such that B\ {z'} = B' < {x 4}

Proof : First we observe that such a p must be positive integer. If B is such a block
then by a similar argument as in the proof of Lemma B.2.2 we have, B is of the form

X, u {:zg:” 1<i<m— n} for some non-negative integer n with 0 < n < m — 1. By

m—1
p—1>

X, U {ng’ 1<i<m—-—n-— 1} U {x;”_l} is also a block of Gp,+1 ~ {X,»}, which is the
required B ]

Lemma B.2.2 we have, {x '} € B. So pm-n-1 = p—1 and pp—n = p. But

Lemma B.2.4. Let C' be a blocking set of Gi1 which contains a unique element of X,

say xp', for some non-negative integer p. Then C~\{x,'} is a blocking set of Gmy1~{Xm}.

Proof : If B is a block of Gyq1 \ {X;n} which does not contain zj* then B N (C'
{z;'}) # 0. So let B be a block of Gpy1 \ {X;,} which contains ;. If B is such block
then by a similar argument as in the proof of Lemma B.2.2 we have, B is of the form
X, u {:):gfl 1<i<m— n} for some non-negative integer n, with 0 < n < m —1. So
Pm—n = p. Therefore either X, U {ap*":1<i<m—n—1}U{z) } = By (say) or
XpU{zpt:1<i<m—n—1}U{z) } =: By (say) is a block of Gyry1 ~ {X,}. None
of the blocks contain z}", so either By N (C' ~ {z'}) # 0 or Bo N (C ~\ {z;'}) # 0. But
clearly either By \ {z}' 1} = B\ {z}'} or B2 ~ {z}1} = B~ {z}'}. Since z}" is the
unique element of C'N X, therefore it follows that BN (C' \ {z}'}) # (. This completes
the proof. O
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Lemma B.2.5. Let C' be a blocking set of Gmy1 and p be the least non-negative integer
such that x)' € C. Then ¢ = (C~ {ary) U{a 1} is a blocking set of Gmy1 ~ {Xm}-
Consequently, |C' N X, — |C' N X, =1 and |C'| < |C|. Moreover, |C'| = |C| if and only
if et ¢ C.

m

Proof : We observe from Lemma B.2.2 the blocks of Gy,11 \ { X, }, which contains x}

must also contain exactly one of the two points le_l and ™', If B is a block of

p—1
Gm+1 ~ { Xy} which does not contain x}, then (C'\ {z}'}) N B # ). So let B be a block
of Gmt1 N {Xm} which contains z'. In this case by Lemma B.2.3, either x;”_l € B or

there exists B' € (Gmy1 ~ {X,n}) such that B" ~ {zpt 1} = B~ {zy'}. Since p is the least
non-negative integer such that z;* € C, z;'; ¢ C. Consequently, C'N (B"~ {zpr1}) # 0,
which implies C' N (B ~\ {z}'}) # 0. Therefore in both the cases C'N B # (. Hence C’
is a blocking set of G,,+1 ~ {X;}. The consequence part follows immediately from the

construction of C'. O

Lemma B.2.6. For 1 <m <t —1, tr(Gnt+1) =1+ tr(Gn).

Proof : Let Fi = Gpt1 ~ F2 where Fy consists only of X,,. Firstly we show that
tr(F1) = tr(Gn). Finally we show that each T € F| is disjoint from X,,.

Let T € G,. Then T is a blocking set of ;. Consequently, tr(F;) < tr(G,,). Suppose
tr(F1) < tr(Gm) — 1. With this assumption let T € F;'. Then T can not be disjoint from
Xom- (If so then T is a blocking set of G,,. Hence tr(F1) = |T| > tr(Gy,), a contradiction.)
Therefore by Lemma B.2.5, there exists a transversal 7' of F}, which contains exactly one
element of X,,. So by Lemma B.2.4 a proper subset of T" is again a blocking set of Fj,
which violates the minimality property of the transversal T'. Hence tr(Fi) = tr(Gp).

Let T € flT . If possible suppose T is not disjoint from X,,, then (by the same argument
as above) by Lemma B.2.5 there exists a transversal T’ " of F}, which contains exactly one
element of X,,. So by Lemma B.2.4 a proper subset of 7" is again a blocking set of Fj,
which violates the minimality property of the transversal T', a contradiction. Hence T is
disjoint from X,,.

Let T € F| . Since TNX,, = 0, therefore T is a blocking set of G,,, and tr(F;) = tr(Gp,).

Hence F| = G,,. Therefore the result follows due to Lemma 5.2.7. O

Therefore we get the following theorem.

Theorem B.2.7. tr(G;) =t.
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Proof : Since G; = {Xy}, it has transversal size 1. By Lemma B.2.6, tr(G,,) = m for
1 <m < t. In particular, tr(G;) = t. d

B.2.2 Construction of H,,

Construction B.2.8. Let Hy := G; and m be a non-negative integer. If B € H,, with
|B| = k then B € H,,41. Otherwise, if B € H,, with |B| < k — 1, then there exists a least
integer p such that 27'~! € B; consequently B U {z}'} and B L {274, € Hm+a.

Note that we constructed recursively, Ho, H1, . .. ’HLEJ’ where HL@J = F(k,t). Any

2 2
blocking set of H,, is a blocking set of H,,+1. We identify all blocking sets of Hy,+1
interns of various conditions. As a consequence we finally obtain the transversal size of
We observe that if C' is a blocking set of H,, 1 disjoint from X,,, then C' is a blocking

set of H,,. Now we assume C' is not disjoint from X,,, and make the following definitions.

Definition. Let C be a blocking set of H,,41.

(a) A point z;" € C'N Xy, is said to be an isolated point of Xp, in C if C' is disjoint from

{l’zl—lale-‘,—l}'

(b) Let n > 2 be a positive integer. A set of n consecutive points {z}%; € X, : 0 <7 <
n—1} € CNX,, is said to be an isolated consecutive n—set of X,,, in C if C' is disjoint
from {x}" 4, 274, }

(c) An isolated consecutive n—set {z}}; € Xp, : 0 <7 <n—1} C CN Xy, is said to be

strongly isolated consecutive n—set of X,, in C if C is disjoint from {x;”_jl, :L‘gﬁ;l_l}.

Lemma B.2.9. Let C be a blocking set of Hp+1. If C contains only isolated points (or a
unique point) of Xy,, then C' is a blocking set of H,.

Proof : It is enough to show that C' is a blocking set of H,, ~ Hm+1. Let :cz1 be an
isolated point (or the unique point) of X,, in C. We observe from the construction of
Hm+1 that all possible blocks B of H,, \ Hp41 such that B U {:r;n} € Hm+1 must contain

m—1 m—1 m—1

either of T,y or xp i

Bu{zp' 1} € Hit1, so C intersects BU {x}" ;}. But z} is an isolated point and hence C

. Suppose B contains x since C' is a blocking set of H,,+1 and

m—
p

BU{zph} € Hmya, C intersects B U {z},}. But 23" is an isolated point and hence C

intersects B. Similarly suppose B contains z~!. Since C is a blocking set of H,,,1 and

intersects B. Since x)" is an arbitrarily chosen isolated point (or the unique point) in C,

C is a blocking set of H,,. O
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By Lemma B.2.9, we can assume if C'is a finite blocking set of H,,11, then C does not

contain any isolated points (or a unique point) of X,,.

Lemma B.2.10. Let C' be a blocking set of Hpmy1. Let p and ¢ > m + 1 be the least
integer and the greatest integer respectively such that p # q and {ZL']T,Z‘;”} Cc C. Then
C' = (C~ {zg' ) U {x;”__ll} is a blocking set of Hym+1.

Proof : Note that ¢ > m + 1. Consider the blocks of H,,+1 which contain x!*, except

q )
the blocks containing the set X,,. Such blocks are of the form B’ U {zg'}, where B e

i teB or e B, but not both. If :L';”_ll € B’ then

(C~Azg'h) Uiz, '} intersects B’ at least in the point 2,1 - On the other hand we have

Hin ~ Hima1 with either 2"

1 ¢ B'. For such a B we observe that B’ LI {zgi} € Hm+1. Since ¢ is the greatest
element, 7%, ¢ C. Therefore C \ {z7'} intersects B'. Consequently C' is a blocking set
Of Hm+1 . O

Suppose C'is a finite blocking set of H, 1, with 0 <p <m, ¢ > m+1 and {x}, 7'} C
C. Then by repeated use of Lemma B.2.10, we have a blocking set C of Hm1, with
|C'| < |C|, such that C"NX,, is a non empty subset of {z" : 0 < i < m}. Therefore, we can
assume that if C' is a finite blocking set of H,,+1, then C' contains an isolated consecutive

n—set, for some suitable positive integer n > 2 and C'N X, & {z]" : 0 < i < m}.

Lemma B.2.11. Let C be a blocking set of Hpms1 and {z],, € X, :0<i<n—-1} £ C

pti
be an isolated consecutive n—set of X,,, but not strongly isolated consecutive n—set, where
n > 2. Then
— . —1
o = (C~Azph)u{zt} if 2 eC
: ' .
(O~ {$gl+n—1}) U {prrn o} if x;ﬁr 1 €C

is a blocking set of Hyp+1-

Proof : Consider the blocks of H,11 which contain z (respectively, 2}, ), except the

blocks containing the set X,,,. Such blocks contain either wgl__ll or x;’hl (respectively, either

x;rjrnl 5 OF :cp+n 1). Hence (C’ Az uf{apt} (respectively, (C~Azyy, 1 HU {a;p+n )
intersects such blocks if z’ 1€ C (respectively, if ) =1 € C). Therefore, if T, leC
(respectively, if xp+n 1 € C’) then C' = (C ~ {aph) U {ap1} (respectively,C’ = (C ~
{zph 1)U {xp+n 5}) is a blocking set of H 1. O

By repeated use of Lemma B.2.11, we observe that there exists a blocking set C' of

Humy1, with |C'| < |C|, such that C contains an isolated point of X,, (namely, either
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m

3 respectively). Therefore, we can assume that if C' is a finite blocking set

m
Tptp_q OF T
of Hm+1, then C' contains some strongly isolated consecutive n—set, for some suitable

positive integer n > 2 and some isolated points of X,,.

Again, by using Lemma B.2.9, we observe that we can assume C does not contain any
isolated points (or a unique point) of X,,. Therefore, we can assume that if C is a finite
blocking set of H,,+1, then C' contains some strongly isolated consecutive n—set, for some

suitable positive integer n > 2.

Now, by using Lemma B.2.10, we can assume that if C' is a finite blocking set of
Hpm+1, then C contains some strongly isolated consecutive n—set, for some suitable positive

integer n > 2 and C N X, & {z]": 0 <7 <m}.

Lemma B.2.12. Let C be a blocking set of Hyyy1, with CN Xy, € {2 : 0 <i<m} and
z,' € C, where p #0 or p# m. Then

o O~ {zphHu{al™}y if 2 ec
(O~ {zmpHu{zm"1} if ameC

is a blocking set of Hyp+1-

Proof : Let B be a block of H,,+1 which do not contain X,,. If 27" € B, then a:6”_1 € B.
Therefore if ' € C then C" = (C' ~ {2f'}) U {z""'} intersects all the blocks B € Hpm1,
which do not contain Xp,. Since z;;* € C, where p # 0, we have C' = (C~A{apHufapy
is a blocking set of H,11.

Let 2 € B € Humt1. If |B] = k then Xo C B and if | B| < k—1, then either 27"~! € B

or :cmj € B. We divide our arguments in two exhaustive cases.

Case A : Suppose |B| = k. Then Xy C B.

We observe from the construction of H,,+1, that such B is of the form

XoU{al:1<i<m}uf{alitl :1<i<k—|Xo|—m},

where {g,} varies over finite sequences of non-negative integers such that gy = 0 and

m—1

forn > 1, p, = pp—1 or 1 + p,—1. We note that all such blocks contain x; ~;. Hence

(O~ {zm}) U {z™~1} intersects these blocks.
Case B : Suppose |B| < k — 1. Then either 277! € B or 27""1 € B.

For such blocks we note that C N X, C {2 : 0 < ¢ < m}. Hence C intersects all
such blocks B, with {xm~! 2™} C B, other than at a point 2. Therefore, ' =(C~
{zm}) U {a™~1} intersects such blocks. Otherwise any such B, with {z™"] 2™} C B,

m—1
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hence C" = (C ~ {z™}) U {z™1} intersects all such blocks.

Since z,' € C, where p # m, from the above two cases we conclude that C =
(O~ {zm}) U {z™"1} is a blocking set of Hi1. O

By using Lemma B.2.12; we can assume that if C is a finite blocking set of H,,+1, then
C contains some strongly isolated consecutive n—set, for some suitable positive integer

n>2and CNX, E{a":1<i<m-—1}.

Lemma B.2.13. Let C be a blocking set of Hm+y1. If C contains only strongly isolated

consecutive 2—sets, then C is a blocking set of H,

Proof : Let {z}',x},} be a strongly isolated consecutive 2—set. It is enough to show
that C intersects B, where B" € H,, with | B'| < k—1 and either B,I_I{:L‘Zl} or B’I_I{QJZIH} €

Hm+1. Now we divide our arguments in the following two exhaustive cases.
Case A : Let B' € Hy, with |[B'| <k —1and B U {al'} € Hpns1.

From the construction of H,,, either :L‘;I__ll € B or :L‘Zlfl c B. If 3:;”__11 € B/, then

B' U {zpt 1} € Hmy1. Since {z)', 27} is a strongly isolated consecutive 2—set in C,
therefore 2™, z o1 & C. Since C'is a blocking set of Hy, 41, C intersects B’ other than

p—1>
at a point 3: 1. If zp' 1 ¢ B', then such a B contains either x 12 or l‘gl 2,

We show that C intersects such a B’ other than at a point Ty 1 If {77, c B,
p— 1 p
then (B’ ~ {ar=1Hu {xp_l } € Him+1- So by the previous arguments we have C' intersects
B~ {zm 1) acm__l other than at a point xm__l. Hence C intersects such a B’ other
D p—1 p—1

than at a point 27!, We deal with the particular case {z}'~2, 2"~} C B’ in Case B.

P

Case B : Let B' € Hy, with |[B| <k —1and B U{2l,} € Hpmpa.

From the construction of H,,, either m;”Jr_ll e B or J:Z“_l e B. It a:mHl € B', then
B' U {740} € Hmy1. Since {z)', 27"} is a strongly isolated consecutive 2—set in C,

therefore :U;'fll, Ty ¢ C. Since C is a blocking set of H,,+1, C intersects B’ other

than at a point :vp+11 If :Um*1 € B/ then such a B’ contains either xp 12 or x;”*Q
In Case A we already dealt the case {wp e e B'. So let {a—2, a1} C B
We show that C' intersects B' other than at a point a:;,”_l. If {xp~ 2 x, 11 ¢ B, then

(B" ~ {z—})u {xpﬂ } € Hm+1. So by the previous arguments we have C' intersects
(B" ~ {ap=1h) u{ay

m—1
T, ]

p+1 other than :L‘]DJrl . Hence C intersects B' other than at a point

We do not have any analogous results like Lemma B.2.13 for strongly isolated consec-
utive n—sets, where n > 3. Therefore this method stops here. However there are some

answers due to Lemma B.2.9 and Lemma B.2.13. By using Lemma B.2.12, we can assume
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that if C' is an arbitrary finite blocking set of H,,41, then C' contains some strongly isolated
consecutive n—set, for some suitable positive integer n < 2 and CNX,, & {aI" : 1 <i <
m —1}. Therefore if [{z]*: 1 <i<m—1} =m—1 <3, ie. if m <4 then tr(Hpm41) =t.
Since F(k,t) = /HL%J’ we have if m +1 < |51, ie. m < [551] — 1, then tr(Hpp1) = t.
Consequently if [51] — 1 < 4, ie. |52 < 5, then tr(HL%j) = t. Hence we have the

following theorem.

Theorem B.2.14. tr(F(k,t)) =t, fort < 10.

B.3 An alternative proof of Raney’s Lemma

(Existence Part)

In this section we prove Lemma B.3.4 which is a crucial step in proving Theorem 5.2.5.
We consider the cyclic graph G with ¢ vertices and label the vertices consecutively by
[0], [1], ..., [t — 1] in a clockwise direction, i.e. vertex set is Z;. Let C = {Colour [i] : 0 <
i <t— 1} be the set of “colours”. For each vertex [n] € Z;, we associate the integer c,
and the Colour [n] € C such that ti:lc[i} =t—1.
We begin by providing an algo;i_t(}]lm. This algorithm describes a colouring procedure.

Henceforth, we call this algorithm the Colouring Algorithm. The steps of the algorithm

are indicated by Roman numerals.

I.Seti=0
IT . Set m = ¢pj, n = 1.

IT . If m # 0, then continue to next step. Otherwise, set i+ = ¢ + 1. If ¢ = ¢, then
terminate the algorithm; else (i.e. if i # t), return to Step (II).

IV . If vertex [n] is coloured, then set n =n — 1 and redo this step.
V . If vertex [n] is not coloured, then colour vertex [n] with Colour [i] and set m = m—1.

VI . Return to Step (III).

We observe that the Colouring Algorithm can only terminate at Step (III). In the next
lemma, we show that this happens in a finite number of steps. The following flow chart

illustrates the Colouring Algorithm.
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No

Colour
Is vertex

]

coloured?

vertex

[n] with

Yes

Colour [i].

Lemma B.3.1. The Colouring Algorithm terminates in a finite number of steps.

Proof : By Step (III) the value of i increases if and only if m = 0. Further, the previous
step of the algorithm that would have been executed must have been Step (II). Therefore
at Step (III), either we return to Step (II) with the new i or we terminate the algorithm

when 7 increases to .

By Step (V), every time a vertex is coloured with Colour [i], the value of m is decreased
by 1. Further, from Step (VI) we see that if m = 0, then the value of i is increased by 1.
If the new i <t — 1, then m is reset to cf;) for the new 7 by Step (II). Otherwise, i = ¢ and
the algorithm terminates. Hence for every colour Colour [i] there can be a maximum of

cj vertices with Colour [i]. Hence at any time there can be a maximum of

t—1
ZC[Z] =t—1. (B.3.1)
=0

coloured vertices. Hence there will always be at least one vertex with no colour. This

implies that Step (IV) decreases the value of n by 1, until the vertex [n] has no colour.
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This procedure will terminate in finite steps.

Now we see that apart from Step (IV) when we return to a lower numbered step from
a higher numbered step, either the value of m is decreased or the value of ¢ is increased.
But we know that i increases from 0 to t. As long as i remains fixed m decreases from
cj;) to 0. Thus after a finite number of returns ¢ = ¢ and m = 0. As all returns are to
Step (II) or Step (III), Step (III) is always executed after a return. Hence the algorithm

terminates in finite steps. ]

Now we discuss the outcomes of the Colouring Algorithm.

Lemma B.3.2. For each i, with 0 <1 <t —1, there are exactly c) vertices of G which

are coloured with Colour [i].

Proof : Since the algorithm terminates in finite number of steps, all values of ¢ from 0 to
t — 1 must be taken consecutively starting from 0. Further, increment of ¢ only happens
if m = 0 and after the increment m equals cf; for the new value of 7. Thus for each i,
with 0 <4 < ¢ —1, m must decrease from c; to 0, at which instance the value of i is
increased. Hence for each 4, m is decreased by 1 exactly c;) times. But as m is decreased
exactly after a vertex is coloured with Colour [i] and no coloured vertex is recoloured [see

Step (IV)], we have exactly cf;) vertices with Colour [i]. O

Lemma B.3.3. There exists a unique vertex say [u] of G, which is not coloured and it

satisfies the following properties.

(a) CM =0.

(b) For each n, with 1 < n <t —1, all vertices of G with Colour [u + n] is a subset of
{[p+1]:1<i<n}.
n

(c) For eachn, with1 <n <t—1, 3 (1 —cpyq) 2 0.
i=1

Proof : By using Lemma B.3.2, we have there are c|; vertices with Colour [i], where
0 << t—1. Hence ticm = t — 1 vertices are coloured. As a consequence, exactly
one vertex of G is not czozl?)ured. This proves the existence a unique vertex say [u] of G,
which is not coloured. At the time when i = s, m = ¢ = ¢ If ¢ # 0, then according
to the algorithm, we move from Step (III) to Step (V) and colour the vertex [u] with
Colour [u]. This means vertex [u] receives Colour [u], a contradiction arises since the

algorithm terminates without colouring that vertex [u]. Hence (a) follows.
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Fix integers ¢ and j, with 1 <7 <t—1and 1 < j <14. Recall that we started colouring
with Colour [u + i) at n = [p + i]. Then we kept on decreasing n by 1 and colouring
whichever vertex was not coloured (until there were ¢, ; vertices with Colour [1+1]) but
as vertex [p] is not coloured n was never equal to [u]. Hence n could only have taken the
values [+ 1], [+ — 1], [u+ 7 —2],.....; [ + 1]. Thus all the vertices with Colour [ + 7]
need to be in this set which proves (b).

Clu+m] Vertices are coloured with the colour Colour [u + m], where 1 < m < n. Hence
n
> Clut+m] Vvertices are coloured with the colours Colour [u + 1], Colour [u + 2], ...,
m=1
Colour [p + n]. Therefore by using part (b) we have,

n
Zc[u+m] <n.
m=1

This proves (c). O
Recall that, for any finite sequence (xo,...,x¢—1) its cyclic shifts are the ¢ sequences

(Tit1y. -, Tipe) where 0 < i <t —1.

Lemma B.3.4 (Raney). Let (ro,71,...,74—1) be a finite sequence of integers such that

t—1

>>ri =1. Then, one of the t cyclic shifts of this sequence has all its partial sums strictly
/=0

%ositive.

Proof : Put 7, =1 — ¢, for each n, with 0 <n <{¢—1. We choose i e (1] such that
0< ,u’ < t—1. Then by Lemma B.3.3, u' is the required index. The next part of the
result follows from (a) and (c) of Lemma B.3.3. O

B.4 On the number of transversals of F(k,2)

We start this section with the following definition.

Definition. A family of k—sets F is said to be a transversally minimal family of k—sets
if tr(F) < oo and for each B € F we have tr(F ~ {B}) = tr(F) — 1. In addition, if F
is an intersecting family then F is said to be transversally minimal intersecting family of

k—sets with transversal size t in short TMIF (k,t).

Fix a block B € F(k,t). Suppose B = Xp, U {2pot": 1 <i<k—|X,,|}, where
addition in the superscript is modulo ¢. Consider the sets X;, 0 < j <t — 1, except those
that correspond to j, with j = no+14, 0 <i < k—|X,,| and the addition is modulo ¢. Let
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Y be a set consisting of one element from each such X;. Hence |Y| =t —(k—|X,,|+1) =
t—1—(k—|Xpn,|). We observe that for 1 <i <k —|X,,|,
i
bi = Zejv
j=1
where for each j, with 1 < j <, ¢; € {0,1}. Now we construct a finite sequence g1, ¢2,. . .,

Qk—| X,y | BS follows, g1 = 1 — €1 and for ¢ > 2

i—1

g = Zej + (1 —¢€).

=1

Set Z = {at": 1 <i <k —|Xp,|}, where addition in the superscript is modulo ¢. Then
Y U Z is a (t —1)—set disjoint from B. Since by Theorem 5.2.5, tr(F(k,t)) = t it shows
that, F(k,t) is an example of TMIF (k,t). We recall that,

M7 (k,t) ;= max {|.7-"T\ : F is an intersecting family with k(F) = k and tr(F) = t} .

If F is an intersecting family of k—sets with transversal size ¢, then there exists a TMIF (k, t)
G such that G C F. As a consequence FT - GT. Therefore, if F itself is a TwMIF (k,t),
then it may contain the maximum number of transversals. Our guess is that for large

positive integers ¢t and k, with k >t +1 M (k,t) = |F(k,t)| (see (b) of Conjecture 5.3.9).

In this section we show that
M'(k,2) =k®>—k+1for k>3

This result is not new. It appeared in [8, Proposition 1, Page 143]. However the solution
technique used here is independent and completely new. Our answer is a little stronger

(see Theorem B.4.9). Our aim is to give a uniform solution to establish,
M (k,3) = (k— 1) +3(k — 1) = |[F"(k,3)]| for k > 4.

This problem has a solution for k£ = 4,5 in [4, 12] and for £ > 9 in [8, Theorem 1]. In [10],
Frankl et al. studied about M (k,t), where k and ¢ are positive integers with k > t.

We recall the construction of F(k,2).

Construction. Let k£ > 3 be an integer. Let Xy = {x? :0<i<k-—1}and X; = {le :
0 <i <k — 2}, be 2 pairwise disjoint sets. The family of k—sets F(k,2) consists of three
k—sets Xo, X1 U {23} and X; U {20}.

The complete list of transversals of F(k,2) are {z,y} and {z3,2{}, where z € X and
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y € X1. Therefore there are k2 — k + 1 transversals of F(k, 2). The purpose of this section
is to prove Theorem B.4.9. In this section, we assume k > 3 is a positive integer. Let F
be a TMIF (k,2). Fix By, By € F and let |By \ Ba| =n, where 1 <n <k —1. Let G :=
F ~{Bj, Ba}. Tt is a non empty family with tr(G) = 1. We define X := {z: {x} € GT}.
The proof of Theorem B.4.9 is based on the parameter | X|.

Lemma B.4.1. For each Be G, X C B.

Proof : Suppose there exists B € G such that X ¢ B. This means there exists z € X
such that = ¢ B. It contradicts that the transversal of G namely {z} intersects B. Hence
the result follows. O

Lemma B.4.2. 2 < |X| < k.

Proof : Since G is a non empty family of k—sets therefore the upper bound follows from

Lemma B.4.1.

X is disjoint from By N Bsy. (If not, then z € X N(B1N Bs) and {x} is a blocking set of
F. It contradicts that tr(F) = 2.) Since for i = 1 and ¢ = 2 we have tr(F ~ {B;}) = 1, so
(F~AB;})T € GT. Therefore X intersects both By \. By and By \. By. The lower bound

follows since By \ Bs is disjoint from By \ Bj. ]

We prove in Lemma B.4.2 that X is disjoint from B; N Bs and X intersects both
B\ B and By \ B;. Let G; denote the collection of transversals of F of the form {x,y},
where x € X and y € By N Bs.

Let {x,y} € F', where x € X and y ¢ By N By. Then y € (B; U By) ~ (B N By).
So if such y € By \ Bz (respectively, y € By \ Bj) then € X N (B2 \ By) (respectively,
z € X N (B \ By)). Let Gy denote the collection of transversals of F of the form {z,y},
where either x € X N (B;\By) andy € By~ Byorz € XN (By\ By) and y € By \ By.

Suppose there exists a blocking set of G which is disjoint from X. Let C be such a
blocking set. Then C' € F' if C intersects B; and By and |C| = 2. Let G3 denote the
collection of transversals of F of the form {z,y}, where {z,y} is disjoint from X and it

intersects By or Bs.

Lemma B.4.3. F' = G; UGy U Gs.

Proof : We already have Gy U Gy C F'. If Gz is empty then F' = G; U Gy and we
are done. Let ' ~\ (G; U Gy) be non empty and T be such a transversal. We show that
T € Gg. Let T = {x,y}. If possible suppose T'N X # (. Without loss of generality let
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x € X. Then either y € By N By or y ¢ By N By. But in both the cases, T' € G; U Go, a
contradiction. Hence T is disjoint from X but '€ F'. So T is a a blocking set of G and
intersects both By and Bs. Hence T € Gs. ]

Lemma B.4.4. If2 < |X| <k — 2, then F has at most k* — 2k + 3 transversals.

Proof : Suppose |X| = m. We need to estimate Gi, Go and G3 of Lemma B.4.3. There
are m(k —n) transversals in G;. We use the inclusion-exclusion principle to estimate the
number of transversals in Go. There are at most mn — 1 transversals in Gy. Consider
the family of sets which consists of the blocks of the form B ~\ X, where B € G. Call
it Ggz. By Lemma B.4.1 G¢ is a family of (k — m)—sets. We observe that each T' € G3
is a minimal blocking set of Gg. Hence there are at most (k — m)? transversals in Gg.
Therefore there are at most m(k —n) +mn — 1+ (k—m)? transversals. The result follows

since max{k? —mk+m? —1:2<m <k -2} =k? — 2k + 3. O

Lemma B.4.5. If | X| =k, then F has at most k* — k + 1 transversals.

Proof : Since |X| = k then by using Lemma B.4.1 we have § = {X} and (say) A :=
{B1,B2,X} C F. But tr(A) = 2 and F is a T™MIF(k,2), hence F = A. To count the
number of transversals we need to estimate Gy, Go and Gg of Lemma B.4.3. But Gg is
empty. There are k(k — n) transversals in G; and there are at most n? transversals in

Gz. Therefore there are at most k(k — n) + n? transversals. The result follows since

max{k(k—n)+n?:1<n<k-1} =k —k+1. O

Lemma B.4.6. If |X| = k — 1, then for k > 4, F has at most k> — k — 1 transversals.

Also for k =3, F has at most 6 transversals.

Proof : Since |X| = k — 1, G contains at least two blocks. Suppose B and C' are two
distinct blocks in G. Since tr(F ~ {C}) =1, BN By N By # (. By a similar reasoning
CNB1NBy # (. We recall from Lemma B.4.2 that X is disjoint from BN Bsy. Therefore by
using Lemma B.4.1 we can assume BNB1NBy = {p} and CNB1NBy = {q} and (say) A :=
{B1,B2, X U{p}, X U{q}} C F. But tr(A) =2 and F is a TMIF (%, 2), hence F = A. To
count the number of transversals we need to estimate G1, G and G3 of Lemma B.4.3. There
are (k—1)(k —n) transversals in G; and there is exactly one transversal namely {p, ¢} in
Gs. We observe that if | X N (B; UBsy)| > 3, then by using the inclusion-exclusion principle
Gg has at most n(k — 1) — 2 transversals otherwise Gy has exactly 2n — 1 transversals.

In the respective cases F has at most (kK — 1)(k —n) + n(k — 1) — 2 + 1 and at most
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(k—1)(k —n)+2n — 1+ 1 transversals. The result follows since

max{k(k—1) = Lk*—(n+1)k+3n:1<n<k-1}
=max{k* -k —1,k* — 2k + 3}

E2—k—1 if k>4
6 if k=3.

O]

Theorem B.4.7. Let k > 3 be a positive integer. Any TMIF (k,2) has at most k> —k+ 1
transversals. Moreover, F(k,2) is the unique TMIF (k,2) which has k* —k+1 transversals.

Proof : The first part is a direct consequence of Lemma B.4.4, Lemma B.4.5 and

Lemma B.4.6. It also shows that any TMIF (k, 2) which has k? — k41 transversals contains
3 blocks and satisfies an intersecting pattern 1 and k—1. (i.e. for each different By, By € F
the size of B; N By is either 1 or k — 1.) Hence the uniqueness part follows. ]

Theorem B.4.8. Let k > 4 be a positive integer. Any TMIF (k, 2), which is not isomorphic

to F(k,2), has at most k* —k — 1 transversals.

Proof : This is a direct consequence of Theorem B.4.7, Lemma B.4.4 and Lemma B.4.6.
O

Theorem B.4.9. Let k > 3 be an integer. Any finite intersecting family of k—sets with
transversal size 2 has at most k*> — k + 1 transversals. Moreover, F(k,2) is the unique

intersecting family of k—sets which has k* — k + 1 transversals.

Proof : Let F be an intersecting family of k—sets with k? —k+1 transversals. Let A be a
TMIF (k, 2) and it is a subfamily of F. Since 7' C AT, Ahas at least k?—k+1 transversals.
Then by Theorem B.4.7 A is isomorphic to F(k,2). Hence by using Theorem 5.2.6, we
have A is a CIF(k,2). If possible, suppose B € F ~. .A. Then by the closure property of
A there exists T € A" disjoint from B. So F has at most |A"| — 1 = k? — k transversals,
a contradiction. Therefore A = F. O
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