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SUMMARY, In tbis paper, exnct expressions for the momonts of Julinct unite that apj ear in
# samplo, are derived under any samplig sct eme. Tho importance of such n problem nrisce, e.g., when
wo soloct 6 simplo rndom samplo {witk replacement) from a finite papulation and require the variance

of tho avorago of dintinct unita sckeatedd. It has beon shown by Basu {1038) thut this averago is » better
estimalor of the population macan 1} sn the ysual overnll averuge.

1. PRELDIINARIES
In this section we give o lomma which will bo used in tho next section,

Lemma : The coefficient Cy (n) of

@ ay am -
Z, Zy .. Zn (wherem g N,aja>0and X a;=n)
=

in the expansion of (Z;+2, + ... +Z_.-):
ie given by®  Cpfn) = m~ ("1') (m=1)4 ... (=) (m’il)l“. v (LD

In terms of the ‘differonces of zeros’, C, {n) ean bo represonted as
C,(n) = A"0" = A"z"|z = 0, o {L2)

where A is tho differonce oporator with unit incremonts. Wo shall be using frecly
theso two expressions (1.1) and (1.2) for C\(n), whichover will bo convenient to us in
subsequont soctions,
a ay am

Corollary 1.1 ;. Coofficient of Zi, Ziy ... Zi, { Whoro iyiy, ..., ia aro any m
difforont integors choson out of 1,2, ...,
of (Z,+2,+ ... +2Zy)", is given by C, (n).

Corollary 1.2

=
a’s> 0 and I a; = n) in the expansion
=1

Culn) = m [Ca(n=1) + Ca_y(n—1)}. e (LY

*Nolo that Cm{n) = 0 for m > n.
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Corollary 1.3: For all positivo integral values of » and N, wo havo
.V‘
M= X ) () e (1.8)

2. MOMENTS OF DISTINCT UNITS

Positive order, Consider a population containing N units and a sampling
schome S for which

P = probability of inclusion of the i-th unit in the sample; (i=1,..., N)
¢; = probability of oxclusion of tho i-th unit from the samplo;

Py = probability of inclusion of the i-th and j-th units in the samplo;

i) = probability of oxclusion of tho i-th and j-th units from the sample, cte.

Wo shall denote by v, the number of distinct units that appear in a sample.
It is obvious that
v=Z+Zy+ .42y, o (21
1 if the i-th wnit is included in the samplo;
whoro Z,=
0 otherwise.

Now, by dofinition, if n js any positive intoger, the n-th order moment of v is
given by

EW') = B(Zyt Zyt 4 2o

¥ a am.
=E [ S 552 . 2y ] . (22

mel
whero Z, denotes the jon over (%) binations of mZ's chosen ont of

Zy, Zy, ..y Zy and Z, denotes the summation over all products of the type

@

L ”
Zy Zy o Z, (a/s>0; ‘.‘.‘la.‘=n).

@ a am
Obviously, E(Z: %, 2, ... 2,) =p, _Culn),
and thereforo, E)= % CumEip (23
et 1500m,

and ¥
E(v) = El (%) Cufn)p,

12+m

whon Piryis,. ., 4= P13+ m fOF cvory sot of m distinet units iy, i,,
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Negutive order. To derive the negativo moments of v of any order undor any
sampling schemo, wo assume that v 3> 19, e,

and dofine w=1-z i=12..,X8).

Therefore, if ¢ is any positive integer, the negative moment of v of ordor ¢ is given by

-
(7)) = Flamimnemmy o mE -5 - e

X
Sineo 0 <‘¥ K (N —1), tho infinito expansion is possiblo, Now let
£y
-
(—n"=142 A7,
~1

s0 that B[ l+""l$(u,+u,+...+u_‘)' ] e (25)

Sinco the infinite seriea 1 4 2. 2 (4 1y+...+uy) is bounded above by tho absolu-

toly convergent scrics

I N—1,yr
42 4 ( N ) !
it, thereforo, follows that
(i [ 1+z. S Bty |- e}
) = ) . (2

But it is apparent from (2.3) that

an
F(uytugt.. +"v)"—5[ L5 "1 o Vg ]

ty¥=-1)
= (T WAz =0..

It i ovident that this nemption ia indocd necosanry, olhorwias no negative moment of » exuta,
In this paper, wo realrict ourmlvoa to thoso samplirg achiomes for which P(s 1) = 1,
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The N-th torm vanishes by assumption ¢,4... » = 0. Dutting this in (2.0),

we obtain

F(’F) = \nl_ 1+ "‘1;1’(" l“ (}:lqu--'n)A"-’L—e]

1 -1 .24,
=3 [ 1+ _El Zitiy e WA ’z-" N;I'h-n ]

=+ T et (12 ) ]

which on expansion givos

1 = \‘ 7 1 Y w3 9.7
B2 )=yt E St gy ~ oyt - 00
In case, Tirineernyin = Dtom for every sot (i), 4y, ...,%m) of m distinct units, this
reduces to

N=1 1 %) »
,+ = O | oy~ Ty B

Corollary 2.1 : Putting ¢ =1 in the above result, we got

E ) [N+ E (-qqu "'){(N—m) %“' (=) (“)}]

i 1 _ O Do ml
Sinea F=m~ F=myyy T )N M- .. =’
N
. E( ) [H‘ g+ = 1)&_2) gt ¢(l; :) le)zlqlt"'ﬂ-l]'
(2.8)
In casoe, Diy, i1, 00 vy in= Jiz oo m fOF EVOLY 0L {3y, 13, oy 85} Of m distinct units,

{2.8) reduces to

13 ¥ g,
P2 S s - e

Particular cases: (a) Simple random sampling (with replacement).
In this sampling schemo

Qe m = (N;:n)"

whero n is tho size of the samplo,
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N=-n L3} [} a-]
1y _ 1 (N—m)* 1 42 +.+N _
E(T)’F+ Z N (N —m) ER o (28D)

-]
In terms of Bornoulli numbers, (2.8b) is given by (Davis, 1935, p. 13¥)
&t
1

E(L)adi gl S () S - D
v n n

2V Py

whero B, is the sth Bornoulli pumbor,

For lurgo N, this gives us a very convoniont mothod for computing E (% )

(b) Simple randomn sampling (without replacement).

form {N—n;

»
]
[l

othorwise

() [

1 )
—l'ﬁ‘f' W+...+ Tt

-]
—_
=
=

|

R (n+1) , (n+1)n+2)
* [T"H' T2 T 123
(At a2 (V=2 ) ]

123 ... (N—n)

Combining the terma ono by one, we got

1y 1 (it _ 1
E (v)=E’7 w123...(V=n) n'
which is in agresment with the proccss of sampling.

Corollary 2.2: For any intogor ¢ ( 0), it can bo shown in a similar manner
that

w-n
ER) =N+ _}il (Siq1e QAN =)o

=N (g (V=) =AY = 1)

o=@V . (210)
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The foltowing theorem giving tho expected values of certain functions of v,
is an obvious generalization of (2.10).

Theorem : If f(2) is any funclion of % defined in the domain, 0 < Z < N,
Jor which the infinite expansion in powers of Z iy possible, and if the expeclation can be
taken term by term, then

Eff) =/(N) + "\;5:' Eitireemd (N =)= (AN = D (=N e (201)

Proof: Express f(Z) in the form

=% az.

By nssumption Ef)=E L ] A,w] - '_gz AEW).

Putting the valuo of E(v) from (2.10), wo get

ol = £ { A+ oA WY | )}

I+ E A=) e

which on expansion gives (2.11).

ACKNOWLEDGEMENT

T am indebted to Dr. D. Basu for his keen intorest and gonerous guidanco in
tho proparation of the paper.

Rereacxcrs

Basy, D, (1058): On sampling with and'without replacement, Sankhys, 20, 287-204,
Davip, 1. T, (1935) 1+ Tables of the Higher Mathematicol Function, Vol. 11, The Principia Pross, Inc., Bloom-
ington, Indiana.

Paper received : Oclober, 1960,

420



	001
	002
	003
	004
	005
	006

