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SUMMARY. Tho uso of discriminant function is justifind only when it Js known that o
inulividual to bo chusifiod b- longs to a cortain subnot of allomative groups. In this papor tical
mothods aro doveloped for exumining whothor 8 given individual can bo suppossd to have ariscn from ono
of tlio populations in tho subsot und then using the discriminant function,

Tho uae of cortain othor linoar funclions in probloma of clhuwification of groups, prediction, otc.
s sleo boon discussudl.

1. IxTRODUCTION

That tho likelihood ratio is the Lest criterion for discrimination between two
alternative hypotheses is justificd by tho fact that it is a sufficient statistic when
only tho two alternatives aro considered (Smith, 1947). But, in practice, when it jy
not certain that an observed specimen belongs to one or the other of two given groups,
there is need to consider tho possibility of its belonging to somo unknown group. The
likelihood ratio which is equivalent to the discrimi function may not Le sufficient
when other alternatives aro considered. Elsowhere (Rao, 1960), 1 have considered
an example which gave riso to somo controversy because such a possibility was ignored
and a discriminant function was used to decide betwcen two given alternatives
(Bronowski and Long, 1951; Yates and Healy, 1051).

It is, thereforo, important first to examine whether the diseriminant funetion
constructed on tha basis of two given alternatives is adequate for drawing inference
on an observed specimen. Only when this is confirmed by the observations on the
specimen can we actually use the discriminant function for coming to a decision. The
paper is devoted to development of suitablo tests for this purpose.

Concepts of size and shapo and their t based on }
varjables are also idered. Theso functions have Leen found useful in tho study
of inter-relationships and in the problem of discrimination between groups.

2. SUPFICIENCY OF THE DISCRIMINANT FUNCTION OVER A WIDER
SET OF ALTERNATIVES

Let us consider two multivariato normal distributions with parameters
(41, A) and (g, A) where g,, 4 aro vectors of mean values and A, the common dis-
persion matrix. The log likelihood ratio, which is the linear discriminant function
based on these two alternatives, is proportional to

§ A, (2.1

whero 8 = pt,—pu,, A-3, the reciprocal of A and i, the vestor of observations. Lomma
1, which may be considered as a generalization of Smith's result, shows that the diseri-
mivant funetion (2.1) is not only sufcient for the alternatives from which it is
derived but also for a widor set.

Lemma 1: The discriminant function 8' A= x is sufficient for the set of aller-
nalives (aypy+a,p,, A), where aj+ay =1, ie., the probability distribution of ¥ given
8 A-1 & iy the same for all expected values of & lying on the line joining p, and py.
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To prove the lomma it is enough to show that the ratio
Pr|a,p tayp,) + P8 A x|ayp,+ayp,) - (22)
of normal densities is independent of (a,, a) p ded a;+a, = 1. The logarithm
of (2.2) is proportional to

(£—aS—pyY ANz~a,5—p) L2 A"‘;‘;\_;g‘l‘_)f - 23
where a, has been replaced by {1—a,). The cocflicients of af and a, in (2.3) aro obvi-
vusly zero cstablishing the required result.

Lemma 2 which gives an extension of tho result of Lenma 1 to tho case of &
multivariate normal populations with parameters (g, A), # = 1, ..., k, can bo proved
on the samo lines. Let Ly, ..., L;_, be (k—1) independent likelihood ratios or (k1)
independent discriminant functions arising out of some (£—1) pairs of populations,

Lemma 2: L,,..., L,_, are sufficient for the parameter sel a,pty+»-+ayp,
where ay4--tay = 1.

3. TEST PRIOR TO THF APPLICATION OF DISCRIMINANT FUNCTION

As observed earlicr, inany practical problem it is of somo importance to con-
sider thoe possibility of an observed specimen belonging to a group other than sny vne
of those specified. For this purpose, it appeara more natural first to test the hypothesis
that tho discrimi function is sufficient, for drawing an inference on the observed
specimen.  Only if there is no evidence against this hypothesis could we uso the
discriminant function for further study, otherwiso the question of classification of the
observed specimen as a member of one of tho two given groups does not ariso.  Again,
wo do not uso tho diseriminant function just to decide between the two given alter-
nativea only but alko allow yet another possibility of the observed speoitmen Lelonging
to a third group with its mean values lying on tho line joining the mean values of the
two given groups.

We shall first consider tho case where all tho parameters are known and tho

result of Lemme 1 regarding the iency of tho diseriminant function is strictly valid.
The probability density of the observation & for an nrbitrary mean g is
Plx|p) = const. exp {— {x—p) AN z—p)). . (31)

The criterion for testing tho hypothesis that g = ayu,+a.py whoro gy and
# aro specified, is provided by the likelihood ratio,

aterml Pllaptaym) . (32)

—2leg, wp P(z|4)
®

= inf (£—py—a,8) A} (2—pty—a;5)

= te—p) At (opry 1A Lol - B3

= (x—p,) A (.:—F.)_M;l(\‘”_;"‘_)]. (by symmetry) ... (34)
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Tho statistio (3.3) is the difference between
= =) AN (z—prp) . (35)

which is a x* on p d.f. nnd provides a test of tho hypothesis that tho individual belongs
to the second population when nothing is known about the alternatives, and

8 A (o=
= f\’_,sf")]' o (3.8)

5
which is a x* on 1d.f. and is useful for examining whether the individual belongs to
tho second population given that the alternatives for mean values are pointa on tha
line joining g, and u,.  We may then writo the required test criterion (3.3) as

AE=x—x . )
whichisa y*on(p—1)df. If%ia significantly large, thero is ovidence of the observed
speeimen belonging to a third group.  On the other hand, if the value of x} is not large,
thero is some assuranco that tho use of the discriminant function will not bo mislead-
ing. The closeness of the observed apecimen to one or the olher of two groups is then
judged by the discrimi function or same ns chi-sq

8 A-1(xr— 2 A= [p— 1]
e ot gng 18 L )
each with 1 df.  As observed earlicr, both theso ehi-squares may bo large in a parti-
culnr situation, indieating another possibility of the observed specimen belonging to
a third group.

For examplo, in the classification of the Highdown Skull (Rao, 1952, PD- 2
206), considering tho Bronze Age population we find x? = 12.694 and ¥} = 3.003
giving a difference, x3 = 8.701 on 6 &.f.  Considering tho alternative of Maiden Custle
population, x*=9.091 and x}=.390 giving the same difference, 3§ = 8.701 on
& d.f. which is not significantly high. Wo may then uso 3§ values on 1 d.f. for arriving
at a decision. The xf for Bronzo Age is signifieant at tho 5% level and that for
Maiden Castle is small, which suggests a classification of tho Highdown Skull as a
member of the latter population.

Bronowski and Long (1952) amended the procedure, suggested by them in
the carlier paper (1951), of using tho discriminant function without a preliminary
test of its sufliciency, to admit the possibility of an obscrved specimen belonging to
& third group. Their new approach, however, does not mako use of tho discriminant
function at all.

4. TESTS WHEN TRE NUMBER OF ALTERNATIVES IS MORE TIAN TWO

As beforo wo consider thoe caso where the alternative distributions are com-
plotely specified, i.0., the parameters involved are all known, In view of the result
of Lenuna 2, it may bo examined first, whether (k—1) independent likelitiood ratios
or discriminant functions arising oud of k specified distributions are sufficient or not.
Or in other words, whether the observed speciten can Lo considered to havo arisen
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from o population whoso menn is on tho hypor plano determined by the means of the
k gpecified populations. If, ns before, = stands for tho vector of observations,
H1 -y fy for mean values and A, tho common dispersion matrix, tho test criterion is

=

which is n x* on (p—k+1) d.f. A method of computing a statistic of the furm (4.1)
iy discussed in an earlicr paper (Rao, 1959). 1f the value of x} in (4.1) is not signi-
ticnntly high wo consider only (X—1) discriminant [unctions instead of p variables,
For cach group wo then have a xt on (£—1) d.f. to jucdge the aflinities of tho observed
specimen with that particular group.

minl (—Zau) A He—Sqp) R R)]

5. TESTS WIEN TILE COMMON DISPERSION MATRIX 18 ESTIMATED
In cnse A is estimated by S, which has Wishart's distribution on » J.f. the
statistio

+“') W e )

a(p
which is constant times (4,1) with A-* replaced by 8-}, has F distribution on (p—k+1)
and (n—p+-£) d.f. In tho case k = 2, the F statistic is

n—p+2 s+ n—p+2 Y S E— o) — [8'S-Yx—p,)P o (52

oy = Sy (e S g b e
with p—1 and n—p42 d.f. These results follow from a goneral distribution problem
solved in an earlier paper (Rao, 1959).

‘There is the further problem of testing tho hypothesis that the specimen
belongs to a particular group, using the estimated discriminant function or functions
in tho case of more than two allernatives, For £ = 2, tho test criterion for the hypo-
thesis that the specimen belongs to (say) the second group is

n—pt1 [ (88 e—pm,) . 33

2P (B + ) 53)
which is F on 1 and (n—p41) LE A similar statistio with an # distribution on
(¢—1) and (n—£43) AL can Lo constructed in the case of £ altornatives.

No exact tests of the Lypes (5.2) nnd (3.3) sceru to be available when the mean
values of tho two nlternative populations are themselves estimated.  An approximate
test of the typo (5.2) is provided by the smallest root of the determinantal equation
dofined by Fisher (1939). Tho further problem of using an estimated discriminant
function as in (5.3} is not satisfuctorily solved.

0. SIE AND SIAPE FUNGTIONS
Penroso (1847) defined certain linear functions of mensurenients us representing
tho sizo and shapo ol an organism.  More general functions wero construeted by the
author (Rno, 1038) ta examing differcnces in size nnd shapo bebween gronps of
orgnnisimg.  Theso concepls avo furthor generalised in this section.
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Lot us consider & linear function

X = g oot 0z T Tyt oo HremTiim e (8.1)
of (k4m) variables x,, ..., z-,,_, with unit variance, io.,
Zaal,=1 o (8.2)

where A is the covarianco bct\»ecn 7, and 2.

Wo wish to choose tho cocfficients ay, ..., gy in such & way that a given
inerenso in X produces on the averago i hanges, in given directions and
givon ratios, in a subset of tho variables (sny) z,...,2,. If the regression of x; on
X ia taken to bo linear then the average change in z; for a unit chango in X is exactly
tho regression coeflicient of z, on X, et tho ratios of specified changes in zy, ..., 2,
including signs bo py : py ... 1p,. Using o multiplier &, we writo the equntions

Zady=ap, i=hL..,e
(6.3)
Tad;=ay, j=1.,k—s
where vy, ..., 7., are arbitrary Tho algebrai blem is that of maxi-
mising a with tho restriction (6.2) on a;, by ammbly clloosmg ¥;- Let A-1 bo partitioned
At =(A
such that A, is of order (kx4), Ajof order (kxm) and p and y are tho column
vectors of el ts p; and y; respectively, The solution for @, the column vector of
a; is
a=(A: A,)(g) = a(Ap+Aqy) v (8.4
Using (6.2) a? = 1:(Aip+-Agy) AA P+ Agy): e (05)

¢« i3 & maximum when thed

in (8.5) is & mini i.c., yis chosen to satisfy

AAAgy = AjAAsp. . (6.6)

Having chosen y, we determine « from (6.5) and then a from (6.4) to obtain the desired
linear function.

An alternative way of apecifying the linear function (6.1) is as follows. The

cquations ensuring & given ratio of the regression cocflicients of z;on X, i=1,..., s are

Zadj=ap, j=1..9 . (8.7)
Tho residual variance of z, given = is
A—alpifa’Aa. e (0.8)

Wo may chooso a, a, subject to restrictions (6.7) to minimiso the sum of the residual
varianco for tho s variables z,, ..., z,

£ (u—atplfa'an)

or maximise o?fa'Aq. Tho cquations leading to the determination of @ aro same as
(6.4) and (6.6), thus cstablishing tho equivalenco of the two problt

If p, aro all positive wo may call {6.1) & sizo function with respeet to tho cha-
racters 2y, ..., ,, in tho senso that an increaso in the valuo of rizo results in an increase,
on tho averago, in cach of tho characters ,, ..., 2, By choosing somo of the p; to be
positive and others negativo wo obtain a function with tho property that an increaso
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in its valuo increasen the valuo of somo characters and decreases tho valuo of somo
othern.  Such a function may be calted a shapo function,

It may bo noted that in (ho construction of a wizo or a shapo function for
24y -ons X, WO have used other mensureimcnts 2,4y, .., 7, also, and further that tho linear
funetion (6.1) constructed by the method indicated i invariant for linear transforma-
tions of tho extra variables z,,q, ..., 2,.

Tho present approach admits the powibility of constructing a linear function
of any ret of unthropometrie nta 1o rep whapo of the head and to
dixcriminate between long and broad headed people, instend of using tho cephalic
index. Such a linear function was used in an earlicr paper (Rao, 1950) to atudy
differences in head shape of eastes and tribes belonging to different States in India.

A closely related problem is that of determining a linear function X of &
variablea such that the sum of tho residual varinnces of zy, ..., x, given X is a
minimum, without placing any restrictions on tho regression cocllicients. Sinco the
sum of residual variances is

£ [t
[t {I\“ o'Aa }

the problem ix samo as that of maximising

§(ZAa) _a'Ba . (89)
w1 a'An a'Aa
whero B = A'A, A being tho (sx k) matrix obtained by taking tho first s rowa of tho
matrix A. The veetor @ maximixing the ratio (6.9) ia then the latent veetor corres-
ponding to the maximum latent root of the determinantal cquation
|B=AA] =0. v (8.10)
In fact, by considering tho first, accond, third, ... latent vectors wo obtain a serics of
linear functions X,, X, Xj. ... such that X, ..., X; (for any i} is an oplimum sect of
i lincar functions which can bext predict the subset of variables x,, ..., z,. The determi-
nation of such functions ia likely to Lo uscful in specifying tho sizes of ready-made
garments, shoea, cte,
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