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SUMMARY. In sempling without replacement from a finite poputation, the order in which the
unita nro aclocted, b immaterinl for the purposs of catimation. This peint wea noted by Tinau {1958} and
Murthy (1057). Basy thowvd thet the *order.atatistio’ (samyple wnits amsnged in nscomiling order of keir
urit indicen) forma & sullicirnt slatialic, n, thercfore, any cetimator which is not & fanction of the order-
atntistic, can bo uniformly improved by tha use of Rac.Blackwell theorein. Tn thia paper, cortnin resulta
obtained by Murthy are shown to be immed, 1 of the abovo o ion.

JU ia shown that ssmpling with different prolmbititica with replacement, until wa got 8 specificd
number of Jistinet unita, ia cquivalent in some sonso 10 sampling witl different probabilities without replnces
ment. Somo other relutedd problems are also conxidered here,

1. IsTRODUCTION

Let Yy, ¥y, ... Yy bo the Y-characteristio of the .V population units under
study, Let Py be the probability associated with the j-th population unit
(j=1,.., X). For simplicity, wo shall always refer population units by capital
letters and sample units by small letters, e.g., y; and p; denote the variate value amd
tho probability of sclection associated with the i-th sample unit respectively, In
this paper, we shall throughout follow the notations nsed by Basu (1958).

2, SAMPLING WITHOUT REPLACEMENT

In pling without repl from the abovo population a particular

samplo may bo recorded as

o= (5, 2y

whero 2, = (y. po %) (i = 1,2,...,n), and n is the sample size.
Tho probability of drawing such a particular eample is givon by

P, P2 .. Pa e (20)
(i-p)  U=p—p) (=py— ' —

Plo)=p,.

If wo rocord tho ‘order-statistic® by

T = (T ever Zemhs
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where zyy = {1y, Pus ) i8 tho i-th ordor-statistic (i = 1, ..., n), we have

PT)= ¢ Py Peee P Y
@ wr (=p(l=py=pa) o A =py—pe—r~pay) 28

where tho summation is taken over all possible samples giving rise to tho ‘order-
statistio’ 7.

It has been shown by Basu (1958) that T is a sufficiont statistic. Thus, if
g{s) is somo estimator depending only on s, by Rao-Blackwell theorem, a uniformiy
better estimator than g{s) is given by E(g{s)|T). For any convex loss function, the
rixk associated with E{g(s)|T) is smaller 1han tho risk associated with g(s).

3. SAMPLING WITII REPLACEMENT : NUMBER OF
DISTINCT UNITS FIXED IN ADVANCE

In this enso, units aro drawn with unoqual probabilities and with replacoment
until wo get a spocified number ‘2’ of distinct units, If r donotes tho number of draws
in a particular caso, tho samplo & may bo recorded as

8= (g, 00 X))
If-we define tho ‘order-statistic’ T’ by
T = [z Ty ver Zem)r

where 7, is the i-th ‘order-statistic’ (i = 1,2, ..., n), it is not difficult to show that

[ ] ‘

P(T) = '}-4’[ EI St ) = 2+ F P
Fo(=)2T0p, ), (30)
whero Zt denotes the summation over all possiblo combinations out of Py, +.vs Pyr—yys
Pisay o+or Peapy AN tho term insido tho square brackoets donotes the probability of

getting 7in y draws,  Assuming without any loss of genorality that pyy+...+pwm<1,
wo get on summing (3.1) over r

Pyt Pimy — g Pt FPia-
—Pw T Pim I=puy—-re—Pin-yy

AT = ¥ po[ 20
H(=)y-1xh 2w ] e (3.9)
1~puy
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It ean bo proved by induction over n that {3.2) and (2.2) aro oqual.

Thua, if wo rely only on tho ‘ordor-statistic’ T, tho two methods of sampling
aro cxsentially tho sante,

4. IsproviNg Des RAJ'S ESTLMATORS

Des Raj (1958), in sampling without replacoment, gave tho following set of
I
uncorrclated ostimators of ¥ = ‘X Y,
=
4(8) = nlpi;
W =yn+ 2a-py
Py

e (L)

’n(‘)=yl+.'h+"'+.'/x-|+i—'(l—I';—l’,—-"—
¢

Wl =g+ m+ ot o+ ’;IT'“ —=Pr=Pr— = Pan)

Thoorom 1: For any convex loss function a uniformly betler estimator than

to= 2 e (£a=1

is given by Efia)lT] ="§;l Yy EI(»’%/‘(;E’ o (1.2)

where P(TH(I)) is the conditional probability of geiting the ‘order-siatistic’ T given fhat
s-th order unit was drawen first,

Proof : Sinco

TR

it follows that
Elline)=ti0I7] = E[ 21 t—pi=pymremp) = Y(1=py=pe—mp)T =0,
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Therefore,

PTI.

ELE | T) = EI 7] = & v Sl

Corollary 1: Whon n = 2, we havo

e M oy ¥ _oy 43
ELS etT)= [0-p) 2 +0-p) 2

(2=p1—py)

Coroltary 2: In simplo random pling without rey

Ke) =ty HN =i+ Dy, =1,

and |71 = BT = ¥

n
AT
& %
Theorem 2: A uniformly betler estimator than
)= E cytfelife)
8) = I cytlas,
o irj=1 uliey

n
( = c,=1)of Y% is given by
ijel

“-‘?’l ¥ PTG +‘ :2_‘ Y 3 i PT|G), (7))
oT) = Efg&)|T] = ”

MT)
Proof : Using (4.3), it can bo scon that
E[ty(8))(8) —11(8) 14(8)|T] = O, (j=2,..,m)

and Eltarla) 1) —1i{e) 1(8)| T) = 0, (i=12..,j-2)

and henco E{g(a)|T) = E[t,(0) t40)|T)

E Vo PTI+ S vand PTI6,6)
=1 iMism)

A7)

=

(4.4)°

® Remark ; Tho ostimntors (4,2) ond {4.4) can also bo obtaincd by improving the usun)

eatimntors of ¥ and Y3 under tho sampling schemo discussed in Section 3.
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Corollary 3: When n = 2, wo havo

o aIT) = gt f0mpa) £ 4 0-pu) 222

- 1— Y Yo ],
+ 2(1=pw)1—pw) P l'u)]

Corollary 4: In simplo random pling (without ropl )
N & NN-1) 3
Elte) ()] T) = :;‘z-l Y + nin——l) ‘_}:l!/u) Yy

Tho estimator (4.4) is used to dorive unbinsed varianco estimator of

L Py[0)
E o gy

5. IuproviNG Das’ ESTDMATORS

The sct of estimators of ¥ given by Das (1951) is as follows

w(s) = 1
1

uyls) = Y, {1—p) . ! .

Ps n ~-n"’

Y, U=p=Ps. =pra) | (=pi=pd)  1=py,

ufs) =

P Proy Ps n
1 -
NN =D ... -
ufe)= ¥, (I=pr=ps.. =pad) ., U=pi—py) (1=p) .

Ps Pry Py "

WDE=) ... (N=atD) """

A uniformly bottor estimator than u,{s) is, therofore, given by

wAT) = Elufe)|T)

n . 1
= s ¥ FOIED Tl e o 5 = )
=1 PT)
r=1..n
413
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whero tho summation I’ is takon over all possiblo x,, ..., %,y.
It is ensy to sco that tho estimators u{T) (r = 1, ..., n) nro identical if and only
if tho sample is drawn by simplo random pling (without ropl ). In this
case (5.2) is samo as (4.2),

This shows that in simplo random sampling (without ropl t) tho ostimat
based on the samplo mean is moro officient than Day’ as woll as Des Raj's estimators,
An unbiased cstimato of ¥ based on u,{s) and y(k < r), is given by
vuls) = ufe)y, + (N=D)ufs)n (k<r=12,..,n) o (5.3}
A uniformly bottor ostimator than this is givon by

o1 1 _

. [z FT =T P(T|z.,,..z,_|.z,_x“,)]

Efeul|T) = D v T
=

ro1 1 _
[E = " @1 {P(le,. e By == Zipers

+&¥-1 Z.‘Im Yo

i1

T, 3 =25) + PT2y oy 23 = Ziiyy ooy Zpmpy 2,=%y }] o {(54)

P(T)
This expression will also bo identical for all r and k if and only if the samplo is
drawn by simplo random pling (without repl t).

Further, it may bo scon on similar lines that'in a moro general (without roplace-
ment) sampling schomo which has beon considered by Des Raj (1956), the cstimators
of Y {or of 1) obtained by improving Das’ estimators will bo identical if and only if
the first unit in the samplo is solectod with pro-assigned probabilities and tho
remaining units aro sclected by simplo random sampling (without replacement).
For further referenco about this, one may rofer to Des Raj (1956) and Murthy (1957).
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