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Chapter 1

Introduction

In recent years, there has been a wide variety of work on random reinforcement models of
various kinds [26, [55} 147, 141,15, 34}, 48, |54, 114, 22}, 125, 23, 44, 20, [17]. Urn models form an
important class of random reinforcement models, with numerous applications in engineering
and informatics [60, 42}, 150] and bioscience [19, 130} 31} |5, [44]]. In recent years there have been
several works on different kinds of urn models and their generalizations [41} 5,34} [14} 25| 23|
45,120,144, (17]. For occupancy urn models, where one considers recursive addition of balls into
finite or infinite number of boxes, there are some works which introduce models with infinitely
many colors, typically represented by the boxes [29, 137, 139].

As observed in [S1], the earliest mentions of urn models are in the post-Renaissance period
in the works of Huygen, de Moivre, Laplace and other noted mathematicians and scientists. The
rigorous study of urn models began with the seminal work of Pdlya [57,156]], where he introduced
the model to study the spread of infectious diseases. We will refer to this model as the classical
Pdlya urn model. Since then, various types of urn schemes with finitely many colors have been
widely studied in literature [36, 35, 3} 14} 153} 138 140, 141} 15, 134} {14} 15, 25, 18} [17]. See [54]] for
an extensive survey of the known results. However, other than the classical work by Blackwell
and MacQueen [13], there has not been much development of infinite color generalization of the
Pélya urn scheme. In this thesis, we introduce and analyze a new Pdlya type urn scheme with

countably infinite number of colors.
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1.1 Model description

A generalized Pdlya urn model with finitely many colors can be described as follows:

Consider an urn containing finitely many balls of different colors. At any time
n > 1, a ball is selected uniformly at random from the urn, the color of the selected
ball is noted, the selected ball is returned to the urn along with a set of balls of

various colors which may depend on the color of the selected ball.

The goal is to study the asymptotic properties of the configuration of the urn. Suppose there
are K > 1, different colors and we denote the configuration of the urn at time n by U,, =
(Un1,Un2...,Up k), where U, j denotes the number of balls of color j, 1 < j < K. The
dynamics of the urn model depend on the replacement policy. The replacement policy can be
described by a K x K matrix, say R with non negative entries. The (4, j)-th entry of R is the
number of balls of color j which are to be added to the urn if the selected color is 7. In literature,
R is termed as the replacement matrix. Let Z,, denote the random color of the ball selected at

the (n + 1)-th draw. The dynamics of the model can then be written as
Upt1=U,+ Rz, (1.1.1)

where Rz is the Z,-th row of the replacement matrix R.

A replacement matrix is said to be balanced, if the row sums are constant. In this case,
after every draw a constant number of balls are added to the urn. For such an urn, a standard
technique is to divide each entry of the replacement matrix by the constant row sum, thus
without loss of generality, one may assume that the row sums are all 1, that is, the replacement
matrix is a stochastic matrix. In that case, it is also customary to assume Uj to be a probability
distribution on the set of colors, which is to be interpreted as the probability distribution of
the selected color of the first ball drawn from the urn. Note that, in this case the entries of
Up = (Un1,Unz2...,Up k) are no longer the number of balls of different colors, instead the
entries of U,/ (n + 1) are the proportion of balls of different colors. We will refer to it as the

(random) configuration of the urn. It is useful to note here that the random probability mass
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function U,,/ (n + 1) represents the probability distribution of the random color of the (n + 1)-th
selected ball given the n-th configuration of the urn. In other words, if Z,, is the color of the ball

selected at the (n + 1)-th draw, then,

U.
P(Znﬂ\Uo,Ul,...,Un): ne1<i< K. (1.1.2)
n+1

Since R is a stochastic matrix and Uy a probability distribution on the set of colors, we can
now consider a Markov chain on the set of colors with transition matrix R and initial distribution
Up. We call such a chain, a chain associated with the urn model and vice-versa. In other words,
given a balanced urn model we can associate with it a Markov chain on the set of colors and
conversely, given a Markov chain there is an associated urn model with colors indexed by the

state space.

1.1.1 Urn models with infinitely many colors

The above formulation can now be easily generalized for infinitely many colors. Let the colors
be indexed by a finite or countably infinite set .S, and the replacement matrix R, be a stochastic
matrix suitably indexed by S. Let Uy, := (Up,y),cg € [0,00)%, where Uy, is the weight of the

v-th color in the urn after n-th draw. In other words,
P ((n + 1) —th selected ball has color v | Uy, Up—_1, - - - ,U()) X Upw, v €S. (1.1.3)

Starting with Uy as a probability vector, the dynamics of (U, ) n>0 i8 defined through the following
recursion

Unt1=Un+ xn+1R (1.1.4)

where X141 = (Xn+1,),ecg 19 such that X117, = 1 and X114 = 0if u # Z,,, where Z,, is

the random color chosen from the configuration U,,. In other words,
Un+1 = Un + RZn

where Rz, is the Z,,—th row of the matrix R.

It is important to note here that in general U, ,, is not necessarily an integer. When S is
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infinite, U,, ,, can be made an integer after suitable multiplication only for certain restrictive cases.
One such case is when each row of R is finitely supported with all entries rational. However,
as discussed in Section Un/ (n + 1) will always denote the proportion of balls of various
colors.

When S is infinite we will call such a process an urn model with infinitely many colors.
The associated Markov chain is on the state space .S, with transition probability matrix R and
initial distribution Uy. As observed in the finite color case, in general, the random probability
mass function U,,/ (n + 1) represents the probability distribution of the random color of the
(n + 1)-th selected ball given the n-th configuration of the urn. Recall that Z,, denotes the

(n + 1)-th selected color. Thus for any v € S,

UTL’U
which implies
E [Unv]
P(Z, =v)=—7"-. 1.1.6
(Zu=v) == (116)

In other words, the distribution of Z,, is given by the expected proportion of the colors at time n.

It is worthwhile to note here, (I.1.3)) and (I.1.4) imply that (nlffl) is a time inhomogeneous
n>0

Markov chain with state space as the set of all probability measures on S.

It is to be noted here, that we write all vectors as row vectors, unless otherwise stated.

1.2 Motivation

Our main motivations to study such a process have been twofold. It is known in the literature
(381140, (14} 15} 25], that the asymptotic properties of a finite color urn depend on the qualitative
properties of the underlying Markov chain. For example, for an irreducible aperiodic chain with
K colors, it is shown in [38, 40]] that, as n — oo,

n7j

n—+1

— mj as. (1.2.1)
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forall 1 < j < K, where 7 = (7}), < j<x is the unique stationary distribution of the associated
Markov chain. It is also known [40, |41]] that if the chain is reducible and j is a transient state
then, as n — oo,

Un,j
—™) 40 as. 122
a1 0 es (122)

Further non-trivial scalings have been derived for the reducible case [40, 41} [14, 15, 25]]. So one
may conclude that asymptotic properties of an urn model depend on the recurrence/transience of
the underlying states. We want to investigate this relation when there are infinitely many colors.
In [7]], we studied the infinite color model, with colors indexed by Z%, where R is the transition
matrix of a bounded increment random walk on Z¢. The bounded increment random walks on
7%, is arich class of examples of Markov chains on infinite states covering both the transient and
null recurrent cases. Needless to state, that for the finite color case, the associated Markov chain
can posses no null recurrent state. As we shall see later, our study will indicate a significantly
different phenomenon for the infinite color urn models associated with the bounded increment
random walks on Z<. In fact, we shall show that the asymptotic configuration is approximately
Gaussian, irrespective of whether the underlying walk is transient or recurrent.

Another motivation comes from the work of Blackwell and MacQueen [13], where the
authors introduced a possibly infinite color generalization of the Pdlya urn scheme. In fact, their
generalization even allowed uncountably many colors; the set of colors typically taken as some
Polish space. The model then describes a process whose limiting distribution is the Ferguson
distribution [[12,[13]], also known as the Dirichlet process prior in the Bayesian statistics literature
[33]. The replacement mechanism in [[13]] is a simple diagonal scheme, that is, it reinforces only
the chosen color. As in the classical finite color Pélya urn scheme, where R is the identity matrix,
this leads to exchangeable sequence of colors. We complement the work of [[13]], by considering
replacement mechanisms with non-zero off-diagonal entries. We would like to point out that
due to the presence of off-diagonal entries in the replacement matrix, our models do not exhibit
exchangeability and hence the techniques used to study our model are entirely different and new.
We will present a coupling of the urn model with the associated Markov chain, which will be our

most effective method in analyzing the urn models introduced in this work.
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1.2.1 A simple but useful example
We present a simple example to motivate the study of urn models with infinitely many colors.
Let the colors be indexed by N U {0}, and Uy = &y. The replacement matrix R is given by

1 ifj=i+1foralls,j e NU{O},
R(i,j) = (1.2.3)

0 otherwise.

Note that R has non-zero off diagonal entries. Since R is given by (I.2.3)), after every draw a
new color is introduced with positive probability. Hence, even though the urn contains only
finitely many colors after every draw, we require to index the set of colors by the infinite set
N U {0}, to define the process.

The associated Markov chain (Xn)n20 on the state space N U {0}, with transition matrix R
given by (I.2.3), is a deterministic chain always moving one step to the right. Therefore, we call
this Markov chain the right shift and the corresponding urn process (Un)n20 as the urn model

associated with the right shift. Note that, the right shift is trivially a transient chain.

Theorem 1.2.1. Consider an urn model (Uy,) n>0 associated with the right shift, such that the
process starts with a single ball of color 0. If Z,, denotes the (n + 1)-th selected color then, as

n — oo,
Zn —logn

Vviogn

To prove Theorem [I.2.1] we use the following lemma.

— N(0,1). (1.2.4)

Lemma 1.2.1. Let (I j)j>1 be a sequence of independent Bernoulli random variables with
E[[;] = j% j>1LIfr, = 2?21 I;, and 19 = 0, then as n — oo,
T, — logn

Vlogn

Proof. Elrp) =3 | E[L;] =377, ]% Therefore,

= N (0,1). (1.2.5)

E [1,] ~ logn, as n — oo, (1.2.6)

where for any two sequences (ay,),,~; and (by),,~, of positive real numbers, we write a,, ~ b,

. a
to denote lim — = 1.
n—oo n
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Similar calculations show that

s2 = Var (1,) = Z?Zl ]ﬁ — ﬁ ~ logn, as n — oo. (1.2.7)

Since I; can possibly take only two values, namely 0, and 1, so for any € > 0, we have

1 1 2
S%ZEUI]_M’ 1{|]]'_]'i1>68”}:| —>O, as n — oQ.
7j=1

Therefore, the Lindeberg-Feller Central Limit theorem (see page 129 of [28]]) implies that as

n — 0o,
Tn — E 7]

Vlogn
since the variance of 7, is given by (1.2.7). Observe that,

~ N(0,1), (1.2.8)

T, —logn 1, —E[r]  E[n]—logn

Viegn — Vlogn Viogn

It is easy to see that E [;,] — logn = 2?21 ;% —logn — v — 1, as n — oo, where 7 is the

Euler’s constant (see page 192 of [2]). Therefore, from (1.2.8) and Slutsky’s theorem (see page
105 of [28]]), we get as n — oo,

T, — logn
———— = N (0,1). 1.2.9
O

Proof of Theorem (1.2.1). As observed earlier in (1.1.6), we know that

P(Z, =v) = % (1.2.10)

Therefore, the moment generating function E [e/\Z"} for Z,, is given by

1 4
T > E[Unyle¥. forAeR. (1.2.11)
jENU{0}

T

jenufoy 1t is easy to see that e* and = (\) satisfy

For every A € R, letz (\) = (e)
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where the equality holds coordiante-wise. Define the vector scalar product

Unz (\) = Z Up.je. (1.2.12)

This implies,

1 1 ; 1 e
E = — E[U,leM = 1+ — | E[Un- :
BT = ¥ Bl = (145 ) Eale )
jeNU{0}
Repeating the same iteration, we obtain
1 1 et
E|Uyz(N)] = 14+ —
) = T+ )
n+1 A
1 e
= 1— —— 4 - . 1.2.13
H < Jj+1 5+ 1> ( )

Observe that the right hand side of (1.2.13)) gives the moment generating function of 7,,, where 7,
is as in Lemma|[I.2.1] Note that 7,, is a non-negative random variable for every n > 0. Therefore,
from Theorem 1 on page 430 of [32] it follows that for all n > 0,

Zn L7 (1.2.14)

where for any two random variables X and Y, the notation X 2 Y denotes that X and Y have
the same distribution. Hence (1.2.5)) implies (1.2.4). This completes the proof. ]

Later, in Chapters[2]and[5] we will further improve the representation (1.2.14) for urn models
with general replacement matrices. This representation is new and will serve as the key tool in

deriving the asymptotic properties of the urns with more general replacement matrices.



1.3 Outline and brief sketch of the results 9

1.3 Outline and brief sketch of the results

The rest of this work is broadly divided into five chapters. The first three chapters, Chapters [2]
and [4|discuss the various asymptotic properties of the urn models associated with bounded
increment random walks on Z¢. Chapters and@consider urn models with general replacement

matrices.

1.3.1 Central limit theorems for the urn models associated with random walks

Based on [[7]] and [8]], in Chapter we study an urn process when S = Z4, and R is the transition
matrix of a bounded increment random walk on Z¢. This is a novel generalization of the Pélya
urn scheme, which combines perhaps the two most classical models in probability theory, namely
the urn model and the random walk. We prove central limit theorems for the random color of the
n-th selected ball and show that, irrespective of the null recurrent or transient behavior of the
underlying random walks, the asymptotic distribution is Gaussian after appropriate centering
and scaling. In fact, we show that the order of any non-zero centering is always O (log n) and

the scaling is O (M) In this chapter, we also prove Berry-Essen type bounds and show that

the rate of convergence of the central limit theorem is of the order O ( L )
Viogn

1.3.2 Local limit theorems for the urn models associated with random walks

In Chapter [3] we further consider urn models associated with bounded increment random walks
on Z¢. In this chapter, we obtain finer asymptotes for the distribution of the randomly selected
color. We derive the local limit theorems for the probability mass function of the randomly

selected color, [7]].

1.3.3 Large deviation principle for the urn models associated with random walks

Based on [8]], in Chapter 4] we study further asymptotic properties of urn models associated with
bounded increment random walks on Z¢. Here, we show that for the expected configuration a
large deviation principle (LDP) holds with a good rate function and speed log n. Moreover, we

prove that the rate function is the same as the rate function for the large deviation of the random
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walk sampled at random stopping times, where the stopping times follow Poisson distribution

with mean 1.

1.3.4 Representation theorem

In Chapter [5 we consider general urn models. Here S may be any countable set and the
replacement matrix R is any stochastic matrix suitably indexed by S. For this model, we present
a representation theorem (see Theorem [5.1.1), [6]. This theorem provides a coupling of the
marginal distribution of the randomly selected color with the associated Markov chain, sampled
at independent, but random times. We show some immediate applications of the representation

theorem by rederiving a few known results for finite color urn models.

1.3.5 General replacement matrices

In Chapter[6] based on [6], we consider urn models with infinite but countably many colors and
general replacement matrices. In this chapter, we consider several different types of general
replacement matrices and apply the representation theorem to deduce the asymptotic properties
of the corresponding urn models. In Section[6.1] we consider an urn model with an irreducible,
aperiodic R. If R is positive recurrent, with a stationary distribution 7, then we show that the
distribution of the randomly selected color converges to 7. In Sections [6.2]and [6.3] we further
generalize the model studied in Chapter 2] Here, we study urn models associated with general
random walks, not necessarily with bounded increments, and derive the central limit theorem for

the randomly selected color.

1.4 Notations

We mostly follow notations and conventions that are standard in the literature of urn models. For

the sake of completeness, we provide a list below.

* As mentioned earlier, for any two sequences (ay,),,~, and (by,),,~ of positive real numbers,

. . . . a
we will write a,, ~ by, if lim — = 1.
n—oo n
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¢ As mentioned earlier, all vectors are written as row vectors, unless otherwise stated. For
z € R?, we write = (x(l),a:(2), .. ,x(d)) where 2() denotes the i™ coordinate. The
infinite dimensional vectors are written as y = (yj)je 7 Where y; is the j th coordinate and
J is the indexing set. To be consistent, column vectors are denoted by :UT, where x is a

row vector.

» For any vector z, x? will denote a vector with the coordinates squared. That is, if

& = (¥;) ;¢ 7 for some indexing set 7, then

‘T2 = (:E?)jej :

* The inner product of any two row vectors = and y is denoted by (x, y).

* The symbol I; will denote the d x d identity matrix.

* By Ny (i1, £) we denote the d-dimensional Gaussian distribution with mean vector p € RY,
and variance-covariance matrix X. For d = 1, we simply write N (11, 02), where o2 > 0.
* The standard Gaussian measure on R? will be denoted by ®,. Its density ¢ is given by

1 _ll=)? d
We 2 ,T € R.
s

ba (z) =

For d = 1, we will simply write ® for the standard Gaussian measure on R and ¢ for its

density.
* The symbol = will denote weak convergence of probability measures.
* The symbol 2 will denote convergence in probability.

. . . d
* For any two random variables/vectors X and Y, we will write X =Y, to denote that X

and Y have the same distribution.
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Chapter 2

Central limit theorems for the urn
models associated with random Walksm

The main focus in this chapter is to study the urn models associated with bounded increment
random walks on Z%, d > 1. Urn models associated with more general random walks are
discussed in Section @] of Chapter @ Here, we derive the central limit theorems for the
randomly selected colors, and its rate of convergence. In Section [2.4] we will further generalize
the model when the associated random walk takes values in general d-dimensional discrete
lattices.

Let (Y;) i>1 be i.i.d. random vectors taking values in Z¢ with probability mass function
p(u) :=P (Y1 =u),u € Z% We assume that the distribution of Y7 is bounded, that is there

exists a non-empty finite subset B C Z<, such that p (u) = 0 for all u ¢ B. We shall always

write
no= E[Yl]
L =(0i)<sjca = EMM] 2.0.1)
e(A\) = E[eMV], XeRd

It is easy to see that ' is a positive semi definite matrix, that is, for all a € R4,

aXal =E [(aYlT)z} > 0.

IThis chapter is based on the papers entitled “Pélya Urn Schemes with Infinitely Many Colors” [[7] and  Rate
of Convergence and Large Deviation for the Infinite Color P6lya Urn Schemes” [8]]. The paper [8]] is published in
Statistics and Probability Letters, Vol. 92, 2014.

13
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Observe that

L =D+ pp",

where D is the the variance-covariance matrix of Y7.

In this chapter, we assume that J/ is positive definite. This will hold, if and only if, the set B
contains d linearly independent vectors. Later, in Section[6.2] we will relax the assumption that
Y is positive definite. The matrix X'/2 will denote the unique positive definite square root of %,
that is, Y1/2isa positive definite matrix such that ' = »1/231/2 When the dimension d = 1,
we will denote the mean and second moment (and not the variance) of Y; simply by y and o2

respectively, that is
noo= E Y1
¥i] (2.0.2)
o2 = E [Yf] .
In that case we assume o2 > 0.
LetS, =Yy+ Y1+ --+Y,,n >0, be the random walk on Vi starting at Y and with

increments (Y}),, which are independent. Needless to say, that (Sy),,~ is a Markov chain,

with initial distribution given by the distribution of Y and the transition matrix

Ri= ((p (v — 1)), ez (203)

For the rest of this chapter, we consider the urn process (U, ) n>0> With replacement matrix
given by (2.0.3). Since the associated Markov chain is a random walk, we will call the urn
process as the urn process associated with a bounded increment random walk. The urn model
associated with the right shift as discussed in Subsection[I.2.1]of Chapter|[I] is an example of an
urn model associated with a bounded increment random walk, which as discussed earlier, is a
deterministic walk always moving one step to the right.

We would like to note here that this model is a further generalization of a subclass of models
studied in [20], namely the class of linearly reinforced models. In [20]], the authors prove that
for such models the number of balls of each color grows to infinity. As we will see in the next
section, our results will not only show that the number of balls of each color grows to infinity,

but will also provide the exact rates of their growths.
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2.1 Central limit theorem for the expected configuration

We present in this subsection the central limit theorem for the randomly selected color, [7]. The
centering and scaling of the central limit theorem (Theorem are of the order O (logn)
and O (\/@) respectively. Such centering and scalings are available because the marginal
distribution of the randomly selected color behaves like that of a delayed random walk, where
the delay is of the order O (logn), see Theorem

For simplicity, in Sections [2.T]and [2.2] we will assume that the initial configuration of the
urn consists of a single ball of color 0, that is, Uy = §y. We will see at the end of Section

(Remark [2.2.)) that this assumption can be easily removed.

Theorem 2.1.1. Let A,, be the probability measure on R? corresponding to the probability

vector ElUn o) , and let
ntl ) ezd

AT(A) =7, (\/lognAZ]l/2 + ,ulogn) )

where A is a Borel subset of RY. Then, as n — oo,

Ay = @y (2.1.1)

If Z,, denotes the (n + 1)-th selected color then, its probability mass function is given by

<E[nU7+”1”]> " Thus A, is the probability distribution of Z,,, and Kff is the distribution of the
ve

Zn—plogn

scaled and centered random vector NI

. So the following result is a restatement of (2.1.T)).

Corollary 2.1.1. Consider the urn model associated with the random walk (S,,) n>0 0N Z% d>

1, then as n — oo,

Zn — plogn

T = Ny(0, X). (2.1.2)

We begin by constructing a martingale which we will be need in the proof of Theorem [2.1.1]
n

Define 11, (z) = | | (1 + Z) for z € C. It is known from Euler product formula for
" J
J=1
gamma function, which is also referred to as Gauss’ formula (see page 178 of [21]]), that

lim H"(j)r(z +1) =1, (2.1.3)

n—oo N
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where the convergence is uniform on compact subsets of C \ {—1, —2,...}.

Recall forevery A € R%, e (\) := >, 5 e p(v) is the moment generating function of

T

Y1. Define xz (\) := (e<)‘7”>)yezd.

It is easy to see that

Rz (A) =e(N)z (X)),

where the equality holds coordinate-wise.

LetF, =0 (Uj: 0 <j<n),n > 0,be the natural filtration. Define

From the fundamental recursion (1.1.4), we get,

Thus,

E [Unﬂ:p (\) ‘fn} = Upz(\) +e(\E [Xn+1x (\) ’fn} - (1 + ifj}) U (\) .

Therefore, M, (\) is a non-negative martingale for every A € R?. In particular, E [M,, (\)] =
Mo (\). We now present a representation of the marginal distribution of Z,,, in terms of the

increments (Y}),,, where the distribution of Y} is given by p (-) for every j > 1.

Theorem 2.1.2. Foreachn > 1,

n
Zo L Zo+ > LY;, (2.1.4)
j=1

where (Ij)j>1 are independent random variables such that I; ~ Bernoulli <j%) ,j > land
are independent of (Yj)j>1; and Z is a random vector taking values in Z. distributed according

to the probability vector Uy and is independent of ((Ij)j21 ; (Yj)j21)‘

The representation in (2.1.4) is interesting and non-trivial, as it necessarily demonstrates that

the marginal distribution of the randomly selected color behaves like a delayed random walk.

Proof. As noted before, the probability mass function for Z,, is <]E[TZ:'1”]> 2" So, for A € R,
ve
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the moment generating function of Z,, is given by

1 v L (e(N) o7
1 B ] = SRR O]
_ H’;(i(i‘))Mo()\) (2.15)
7 IVINS & & RS S CY
= MO(A)H(l j+1+j+1>. (2.1.6)

The right hand side of (2.1.6)) is the moment generating function of Zo+>_%_; I;Y;. This proves
2.1.4). O

Proof of Theorem Since the initial configuration of the urn consists of a single ball of
color 0, that is, Uy = dg, hence Zy = 0. It follows from (2.1.4])) that

n
Z, £ 3" Ly;. 2.1.7)
j=1
Now, we observe that,
n n 1
E leYj —,ulognzzbm,u—,ulogn—ﬂy—l),u, (2.1.8)
Jj=1 j=1

where +y is the Euler’s constant.

CaseI: Letd = 1. Let s2 = Var (2?21 Iij>. It is easy to note that

n

1 2
s2 = Z mE [YIQ] - G110 ~ o*logn.

j=1
The cardinality of B is finite, so for any € > 0, we have
1 <& w2
S%Z;E |:‘I]}/]—j—'_1‘ ].{quj—j%|>esn} — 0asn — oo.

j=

Therefore, by the Lindeberg Central Limit theorem (see page 129 of [28]]), we conclude that as

n — 0o,
Zn — plogn
——F— = N(0,1).
o+/logn (0.1)

This completes the proof in this case.

Case II: Now suppose d > 2. Let X, := ((o,1(n))) ., denote the variance-covariance matrix
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for Z?Zl 1;Y;. Then by calculations similar to those in one-dimension, it is easy to see that for
all k,l € {1,2,...d},

O'k,l(n)

— lasn — oo.
o, logn

Therefore, for every 6 € R, by Lindeberg Central Limit Theorem in one dimension,

(0, 1;Y;) = (0, ulogn)
j=1

= N(0,1)asn — oo.
logn (0X67)

Now using Cramer-Wold device (see Theorem 29.4 on page 383 of [11]), it follows that as

n — 00,

n
> LY — plogn
j=1

= Ng(0,%).
So we conclude that, as n — o0,
Zn — logn
——— = Ny (0, X).
Viogn a( )
This completes the proof. O

The following corollary is an immediate consequence of Corollary [2.1.1].

Corollary 2.1.2. Consider the urn model associated with the simple symmetric random walk on
Zd,d > 1. Then, as n — oo,

Zn -

where 1 is the d X d identity matrix.

The above result essentially shows that irrespective of the recurrent or transient behavior
of the under lying random walk, the associated urn models have similar asymptotic behavior.
In particular, the limiting distribution is always Gaussian with universal centering and scaling

orders, namely, O (log n) and O (y/logn) respectively.
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2.2 Weak convergence of the random configuration

In this section we will present an asymptotic result for the random configuration of the urn. Let
M be the space of probability measures on R?, d > 1, endowed with the topology of weak

convergence. Let A,, be the random probability measure on Z¢ C R? corresponding to the

Un
n+1-°

random probability vector It is easy to see that A,, is measurable.

Theorem 2.2.1. Consider the random measure
A% (A) = A, (\/log RASY? 4 ylog n> ,
for any Borel subset A of R%. Then, as n — oo,

AS 25 By on M. (2.2.1)

We note that Theorem [2.2.1]is a stronger version of Theorem [2.1.1] as the later follows from
the former by taking expectation.

We first present the results required to prove Theorem We have already introduced
the martingales (M, ('))nzo in Section The next theorem states that on a non-trivial

closed subset of R¢ with 0 in its interior, the martingales (Hn ()\)) are uniformly (in \)

n>0
Lo-bounded.

Theorem 2.2.2. There exists 6 > 0, such that

sup supE [HZ ()\)} < 0. (2.2.2)
Ag[—4,6)4 n=1

Proof. From (1.1.4)), we obtain

E[(Unirwr W) [Fa] = (Unz (N)° +26 () Uz W E [z (V) |72

+¢? WV E [(ens1z (V)? |7

It is easy to see that,
1

O Rt

Unz (M),

and

E [(me ()))? ‘fn} - Unz (2)).

n+1
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Therefore, we get the recursion

e 62
E (Uon(A))Q] - <1 + m> E [(Unx (A))ﬂ + nj(L)\l)E[Unx @2N)].  (223)

Let us write

2., (e (M) 1T <1+6(,A))2.

Dividing both sides of (2.2.3) by I12_ ; (e (})),

B (1+ QSiAl))E 7 ) () | EUnr (2]

w1l e ey G

The sequence (M, (2)\))n>0 being a martingale, we obtain E [U,,z (2)\)] = I, (e (2))) My (2)).
Therefore, from (2.2.4), we get

E [Mi ()\)] -

"2 ()\) n (1 + 5 ) ., (6 (2A))7
" ; k Jl:Ik (1 + e(%\))2 Hi (6 (A)) My (2)).(2.2.5)

2e(N)

Recall thate (\) = > .5 e vp(v). We observe that, as e (\) > 0, so (7&))2 < 1and
1+
hence HH’;((Q:(%))) < 1. Thus,
— 9 —2 2\ F ~ 1101 (e(2))
E|M, (AN <My(A A) Mo (2A - 2.2.6
Using (2.1.3), we know that
2e(N)
12 (e (\) ~ = 2.2.7)

IZ(e(N)+1)

Note that e (0) = 1, and e (\) is continuous as a function of A. So given n > 0, there exists
0 < K1, Ky < 00, such that for all A € [—n,n]d, K; < e (M) < Kj. Since the convergence in
is uniform on compact subsets of [0, c0), given € > 0, there exists N7 > 0, such that for
alln > Ny and X € [—n, 7],

n

I2(e(\)+1) 1
(1-oF c@V 1) k;V i 2e(N—e(2V)
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n

3 110 (e 2)\))

2
Sx B TEEe)

n

2 (e(\)+1) 1
(1 + 6) T (e (2)\) + 1) kgl k1+26(>\)—e(2)\) .

IN

Since the set B is finite, A — e (\), and A — 2e (\)—e (2)) are clearly continuous functions, that
take value 1 at A = 0. Hence there exists a o > 0, such that ming o gosod 26 (A)—e(2)\) >0
Choose & = min{n,dy} and Xy € [—4,]" so that miny s s 2€ (A) —e(2X) = 2e(Ng) —
e (2X9) > 0. Therefore,

o0 o0

1 1
]; L 1+2e(N)—e(2)) S ; Je1+2e(Xo)—e(2X0)

Now find Ny > 0, such that VA € [, (5]d,

> 1 > 1
Z Llr2e(N)—e(2N) S Z 1T2e00)—e(@ho) &
k>No k>No

2 (e(M)+1)

The functions e? (M) and M (2)) are continuous in . Therefore, these are bounded

@N)+1)°
on [—4,6]%. Choose N = max{Ny, Ny}. From (2.2.6), we obtain for all n > N,

N
E [Mn ()\)} <MyW) +C1 Y TS e (2.2.8)

for appropriate positive constants C, C5.

The functions Z]]gvzl %W

[—8, 6]%. Therefore, from 1| we obtain that there exists C' > 0, such that for all A € [, 6]"
and foralln > 1,

and Mg (M) are continuous in A, and hence bounded on
E [Mi ()\)] <C.

This proves (2.2.2). O

Lemma 2.2.1. Let 6 be as in Theorem then for every \ € [—6,06]%, asn — oo,

— A »
M, ( W) 2. (2.2.9)
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Proof. Since Uy = 0y, from equation (2.2.3), we get

L (2e(V) | T (26(0) g~ () i : (e(2)))
=T * (e ») Z |

Replacing A\ by A, = ﬁ, we obtain,

T2 _1In (2e(An)) | Hn (2e (An)) — ¢? (M) g1 (e (22n))
B O] = T Co) T M) = h T - G210
We observe that
Tim e (A,) = 1. 2.2.11)

Since the convergence in formula (2.1.3) is uniform on compact sets of [0, c0), using (2.2.T1)
we observe that for A € [—4,]%, and every fixed k
I, (2e(\,)  T2(2) 1

A () T3 2 2.2.12)

Using (2.2.11)) and (2.2.12)), we obtain

iy (2e(An)) €2 (An) x_1 (e (20,)) _ 11I4(1)
n=oo T2 (e(A\n)) kI (2e(\n)) 2k T, (2)
1

(k+2)(k+1)

Now using Theorem and the dominated convergence theorem, we get

IL, (2€ (An)) = €2 (M) iy (e 2\, - 1
A n2(< ((/\n)))) ; <k: ! rk[kl(z(e Exn)))) - kzzl kr2)kt1) 2
Therefore, from (2.2.10) we obtain
E [Mi ()\n)} — s lasn — oco. (2.2.13)
Observing that E [M,, (\,)] = 1, we get
Var (M, (A\n)) — 0, as n — oo. (2.2.14)

This implies
M, (M) Lit1asn — o,

completing the proof of the lemma. O
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We will now present an elementary but technical result (Theorem [2.2.3)) which we will use
in the proof of Theorem It is really a generalization of the classical result for Laplace
transform, namely, Theorem 22.2 of [[11], a slightly weaker version appears as Theorem 5 in
[43]. However, in the proof of Theorem [2.2.3| presented below, some of the arguments are similar
to that of Theorem 5 in [43]]. It is important to note here that though Theorem 5 of [43] is stated
for d = 2, the author in [43]] observes at the beginning of Section 3 in [43] that similar result can

be obtained for any dimensions d > 1.
Theorem 2.2.3. Let v,, be a sequence of probability measures on (Rd, B (]Rd)) and let mpy (- )
be the corresponding moment generating functions. Suppose there exists § > 0, such that

By
mn(A\) —> € 2, asn — oo, for every A € [—0,6]% N QY, then, as n — oo,

vy = By, (2.2.15)

Proof. Let ¢’ € Q, such that 0 < ¢’ < §. Observe that for every a > 0,

d
¢ /
Yn (([_a’a]d) ) <Y e (ma(=0'er) + ma(der)) (2.2.16)
i=1
d i 1 ! ﬁ
where (e;);_, are the d-unit vectors. Now for our assumption, we get, m,(d’e;) — e 2 and

6’2
mu(—d0'e;) — e 2 asn — oo, for every 1 < i < d. Thus, we get

sgpl) Un, (([—a, a}d>c) — 0as a — oo.

So the sequence of probability measures (lxn)n21 is tight. Therefore, Helly selection theorem
(see Theorem 2 on page 270 of [32]]) implies that for every subsequence (1) k>1 there exists a

further subsequence (nkj )j>1 and a probability measure v such that as j — oo,
Vny,, = V- (2.2.17)

We will show that
My, (A) — Mmoo (\), VA € (=4, 5 nQ? (2.2.18)

where mq is the moment generating function of v. It follows from Theorem 5 of [43]] that to
prove (2.2.18) it is enough to show that for 1 < i < d, and for any |\;| < ¢

lim e sup Vi, i (([~a,a])?) =0, (2.2.19)

a—00 j>1



24 Chapter 2: Central limit theorems for the urn models associated with random walks

where v,, ki denotes the i-th dimensional marginal for Viy,,
For any |\;| < 0, we can choose ' € Q, such that 0 < |\;| < ¢ < §. Observe that a
calculation similar to (2.2.16]) implies that for any a > 0, and for the chosen ¢’

Vo i (([=a,a)%) < ™ (i (=0ei) +ma, (57€2)) ) (2.2.20)
2
Now using the assumption m,(\) — el ,asn — oo, for every A € [—4,6]Y N Q% we
obtain,
M sup vy i (=a,a])) < Kel=e, (2221)
j>

for an appropriate constant & > 0. This proves (2.2.19) and hence, (2.2.18) holds. But from our

assumption
A1

M, (\) e 2, VAe[, 8% n Q.

So, we conclude that
A2

Mo (N =e 2, Ve (=6,67nQ%

Since both sides of the above identity are continuous functions on their respective domains,
we get that me (A) = e% for every A € (—0,6)?. We know from (21.22) and Theorem
30.1 of [[11]] for d = 1, the standard Gaussian is characterized by the values of its moment
generating function in an open neighborhood of 0. For d > 2, we can conclude that the standard
Gaussian distribution is characterized by the values of its moment generating function in an open
neighborhood of 0, by using Theorem 30.1 of [[11] and the Cramer-Wold device. So we conclude

that every sub-sequential limit is standard Gaussian. This proves (2.2.13). O

Proof of Theorem[2.2.1} A,, is the random probability measure on Z¢ C R, corresponding to
the random probability vector nU—fl That is, for any Borel subset A of RY,

Ap (A) = ! > Unw.

nt lveA

For \ € R%, the corresponding moment generating function is given by

1 1 1
Do _
> eI, = Unit () = 5 M ()T (e(3). (2.2.22)

n+1 n+1
vEZA

The moment generating function corresponding to the scaled and centered random measure A¢*

18

R Un
n+1
veZl
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—-1/2
L —Ovogns )y (AE /

 on+1 Viogn
1 o y—1/2 y-1/2
6—(/\,,11\/10g nt 1/2>MTL A Hn e A . (2224)
VIogn Viogn

 on+1

) (2.2.23)

To show (2.2.1), it is enough to show that for every subsequence (1), there exists a
such that, as j — o0,

further subsequence (nkj )j>1
6_<>\’”‘ /lognkj>M A - A asaT (2225)
- R _— — e 2 2.
ng; +1 i\ /log Tk, s | © y/log Nk, ¢

for all A € [—4,0]% a.s., where & is as in Theorem From Theorem 2.1.1, we know that

Zp — il
M:Nd(o,ﬂ) as n — oo.

Vlogn

Therefore, using (2.1.6), we obtain as n — oo,
1 e~ Amvlogn) <e (

oAVl [eﬂa%q _
n+1

aoaT
— € 2 |

A
Vviogn

Now using Theorem , it is enough to show (2.2.25) only for A € Q¢ N [—4, 6. This is

equivalent to proving that for every A € Q% N [—4,6]%, as j — oo,

— A
k( >—>1a.s.
J

V/1og ng;

From Lemma we know that for all A € [—4, 8]
— A
n ( > L5 1asn — .

Viogn

Therefore, using the standard diagonalization argument we can say that given a subsequence
such that for every A € Q% N [—4, 6]%,

(k)51 there exists a further subsequence (7 )jzl’

777,;@. ( A ) — 1 a.s.
J

\/1og n;

O]

This completes the proof.
Remark 2.2.1. It is worth noting here that the proofs of Theorems and go through

if we assume Uy to be non random probability vector such that there exists r > 0, with
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S vz €M Uy < 00, whenever ||| < r. Further, if Uy is random and there exists v > 0,

such that for any || A|| < r,
Z e<)"”>U0,U < 00, a.s.
veZ4

then 2.1.1) and (2.2.1)) holds a.s.with respect to Uy.

2.3 Rate of convergence of the central limit theorem: the Berry-

Essen bound

In this section, we obtain the rate of convergence for the central limit theorem as discussed in

Theorem [2.1.1) We show that the rate of convergence is of the order O (ﬁ) , by deducing

the classical Berry-Essen type bound for any dimension d > 1. The results discussed in this

section are available in [8]].

2.3.1 Berry-Essen Bound for d = 1

We first consider the case when the associated random walk is a one dimensional walk and the

set of colors are indexed by the set of integers Z.

Theorem 2.3.1. Suppose Uy = &y, then

Zy — pthy ) 3 ( 1 )
sup|P| — <z ) —P(x) <275 x —————==0 , 2.3.1)
xeg < VP2 (@) \/ﬁpg/g Viogn

n

1
where h,, := Z ——, ® is the standard normal distribution function and

P
L (o2 2zn: L (2.3.2)
p2=—|0"hy—u - 2.
n =G+
and
1[0 p|? s
p3 = — ——E||Y1 — | |+ ——— . (2.3.3)
n j:1j+1 Jj+1 j;(]+1)

Proof. We first note that when Uy = g, then (2.1.4)) can be written as

Z, £ 3" Ly, (2.3.4)
j=1
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where (Yj),, are ii.d. increments of the random walk (Sy),,>¢, (I;);5, are independent

Bernoulli variables such that I; ~ Bernoulli (i> and are independent of (Y}) Now

1 i1

observe that
npy = B |(IY; — E[LY;])*] andnps = 3" E ||1Y; ~ EILY;]] .
j=1 j=1

Thus from the Berry-Essen Theorem for the independent but non-identical increments (see
Theorem 12.4 of [[10]]), we get

" LY — phy,
sup |P 2= LY <z |—®(x) <2.75 x % (2.3.5)

The identities (2.3.4) and (2.3.5) imply the bound in (2.3.1)).
Finally to prove the last part of the equation (2.3.1), we note that from definition npy ~
C1logn, and np3 ~ Cylogn, where 0 < C1, Cy < oo, are some constants. Thus,

(L
NN
This completes the proof of the theorem. O

The next result follows easily from the above theorem by observing the facts h,, ~ logn,

and nps ~ C7logn, where C'; > 0 is a constant.

Theorem 2.3.2. Suppose Uy i, = 0, for all but finitely many k € Z, then there exists a constant
C > 0, such that

Zn — plogn 03 1
Pl —————<z| -0 <OXx ——= =0 ——= 2.3.6
fféﬁ < oylogn x> (@) < Cx \/ﬁpg/Q (x/logn> ’ ( )

® is the standard normal distribution function and ps and p3 are as defined in 2.3.2)) and (2.3.3)

respectively.

It is worth noting that unlike in Theorem the constant C, which appears in (2.3.6)

above, is not a universal constant, it may depend on the increment distribution, as well as on U.

Proof. Observe that

P <Zn—ulogn < :U) — & ()

O_\/m S Sup Jn(x) + Sup K’n(x)7

zeR z€R

sup
zeR
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where

Jn(z) = 'IP <Z”;\/%h” < a:n> — ®(zn)

Kp(z) = ‘@ <u (log\;‘n%?h") + x”\/\/g> — 3 (2)].

From Theorem [2.3.1] we observe that

P3 1
supJp(x) <275 x ——— =0 < > . 2.3.7)
zeR (=) \/ﬁpgﬂ Viogn

For a suitable choice of C7 > 0, we have

(logn—hnp) +xa\/m

N N
Ko(x) ! / = dt
w(z) = |— e
V32
T T
22 —
< Cre s Iu(logn hy,) +xa\/logn .
VP2 np2
1 —h 2 1
T G
np2 np2

Observe that h,, = logn + v + €,, where ¢, — 0, as n — oo, and ~y is the Euler constant.
Also /nps ~ +/logn. Therefore, there exists a constant Cs > 0, such that for all n € N,

(logn — hy) 03 < 1 )
C <C =0| ——). 2.3.8
WV 1S T \Vieen =

22
Note that the function e~ 2 |x| attains its maximum at = 1. Therefore,

o2 V1 V1
Cie 2 |z||o Ognl‘gCle_é o ognl“
Vnp2 V12

o2logn — nps
np2

(2.3.9)
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for an appropriate constant C3 > 0. Observe that for some constant Cy > 0,

(e -
nps — o2 logn j+1

V/np2 B V/1p2
P3 1
< C4———==0 <) . (2.3.10)
vt O\l
Therefore, combining (2.3.8)), (2.3.9) and (2.3.10) we can choose an appropriate constant C' > 0,
such that (2.3.6) holds. O

2.3.2 Berry-Essen bound for d > 2

Now, we consider the case when the associated random walk is two or higher dimensional and
the colors are indexed by Z?. Before we present our main result, we introduce a few notations.
For a matrix A = ((ai;)),; ;<4 we denote by A (i, j), the (d — 1) x (d — 1) sub-matrix of

A, obtained by deleting the i-th row and j-th column. Let

n 1
FUNSES Sl det (£ - 741 M) 2a1n
ST AU e (s B ! -
= et (2(1,1) — A M(1,1)
where M := ((N(i)ﬂ(j)))1<ij<d and
d n
() _ 1 3 L
Py -nd;%(z) ;ﬂg(z) : (23.12)
where
. det (E(i,i)—ﬁM(i,i))
22(3) = max
1750 det (2(1,1) A, 1))
and
. 1 @) M(i) j (.)3
(7)) — vy i
5, = 7B |7 - S| |+ e

For any two vectors 2 and y € RY, we will write 2 < v, if the inequality holds coordinate wise.

Theorem 2.3.3. Suppose Uy = 0y, then there exists a universal constant C' (d) > 0, which may
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depend on the dimension d, such that,

(d)

1
P((Zp — phy) 72 <2) - ® <C(d)—P _o<>
a:sélﬂgd <( phn) Z _x> d(x)‘_ (@) Viegn )’

NG (Pé‘”)w a1

where X, = Z;‘:l ]ﬁ (E - ]%M ) and ®4 is the distribution function of a standard d-

dimensional normal random vector.

Proof. As in the one dimensional case, we start by observing that when Uy = do, then (2.1.4)

can be written as

n
Z, 23" Ly, (2.3.14)
j=1

where (Yj) ., are i.i.d. increments of the random walk (Sy),,~0. (1;);>, are independent
Bernoulli variables such that I; ~ Bernoulli (;%) and are independent of (Y;) ;.

Now the proof of the inequality in (2.3.13)) follows from equation (D) of [9] which deals with
d-dimensional version of the classical Berry-Essen inequality for independent but non-identical

summands, which in our case are the random variables (I ij)j>1. It is sufficient to observe that

Bj(i) =E “Iﬂﬁ(i) —E [ijj(i)} ‘3] :

and
n

T =Y E|(1Y; - EILY;) (LY - E[LY])]
j=1

Finally, to prove the last part of the equation (2.3.13) as in the one dimensional case, we note

that from definition npgd) ~ C1logn and npéd) ~ C4logn, where 0 < C1, C} < oo, are some

constants. Thus,
d
oo (i)
3/2 :
N (péd)) logn
This completes the proof of the theorem. O

Remark 2.3.1. If we define ¥ (1,1) = 1, and M (1,1) = 0, when d = 1, then Theorem[2.3.1|

follows from the above theorem except in Theorem [2.3.1|the constant is more explicit.

Just as in the one dimensional case, the following result follows easily from the above

theorem by observing h,, ~ logn.

Theorem 2.3.4. Suppose Uy = (Uo ),y 18 such that Uy, = 0 for all but finitely many

v € Z% then there exists a constant C' > 0, which may depend on the increment distribution,
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such that
Zn - Mlogn -1/2 Pgd) 1
sup P(()E <z —-P42)|<Cx —>——=0(—= |,
zeRd Viogn (@) i (pgd)>3/2 Viogn

(2.3.15)

where @ is the distribution function of a standard d-dimensional normal random vector.

Proof. Observe that

Zy — plogn —1/2 >
Pl| ——| 2% < -
<( Viogn > =7 +(@)

< sup Ju(z) + sup Kn(x),
zeR4 z€R4

sup
r€R4

where

() = ’}P’ ((Zn — phy) 7Y% < a:n) ~ By (z)] (2.3.16)
where z,, = p (logn — hy,) 251/2 + z+/log nEl/zZ',;l/Q and
K, (z) = |®q (x,) — @4 ()] (2.3.17)

It follows from Theorem [2.3.3] that

(d)
P3 1
sup Ju(z) < CO(d) —5 =0 () .
/2
2€Rd Jn (péd)) Viogn
Further, writing z,, := (1:,(11), xg), o ,x%d)), we get

(2)

Tn

Kn(m)gz\/% /efdt .

=1 )

Note that 3, = h, > — (Z?:1 ﬁ) M, so h,, 1y —» X. The rest of the argument is
exactly similar to that of the one dimensional case. This completes the proof. O

2.4 Urns with Colors Indexed by other lattices on R?

So far in this chapter, we have discussed urn models with colors indexed by Z?. We can further
generalize the urn models with colors indexed by certain countable lattices in R?. Such a

model will be associated with the corresponding random walk on the lattice. To state the results



32 Chapter 2: Central limit theorems for the urn models associated with random walks

rigorously we consider the following notations.

Let (V) ;>1 be a sequence of random d-dimensional i.i.d. vectors with non empty support set
B C R?, and probability mass function p. We assume that B is finite. Consider the countable
subset

S = {Zlenibi: ni1,no,...,ng € Ny by, ba, ..., bk GB}

of R, which will index the set of colors.
As earlier, we consider S, := Yy + Y71 + -+ + Y, n > 0, the random walk starting at Y

and taking values now in S?. The transition matrix for this walk is given by

R:=((p(u—v))),pest -

In this section, we consider an urn model (Un)nzo with colors indexed by S and replacement
matrix 2. We will call this process (Uy,),,>q. an infinite color urn model associated with the
random walk (Sp),,>q on S?. Naturally, when S? = Z, this is exactly the process which is
discussed earlier.

We will use same notations as earlier for the mean, non-centered second moment matrix and
the moment generating function for the increment Y7 (see (2.0.1) for the definitions).

We will still denote by Z,,, the (n + 1)-th selected color and the expected configuration of
the urn at time n will be given by the distribution of Z,,, but now on S¢.

We first note that Theorem [2.1.2is still valid with exactly the same proof. This enable us to

generalize Theorem 2.1.1]and Theorem [2.2.]as follows.

Theorem 2.4.1. Let A, be the probability measure on R?, corresponding to the probability

vector n%rl (E[Un]) yega and let

AT(A) =7, (x/lognAEl/2 + ,ulogn) )
where A is a Borel subset of R, Then, as n — oo,
Ay = @y (2.4.1)

Theorem 2.4.2. Let A,, € M be the random probability measure corresponding to the random
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probability vector nUTﬁ Let

ASS (A) = Ay, (x/log nAZY? 4 jilog n) .
where A is a Borel subset of R, Then, as n — oo,

AS 25 By in M. (2.4.2)

The proofs of these theorems are similar to their counter part for the walks on Z?, and hence
are omitted.
We now consider a specific example, namely, the triangular lattice in two dimensions (see

Figure[2.1). For this the support set for the i.i.d. increment vectors is given by
B ={(1,0),(-1,0),w, —w,w? —w?},

where w, w? are the complex cube roots of unity. The law of Y; is uniform on B. This gives the

random walk on the triangular lattice in two dimensions.

w _m2

Figure 2.1: Triangular Lattice

Following is an immediate corollary of Theorem[2.4.1

Corollary 2.4.1. Consider the urn model associated with the random walk on two dimensional

triangular lattice, then, as n — o0

Zn 1
= Ny (0,21,) . 243
e 2 < 5 2> (2.4.3)

Proof. Since 1 + w + w? = 0, therefore it is immediate that 4 = 0. Also we know that
V3

w = % + %2, where 7 is the imaginary square root of —1. Writing w = Re (w) + iIm (w),
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observe that E {(Yl(l)y] =2 <1 + (Re (w))* + (Re (w2))2>.

Since Re (w) = Re (w?), therefore, E {(Yf” 2 (1 +2(Re (w))Z) = 1 Similarly,

N— —
—~ I—Iw
I

Im (w) = —Im (w?), and hence E [(Y12)2] =2 ( Im (w))? + (Im (wQ))2> = 5. Finally,

E {Xfl)X{Q)} = —%]m (1 +w+ w2) =0. So X = %Hg. The rest is just an application of
O



Chapter 3

Local limit theorems for the urn
models associated with random walks E

In this chapter, we obtain finer asymptotic properties for the distribution of the randomly
selected color and derive the local limit theorems. The local limit theorems derived here use
the representation (2.1.4)). The proofs of the local limit theorems follow techniques similar to
that used in the classical case with 1.i.d. increments. However, in our case the increments are

independent, but not identically distributed.

3.1 Local limit theorems for the expected configuration

Throughout this section, we consider an urn model associated with the bounded increment random
walk on Z%, d > 1. In Theorem[2.1.1] it is shown that the sequence of random variables/vectors
(Zn), >0 satisty the central limit theorem. In this section, we show that (Zy,),,~ also satisfies
the local limit theorems. We first prove the local limit theorems for one dimension, and then
prove the same for dimensions higher than or equal to 2. As introduced in Chapter [2] let
Sn =Yy + >_7_, Yj, denote a random walk on 74, with bounded increments (Y}) ;5. For the
urn model (Uy),,, associated with the random walk (S;,),,~¢. the replacement matrix R is

given by (2.0.3). This section is based on [7].

!"This chapter is partially based on the paper entitled “Pélya Urn Schemes with Infinitely Many Colors”, [7]).

35
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3.1.1 Local limit theorems for one dimension

In this subsection, we present the local limit theorems for urns with colors indexed by Z. As in
Chapter i, o and e (), will denote the mean, non-centered second moment and the moment

generating function of Y; respectively. Note that, for Y; a lattice random variable, we can write
P(Yr €a+hZ) =1, (3.1.1)

where a € R and h > 0, is maximum value such that (3.1.1)) holds. h is called the span for Y}

(see Section 3.5 of [28]] for details on lattice random variables). We define

(3.1.2)

h
LW =gz =—rq-EN — 2, 2€Z}.
" v U\/logna o Ogn+a\/logn2 :

Theorem 3.1.1. Consider the urn model associated with a bounded increment random walk on
Z. Assume that P (Y1 = 0) > 0. Then, as n — 0o

V1 Zn — i1
sup |o (;LgnIP’ < \/lﬂﬁ;n = ZE> —¢(x)| — 0. (3.1.3)
G av/logn

Proof. From Theorem|2.1.2| we know that 7, 4 ZoJrZ;L:l 1;Y;. Y; is alattice random variable,

therefore, 1;Y; is also a lattice random variable. Now by our assumption, [P (Y1=0) >0, we
have 0 € B, where B is the support of Y7. Therefore, 1;Y; and Y; are supported on the same
lattice.

Observe that Z,, is a lattice random variable. Therefore, applying Fourier inversion formula,

for all x € E%l), we obtain

ZZ\/logn
Zn — plogn h / it
Pl o = — PTabn () dt 3.14
( ov/logn x) 2mo+/logn e Ualt) ( )
—5Z/logn

,L»thf,u,logn

where ¢, (t) = E [e sVlogn } . Also, by Fourier inversion formula,

1 T —12
P(x) = o /e_me2 dt, forall z € R. (3.1.5)
T

—00
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Given € > (, there exists /V, large enough, such that, for all n > N,

Therefore, for alln > N,

ovlogn Zn — tlogn
Z/logn

IN

o /
—%ry/logn - V/logn
“—}f\/logn

2

Un(t) —e 2

/
21w
—%%logn

This implies that it is enough to prove that as n — oo

ZE/logn
2
/ ‘¢n(t)—e > at — 0 (3.1.6)
—%y/logn
Given M > 0, we can write for all n
%G Vlogn M ZE/logn
42 42
[l -eFla < [l -e¥ a2 ()]
—5Z/logn -M M
7 /logn
)
+2 / e dt. (3.1.7)
M

We know from Theorem [2.1.1} that as n — oo, Z2=41%" — N(0,1). Hence, for all t € R,
o+/logn

)
U (t) — e Therefore, for any fixed M > 0, by bounded convergence theorem, we get as

n — oo,
M

/

-M

2
Un(t) —e 2 | dt — 0.
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Let

o \/log
I(n, M) = Galt)|
M

(3.1.8)

We will show that for any € > 0, we can choose M > 0, such that for all n large enough

Z(n,M) <e.

Since Z, < Zo + > j=11;Y;, therefore,

) n Lz
’1?[},” (t) = 6_ztli1<c)’g E |:eltow/1ggn:| ]E e o+/logn

Let us denote by

gn (t) :=E | ovin

it Yio1 1Y ]

It is easy to see from (3.1.10) that for all t € R,

Ga(t)] < Jga ().
Therefore, from (3.1.8) we obtain
- /logn
LURUEN CIES
M

Applying a change of variables ﬁ = w, we obtain,

&
Z(n, M) < +/logn /

M//logn

In (um/lo@) ‘ dw.

Observe that,

E&yzg&m]:

—.

Il
—_ =

<1—.1+?“ﬂ)
i j+1 j5+1

= IH” (e (it))

itZ?:1 1;Yj ]

(3.1.9)

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)
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where e (it) = E [¢"*1]. Therefore,

1 1t

Now, there exists 0 > 0, such that for all ¢ € (0, J) (see page 133 of [28]])

2
e (it)| <1 — T (3.1.15)
. 1 ¢2
Therefore, using the inequality 1 — z < e~ ™, we obtain 1 — m + |§(frt1) | < e_jTtT Hence, for
all t € (0,d0)

e b
1 it 41

— )Hn <e (2)) ‘ <e 17T (3.1.16)

Let us write

L;
Viogn / logn> ‘dw =Zi(n, M) + Zz(n),
M//logn

where
od
Zi(n, M) := \/logn / In (w logn> ‘dfw
M/\/logn
and

wo@/

Jn logn)‘ dw.

From (3.1.14)), we obtain

o) o ((2))

From (3.1.16)), for a suitable constant C'; > 0, we obtain

o
wQ
Ti(n, M) < Cy+/logn / e 107 1987 qoy.

M/\/logn
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Applying a change of variables w+/logn = t, we obtain

do+/logn
2
Ti(n, M) < C / e 107 dt. (3.1.17)

S

Observe that for € > 0, we can choose M > 0, such that

o0

2
Cy /6‘4’22 dt < e. (3.1.18)
M
This implies that
do\/logn 00
2 2
o / e i dt < Oy /6‘4’22 dt < e. (3.1.19)
M M
This implies that for the chosen M,
Zi(n, M) < e. (3.1.20)

Observe, that the span of Y; is h. Therefore, for all ¢t € [, 2%), |e (it)| < 1. The charac-
teristic function being continuous in ¢, there exists 0 < 1 < 1, such that |e (%)| < n, for all
te [50, L};’] Therefore,

1 e(%)] 1 N _ i
-+ —" % <1-——+——-<e Jil.
j+1  j+1 Jj+1 j+1

It follows that,

2T

1 it A —(1—
() e T s

where Cs is some positive constant. So, as n — oo,

Ty(n) < Cooe= =M™ (7 _ 5} \ /logn — 0. (3.1.21)

Given € > 0, choose M large enough, such that (3.1.18)) holds and

o0

—t2
/62 dt < e.

M
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Therefore,
mo/logn
h o0
2 42
/ e 2dt < /62 dt < e. (3.1.22)
M M

Since (3.1.20) holds, and Z2(n) — 0 as n — oo, therefore from (3.1.7) we obtain

oz /Togn
1ijm / wn()—e2 dt < 4e. (3.1.23)
—5Z\/logn

O

Theorem 3.1.1]covers the case when P (Y7 = 0) > 0. Suppose now, P (Y; = 0) = 0 and let
h be the span for Y;. We can now write P (I1Y] € a + hZ) = 1, where a € R and h > 0 is the
span for I;Y;. It is easy to note that h < h. The following result gives a local limit theorem for
the case when h < 2h. An example of such a walk is when P (Y; = 1) = P (Y; = 2) = 1/2.
Then, h = 1. The support for I1Y7 is {0,1,2} and h = 1. This example illustrates the case
when h < 2h holds.

Theorem 3.1.2. Assume that h < 2h, then, as n — 00

V1 Iy — 1l
sup |o Zg"P < \/luiog” — ;I,-> — $(z)| — 0, (3.1.24)
ver® ov/logn
whereﬁgll):{x:x— U\/@ \/logn+0 1OgnzzEZ}

Proof. The proof is similar to the proof of Theorem[3.1.1] So we omit certain details. Since for

J € N, the span of I;Y; is h, forall z € 521), we obtain by Fourier inversion formula,

no/logn
Zn — plogn h / it
P|—— = = — nr t)dt
( o+/logn v 2mo+/logn e Unlt)
_no/logn
it Zn—plogn
where ¢, (t) = E | oViogn
Also, by Fourier inversion formula, for all z € R,
1 o
. _ 42
o(x) = — /e_m”ez;s dt.
2

—0o0
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The bounds for Ll}‘;gnp <ZZ%\/01?O§L" = x) —¢(x) ‘ are similar to those in the proof of Theorem

3.1.1{except for that of Zy(n), where

w@/

Jn log n) ‘ dw

and 0 is chosen as in (3.1.15) and g,,(+) is as in (3.1.11)). We have to show

Zo(n) — 0asn — oo.

The span of Y; being h, for all t € [(5, 27”) e (it)| < 1. We have assumed that o < 2h. The
characteristic function being continuous in ¢, there exists 0 < n < 1, such that, |e (fj—t)\ < n for
all ¢ € [d0, 5] © |

,2”5‘7). So, as n — oo,

Ty(n) < Cooe~ 7M™ (1 _ §5) \ /logn — 0. (3.1.25)

g

Remark 3.1.1. Observe that in the proof of Theorem the assumption h < 2h is required
only to obtain the bound in (3.1.25)). This assumption lmplles that [6, 7| 27”’) which

guarantees the existence of 0 < n < 1, such that |e (%)| <nforallt e [50, W ]

The next theorem is stated for the special case when the urn is associated with simple

symmetric random walk on Z, which is not covered by Theorem [3.1.1]or its generalization given

by Theorem[3.1.2]

Theorem 3.1.3. Assume that P (Y1 = 1) =P (Y; = —1) = 3. Then, asn — 00

sup
xeﬂg)

—0 (3.1.26)

fogn? (e ) ~ o)

Zn
Vviogn
where ET(}) is given by 3. 12) withpy =0=aandoc =1 = h.

The following result is immediate from Theorem [3.1.3]

Corollary 3.1.1. Assume that P (X, = 1) = P(X; = —1) = 4. Then, as n — o0

(3.1.27)
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Proof of Theorem[3.1.3] In this case P (Y; = 1) = P(Y; = —1) = 1. Thus the span of Y} is 2.
The random variables [1Y7 is supported on the set {0, 1, —1} and it has span 1. We have u = 0
and o = 1, so from (3.1.2)), we get ES) = \/1;@2.

Forall z € ££L1), we obtain by Fourier Inversion formula,

m/logn
Z 1 -
Pl—L==2)=—— Ty, (t) dt
(\/logn x> 2m+/logn / ¢ n(t)
—my/logn

.. Zn
where ¢, (t) = E {e“ vlogn} . Furthermore, by Fourier inversion formula, for all x € R,

oo
1 —itx =2
o(x) = 5. | ¢ e dt.
0
—00

The proof of this theorem is also very similar to that of Theorem [3.1.1l The bounds for

‘\/log nlP \/1Zonﬁ = a:) — (b(x)‘ are similar to those in the proof of Theorem [3.1.1|except for
that of Za(n), where

™

Iy(n) = \/@/

)

U, (w logn)‘ dw,

and 0 is chosen as in (3.1.15). To show that Zy(n) — 0 as n — oo, we observe that

n

Al _ 1 cost
Ele }_.H<1 j+1+j+1>

Jj=1

1
= 1Hn (cost)

since £ [eityl] = cost. Therefore,

1

Yp(wy/logn) = E [ein"} =

I1,, (cos w) .

We note that cos w is decreasing in %, 7] and forall w € [5, 7| ,—1 < cosw < 0. Therefore,
there exists 7 > 0 (small enough), such that, [1 — n, ) C (%, 77] and for all w € [r —n, ), we

have —1 < cos(m —n) < 0, and

1
Yn(w+/log n)’ < mﬂn (cos(m —mn)).
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Since —1 < cos(m —1n) < 0, so forall j > 1, (1 + COS(JLUU < 1. Therefore,
I, (cos(m —n)) < 1. (3.1.28)

Let us write

Io(n) = J1(n) + Jo(n),

where
1
Ji(n) = +/logn / Un <w logn>’ dw, (3.1.29)
19
and

s

Ja(n) = /logn /

T

Un (w logn)‘ dw.

It is easy to see from (3.1.28)) that

Ja(n) <

" logn — 0 as n — oo.

Forallt € [0, 7 —n], 0 < |cost| < 1, so there exists 0 < a < 1, such that, 0 < |cost| < « for
all t € [0, m — n]. Recall that

i 1 cos w
n 1 = 1— —— 4= .
snlu/logm) =T (1= + 524

J=1

Using the inequality 1 — z < e~ %, it follows that for all ¢ € [, 7 — 7]

1 |cos t] 1 o' _l-a
1——F+- <l—-——+——<e 7,
j+1  5+1 Jj+1 541

and hence,

" 1l-a
_Zj+1

T, (cost)| <e =1 < Ce~(1ma)logn

n+1

where C' is some positive constant. Therefore, from (3.1.29) we obtain as n — oo,

Ji(n) < Ce=(=)logn (7 _py _ 5) \ flogn — 0.



3.1 Local limit theorems for the expected configuration 45

3.1.2 Local limit theorems for higher dimensions

Now, we consider the case d > 2. As in (2.0.1)), 4, X and e (-), will denote the mean, non-
centered second moment matrix and the moment generating function of Y; respectively. For Y7 a
lattice random vector taking values in Z<, let £ be its minimal lattice, thatis, P (Y1 € x + £) = 1
for every x € 7% such that, P (Y1 = x) > 0. We refer to the pages 226 — 227 of [10] for a
formal definition of the minimal lattice of a d-dimensional lattice random variable. If £’ is any
closed subgroup of R, such that P (Y7 € y + £') = 1 for some y € Z¢, then from the definition
of minimal lattice it follows that £ C £’. We assume Y; to be non-degenerate. This implies that
the rank of £ is d. Let [ = |det (£)| (see the pages 228 — 229 of [10] for more details). Now, x¢

be such that, P (Y] € g + £) = 1 and we define

1
L;‘” = {iL‘Z T = \/]Zﬁxoz_lﬂ — \/lognul‘_l/2 + mzﬂ_lﬂ 1z € E}.

(3.1.30)

Theorem 3.1.4. Assume that P (Y, = 0) > 0. Then, as n — 00

sup — 0. (3.1.31)

xeﬁszd

det(21/?) (vlog n)dP <Zn — plogn
l Vviogn

DR :c) — a(x)

Proof. From Theorem [2.1.2] we obtain Z, 4 Zy + Z?:l I;Y;. The random vector Yj is a
lattice random vector. Therefore, I;Y; is also a lattice random vector. By our assumption,
P (Y1 =0) > 0,s00 € B, therefore, Y; and ;Y are supported on the same lattice.

Observe that 7, is a lattice random vector, for every n € N. For A C R% and = € R, we
define
zA:={zy:y € A},

and
ASV? = X2y e A,

By Fourier inversion formula (see 21.28 on page 230 of [10]), we get for = € L’,T(ld),

U (t)e 1) dt

P <Zn - ,ulognz,l/g

l
Viogn B x> ~ (2my/Togn)ddet(£1/2) /
(Iogn F* 21/2)

j(t,Zn—plogn s—1/2

where ¢, (t) = E [eZ< Viogn ﬂ , [ =|det (L£)| and F* is the fundamental domain for Y;
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as defined in equation (21.22) on page 229 of [10]]. Also, by Fourier inversion formula

1 —i(tz), 12
¢d(ﬂf)=(27r)d e "rlem 2 dt.

R4

Given € > 0, there exists N > 0 such thatn > N,

it (Viogn)” (Zodosnoov =) - gyt

l Vviogn
< / dalt) — e F @t 1 / ' ar
— (2m) " (2m)
(VIognF*X1/2) R4\ /log nF*X1/2
1 _le®
= @y / Unlt) me 2] di e
(ViognF*x1/2)
Therefore, it is enough to prove that as n — oo
B
Up(t) —e” 2 |dt — 0. (3.1.32)
(VTognF*x1/2)
Given any compact set A C R?, we have
_le? B
Y(t) —e 2|t < [ |ua(t) — e 2| dt + Yat)]
(VIognF*x1/2) A (VIog nF*S1/2)\ A
2
+ / =% dt. (3.1.33)
Rd\ A

By Theorem [2.1.1] we know that %2—1/2 = N4(0,1;) as n — oo. Therefore, for any

compact set A C R?, by bounded convergence theorem,

2
/wn(t)—egl dt — 0asn — oo.
A
Let us write
I(n, A) = / %(t)) dt. (3.1.34)
(Viog nF*X1/2)\ A

We will show that for any € > 0, we can choose a compact subset A of R¢, such that for all n
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large enough
Z(n,A) <e.

Since Z,, £ Zy + > j=11;Yj, calculations similar to (3.1.10) show that for every ¢ € R<, and
each n

wn(t)‘ < gn(t) s
where
DY ARy
gn (t) = E [e“tﬂjﬁogn = 121 _ (3.1.35)
Therefore, from (3.1.34]) we obtain
I(n, A) < / gn(t)‘ dt. (3.1.36)

(ViognF*X1/2)\ A

Observe that

S Ly e 1 e (it)

B[S 0] Z ] (1_ 1 e )

{ } ey Jj+1 j5+1
1

= 1Hn (e (it))

where e (it) = E [¢!“¥1)]. So, from (3-1.33)

1 1
t) = ——II ity ).
T (‘3(@Z
Applying a change of variables ¢t = ﬁw, to (3.1.34), we obtain

Z(n,A) < (\/logn)d /

FrEA\ 2 A

n ( log nw) ‘dw. (3.1.37)

We can choose § > 0, such that for all w € B(0,0) \ {0}, there exists b > 0, such that

bjwl|?

j <1-
(i) <1220,

(3.1.38)

T

(see Lemma 2.3.2(a) of [46] for a proof). Therefore, using the inequality 1 — x < e™?,

_ 1 —1/2
T e e G |
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n+1 : —1/2
by
< (- e (w5 7)
e Jj+1 Jj+1
_E": b |w|?
— j+1 2 wswT
< ¢ 1! < 0o b5 logn (3.1.39)

for some positive constant C'. We write

(Viogny! |

Frol/n—L_4

Jn ( log nw) ‘ dw =Zy(n, A) + Zy(n)

Viogn
where
Ti(n, A) := (1/logn)? / |n ( lognw)\dw
(BO&)Z/2\Z=a)nFe /2
and

L) = (Viegn)! [ lga (Vo) du.

F*X1/2\B(0,6)X1/2

From (3.1.39)), we obtain

w wT
Ti(n) < C1(y/logn)* / e b lon gy (3.1.40)
B(o,&)xl/?\\ﬂg‘W

for an appropriate positive constant C'y. Applying a change of variables w (\/log n) =t, we

obtain .
Ti(n, A) < Cy / e t5 du. (3.1.41)
B(0,6y/Togn) X1/2\ A
Given € > 0, choose a compact subset A of R4, such that
7wawT
Ci |e 2 dw <e. (3.1.42)
Ac
Therefore, for this choice of A,
Zi(n,A) < e. (3.1.43)

Since the lattices for Y; and 1Y are same, for all w € F*\ B(0,9), we get |e(iw)| < 1, so

there exists an 0 < 7 < 1, such that, |e(iwX~1/2)| < 7, for all w € F*X/2\ B(0,5)%"/?
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T we obtain

Therefore, using the inequality 1 —z < e~
lgn(v/log nw)| < e~ Zi=i 751071 < Cpe—(1-m)logn (3.1.44)
for some positive constant Cs. Therefore, using equation (21.25) on page 230 of [[10], we obtain

To(n) < Cy(y/logn)de=(1=Me™ 5 0 asn — oo (3.1.45)

where C, is an appropriate positive constant.
Given € > 0, choose A, such that, (3.1.42) holds and

_ley?
e 2 dit <e (3.1.46)
Ac

From (3.1.33), (3.1.43)), (3.1.43) and (3.1.46)), we get

Tm /
n—oo

(ViognF*Xx1/2)

l1e)12
2

Yn(t) —e 2 |dt < 2e. (3.1.47)

O]

Observe that as in the one dimensional case, Theorem covers only the case when
P (Y7 = 0) > 0. The next theorem is stated for the special case when the urn is associated with
simple symmetric random walk on Z?, d > 2, which is not covered by the Theoremm

Theorem 3.1.5. Assume that P (Y1 = +e;) = 2—1[l,f0r 1 < i < d, where e; is the i-th unit vector

in direction i. Then, as n — 00,

d d Vd
mzlzl(:d) (d) (\/logn) P (\/@ZH = :c) — ¢a(x)| — 0, (3.1.48)

where Lﬁ{"‘l) is as defined in 3.130) withpy =0=xg, X =lgand L = Vdze.

Similar to the one dimensional case, the next result is immediate from the above theorem.

Corollary 3.1.2. Assume that P (X; = +e;) =

vector in direction i. Then, as n — 0o,

ﬁ, for 1 < i < d, where ¢; is the i-th unit

1
(\/27rd log n)d'

Proof of Theorem[3.1.5] In this case, P (Y] = +e;) = %, for 1 < ¢ < d, where e; is the i-th
unit vector in direction 7, thus ¢ = 0 and X' = é}ld.

P (Z, = 0) ~ (3.1.49)
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For notational simplicity, we prove (3.1.48)) for d = 2. The proof for general d can be written
similarly.
Now for each j € N, ;Y] is a lattice random vector with the minimal lattice Z2. Tt is easy to

see that 277 x 27Z is the set of all periods for /;Y;, and its fundamental domain is given by

(—m, 7r)2. To prove (3.1.48), it is enough to show

(bgn)P(\/% ) by 11, ()

sup — 0asn — oo,

1 ,(2)
JJEﬁﬁn

— 2. . . . . .
where ¢ 1y (7) = %e I1* is the bivariate normal density with mean vector 0 and variance-
2
covariance matrix 11, and L £ =
2 V2 Viogn

1 p(2)
230 of [10]), we get for x € ﬁﬁn

Z, 1 A
n = = —’L(t,CC>
F <\/10g n 3:) (2m)2logn / Ynlt)e di
(7\/logn7r,\/10gn7r)2

Z2. By Fourier inversion formula (see 21.28 on page

Also, by Fourier inversion formula,
1 s _le?
¢2,%H2 (z) = W /6 i) =5 dt.

Let us write H,, = (—\/log nm,/log n7r)2 . Given € > 0, there exists N > 0, such that, for

n > N,
Zn ntu 1 utu2
)1ogn19>< = :c> _ ¢2,%H2(x)’ /‘wn — o / dt
R2\ H,,
< /‘1/1 _ \tHQ
271' "

Given any compact set A C R2, for all n large enough, we have
1 ¢ [

Pn(t) —e” dtg/wn(t)—e4 dt + / wn(t)‘dt+/e4 dt.

H, A Ho\A Ae

IN

dt + e.

By Theorem[2.1.1) we know that \/7 = N(0, ]IQ), as n — oo. Therefore, for any compact

set A C R?, by bounded convergence theorem,

/

A

2
Y (t) e |at — 0asn - oo
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Let us write

I(n, A) = /

Ho\A

zpn(t)‘ at.

We will show that for any € > 0, we can choose a compact subset A of R2, such that, for all

_le?
e 2 dt <e,

n large enough

Ac
and
Z(n,A) <e.
Applying a change of variables t = ﬁw, we obtain

Z(n,A) =logn /

(—mm)?\ oA

P ( log nw) ’dw.

We can write

I(?’L, A) =1 (n, A) + IQ(?’L)

where
Zi(n,A) =logn / |Yn, ( log nw) | dw
(BO\7=A) (=)’
and

Zy(n) = logn / [thn, ( log nw) |dw.

(_W1W)2\B(075)

where 0 is as in (3.1.38). Using arguments similar to (3.1.43)), we can show that for any € > 0,
we can choose a compact subset A of R?, such that for all n large enough

Zi(n,A) < e.

Therefore, it is enough to show that Zy(n) — 0,asn — oo. To do so, we first ob-
serve that for t = (tW,t?) € R2 the characteristic function for Y; is given by
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e(it) = L(cost®) +cost?®). So, if t € [—m, >, be such that, |e(it)] = 1, then
t € {(m,7),(—m,x),(m,—7), (=7, —7)}. The function cos @ is continuous and decreasing
as a function of # for € [Z,7|. Choose n > 0, such that for t € A; = (—m,m)% N
B¢(0,68) N D¢, we have |e (it)| < 1, where D = [r —n,7)> U [-7 + 71, —7) X [x —n,7) U
[—7 +n,—7)> U [r —n,m) x [-7 +n, —n). Let us write

To(n) = Ji(n) + Ja(n),

where
Ji(n) = logn/ |¢n( lognw)|dw
Ay

and

Ja(n) =1 |thn (V1 |dw.
2(n ognD/ ( ognw> w

It is easy to note that,

Ji(n) < logn/ |t ( lognw)|dw,
A
where A; denotes the closure of A;. For w € Aj, there exists some 0 < « < 1, such that,
le (it)| < a. Therefore, using bounds similar to that in (3.1.44), we can show that

Ji(n) — 0asn — oc.

We observe that
J2(n) < 4logn / |1, ( log nw) |dw.
[r—n,7]?

Hence, it is enough to show that

logn / |1, ( lognw) |dw — 0 as n — oo.

[71'777’7‘—}2

o (i) = 1 (-G =
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So,

2
logn / |9, ( lognw) |dw < nz— 1

}2

logn — 0 as n — oo.

[7"*777”
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Chapter 4

Large deviation principle for the urn
models associated with random walks!!

Urn models associated with bounded increment random walks were introduced in Chapter 2] Let
Sp =Y+ Z;;l Y;, denote a random walk on 7.4, with bounded increments (Yj)jzl’ For the
urn model (Uy,),,>, associated with the random walk (Sy,),,> o, we consider the replacement
matrix R given by (2.0.3). As in (2.0.I), u, X and e (-), will denote the mean, non-centered
second moment matrix and the moment generating function of Y; respectively. For this model,

as shown in Theorem 2.1.1} if Z,, is the randomly selected color at the (n + 1)-th draw, then

Zn — plogn N

Ny (0,%) asn — 0. 4.0.1)
logn
It is easy to see that (4.0.1) implies
Z,
Py asn — oo (4.0.2)
logn

In the following section, we show that the sequence of probability measures (IP ( I OZg"n € )) -

n>
satisfy a large deviation principle (LDP) with a good rate function and speed logn. A character-
ization of the rate function is also provided.

The large deviation principle discussed here uses the representation (2.1.4). Since the

increments (1 ij)j>1 are independent, but not identically distributed, we require techniques

IThis chapter is based on the paper “ Rate of convergence and large deviation for the infinite color Pélya urn
schemes, Statist. Probab. Lett., 92:232-240, 2014, [8].
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different from the classical case. For this we use the Gértner-Ellis Theorem (see Remark (a) on

page 45 of [27] or page 66 of [16]).

4.1 Large deviation principles for the randomly selected color

The following standard notation is used in this section. For any subset A C R¢, we write A° to
denote the interior of A and A to denote the closure of A, under the usual Euclidean topology.

We present a few definitions (for more details see [27]), which are standard in the literature.

Definition 4.1.1. A sequence of probability measures (vy,) n>2 18 said to satisfy a LDP with a
rate function I, and speed vy, if for all Borel subset A of R,
1 A — 1 A
~ inf I(z) < lim log vy, (4) < Tim log vy, (A) < — inf I(z).
rEA° n—o00 Un n—0o0 Un z€A
Definition 4.1.2. A rate function I is a lower semicontinuous function I : R% — [0, 00]. A rate
function is said to be good, if all the level sets {x : I(z) < a} are compact subsets of RY.

Zn
logn*

In the next theorem, we discuss the asymptotic behavior of the tail probabilities of

Theorem 4.1.1. The sequence of probability measures (P (1 OZg"n € )) - satisfy a LDP with
n

rate function I (-) and speed logn, where 1(-) is the Fenchel-Legendre dual of e (-) — 1, that is,
forx € RY,

I(x) = sup {(z,\) —e(A\) + 1}. (4.1.1)
A€Rd

Moreover, 1(-) is a good rate function which is also convex.

Proof. Let us define

1
o (N) = oo logE [e@»zﬂ . (4.1.2)

From (2.1.4)), we know that

Zn L Zy+ Y LY.
j=1

Therefore, it follows from calculations similar to (2.1.3)

E [t = %HIE [ 11, (e (1)

where IT,, (2) = [[}_, (1 + f), z € C. From (2.1.3)), we get

an(\) —e(M\)—1<o0, ¥YAeR%L (4.1.3)
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Thus the LDP now follows from the Gértner-Ellis Theorem (see Remark (a) on page 45 of [27]]
or page 66 of [16]).

We next note that I(-) is a convex function because it is the Fenchel-Legendre dual of
e (\) — 1, which is finite for all A € R%.

Finally, we will show that I () is good rate function, that is, the level sets A (a) =
{z: I(z) < a} are compact for all @ > 0. The function [ is a rate function. Hence by
definition, it is lower semicontinuous. So, it is enough to prove that, A(a) is bounded for all
a € R. Observe that, for all z € RY,

I(x) > sup {(z,\) —e(\)+1}.
IAll=1

Now the function A — e (\) is continuous and {A: ||A|| = 1} is a compact set. So 3 A\g €
{A+ []All = 1}, such that sup|yj=1 € (A) = e (Ao). Therefore, for ||z # 0, choosing A = H%H’
we have I(z) > ||z|| — e (Ao) + 1. So, if x € A(a), then,

2]l < (a+e(Xo) = 1),
This proves that the level sets are bounded, which completes the proof. O

Our next result is an easy consequence of (4.1.1)) which can be used to compute explicit

formula for the rate function I.

Theorem 4.1.2. The rate function I is same as the rate function for the large deviation of the
empirical means of i.i.d. random vectors with distribution corresponding to the distribution of

the following random vector

W=>"Y, (4.1.4)

where N ~ Poisson (1) and is independent of (Y;) ;. which are the i.i.d. increments of the

associated random walk.

Proof. We first observe that log [E [e<’\’W>] = e (A) — 1. The rest then follows from (4.1.1)) and
Cramér’s Theorem (see Theorem 2.2.30 of [27]). ]

For d = 1, one can get more information about the rate function /, in particular the following

result is a consequence of Theorem[d.1.2]and Lemma 2.2.5 of [27].

Proposition 4.1.1. Suppose d = 1, then I(x) is non-decreasing when x > p and non-increasing
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when x < u. Moreover,

sup{zA —e(X\)+1} if x> p,
I(z) = *=° (4.1.5)

sup{zA —e(A\) + 1} if x < p.
A<0

In particular, 1(1) = infyer ().

The following is an immediate corollary of the above result and Theorem 4.1.1

Corollary 4.1.1. Let d = 1, then for any € > 0,

Z
lim log]P’< " Zu—f—e) =—I(u+e), (4.1.6)
n—00 logn logn
and .
lim log P o <p—e|=—I(u—ce). 4.1.7)
n—00 logn IOng

We end the chapter with explicit computations of the rate functions for two examples of

infinite color urn models associated with random walks on one dimensional integer lattice.

Example 4.1.1. Our first example is the case when the random walk is the right shift as
introduced in Subsection[I.2.1} which moves deterministically one step to the right at a time. In
other words, Y1 = 1, with probability one. In this case ;n = 1 and o2 = 1. Also the moment
generating function of Y1, is given by e (\) := e’, A€ R. By Theorem the rate function
for the associated infinite color urn model is same as the rate function for a Poisson random

variable with mean 1 (see page 96 of [28]), that is,

00 if £ <0,
I(z) =41 if =0, (4.1.8)
zlogz —x+1 if x> 0.

Example 4.1.2. Our next example is the case when the random walk is the simple symmetric
random walk on the one dimensional integer lattice. For this case, we note that |1 = 0, o2 =1
and the moment generating function Y7 is e (\) = cosh A\, A € R. Therefore, from [@.1.3), we
have
sup{zA —cosh A+ 1} if © >0,
I(z) = ¢ ="

sup{z\ —cosh A + 1} if  <0.
A<0

Fixing x € R, define f, (\) := x\ — cosh A + 1. Differentiating f, (\) with respect to A\, we
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obtain df. (O
fgx( ):x—sinh)\, (4.1.9)
and TN
(‘];3;\2() = —cosh A <0 forall A € R. (4.1.10)
X\ = sinh ™!z, solves the equation %)(\A) = 0, for every fixed x € R. Therefore, the function

fa (N) attains its maximum at \ = sinh~! z. Hence, the rate function for the associated infinite

color urn model turns out to be

I(x) = zsinh ™tz — /14 22 + 1. (4.1.11)
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Chapter 5

Representation theorem

In this chapter, we present a coupling of the urn model with the associated Markov chain,
which will improve the representation given in (2.1.4). This method is novel and useful in
deriving several results for the expected configuration of the urn. There are a few standard
methods for analyzing finite color urn models which are mainly based on martingale techniques
[38L 1550 114, 115, 23], stochastic approximations [44] and embedding into continuous time pure
birth processes [3. 140, 41} 15]]. Typically, the analysis of a finite color urn is heavily dependent on
the Jordan decomposition [24] of matrices and the Perron-Frobenius theory [38] of matrices with
positive entries, [3} 138140, 41, 5,14} 25]. The absence of such theories for infinite dimensional
matrices makes the analysis of urns with infinitely many colors quite difficult and challenging.

The improved representation derived here will help us bypass this difficulty.

5.1 Representation theorem

Theorem 5.1.1. Consider an urn model with colors indexed by a set S, replacement matrix R
and initial configuration Uy. Let (Xy,),~ be the associated Markov chain. Then, there exists an
increasing non negative sequence of stogping times (Ty),,>o With 7o = 0, which are independent
of the Markov chain (Xy,),,~, such that, if Z,, denotes the color of the (n + 1)-th selected ball,
then, for any n > 0, -

Z, L X, . (5.1.1)

"This chapter is based on the paper entitled “A New Approach to Pélya Urn Schemes and Its Infinite Color
Generalization”, [6]].
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Moreover, as n — 00,

™ qas (5.1.2)
logn
and |
Tn 981 . N(0,1). (5.1.3)

Vlogn

Remark 5.1.1. Theorem[5.1.1|will be referred to as the representation theorem. It is worthwhile
to note here that (5.1.1) gives only a marginal representation of Z,, for each n > 0. The
following need not be true:

(Zn)nso % (Xr)nso (5.1.4)

This is because (X,,),,~ is a Markov chain, but (Zy,),,~ is not necessarily Markov.

Observe that the probability mass function for Z,, is (E%’jf] >v65" Therefore (5.1.1]) will be

useful in deriving results about the expected configuration of the urn. However, the representation
theorem may not be useful in deriving asymptotic properties of the random configuration of
the urn. It is worthwhile to note here that Theorem [5.1.1]holds for any S, be it finite or infinite.
Consequently, (5.1.1)) will be used in the next section to rederive several known results for finite
colors. In the next chapter, we will apply Theorem [5.1.1]to derive new results for the infinite

color case.

Proof of Theorem[5.1.1} Tt is clear that the probability mass function for Z, is given by

(%) . From (1.1.4), we have
vES

Un =Up-1+ XnR-

Denote by R (u,v) the v-th entry of the u-th row of the matrix R, for all u,v € S. So,

Un N n Un,1 4 1 R
n+1  n+1 n n+ 1Xn
n Un—l 1
_ b R(Zea). (5.1

n+1l n n+1

We will prove this theorem by induction on n € N. Let (X,,),,~, be the Markov chain associated
with the urn process. Then the initial distribution of (X,) n>(; is given by Uy. Let us denote by
Py, the law of the Markov chain (Xn)n>0. We know that t};e distribution of Zj is given by Uy.
Therefore, (5.1.1) is trivially true for n = 0.

Let (I;);, be a sequence of independent Bernoulli random variables, with E [/;] = j%,
such that (1), is independent of (Xy),, - Define 7, = >_7—1 I, and 79 = 0. Observe that,
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the law of 7, is same as in Lemma[T.2.T] It is easy to see that,

PU@ (X7'1 = ’U) = ]P)Uo ((1 — Il)Xo + L X, = U)

1 1
= §]P’U0 (Xo=v)+ §PU0 (X1 =v) (5.1.6)
The distribution of Zj is given by (Up ), g- therefore
E R (Zo,v)] = Py, (X1 = v). (5.1.7)

Using equations (5.1.3)), (5.1.6) and (5.1.7)), we have proved (5.1.1) for n = 1. Let us assume

that the result is true for n, that is,
(5.1.8)

We want to show

d
Zn+1 =X

Tn+1"
We know that the distribution of Z,,; is given by %H (E [Unt1,0]),eg- Forv € S, we have
Py, (XTn+1 = U) = Py, (1= Iny1) Xry + Ins1 X741 = 0)

n—+1

1
TPy (X, = —— Py, (Xr,41 =)
n+2 UO( n v)+n+2 UO( n+1 'U)

By assumption (5.1.8)), we have
R(Zp,v) =P (X5, 41 =v|X.,).

Therefore,
E[R(Zn,v)] =Py, (X541 =0).

This proves (5.1.1).
Now we will show (5.1.2) and (5.1.3). As observed in (T.2.6),

E [1,] ~ logn as n — . (5.1.9)
From (1.2.7), we obtain
Var (1,) :Zyzljﬁ—ﬁ ~ logn as n — oo. (5.1.10)

Observe that,

Var(I,,) 1 ~
n%:l (logn)? : nzZ:l (n+1) (logn)? =
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Therefore, by the Strong Law of Large Numbers for independent random variables (see Theorem
2 on page 364 of [59]]), we obtain as n — oo,
Tn — E [15]

— 0 as. (5.1.11)
logn

From (1.2.6)), we have % — lasn — oo. This together with (5.1.11) implies that as

n — 00,

-
" 31as.

logn

This proves (5.1.2)). The conclusion in (5.1.3) follows from Lemma[I.2.1] O

The following proposition is immediate from the proof of Theorem [5.1.1]

Proposition 5.1.1. Under the assumptions made in Theorem [5.1.1} it is possible to choose
(Tn)p>1, Such that, for alln > 1,

n
=Y I (5.1.12)
j=1
where (1) -, is a sequence of independent Bernoulli random variables, with E [I;] = j%, and

(15) j>1 is independent of (Xn), >

5.2 Color count statistics

For every v € S, and n > 0, let

Nn,v = Z H{Zm:v}
m=0

denote the color count statistics for v. Note that for every n > 0,
Y Nyy=n+1.
vES
Here, we present some results for the color count statistics, for both finite and infinite color

urn models.

Lemma 5.2.1. Consider an urn model with colors indexed by a set S, replacement matrix R
and initial configuration Uy. If Z,, denotes the color of the (n + 1)-th selected ball, then for
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everyv € S,

. Un,v 1 o
nlg{.lo (n 1l UEZSNW‘R(u, v)) =0, a.s. 5.2.1)

where R(u,v) denotes the v-th element of the u-th row of R.

Proof. For n > 0, the following is obvious from (|1.1.4))

n+1

Un+1 =Un+ Xn1R =Up + Z Xk
k=1

Writing X», = (Xn,u),cg» We observe that X, , = 1yz  _, forevery u € S. Therefore, it
follows that

Unw=Uow+ > Y _ Lz, —uyR(w,0) =Uop + Y NpuR(u,v). (52.2)
ueS m=0 uesS

This implies that, as n — oo,

Unv 1 UOU
2 — Nnu R = —) .S. 2
(n—i—l ”"‘1365 ,R(uv)> n+1—>Oas (5.2.3)

O]

Remark 5.2.1. It is worthwhile to note that the identity (5.2.2) imply that (5.2.1)) holds for every

realization.

Corollary 5.2.1. Consider an urn model with colors indexed by a set S, replacement matrix R
and initial configuration Uy. Let ™ = (7y,),,c g be a solution to 7R = =, such that T, > 0, for
eachu € S. Ifforallv € S,

n,v

) — T, A.5. asn — oo, (5.2.4)
then, for every v € S,
U
Y s, as. asmn — 00. (5.2.5)
n+1

Remark 5.2.2. For infinitely many colors, it is well known from the standard theory of Markov
chains (see page 130 of [L1)]) that there exists a unique solution 1 = (y),,cg, with w, > 0, for
eachu € Sand )’ qm, = 1to

TR =,

if and only if, R is irreducible and positive recurrent. However, if R is irreducible and null

recurrent, then w, = 0, forallu € S.
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Proof of Corollary[5.2.1] Assume (5.2.4) holds, then to prove (5.2.5), we observe that from
(5.2.1), it is enough to prove that, for every v € S,

. 1
lim
n—oon + 1

> NouR(u,v) =, as. (5.2.6)
es

From (5.2.4), we know that for every u € .S, as n — oo,

N,
% 5 or, as.
n—+1

Therefore, by dominated convergence theorem, it follows that, as n — oo,

1
n+1

> NouR(u,v) — m, as. (5.2.7)
ueS

forevery v € S. O

Corollary 5.2.2. Consider an infinite color urn model with colors indexed by a set S, replace-
ment matrix R and initial configuration Uy. Let R be irreducible. Then, the following are

equivalent:

U,
(i) Foreveryv € S, lim Y —0as.;
n—oon + 1
n,v

=0a.s.
. a.s

(ii) For everyv € S, lim
n—oo

Proof. First we prove that (i) implies (fi). Fix v € S. Since R is irreducible, given v € S, there
exists u € S, such that R(v,u) > 0. Since we have assumed (i) holds, we have

I Un,u .
11m =
n—oon + 1

Therefore, (5.2.1) implies that for this chosen u € S,

. 1
lim
n—oon + 1

> NpwR(w,u) =0as. (5.2.8)
es

Since, for every w € S, Ny, ., R(w, u) > 0, therefore, (5.2.8) implies that,

1

nh_{rgo -y 1Nn7wR(w, u) = 0. (5.2.9)
Since R(v,u) > 0, (5.2.9) implies that,
N,
lim — =0a.s. (5.2.10)

n—oon + 1
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This proves that (i) implies (fi).
The proof that (i) implies (i) is similar to the proof of Corollary O

Remark 5.2.3. It is worthwhile to note here that if R is reducible, then it may happen that

U,
lim — = 0 a.s. for some but not all v. (5.2.11)
n—oon + 1

Consider the following example where the S = N and R = ((R(i,]))); jen» such that

. 1 ifi=1,5€N,
R(i,j) =

0 otherwise.

In this case, it follows trivially that

U,
li =1, as
n—oo N +
and forall j > 2,
lim —%L — 0, a.s
n—ocon + 1

5.3 Applications of the representation theorem for finite color urn
models

We will now present some applications of the representation theorem for finite color urn models.
These results are already available in literature, we will give alternative proofs as applications
of the representation theorem. More applications leading to new results for infinite color urn

models are available in Chapter[6]

5.3.1 Irreducible and aperiodic replacement matrices

Theorem 5.3.1. Consider an urn model with colors indexed by {1,2,...,K}. Let R be ir-
reducible, and aperiodic, with a unique stationary distribution m = (7rj)1 <j<K- Then, as
n — 00,

P(Z, =j) — mj, forevery j € {1,2,..., K}. (5.3.1)

The proof (5.3.1)) is available in [3}[38]140L [5] using techniques different from the representa-

tion (5.1.1). Here, we present the proof as an application of (5.1.1).
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Proof. Since (Xp),, is irreducible and aperiodic, therefore using the standard limit theorems
for Markov chains, see [11]], we have as n — oo,

P (X, =j) — mj, forevery j € {1,2,...,K}. (5.3.2)

From (5.1.1), we know that Z,, < Xr,, where (73, is independent of (X5,),,~ - From (5.1.2),
we know that 7,, — 00, as n — co. This together with (5.3.2)) implies that, as n — oo,

P(Z, = j) =P(X,, = j) — 7, (5.3.3)

j€{1,2,..., K}. This completes the proof. O

Corollary 5.3.1. Consider an urn model with colors indexed by {1,2,...,K}. Let R be
irreducible, and aperiodic, with a unique stationary distribution m = (7Tj)1 <j<K Then, as

n — oo,
E [Nn,j]

T — mj, foralll < j < K. 5.3.4)

Proof.

E[Nojl =Y P(Zy=j).
m=0

Therefore, from (5.3.1), it follows that for every 1 < j < K,

E [N, ;] 1 < .

n+nlj :n+1ZP(Zm:])Hﬂjasn—>oo. (5.3.5)
m=0

O
If R be irreducible, and aperiodic, with unique stationary distribution m = (7;), <j<K- then,

it is well known in literature [3, 138,140, [5]], as n — oo,
h—)w-a.s.forallje{l 2,...,K}. (5.3.6)

n+1 / ’

The proof of is available in 38, 5], which uses the Perron-Frobenius theory and the
Jordan decomposition of matrices. The same is available in [40, 3], using the Athreya-Karlin
embedding of the urn processes into continuous time multi-type Markov branching processes.
The key to all these techniques is the existence of a dominant eigenvalue, as obtained from
Perron-Frobenius theory of matrices with positive entries [58]] and the Jordan decomposition of

matrices [24]]. Here we provide a simplification of the proof given in [3].
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If R is irreducible, then by the Perron-Frobenius theory, 1 is a simple eigenvalue of R, and if
A is any other eigenvalue of R, then Re (\) < 1. As R is irreducible, there exists a non-singular

matrix 7', such that R admits the following Jordan decomposition

1 0 0 0
1 o J. 0 ... 0
TIRT = (5.3.7)
0 0 0 Js
with
N1 0 0
0 N 1 0
Je=|: . . e (5.3.8)
0 O A 1
0 O 0 ... N\

where 1, A1, Ao, ..., \s are the eigenvalues of R, with Re (\;) < 1,forall 1 <t < s. Let
a:=max{Re(\): 1<t <s},
and
B:=max{f;: 1<t < s},

where (3; denotes the order of the matrix J;. Observe that o < 1. It is shown in [5]] that for all
n>0,andforalll1 <j < K,

Var (U,,;j) < CV2, (5.3.9)
for a suitable constant C' > 0, where

vn if o < 3,

Vo =14 /nlog? 2n ifa=1 (5.3.10)

n®log®tn ifa> %
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Using (5.3.9) and (5.3.10), the authors in [3] showed that, for every j € {1,2,..., K},

W — 0 ass.asn — oo.
n+1
From (5.3.1)) it is immediate that, for all j € {1,2,..., K},

E [Un,j]
n—+1

—> ;@S N — 00. (5.3.11)

This implies (5.3.6).
5.3.2 Reducible replacement matrices

Consider an urn model with finitely many colors, indexed by the set {1,2, ..., K'}. Suppose the
replacement matrix is reducible without isolated blocks, and can be written in an upper triangular

form, given by

11 T12 ... Tk

R=|: - : (5.3.12)
0 o Qg

where ()44 is a ¢ X g irreducible, aperiodic sub-matrix with a stationary distribution 7. The
block Q44 consists of the colors, indexed by Sy C {1,2,..., K}. Observe thatif (X5,),,~ is the
associated Markov chain with transition probability matrix R, then S, denotes the collection of all
its recurrent states. Furthermore, if X,,, € S, for some m > 0, then P (X, € Sq) = 1foralln >
m. It has been proved in Proposition 4.3 of [38]], that lim,, nU—fl =(0,0,...,m,) as. Here,

we prove the expected version of this result using Theorem[5.1.1]

Corollary 5.3.2. Consider an urn model with replacement matrix given by (5.3.12)) and station-

ary distribution (0,0, ..., 7m,), where 71y = (7q ;) Then, as n — oo,

JES,
P(Z, =j) — 0, forj & S, (5.3.13)

and

P (Zn = j) —> 7 for j € S,. (5.3.14)
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Proof. Since R is upper triangular matrix, given by (5.3.12), it follows that,
Py, (X, € Sy forsomen > 0) =1, (5.3.15)
where Xy ~ Up. This implies that for every j & S,

Py, (Xn = j) — Oas n — oo. (5.3.16)

From (5.1.1), we know that Z,, < X, where (7,),,~ is independent of (X),,~ - From (5.1.2),
we know that 7,, — 00, as n — oo. Hence, (5.3.16) implies (5.3.13)). Since, @44 is irreducible

and aperiodic, (5.3.14) follows immediately from (5.3.1). O

We will now present a particular example to illustrate an application of Theorem [5.1.1]

Example 5.3.1. Consider an urn model with colors indexed by {0, 1}, with one “dominant”

color. Let the replacement matrix be given by

s 1—s
p— . ol
R (O . ) (5.3.17)

The associated Markov chain is on the state space S = {0, 1}. The color corresponding to

where 0 < s < 1.

the absorbing state is the dominant color. The rate of growth for the non-dominant color has

been calculated [41]] and [55, 14], and it is shown that

Uno g (5.3.18)

nS

where W is some random variable. In [41]], the author embedded the urn process into a continuous
time multi-type Markov branching process to obtain the distribution of . In [14], the authors
have proved that W is non-degenerate using Lo bounded martingales. We will show that as
n — 00,

E[Uno] 1
ns I'(s+1)

(5.3.19)

Though (5.3.19) is weaker than (5.3.18)), our approach is simple and avoids martingale techniques

as well as the embedding into branching processes. We essentially use the representation (5.1.1).
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To prove (5.3.19), note that from (5.1.1)), we know that
P(Z, =0)=P(X, =0).
Let us define 7" := inf{n > 1: X,, = 1}. Then

P (X,

L =0|7m) =P (T > 1y|1) = s™.
Therefore, P (X, = 0) = E [s™]. It follows from (5.1.12) that, 7, = >°7_, I;, where (I i)j>1

is a sequence of independent Bernoulli random variables, with E [I;] = j% independent of

(X4) >0~ Therefore,

" 1 S
E[s™] = 1-
[57] H< j+1+j+1>

7=1
S0 )
— H 142
n+1 e J
1
= I, (s), (5.3.20)

where I1,, (s) = [}, <1 + ?) We know that P (Z,, = 0) = Egﬁ‘ﬂ. Therefore, from (5.3.20),

we have E [U,, o] = II,, (s). From 2.1.3)), it follows that lim,,_, HZ—&‘S) = ﬁ This implies

that, as n — oo,

— .
ns ns F'(s+1)

Remark 5.3.1. Let us consider the Pdlya urn model with the set of colors indexed by
{1,2,...K}, K > 2. Here, R = li. The associated Markov chain is reducible into K

classes, that is, every state is an absorbing state. From the representation theorem, it follows that

E [Un,j]

—P(Z,=7)=P(X, =j)=Uy.. 321
o ( 7) (X, =3) =Uo; (5.3.21)

Hence, (5.3.21) necessarily illustrates that the representation theorem does not provide any

new information regarding the Polya urn model from that already available in literature (see
157,156, 511]).



Chapter 6

General replacement matrices

In the previous chapters, Chapters [2] [3|and 4] we have obtained various asymptotic results for
urn models associated with bounded increment random walks. This chapter will focus on urn
models with countably infinite set of colors and general replacement matrices. We will use the

representation (3.1.1)), to derive asymptotic properties for these general urn models.

6.1 Infinite color urn models with irreducible and aperiodic re-

placement matrices

In this section, we assume that R is irreducible and aperiodic, unless stated otherwise. For our
model, the weak convergence for the randomly selected color can be obtained from Theorem
B.LI
Theorem 6.1.1. Consider an urn model with colors indexed by a set S, replacement matrix R
and initial configuration Uy. Let R be irreducible and aperiodic. Then, as n — o0,

P(Z, =v) — m,, foreveryv € S, (6.1.1)
where (Ty),,cg is the unique stationary distribution if R is positive recurrent, otherwise m, = 0,
forallv € S.
Proof. Since R is irreducible and aperiodic, therefore from the standard limit theorems for

Markov chains, see [11]], it follows that, as n — oo,

P (X, =v) — m, forevery v € S, (6.1.2)

"This chapter is based on the paper entitled “A New Approach to Pélya Urn Schemes and Its Infinite Color
Generalization”, [6]].

73
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where (7,),¢ g is the unique stationary distribution if R is positive recurrent, otherwise 7, = 0,
for all v € S. The rest of the proof is similar to the proof of (5.3.1). O

The following corollary is immediate from Theorem[6.1.1].

Corollary 6.1.1. Consider an urn model with colors indexed by a set S, replacement matrix R
and initial configuration Uy. Let R be irreducible and aperiodic. Suppose there exists a non

random sequence (1), g, such that 0 < 1, < 1, and

. Un,v
lim
n—oo 1 +

=1, a.s. (6.1.3)

Then, either 1, > 0, for everyv € Sand ., _ql, =1, orl, =0, for everyv € S.

vES

U,

Proof. Suppose (6.1.3) holds. Observe that for every v € .5, 0 < n*jr’f < 1. Therefore, by the

bounded convergence theorem we know that

E n,v
lim E[Un.] =l,.

n—oco N+ 1

Note that P (Z,, = v) = Egj’jf]. Therefore, (6.1.1)) implies that 7, = [, for all v € S. Hence, it

follows that either [,, > 0 for every v € S, and ZUGS ly,=1,0rl, =0, foreveryv € S. ]

Recall that the distribution of Z,, is given by IEl[—gnl]. Therefore, when R is irreducible,

aperiodic with stationary distribution 7, (6.1.1)) implies that

lim E [Un’v]

n—oo N+ 1

= m,, foreveryv € S. (6.1.4)

However, (6.1.4) is a weaker result compared to the finite color case, where we know (see

(5.3.6)) that

lim —% =7, foreveryv € S. (6.1.5)
n—oon + 1

As observed in Section[5.3] the proof of (6.1.5) requires techniques from matrix algebra, that
are mostly unavailable in infinite dimensions. Similar difficulty is observed in discrete time
multi-type Markov branching processes with countably many types, [52]]. For infinite S, a

possible path to prove

U,
lim —~ =7, foreveryv € S, (6.1.6)
n—oon + 1

is discussed below.
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Note that to prove (6.1.6), from Corollary [5.2.1] it follows that it is enough to prove that for

every v € S,

n
le{zk —y} — Ty &.8.a8 N — 00. (6.1.7)
k=0

Observe that from ( , we obtain for every v € S,

1
n+1

n

l
Z Liz,= v}] P(Zy =v) — myas n — oc. (6.1.8)
k 0

Further observe that, forv € S,
Var (1{z,—}) =P(Zr =v) 1 —P(Z =v)) < 1. (6.1.9)

Therefore, from Theorem 6 of [49], it follows that, if we prove

1 1 O
Zn+1Var (W;;ol{zkzv}> < oo, (6.1.10)

n>0

then, as n — oo,

1
nol Z ]l{Zk:v} — Ty a.S.
k=0

It is easy to see that,

1 < 1
ar <n+1 kZ_Oﬂ{ZkZU}> = mrie ZVM L(z,=v})

k=0
n n—k
+(Tl+ 1 2 kZOTnZ:lCOV :H-{Zk v}]l{Zker_v})
Let us denote by
1 n
Tnw(1) = szzo\/ar (Liz,=0) 5 (6.1.11)
and
n n—=k
Inw(2) = (n—l— 2 Z Z COV ]l{Zk U}H{Zk-ﬂn—v}) (6.1.12)
k=0m=1

Therefore, to prove (6.1.10), it is enough to prove that for every v € S,

1
7L'U1 bl 11
> () < oo (6.1.13)
n>0
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and
Z LJH »(2) converges. (6.1.14)
n+1 7
n>0
It is easy to see that,
1 n
Inow(l) = T 1)y Y P(Zk=v)(1-P(Z =v)).
k=0

From (6.1.1)) ﬁ Yoo P (Zr =v)(1 =P (Z =v)) — 7 (1 — m,) as n — oo. Therefore,

for each v € S, there exists a constant C,, > 0, such that,

1
Zn—i—l 1)< C, Z—<oo (6.1.15)

n>0 n>1

This proves (6.1.13). Hence, to prove (6.1.10), it is enough to prove (6.1.14) for each v € S.

Note that,
Cov (ze=v} Lizy 1 n=v}) = P(Zk = 0, Zpym = v) = P(Z = 0) P (Zgym = v) . (6.1.16)
It easy to see that
P(Zy = v, Zjpom = v) = P (Zk+m — U‘Z}C - v) P (Zy = v). (6.1.17)

A possible way to estimate P° (Zk+m =0 } Zy = v) is through the following lemma.

Lemma 6.1.1. Consider an urn process (Uy,),,~, with replacement matrix R, where R is any

stochastic matrix. Then, there exists a Markov chain (Xn) on state space S with transition
n>0

matrix R, such that, for every u,v € S,

P (Zism = u|Zx = v) =Py, ()?;mfl(kﬂ) - u) , 6.1.18)
k+m
where Tp,—1(k + 1) Z I;, forallm > 1 and k > 0, and the distribution oon is given by
I=k+2
%, where R, is the v-th row of R.
Proof. As observed earlier, (nUT?l) . is a time inhomogeneous Markov chain with state space
nz

as the set of all probability measures on S. Therefore, given (Z), = v), the law of Zj,, is same
as the law of Zp,_1 (k+1), forall m > 1, where Zn(kz + 1) denotes the random color selected at
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E[Ug]+ Ry
k+2

the (n + 1)-th trial of the urn process <ﬁn) - with replacement matrix I?, and Uy =
n>
Therefore, the distribution of Zo(k: + 1) is given by %. Observe that the distribution
of Zy(k + 1) is given by E [kU—ﬁg} and
U,
k+3

k+3 k+2 k+3 k+2 R

:<k+2>E[Uk]+RU < 1 >E[Uk]+Rv

Let ()Z'n) . be the Markov chain associated with ((7”> . Then the distribution of )?0 is
n

= n>0
given by Uy = %J:;R“. We will prove (6.1.18) by induction on m > 1. Note that,
> k+2\ E[Uku] + R (v,u) 1 ~
IP~(X; :): : P~(Xk 1:).
Oo \AAlk+1) = U <k:+3> k+2 g3 Foo (k1) =

This proves (6.1.18) for m = 1. If we assume (6.1.18) holds for m > 1, then the proof that
(6.1.18) holds for (m + 1), follows similar to the proof of (5.1.1). O

We would like to note here, that we have been unable to find a general class of examples of
irreducible, and aperiodic replacement matrix R, for which almost sure convergence in (6.1.6)
holds. We could prove the almost sure convergence only for the particular example provided
below. However, we believe that holds for any irreducible, and aperiodic replacement
matrix R.

Example 6.1.1. Consider an urn with colors indexed by N U {0}, and the replacement matrix
given by R := ((R(i,]))); jenujoy Where

R(0,j) =~; >0, for j e NU{0},

R(j,0) =1.

(6.1.19)

Since 7; > 0, forall j € N U {0}, R is irreducible, aperiodic and positive recurrent.

Therefore, there exists a stationary distribution m = () ; .y, (0}> Where

Ty = ,andwj:27j forall j > 1.

2= %’
It follows from (6.1.1)), that lim,, o P (Z,, = j) = m;, for all j € N U {0}. In this particular

case, we will prove that for every i € NU {0}, as n — oo,

Un,i
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To prove (6.1.20), we first observe that, if we prove

P(Z, = 0forsomen > 0) =1, (6.1.21)

then, without loss of generality, we may assume that Uy = do.

It is easy to see that P (Z,, # 0 foralln > 0) = lim,, oo P (Z # 0, 1 < k <n). Since,

R is given by (6.1.19), therefore, P(Z, #0, 1 <k <n) = [}, (1 - U;;ﬂ’“) Upo —

0, as n — oo. This implies that,
P(Z, # 0foralln > 0) = 0.

Hence,

P(Z,=0forsomen >0)=1-P(Z, #0foralln >0) =1.

As observed earlier, we need to show (6.1.14). Note that,

Cov (Lyz—iy Lz, i=it) = P(Zk =i, Zpgm = 1) =P (Z = 1) P (Zpgom = 1)

(6.1.22)
=P (Zy =) (P (Zipm = i|Zk = i) = P(Zjym = 1))
Therefore, it follows from (6.1.12)), that
9 n n—k
Ini(2) = CERiE N P(Z=1)Y (P(Zhsm =i|Zk =1) =P (Zpym =1)) . (6.1.23)
k=0 m=1

We first prove (6.1.14) for ¢ = 0.

P (Ziim =0) =P (Zppm = 0| Zx = 0) P (Z), = 0) + Y P (Zpoym = 0| Z = i) P (Z = i)
i>1

(6.1.24)

Observe that for every i > 1, R (i,0) = 1. Hence, it follows that for all i > 1,

P (Zjm = 0|2, =) =P (Zjgm = 0|2, = 1) .
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Therefore, from (6.1.24), it follows that,

P (Zitm = 0) =P (Ziym = 0|2, = 0) P(Z, = 0)+P (Zym = 0|2, = 1) (1 = P(Z, = 0)) .
(6.1.25)

Therefore,

P (Zjtm = 0) = P (Ziym = 0|2, = 0)

= (P(Zkym =0|Zk =0) =P (Zjyn =0|Zk =1)) 1 = P(Z, = 0)). (6.1.26)
Now from (6.1.18)) it follows that

P (Zy4m = 0|2 = 0) =Pg, (ﬁ?m—l(’““) - 0> ’

where (Xn> is a Markov chain on the state space S, with transition probability ma-
n>0

~ E[U "y ~
trix R and the distribution of X is given by % Furthermore, 7,,,—1(k + 1) 4

Zf:k"b I;, for all m > 2. It is easy to see that,

]P’)EO ()N(;m_l(kzﬂ) = 0) = (W) P)?O ()?;m_z(kﬂ) = 0>

1 -
+o—— > P (% =)
k+m+1 4 Xo \ A Fma(kt1) =0

_ 1 k"‘m—l—’—’}/o ~ B
T ktm+1 +( k+m+1 )PXO (er_z,(kﬂ)_o).

Repeating the same iteration, we obtain

N 1 (k+m—1+)

P. (X: =0)=

Xo( Tm—1(k+1) O) Frm+1  (k+m+1)(ktm)
(k—|-m—2—|—’yo)(k’+m—1+’)’0)
(k+m+1)(k+m)(k+m—1)

E [Ug,0] + 70
+ Am(k)W7

+ ... (6.1.27)

where

(k+m—14+5)k+m—24v)...(k+14+)

(k+m4+1)(k+m)...(k+3) (6.1.28)

A (k) =
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Similarly, it is clear that P (Zgpm =0|Zx =1) = Pg (f(;mfl(kﬂ) — 0), where

<)?' n) is a Markov chain on the state space S, with transition probability matrix R and the dis-
n>0

tribution of X is given by W. Furthermore, 7,,,—1 (k + 1) 4 Zf:,:b I;, forallm >

2. Iterating in a fashion similar to (6.1.27), we obtain

1 (k+m—147)

Py (X; =0) =

Xo(f’"*l(’““) O) k+m+1+(k+m+1)(k+m)
(k+m—2+)(k+m—1+1)
(k+m+1)(k+m)(k+m—1)

E[Ugo] +1
Ap (k) ————.
+An(k) =75

+ ... (6.1.29)

where A, (k) is as in (6.1.28). From (6.1.27) and (6.1.29), it follows that

1
P (Zism =0|Zk=0) =P (Zjpm, =0 Zp =1) = ——Ap (k) (0 — 1). (6.1.30)

k+2
Note that k%rQAm(k:) < ﬁ Hence, for all & sufficiently large, we obtain,
n—=k n—k 1— ~
P (Zjsm = 0|21 = 0) =P (Z 20221‘: A (k 0
3 [P (Zen = 0125 = 0) =P (Ze = 012 = 1) [ = 3 Antt)

— 1
< (1-— .
<( 70)m§:1k+m+1

< C(1—7p)log(n+1),
(6.1.31)

where C' > 0 is an appropriate constant. Therefore, from (6.1.26),

n n—=k
Jol2)] < (nfwzpm = 0) Y B (Zesm = 0|21 = 0) B (Ziyn = 0)
k=0

m=1

logn+1 ZP _P(Z = 0))

(6.1.32)
for a suitable constant C| > 0. It follows from (6.1.1)), that

lim
n—so0o 1, 4+ 1

Y1 P(Zr=0)(1-P(Z;=0)) =m (1 —mo).
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So, for a suitable constant C%, > 0,

log(n + 1)
Jno(2)] < Cf—=—-——= 6.1.33
[Tno(2)] < 5B, (6.1.33)
which implies that 3, - %Hjn,o(Q) converges.
We will prove that for every ¢ > 1, there exists a constant L; > 0, such that,
log(n +1
Jna(2)] < Ligrfﬂ)' (6.1.34)
This will imply that,
1 1 1
I )] < 1 ) <o
ot n>0 (n+1)
It is easy to see that,
P(Zysm =1) = Y _P(Zppm =i Zx = j) P(Zi = j). (6.1.35)

Jj=0

For every j > 1, R(j,0) = 1. Hence, it follows that, for any fixed i > 0,
P (Zism =i Zk = j) =P (Zsm = i|Zx = 1) forevery j > 1.
Hence,

P(Zpsm =1) = P(Zpym =1|Zk=1)Y P(Zp = j) + P (Zprm = i|Zx = 0) P(Zx = 0)
Jj>1
= P(Ziym=1iZk=1) (1 =P (Zr =0)) + P (Zpym = i|Zx, = 0) P(Z}, = 0) .

(6.1.36)

Using (6.1.36) and the fact that, P (Zk+m = i‘Zk = z) =P (Zk+m = i’Zk = 1) for every
7 > 1, we obtain
P (Zk-‘rm = ile = Z) - P(Zk:-i-m = Z)

= [P(Zkym =i|Zk =1) =P (Zkym = i|Z, = 0)] P(Zx =0).  (6.1.37)
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Therefore, from (6.1.23) and (6.1.37),

Ini(2)
9 n n—k
= WZP(@ =)P(Zk=0) Y P(Zism =i|Zk=1) =P (Zym = i|Z = 0)..
k=0 m=1
(6.1.38)
It follows from (6.1.18)) that,
P (Zism = i|Zk = 1) = Pg, (X%Wl(ku) = 1)
where ()Zn> - is a Markov chain on the state space .S, with transition probability matrix R
n>
and )?0 ~ W. Furthermore, 7,,,—1(k + 1) 4 ijﬁz I;, for all m > 2. Therefore,
we have

> . kE+m ~ . ; _
5 <Xﬁ”*1(k+1) - Z) T hrmal % (X?mfz’(kﬂ) = Z>+m1@§0 (X?m,g(kﬂ) = 0) :
Therefore, repeating this iteration, we obtain

. E U, i Np (%
P (Zirm = |21 =1) = s 4 l; Py, (Xrgin =0). (6139

Observe that from (6.1.18)) for every [ > 0, and

II?J)‘EO (X?l(k'i‘l) = 0) =P (Zk+l+1 = O‘Zk — 1) )

Therefore, from (6.1.39), we obtain

. E (U] v
P (Zism =ilZk =1) = 1 =0+ ZZ;IP’(ZHHl:O{Zk:l). (6.1.40)

Similarly, we obtain

m—1

> P (Zktip1 =02 =0). (6.1.41)
=0

E Uil + i Yi
k4+m+1 k4+m+1

P (Zkym =i|Zx =0) =
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From (6.1.30), it follows from

P (Zisi41 =0[Zp =0) =P (Zjy111 =0|Z, = 1) = Appa(k) (o —1).  (6.1.42)

b
k42

Recall from (6.1.28) that

(k+m—1+4+v)(k+m—2+7)...(k+1+)

Am(k) = (e tm+ 1) (k+m)...(k+3)

n
Also recall from (2.1.3), that for IT,, (z) = H <1 + Z) ,
. J
7=1

- Ha(2)
lim pye MNz+1)=1

n—0o0

where the convergence is uniform on compact subsets of C \ {—1,—2,...}.

Therefore, there exists a constant C' > 0, such that for all k£ large enough,

1 B (k+1) 0 0 0
PR L) _'(k+l+2ﬂk+b+n<1+k+1)<1+k+2)(1+k+l)
(k+1) g1 (70)

(k+1+2)(E+1+1) I (70)

(k+1) k+1\"
(k+1+2)(k+1+1) <k+1> ' (6.1.43)

Hence, for all k large enough and some constant C’ > 0,

(k+1) (k+l>
P (Zissor = 0] Z = 0)—P (Zpoyoq = 0|2, = 1 ‘<C’
‘(’“”“ |25 = 0)=F (Ziir = 0 21 = 1) | < (k+1+2)(k+14+1) \k+1
Therefore,
m—1

(kDT (k)
(k+1+2)(k+1+1)

)P (Zitis1 = 0|2k = 0) = P (Zpqu31 = 0|2, = 1) ’ <

! 1=0
(k4 1)t

(k+m+ 1)1_70

Co, (6.1.44)

I
o

< G

IN
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for a suitable constants C7, Cy > 0. From (6.1.40) and (6.1.41)), we obtain

1

P (Zom =125 =1) = B (Ziem =il 2 = 0) | < oy g

for some constant C'3 > 0. Therefore,

n—k n—k
1
S P (Zhim=ilZ=1) =P (Zirm =il =0)| < &Y
1 — k+m+1
< Cylog(n+1).
Putting this bound in (6.1.38)), we obtain
log (n+ 1) <« ,
Jn,i(2)] < Cy (i(+ 1)2) > P(Zy=i)P(Z =0). (6.1.45)
k=0

It follows from (6.1.1)), that for every ¢ > 1,

1
lim —— ZzzlP(Zk = Z)P(Zk = 0) = T;7Q.

n—oon + 1

This together with imply that holds. This completes the proof of (6.1.20)

6.2 Urn models associated with random walks on Z¢

Urn models associated with random walks was first studied in Chapter 2] where the replacement
matrix was the transition matrix for a bounded increment random walk. In this section, we
consider urn models associated with random walks on Z%, d > 1, where the increments are
not necessarily bounded. Let (Y})j21 be i.i.d. random vectors taking values in Z?. Let the law
of Y1 be given by P (Y; = v) = p(v), for v € Z¢, where 0 < p(v) < land ¥, 5 p(v) = 1.
Let (Sy), >0 be a random walk on 7%, with increments (Yj) ;> and initial distribution Up.
Therefore, S,, = Sp + Z?Zl Y, where Sy ~ Up. Consider an urn model (Un)nzo’ with colors
indexed by 74, associated with this random walk (Sn)nzo- Therefore, the replacement matrix R,

which is the transition matrix for the random walk is given by R := ((R (u,v))),, ,cz4, Where

R (u,v) = p(v —u)
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for all u,v € Z¢.
We assume that Y is such that E [YlTYl] is a well defined matrix, that is, all its entries are

finite. This implies that E [Y7] is well defined, with all coordinates finite. We shall always write

= E|Y;
= E[YIv].

¥ is assumed to be positive definite. Also X1/2 will denote the unique positive definite

square root of X, that is, Y1245 a positive definite matrix such that 3’ = »i/251/2,

Theorem 6.2.1. Let A,, be the probability measure on R? corresponding to the probability

E[Un.o] ) , and let
veZd

vector( ntl

AC(A) =1, (VlognAEl/2 + plog n) ,
where A is a Borel subset of R, Then, as n — oo,

A = D, (6.2.2)

Theorem [2.1.1] available in Chapter [2]is immediate from Theorem (6.2.1). Recall that

if Z,, denotes the (n + 1)-th selected color, then, its probability mass function is given by

<E£Z’;i”]> z¢ Thus A, is the probability distribution of Z,,, and Kff is the distribution of the
ve

Zn—plogn

scaled and centered random vector NI

. So the following result is a restatement of (6.2.2)).

Corollary 6.2.1. Consider the urn model associated with the random walk (Sy,), > on Z% d>

1, then, as n — oo,

Zn — plogn
Viogn

Proof of Theorem|[6.2.1] Let D denote the variance-covariance matrix of Y;. Since X' is assumed

= N4(0, %). (6.2.3)

to be positive definite, therefore, D is also positive definite.
Since (Yj),-, are i.i.d. with finite second moments, from the Central Limit Theorem for
i.i.d. random variables (see page 124 of [28])), it follows that

Sp — nu

vn

= Ny (0,D). (6.2.4)
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This implies that for all § € R¢\ {0},

<07 Slogn> B 10gn<07 N> -
log n(0DOT)

N (0,1),asn — oo. (6.2.5)

For every # € R?\ {0}, we have,

<9; STn> — logn(ﬁ, :u'> <67 STn> B Tn<97 ,U'> <97 Slogn> B logn(&, :U’> <07 Slogn> B logn(@, /~L>

Viogn(0DT)  \/logn (6D6T) Vlogn (6DOT) V1ogn(6DOT)

N 0, p) 1, —logn
VoDoT logn

Let us define
<9a STn> - Tn<07 M) <07 Slogn> - 10gn<97 ,LL)

I,(1) .= — ,
) logn (0DOT) logn (0DOT)
In(2) — <97 Slogn> - 10g n<07 ,LL> 7
log n(0DOT)

and

1(3) o <97:UJ> Tn_logn
T VepeT  logn

We will prove that, as n — oo,

<97 STn> - Tn<97 N) <9> Slogn> - logn<9, ,U,>

[ In(1)] = - 5 0. (6.2.6)
Vlogn (6DOT) Vlogn (6DOT)
For § > 0,
Tn Tn
P(|1,(1)] > &) =P (|I,(1)] > 6, 1 P(|1,(1)] > 6, 1<),
(1)1 > 9) =B (101 > 6172 1] > ) + P (I1(0)] > 62 ~11 < o)

(6.2.7)
where € > 0. From (5.1.2)), lim,, loTﬁ = 1 a.s. Hence,

P([L(1)]>6]|—— —1]>e| <P(|—2— —1|>¢) — 0,asn = 00.  (62.8)
logn logn
Observe that,
I(1) = (0,55, — Slogn) — (Ta — logn) <97/~L>_

logn (6DOT)

<)

So,

P (unu)\ > 6.|

Tn
logn
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< P sup [{0, Spm) — m(0, u)| > 64/logn (6DOT) | . (6.2.9)
(1—€)logn<m<(1+¢€)logn

From Kolmogorov maximal inequality (Theorem 2.5.2 of [28])),

P ( sup [(6, Spm) — m(0, )| > 04/logn (9D9T)>
(1-¢)

log n<m<(1+¢€) logn

L 2€
TTogn (oDaT) 2+ (0> S2ctogn)) = 55

Therefore, (6.2.8)) and (6.2.10) imply (6.2.6).
From (6.2.5)), we know that I,,(2) = N(0,1), as n — oo. From (5.1.3), we have I,,(3) =

N (0,1), as n — oo. Since S,, and 7, are independent, it follows that

(6.2.10)

_ 2

, a8 1 — 00.
log n(0DOT) 0DoT )

Writing 1 = (pW, 0@, ... @), it is easy to see that (0, u)2 = MO, where M =
((U(i)ﬂ(j)))lgi,jgd' D is positive definite, so for every § € R?\ {0}, we have D67 > 0.

Therefore,

(0067 <1 + <:D’;>TQ> — 9 (M +D)07,

where the matrix addition is taken entry-wise. Observe that M 4+ D = 3. Therefore, it follows

that as n — oo,

S;, — plogn
— = = N4 (0,2). 6.2.11
From (5.1.1)), we have Z, 4 S+, - Therefore, we can conclude that, as n — oo,

Zn — logn

= Ng(0,X).
Toan (0, %)

O]

Remark 6.2.1. If X is singular, then the proof of Theorem clearly indicates that as n — o0,

Zn — nlogn
Vlogn

where Ny (0, X)) is singular Normal (see pages 30-33 of [1] for definition of singular Normal).

= Ny (0, %), (6.2.12)
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6.3 Urn models associated with bounded increment periodic ran-
dom walk

Fix k € N. For n = mk + r, where m € NU {0}, and 0 < r < k, let
Sn = Sk + Ym+1(1) + Ym+1(2) + ...+ Ym+1(T + 1), (6.3.1)

where {Y;(i),1 <i <k, j > 1} is a collection of independent d-dimensional random vectors,
such that, for each fixed i € {1,2,...k}, (Yj(i)),>, are ii.d. We further assume that for each
fixed 1 < i < k, there exists a finite non-empty set B; C R%, such that P (Y (i) € B;) = 1. This
implies that the law of Y7 (¢) is bounded for each ¢ € {1,2,...,k}. We will assume B; N B; = 0,
for any 1 < i # j < k. This ensures that (S,,) n>0 18 @ k-periodic random walk with increments
{Y;(i),1 <1i <k, j > 1}. This is because, if V' denotes the set of all possible sites that the
random walk (SN)nzo can visit, then we can partition the set V into k disjoint subsets, say
Vo, Vi, ..., Vk_1. This partition has the property that for n = mk + r, where m € NU {0}, and
0 <r <k, Sy,—1 €V, and the next increment of the walk is given by Y,,,+1(r +1). Furthermore,
Sn € Vep1,if0 <r <k —1,and S, € Vy, if r = k — 1. This implies that deterministically the
random walk will periodically visit sites in V,. exactly after k£ many steps for every 0 < r < k. It
is in this setup that we say that the random walk is k-periodic. Such a partition of V' necessarily
guarantees that S, is a k-periodic Markov chain. A sufficient condition for such a partition of V'
is B; N Bj =0, forall 1 <i # j < k. Otherwise, the walk may be aperiodic.

For 1 <17 < k, we shall write

p(i) = EM()],
k
o= > i), (6.3.2)
=1
2@ = EY{(@)Yi()].

We further assume that X(4) is positive definite, for each 1 < i < k. Let us denote by X/2(7) the
unique positive definite square root of X(i). Note that, then X = % Zle X(7) is also positive

definite. We denote by fl/ 2, the unique positive definite square root of X.
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In the remainder of this subsection, we will consider an urn model (U,),,~ associated with

the k-periodic random walk (.S,),,~¢-

Theorem 6.3.1. Let A,, be the probability measure corresponding to the probability vector En[i["{},
and let
A% (A) = A, (« NlognAT? + Tlog n) ,
where A is a Borel subset of R4, Then, as n — 00,
A = Dy (6.3.3)

A,, is the probability distribution of Z,, and Xff is the distribution of the scaled and centered

Zn—plogn . .
random vector o So the following corollary is a restatement of (6.3.3) .

Corollary 6.3.1. Consider the urn model associated with the k-periodic random walk (Sy,) n>0

then as n — oo,

Zn —ltlogn
Vlogn

Proof of Theorem|[6.3.1] For n = mk + r, wherem € NU {0}, and 0 < r < k,

= Ny(0,%). (6.3.4)

k r+1
B[S, = m» ENi(i)]+Y E[Yi(i)]
i=1 i=1
r+1
= mki+ Y p(i). (6.3.5)
=1
Therefore,
E [Sn] — [, as n — 00. (6.3.6)

Similarly, if D,, and D(i) denote the variance-covariance matrix for S,,, and Y7 (i), for each

1 < < k, respectively, then,

D _
— _—» D,asn — oo, (6.3.7)
n
where D = %Zle D(i), and the matrix convergence is entry-wise. Therefore, from the

Lindeberg-Feller Central Limit Theorem (see page 129 of [28]), it follows that as n — oo,

Sn — E[Sy]

= Na(0.D). (63.8)
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Let us write

Sp—np _ Sy —E[S,]  np—E[S,]

6.3.9
NG T NG (6.3.9)
Now, it is easy to see from (6.3.3) that, for n = mk + r, and some C' > 0,
)”“ LSl _ ‘T“ Lizi ’“‘m‘ <Y L asno oo (6.3.10)
NLD Vn vn
Therefore, from Slutsky’s theorem (see page 105 of [28]), we obtain as n — oo,
Sn M N, (0,D) (6.3.11)
\/’ﬁ d \Y, . I,
Furthermore, it can be shown that, as n — oo,
S, —nl —
O POST Ny (0,5 (6.3.12)

Vlogn

The proof of (6.3.12) is similar to (6.2.11)). The rest of the proof now follows by observing that
d
Zn LS, . 0

Example 6.3.1. As an application of Theorem|[6.3.1} we present the example of the random walk
on hexagonal lattice. Let Hl = (V, E) be the hexagonal lattice in R? (see Figure . The vertex
set V. = V1 U Vs, where Vi and V5 are disjoint. Vi and Vo are defined as follows:

Vig = {1, w, w2} , Where w is a complex cube root of unity,

and
Vo= {U+1,v+w,v+w2: v E VLl}.
Foranyn > 2,
Vig = {v—l,v—w,v—wzz veVz,n_l},
and

Vo = {v—l—l,v—l—w,v—i—wQ: UEVLn}.

Finally, Vi = U;j>1V1 j and Vo = U;>1Va j. For any pair of vertices v,w € V, we draw an edge

between them, if and only if, either of the following two cases occur:
(i) v € Vi and w € Va and w = v + u for some u € {1,w,w?}, or

(ii) v € Vo and w € V1 and w = v + u for some u € {—1, —w, —w?}.
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Figure 6.1: Hexagonal Lattice

To define the random walk on H, let us consider {Y}(i): i = 1,2, j > 1} to be a sequence
of independent random vectors such that (Yj(i)),, are i.i.d for every fixed i = 1,2. Let
Y1(1) ~ Unif {1,w,w2} , and Y7(2) ~ Unif {—1, —w, —wQ}. One can now define a random
walk on Hl, with the increments {Y}(i): i = 1,2, j > 1}. Needless to say, this random walk has
period 2.

Corollary 6.3.2. Consider the urn process associated with the random walk (S,),,~q on the

hexagonal lattice H. If Z,, is the color of the randomly selected ball at the (n + 1)-th trial, then,

asn — oo,

Zn, 1
= Ny [0,=1I5 ),
Viogn 2 < 2 2>

where ly is the 2 X 2 identity matrix.

Proof of Corollary[6.3.2) Since 1+w+w? = 0, so for the random walk on the hexagonal lattice,
w(1) = u(2) = 0. Therefore 7 = 0. Let

(1) = o1 012
021 022
Writing Y3 (1) := (Yl(l)(l), Y1(2)(1)>, observe that

011 =E [(Yf”(l))Q] and o9 = E [(YF)(U)Q] .
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Also,
o12=021=E [Yl(l)(l)Yl(z)(l)] .

Writing w = Re (w) + iIm (w), it is easy to see that

o1 = % (1 + (Re (w))? + (Re (wz))2> .

Since Re (w) = Re (w?), therefore,

o1 = 1 (1 + 2 (Re (w))2> .

3
Since w = 1 + ig, therefore, this implies 01,1 = 1. Similarly, since Im (w) = —Im (w?),
1 2 2 1
022 = 5 ((Im (@))” + (Im (?))°) = 5 (Im @))* = 3.

Since, Re (w) = Re (w?), and Im (w) = —Im (w?),
O12 =091 = % (Re (w) Im (w) + Re (w?) Im (w?)) = 0.

This proves that X'(1) = 1I,. Similar calculations show that X(2) = £I,. This implies that
Y =1X(1) 4+ $2(2) = 3L,. This completes the proof. O
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