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SUNMMARY. In this puper somo revults of 1hio investigntions on the eflicicacics of the different
mothods of cstinution of varinneo of tho extimalo ond of setting up of confidence intervala for
the population parameter in Iargo.scnlo sanplo surveyx as0 given, The eficicncics of sotting up cone
filenco intorvals lused on different inethoda of catimnting 1he varianee of tho ol te havo been studicd
with respect to o numbor of critorin such as the oxpeeted vulue and the dixtribution of the Iength of the
cunfidence jnterval. It is whown that the efficieney of the conBidenco interval based on the sub-asinple
eatimates approachen that of thy confilutes intorval obtained by conventional methcds moro mupidly for
initia! increases in the nuwber of sub-samples than for further increasen, The rexults huvo Leen shown
10 bo valid in cuso of stratified sampling with a fow sub-samples in cach stratum,

1. IxTRODUCTION

1.1, Some of tho results of the investigations on (i) methods of extimation
of varianco of the estimate in largo-scule samplo surveys and (ii) methos of setting
up confidlence interval for the population parameter will bo given in this papor.  As
thero is an abundanco of literaturo on these two topics, it may not be out of placo
hero to givo a brief roview of the work that has nlready been dono.  This roview is
by no means exhaustive,

1.2, Hero the aim is to study tho efliciencies of methods of estimation of
varianes and of setting up confidoneo intervals which are operationally convenient,
Invariably, sueh methods nro less efficient than tho cunventional muthods involving
much caleulation at tho stago of analysis. Sumetimes it may be pussiblo to striko o
balanco between the efticiency nimed at and the labour involved.

2, METIIODS OF ESTLMATION OF VARIANCE-

2.1, 1In the enso of simplo random sampling from a normal population, tho
varianeo of the estimate of s, tho mean in the population, invelves the parnmetor o,
tho pupulution standard dovintion, Let a simplo random sample of sizoe N bo
drawn from & normal population with mean g2 and slandard deviation ¢, Let tho
abservations be X,, X,, ...

v The minimum varinneo estimuto among tho class of
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unbinsed estimates of g iz £, tho ramplo monn and its standard orror is af/N.
A list of cstimales of o availuble in statistical litorature s givon below.

8 =,\/§(‘\‘ — ) v (1)

=1

a=g ‘:_:l - e ()
)
- {4)
e (5

whero 2 js the mean of a sub-samplo of size m, 2z, i the mean of the i-th random
group with n obscrvations such that am=Y, (i =1, 2. ..., m); @ is tho moan of
the ranges in sub-group of n clomonts in oach ; A; and A, aro two numbors to bo
properly choson ; u, and u, are given by

1

"
p= ‘/—.,—I ¢l dzand ptg =

whero p and q are proportions of tho observations less than A, and betweon A, and

A, respectively ;
. L'(7)

6= mi]? (m—l)
and dy= _f {(l—af—{1—a,)} dx,

1 —. . P

whoro a) = Wir Je = gz and 2 is tho smallest observation in tho samplo. Tho
\/2r —e

values of ¢y and dy aro tabulated for different values of m and » in tho manual of the

Amorican Society for Tealing Matorials (1051).

2,2, Of theso cstimates, as is to bo expected, a8, is tho most oflicient and the
most diflicult to caleulute. In sampling from normal populations, tho estimat.s
8, and &, have the samo elliciency.  Ilansen, Hurwitz and Madow (1933} Im\*u compared

the variances of the extimates of tho Lypo & and #5 namely 3 = (.r‘—:)’ and

1
l—lll

2



VARIANCE AND CONFIDENCE INTERVAL ESTIMATION

kd v g . » -
o =_Ll Y (7;—X)! and observe that 83 is moro or less precise than 85 according as
m—1 (e
3 o . :
£ is less than or greater than 3 whero § =I,7: . Tho eoxpressions for tho varianco
2

of o3 nnd of aro

oy m—3 \u}
Yo' = (ﬂ_ m—1 )77’ - (8)
Pty _m=34
Veh=(p-25 )4 (@

whero S, =%+3 E;—l Heneo it follows that F{(s'3) % V(2'}) nccording as ﬂ% 3,

2.3. If the sizo of tho sub-group is small (about 7 or 8 observations), then
the loss of officiency in using s, instead of &, as an cstimate of ¢ is not largo (Poarson
and Maines, 1935). Pearson (1932) has tabulated the mean, standard deviation and
percentags limits (0.5%, 1%, 6% and 109,) of range in samples from a normal popu-
Iation for sample sizes 2(1) 30(3) 100. Cadwell (1954) has given an asymptotic cxpres-
sion for tho probability integral of rango of samples from a symmetrical unimodal
population and has studied its accuracy for tho case of normal parent population and
for samplo sizes 20 to 100. Stovens (1048) suggested tho estimato 5 and tabu-
Inted tho cfficiency of this estimate as compared to that of &, in large samples for dif-
ferent values of /"T—/‘nnd A—’v_—”, while sampling from a normal population with
mean g and standard deviation o.

2.4, An empirical study was conducted to study tho officioney of 85 as com-
pared to that of s, for a samplo of sizo 100 from & normal population. For this purpose
the samples from a normal population with mean 0 and standard deviation 1 given
by Mahalanobis and others (1934) havo been used. There aro 104 samples of sizo
100.  For each of theso the mean, standard doviation and frequenoy distribution havo
been given. Tho mean and varianco of tho samplo standard deviations aro 0.0887
and 0.0049 respectively, Taking A, and Ay to be —0.5 and 0.5, for each samplo, g5
was caleulated. Tho mean and varianco of &5 turned out to bo 1.0000 and 0.0193
respectivoly.  Honco 25 ean be considered to bo unbiased for this samplo size and ths
eflliciency of &, as compared to that of s, is 25% which agrees with the figure given
by Stevens. Tho efficioncy of 85 can bo increased by taking the values of A, and A,
near about tho mean s on either sido of it.

3. INTERPENETRATING SUD-SANPLES
3.1 Inasteatificd sampling design where 1 independont and interpenctrating
sub-samples aro taken from each stratum, an cstimate of the varianco of the
estimato ean bo obtained by using (i) the sub-sample cstimates of total or (ii) tho sub-
rample estimates of strata totals. It may o of interest to gob an expression for tho
loss of efficiency in using the former in preference to the latter,
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3.2. Lot thero bo & atratn nnd u indoponcdent and interpenctrating sub-snmples
in each steatum.  For the anke of simplicity let the sub-samplo sizes within each

stratum bo the wame,  Suppoxo ‘I;,v‘ is an unbiased estimato of tho j-th stratum total
y; Trom the ithsub-nample (i = 1,2, ..., 055 = 1,2, ..., 4).  Tho two cstimates of the

varinnce of the estimate 57 of tho total y are

O P = “-', (=3 .- @
and @ P = 2l & 8 Gmdar - @
whero _1;=}: v, J .-i S. J and J 1 $ .’; . {10

fT R g I P = -

3.3, It can bo casily verifiod that the above two extimates of the varianco
are unbiasedd.  The variances of the two estimates aro given by

l’(l’.m)—;,(n_,«) [X -((n 1) sy (3—n) g0 z Spary] e )

and V(PG = "‘(”_” [ {(— l),z‘,+(1—n),u,)] . (12)
whero gryy and 1y aro tho socond and fourth moments of tho estimato 1‘},,. From the
above expressions it follows that V(D7) > V(P)}. The loss of efficiency in
using P,(7) instead of Py(3) ay an estimate of ¥(3) is given by

L3
~ - ys
Lo VOG-V _ ‘; ol At

TP n (B ,,_,

whore fij = ﬁi + If the distvibution of tho estimates within cach stratum can bo
g

assumei to he normal, then f; = 3 for all j.  Heneo L becomes

R, -1 e (14)

Iy

whero sty = S py. 10 the coclliciont of variation of the estimato in cach of tho
sl

atraia can be assumed to bo equal, thon L is given by

X

X T glyf

=1 4>)

£
>
j= g

2
)

I = . e {15)
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Instead, if it in assumed that the varianco of tho estinwte in each atratum i the samo,
then L is equal to k—1. It may bo noticed that tho foxs may bo substantinl if the
number of strata is large.

4. CONFIDENCE INTERVAL ESTIMATION

4.1 If a sample of slzo ¥ is drawn from a normal population with mean g
awl standard deviation o, then tho conlidence interval for 4 is givon by

o o
r {X-I,W <p< 2+, v }= 1—a e (16)

where 1—z is tho confidence cooflicient and /4, is tho % peint of the distrihution of
sfli /A In practico one has to estimate o from the samplo itsell by one of the

procedures given in Section 2,

4.2, Ifa, is takon as an cstimato of &, then it is well known that the statistic
(= {;l‘vm )
t

is distributed as Student’s £ with X — 1 degrees of freedom.  Of course, for largo samples
tho abovo statistic is distributed normally with mean 0 and standard deviation 1.
Similarly the statistics

=X (x;ﬂ) amnd "= A" X=n o (18)
8 2

are also distributed na Studoent’s ¢ with (n—1) degrees of freedom, whero 1 is tho number

of groups or sub-sample #izo and A’ and A" aro constants,

4.3, Daly (1946) has proved that Z and w0, tho mean and rango of samplo of
Y independont observations on a normally distributed variate z aro stntistieally inde-
pendent.  Lord (1047) has given the 5% and 1% points of tho distribution of the
statistic

R=1) g, yim e (19)

=
whore # is tho sub-group sizo and m the number of sub-groups. Patnaik (1930) has
obtained an approximation to tho distribution of and making uso of this has
deorived the distribution of #, Jackson and Ross (1055) have transformed tho tables
of Lord 80 03 to provido tho poreentago points of tho distribution of tho statistic

N o) F . (20
G=5 = €0



SANKHYA : THE INDIAN JOURNAL OF STATISTICS : Seunss B

Nocther (1955) haa considered tho statisties

=£) and 0y = jx‘_':x'l.
3

where @' is the mean of the ranges of all sub-groups of both the samples, and has given
the percentage pointa for &, and @, so that confidenco intervals for p and {p,—p_) can
be set up in the form

PR=g, 5 <p < X4g, ) = 1—a . 2D
and PR, =X ) =98 < (3=t} < (Xy—X)+gpat) = 1—a ... (22

whero g,, and g,, are tho a% points o* the distributions of @, and G,. Further he has
tabulated the values of ay for different values of n the sub-group size and m the number
of sub-group (nm=X) which when multiplied by the sum of tho ranges in the sub-
groups provides us an unbiased eslimate of o.

44, laet 7, 7, ..., 7, bo independent observations on a variate z with some
distribution function, arranged in the increacing order of magnitude. Thompson
(1936) has shown that

P(Xy < M < Xy p) = 1=y s (n—k+1,8) e (23)
wherd A is tho median in the population and 7,{p, g} is the incomplete Beta function

=

ﬂqu) [ ™1 (1—y)*} dy which has been tabulated by Karl Pearson. If the distri-
29} o

Lution of x is symmetrical, then tho above cxpression gives us the confidenco region

for the population mean. Nair (1940) has tabulated tho values of k& which give us

confidence intervals with confidence cocfficient greater than or equal to 0.95 and 0.99

for values of » = 6(1) 81.

4.5. In what {ollows the cfficiencics of tho confidence intorvals based on s
and 8, will bo compared. For tho sako of convenience lot ugredefine sf and s§ as

1 x

4= sy S B . (29)
and 8= 1\(+—1)431 @2 . (23)

whero x, x, ..., xx aro tho N observationa drawn from & normal population with mean
- s

# and standard doviation o ond » is tho sub-samplo sizo, It is clear that XN(N—1) :;T,

and L\'(‘.\'——l)—;j’ are distributed ns ' with ¥—1 and n—1 degreos of frocdom
respectively, Henco it follows that tho statistics
PR E S ) R P b Sl . (20)
& 4
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aro distributed as Student’s ¢ with ¥—1 and n—1I degrees of freedom rospectively.
If 4,, and 4, are the a% limits of tho distribution of ¢ and f,, thon tho lengths of tho
confidenco intorvals by tho two methods will bo

L, =2 and  Ly=24

4.6, A number of criteria can bo suggestod for comparing tho officioncics of
Ly and L,, L, and L, may bo said to havo approximately tho samoe officiency if E(L)
and V(L,) aro nearly equal to E(L,) and V(L,) respectively. It is to bo noted that
E(L,) and V(L,) tond to E(L,) and V(L,) respoctivcly as n tends to N. But tho con-
vorgenco aftor a cortain atage bocomes slow in thoe caso of tho oxpoctod valuo. The
oxpectod values are given by

(4

BlL) = %0 77 if ¥ is largo (>25) - @7
and Bl)=thd o5 vhwd=yZa .o

If N is fairly largo (>>100) then ¢,, = 1.96, for in that caso #, is distributod normally
with mean 0 and standard doviation unity. Table 1 gives tho values of tho ratio
E(L,){E(L,) for differont values of », assuming N to be large.

TABLE 1. VALUES OF THE RATIO OF THE EXPECTED VALUE OF L, TO
THAT OF L; FOR DIFFERENT VALUES OF »

w©

n 3 4 1 (] 1 8 o 10 13 20 25

Ely)
Ty 5.172 1.046 1,496 1.331 1.248 1,108 1,164 1.141 1.123 1.075 1.054 1.042
(L1)

4.7. The confidenco interval L, and Z; may bo said to have approximatoly
tho samo efficiency if L3 is nearly equal to L; whero L} and L; aro given by

P, < LY} = 0.05 . (29)
P{L, € L} = 0.95. e (30)

This eriterion is dofootive in tho sonso that evon if Lg is nearly equal to L at this lovel
of confidonco, this may not bo truo for somo othor level. A better approach is
to compare tho distribution functions of L, and I, for differont values of n. Hore
also it may bo olisorved that the convergoneo of the distribution function of L, to that
of L, ia likely to becomo vory slow for values of n groater than a certain valuo. Tablo
2 gives tho valuos of Lj and Ly for diforent values of ¥ and n. Tablo 3 shows tho
distribution funetion of L, for N = 100 and that of £, for n = 4, 5, 10, 20 and 40,

7
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TABLE 2. COMPARISON OF THE VALUES OF L} AXD L} FOR DIFFERENT VALUES
OF N AND » AT 839, CONFIDEXCE LEVEL

vaursof L}

N L
nem? A=) Bmd pmd nel wumd ne=l0 nmdd
06 0.2 253 0.5 0.5H ° 0.3% 0332 ¢ 0261

120 0098 2,273 0,88 LG 0,35 VLD O.u 0.283 0.2

200 0130 1.561 . 0.381 0,302 . 0,237 0210 U181

TABLE 3. COMPARISON OF THE DISTRIBUTION FUNCTIONS OF
L AND Ly YOR N = Ju0, n = 4,5, 1%, 20 AND 40

PLyL L)

L ML, <L

o=

nei n=3 n =)0 "

0,22 0, 000 o.1209 0.120% 0.J053 0.0:99 0.0200
0.2¢ 0.0040 0.1844 0. 1334 0.1701 0.1379 0.0832
0.26 0.1128 0. 1998 0.2101 0.2341 0.2570 0. 2304
.28 0.5%02 0.2352 0.2709 0.3541 0.4111 0.4531
V.30 0.0522 0,270 0.327 04580 0.56772 0.6030

0.8635

.32 0.9901 0.3218 0.2833 0.5621

0.34 1.vouve 0.3663 0.4416 0.0641 0.8401 0,8347

4.8, As it is casicr to cumputo &, than s, tho object should bo to find sub-
samplo sizo reyuired to give us L, which does not differ much from L,. In other
words the sub-samploe size should Lo so chosen that the varintion of Ly about L, is not
much keoping an oye on the labour involved. L, may be said to Lo approximately
as oficient us L, if

) f_:-u <9 )

is fuirly Inrgo whero & in o small quantity, T'o find this probubility wo require the dis-
tribution of (Ly/L,), which can bo deduced from a goneral theorem given by Ruo
(1053) in the theory of least squares. Tho result required for our purpose is quoted
in the form of a theorem and proved for complotencesa,

3
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Thoorem: If zy, 2y, ..., Zy be N observations on a variate z which is normally
distribuled with mean p and standard deviation o, then the distribution of

i: (x,—z,)?
Z="— - {32)
‘xl (r—zs)*

1s that of a Bela variale with paramelers "—,' and ¥ <— where z, i the mean of

the firsi n observations and Ty is the mean of all the N observations.

Proof: P (7=2:)t = S-:(zi—?u)"i' 5 (fi— Tyl nlE,— 2
t=l (=1 fantl
HN—n)(Zy_—FsP

Id

z,.

whero Ty-n= =a ‘_35 K

Sinco Ty = __ni,-;—(N;’____n)z‘y__'

L -
Zy—2y = é‘v_" (2,—Zy-») and Zy_,—2y =1~7\l,- {Fy-n—2)

Henco ME =N =3 = N Gz

which whon divided by o? is a x* with ono degreo of freedom, for

V=R 2y o,

Not
- ¥ -
Further, lg)‘ (z;~z,)* and . };I”(z‘—zx_,,)' aro x%0® with n—1 and N—n—1 degroes

of freedom respeetively,  Z can bo written as

PR T . (39
a1t Xi-s
In this caso xE_, and x%., aro indopendont. Honco the distribution of Z is a Bota
distribution with pnmme(crs"Ll and ¥-n

2 2

P{-Ll<a}=p{ L <a*}=1'{z< %,‘T'l:"- a‘ }=l,(p,q) . (39)

0
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whoro e gt p= q= 11;_’_‘
and Lipq) = C(p49) [y — et dy.
(p 9 AT [y 0—y)y-tdy

TABLE 4. GIVING THE DISTRIBUTION FUNCTION OF Lifli. FOR N = 100
AND n = 10,20,25

P {%: <3 }
s nm =2
.2 0.0002 - -
a4 0011 - -
.8 L0181 0.0013  0.0003
8 L1033 L0408 .0325
1.0 L3198 .3579 L3602
L2 L6184 L8190 8703
| K 8503 0870 .90968
1.6 0630 .0909  1.0000
1.8 L0044 1.0000
2.0 0003
2.2 1.0000

5. STRATIFIED SAMPLING

5.1, Let us now considor n caso whero the population is divided into strata
and from cach stratum » independent and interpenotrating sub-samples havo been
selected. Let y, bo an unbinsed estimato of yrj, tho j-th stratum total from the
i-th subsamplo (j=1,2,..,k; i =1,2,...,n). The object is to sot up confionco

Iy
interval for 2t =X s, tho population total. For this two mothods havo been sug-
J=
gested and their efficioncics compnred.
5.2, Lot us assumo that y,; is distributed normally with mean y; and standard

&3
N Yy In
= ’-IJII

dovintion g, Thon nn unbinsed ostimato of s is givon by y = ’—:

10
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L
fact y is distributed norinally with mean 2 and variance 717 X of. Tho following
Jul

two estimates of this varianco can bo considered.

. 1k oa
T _ ¥ X -
W 5= n(n—1) }.’1 {=1 =9y - 6
i -1 Sy
and (i) o =) o (v —y) W (37)
b =13 1 =3
= y, oand y.= .
whero 9 rbA Yy ond gy ‘_lyu

The varianco of theso estimates have boon compared in Section 3. If oy = o for all
. 8 [ s . _
3, then n(n—l)‘-.;, and a(n~1) Tt Or0 distributed as x* with Kzn—1) and (n—1)

degrees of freedom, Honce the statistics

4 =Y"# and ;,=? o (38)

will bo distributed as Student’s ¢ with {(n—1)k and {n—1) degrees of freedom respec-
tively, If f;, and t;, are the « percentage points of ¢ distribution with kr—1) and
(n—1) degrees of freedom respectively, then the lengths of the confidenco intervals
based on ¢&; and &, are given by

Ly=22 and  Ly= 202,

I £ is fuirly large £, = 1.96 and tho Table 1 gives the ratio of E(L,)/E(L,) for different
vaolues of n,
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