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1.(a) Dessribe clearly Jacobi's method for computing all the eicen

2.

LT

4.

(r)

(a)
(v)

vzlues and eigen vectors of a real symmetric metrix,

Show that the abeve method converges. (201
20

Lescrite clearly the method of bordering for computing the
inverse of a nonsingular matrix. Discuss the lirmitations of

this rethod and explain Low thes2 can be overcoma.
[20]

Suppose f is a real-valued function definad on an interval I
satisfying the following conditions:
(1) £ and £* are continuous on I,
(11) the cquation x = f£(x) has a solution s (located in the
interior of I) such that £*(g) = £12) (s) = 0,

(111) (3 exists, 1s continuous and doeg not vanish on I.

Show that the iteraticn sequence X, = f(X,_4) converges to

s cubically, provided X0 is sufficiently close to s.
[20]

Derive Taylor's polynomial approximation of a function 'r(x).

Find the szallest value of n such that the (n-1)3t degree
Taylor's polynomial of sin(x) approximates sin(x) vith an
error not exceeding 0.5, 0™ for all x in [0,2].
[20]
Define Aitken's A2 -method. Show that the sequence obtained
by the method converges faster than the original sequence.
[20]
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Answer all questivns

Consider the union of the line segments in the plane, L) joining the pte (0,1) to (1,1) and L,
“joining (1,0) to (1,1) , L =L UL,. Let P be the prabability distribution corresponding to the
experiment of chuusing & point of L at random. (a) Write down the associated distnbution
function Fa,b) = [‘([ ~ova] x (-0, b} ) (ab) € r2,

U X{xy) =%, (xy) €R?, fud the distribution function of X.
(¢) Find the points of discontinuity of F (0o proof of discontinuity is needed).

®

=

[8+4+4=18}
2.(a) Let X and Y be positive random variables. Prove that XY is a random variable.

(b) Let X be uniformly distributed on (0,1). Find the density of the randum variable cos? 2X.

. {8+5=16)

3.(a) Let X be a random variable such that E(|X|¥) < co where a >0. Show that if 0<A<a, then
E(XP) < oo.

(b) Let pp = E (IXI7) , £ 50. 1 iy, | g exints, show that b3, L 1 € Bgp e by 42 {8 +8=16)

1.(a) Let (X.Y) have the joint density
txy) =17V, Ixicy
=0 otherwise
Find the Probability P(XI<%).
(b) Let( X,Y) be independrot uniform random variables on (0.1). Find the conditional distribution
of XgivenZ = XAY, {8+12=20}
5. (a) Let X and Y be independent random variables having gamma distribution with parameters (A0}
and (M,6') respeclivcly. Find the density of X+Y. (Here Ais the scale parameter).
(&) Let X have gamina distribution with parameler {A,0) where n is a positive integer. Compute l"_\-.
[s+8=16)
8. (a)f X and Y are independent positive random variables having density f and g tespectively, find
the density of Z = X/Y.
(b)If you and a friend of yours are waiting at a bus stop for dilferent buses, find the probability
that your waiting time is more than three times that of your friend’s — assuming that the

waiting times are independent and identical exponential randum variables. [8+8=16)
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1.(a) Lengths of iron inguts Y obtained in a factury are modelled by a statistirian to have & Normal
distribution with mean 168 and variance 9.

(i) Write down the probability density functivn of Y.

(i) The engmcer uf the {actory is not satisfied with the model since Y, here, canuot assume
negative values while a normally distributed variable may assume positive as well as negative
values. 1low du you justify the model assunied?

(b) The electricity board of & State has found that the perceutags ¢ hwusehulds consumng low
aounts of electricity is small; the percentage of houschulds consuming very high amuunts of
electricity is very sinall; and most househiobls consume moderate amounts of electricity.

Explan what staustical mode) would apply for this case and daanibe the wmed:d
(nathemically).

(<) In a game an over’ comsists of six balls. The umpire can declare any vtie of them as & ‘na ball' if
it dues pot satisly certain conditivng. While analysing the data un ‘vo Lalls’ a stalisticien
postulstes that the chance of having nune of the balls being declared a5 2 *no ball' is usually
quite high amd this falls off very rapidly = in fact, very rately all the six balls turn out to be 'no
balls’. Sugg-st a suitable statistical modrl fur this problem stating your assumngtions clearly.

{7+7+7)=2
2. (a) With Uie usual notation, show thel
o 12.p = 0 (1= £) (1= ) (1= sl 1) - ( "'3,».1:34;.- I
Explain clearly whal you understand by the situation when p=2

(b) Ao anthropologist hias predicted the index Y by the relation Y = 3,Xy + 3,X, + 3,y where

X)X Xy are 3 nicasurements on b8 subjects (all measurements X, centred around their

means). The cotrected suns of squares and products matrix is calculated as:

Y X, X, X3
0.12692 0.03v30 0.04430 0.0362%
0.01875 0.00843 0.00654

0.02904 000573

[ETARY)




He is now interested in the (i) multiple cotrelation coeflicirnt uf ¥ vi the wther vanables aud (u)
the partial correlation cuefficient between the variables Xy and X3, liinating the effect of X,
and Y. Obtain lhuf values. (14)+(14+18) =44

3. () It has been observed in & hostel that these is 1675 cbance that the phol:le dues not work on o day.
Calculate the p-roliability that in a mouth, you have to use an outside phoae on atmost 3 days.

(b)On the basis of l’l.le performance in examitiations, students lose their stipends (L) if they score

less than 400 and continue to get them (C) if the scores are between 400 and 500 and ¢ot a prize
in addition to the stipend (P) if they score L0 of more. In one semester, the percentages of the
categoties L, C and P were respectively 23,62 and 18. Podet a suitalde madsl fur the scoicy , find
the mean and s.d. of the scores of (i} all stud=nts aud (ii) students of the category(P).

(M+(14)=21

4.(a) X and Y are two independently distributed variables with N(2,9) and N(3,18) distributions
Fespectively. If 144 Z = 16X240Y% £ 64X — 54Y+145, find the Expection and Variauce of Z.
Preciscly alale Lhe thzotems you have used (withent proof).

(b) Draw a random sample uf size three from the distribution whose denuity is

l(x):', l_‘:j , me0 <z <o

+

Justify your method. (1+7) =14
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1.(a) Let A and B Le twu matrices such that AD is a s:puare matrix. Express the detenuinant of AB

terins of majors of A and B.
(b

-

A B
Consider the partitioned square matnx X = c »p where A lo & nonsingulas matrix.

Show that |X] = |4 {D - €A~} . [1545=20

2.(s) Show that the syvunctric tatrix A and /AD are of samne dt’u{ilrucll where D is any

nonsingular matrix.

h

(b) Por a vun-indefinite thatrix A:[a.-}-], show that a, =0 imiplies P cotumn of A s wull.

{¢) Show that for any symmelric matrix A of order g there exists a noasingular matnx 8 such that

B'AB is & disgond watrix D. Further if A is non-indefitate 8 can be chosen such that teading

principal minor of order & of & is equal Lo leading principal winor of order k of D fur £=1,2,--n.

(d

i~

Show that if A is nonnegative definite, there exists a triangular matrix T such that rank of 4 is

equal to rank of T and A = T'T. 134 5+1048=28)

3.(a) Show every reflexive g-iuverse of a watrix A is also Muore-Pumsose inverse A.:I-N for sutue

suitable positive Jefinite matrices M and N (that is, for some suitable norins jnvolved).

(b) Define group inverse of a matrix, Obtain a necessary and sufficient coudition for the existeuce of

group inverse of a matrix A. [9+148=18]

4.(s) State and Prove the Cayley-Hamilton theorem.
(b) Show that algebraic multiplicity of any eigen value A of a watrix is greater than its geutnetric

multiplicity.

(c) Show that for a matrix A, algebraic multiplicity of the eigen value 3efa is equal to its geometric

omltiplicity implies rank of A=rank of A%, ’ [t0+5+5=20]

5. State and prove the Courant - Fischer miu-max theotem on cigen values of a real syuunctric

niatrix,
8. Prove or disprove the following
(a) Let A=UV be arank factorization of 4 then raok of (4%)= rank of (VV),
(b)  Ais Jordan bluck of order u with diagunal eleents all 0 then A'isa A”,
(<) For a real symmatric matrix maximum eigen value is equal to maximum singular value.
(d) |A4B] <|Al+|D|if A and B are nonsingular,

(¢) A and B are nonnegative definite implies A + B is also non-negative definite. [s »3=18]
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Note: Answer all questiong

1. (a) Describe Jacobi’s and Gauss-Seidel methods for the

(b)

solution of 1linear equations bringing out their
similarities and dissimilarities. '

Consider Ax = b where A is a square matrix with all
diagonal elements nonzero. Show that neither Jacobi’s
method nor Gauss-Seidel method converges if A is singular.
(Hint : if R is a singular n x n matrix then SR is singular
for all n x n matxices S.)

(20]

The subroutine EIG(B,n,X,P) computes all the eigen values
and eigen vectors of the real symmetric matrix B of order
n x n and gives the eigen values (in nonincreasing order)
as the elements of the vector X and the eigen vectors as
the columns of P such that the i-th column of P
corresponds to x;. o
If you are given a p x q matrix A, duscribe a detailed
Algorithm (by using the above subroutine) to  compute
(i) a singular value decomposition of A, (1i) Pp, the
orthogonal projector projecting vectors into column space
of A, (iii) Py and (iv) Moore-Penrose inverse of A.

(20]

petioe



3.(a)

(b)

()

(a)

(b)

The inverse of the nonsingular matrix

2 1 3 o
A 3 0 2 s
101 1 1

2 1 1 3

4 -4 -16 12

is A"l = -1 -1 s o

1
? -1 3 9 -8
-2 2 6 -4

Obtain the inverse of B where bij = ajy wheneve
(1,3)#4(2,3) and by3=3, ' by modifying A"l suitably.

Show that the polynomial

2,...4x0

1 +x+X
is a good approximation to 1/(1-xX) for any x satisfying

0 < |x|] <1,

Find the value of VZ to five decimal figures by the scant
method. Pick your own starting points,
(7+46+7) = (20]

OR

Let n be a positive integer. Consider the polynomial P
interpolating the function f(x)=eX at the points x = 0,
1, seeg N Suppose one has to compute em’l by
evaluating P at x=n+l,

Indicate a lower kound and an upper bound for the error
e“"l-P(ml)l.

Obtain an exact expression for this error.

. (8+12) = [20]



4.

write a subroutine for finding the value of a polynomial for
a given value of the variable by Horner's method. Using this
subroutine, write another subroutine for finding a root of a
polynomial equation by Newton-Raphson method.

(20)

(V.9

L
By the method of linear iteration together with Aitken’s A -
metﬁod, compute the root of

3 2

X~ ¢ 2x° ¢+ 10x - 20 = O

in [1,2] correct to 6 decimal places.

[20]

Let a be a positive real number and £ (x)
(x3+bx) /(cx2+d). Consider the iteration
Determine the constants b, ¢, d such that

Xn = f£ix,_4).
X, converges
cubically to «s.

[20)
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1. Show that

ves'B
l..B -\» 3 . .
e B | w . 1aBI®Y 144 (ne1)B0

w.-u:m»
0 eee % w
B0 ees 3 W

veo A

Vhere A and B are . square matrices of order k and n- ‘28 the m.:nbex-
of blocks in ea‘.h rovw and each column.’ (5]

2. Show that for any two matrices A and B, A is a B, and 8t 1s

a A dmplies A = B,
(10]

3. Define Jorden block J(n,A). Show that for a Jordan blosk
J{n, 0), then exists a g-inverse with "eigen value property"
and "power property". Hense or otherwis® show that every sjuare
matrix has a g-inverse with eigen value pronerty and pover
property. (You can assume Jordan Canonical Form of the matrix).

(1+10+8) = [15]
4.(a) Show that every square matrix A
can be expressed as.
A= PIP*
Where P i3 unitary end T 13 Triangular.
(b) Derive Spectral decomposition of a real symmetric matrix.
(c) Derive singular value decomposition of a matrix.

(8+6+6) = [20]

petioe



5.

6.

Prove the following:
(a) A 1s real skew symietric matrix implies the real vart of °
each eigen valve of A 13 zero.

(b) srithretic pultiplicity of the eigen value 0 of A iz =qual
to its georetric multiplicity implies rank of A = rexk o2 ;¢

-ay

(¢) For a real guare matrix 4, the sum of sjuares of its
aigen velues is equal to sum of squares of it's singular
values implies A 1s symnetric.

(54545) = [15]
Express the given matrix A as
A= LU

Where L is a lower trianguler matrix with all it's diagonal
elements equal to unity and U is an upper triengular matrix.

-1 0 -t IN
2 6 0 =15
-4 18 6 40

9 o0 =19 =33
f1e
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Ansuer all questions,

1(a) The breaking strongth X of a bottlo is modellud by
a statistician to have a normel distribution with moan
165 and_yarianco 9 in some units, However, the eongincor
© of the factory is-worriad that X cannot assume nagative
values, vhile a normally distributed repdom variable may
assume all positive and ncgative ValULS. How do you justify
tho model assumed ?

(b) Tho accountant of an Institute prepares the frequeacy dis-
tribution of the salari:s paid during tha tax year 1994-95,
He finds that tho porcentage of workcrs with low szlary is
smally the pereentage of workers with very hich salary is
very low; and mostiﬁquers are in the intermediate salary
ranges, Explain vhat statistical mocel vould apply to tiais
situation and describe the médel mathematically,

(¢) On 1ocating an albino—type child a géneticist goes-to the
family and rocords how many other children in the family aro
of albinc=typce, Ha has collected data on 32 feallies of
5 children cach and tabulated the frequencics, Suagest a

suitable distributjon for these data ~nd justify your answer.
(7+7+7)=(21)

2, (a) With the usual notation (to be cxplaincd by you), show that

2
90,12...p = °o (1'° (1'002 1’(1'°03 120000

© :
(14 ~ op.123 cee(p=1))a

Explain briasfly vhat do you understand by tho situaticn
when p=2,

peteo.



-2 -

2,(b) ;, Tusting Service prodicted an index Y basud on 3 tosts
(xl,xz,xa) given to 86 cancidates (all scotcs £, ire
centred around thedir means), Tho cozrnct>d sums of square
and products mctrix is calculatoed by them as 3

Y Xl X2 Xa
0.12692 0.03030 0,04410 0.03629
0,01875 0.00848 0.00634
0.02904 0.00878
0.02886

Tho service is now intorosted to compute (4) muitiple
correlation coefficient of Y on the othur varicbles

and (ii) the particl correlation coefiiciunt botwaen the
varicbles )(3 and X2, oliminating the ~ffoet of Y and X_l.
Obtain thase valuces.

14+(14+16) = (44)
3. ELTHER

From extcnsive optom.tric data it was found that the dis-
tribution of inter pupillary distanco (i.p.3.) of adult malcs

is Normal with moan 64,90ume and s,d, 2.8l mm. /. company
manufacturing cptical instruments.plans to-manufacturo the
folliwing standarc typos of ficld“glassas : -

type A B c D E )
distance betwecn
the ccntres of eye 54 58 62 66 7

pieccs in mmse .l

assuming tl’;at parsons having i.,p.d. c¢iffering by not mors
then 2 mme from th2 distance between the contros of eye
piccus of a fiold glass have no difficulty in using it, find

how many of cach type of ficld glass should be manufacturod
in a lot of 10,000 ?

3.0R
On tho basgis of t.ho“pcrformunco in examinations, studonts get
an ordinary Rass (P) if they score betwcon 400 and 500,
£ai1(F) if they got bolow 400 and obtain an Honours(H) 4if they
scorec above 300, In one particular scmester, tho percentzge
of tho categories P,F and H woro respeetively 65,2% and 10,
Undar a suitable model for the scores, find thoe mean and the

sed. of tho Scores of (i) oll students and (11) of students
of category He.

N

(14)

Contiseeee
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Notet Answer any five questions.

1.(a) Define a 'Borel subset of R '
(b) Frove that Q, the set of rationel numbers, is a Borel subset

of R.

(c) Under uniform distribution on [0,1], £ind the probability of

the set

f. x € [0.,1]s the aigit 5 does not occur in the regular
decimal representation of x ? [2+446)]

2. Let F(a,b) be the distribution function of the pair of random
v--fables (X,Y).
(a) Prove that

Flc.d) - Fla,d) = Fle,b) + F(a,b) > O whenever
a<cand b ¢ d.

(b) Let Z = max (X,¥) and v = min (X,Y). Show that

F,(z) = F(z,2) and F (w) = F (w) + Fy(w) - Flw,w)

(c) If F has the density F(x.y), £ind the density of 2. [4+4+4]

3.(a) Let the probability distribution P of a pair of random

(b)

4.(a)

(b)

variables (X,Y) be such that
p( (a,b] x {c,d] ) ¢ K(b=a) (d-c)

for all a,b,c,d, where K > 0 is a constant, It is given that
P( (0,1] x (0,1] )} = 1. sShow that

P(x=Y)=0
From the definition of 'Expectation' prove that if
0 £ X £ ¥ evereywhere on the sample space, then

' E(X) ¢ E(Y) (6+6]

Let X and Y be independent uniform random variables on
(0,1). Find the .distribution function and the density of
the random variable 2 = x2—Y.

Let Xjseene X, be independentand un.tfomly distributed
random variables on (0,1). Find the distribucion of

Ya-% log % o (6+6]
1=1

pP.t.0.



s.({a) Let X; 4%, 4%y be indepundent uniform random variables on
(0,1), Fird the dunsity of the random variable

XI+X2-X3

(b) Let X have the gamna distribution with parameter(A,n) whiers
n is a positive integer, Compute the cdistribution function

of X, ] [666]
6.(a) If X is a positive random variable, show that
1 1
Elg)2 ETX
(6) 1£ £ (|x|%) and EC(]¥}T) are finite (r > 1), show that

E (|x¥]F) ¢ -, [ 646}
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Note: Question 1 is compulsory. Ancwer any
five qucstions from the rast,

1, State whether the following statcménts are true or false., Give

reasons for your answer

1a) Let £ e c'{a,b] .e. £'= £ ¢ c[a,p).
£(a) = £(b)=0 and ' /.£"(x)dx=1
a

b 1 1
Then J x£(x)}£ (x)ax = = 3
a

L e Yy
(b) The derivative -1 of the function has thc property

that  1(s) <0 ae(o,) .

© .
(c) Let £{x) =3¢ a_ x"bea power series whose radius of

n=0 .
converggnce = », suppose that £ is a‘bounded function. Then
is constant,

n

N .

B

(@) Let g(x)= ;; b, X" be a powcf series.thsg radiué of
co;;ergcnc; is ﬁ ;herp 6 < R-< @, Then. M > 0 $|é(x)-g(y)|
< "] x=y]- XY 3 (=R/R). . ‘ a .

(e) Let £ = c2(a}b) be'a convex function. Then the fu;ction

£(x)

Calx) = e ‘x s'(é,b)_is not convex. {20]

It f,g,£2,92 are all Ricmann integrable on [a,b], prove that

fix) glx) 2

107 o]
5 d dx
2, ey g Y
b 2 b 2, v ;b 2
(7 £9(x)ax) ( s g (x)d)- =71 £(x)g(x)dx)
a a : a

and deduce the Cauchy-schuvartz inequality

b 2 b, b,
(1 £(x)glx)dx) < (7 £°(x)ax) (s g°(x)ax).. (16]
a a a

P.t.0.



3, Let forx e R,

x 2 2 1 -xz(tzu)
Ex) = ( 7078 at) 5 glx) = s e
o 0 t°4

Assuming mat dilfercntiation under the intogral sign is allow
chow that 9 (x)ofl(x) ‘w 0 for all x and deduce that g(x)+£(x)e

Use tha alom_roaulr. to prove unac
X _,2 .
e 13%ac=—3.
Xx=—>w 0

4, Let for n = 1,2,3,... fn' R—=>IR be the

function £ (x) = ﬁ_x
n 14+nx
show that f converges unifomly to a function, £ say and that
i
the equation fl (x) = Lt £ n{X) is correct if x 4 0, but falge
1f X m 0. . [Il

. . 1

5 Let £ e c{0,1] have the property that J £{x) P(x)dx=0 for all
polynomials P of even degree, Using ﬂuorlo_iorattass approximatin
theorem show that £ = O. . {1

6, Lct n b a positive integer. Show that the family of polynomial:

[%3
P(x) = ao+alx+...+anxn of dogree < n whose coefficicnts a; sati:
the inequalitics m ¢ a; < M (1 =0,1,...,n) for somc constants
m, M is cquicontinuous on any [ar,8]CR. {:
. N .
7. which of the following improper Riemann integrals exist ?
Justify your answer,

n/s 1 ~3/.
(ay ™ t_§)r:_3< (b) f Cos x. x zdx f1
[} . 0.
2m=1 1
(m)  (m+ 5)

8,-Prove that (2m) =
n

for m=1,2,3,...
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1. Write a program to compute the binomial co-efficients (?) B
i=0,1,2, ..., n for a given positive integer n.

OR

Write a program to find all tha prime factors of a given
positive integer n. -
[15}

2. A is an MxN matrix and B an NxK matrix.

Write a program
to compute the product AB.

[15]
3. Show the storage configuration of the variables in coMMoN
statements in the two modules given below :
In main programme REAL A(10), B(S5,2), ¢, D
COMMON A, B, C, D
In a subprogramme KEAL X, Y(8), 2(3,3)
COMMON X, Y,
{10]
4. Suppose xp = ¥Xp = 1.0. Find the minimum number of

biscction steps needed to assure that the approximation
error of x, is less than 1079 2
OR

Derive the error in Simpson's 1/3 rd rule.

4 (12)

6. Estimate the value of the definite integral ! (x2#2x+2) ax

o
using both Simpson's 1/3rd rule as well as trapezoidal
rule. (Use 8 intervals for Simpson's rule and 4 intervals

for trapezoidal rule).
[18)



7. Give the output of the followiny programs :

{a) n(l) = 23
n(2) = 10 {7
n(3) = 8
n(4) = 45
n(s5) = 11
n(é) = 31
m=6

do 10 i = 1, m-1
do 10 j = i+1, m
if (n(i).le.n(j)) go to 10
k = n(i) .
n(i) = n(3)
n(j) = k
10 continue
writa(#,¢) (n(i), i=1,m)

(b) 6
Main Program Subroutine te
do 10 {=3,30 subroutine sub(j,n)
call sub(i,k) n=20
if(k.eq.0) go to 10 do 20 m =2, j/2
write(s,s) i mm = mod(j,m)

10 continue if(mm.eq.0) go to 30
stop 20 continue
nel

30 return

8. Write a FORTRAN programme to compute the sum of the first S0
terms of the following series for a given x and print the,
final sum,

(17)

x = x3/31 + %550 - xX';0 o+ L.



	001
	002
	003
	004
	005
	006
	007
	008
	009
	010
	011
	012
	013
	014
	015
	016
	017
	018

