A STUDY OF BIB DESIGNS WITH REPLICATIONS 11 TO 15
By C. RADHAKRISHNA RAO
Indian Statistical Inalitute

SUMMARY. The combinations of parameters for B8 designs with replicationa 11 to 13 havo
boen listed and the actual solutions of the cyclic 1ypo have boon given in w number of casea. It may bo
lmorved that Fisher and Yates (1953) givo the solutions to BIH designs up to 10 replications only.

1, IxTRODUCTION

Sir Ronald Fisher, during his visit to the Indinn Statistical Instituto in the
winter of 1060-61, suggeated to tho author that n study may bo undertaken of the
BIB designs with roplications 11 to 15. e also gave a list of possible combinations
of the parameters v, b, &, r and A for ruch designs, exeept thoso dorivablo by doubling
a known design with half tho number of replications,  This list is given in Tablo 1
togother with the reference numbers, which aro assigned following tho convention
of Fizher and Yatea (1953). The designs derivable from geometrical configurations,
denoted by o.s. (orthogonal squares) and o.c. (orthogonal cubes) in Fisher and
Yates (1953) and Fisher (1043), are given a moro explicit reprezentation, indieating tho
particular geometrical configurations from which the solutions are obtained. Tho
last non-geomotrical design listed in Fisher amd Yates (1953) has the roference no. 31
and, thereforo, tho non-geometrical designs in the present list of Table 1 aro numhorel
consecutively from 32, first with increasing values of v within s replication (r), and
thon with incroasing values of 7. Tho actual numbers aro writton only in cases
where tho solutions have been found.

It may bo scon thatinanumberofeases denoted by (—), thesolhutionisunknown.
In some cases solutions are derived by the mothods givon by Boso (1939) and Rao
(1945, 1946) in so far aa they are applicable. Other selutions aro obtained by trial
and error. Thoimpossibility of certain designa has been establishod by using tho results
of Bruck and Ryser (1949), Schiitzenborgor (1049), Chowla and Ryser (1950),
Shrikhando (1950), and Hall and Connor (1954). Sinco their results and the author’s
(Rao, 1044, 1045, 1046) on tho cyclic ropresentations of geomotrienl designs aro
published mostly in Journals on Mathematics tho relovant theorems are quoted in
tho noxt scction for roady reforenco,

Somo of the solutions obtained by trial and orror and listed in Tablo 3 can
Do derivod as particular cuses of gonoral combinatorial problems. For instanco, a
combinalorial assignment problem of which no. 68 in Tablo 1 is a spocial caso may bo
statod as follows, In an ostablishmont, thero aro v officors, r dopartments and k typos
of jobs in cach dopartment. Every oficer has to bo nssigned a job in oach dopart-
meont such that, in any dopartment thoro aro oqual numbers of oflicers in different
jobs and that any two officers havo common jobs in exactly A departments. When
v = s*and 8 is & primo power a solution exists with A = 1. For s = 6, no solution
is possible with A = 1, but a solution can bo found with A = 2 (dorivable from the
BIBD design no. 66). It iu of some intcrest to dotermino for any givon numbor v
tho minimum A fur which the assignmoent problom is soluble. All tho numbors ean
then bo characterisod by tho associnted minimum A,
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TABLE |, COMBINATIONS OF TIE PARAMETEKS FOIL BIB DESIGNS WITH
REPLICATIONS 11 TO 158

v [) 3 v A ref.no, v [] 13 r A rof. o,
2w 3 on o2z o3 15 3 6 1 5 62

12 3 4 1 3 3 2 T 4 N 2z @
122 ¢ 11 5 34 2 W T N4 =
2 23 1 1 5 3 29 &8 7 14 3 6
“wBow 5N 1 3 v 8 6 14 2 66
[0 " T T | R S 3 86 7 14 2 e81(d)
6 @ 11 2 - 801 12 M 2 Th?Y)

o 10 16 11t 85 170 7 Mt —

u om o onon ] 2 02 W M 2 TR
3 2w 6 123 4 19 182 13 14t B3l
[ - B S E I 183083 M M1 P(3I3
A 42 6 12 3 4 n s 3 1 3 M
2 kX 8 12 4 —_ 13 39 5 15 1) 2
2}/ OWO 3 121 43 1 s 3 15 oz I3

“ o9 12 3 — 06 48 & 15 4
M M 12 12 ¢ %TkD) 6 0 6 15 5 3
3T M4 12 1 48 18 3% 8 15 7 E{3
5 4 12 12 3 — 21 335 9 15 6 6
6 6 10 12 2 %Th3 2¢ e 8 15 3 737
6l 12 6 12 1 - B 10 15 5 —
67 67 12 12 2 %Thy) 31155 3 15 1 P

121122 o1z 1 E(up 31 93§ B 2 W

133 13 12 )2 I P{, a1 7 P23
27 N7 3 13 1 E(33% 3 B 1B 15 6 -~
27 3% 9 13 4  EQd w5 -

27 27 13 13 6 63 4 6 10 15 3 —
W o1 ¢ 13 1 PEW 8 0 12 15 3 —
0 62 1w 13 3 — o1 183 5 15 1 84
0 40 13 13 ¢ P MO 5 15 3 —
53 83 13 13 3 %Thy % 19 8 15 1 -
6 M43 6 13 1 6 o1 185 7 16 Ut 87
@ W 11 13 2 — oL 105 13 16 2 ¥ThY
7 ki 13 13 2 —_ 100 100 16 15 2 (Th 1)

We o266 12 3 1 r 136 %4 10 15 1 —

167 187 13 13 1 1 W6 20 W16 1 %ThY)
15 42 5 1 4 o6l 21 M )5 15 1 4Thy)

—solution unknown, ® solution docs not exiat,  presumably nen-oxisting, {) double uflnwluble typo.
P and E have boca used for PG, and 1, tho Projostive and Euclidean fnito g i i

tiona whoso construction is considered in Seotiou 3.
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2, TIEOREMS ON NON-EXISTENCE OF CERTAIN BIB DESIONS
Theorem 1 :  (Schaitzenberger, 1049; Chowla and Ryser, 1050; Shrikhande,
1050) :  For the exiatence of « ical BIBD with y , w0k, r, A, a neces-
sary condilion is that (r—2A) is a perfect synare, when v is even.

‘Theorom 2 : (Hall and Connor, 1934; Shrikhando, 1460): The existence of
the BIBD, v—r, b—1, r—2A, r, A, implies tiat of the BIBD, v=5, k=r, A, when
A=1lor2,

For oxamplo, the dexigns 68 and 70 with tho parameters

v=18,b=0lL k=12, r=14, A=2

v=02, =02 k=1, r=14, A=2

(o not oxist. By Theorem 1, the Iatter does not exist as (k—A) = 12 is not a perfoct
square, and Theorem 2 excludes the possibility of tho former.  Similarly the designs
33 and 89 do not exist. No. 47 doos not exist by Theorom 1, but this does not neces-
sarily imply the non-existenco of 44.

Thoorem 3 : (Chowln and Ryser, 1030):  If v=1 mod 4 and there exisls an
odd prime p such that p divides the square free part of k—A, and, moreover, if the Legendre
symbol (A} p) =~-1, then the symmelric BIBD does not exisl.

Theorem 4 : (Chowla and Ryser, 1950):  If v =3 mod 4 and if there exists
an odd prime p such that p divides the squarc free parl of k—X, and moreover, if
(=A|p) = —1, then the aymmeiric BIBD has no solution.

For the design 52, {v=07=b, r=12=k A=2), v=3 mod 4,
k—A =10 and p = 5 is an odd primo dividing tho square frco part of 10. Wo find
—A = —2 is a quadratic non-residue of 5, so that the Legendre aymbol {(—2{5) =—1.
Hence, by Theorem 4, the symmetrical design 52 does not oxist. By Theorem g,
50 doex not exist, By an.application of Theorem 3, it ean bo shown in a ximilur
way that 55 does not exist., This docs not imply the non-oxistence of 64, as Theorem 2
is not applicable for A = 3.

Theorem 5 : (Bruck and Ryser 19049): If n==1 or 2 mod 4 and p, @ prime
dividing the square free part of n, is of the form 4k4-3, then (n—1) mutually orthogonal
squares do nol exisl.

Designy 91 and 02 aro not possible for they imply the existenco of 13 mutually
orthogonal squares of ordor 14, whiclt is impossible by Theorom 5.
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3. CYCLIO DESIONY DERIVABLE FROM UEOMETRICAL CONFIQURATIONS

A finito projectivo geometry of ¢ di jons with i 03 el 4
of a Galois Fiold GF(s) ia ropresented by PG(1, 8) and the corresponding Euclidoan
goomotry by EG(/, s). Bose (1059) observed that by choosing tho points as variotics
und all d dimensional fMats as blocks from cither PGy, 8) or EG(t, &) ono can gonerato
a BIBD. Dexigns so obtained uro ropresented by PG, 8): d or EG(t, ¢) : d nnder the
roference number in ‘Tablo 1. The parametors of such designs nre :

PG, x) : d EG(t,8):d
[ (s'1—1)f(s—1) s
[ M, 6, d) - i—1,8,d—1)
k (#H—=1)f(e—1) ¢
r S(t—1,8,d—1) Ht—1,8,d—1)
A H(t=2,0,d-2) Ht—2,8,d=2)
] (8'+1—1).. (s'—4+i—1)
whero MMl 6,d) = eI

Such geometrigs can bo constructed for & equal to a primo or a prime power and,
therefore, tho designs in Table 1 with referonco numbers, of tha type PG(t,4) : d
and EG(l, 8) : d oxist,

Wo shall domonstrate how cyclic solutions ean bo obtained in a simple manner
for all dexigns derivable from finite geometrical configurations. The main results
are contained in Rao (1944, 1945, 1946) whero tho thcorems of Singer (1935) and
Bose (1942) have been generalised and applied to the construction of cyclio solu-
tions to BIB designs, The thooreins quoted in this section are from Rao (1946), which
i# dovoted to tho construction of eyclie solutions to BIB designs derivable from
cyclic representations of finito geometrical configurations.

Theorem 8: Lot x*l—az!—~...—a, be a minimwm function generating the
elements of GF(a'*) and the sequence By [l =0, 1, ..., (341 —8)j{s— 1)), be derived
Srom the recurrence relation

Ganr = 08t fu b ke
with the initial values Sy = ... = %, = 0, § = L. The sel of inlegers d auch that
Z4=0 conalitutes a diffrrence sct mod v = (81— 1)[(a—1).

The number of d's such that £4 = 0 is & = (s*—1)f(s—1) and wmong the
k(k—=1) differences reduced mod v, ench intoger less than v oceurs A = («*t--1)/(s—1)
times. The difference &t provides a cyclic solution to the BIBD, PG(t3): (t=1)
with the paramoters

a4 —1
===
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The difference eots for 2= 2 and 8 = 3, 4, 5,7, 8, # are given in Fisher and
Yates (1953) and also in Rao (1946). Tho solutiona for the following are obtained

using the

ref. no. parameters minimum function
PG2,11): 1 vab=133, reak=122A=1 3-3z+1
PG(2,13), 1 v=b=183, re=k=14 A=1 420420
PG, 3),2 v=d= 0, r=f=13 A=4 A2t x—)
PO, 2),3 v=hb= 3, r=k=15,2=7 d—z1-1

Wo shall demonstrate the mothod for PG(3,3) : 2. The initial values are
T =5 =E = 0, E5 = 1 and the rest &, to By, aro obtained from the recurrence relation
Eany = 28+ 28+t iy
Thus §, = 2, & = 0, §; = 2,... and so on. Tho sullixes corresponding to zero values

are
0, L, 2, 5, 12, 18, 22, 24, 26, 27, 20, 32, 33)

which constitute a differonco sot mod 40. On cyclic development weobtain the BIBD,
P((3,3) : 2, where the varictics are numbered 0 to 39, Similarly we find the cyclie
solution to PG(4.2):3

0, 1,235, 6 8 11, 12, 18, 19, 20, 23, 27, 20) mod 31.

Two difference rets for this design obtained by alternative metho:ls are

(1, 2, 4, 5,7, 8,9, 10, 14, 10, 18, 19, 20, 25, 28) mod 31
due to Boso (1939) and

(1,2, 34,6, 8 12, 15, 16, 17, 23, 24, 27, 29, 30) mod 31
due to Marshal Hall (1958). The Inst iwo are non-isomorphic and their relation to
the first solution has nol beon investigated.

Theorem 7: Let z'—a, ,2'-'—...—a, bc & mini Junction ¢ ting
GF(s'), and the segquence E,[d =0, ...,o'—1), b¢ derived from the recurrence relation :
En = 0t 08
with the initinl valnes Ey =& =s ... = §_y =0, §,_, = 1. The set of integers d such
that & =« (fixed) 3 0 provides a difference sct such that among the differences mod
{s'=1), all integera less than (¢'—1) and not divisible by 0=(s'—1){(s—1) occur an
equal number, (8-2), of fimes and those diviable by 0,zero times.

*Minimum functions of cortain ordore are given in Charmichaol (1037). Bomo olgebruio mothods
of doriving minimum functions of tho socond order and, in & fow cases, of tho third oder have been given
by Boso, Chowla and Rac (1844, 10454, 1945b). Tho third ordor minimum functions for » = 13 have not.
boon roported anywhoro in tha litoraturo, At tho requeat of my colleague Dr. I M. Chakruvorty, Dr. Jock
Alapon found soma solutiona with the help of & Burroughs—220 computer. I wish to thank Dr. Alnnen
for supplying 8 fow minimum functions of 1ho third ordor for o = 13, of which I am quoting one. A note
by Dr. Alanon is appoaring in this isuo of Sunthyd,

12
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Such & difference et provides a compact representation of the resolvablo
BIBD, EG(l, ) : (t—)), with the parameters
ve= g, b= (A1—g)f(a—1), k= &2, r=(d=1)(s—1), A = (&1 —1)(s—1).
The #f varictics aro roprosented by the residues 0,1, ..., 8—1 and an clement
oo which is invariant under addition with the residues. Lot d,, ..., d; bo tho difference
set obtained as in Theorem 7. Consider the (6—1) sets derived by adding 0, 0, ...,
(2—2)0 to each element of tho initial set, i.e., in the eyclic dovelopment of (d,, ..., d})
wo tako tho rets obtained after 0. 20, ... steps. This oporation mnay be denoted by
[(d). ..., d)S(0)) mod (st —1)
To this add anothor sot consisting of tho remaining (k—1) residucs of (#—1) and an
invariant elemont co. This operation ja denoted by
[(dy, ..., d)S(0)4 R] mod (s—1)
which givos ono comploto replication of tho resolvable BIBD. Tho other replications
aro obtained by adding 1, 2, ... (#—1), to cach member of tho first replication. The
procedure for doveloping tho whole solution of the resolvablo design may bo
represontod as
POOY(dy, ..., d)S10)+ R) mod (#—1)
where PC Indicates a partial cycle, up to 0 only.
As an examplo lot us consider EG(4, 2): 3 and the minimum function 2*—z9—1,
We find
G=fi=h=b==0=},=0
L=L=L=b=fi=be=fu=¢tu=1
and the sot of d, such that £, =1,
3, 4,50, 8, 10, 11, 14
is a difforonce sot mod 15 with the property stated in Theorom 7. Ono roplication of
the rosolvable BIBD, p =16, =130, k=8, r= 15, A=171Is
[(3, 4, 5. 6,8, 10, 11, 14)S(15)4 8] mod 15
which on dovelopment yiclds ono replication
(3. 4 5, 6, 8, 10, 11, 14)
(o 1,2 1,0, 12, 13, 15)
and the other 14 replications aro obtained by adiing 1, 2, ..., 14 to the eloments of tho
finst replication and roducing to mod 15, Similarly solutions are obtained for the
following and givon in Tablo 2,

rof. no. paramoters of resolvablo  minimum function
BIBD
v b k r A
EG(2,1):1 121 132 11 12 | 2—4z42, GF(11)
EG(3,2):2 27 30 0 13 4 2d—2-2, GF@3)
£Q(2,13):1 169 182 13 14 | 22—z—1, GF(13)
EG(4,2):3 16 30 8 15 1 a—2—1, GFQ)
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Theorem 8: If & ia a prime or a prime power and ) = (&'*'—1)f(s2—1) is
nol integral, it is possible to find y = (8 —1}(s*—1) sels
(dogp dyjp oend)) =10y
auch that all the differences mod v = (s'4)—1)/(s—1) contain inlegers less than v
once and once only.

For tho actual method of construction roferonces may be mado to Rao (1945,
1946). Tho solution abtained for PG(4, 2} : 1, with paramcters, 31, 155, 3, 15, 1 ia
given in Table 2,

Theorem 9 : If 8 is @ prime or prime power, there exiat 7 = (a'"'—1){{s—1) sots

(i enndy)y =100
auch that all the differences mod r{=4'—1) contain iniegers less than v and not divisible
by 0 = vf(s~—1) once and those divisible by 0, zero times.

If we add to tho difference sot of Theorem 9 tho set (0,0,0,...) with a
partial cyclo 0, wo obtain a compact reprosentation of the BIBD, EG(t, 4):1, with
tho parametors

v=4, b=aN=1)a—1), k=
Tho solution for £G(3,3) :1 is given in Tablo 2.

Theorems providing difference sots for the designa PG(t, 8) : d and EG{1, 8) : d
for values of d other than thoso covered by Theoroms 6, 7,8, 9 are given in Rao
(1945, 1946). Thoy have not been uoted hero as they do not provide solutions to any
of the designa listod in Tablo 1.

yor=(s'—1)fls=1) A= 1.

TABLE 2. CYCLIC SOLUTIONS TO BIB DESIGNS DERIVABLE FROM FINITE
GEOMETRICAL CONFIGURATIONS

ref. no. solution

Non-resolrable designe
PG(10):1  (1,2,4,13,21, 35,09, 82, 89, 03, 105, 110) mod 133

PO(213)11 10,1, 3, 24, 41, 52, 67, 06, 70, 4 102, 149, 164, 176) mod 183
PG (33} (0, 1, 20, 32), (0, 7, 19, 30}, {0, 3. 16, 39) mod 40, PC {10} (0, 10, 20, 30) mad 40
PO(3,3):12 10, 1, 2,8, 12, 18, 22, 24, 20, 27, 20, 32, 33) mod 40
PO(4,2:3 (i) (0,1,2,3,50,8 1,12,18,19, 20, 23, 27, 20) mod 31
{3 solutiony)
() (), 2, 4, 5,7, 8,0, 10, 14, 10, 18, 19, 20, 25, 28) mod 31
() (1, 2, 3, 4, 6,8, 12, 15, 16, 17, 23, 24, 27, 20, 30) mod 31
PQ(4,2):1 (0, 1, 18), (0, 2, ), (0, 4, 10}, {0, 8, 20), {0, 9, 16) mod 31
EG(33)11 (0, 1, 22), (0, 2, 8), (0, 3, 14), (0, 7, 17) mod 28, PC {13) {0, 0, 13) mod 26
Resolonble designe
EQ(211)11 PC (I (0, 0, 27, 20, 49, 50, 76, 104, 107, 114, 115) 8 (12) + R)mod 120
EG(33):2 PC(13)((0,1,2,8, 11,18, 20, 22, 23) +R] mod 20
EQ(2,13): 1 PC (14X {0, D, 23, 35, 72, 02, 07, 110, 138, 151, 157, 138, 160)S(14) + R) mod 103
EG (4.2)13 PC (L[ (3, 4, 6,0,8, 10, 11, 14) + R) mod 15.
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4. CYCII0 SOLUTIONS TO NON-GEOMETRICAL DESIONS

Bowo {1939) discussed some mothods of obtaining cyclio solutions and gave
the actual rolutions to scveral scrics of designs designnted by 7, Ty, Fy, F,, G,, G,
8,. Tablo 3 gives the eyclic solutions obtaineid by theso methods, in g0 far na they
aro applicablo in which cases tho series to whicl each solution belongs has been
indicated, and other solutions obtained by trinl and error (indicated by the symbol —).

There are soveral types of cyclic solutions as may bo seen from Table 3. In
a simple cyclic solution such as 33, the varietiea aro represented by integers
0,1,...,v—1. From tho initial sot or scts, the wiwolo design is generated by ndding
integers 1, 2, ..., v~1 and reducing to mod v. That is, an integer i in an
initial set iy changed to i41,...,0—1, 0,... i—1 in tho derived xets.  In somo cascs
such as 32, tho varictics aro representod by integers and an invariant clement designa-
ted as o, (Fisher and Yates, 1953 uso I for this purpose). Thix element remaing the
same in all the derived sots.

Thero aro dicyclic solutions such as 43, whoro tho varieties nro represonted
by (£,¥), z=0,..,p—1 and y=0,1,..,9—1. Tho cyelic development with
respeet to ono of tho coordinates is carried out first keeping the other fixed. From the
sots so generated others are dorived by a cyclio dovelopment of the other coordi-
nate, fixed in the first operation. \When the initial sots are given in such a way that
no cyclic dovolopmont ia necossary with respoct to ono of tho coordinates for-obtain-
ing the completo design a dash is indiealed in the symboel, mod (p, ¢) s in 33 (ii).
An additionel complication in dicyelio svlutions iz tho introduction of invariant
clemonts aa in 48 and 62. Some designs such as 36 havo tricyclic solutions.

Noles on the designs in Table 3: 34 and 41 can also bo obtained by block
soction from 35 and 53 respectively. It is not known whether from 76, one ean build
up tho symmetrical design 80 with parameters 36, 36, 15, 15, 6, whoso oxistence
implics that of 76. Design 48, oltained by trinl, is the most difficult one, and no
known technique including the recent methods given by Boso and Shrikhande (1060)
could yield a solution. A non-isomorphio solution to 32 ia givon by Skolom (1938),

Some of the designs in Tablo 3 are of the resolvablo type. But tho solutions
given are not resolvable oxcept in caxea where the Indox {r) is shown with the reforenco
number. Two solutiona aro listod for 32, of which only (i) is resolvablo. In tho cnso
of o resolvablo solution, cither ono comploto replication. as in 32 and 33, or tho method
of generating ono or moro comploto roplications, ns in 66, is shown within squaro
brackets. All tho replieationa are obtained by the indieated eyclic dovelopment
of tho initial roplications. In tho case of 66,

[(01, 08, 15, 12, 23, 24) mod (5, — )+ R)]
and f(01, 06, 35, 32, 13, 14} mod (5, —)+R)
124



A STUDY OF BIB DESIGNS WITH REPLICATIONS 11 TO 15

TAULE 3. CYCLIC SOLUTLIONS TQ 80ME BIR DESIGNS, NOT DERIYABLE FROM
FINITE GEOMETRICAL CONFIGURATIONS

rof.no. © [ A\ metbiod cyclio solution.
EEL E T 3 n 2 — ()0 1,3 (4, 5 0N (2, 8, 0, (0, 7, 10) Y mod 1T
{two solutions) Ei (i (0, 1,3), (0, 1, 4), {0, 2, 6), {5, 0, 8) mod 11

w 12 on « 3 - 110, 1,3, 7), {2, 4, 9, 10), (0, 5, 6, B) J mod 11

o1 o 8 85— 0, 1,3, 7,8 10), (%, 0,58, 8, 10) med 11

3 3 2 ounon LI 1,.2,3, 4,0, 8,0, 12,13, 16, 13) mod 23

36 45 " 5 1 1 a; {010, 020, 102, 202, 001), (210, 120, 222, 112, OOL)

mod (3, 3, 8)
{000, 001, 002, 003, 004) mod (3, 3, —)

]} 13 R L] 2 5 - 0,1,3,6,7,11),(0,1,2,3,7,11) mod 13

@ 1’ a ¢ " 2 - 0, 1,3, 12), (0, 1, 5, 13), (0, 4, 6, 9) mnd 19

8o e 8 12 3 - (00, 03, 14, 11, 22, 23), {00, 01, 03, 10, 11, l:l)(-;:o_’d

)

8 25 oo N 1 - 1) (0, 1, 3), (0, 4, 13}, {0, 5, 11}, (0, 7, 17) mod 25

(Lo solutions) Ty (i) (01, &1, 13, {10, 33, 12), (32, 21, O2), (“54“(' ":;
5,

% 37 4 12 1 - (00, 01, 12, 13), (01, 03, 08, 10), (00, 07, 15, 21}
(variolios uro (x, y) » = 0,1,2; mod (3, 11)
y=0, ,,., 10,0 ond (®x) ) (@, 00, 10, 20) mod (—, 11); (0, V™, 200, 0B}

2 7 o 1313 6 5 { (001, 100, 120, 111 110, 102, 020, 02|. 121,

. 0 )] mod (3, 3, 3)

61 15 42 [ 2T . - [(0,1,4,9,11},(0,1, 4, 10, m,(oo.o.l...'l)]modu

& 15 35 ¢ N 58— [(e, 00, 10, 1, 12, 14), (0, 10, 00, 06, 03, 03)

(01, 02, 04, 10,11, 13), 02,03, 08, 10, 11, 13)
100, 04, 06,10, 11, 13)) mod (—, 7)
63 2 77 [T} 2 - { {00, 03, 09, D1D), (09, 10, 1 1), {00, 10, 19, 110}
(00, 02, 15, %), (00, 03, 1 l7). 100, 04, 13, 19)
{00, 08, 12, 16) ] med (—, 1

L] 84 L] 14 3 - [ (01,00, 15, )2, 23, 24) mod. (5. —) + R]wmod (=, 7}
[variotics are {z,y), z =0, ..., [(01, 08, 35, 32, 13, 14) mod (5, —) + R)mod {(—,7)
4y=0,,.., 0 and {0} ]

67 43 88 TN 2 = {0 0, 01, 00, 13, 12, 23, 24) mod (5, T)
{variotios are (z, y) (0 0, 0F, 00, 35, 32, 13, 14) mod (5, 7)
x=m0,...,4, 0, {® 0, ww, 00, 10, 20, 30, 40) mod (—, 7}
y=0, Send |0, ®)) (0 0, %o, 00, 10, 20, 30, 40} mod {(— 7}

{00, w1, 02, 003, @4, ®5, 006) mod {——)
(00, a1, 002, 03, 04, 5, ©6) wod (——)

) u 55 3 15 3 - (0,1, 8}, (0. 1, 8}, (0, 2, 7), (0, 1, 8), (0, 3,8} ) mod 11

2 13 3B 5 18 5 — [(0,1,2,4,8), (0, ), 3, 6,12), (0, 2, 5, 6, 10) ) mod 13

LX) 3 18 2 = @) (0,1,3),(0,3,8)(0, 2, 12),{0.1,7), (0, 4, 9) mod 18

{two solutions) £y [{] [(IO, 11,12}, (10, 12, 18}, (00, 07, 10}, (01,06, 10}
2, 05, 10), (03, 04, 10), (01, 01. 10). (o:. 09, 10)
(oa. 05, 10), (00, 10, 14)] mod {—,
"1 4 3 13 4 - [0, 7,10, 1,8,8,10),(0,1,3 7, ll)lnwd 1s
7% 16 40 s 15 5 — (19, 1,356,912, {0, 1,2, 3 6, 12) | mod 10
PO (0, 8, 1, 0, 2, 10} mod 18
kL] 21 £ 2 18 5 — [(00 01, 02, 04,10, 11, 12, 14, 22). {00, 00.06. L 20
2 10}, (16, 18, 15, 13, 26, 24, 23, =2, vo),
12, 10,24. 21, 22), (00, 02,04, 14, 11,
l 22)) mod {—,
6 o1 183 5 18 1 6 u.:l), “, so, ln. 40,1 14), (10, 22, 16, 13,
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give ono replication each. Tho first exprossion gives tho replication

(01, 08, 15, 12, 23, 23), (33, 36, 45, 42, 03, 04)

(11, 16, 25, 22, 33, 34) (41, 46, 05, 02, 12, 14)

(21, 26, 35, 32, 43, 44), (00 <0, 00, 10, 20, 30, 40)
and similarly tho recond expression gives anothor roplienti On cyclic doveloy
ment with respoct to tho socond coordinato tho rest of tho roplicntions are genorated.

Four moro golutions, nos. 66, 63, 77 and 79, have beon found by trial and
orror, In the caso of no. 77, 28 variotics aro ropresonted by {z.y), 2 =0, ..., 4;
y=0, ..., 4 and . Tho dicyclic solution in blocks of sizo 6 is

[(c0, 00, 13, 21, 34, 42), (00, 00, 12, 24, 31, 43), (c0, 00, 10, 20, 30, 40)] mod (—, 5)
[(01, 04, 12, 13, 21, 24), (01, 04, 22, 23, 32, 33)] mod (5.5)

For no, 79, the paramoters aro v =31, b =03, k=5, r=15 A=2 A
primitivo residue of 31 is 3. Considor the sot (3°, 39, 312, 3%, 3%) which is samo
ns (1, 2, 4, 8, 16) with an internal multiplier 2. From this two more sots are
gonorated by succossively multiplying by 3, (3, 6, 12, 24, 17) and (9, I8, 5, 10, 2C}.
Tho cyclic solution (in 3 cyclos gonorating 03 blocks) is

[(1, 2, 4. 8, 18), (3, 6, 12, 24, 17), (9, 18, 5, 10, 20)] mod 31

Similarly tho solution for no. 85 with paramoters v = 20,6 = 88,k =7, r=U4,

A=3is
(1,7, 16, 20, 23, 24, 25), (3, 21, 19, 2, 11, 14, 17)] mod 20

For no. 50, reprosont the varicties by (£, 4y} 2 =0,...,8 y =0, ..., 12 and co.

Thoe solution js
100, 0 12, 11, 1 11, 24, 28), (01,0 11, 20, 212, 34, 38)] mod (5, 13)
{0, 00, 10, 20, 30, $0) mod (—, 13)

A simple mothod of constructing rosolvable BIBD for the sories v = 43,
b=a(s4+1), k=4, A =1 has boon found whon GF(s) exists. One noed not go
lhrough tho construction of Thoorem 7, althongh the result of Theorem 7 is

g from the ber-theorotic viow point. Lot ay, ..., @, represont the
eloments of GF(s) and 0, 1, ..., s—1, the module J/(s) of residuo classes mod &
and represont tho varictios by (r, y) where x e JI(s) and y & CF(s). Consider the
set of pairs (z,y)

{G oy, 1y, ..oy (8—1) @,_y)

By eyclic dovelopment of y with respoct to GF(s) one roplication is obtained, The
initial sot for anothor roplication is obtained by multiplying ¥ in the first sot by A
an clomont of GF(s). Thus.

{0 Axg, 122y, ..., (8—1) Axt,_;)
gives on cyclic dovolopment of y another repliention. Sinco A can have s values
wo obtain s roplications, Tho (s41)-th roplication is obtained by the dovelop
with respoct to z

(0ay, 0ay, ..., 0a,,) mod (s, —).
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For no. 87 represent the verioties by {r, y), 2 =0,...,6, y =0, ..., I2and
«, Tho solution is
(00, 0 12, 14, 18, 51, 511, 26), (33, 30, 42, 4 10, 65, 67, 26) med (7, 13)
(00, 10, 20, 30, 40, 50, 60) mod 13
Nole added in proof : I am thankful to P'rof. 8. S. Shrikhande for pointing
out that tho solutions for now. 41, 42, 43, 45, 65, 73, 74, 70 obtained by mo also
follow from the gonoral sorics given by Sprott (1954).
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