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SUMMARY. In tMis papar wo discurs (ho convorgonce of a rquenca of joint distrilmtions whon
it is known that tho sm~cinted scquences of murgiral and conditional distributiona convorge.  Illuxtroting
by means of an cxamy o thut the joint distributiona need 201 convorgo wenkly shen the morginal ard cordi-
tionsl intrilmtiona convergo only wenkly, sovoral results aro obtnined by suitably strengthening the modes
of of the Inttor distributions, An i ivo application of thero remlta is given,

1. InTRODUCTION

When Z js the product space (X X ¥), a random variable § on (Z, U) is of the
form (3, ) where § is a random variablo on (X, 8) and yon (¥, T). Jat {{} bo o
sequence of random variables on Z and lot A,(), #a(-) antl v, (2, ) denoto tho joint dis-
tribution of (Z,, 3,), tho marginal distribution of €, and tho conditional distribution
7. given &, = z, respoctively. The theoroms of the present work nro concerned with
the convergenco of {A,} when {1} and {v,} aro known to convergo in somo senso.
In an carlier papor this problem has beon mentioned by Sukhatmo and Scthuraman
(1959). Theorom 2 was referred to and used carlier in another paper by tho author
{Sothuraman, 1061).

2. NOTATIONS AND PRELIMINARIES

Beforo ombarking on the statement nnd the proofs of our theoroms, weo ex-
plain in this scction our notatjons and mention somo well-known rexilts which furm
the basic tools of this paper.

Throughout this work wa will bo concerned with two measuro spaces (X, S)
and (¥, T), their product (2, U) = (X x ¥, $x T) andl a soquenco of mmlom variablex
(Zas 74} taking valuesin Z.  The distribution of (Z,, y,) on (Z, U) will bo denoted by
Ax while tho distribution of , on (X, 8) will bo denoted by yr,.  Wo axsumo that the
conditional distribution of y, given E, = z oxists as a probability measure, i.e. thero
exists a function v,(z, B) which is a probability measuro on T for cach xeX andis o
monsurablo function on X for each BeT and further satisfies the equation

AdAxB) = [ ¥ (=, Bty for all AeS and BeT.

In ks caso, if € is any set in U and €, for each xeX donotes tho sub-set {y : ye¥,
(x, ykC}, thon A (C) = Jj'v,(z, C. Mptu. (Sceo Haulimos, 1950),
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If py, Py «or i 8 sequonce of probability measures defined on & measurable
apace (), V), wo shall say p, convergos strongly to p{py—p in symbols) if p(C)—p(C)
for each CeV, Itis well known that for a given soquence p, there oxists & p such that
P.—p if and only if lim py(C) exists for all CeV; in this caso the p,'s aro equiconti-

nuous, f.o. if C, is any decreasing soquence of sets withf] Cy = ¢, the null sot, then
-l
sup pfCy) =0 8s k = co. (Soe Halmos, 1950). Tt ia also known that p, —p if

and only if [ gdp,— gdp for all bounded monsurablo functions g. (Sco Halmos,
1950). If the densities f,(m) of p, with respect to somo o-finito measure p,, converge
in measuro [py] to a density funclion f(m) then thero is a p such that py—p. (Seo
Schieffo, 1947). Tho above is a sufficient condition for the strong convorgence of a
sequonce of probability measures {p,} which is convenient in practice,

Wo shall also require the notion of weak convergenco of probability measures.
This requires that tho basie epaco bo topological, and that all continuous functions
be measurable. 1If py, py, ..., aro probability measures on such a spaco I, wo ghall
say p, converges to p wenkly (p,==p In symbols) if [ gdp,— [ gdp for all
bounded continuous functions gim) on Jf. A sot € is snid to bo a continuity sct of p if
Pl €)= 0 whero bd C is tho boundary of €. p,===p if and only if lim p,(C) = p(C)
for cach C that is & continuity sct of p. (Sco Billingsley, 1956). Further, if JI is
soparablo complete metric, {p,} is compact under weak convergence if and only if,
for cach ¢ > 0, thoro is a compact sot € C I with py(C) > 1—¢ for all n. (See
Prohorov, 1936 ; Varadarajan, 1958).

For tho formulation of ono of our theoroms we roquire tho notion of UC*
convergenco {allicd o that of Parzon (1954)) of & family of sequences of probability
measures. Lot v,(0,¢), n = 0, 1, ... bo a family of soquences of probability measures
on M = Ry, the Tidl spaco of k dil i It is 1 that the index ¢
takes values in a compact metric spaco I. Let @, (¢, 0) donoto the characteristic
function of v, (0, ), i.e.

St 0) = L oxp(i Em')v, (0,dm), n=0,1,... . @20)

Definition: v, (0, -) is saiil to convergo to vy{0, *) in tho UC* senso relative to
Ocl if

(a) B\Ilp [9a (, 0)—1t, 0)| -0 a3 n> ©
.
ond @olt, 0) is equicontinuous in 0 at £=10 . (22)

aad (b) $yt, 0) is 0 continuous function of ¢ for each 1. . (23
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Wo mention hero that Pnrzen (1934) uses (2.2) alono as tho dofinition of C* convor-
genee.  (2.2) and (2.3) imply that ¢yt 0) is continuous in ¢ and 0, (2.2) and (2.3) also
imply the following:

0,0, implies 3,4, 0, ) Silt, 0p) e (29

which moans o (00 ) = vel0o. )i e (25)
0.0, implics gyff, G,)lt, 0o) o (26)

which means vol0a, *) =3 vl 05, °). o (27

3. MArx THEOREMS

Bofore proceding to state and prove tho first of our main results wo establish
tho following lemma.

Lomma I:  Let {p,} be a aecquence of probability measures on an arbitrary
measure space (3, V) converging atrongly to a measure p. Lel {u,} be a sequence uni-
Jormly bounded V- ble functi ging almost everywhere [p] to a funciion
u. Then Lu. dp,— Ludp.

Proof: Let {u (m)| < 4 for all n,
Dofine D, =.l_j_ (m (0 (m)—u(m)| > ¢}.
o know that the D, aro decreasing and that il'ﬁI D, = Dthen (D) = 0. Wo have
| Juddpy— fudp| = | [ (u,—w)dpat [udp.— [udp|
< ID{(u.—u)dp.l+ LI_ID‘(".—"WPJ-I- | §vdp— [udp]

'C24pD)+ed| Lndp,— {lmip|... . (30)

Tho first torm tends to zoro sinco p, aro equicontinuous and tho last term
tonds to zoro sinco p,— p. Sinco £ > 0 is arbitrary, the lemma is proved.

Supposo that, in somo sonse, tho (marginal) distributions p, convergo to x
and the (couditional) distributions v,(z, .} converge to v{z,.}. Further, let tho joint
distributions A, converge. It is plausiblo that A, then converges to tho distribution
. A, dofined by p and (-, -, i.e.

SAfAXB) = {v(z, Byn o (8.2)
over roctanglo scts A X B. This dofines a distribution Ay uniquoly on (Z, U). In what
follows, by A, wo mean the distribution dofined by the relation (3.2).
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Theorem 1 ¢ If the sequence of (marginal ) distributions {p1,} gea strongly
to p and if Jor almost all x{y1) the sequence of (conditional) distributions{v,(z, )} converges
atrongly to vz, *) then the aequence of (joint) distributions (A} converges strongly lo A

Proof: Lot glz,y) bo any U-moasurablo function on Z, bounded by X.
Wo define soquonco of S-measurable functiona v,(z) as follows :

wlz) = [olz,y) wiz.dy) e (33)

It is plain that |v(zr)| € K and that
va(z) z) = ;0(2. y) Wz, dy) e (34)
for almost all xfx].
On application of Lomma 1 wo find that
Jotz yHde = [dpr, { glx, y) wilz, dy)

= fuleMp [tz

= Jdr { o=y dy)

= [g{r, y}dA e (3.5)

whore A(C) = [ vr, CMpu with C,={y: ye Y, (z, 6 C}. (Sco Halmos, 1930).
This A is tho samo ns Ag.  Thus A,— A,

Thoorom 2: If the scquence of (marginal) distributions {1} concerges sirongly
lo ¢ and if the sequence of (condilional) distributions {v, (z, .)} converges weakly lo vz, )
Jor almost all x{n), then the sequence of (joint) distributions (A} converges weakly to Ay

Proof: The proof of this theorom is on tho samo lines as Theorem 1 and so
is omittod.

In Thoorems 1 and 2 wo assumed that tho marginal distributions converge
strongly. Wo now ask oursclves what happens if the marginal distributions convergo
only weakly. Naturally, ono expects that ono shall have to strengthon the mode of
convergence of the conditional distributions. Wo have given an examplo in section 4
to iltustrato this fact, that, in goncral, such strongthening would bo necessary.
The difficulty in this situation is that tho conditional distribution at the n-th stago
is dofined almost everywhoro with respoct to s, and tho [,] null x-sets, tho sots of
misbehaviour of v, (z,-), vary with . Thus wo should introduco some smoothness
restriction on tho conditionnl distributions,
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Beforo presenting tho laat of our theorems wo provo soveral lemmas,

In the following lemmas, I is n compact motric apaco and M = R,. g(0, m)
is & bounded continnous function on I x M. Jisany bounded intervalin M. {v.{0, )}
n=0,1,.. 08 & family of sequences of probability measureas on M indexed by 0 in
1. {0, -) converges to v,{0, <) tho UC® sonso rolative to 0e 1. Let

w0 = | 90, m) v(0,dm), a=0,1,.. . (3.8)

Lomma 2: 9(0, m) i cquicontinuons in & at each m, i.e. if 0,— 0, then
9(0a, m)—29(0., m) uniformly in me J.

Proof: This follows immediately from the uniform continuity of g0, m) on
IxJ.

Lomma 3: u;p | va0)—vel0) |0 a8 n—s 0. . (37)

Proof : This lemma is n simplo corollary of tho general rosuita of Ranga
Rao (1960), (1961). Wo howover, give hero a short proof for the sake of continuity.

If (3.7) wore not true, then there would bo a scquence {0,} and a > 0, such

that
| val0u)—vs{0,)| > a for cach n. . (3.8)
Sinco I is compact, thore is a subsoq {0n,} such that 0n,—0, as r— o,
Wo then have
| e (On))—v4l0n,) |

= || g{Ou,, m) vn, (On,, dm)— [ g(On,, m) volOn , dm) |
& S| 900y, m)—5{00, m)| ¥n, (On,, drt)

+ |5 900, m) vus Oy, dm)~ [ g{0y, m)ve(o, dim) |

+ 1 0100 m) vel0o, dm)—  g{00, m}selOn,, dm) |

+ I 900, m)—=g(0n,, m)] vo{On,, dm).

Given any ¢ > 0 the first, sccond, third and fourth torms on thoe right hand ido
can each bo mado < € by using Lemma 2 and (2.5), (2.6), (2.7), and Lemmn 2 and
{2.7), respectively if r 3 R. Sinco ¢ > 0 is arbitrary, this is 8 contradietion to (3.8).
Honce the lomma.

Lomma 4: v,(0) is conlinuous in 0.

Proof ; This follows immedintely from (2.7).

Lot u,{m) bo o soquonco of functions on & separable completo metrie spaco
A converging to a bounded continuous function a{m) uniformly on overy compact sot,
Let s1, bo o soquenco of probability measures on 3 converging weakly to s, Wo then
bave tho following lomma,

383



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Srases A
Lomma 8: [ u,(m)du,— [ u(m)du.
Proof : Tho proof is immedinto.

In the following thecorem Y = R, and X ia any soparablo complete motric
spaco. Hero we imposo certain conditions on tho conditional distributions similar
to thoso employed by Parzen (1954), Steck (1057) and others.

Theorem 3:  Let the seq of (marginal) distributions {y} ge weakly
fo p.  Leb the seguence of (conditional) distributions {v.(z, )} rge 1o v{z,°) in the
UC* sense relative to x el for every compact subset I of X. Then the sequence {A,)
of (joint) distributions converges weakly lo A,

Proof : Lat g{x, y) bo any bounded continuous function on Xx Y.
Let u(z) = J 9(x, y) valz, dy),  wlz) = ;ﬂz. y) vz, dy).

Lomma 3 shows that u,(z)— u(z} uniformly in z ¢ I for every compact I C X,
Lemma 4 shows that u(z) is continuous in z.

Now, using Lemma §,
I 9tz y)ar, = [ du, [ gz, 9) valx, %, dy)

= [ uedpaos fuzkn
L fote iz, dy)

= [ gz y}dA
where A(C) = [ dp [ v(z, dy) with C, = {y: (2, ) ¢C}. (Soo Halmos, 1950). Thus
ff

A=, and A = A,

4. A COUNTER EXAMPLE

Wo presont below an examplo to show that somo such conditions, as imposed
in Theoroms 1, 2and 3 are, in goneral, nocossary.

X and Y aro thoroal lino and § and T tho usual field of Borel sots. Tho random
variablo (E,, .} takes tho values (1/n, 1/n), (15, 141/n), (14-1/n, 1/n) and (14+1/n,
3

141/n) with probabilitics %. —:—, 5 and % respoctively if n is oven and with

P I |
probabilities T T % and -:— rospoctively if n is odd.
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It is caay to sce that tho marginal distributions of £, and 5, converge weakly
to the eame distribution with masscs % nnd—é at 0 and 1. Tho conditional

distributions are trivislly convergent. Tho juint distributions do not converge.

5. AN ILLUSTRATIVE APPLICATION

In section 1 wo have already mentioned somo applieations of the results of
soction 3 mado in earlier works. As un illustration wo can deduco tho asymplotic
distribution of several samplo quantiles from that of a single quantilo and Theorem 2.
In particular, assuming tho thoorem for the asymptotic distribution of thoe samplo
modinn (seo Smirnov, 1049; Cramer, 1948), wo will show that the samplo first quartile
and tho median aro jointly asymptotically normally distributed.

Lot 15, ..., 24ayy b0 4743 independent obsorvations on & random variable Z
with distribution fi F(z) which p a donsity function f{z). Itis i
that f(z) is continuous and nonzero at 0, tho population medinn and at 8, the popula-
tion first quartile.

Let us donots vn(zgmsn—0), Va(2iasy—8) bY (Ear 5) Whero zg,g i the
samplo median and z,,,,, is tho eamplo first quartile. When &, is fixed at z, 9, is tho
normalised median of a sample of size (2n+1) on the random variablo Z truncated

to tho region ( —o, 0+'V?—;), and henco is asymptotically normal. Some algobraio

computations show that the mean and variance of tho limiting conditional distribution

are & 1(0) 1
2/8) 248"

E. tends strongly to tho normal distribution with monn zero and variance l‘efi(_o)

and Sinco tho donsities convorge pointwiso (Cramer, 1948)

An application of Theorem 3 shows that tho joint distribution of (5., 7.)
converges to the bivariate normal distribution with means zero, zero, variances

1
and corrclntion—l,,

1
18 f40) * 64 %) V3
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