INDIAN STATISTICAL IKSTITUTE
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Date: 7.7-39 Maximm Marks: 100 Timé: 3 Hours.

Lote: From Groun A Answer any TNREE questions.

A ]

From Group B Answer pll the questions.

Cavp A
1. Let Xgp = = 5‘1 ond Yir = = ynz be the random samples from two

normal populations with the seme meon m end variences a2 and qu

respectively, vhere A is a known positive constant
' ebtain the maximun likelihood estimates of m and o2 .
Are trey unbiased? If not obtain the unbiased estimates. . [21]

2.(a) ctate and prove lleyman-Fearson's thcorem of obtaining most
powerful test for testing a simple hy‘pothesis agalnst. a simple
alternative. .

(b) Let X0 = = X0 be a random sample of size 10 from a normal
distribution 1i(0,02). Find the best critical region of size
a = .05 for testing Hy [o%=2] egainst H,[o®*3]. 1s this a best
critical reglon-of size..05 for testing (1) H, [o%=2] acainst
it [o?=1]; (11) B, [oP=2] awatest 4y (0 “321. '
- - tesults in each case. '
- Indicate how will you computc the size and power. of the test

© wder H_ [o%=2] sgainst H; l6%=3]. S STy

3. (a) Let xyp == 3% and y1, == ¥, be randon sanples from h(u,,az)
ny

and ll(u?_,o ) rcspcctivcly, wvhero .all the, paremeters are wunlnown.
- Derfve t.he llkelihood ratio test for testing H [u1'u ) against

H [u.lfuzl (s
(-b) ¥hat do 'you mean by stab{lization ‘of varie.nce’7 Derive the

"fundamental lezma for arriving at this result. Herce obtain
tran..fomation on sample correlation coefficlent. [11#10=21]

l..(a) Derive the sampling distribution of the sample regression <1 -
coofficient, b « On the basis of a random sample (x1.y1) == (xn'}',-,)

' Irom Bn(u1.u2,c1.02.|9) Hence .how that the nkeuhood ratio
test for, testing H, 3= BOJ L\,aj.nst B, (8 #8,] 1s equivalent to
t-test where t follows t-distribution with n-2 d.fe

(b) Discuss the imrortant uses of frequency Chi-square in testing

of hypathesis. ’ [13+8%21])
) p-t X3
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5. To cxanine the growth of cosk or terta.ln trees, observations oI th{

6

T

thick.neso of cosck borings were obtnincd on 10 trees in a block.of
plantations from the Lorthern (X). and Eastern (Y)-directions of 1

. trunk. The weights of these borings (measured in centigrams) are

given below: i ) o
Tree No.: 1.2 3 4 5 6 % 8 9 10 °
X :72 60 56 41 32 30 39 42 37 33
Y t 66 53 57 29 32 35 37 43 W 029

Analyse the data to test

(1) whether there is a significant difference between the mean
weights of the cork borings on the Morthern and Eastern sides
of the trees.

(11) whether the variabilities of weights for the northern and
eastern sides differ signifi_cantly.
use @ = .05 in each cases . [er8=14]

The following recorda the operating 1ife :Ln hours of 10 electric
bulbs.

980, 992, 1005, 998, 1040, 1020, 1028, 1042, 975, 1015.

Obtain 90 confidence intervai Ior the population median life of
electric bulbs. - . f7]

In a radiation experiment, 20 egg cells were e*t:reated with X-ray
and 20 were untreated {control).

Examine the data given below to. £ind out whether radiation does
affect the growth of cells.

Yeray . ' ' 'Contx.‘oll
Affected : 12 L 16
Not affected: 8 16 2L
20 ’ 20 .. w. [6)

8. Practical Note Book. A v ’ (101
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Date: 5.7.89 liaximua Marks: 100 Time: 3 Hours.
Note: Answer all questions.

1.(a) Give an example of a form Fdx * Qdy or an open subset @ { R?
such that —a = —5 everywhere on @ but Fdx + Qdy 1is not en
exact differential. ’ ‘

(h) Using the form of Green's theorem proved in the class, prove that
(u w=wau)dady = (uz—"n'-wd“d
R R

with the usual assumptions on u,w,R and R. [Gvee15]

2.(a) For a vector field f = (f1,1‘2,1'3) on It3, prove that

) 2
* curl (curl £) = grad (div £) - £

(b) State Stokes' "theorem for surfaces in To.

(c) Obtain Green's theorem for a planc domain from Stokes' theorem
in (b). (te+ 1+ 6=414)

3.(a) Find )
zdxdy
s

vwhere S is the surface xz+y2+z2 a 82,

(b) Find the arc-length of the curve
(t, tstnd) ¢t (0,1]
if 1t exists. [8+6=14]

“.(a) State and prove the Lagrange theorem about maximisation of
function under coustraints.
(9) Let f(x1,x2,x3,x4) = x% + xg- Find the maximum value of f subject

to the restrictions

xﬁi- x§+ x§=h
Gr2G e nl a9 [13+10=23]

P.t.0.
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5. Find the tangent plane of the surfage

1+ xcosmz+ysinmz=2°=0at (0,0,1). [8]

6.(a) Il“..g = {ay000 a,) R", define

Y,
R T

where { p { «. Show that a P in a norm
(b) Find lim a 5 - [12+3=15].
l e |

7. Prove that if f i3 a continuous periodic function on IR, and
% is the sequence of ¢esaro means of the Fourier partial sum;

then o, — £ unifomlly. [10]

PSS . . .
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1.(a) Constder thfz model: Ve =ty *.ej_;]
{eit)g are independent N(O qz)
11, z...

m, -3 =1 2,.-, ne

Can you test the hypothas.ts u13 'y *ﬁd {1=1 200y M R
: 31,2,06, n
Justify your enswer. to o L ’ l N

(v) Con;i-aér..t}lxo model: | 'yi:‘)kwi:) * ey
' ) {eiak)} are independent M0, o2),

1=1,2,40,m; ,j=1 2,..,n, K=1,2,00,Cs

Test. the hypothesis luid'- « ’B:)*"Yij glvon that -

?.:m ,3 P ‘
151“1*351“’3-321 iy etz

o . i
:: ’Yij=0-for_-3=1,2,..,n_ [5+13=18]

2. Clearly state and prove the S-method oi‘ multiple oompaxison in the
general cases. . [20]
Consider tne set-up

Y AN(XB,02T), rank (X)ar, ¢2)0 unknown.

3

Let \PT i %, t//z,.., l}‘k‘l be specified linear parametric functions.
.Define a confidence set i'or\l’with confidence coefficient
EEICICIEDN

Given 0{a{1, derive a confidence set with confidence coefficient
1-ax. (State the results you may make use of). o [20]

Consider the observations YT=(y1,y2.--.yn? such that

. 2

E(y1)= ): x JBJ’ V(y_t)ura2 and cov (yi,yk)=_Qu for ifk where
1=1 ?,..,n, 3=1,2,00,m and d2)0 13 unknown. Make an orthogonal
transformation from Y to Z such that 217;-T(y1+y2‘+...+yn) and

7D =(22, 3,..,zn). Show that z,'s ere uncorrolated ond E(Zz)-uﬂ,
peteo.



-2- .

where U depends on x:((xi'o))'an&' “the.partlcular matrix of trans-
formation. If Qs unknown, ghow’ that (ZZ,UB,qzh 2)1) is a model
under the Gauss-tlarkov sct \.\p. . ! L . [15]

5. Suppose we wish to determino whether or not four differcnt tips
produce different rcadings on a hordness Lesting maching. The machy
operates by pressing the tip into a me tal’ specimen, and from the
depth of the resulting depression, tho hardness of the specimen can
be deterrined. We have decided to obtain four observations for ecach
tip. We' test each tip once on each’ o[ four specimens. The data is
given below. ) o o,

' Hardnzss Testing Experiment

.- B T T ST

rype of Specimen:(Block)
‘_m et S 5 ry -
1 9.3 ‘ 9.4 9.6 10.0
2 9. 9.3 9.8 9.9
3 9.2 .9 4 9.5 9.7
4 9.7 9.6 10.0 10.2

-aee

Carry out the "Analysis of Variance treating the above dz_ata. as
(a) One-way layout: (b) Two-way layout.
Comment on your findings. [10+12+5227]
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Note: Answer four of the following questions taking
at least one from any of the groups.

Group-A
1.(a) Define the term adsorption and writedown the forms of Fruendlick,
Longmier and BET equations.

(b) State the basic assumptions of Longnuir thesry and derive the
equation. Explain the physical significance of the constants
involved.

(c)” The “following data on the adsorption of CO, gas on one gram of
charcoal at 0°C. were found to satisfy Longmuir equation.

p (pressure) 25.1 1374 M6 858.6 mm

a (ent of CO5 .77 1.78 2.26 2.42 ng
absorbed)

By appmprlabe graphical plot of the data calculate the monolager
capacity of the. charcoal sample. Assuming the cross section over
of CO2 molecule as 26A evaluate the specific surface area of the
Charcoal. [7+10+8]=25

2.'.(a) What is méant by the electric double layer surrounding a charged
colloid dispersed in an electrolyte solutien. Describe the Stern
model and point out its superiority over both Helmlotz and
Gouy-Chepman model.

(b) Explain the terms: Electrophonsis, ele¢troosmosis, Dorn effeet,

zeta potential, straming potential. [1243+43+3+2+2])m25

3.(a) Calculate the pH of the following aqueons system
"(1) 0.1 N Naett solution (ii) 0.1 N Ciiz COO H solution
(111).0.2 N solution of H CO0 Na (iv) 0.2 N solution of NH,C1
(v) 100 m1 0.1 N NaoH. mixed with 110 ml of 0.2 N CHy ConH.
[a1ssociations constants of H CooH., CHy CroH and NHy are
1.776 x 16%, 1.752 x 10% and 1.74 x 10% respectively

(b) Explain the terms buffer capacity end ihdicator range.
What indicator would you use to trace the end point in the
titration of a nearly 0.1 N CHxycooH’ s.olution by a 0. +1 N NooH.
solution and why ? [15+1o]-25

p.t.o.



4.(a)

(b)

Group B

vYhat is meant by the equilibrium of a chemical reaction? Enumeray,
the factors that influence equilibrium. State and explain

Le chatelier principle.
Deduce the relationship between standard (Gibbs) free energy

change and equilibrium constant.

(c) Derive on expression for the equilibrium constant (l&)) for the

reaction: N0, 20,

(d) vrite down vant' Hoff equation for the influence of temperature

on equilibrium constant

{e) The value of kp for the dissociation of iodine vapour to

5.(a)

(v)

(c)

(a)

&.(a)

lodine atoms s.c I,  2I is 1.14 x 152 at 800°C and

4.74x1075, at 900°C. Calculate the mean heat of dissociation in the
temperature range mentioned. [746+4+345]=25

State Raoultt's law and define osmosis. Derive a relationship
between lowering of vapour pressure and osmotic pressure.

Vapour pressure of a solution at 263 K i3 0.98 times the #
vapour pressure.of the pure solvent at this temperature. What is
the mole fractien of the solute in trhe solution ?

When 4 g of a symthetic orgonic polymer is dissolved in an organic
solvent the solution develops an osmotic pressure of 1.6x10°< at
mosphere at 300 K. What is the average molecular with of the
polymer.

What 1s meant by 'molal denression of freezing point'? Is it a
preperty of the solvent, solute or solution?

An orgonic solvent freezer at 16.6°C under standard atmoshperic
pressure, 1ts heat of fusion being 43.2 calonis perg. By how many
degrees the freezing point will be lowered by dissolving 0.05 mole
of a non=-volatile, non-dissociating and non-interacting solute in
1000 g of the solvent ? [9+4+5+7]=25

Explain the terms 'order of a reaction' and 'rate-constant'. What
type of relation, if. any, does exist between rate constants and
equilibrium constant of a reversible reaction.

(b) Half-life of a first order reaction in 3600 seconds. Evaluate its

rate constant.

(c) Thermal decemposition of HI to the elements follows a second order

rate. In an experiment such a reaction is half-completed in 170
seconds. If the'value of the rate constant is 7.5x1(5'3 1litre
mole™ see™! calculzte the initial concentration of HI.

contds sese3/-



(d)

(e)

-3

A first order reaction is apprcciably reversible and the reverse
reaction is also of first order. Derive a relationship among the
rate constant, time and reactional concentration taking cognisonce
of the opposing reaction.

Give a brief out-linc of the collision the ory of reaction rate.
Vrite down Avvhenius equation end explain the terms frequency
factor and energy of activations. [5+43+545+7])=25.




INDIAN STATISTICAL INSTITUIE

PRACTICAL EXAMINATION
Date® 9.5.89 Maximum Marks:20 ﬂme:}é Hours

Note; Use separate answerscripts for Group A and
Group B,

Greup A

1. Deternmine the amount of glucose present in the given bleed
sample. (6]

2. Viva-voce (5]

LEASE TURN OV
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Jatel 9.5.89

CGrowp B

1. Mention the purpose of the set up experiment. Write

the working principle of the experiment. (2+4)={6)
2, Viva-voce (2)
3. Practical note book (2]
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Note: Usae Separate answerscript for Group A and Sroup B.
Gro.n=A
~rp any two of the following: (5x2)=[10]

-+ luconcogenesis is not a reversal of glycolyeis. Justify.
. x11 20 amino acids arc synthesized from citric acid cycle and other
wajor metabolic intermediates. Justify with simple diegram
no need. for chemicel formula or enzymatic details). .

L:utathione is an extremely important biological molecule. Yhat 13

- +5 chemical nomenclature? How is it synthesized and what 1s its
n~jor function?

"+ w Wie-blanks (enswer eny five) (1x5)-[51

_ 3= e wujus Quuur of mothyl group.

.‘Active acetate! 1s .

_-i) The complete oxidation of palmitic acid (16! 0) yields
ATP.
(iv) Cystein is a member of the family.
(v) Lysine is a member of both glutamate as well as
family.

«vi) Canavanine is a emino acid. .
~ii)  Amino acid blosynthesis is regulated by .
~ .sWwer any four from the following: (212 x4)=[10]

\ Diagrammatically . show the concept of negative feedback.

) Draw an amplification cascade in the stimulation of glycogen
(in glycogenclysis) by epinephrine in the liver cell to yleld
blood glucose.
vhat are the major functions of the horwones secreted by the
medulla of adrenal gland and the islets of Langerﬁans ?

What are the hormones that regulates calcium metabolisen?
¥hat would happen due to the pathophyslologic state of these
hormone s?

Vhat are the functions of testiculer and ovarian hormones?

.} VWhat are the major physiologic functions of IH and FSH ?

1 detailed account of the Oxidative Phosphorylation process with all
cnzynme sequences and energy’ production.

or
e a detalled account of the Oxidative and non Oxidative branches of
-» Phosphate Pathway with theenzyme sequences. [15)

p.t.o..’
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GROUP =B
Answer question no.1 and any Two from the rest

Fill up the blanks (answer any Five): (2x5) (10

(a) have the uniqu: ability among recognized

plant hormones to promote cxtensive growth of many intact Plant,

(v and oppear to be the main
hormones that contiol leaf abscilssion.

(c) Movements of a plant organ in response to directional fluxes or
gradients in environmental stimulil are called
(d) The most popular and widely u:sed germination promoter s

(¢) T™e most exciting discovery in the search for specific cell

division~inducing compounds was that of
{£f) The process by which cells bccome speclalized is called

(g) In the phase of a S-shaped growth curve, the
size increases exponentially with time.

Justify the following statements (any three): (5x3)={15]

(a) Acetyl CpA 1s the " connecting link" between glycolysis and
Krevs cycle.

(b) Indole-acetic acid has some inhibitory effect in lateral bud
production. .

(c) Specific moisture level is cssentialfer. seed germination.

(¢) Mineral salt absorption is a ATP dependent process.

(e) Leaf primordia do not davelop randomly around the eircumference
of the shoot apex. ’

7hat is dormancy? Describe five mechanisims of seed dormancy par-
ticularly as they involve seed germination. (3+12)=[15]

“xplain the current theories that account for Phototropism and
gootropiam. (712+712)'[15]

From where Gibberellin was first isolated? How Gihberellins
stimulate the mobilisation of food and mineral elements in seed
storage cells? Write briefly about agricultural application of
Cibbrellins. (2+7+6)=[15]

* 582
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Notu: Answer any four questions.
All questions carry equal marks.

: A rise in real investment must be accompained by a rise in equi-
“ibrium saving. However, the latter could be brought about elther
jrough a rise in real output or through a riss in price”.
s3cuss the truth of the above stat:ment.
. wtruct a macroecononic model which recognizes the simultaneous
istence of excess capacity ard scarcity in different sectors of
.z economy. Discuss in tems of such a model the likely impact on
- 1 loyment of changes in autonorous cxpenditure. In partj.cuiar
“wow how a rise in oggregate employment might be accompained by a
-1 in employment in certain specific pockets.
1at 15 meant by en IS-LM equilibrium? Trace out the possible
nact of a cut in the exogenously specified moncy wage rate on this
.uilibrium.
.hat, according to Keynes, are the different motives for holding
nongy ?2In this context, discuss Keynes' derivation of the schedule
of speculative demend for moneys Further, indicate °~ clearly the
rature of the Keynesian liquidity trap.

*~) Define M, es the sum of currency and demard deposits (DD) and
M, as the some of M, and time deposits {TD). Assume a
currency-demand deposit ratio cuy and a-desired ratio of demand
to tima deposits of the public, d = DD/TD. Assume, too, that

banks have reserve prcferences described by by} and Tp with

respect to demand and timo deposits.
(1) Use the defirition of M, and the ratios d, ry and 1 to

derive an expression for the equilibrium stock of M1.

(11) Use the definition of M, and the different ratios to derive
an cxpression for the equilibrium stock of HZ.

/111) What would be the effcct of a rise in d on cquilibrium
M1 and M? ? Argue out the intuition underlying your answer.

" Suppose the Central bank decides to pay the barks interest on
their reserve holdings. What would be the likely effect of this
decision on money supply ?
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Note: From Group A answer any THREE questions.
From Croup B answer all the questions.
Group-A ’
4. Suppose a random semplc of size n has been drawn froam a population
" having ped.f.
Y oax V-1

f()é)-u—e X 4, x)0
[

whereY 1s a known constant. -

(a) Show that the mothod of monents and the method of maximum
'fukelihood give the samc estimate of a.

(b) Show that this estimate is blased. Hence find an unbiased
estimate of a.

(c¢) Assuming nv ) 2, show that the variance of the unbiased

cstimate 1is ’
. Yn-2

(d) Verify whether this variance 1s the same as thet obtained from
Rao-Cramer lower bound of the variance of an unbiased estimate.

. [5+46+6+4=21]
2. {a) What do you mean by a statistical test ?Define type I and type II
error and explain their role in testing of hypathesis.

(b) Define most powerful (FMP) and wniformly most powerful (UiP) tests.

Civen a random sample of i observations from the distribution
having ped.f. 1-6

5 .
Hx)=gx , 0¢x¢1,8)0,

Obtain a sufficient statistic for ©. Using Neyman-Pearson's

theorem, obtain MP test for testing Hy o = 90] azainst

H, [o = 91]. Show that the test statistic so obtained is a

function of the sufficient statistic obtained above.
Hence derive tne distribution of the test statistic.
State giving reasons, whether the IMP test obtained above 1is 1M
against the alternative (1) ¢ ) g1 (11) 0 £ 8¢ [5+16=21]

N
.

Define a generslized likelihood ratio test (LRT). On the basis of a
random sample from EN(i,,u ,01,02,{3), derive the LRT for testing
Hy[P= 0] against Hy[P# 0] . Hence derive the distribdution of the
test statistic under Ho.
Also show that this LRT reduces to- t-test where t follows student's
t distribution with n-2 d.f. Discuss what will be the distribution
of this t-statistic under alternative hypothesis Hy. - [21])
p+t.0.
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(a) what is contingency table?
Show that under the hypothesis of independence of th2 classificy.

tion in a contingency table,the joint probability of the cell
frequencies for fixed maxglnals is indeperdent of the parametexrs
of the population.

(b) Derive the distribution of the sample median for a sample of
size n=2r+1, where r i1s & positive integer, vhen sample is drau
from a population with pdf,

-0x
x) =86e , x>0, d)0.

(c) Develop a method for estimating the correlation coefficient of ;
bivariate normal population by a confidence interval. [7+7+7=21:
Group=B
An engincer wishes to estimate the mean setting time of a new gypsu
cement mix used in a highway spot repairs. Prior to sampling, the
engincer wishes to detemine the sample size (i.e. the nunber of
observations of the setting time with the new mix) required to atte
a desired precision in estimating the mean. From experience with
other cement mixes, the engineer expects the standard deviaticns o?
the measurements to be approximately 5. How many observations of t-
setting times with the new mix should the engineer collect to be 9¢
certain that the error of estimation of the true mean does not ex«
one minute ? (6.

The following are the 12 deteminations (in °C) of the melting potr
of a chemical compound made by an analyst, the true melting Puint
being 165°¢.

165.5, 16947, 163.9, 162.1,160.9,160.8,161.4, 162.2,168.5,163.4,
16209,167-7’

Would you conclude from these data that his determinations are fre:
from bias? Use & = .01.

Obtain 99% confidence interval for the true melting paint. 3

The following correlation coefficients ry vere obtained from
independent samples of sizes ny from bivariate normmal populations.
ri 3 o34 40 +81 72

n, s 100 120 90 95

If the first two values arc from a common population P1 and the
other two from a common population Pz, then test whether P1 and PZ
have the same correlation coefficient. [x
0f 64 offsprings of a certaln cross between guinea pigs, 34 were n
10 were black, 20 were white. according to genetic model these met
should be in the ratio 9:3t4.

Are the data consistent with the model at the «05 level ? B:
Practical Note Books [x

3558 e ek e
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Dates 5.5.89 Maximun Markss 100 Time: 3 Hours

1. Consider a Markov chain with 8 states 1,2,¢.:.8 and the follo'.d.ng
transition probability Matrix:

o @i
O @Oia
o o
o @
o oI
o O

M2 OO O0OOo

© s ooo0o0

O O O 00
oooo.o'om_smn_‘
© 000 OO Ma O
© 000 o0oa

© 0o a0

N> © 00 0o

(a) Describe all the classes of states end explain which are transient
{b) For each recurrent class, find the period ard 1f the period is
greater than 1, describe the cyclically moving subclasses.
(c) Find all stationary initial distributions of this chain.
[10+10+20]

2. Consider Chardrasekhar's model for the number of pax'tloles in a
given volume of space.
{a) what are the basic assumptions of the model?Deduce transition
protabilities using the assumptions.
(b) Show that the chain is irreducible.

(c) For 3 2 0, n) 1 calculate explicitly p (n) ard show that

(n)
n poj exlsts, Call it ud.

(d) Verify that (uy,J ) 0) is a stationary initial dtstributions

(e) calculate ms 5 (the mean recurrence time starting from 5).
[B+24104545]

Consider the following statements:

(4) J is a transient state.

(B) There 1s a state k such that j Ak but kAf2Se

(a) Show that B implies A.

(b) In a finite state chain, show that A implies B.

(¢) Give an example to show that in general A does not imply B.

[5+5+5]

p.teo.



4. Consider a recurrent chain P

: ; (n)
(a) State the definitions of the taboo probabilities p and
. k 13
(n)
kiLy .
A n) - (k) (n-k)

N ( n
(b) Show that £,y = o P 1813

i
: , (n) n (x) (n-k)
and -4Pgy = }(1-.-6- . 11‘13 . ipﬁd' -
(¢) Fix a state 1.
For any state J= 1, let v(:j) be the expected number of visits
J starting from 1 before hitting 1 again. Show that W3} ¢ w.

[5+10410)
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Notcs The paper carries 106 marks. Answer as many
you can. Maximun one can score is 4100.

1.(a) Clearly describe the S-ret..od of multiple comparison in the
General case, stating all the underlying assumptions.
(b) Consider the One-way layout

Vig = Gyteyy (1=1,2,000,m3 3=1,2,000,1,)

{eid} are independent N(0,02), ¢® ) O unknown.
Define a contrast among the parameters a.1,u2,‘....,um. .
State the theorem on the S-method of simultansous comparison

of all contrasts. Derive the proof from {a). [B+2+8u18]
2. Consider the following form of the one-way layout:

Vygm B ageagy }1 = 1,2, 000,m - .

Ee}_d} are indeperdent N(0,62)| 3 = 12 000,my

~ B
a.i =a,-a where & = z 12=1ai, 80 that .

Let W = p4a end

neay, = a3, for all i.
Show that only a particular type of linear parametric functions
of p and {aﬁ 15 estimable vhile any linear parametric function of
T end {E’ii 1s estimable. [547=12]

L
.

Consider the observaiions YT-(y1,y'2,...,yn) such that
n 2 2
E(y,) 'ﬁ.,xid By Wy,) = ¢° ad cov (yysy,) = 0 for & 4k

where L = 1,2,se0yn § J = 1,2,000, m and e ) 0 is unknown.

Make an orthogonal transformation from Y to Z such that

z, = Ji_(y1+y2+.'..’+ yn) and Zg = (22'23"“’21\)' Show that zl's‘

are uncorrelated and E(Z,) = UB, where U depends on X = ((x;4)) ana
the particular matrix of transformation. If ?1s unknown, show that
(ZZ,U‘,!, 02(1-5-? )I) is a model under the Gauss-Morkov set up. [15]

PeteOe
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L. The following data relate to head breadth of 142 skulls belonging

6.

to three series. Can the true mean heazd broedth be considored the
same in the three series ?

Head Breadth
Serles Semple Size Total ' _ Mean
1 83 11277 135.87
2 51 708 138.22
3 . 8 1102 A37.75,
Total w02 . 19428 136.847

The total corrected sum of squares is found to be 4616.64.
Set out the AIOVA Table ard write down your conclusion. Also perfor

the S-method of inference on the contrasis a,-a,, u3;a1 and a3

2
at 5 %/« level of significance where oy stards for the true mean hex
brealth of the i-th series (i=1,2,3). (10+8218]

m . L
Suppose E(Y) = X B -321 ﬁaxa and D{Y) & 0T+ Let Xy =Xy + Xy

where x: i1s the proJjection of X.‘ on the space sparmed by

X
o0 X350 oens X+ Show that, if B, is estinable, X, # O amd the

Ly=2 5
variance of the least square estimate of 8, is “X1“ g% (7]

An industrial engineer is conducting an expriment on eye focus time.
He 1s interested in the effect of the distance of the object from
the eye on the focus time. Four different distances are of interest
He has five subJects available for the experiment. Because there me,l
be differences among individuals, he decides to conduct the experiz:
in a randomised block design. The data obtained follow. Carry out z
Two-vay Analysis of variance and drav appropriate conclusions.

Subiject

Distance (ft) T 2 3 A 5
A 10 6 6 6 6

6 7 6 6 1 6

8 5 3 3 2 5

10 6 4 4 2 3

[46]

7. Assigrments and Practicals. [20]
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t
4. Let F be a real valued function on IRsuch that F exists and is
continuous everywhere on IR.Civen a fixed vector a £ 0 in ]RB, define
G(x) = Kx . a) £(x),

where {(3() = (2x1x2x3. x% X35 x% x2) if x¢ m3.
Show-that curl g{x) is orthogonal to a. (6]

2. Find the surface area of the paraboloid z = x2+y2 intercepted between
the cylinders x2+y2 = o and o22+¥2 = b vhere a = % (2m-1)2-1and

b = 2 (2n-1)2-"-1, m ard n being natural mumbers vith n ) m ). f10]

5.(a) State the divergence theorem in r3.
(b) Let p denote the distance from the centre of the ellipsoid Ss

2 2 2
LS +Ea
22 le P

to the tengent planc at P(x,y,z) and 45 the element of surface area
at this point. Prove

g pds = 4 n abc
s _ [5+10=14]
4.(a) Show that a planc curve C{t) = (c1(t), cz(t), t eI is recifiable
if end only 1f C1 and C2 are functions of bounded variation.
(b) Prove that if (cq(t), C,(t)) 1s continuously differentiable, then
the arc-length of C is equal to
b
VR
C4(t) + cy(t) at
a C

when I = [a,ble [6+10=16]

p.t.0.
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5. Prove that if a continuously differéntiable function £ ¢ Q = IR
vhere § 1S an open subset of IR“, is one-one onQ and if f has a
non-vanisning Jacobion at x ¢ R", then £{0) contains a neighbourn,
of i‘(xo).

6. Find the taugent plane of the surfaco

Wa2xy2e72943y41 = 0
at the point (1,1,1)
7.(a) Haxinise the function z = cos = (xw) subject to the cordition
X §y2=-1.
(b) Calculate the madmum value of the expz\assion %. [808=1

Xey

8.(a) Show that 1f Uspeees Wy V4 evaesV, are arbitrary non-negative
numbers, then ' ’

n a% n B
wv ((I: uw) . (3 )
1o 1L 1 e A

1/5

vmerea,ﬂ>1andc1;+§-1.

(b) Show that if f and g are Riemann integrable functions on (a,b],
then )

b b 2% b )

( g x)glx) ax | ¢ ¢ g 0 B f g0 ) .

a

9.(a) Prove that

sin.(m%)x
D(x) z#cosxw-....... +c0SNnx .=

X
2 Sinz

(b) Show that

[4+6=10

ne1g
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Answopr quastion n%i1 ead eny W2 frean thy st

e on

1; F112 up the dlanks (enswer nay Flvs)s . (2x5)a[10)

(o) ¥hot aynthasic 43 tho nwduction 32 5 0 . und the
axld.tion »f _ ¢ r:sulting 4n tho accunulatisn of

- come s aetwe

cnergy 4n srgeatc modecular (suger)s
(b) Thu vnd praducts forned dn Fhod-synthieds ero ...,

—ow ard »
(c) A part 3¢ the Ueht cnorgy cbasrbsd by gresn colls 43 .

transtemmod ints th: chemienl crergy known of : -
{d) Tho scurco of axygua cvalved during Ph:é:smt..haais

18 et

(3) Tha intommsdisto stops wliech ero tho s in bath cersdic

ind ancerble respifation ars called ...l s

(£) chlorsphyel molucule cintedns ameted et af - o
(5) siaxtoun rato of Fhistasynthesis aceurs dn .

. J.gzh.ts.‘ ]

(h) Ethyline :v:lu‘t}on 10 highost vhen o frutt &s __ .

2, Discuss the Krab's cyclo evd $ts signiffcancce  (10+5)x[15]
3. Ooseribe the vartsus foctirs affucting Fhatasyathesise [15)

4. Discuss the biosynthetic pothway of sudnse Nentisn the
physizlagienl astivity of uuxins in plant. (3410)=[15]

2. Write short ndtes on (any THAES)s (5x3)=[15)

L S,

(a) Gayenaysts.

{b) Rospirstsry quatient (RQ).

(c) Calvin eycla.

() Firzertation,

(c) Apieal daminanco. .
(£) p-Cxidation path wey

pnto'.’o
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Attumpt ’_:.u qu.stisns.

1. You hove £321lnted a octepeptidy fm « rire furgus that
pruvents baldnuas. Analysis gives tho ecmpisition [Ly:zlksp1[
Ty, /Phe,[Gly,/Ser,[Aday 1. Roactisn of th: intrct puptiae wity
FONB £>11owed by teid hydr-lyeds lbsrates FDNB-Alne Clonvege
with trypsin glves poptidus with cmpositi~ns [Lys1/.\1:.1/3er1]
ond [C1y1/Pho1/Lys1 ), plus n dipepitdo. Reactisn with chynse
trypsin Uberstus frec 2spartic acid, o tetropoaptids vith
c.mposition (tys 1/Scr1/Pho1/;\la 1 zrd o tripcptida vhich
diboratse FONB = Gly cn roactisn with FDNB £211-wed by celd
hydrlysis.

Yaat is the sequence of thy Octap:piids ?
Or,
Yau gre given the £51lovwing Peptide
Ala = Tyr = Cy8 = Fhd = Glu = ASn = Arg = Gly « ala = Lys
1

L)

|
S 8 S

1 A 1
Cly = Sor = Cy3 ~ Trp = Met = Vel = Cys = Ala = Cys « Lou

(a) If 4his wero subjocted to perfimlic esid trvatment, how nany
peptides would be £omed ?

{b) If £t were subjucted 3 Ednun's dcgradati*n, vhich rmino ¢
eeid would be prescat &z the thlﬂh;dmtﬂin derdvative dn the
first cycle ?

(c) thet cro the pepitdas/mine reids that y=u would expoct to
sce aftor trostment with the £711ovingt
(1) en3, 3 (41) Trypsin 3 (111) Prpatn ;.(1v) Cardoxypeptides.

(15x1)a[!
2. Determine whather tha £allawing statenents are Truo ar Flasc.
If falso cxpluin why. (3x5)a(15])

(Answer any five)

(a) A1l 20 stunderd omind acids £ruwad in prateins hevo at 1sese
Ong asymnetric corban atom.

(b) “n equin-leculap mixturs of D= nd Le alanine docs mot rotets
tha plane of polarized light.

(¢) Undor physiolagie conditdnns, th> polypeptide chaln of u
protuin has only ane (Ar a fow) cini.nertisnse This &s knwn
3 the NLTIVE STRUCTURE,

¢ ntd. .-oouj/-
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2.(4) The a-holix end P-structurc aro hcld tigether by Antorchein
and intrachain Hebsnding, respectively.

(¢) The @-holicel e:nfrymatisn and B-structuro of prlypuptides
ure a dirvet rcsult of their cmind acid etmpasiti~n ond
agquenca.

(1) Sccondary structure ~f a protein rosults from tho interaction
botweon distantly coparited emino acid rcaiduss in the sequence,
whorcas tortiary structure roesults frim thc internctizn of
¢l23cly. spaced emind ceid rasiduas in the cequences

(g) Enzymos affcct the wquildbrice cf tho rcactions they cutalyzc.

(h) Ths faitial rstc »f an anzymo - catalyzcd reuction is in-
ervased if the eaount of ES complex is incracscd.

(1) Tho Ku ef an enzymo - catalyzed revaction is indopendent of tho,
substrate uscd.

(3) Tho Ka valuo for = substrate 18 (ltcrsd by e non-cimputitivo
inhibitor.

3, Distinguish botwzen tho memburs of cach padr. (5x4)=[20)
(fnswor eny .four)
(a) Sub-unit/Domzin
(b) Sce:ndary structuro/Torticry structure 52 a Frotoin
(c) Enzync/Coonzymo
(d) cafactor/Proathetic Group
(e) Competitive/Non-competitive Inhibitor
(£) 0xid> rcductasc/lssmerase
(g) Tromsferase/Lyuses
(h) Hydmlases/Ligcscs &

be (inswer any two) (5x2)=[10]

(2) Nomc thrue extondive end threo intensive propertics which
relate t» thomnadynemic quentitizs. What is the basic
diffsrenco batweon the two types 5f properties ?

(b) .mind acids are frequently scparaited by aither poper eloc-
tropharesis or ion-cxchange chromotagraphys What is the
basis for thess separation techbiques? Can these be used
to separate peptides? Exptla.tn.

{c) Fill up the blank-s
(1) The pH &t which a protein does not migrate in an

electrical filled is called .
(11) A protein can be cleaved by treatment with the enzyme

—_ (specific for Lys and Arg)Or
(specific for Fhe, Trp, Tyr).
(d) The Michaelis-Menten Equation is written as followss

Voax B3]
Vo 8 —iew——— . Dafine each tem of this equation.

%0[3]

——

- o~ .
e
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fotut aAnswer any 3 quastions, 0ll of which carry
¢qual marks. Answors ghould be brisf and
analytical. All Zlgcbralc manipwlutions must
bu supplemonted by a clerification of the -
widerlying * ceonsnie intuition.

Discuss tho neaning of the tere offactive decunande What sre {ts
detorninonts? Whet s the relationship between effcctive domond
ond Keynes' coacoption of macroesonomic cquilibriuc?

1

Discuss, in terms 3f & simple twy sictar nodol, hiv a changs in
tru parancters of incimy distributicn might affect tho equildia
brium of £ mier> systume Clarify your wuiwer with reforence

1o the Keynesian multdplicr.

Illustrato by maans of o simple modol the cocept of voluntiry
r.unployments What sort of mecsures, in your opinisn, should
eonstitute ways ait of such £2rus of unevmpleyment ?

What 48 meant by tho bolanced budgoet nultipliur? Discuss the

nuture of tho balenced budget multiplicr for the cases whero

inctme toxes tako the (a) lurp sum farm and (b) propsrtionszl

forme

2e

3
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Answer the following questions

1.(a) Derive the ratc equation of a second order reaction involving

(v

(¢

(d

)

):

)

two reactonts with unequal initizl concentrations. [10]
In a first order reaction 75% of the razctont is converted
to the product in 120 minutes. Evalunte the rate corstant
of the reaction in appropriate unit? Wh-t 1s the half-1ife
of the reaction?

Derive an expression for the rate constant of a reversible
reaction of which both the forward crd the reverse n.actions
are or first order.

18. 3 centi molo of a reactent X undergous roversible

. 1someric transformation to the preduct Y at 160°, Ce The

(e)

20(3)

(b

(c

)

~

rcverso,x\.-action is also of first order. Amounts of the
product formed after 6000 suconds and at cquilibrium are
7.29 ‘and 13.29 centimoles rispuctively. Evaluate the rate
constants for both tha forwzrd ard thc backward rcaction.
What is the valuo of the cquilibrium constant for the
rcaction.
Write down Arrchinius cquation on the reaction ratc. How
it is developed from collision theory of reaction. Explain
the toms: Activation energy and fruquency foctor.
(10+10+10410)=[10]

Develop the 2xprossion of the cquilibrium constunt of
homogeneous chimical reection from fres cinergy consideration.
‘drite down Van't Hoff equation correlationg c¢quilibrium
constant and temperature. Ratio of the equilibrium constants
of a homogenesus rcacticn at tempercture 17°C and 27°C is
12.5, What is the hcat of reucticn? Is the reaction
cxothecrmic or cndothermic ?

Ratio of Kp to K, for o chemical reaction at 17°C is 620,
Utise the informction tc show whither the reaction is
favourably influcnced by increasc of pressurc.

(12+1048)=[30]

Peted.
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5.(z) Stato Racult's low.

0.4 molo of & nin-volatils szlutc is dissolved in 75 ge 5¢
a solvert of molecular waight 58 nt 25°C. If the vapour
prossurc of the purv sslvent at this tomperature i3 229 m
- what is tho vopour pressurs of the s~lution.

(b) Dcducce an cxprossion cn:cting lowering of . frozing paint
end m51lal concentration of a non-valatile solute in solutis:!

(c) 1.75 gm. 5f 2 non-volatile substance ~f unknown molecular
woight is dissolved in 50 gm “f carban totracaloride (th)'
Boiling point of this ssluticn is faund o be 77.105°C.
Wh-t is the moleculur weight of tho substance 2 The boilirg
point 2f the purc solvent is 76.75°C and its heat of vapord.
sation at this temperature is 46.4 calorics per gram.

(a+1z_+1o)= [30]
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14(a) Lot (i, 2 0) Lu a £2quecns of rasden verditlas tridng
v.lum S a eouvatadbls uct Silonplete t‘w following ser.teasass
The seweacs Jo su2d 19 bo a orkov chiadn Lleseaes o Defineg
T2 0ne £oup trensition moetidy of th) w rkov chudn.
() L.t (x n ) 0) be a Kuriov citalr with zt. e space S Lat
ACbe show thet B(X € A for infinttily many values of

"]:‘0'10' x1-11,..'., Xg=2g x7-3)
 F(2 € A for Infinttely many vedues of nl %5=3)  {5+5+10)a[20]

2. iet 21,22, eee bu doled vuv Zi = 1 witn probability ¢
fap a2 =1 with probability q.
DL2ne N1 aid/n ) 1, A =X, 4°2,. Show that (X)) is & harkov
cualize Whot Is the stetu spaces Yhit 48 the trawa we...

Evuluata the ® metrixs (10 +1+3:6) = [ﬂo]

%4 Comiider a Markov chain vith 3+§0,1,2,3,4,5,6 Jaxl trensition
matrix F as given balow:(a) Sxplain which stetes.ars essential
snd which oru inessential.(t) Duseribn 2ll ths clezses:

(e9) (90) -
(¢) Caleulate p ., -P ‘

Wb B4 .

¢ 1 2 3 & 5 6
o /2 1 1 1 1 1 A
7 7 ? 7 7 7 7
13 o, o o & 1 o
2l o - 0o 1 0 0 ¢ 0
3l o o ¢ s o o %
4 ¢ 0 0 ¢ 0 1 0
5] o o 0 0 1 o o{ -
6\ 0 c 0 B o0 0 )

(38+4)=[20])

TretiOs
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Le Lot S a{0,1,2, cone ] . Fix numbers ay 1 ) 1 strictly positiv,y
I’

wd a = 1. Horo 4s the transition matrix of 2 norkev chodn
1

with stutu spree S
poduqJ 3-1.2. esocee

B gerl L e 2, e

{a) shov that the chuin 15 irrsducible.
n

(b) Caisulute £ now1,2;3, sessses
00

(c) snow thet thy chedn is roaurrent,
(d) Show ta:t ths chain is positivs recurrent

it & n 3y & e (5+104545)a25)
N=

5.(e) Stztc ths mauwn argodic thucram.
{b) “Mcn Mo you say thet a stats 1 is positive recurrent.
(c¢) Assume that rocurrence is & 2lass proparty. Show thet
positive roeurrence is 2150 = class propirty. (3+2+410)={15)

6+ Considor o irredicibls chadn with cne ater tronsition matrix
P. Suppose U s o soluticaof MPauwithi | u ()] o
1€ s
Show thet for some mumberc, U = ¢ p whara p (1) w7y, vith

usual nstation. . [10]
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1.() Givs an exzrmple of functions P ord Q continuously ciffcrentiable

on an oprea subset 0 ¢ r2 such that 2P -12 on @ dut there
= 3y © O%

. . D@ 20
is no functioz PonG with I = Ty & Q= 55 {10]
(b) Let P and Q te continuously differentiable fimctions on &
auch that
_{ Pdx + Qdy = ,(’de + Qdy
' ’
7
whenavar ¥ )) are &' curves s [6,1] — @ with ¥{0)= ¥ (0)
end 7 (1) .2’ (1)s Show taat %—? n %—?‘ on Q. [s]
(¢) Fird 2 m::ction.f on &3 (explicitly) vhose partial derivatives
are ] )
y cos (xy), x cos (xy) ¢ zyzﬁ’ 3y222 B]

2.{8) State Green's theorem for & plenar regions
(b) Calewlatc the integral

_g yndx + xndy
c .
vhore C is the positively oriented unit circlo.
(c) Prove tho following form of Gruen's theorch in polar co-ordinates

S {r,0) dr + g{r,6) d@ = ‘” (%5;. Df) dr ae,
Pl R

stating the essunptions on f,2,R. .- \(h+1048)- [22]

et

3.(a) Show thzt a function f'0f voinded varlaticon on & closed bounded
intovad {z,b] 15 th; sum of two monotoaz functions F, amd (Fa

(») 1% the function £ in a) is continuous, ¢a we choass 9, and
£, to be continuous ?Give reasons for your answer.

(c) Give an axamplc of a function of bounded vericztion which is
net sbsolutely contiauous. (10+10+15)=[35]

p.t.0.
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4.0a) Fird tho curface aron of the paramotric surfuce
x = {eeb cos P) 08 6
y = (a+b cos P) sin @
2=b ainf

0(€06¢2m

(b) Let R —=—) s L R ba the parenctrisction of a surface.

Ira s [0,4] —) R 15 & Cmcvzve rad ¥ = x (&), show tncs
1

LD f @@ Dan'2a
(4]

»

whon (‘(»?) is the length of 7? and E,F,G have the usual
nuaning. (8+9)=[17).

Bt e MG erans B ats bass e
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1.

s
o

4 tie sequel we sssuce tha Model (‘x‘,xl.o'?l) »rera
Ynxi! x::;::' Brxt® T carry the usual connotstions.
Stow thot under this modu., every entirr.\rable function‘{':cTB
has a uniqu: unblnszd linoar estimate YW whicn has minimus
variance 4n the cluss of all unb'»m.d linecr estimotzse
Also uciduve that the es timate f’ray te obt iand from
Ve S by rvplacing B by any s»lution ,3 of t.w norual
...,\..at on3. Alto Geduce that 2(#3) = X3 where 3 s o sciution
of ths nomal cquations. (9:6+3)a[18]

vanoting thy columns of X by x1,7.2,..,.<m 1ot us writo

x1-7.: o:(:}' s Wieru x‘; s thv projection of 21 on ths space
spaniud by xz'x}""xm + Show that 3| fe vetinonlc ¢ owo
only if x.{- £ 0, (10]
Show that a linsar function aTY has minimun veriance as en

unbiuscd nstirsto of E(eT¥) if and only if cov{aly,dTy=0 tor
211 ¢ such that E(ATY)=0 L.us, d7%=0. {12]

Estimate the woights of 4 ebjrcts from thc following obaorvie
tional cquations (ignoring bias).

531 52 53 ab Wolghs
1 1 1 1 2042
1 -1 1 -1 8.1
1 1 =1 -1 9.7
1 -1 -1 1 1.9
1 1 1 1 19.9
1 -1 1 ‘= 843
1 1 -1 -1 10.2
1 -1 -1 1 1.8

Find the dispersion matrix of ths estimztes rnd elso thoe
lezet square cstimate of o2 (a2 bing tha unkrown varience
of ciach moasurument). [15]
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Wotis Answer as pany questiind &3 you cone
Totul aurks in the nargin 4s 108 but
nuxinum th .t you cwn seer i3 100.

10 (u\ Dafine the sterdard eror (s.s.) of = stutistic. Find tho

S.E. 2f the scople meen when scmplo 1S driwn without roploco-
pent fron a findte populatisn with meen @ ond variance cz.
Interprote ths resulted S<E. vhen the population sizo is

laxg_-

(b) ‘Lot Y be distributcd =s F(2 1 Y ). Shaw thit ur.dur cort..in

candition, fY £51lows t-distributisn. T (1046)=[16)

2. Vhat dd you poan by on unbiased and esnsistunt s3timator?
Lot X,y oo X "bu a rendin zampld frim aN(u, o), whero n 13

an ¢yven number. Dutormine the cinstant 'C!' such that

¢ n/2 2 i . .
- G (X = Xy 4) - .
. =1 ’
13 an unbizsed estimater of 02, He. nee vu-‘fy whother this is
a cansistent ustimator of o, . ’ [16]
*3.(0) Dofinc 3 sufficient estimator. Stute and prove Rac=Cromer
* inequelity £or tho-varicace 3£ un unbizscd estimator of a
pareneter. Stete under vhat condition tne equality helds.
Show that this condition leads to the conclusion that the
-estimator whose variance atta.lna the lower bound cust dbe a
sufficient estimator.
(b} Let X;, +ies X, e a randon senple of 3ize n ) 2 from a

distribution heving pedef, Cos
’ 8-1 :
fx,0) m0x ,0¢(x¢1,6)

= 0 , ‘elsevhere.
n

Show thet ¥ = iil. Yi’ vhere Y 5 - lobe xi. is a

sufficient estimator of 6. Ic it an unbiased estimator

of 8?7 If not, obtain an unbissed estimator end compute

its variance.

Further compute the Rao-Cramer lower bound of the variance

of =1 untiased cstimator of © and henco compute the offi-

cicncy of the unblased estimator of 6 obtainxd above.

(15+25)=(10]

Petec.
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4.(a) “what do you meaa by maxdmuna likclihood ostimate of & para-

meter? v
Obtair thomle s of the purarsters of a lognormal distri-
bution.

() Let Lyy wee 7\,‘1 and Y, 000 Yn2 bz two carples drawn from

tso indegendent normul populations, N(u , o?‘) and

N(eu, 6%) respectively. Obtain 160{1-x)Y. confidcnce
limits for *the paramcter 6. (8+8)=[16]

5.(a) As3una that the amount of ruinfull rocorded st & certain

station on a giver date 45 unifomly distributced on the
interval (€,b)e If a sarplc of 10 ycurs' records show that
the following emounts were ricordid on that deote s

0, 0, «7, 1, +1, O, +2, +5, C, «6
{mzasurcments arc recorded in inches).
Compute the :stimatz of b by (i) using method of moments
and (11) using maxinum 1ikelihood muthod.

(b) Assume that the top spced attcinable by w cortain design

$sSs

recing car is a normal random variczble X with meen n and
standard deviation o.

A random sampic of 10 cors, built according to this design,
was svlected and each car was tosted. The sum cnd the sum of
squarcs of the top speeds attuined (in miles per hour) were

1 65 £ x2 =273, 765
Py = 1652 1 o= 2
i=1 Xi ! i=1 xl !

Compute the obscrved 95% confidence limits for u when (1)
o = 10 miles per hour on¢ (ii) ¢ is unknowvn.

Hence compute the length of the confidence intervzl in case
(1) erd (i1) =nd give your comments. (10+10)=[20]
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PACYFATER (SEWMESTRAL-I) ?-ZAHI?&ATIO::

Elesentary Algehraic Structures

Cate: 2.1.193) . Maximua Marks: 160 Time: 3 hours

2.

4,

6.

l'ote; Answer as many 3s you can.

State.Sylow's Theorem.
Show that 1if p is a prime numter then .
P-1)t 2 -A(mod p). (101

what 1s'a Euclidean ring ? ing an example.

Show that a Euclidean ring has an identity. In a Euclidean

ring R show that the ideal (a) = {'ra s re R} 1s maximal

1ff a is a prime element. -
{153

Show that the characteristic of a field of finite characteris-
tic is a prime p and hence that the field contains Zp as a

subfield.
[10]

Show that if p(x) is a polynomial irreducible over a field
F, then there exists a field K'2 F[x]/(p(x)) which is a
simple algebraic extension of F generated by a root u of p(x).

Frove that x.5 + x « 1 1s irreducidble over the field 25. I1f a

root of this polynomial is adjoined to 25, how many elements
has the rcsulting field ?

(10+8) = [18]
State Eiscnstein's Criterion for irreducibility. Show that
for any price p, xp-p is irreducible over the rationals.

(7
Prove that the set of all alcebraic numbers is a field which
1s algebraically complete. [101

p.t.o.



7. Define a root field of a polynomial over a field F.

Show that any finite field F of characturistic P is the root
field of x? =x over Zp. where IFl = q.

Hencé conclude that any two finite fields with the same number
of elements are isomorphic. '

Find the root field of x.s -5 over .

(201

8. Define the Galois group olf a polynomial. Find the Galois
group of the polynomial x* =3 over Q,the field of rationals.

(151



Date:

1.(a)

(b)

2.(a)

(v)

3.(a)

(b)

| 1«3_3_8_-89‘23@

BACKPAPER (SEMESTRAL-1) EXAMIMATICN

INDIAR STATISTICAL INSTITUT=
B.5tat. (Hens.) II Year . 1983-30

Statistical Models
EEREREL I Maximum Marks: 10C Tire: % nra.

Note; J/nswer as many qQuestions as vou can.
Farks in the margin total 11C but the
maximum mark that you can scorc is 100.

Show that under certain conditions, a biromjal distribution
can be approximated by a riormal distribution.

Define 2 compound distribution. Hence derive Neyman's
tvoe A distribution and find i{ts mean and variance.

Show that, under certain assumptions, tnis distribution can
be approximated by a modified Poisson distribution.
(7+410) = [17}

Show that the differential equation

ar(x) _ (x-a) £(x)
dx b00b1x¢b2x‘

for a family of probability distributions can be obtained
as tie limiting case of a hypergeometric distribution with
paraneters (M, n, p). From this equation obtain Pearson's
typs ITI curve and prove that for this curve 2By =3p4 -6 = 0.

Cerive Gram-Charliwr type A series to represent'the p.d.f.

of a random variable. )
[{8+10) +8Y = [26]

Let X be distributed as N(e, 0°). Work out the compound

distribution when € is a random variable distributed as
?

N(u' ’ 01 ) .

Let Xy, X,, X3 be three independent lognormallx digtriguted
randoin variables. Find the distribution of x1‘l x22 xa3 ,
where 2, a,, az are some positive constants.

(7+7) = [14)

p.t.o.
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4.(a) Define multinomial probability distrilution. For this dis-

(v)

5.(a)

(v)

(c

~

tribution obtain the multiple correlation coefficient of
one variable on the rest of the variables.

Let X and Y Jointly follow a bivariate normal distribution
with paraneters (0,0,1,1,p).

Derive the moment generating function M(t, , ty) of this
distributicn.
Show that
>
Y 3t
Hence obtain the following recurrence relation among
bivariate central moments,

.p[M¢t13—¢t2 ]#(‘l-P)t‘tzM.

2
Prat,se1 " (rese)py, o+ rs(l -p )ur-1,s-‘l :

- - . am (8’10) = [18]
Let X be the number of successes through n independent
repitations of a random experiment having the probability
of success p= % .
Dotermine the smallest value of n so that Frob[X>1]30.70.
The following statistics were obtained from a bivariate

frequency distribution on yield of plants (X) and that of
ofrsprln.gs (Y) in suitable unitss

mean variance correlation
X 55 15
Y 42 12 0.75

If from the parent plants only those with the top 10%. of
yield are selected and allowed to propagate, what will be
the expected yield in their offsprings ?

(Assumc that the joint distribution is bivariate normal).

Following data relate to the numbcr of outbriaks of War for
the ycar between 1500 and 1931 :

Contduieess 3/=



contdece-s Q.No.5.(c)

No. of outbreaks
of War Frequency

223
142
48
15

W& w20

Fit a Poisson distribution to the data and test for the
goodness of fit.
(7+8+10) = [25]

v Practical Note Book. [10]

ibees
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BeStat. (Hons.) II Year:;1082.87 -~ °. .
BACFPAFER {ZRISSTRAL-I) IXAMINATION
Calculugs =3

Pate: 26.12.1988 Maximum Marks: 100 Tice: 3 hew's

Note: Answer ALL llLe questicns.

1.(a) Let S € B2 and let (x,5) be a toundary point of S that is
not in S Show that thrrc exi{sts a sequence (xn N yn) €5

such ‘that nl.1>n’ (xy o ¥o) o ® (x,y).
(b) Prove that SU 2S 13 a closed set.

(c) State and prove the Bolzano-Weierstrass theorem in R".
(5¢+5+10) = {20]

?.(a) Let £ be the function on1rt2
ey '
tx,y) = e X e ey’ 0

= 0 otherwise
" Show that f is continu.us at {0,0).
(b) Decide {f the functicn £ in (a) is differentiable at (C,0).

(c) Let £ L)L — R be a function on en open subset 2 gm"
s.t. at all (x,y) ¢ S
P fixy) 1 ¢ K
P f,{xy) 1 ek
for some K > 0. Show trat £ {s continuous on Su.

(4+8+8) = [20}

3.(a) Let £ be a function on m‘- i(o.o.o)} such that

£2(x,y,2) = g(/x" + y* + 27

for some function g. Frove that if txx + rw + fzz =0 at

a
all (x,y,2), then f(X,y,2) = ——==—=——== + b where a and
N eyt ed”

£ are constants.
Contdecees 2/~



Contdeacas Q.lo.3

(o) Find the direction u, !ul =1 in which the fuaction
2 » ] [
£f(x,y) = x" vy + 3xy - 2y"
has the maximum direct:snrl derivative at (1,1).
(12+8) = {201
h.(a) Let £ be a nonnegative bounded function on the interval
(c,1] end let’ '
se 3 (x,y) x ¢ (6,11 and O -
{ 2 1 I 2y L I(X)} .
Prove that S has Jordun content if and only if f is Riemann.
integrabdle on [0,1].
(b) Show that a continuous fuactien £ on the bounded closed
rectangle [0,11x[0,1] is integrable.
(10+8) = 18]
5.(a) Find the area in the positive quadrant enclosed between the
3 LT
curves azy =X, b?y a X, pdx e y3 and q?

X = yx where
0O <bc¢caand0cqc¢r,

(b) Find the position of the centroid of the homogencous mass
distribution with mass density 1 over the region

x2 X; z"
+ ¥ 47 <1 ; z>0.
;5 »: e ~ -

(e

pasd

Dacide for which values of 7, the improper integral

N
D M&X sy
exists, where D = {\x,y) P X . y2 <13,
5

(7+748) = [22)

ibee:
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INDIAN STATISTIC:AL INSTITUTZ
B.Stat. (Hons.) II Year : 17838-00

CACKEAPER (SEMESTRAL-I) EX/MINATICH
Probability -3

pate: 28.12.1738 Maximum Marks: 1C0 Time; 3 hrs.

4.(a)

(v)

5.(a)

(v)

Mote: Answer ALL questions

Let (X, %o, Xn) be multivariate normel with mdan vector
4 and coveriance matrix £. Fix 1 ¢ k ¢ n. Evaluate the
conditional distribution of (Xq, ... X,) given X, 4, .., Xy

(70]
let 1 ¢ k ¢ n. Let Uk be the kth orderstatistic of-a sample
of size n from uniform (0,1). Evaluate the distribution of.
Uk' Calculate its mean and variance. [20)

Let Uy, U, be orderstatistl: of size 2 from Exp(A)}. Show
that Uy and Uy -U; are independent and have exponential
distributions. Evaluate their parameters. - [20]

let (xn) be a sequence of i1.i.d. rvs with mean & and finite
variance. Let f be a bounded continuous function on the
real line. "~ Stating precisely the theorums you need, prove

that

Xg + o0 +
Lt E[f(-l--——————fn)] = f(u).
n n
2 2 Xa ¥ o0 a
1 7. 9 .

Show Lt f eei d (m————1) vee dx_ =1,

n 0 0 n * n

(n times)
[201

Define the following:

(1) X, converges to X in probability.
(11) X, converges to X in distribution.

Let X he a sequence of 1.i.d. N(0,1) random variables.
Show that Xn converges in distribution but does not converge
in probability.

P vy {101

p.t.o.



L. et c? e u ¢ {v be a characteristie function,

(a) Using .
1 -c¢cos826 221 - cos” 6) 2 {1 = cos 8)

shcw 01 =u(2t) ¢ 4(1 = u(t)).,
(b) Show that for ~ny characteristic functicn <P (t)

. e,
Lol e -1_'3:_(2%“5( | (200

.

{101

sbees
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INDIAM STATISTICAL INMSTITUTZ
B.Stat. (Hens.) II Year: 1388-3°
BACKPAPER (SEMESTRAL-I) EXAMIMATION
Elective-2: Physical and Earth Scionces
pate: 30.12.1078 Maximum Marks: 10C Time: 3 hrs.

liote: Answer Q.No.1C and any FIVE of
the rest.

1.(af Derive Maxwell's thermodynamic relations and show that for
a Van der waal gas

- (b) Deduce, using Maxwell's relation, the clausfus-clapeyron
equation

e, _L
aT  T(V, -Vy)
symbols having usual significance.

(4544) = [13]

2.(a) State the essential difference between the First and the
Seconi law of thermodynamics.

(b) Define entropy and state briefly its significance.

Show
that entropy increases in natural procezses.

(6+6+6) = (181

3.(a) Assuming that the critical state corrvsponds to a point of
: inflexicn of an isotherral, find the critical constants for
a gas obeying the equation of state

jgle-a/RTV
V-b

where ¢ is the exponential function and a,b,R are constants.
(v) Calculate the Boyle tcmpcr§ture for such a gas.
(12+6) = [18])

p.te.o.



h.(2)

(bv)

5.(e)

(v)

6.(a)

(v)

7.(a)
(v)

~

(¢

8.(a)

(v)

-2 -

What is pnoto-e¢lectric ¢ffuct ? - Give .finstein's theory of
this vffect. . :

It is founi that the naxlml.;m wavelungth of radiation that
can causc the cmission of photoelectrons from A m:tallie
plate 1s 35C0 A. Calculate

(1) +the work functicn of matal in V.

(11) the velocity of chotodlectrons when-the saze plate
1s frradiated by radiation of wuvalingth 2500 A.

D
My, ¢ 3x10” /s,

(6+6+6) = [18)

Given n = €.62x10

Xerays of warelength C.3A undergo Conpton scattering by
eluctrons. Find the wavelzngth of th: scattcred radiation
observaed at a scattering angle of 45°.
Daduce the necessary formula,

- i (6412) = (181
Definc G-valuc of a nuclear reaction. How do you cxpress
Q-value in torms of masses of the reacting nuclei ? Vhat
is thc threshold e¢nergy for a riaction ?

State de Droglie's ¢xpression for the wavelcngth of matter
waves. Show that in a Bohr atom {f th: 2lectron is consi-
dered a3 a wave travelling along the circular path, the nth
orbit will contain n complote de Breglie wavelength.

(543+3+7) = [18]
State and explain the postulates of Spacial Relativity.

What do you understand by relativistic *time dilatatien!
end 'lerncth contraction' ?

Establish from relativistic considerations the equivalence
of mass and envrgy.
(6+3+4346) = [18]

Explain the terms: phasc space, micro-state, macro-state
and thoernodynamic probability.

Assuning that the atmosphere consists of monatomic id2al
gas, diduco the law of atmospherce (pressure =height relatien)
by tne application of Maxwell-Boltzmaw Statistics.

(6+10) = [18]
?.t.o.



9.(a) ¥hat arc the characteristics of Fermi-Dirac Statistics ?

Explain Fermi energy ?

(b) Apply Furni-Dirac Statistics to obtain the Rich~dson-

10.

(2)

(v)

(c)

(a)

(c)

Dushzan cquation.
\.q (usse1c) = [18]

Pick out the correct answer froa these given in vach of
the £21lowing qQucsticns:

c'™ 15 rndfosctive. The activity and the dauchter
product cre
(1) B8-active, N* (11) 8-zctive, 8°
(111) Y -active, C'° (1v) z=nctive, 310,
For pair production the ) ~ray must have 2 mininum
frequency of
(1) 2.5x107%:2 (11) 3x100H2
(111) 2.5x107 1z (1v) 6x10°0Hz

An ¢” of mass M, and a proton of pass “p are accelerated
through the same potential differcncu. The ratio of the
wavelongth associated with an ¢ to the associated with a

proton is
(1) 1 (11) ./.\1‘37.“p {118) JWF.;

(11) MP/He (v) ncne of these.

An o” moves around a proton in a circle of radius r.
Assuming that th® uncertainty in the comintun of the
&lcctren is of the sa2mo ordir cs the momentun itself, the
momuntun ftsolf, the momuntum of ¢~ 4s of the order of

(1) n/aar (11) hn/2a (111) 2ar/n

(iv) 2n (v) necne of thesu .
In nuclear fission 0.1%7 mass is converted into cnergy.
The cavrgy relezased by fissfon of 1 kgt mass is

(1) 2.5x10° K C (1) 2.5x107 km

(111) 2.5x10° K¥H (1v) 2.5x16"7 K .
' (5x2) = [10]



INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) 1I Yexr 3 190880

FIRST CSEMESTRAL EXM/INATION
Blective 2 3 Biological Sciences

Practicnl
Date: 25.11.1088 Maximun ltnrks: 20 Time: 3 hours

Note: Use scparate snswerseript for
Group A end Group B.

GROWP - 4

1. Cut transverse section of specimen &, mount and obdbserve;
draw labelled sketchecs of the scction. Identify {ts anato-

nical structures with reasons.
(14243) = (6]

2. Viva-Voce (21

3. Practical note books .os N (2}
GROUP -8

1. Identify the following slidcs with reasons. [6]

2. Viva-Voce oo cee cee (s



INDIAN STATISTICAL INSTITUTE
B.Stat. {{cns.) I Year i 1233-g3 ,

FIRST STIESTRAL EX2INATION
Protability-3
pate: 26.11.1038 Maximua Marks: 100 Time: 3 hours

1.(a) A sample of size (2n+1) is taken from uniform (0,1). Show
that the median of the sawple has Jeta distribution. what
are the parareters ?

.

(b) Six soldiers takeup randoa positions on a road 2 miles long.
Show that 'the probadility 1’.;13t the distance bgtween any two
soldiers will be more than y mile equals (%) .

(10410) = {201 .

e e
2. X, Y are independent Exp(A) random verfables. Show that
Max(X,Y) end X + 3Y have the same distribution.
et . (201
3. let (‘1. Xy X34 .xh) ~D( Ve Vo D3 Vi '95)- Show
that (X + X5, X3) ~ D( e '>2f "),; -)ao -Js).
' ' o . @]

P .
4.(a) Let X,—>X. let £ be a uniformly continuous function
on the real line. Show that Yan where Y, = (X ) and
Y = £(X). .

(t) Llet F and Fn(n 2 1) be univariate c.d.f's. Assume that for
every rational numbder r, Fn(r) => F(r) as n ->=», Show that

w
F, ==F. (10+10) = [20]
5.(a) Llet X be a.r.v. having density
f(x)-zz-e'lxl cmeX ¢

1
show that its characteristic function %(t) -—
1+t

Contdeseee 2/=
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Contde..ss 0.N0WS

(b) :

(c)

(a)
(b)
(e)

”

If Y is a Cauchy variahle with density

1
i - gy ¢m
n(1+y")

a(y) =

show that its characteristic function ¢'Y(t) =t

(Hint: Use (a) and inversion formulal.

Iry,, ‘“Yn are independent Cauchy variables as above,

C Yg * eea # Yn
show that ——————--- |js again Cauchy.:

n .
(5+5+3) = [15]

Select a number at random from (0,1). Call it X. Take a
coin vhose chance of heads is X and toss it 100 times. Let
Y be the number of heads obtained. ’

Write the joint distribution of (X,Y).
Calculate the marginal distribution of Y.

Calculate the conditional distribution of X givenY =y

fory =0, 1, 2, +.. 10C. _
(5+5+5) = [15]

—_———

Jbees
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FIRST SEVESTRAL ZAAYINATION
Calculus =3
* pate:-16.11.1988 Maximun Marks: 100 " Times: 3 hours

Note: This paper carries a total of 110 marks. .
Answer as many questions or parts thereof ’
1“ you can. The maXimum you can score is
00.

-1.(a) For each of the following sets S, find the boundary §:
(1) S-{(x,y)c -0<x2¢y <1}

-.(11) S = {(x,y) 3 lR :1X>0, y= sini}

(b) Let £ be a continuous real valued function on a closed and
bounded subset S C R®. Show that £(S) {s closed and
bounded 4in IR. o

(5+5+10) = (0]
2.(a) Let £ £2 => R have continuous partial derivatives on
an open subset () C m- Let 8 ¢ £ be closed and bounded.
Show that there exists K > O such that for all X,y ¢S,
oy L exlx-yl,

(b) State necessary results to conclude that there is a differ-
entiable function f in a neighbourhood of 1 such that
£(1) =1 and ‘

LN f’s(x) - 2x £(x) = 0.

Also find £'(1). ' (12¢10) = [22]

3.(a) Show that ifu, v, £ : R2 => R are functions saﬂsl}ring

the conditions

.3_25 &Z_f_lb
2 2

A A A M

ox oY oY oX
and 1f @ (x,y) = 1(ulx,y), v(x,y)),
then 22¢ _2_0

2x2 Contdeesss 2/=-



2 e
Contdessss QiN0W3

52 2 )
(b) Express 3;5 + %3_; in tercs of polar co-ordinates
y

on R2. (1248) = (20)

4.(a) Define Jordan content of a tounded set S € 2. Show that
A(S) exists 1f and only if A(D S) = 0.

(b) State a set of conditions which ensure

ba av
s 5 f(x,y)dydx = s 4 £(x,y) dxQy .
ac ca
(12:4) = [16)

5.(2) Find (1) x;xzyz whers D= {(xy)s 0gx?ey? <1}
(11) ll)xu2 y"/3 (1 -x--y)zl3 where

D= {(x,y) zxgg,yzo,xoy$1},
(b) Prove the ideatity

[”(nen)

e T

om?O. n > 0.

(6+6412) = (24)

6. Cive an example of a function £ on [0,%) x [0,=) such that
the repeated (improper) integrals

-
! {, £(x,y) dx dy

(o}
- -
and ¢ 1 1(x,y) dyax
exist but are unequal. (8]

tbees
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FIRST SEMESTRAL EAAZIMATION
Statistical Models

pate: 18.11.1988 Maximun jiarks: 100 Times 4 hours

Note: Answer as many questions as you can.
¥arks in the marecin total 110 but the
maximum mark that you can score is 100.

1.(a) In a life-testing problem, the waiting time until '"death"
is a random variable. Let X denote the wailting time until
K deaths occur, where K is a randcm variable having a
Poisson distribution with parameter \. Obtain the proba- - -
bility distribution of the random variabdble X.

(b) Let K(t) be the cumulant senerating function about origin
of a binomial distribution with parameters (n,p). Show that

dK(t)

dt
Using Taylor's expansion of the R.H.S. or otherwise, obtain
tha recurrence relation

~(z2+1t) ]-1

=1 + e ,wherez-logealpr.

Ky = p(1-p)‘§i§§1

where kr is the rth cumulant of the distribution.

(6+10) = [1 6]

7 State the assumptions uncder which a basic differential
equation is formulated to derive the system of Pearsonian
frequency curves. ’

From this differential equation, obtain Pearson's type Il
curve and prove that for this curve By < 3.
(5+8) = [13]
3. Develop Edgeworth's type A Series to represent the p.d.f.
of a random variable.

Hence find the first four terms of “he type A representa-
tion of the distribuion having p.d.f.

P _yx
t(x)-y e,xp' x>0, )>0,p>0.
[p+l
in terms of the standar-ized variable. (8+6) = [14]

p.t.o.



4.{(a) A continuous random variable X, (0 < X ¢ =), having mean a

(b)

5.(a)

(v)

-2 -

1
and variance a,, is lognornlly distributed with varamcteps

n and 02,

Show that
012 02 a.lz_ va,
m = logo {———) . = log,(——=).
a12 +a, , K]

Also find the mode and th¢: maximum ordinate of the distribu-
tion of X.

Define a comoound distribution. Let X have a Paisson
distribution with paramcter @. ‘%ork out the compound
distribution when © is a raudom variable having a gamma
distributicn with parameters (¢ ,8). '

(8+6) = [14]

Define the multinomial probability distribution.

(1) Obtain the m.g.f. of this distribution and hence
compute the correlaticn coefficients between pairs
of variables.

(i1) Prove that the conditional distribution of a subset
of random variables given trhe rest is multinomial.

Hence find the exrectation and variance of the condi-
.. tional distribution.

Give your comments on the results of (i) and (ii).

After an extensive anthropométric survey of men a clothing
manufacturer has come to the conclusion that the joint
distribution of trouser length X and the waist measurement
Y is bivariate normal with parameters (m,. my %, 62 , P

In the manufacture of trousers he decides that he will
effectively produce trouscrs of all lengths, but that all
trousers of length x will be made with an adjustable waist-
band providing for waist measurements in the range

my + B(x - m) -a 02\/1 -P?, my + 8(x -my) +a62,/1 -P? ,

U .
vhere B = PVE and a {s a2 constant. o

Contdeesss 3/-



Contd..... Q.5.(v)

é.(a)

(b)

(c)

7.

ibees

Show that by this provision he will satisfactorily acconmo-
date a proportion 2‘2 §(a) - 1} of men.

An alternative plan su:gested is to provide the same wajst-
band adjustment from m;, - A O, Jr - .‘)2 tom, +ao, J1o- 92
for all trousers regardless of length. What proportion of
men will b2 suited by this plan ?

ore f0 = = 17 e
Here X) = — e .
JE - [(5+5)+8) = [18]

The frequency distribution cf height (in cm) for 177
Indian Adult males yiclds the following moments:

mYy = 164.734 cm
= 20,945 (cm)?
- 10.071 (cem)?

o2
my

A
m, = 3203.59h (em)”,

Determine the appropriate type of Pearsonian curve to te
fitted to the above data.

Let the number of chocolate drops in a certain type of
cookie have a Poisson distribution. Find the smallest
value of the mean of tne distribution such that the proba-
bility that a cookie of thls type contains at least two
chocolate drops is greater then €.09.

The following gives th: hnemocytometer distribution count

of yeast cells:
No. of cells Frequency
(per square)
213

wmEaNNn -0
-
o4}

Fit a negative binominl distribution to the above data and

test for the goodness of fit.
(8+7+10) = [25]

Practical lNote Book. [101
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FIRST SEMESTRAL EXA-INATICH

Elemrntary_Algebraic Structures

Date: 21.11.1188 HMaxinum "2rks: 1¢0 Time: 3 hours

(c)

2.(a)

(b)

3.(a)

(v)

Note: Answer any IIVE questlons.

e Ao _od
Let p be a prime nunter which divides the order of a finite

group G. Show that there exists an element in G of order
pe ‘

Let G be the group of non-zero complex num%ers under
multiplication and let I = {a + 1bcG : a” + b> =1} .
Show that the quotient group G/N is {somorphic to the
group of all positive real numbers.

Show that the polynomial 1 + X + X2 + euu + 1 g5
irreducible over the field of rationals iff p is prime.

(6+6+8) = [20]

Define a Euclidean ring.” "~ *~
Show that the Gaussian integers Z[i] = {a + ib:a,be Z}
form a Euclidean ring.

Let p be a prime integer such that for some integer ¢
relatively prime to p there exist integers a and b such
Pl 2 _

that ¥ "¥&% B, ~Snow that™p can b€ written as sum of
squares of two integers.

Show that there are no non-~trivial ideals in a field.
(8+8+4) = [20]

et D+ 1tea prime p.

Prove that in the multislicative group mod p, the order
of 2 is 2h.

Hence show that h must b2 a power of 2.

Show that the multiplicative group of all non-zero
elements of a finite field is cyclic.
(10+10) = [20]

petio.



5.(a)

(v)

6.(a)

(v)

let K be an extension of a field F and u an element of

K algebraic over F. Let pix) be the monic irreducidle

polynomial over F of wnich u 13 a root. Show that the

simple algebraic extension F(u) 13 isomorphic to the

quottent F(x1/ip(x)).

Show alco that [F(u) s F] = n, whére n is the degree

of p(x).

Hence show that every elezzat of F(u) is algebraic over F.
(201

. -
o go e rmeemeS Rl

Suppose } s a finite group of automorphisns of a field
R. Let K be the subficld of all elements invariant under
k) t.e.

ke {aeN: Na)=a foran Te H.
Show that the degree [M: K] is atmost the order of ¥+ .

Let 9 te the Calois group for the root field N of a

seperable polynomial f(x) over F. Show that there is

a one-to-one correspondence between the subgroups of 9

and there subfields of M that contain F such that

(1) eiven K ¢ N, the corresponding subgroup consists
of all automorphisms in & wnich leave each
element of K fix2d;

(11) eiven HE % , the corresponding subfield con-
sists of all elements in N left invariant by every

* auCororphTER ST the subgroip 34"
(10+10) = [20]

In any finite field of characteristic p, show that every
element has a pth root.

Using degrees, shov that any subfield of GF(pn) has pm
elements, where m/n.

Also show that 4f m/n then GF(p") has a subfield with
pm elerents.

(Bint: “n/n = - 0]E" - 1).]

(10+10) = [20]



!
7.(a) Let K derote the root fild of x° = 3 over ), the
field of rationals. Compute [X: Q] and find a basis
of K over Q .
(b) Lot F bo a finite ficld of order @ = p" and let

S= acF s for som: bEF, a-bz} be the set of
perfect squares. Show that the cardinality of S is at

least (q#1)/2.
Conclude that evary aleacnt of F {3 a sun of two squares.

(Hints: (4) In F, o =0 m> awb or aw ~b,
(1) S5N(a=-5)+¢1.
(7+413) = {201

bees
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FIRST SEMESTRAL b-s(;.} TNATION

Blective =2 : scononics

Cate: 24.11,1933 Maxirun Yarks: 1€0 Time: 3 hours

2.

(a)

(v

Mote: Marks allotted to racn question are
shown in braskets { 1. The question
paper is set for a totnl marks of
105, You may attempt all qu‘stion«.
But the maximum that you can score ' is
only 100.

“The long-run average cost function is drawn with much
the same sort of shape as the short-run average cost
function ... iowever, ihz factors responsible for this
shaye uare 1ot the same in two cises." Fxsmin. tha ahowe
statement in detail.

{251

Wnat are the conditions necessary for successful price
discrimination ?

Yhat is m"ant by pricu discrimination of the third
degree' ? Show that in this cese a discriminating mono=
polist will charze a 1isher price in the market with lower

price-clasticity of demand.
(5+15) = [20]

Let xid be the amount of the ith good consumed by the jth
consumer and uy be the utility level of the Jth consumer.

Consider a two-consumer two-good cconomy, Jth consumer
having a utility function given by

uy = log ¥yr log xQJ (3 =1,2)

there is one unit of ¢ach good available. Calculate the
sct of Pareto~optimal distributions of the goods over
the two consumers and illustrate it in an Edzeworth box.

(3

¥hat are the major charact:ristics of a market under

monopolistic competition T Sunpose all firms under

such a market have identic2l demand and cost functions.

Contds'vese 2/~
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5.(a)

(v)

6.

thow graphically how G~ch fim rnd lence the industry win
(20}

Suppose we have a duoncly {ndustry. Each duopolist's cost
of preducticn is zero {at wny level of output) and the
parket {inverse) de2mond cucve iR linear:

.attain equilibrium in the ghort-run.

P = a-b(y1 « ',',)
where p 1s the price of the pood and y; is the output
level of the {th duopolist. Solve fer the Cournot
equilibrium values of price and outputs.

tuppose now Auopolist 1 acts as a follower end cduopolist 2
acts as a leader. Solve for the stackelbterg solution.

{8+7) = (15}

Suppose that we could per{orm an experinent in which 2n
industry was first operatirg under conditions of per'rect
competition (with a large number of firms) and then under
conditions of monopoly {say, with an amalgamation of 4%“e
firms). Assuning that the decand curve for the {ndustry's
product and the industry's cost curves would be the same
in either case, wnhat would be the difference in the
long-run equilibrium ?

(121

— s & 4 e
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FIRST SEMESTRAL EXAMINATION
Elective=2 : Physical and Eaxrth Sciences

Datet 24.11.1988 Maximun Marks: 100 Time: 3 hours

Note: Answer Q.}o.10 cnd any FIVE of the
rest. :

1.(a) Vrite down (do not deduce) Van der Waal's equation of state
for an imperfect gas and explain, in bdbrief, the significance
of the correction terms.

(b) Obtain the expressions for (i) critical temperature,
(11) critical pressure and (iii) critical voluze in
. . terms of a, b, Re .
‘(¢) wnat is critical coefficient 2 What is its value for-a .
Van der Waal gas ? Show that the Boyle temperature,
Ty = (27/8)T,, where T, = critical tecperature.

(5+6414244) "= [18]
2.(a) Obtain the equation {involving p.V.) which governs rever-
- "sible adisbatic changes in an ideal gas.

(b) An adiabatic curve and on isothermal curve pass. through a
given point in the p-V diagram. Yhich curve -is steeper ?
Prove your statement.

" (¢) The radius of a ball of fire, imzediately after explosion
of a nuclear bomb, is 10Cm nnd its temperature at the time
15 100,000°A . Find the terperature when the radius of the
ball of fire increases to 10COm. (J = 1.666).

(7+2+445) = [18]
3.(a) Find, from entropy consideration, the thermal efficiency
of a Carnot's engine. .
{b) State and prove Carnot's theorem. What is its significance?

(¢) Show, thermodynamically, that absolutc zero is the lowest
temperature conceivable.

Contdicess 2/=



Contdesess Q0.3

(4)

l‘.(.ﬁ)

(v)

50('!)

(v)

6.(a)

& Cnrnot engirc has an efficiency of %07., when the tene
perature of the sink 1s 27°C. ¥hat cust be the change in
tecparature of the sourcy to make its offictency 507 2

T (3e747340243) = (18]
wWrite down (do not dadues) iaxwell's t.hemodyn-mic relations
and hence show that .

(2) CP/CV -
() C; -Cy=

E./E
T(2p

T
p/oV)p (2w/a'r)§ .

Equal quantitics of water, ¢nch of mass m and at tempera-
tures Ty and T, (degrev Kelvin) are mixed up adisbatically
and i{sobarically. If C., be the speeific heat of water at
constant pNssure, ‘show that the net ¢ ch:m‘e 1n cntropy of
the universe in the process is

y (Ty+T,) /2

2mCy [n

PV,

and is positive. (4+4+4+6) = [18]

The expression for the Corpton shift is given by
a\ = % {1 -cosa), witn usual meanings of the symbols.
o

Discuss the result for @ = 0, f/2 and M. If instead of a
free electron, the X-radiation collides with a bound
electron, what would happen to the Compton shift ?

The masses of différcnt nuclei taking part in the nuclear

. reactien

Noéﬂc-) :H*»O

are M(“‘N) « 14,0075 rmu, 2( He) 2.4,C0M amu,. -

M(”O) = 17.0045 amu and I-’.(’H) = 1,0082 smu. Calculate
the G-value of the reacticn in MeV. Is {t exoergic or
endocrgic ? . (1246) = [18]

Duscribe, with a neat dizgram, a modérn cloud chamber with
Blacket's modification and the basic principle of its
operation.

Contdisees 3/-
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(v)

7.(a)

(v)

8.

9.(a)
(v)

©

Deuterons in a cyclotron ‘describe a circle of radius 0.32m
Just deforv emerging fron thc dees. The a.c. voltage
npplicd to the decs is /x10 volts =t 10 H-lz. Find
(1) the vclocity of ¢ utcrons (11) the mngnutic ficld and

(111) onérgy of deuterons.
(6+6+6) = [18)

Dufine the torms 'disintepraticn constant', .hnlt-um end
mesn 11fe of a radioactive substance. How are they related?

If Ny, Np be the number of ~toms of p'nrent and daughter
(of docay constents Aq and A, respectively) present in a
radionctive preparation at sny time t, show that the
activity Ay of the doughter atoms, when Ay >> Ny 1s glven

" 2
where }(0) is the nuaber of pf.n.-nt atems 2t t = 0 and
N, =0 at t = 0. oo
- (6+45¢7) = [18]

Either

Deduce Planck's radiation law by applying Bose-Einstein
statistics. Hence show the T law of radiation of Stefon.

(12+6) = [15]
or
Derive Fermi-Dirac distrilution function and apply FD -
statistics to obtain the Richardson - Dushman equation for
thermionic emisson. [18]

W“rite down Lorentz tronsformation formulae. Show that they
are cquivalent to a simple rotation in Minkowski's four=-
dimensional space~time world.

Write down the relativistic expression for the Kinetic
¢nergy and obtain from it the ¢lassical cxpression when
the velocity is small.

¥hen two electrons leave a radioactive sample in opposite
directions, each having & spced of 0.67c¢ with respect to
tha serple, the speed of one electren rclative to the other
is 1.3 ¢ according to classical physics. V¥hat is the
relativistic result ?

[¢ = velocity of Xght in free spacel.
(L+6+44h) = [18)
3 pe.t.oe



1C. Tick cut the corrvet rnsw-:‘f:fmm the onus given in the
following:

(~)

D)

(¢)

(a)

(e)

sbees

The de Bx'\:-cne wavelincth of ~n electron is 1.66)(10‘10,:.
Its encrgy will be .

(1) 1.08 1eV (14) 053 eV (111) 55 eV (4v) S5y
After 1 hour, onc=z1zhth of the infitial mass of a°

certainiradionctive isotepe remning undecayed. The
half-lifc of the¢ isotesc s

(1) 20 Min  (41) %0 Fin (111) 45 Min  (iv) 8 Min.
HMeutron binds 1 proton to form a deuteron duc to

(1) weak interaction (41) strong intcraction

(111) eravitational ferce (iv) electromagnetic ferce.

The radius of the nucleus is of the order of

(1) 107%  (11) 107%  (111) 1078 (1v) 10716,

The energy of the electron in the nth Bohr orbit is

B, = - 1'6.6/n2 eV, The encrgy required to lonise
hydrogen atom is

(1) 10.2 eV (41) 1.36 eV (1i1) 27.2 eV

(iv) 13.6 v  (v) lonc of these.
(5x2) = [10)
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INDIAN STATISTIZAL INSTITUTE
B.Stat. (4ons.) IT Year : 1983-81

FIRST SEMESTRAL EXAMIMATICHN
Elective-2 : Plological Sciences
Cate; 24,11,1788 Max{imum Marks: BO Tires 3-;- hours

Notes Use separate answerscript for -
Croup A and Group B.

CRCUP - &

""Note: Mnswer questirn no.1 and eny THO
from the rest. .

1. Fill up the blanks (answer any FIVZ): (2x5) = [10]
(a) The endarch type of xylea is present tn all .

(b) The roots possess:the vascular bundles which are .

(¢) All roots which possess xylem which is characterised

as . .
(d) The phellogen and the tissue‘s'px"éduce'd by it are togetrer
known as . . ’

(e) Multiple epidermis is found in the leaves of .
(f) The meristems which have.bcen delayed in its differentia-
© . ticn i3 called = ..

() Te calcium carbonate crystzls that occur in the Ficus
t leaf hanging from the epidermal cell are called .

(h) e function of sclerenchyna is . .

2. Descride with {llustrations how secondary growth takes place
in the stem of sunflower unti{l it becomes two years old.

(151

3. Discuss any three theories with rerere_nce to organisation of
the shoot apical meristess. oo [15]

4. Yhat is cambium ? Vhat is its function ? Explain with |
{1llustrations the abnormal behaviour and function of the
cambjum {n the stem of Aristolochia. triangularis.

(3+448) = [15]

peteo.
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Loscribe the sccondary growlh in Bo-rbaavia 183 stcnm and
comzent on atnormel featurva. | .
. .y (3,7) - [15]

Write short notes on the following (any FIVE):
(5x3) = {15
(a) Intcrcalsry meristen,
(b) Hydathodus, ' '
(¢) Peridem,
(d) Casparian strips, . B
(#) Laticifurs,
(£) deart wood and sap wood,
(g) Growth rings,
(h) Anomocytic stomata.

GROUP - B

Notes Answer qu.sticn no.d nnd nny TWO
fron the rest.

Answer the following questions (any FIVE):
(5x2) = [10]
(1) vhat do you understand by the term organ and
organ system ?

(4i) vhat are the functions of cs.liary moverent ? Define
the term metachronal waves.

(111) %“hat do you cean by thu temm synapsis ?

(iv) ¥hat are the functions of squamous and ciliated
. cpithelial tissue

(v) ¥hat is the difference between axon end dendron ?
(v1) Explain how blood regulate the body temparsture ?
(vii) ¥hat is erythrogenesis ? )

(viii) How many types of neurcnts are found according to -

their functions ? Show with labelled diagram.

Define animal tissue. Duseribe compound epithelial tissue

. with diagran.

(4+11) = [15)

"mat 1s the source of tissuc Iluid 7 Explain with labelled
skatches how the intercellular tissuc fluid is formed. State
the functions of tissue fluid. (2+449) = [15]

Doscribe with the help of diagranm the diffe.rent types
of neuroglia cells. Explain the characteristics of irrita-

bility and conductivity of nerve tissue.
(5+10) = [45]

Contdesese ¥
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5. %hat is bone marrow ? Draw a dinaram and descridbe red and
yellow bone marroWe. %rite down the genmeral functions of
periosteun.

(2«+) = [15]
6. ¥rite short notes on (nny 1MREE):

(5x3) = [15]
(a) Coblef cells, Pigment cells.

(b) Mutrophils, Bursac.
(c) Osseous tissue.

(d) Adipose tissue with functions.
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INDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.) II Year: 1088-89

PERIOCICAL EXAMIMATION
Elective=-2: Physical and Earth Sciences

pDate: 2.9.1988 Maximum Marks: 1C0 Time: 3 hours

Note: Answer as many Qquestions as you can.
All questions carry equal marks.

1.(a) ¥rite down (do not deduce) the equation for pressure of

2.

(v)

(a)

{v)

(c)

a gas from the kinetic theory and hence prove the Avogadro's
law.

¥Write (no deduction) the Van der waal's equation of state.
Define critical constants for a gas. Sterting from the Van
der waal equation, derive the recuced equation of state.

Compute the values of the critical coeeficient for (i) an
ideal gas and (11) Van der waal gas.

" (2+4+2¢44448) = [20]
¥hat do you mean by adiabatic and isothermal transformations?
Show that at a given point in a P-V diagram, an adiabatic
curve is steeper than the isothermal curve.

Show that for a gas obeying Van der waal's equation and
having C, independent of temperature,

Vv - b)R/cv = constant
where the symbols have their usual significance.
After detonation of an atom bomb, the ball of fire consis=-
ting of a spherical mass of gas was found to e 15 m radius
at 3x10°K . Assuming adiabatic condition to exist, find

the radius of the bdall after 100 ms when its temperature

is 3x103K. Civen J = 1.666.
(6+3+8+5) = (20}

Prove the following thermodynamic relations:
(a) ES/ET - cp/cv \
(b) C/-C, = T(6P/8T),(6V/6T), = ~T(8R/6T) (8V/6P)p

(c) ¢, -c,=R[p+ a/V31/(p = a/v2 + 2ab/V’) for a gas
obeying Ven der waal equation.

2 .
(a) sc /v = (6% /61%) « (b+64644) = [20]

petios



4.(a)

(b)

(c)

5.(e)
(v)

(c)

6.(a)
(v)

-2 -

Cive the expression for the partition function and show
that once the partition function of an ensemble are made
known.
¥hat is an equation of a state ? Obtain the equation of
state for a monatomic ideal gas using MB-statistics.
In what respects does the FD-statistics resembdle and
differ from the BE-statistica ?

(146+24645) = [20]

What are bosons ? Name two boson particles.

¥rite down (no deduction) Bose's distridution function
and hence obtain Planck's law of radiation.

Obtain from Planck's radiation law, the 'I‘" law of

Stefan-Boltzmann. " (2020241044) = [20]

Write down the postulates of special relativity.

Show that if the Newton's second law is valid for one
inertial rraine, it remains valid in all inertial frames
moving relative to each other with a constant translational
velocity.

Write down lorentz transformation formulae and hence
prove ‘'length contraction' and 'time dilation'.

Derive the relation that describes mass-variation with
velocity.

Prove the relation K2 + 2!(111‘._‘62 Ll p""‘c2 with usual

notational significance.
’ (4+34645¢2) = (20}
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B.Stat. (Hons.) II Year: 1988-89

PERIODICAL EXAMINATION
Elective-2 : Economics

pates 2.9.1988 Maximum Marks: 50 Time: lehours

3.

Note: (1) Marks allotted to each question are
shown in brackets [ ]. The question
paper 1s set for a total marks of
65 only. You may attempt all questions.
But the maximum that you can score is
only 50 marks.

(2) Some general notations are explained
be

low:
G1 ¢ good &
Py ¢ price of Gl
y ¢ (money) income of a consumer
%y 3 quantity of G purchased/consumed

by a consuner.

QUESTIONS

Discuss briefly the nature of the major economic problems
which every society has to solve regularly.

(151
Suppose in a two-good economy a consumer has a given income
and faces given prices of the goods.

(a) Grapﬁically show how the consumer's purchase of Gy will
change when py falls.

(b) Explain what are meant by "income .effect" and
“substitution effect" of a price change and show
these effects graphically for case (a).

(12
A consumer has a utility function of the forms:
1 1

Suppose his income and prices of the two goods are given.
(a) Derive the consumer's demand functions for two goods.
(b) Show that the indirect utility function is
2
- + .
(Woy + 22 )My (6+4) = [10]

[Note:s Indirect utility function {s defined to be the
function showing the maximum level of the utility

attained by the. consumer, given prices and his
income.]

p.teos



'

5.

6.

-2 -
Assume that there are n goods. Define the income elasticity
of a consumer's demand for Gy. Show that 1f the income
elasticity of the dezand for G; is the same for all goods
and is constant, then this elasticity must be equal to one.
: (61

[Hint: Use the budget constraint for the consurer.]

Assume that a consumer's daily income (y) equals the given
hourly wage rate (r) times the number of hours of work
performed by him daily (W).
Assume further that the consumer's utility (U) depends on
nis income and the number of hours of leisure enjoyed by
him dasly (L):

U= g(L,y), with 8y > 0, €44 § 0, (1 =1,y).

(a) Derive (either graphically or algebraically) the condi-
tion for the optimum number of hours that he will work

daily;

(Note: that the total number of hours available per
day is 24 only).

(b) If the above utility function has the following specific
form:
Ue=Lly,
chow that whatever be the wage rate, the consumer will
always work 12 hours per day. )
(6+4) « [10]

Assume that in a three-good economy a consumer has a
separable utility function, i.e., a utility function of
the following form:

U= U(x10'x20 x}) = U1 (x1) + UZ(XZ) + US(XJ)

2
vy 2W

> .
— >0, <0 for 1 =1, 2, 3,
bxi bxiz

where

(a) How many of the three goods can be inferior goods ?.
dax
(b) When py rises what are the possible signs of 'dp—1 ?
1

[12]

[Hint: Use the budget constraint and the condition for
utility waximisation.]
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B.Stat. (Hons.) II Year ; 1988-89

PERIODICAL EXAMINATICH
Elective = 2; Biological Sciences

Date: 2.9.1988 Maximun Marks:s 100 . Times 3% hours

1.

3.

5.

Notes Answer all the questions.

Draw a diagram of é typical plant cell as you see {t through
an electron microscope and label different parts of the cell.
(8+2) = [10]

Compare mitotic prophase with meiotic prophase 1 with the
help of diagrams. W“hat is the significance of meiosls ?
(8+2) = [10]

¥hat part of chromosone 1s 1likely to carry the source of
genetic infomation ? Discuss briefly the structure of
that part with special reference to the formation of nucleo-
tide and nucleoside. Ellucidate driefly the major evidence
for genetic role of that part.

’ or . .
State the cellular site of Krebs cycle reactions. Diagrama-
tically represent the Krebs cycle reactions. Make a list

of enzymes and coenzymes mvolved in this process..
(2+41246) = [20]

How grana can be differentfated with stroma ? State t.he
structure and function of stroma and grana.
Cr
Show diagramatically how the cell organelles are involved in
photorespiration. ) (0]
Answer any two of the following s
(1) Wnat are the different enzymes of DA metabolism ?

(11) What are the cases studied so far where Mendel's
law of inheritance do not hold good in true sense ?

(141) What do you mean by autocatalytic properties of DNA ?
How does it differ in Prokaryotes and Eukaryotes ?

(5x2) = [10]

pet.o.
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6. Answer the following questions (any five):

(1)

wi1)

(1i1)_

(1v)
(v)
(vi)
(vil)
(viit)
(1)
(x)

What are the general function of cellwall and
plasmodesmata ?

on o cimmers s S leat s 6} ST
generally takes place ?

Give the modern definition of gene.

What are the different types of RNA ?

Make a list of chemical mutagen.

The man pade cereal Triticale,. )

What i3 centromere, plasmid and satellite INNA 7

¥ho got Noble prize for deciphering the genetic code ?
What is spontaneous mutation and gamma garden ?

¥hat 18 Test Cross, Nullisomic and Trisomic 7

(5x5) = [25}

7. Write notes on the following (any three) :

(1)
(1)
(111)
(1v)
(v)
(vi)

(vi1)

tbees

Cellulose |

Endoplasmic reticulum
Peptide linkage

B ~oxidation

Hexaploid cultivated wreat

Crop varieties developed by mulation breeding
in India.

Tripalmitin.
(5x3) = [15]
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Note: Answer as meny as you can. The
paximum you can score is 100.

Define a cyclic group.
Show that a subgro\:xp of a cyclic group {s cyclic. .
Show that the elements of finite order in any commutative .
group form a subgroup. . "\"
Prove that any permutative ¢ can be written as

(1) a product of disjoint cycles;

{11) a product of transpositions;
(111) a product of 3-cycles, if ¢ is even.

(10+10) = [20]

‘men is a sudgroup of a group said to be normal ?
Let N be a normal subgroup of a group G.
Define the quotient group G/N.

Snow that the homomorphic images of a group G are (upto
1somorphism) the quotient groups G/N by its different
normal subgroups. Show that if M and N are normal subgroups
of G such that MNAN = {e} , then

ab = ba for all a¢lM and beEN.
(Hint: Show that aba™ b~ eM AN)
(2¢5+10+3) = (20]

let S be a subgroup of a group G. Show that any two
right cosets of S are either identical or disjoint.

(14) In (1) let G be a finite group of order n and suppose

S is of order m. Show that the number of distinct right
cosets of S is n/m.

(111) Snow that a group consisting of 23 elements 1s commutative.

Contdesese 2/=
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(iv) Let C and H b2 two groups. Define multiplication in

4.(a)

(v)

_(c)

5.(a)

(v)

6.(a)

GxH = §(g,n) 1 €G, heH} by the formula
(g.,h) (g%, ') = (g3',nn').
Show that GxH with the atove operation is a group.
(5+6+4+5) = [20]

Suppose a finite sct G is closed under an associative
product and that both cancellation laws hold in G.
Prove that G must be a gicup.
Use the result in (a) to show that
(1) the non-zero integers relatively prime to n
under multiplication mod n from a group :

(11) a finite integral domain is a field.

Find all the units of 2(wZ ] = {a+bJ/Z:ac2,be2).
: (7+8+5) = [20]

Prove that 1f D 1s an inrlinite integral domain, then
two polynomials over D which define the same function
on D have identical coefficients.

Give an example to show that the result is not true
if D is finite.

Let p(x) = a, P a1x"'1 + ... +a  be apolynomtal
with integral coefficients. Show that eny ratfonal
root of the equation p(x) = O must have the form r/S,
where rla, and Sja, . ilence, show that x" + x° = 28 is
irreducible over the rational field. -

. (10410) = [20]
Show that any non-zero ideal C of F[x], where F is a
field, consists of the set of nultiples q(x) a(x) of any
non-zero member a(x) of least degree.

Deduce that in F[x)], any two polynomials a(x) and b(x)
have a greatest common divisor d(x) satisfying
(%) d(x) = s(x) alx) + t(x) b(x), for some
polynomials a(x) and t(x).
Give an example to show that (X) need not true for
polynomials in 2(x]. :
Contdesess 3/=



Contdesees Q.6

(b) Show that if p(x) is frreducible over a field F and
p(x)ta(x) b(x), then p(xjja(x) or p(x)|b(x).

(c) Let D be a finite integral domain with n elements
a1y 8y seey B,e Lot m(X) be the polynomial form
(x = a;)(x = ay) <. X - an). Show that m{x) = xPex
in case D = Zp, where p is prime.

(Hint: Use Fermat's Theorenm).

(10+5+5) = [20]
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1.(a)

" (v)

2.

(a)
(v)
(¢)

(d)

Note: Question !lo.2 should be worked out
directly without anpealine to the
general formulae on order statistics
derived in the class,.

¥rite down the 'n dimensional normal density with mean
vector M and variance -covariance matrix &,

For a random sanpie of size n from H{u, 02) show that
the sample mean and sample variance are independent.

(5+10) = [15]
Let U1, veey Un be the order statistics of size n >3

from wniform (0,1). Calculate the Joint density of Uy and

Un. Calculate the cumulative distribution function, den-

sity and expected value of R = U, - Uy,
(10+15) = [25]

X;» X5y X3 be independent Exp(1) random variables. Let
S = x1 +X2+X3.
Find the Joint density of (S, Xp, XB).
Find the conditional density of S given X, = xz.(o<x2<-).
Find the conditional density of S given X5 = X, and x3 =Xy
(0<xy <=, 0¢xz ¢ =),
Find the conditional density of (X,, X-,) given S = g
(0 < s ¢=),
. (6+8+8¢8) = [30]
There are two random variables X and Y. Density of Y is
glven by \
£5(y) = cy®, 0<¢y <
=0 otherwise.

Further, for every y, 0 <y < 1, the conditional density
of X given Y = y is,

Contdesees 2/=
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(a)
(b)
(c)

(d)

5.(a)

(v)

(¢)

£ (x) = dJ% 0 <X <Y
x| Yoy y*

Determine the constants ¢ and d.
Carefully write down the Joint gen;1t9 of (X,Y).
Evaluate P(% <X < % \ Y= %)-
1 1
Evaluate P(Z <X < 5).
(6+46+6+7) = [25]

Write down the conditions for a function F(x,y) of two
variables to be a cumulative distribution function.

Write the density function of F distribution with (m,n)
degrees of freedom.

¥hen do you say that n random variables X, ..., X, are

independent ?
(5+5+5) = [15]

:beces
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PERIODICAL EXAMINATION
. Statistical ifodels
31.8.1988 Maximua Marks: 100 Tine: 3 hours

tlote: Answer as many questions as you can. Total
marks in the pargin is 110, but the maximum
marks that you can score is 100.

A random variable X has a probability distribution with
p.d.f.

f(x) = 1+x, =1<x<0
» 1-x, 0g<x<¢1
= 0 , otherwise.

Find the moment generating function (m g f.) of the
distribution and hence find its mean and variance.

Explain why cumulants are called semi~-invariants. Find
the cumulant generating functisn (cgf) of a negative
binomial distribution with parameters (N, p). Hence
obiain the first four cumulants of this distribution.

Further, using cgf or otherwise, show that this distribu-
tion can be approximated by a Paisson distribution under
the conditions that N ==, q = 1-p =>0 but Nq = A,

a finite quantity.

(10+415) = [25]
let the probability that a patient suffering from a certain
disease will react favourably be p. The treatment is given
to nq patients in hospital A and to n, patients in hospital
B. If the total nuaber of patients who react favourably
to the treatment is K, find the probability that r of the
ny patients in hospital A react favourably. (You may
assume that both nq and n, are finite nunbers) .

Let X be distributed as b(x, n, p). If Kth moment about
origin be u'k, show that for this distribution
du'

-npu'kﬁpq ——L(-, K>1.

*
u a 2

k+1

Contdesses 2/=
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v.) In life-testing problem, the woiting time until "death®

2.(a)

(e)

* 4.(a)

(v)

5.(a)

(v

~

is a random variadble. Let X denote the waiting time unti)
K nunder of deaths occur, wvhere K {3 a random variable
raving a Poisson distribution with parameter A. Obtain
the probability model of tha distiribution of the random
variable X. (7+6+7) = {20
Let X be distrituted as N(u, 0”). Find the p.d.f. of X
when the distribution 13 trucated below.  Hence find the
mean and variance of the truncated distribution.

let Uand V be two i.4.d. N(O, 1) variables. Find the
mgf of Z=UV.

Lot x1, X5 X-, be three independent log-normally distributed
random variables. Obtain the distribution of X1p Xg’ X3 N
where p, q, r are som® constants.
(7+6+7) = [20]
Steel rods are manufactured to be 3 inches in diameter
but they are acceptable if they are inside the limits
2.99 inches and 3.01 inches. It is observed that about
57 are rejected oviresizs o4 5% are rejected undersize.

Assuming that the diameters are normally distributed, find
the s.d. of the distribution. Honce Calculate what propor-
tion of rejects would be if the permissible limits were
widened to 2.985 inches end 3.015 inches.

A newsboy 1s s2llirg papers on a busy street. The paper
he sclls are events in a Poilsson process with parameter
A = 50 per hour. If we have just purchased a paper from
him, what 18 the probability that it will be at least
2 minutes until he sells another ?

(9+6) = [15]
Let X be distributed as db(x, n, .55). Find the smallest
value of n so that P(% > %) > 495.
Following data give the distribution of the number of
spontaneous ignitions per day in an explosive factory for
a period of 200 days where at lecast one ignition occureds
No. of ignitions t 1 2 3 4 S5 6 ormre
Observed number of dayss 95 64 30 7 3 1

Fit a truncated Poisson distribution to this data and test
the goodness of fit at 52 level.
(8+12) = [20]

Practical Note Book. - (10}
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Answer as many questions as you cans
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actual score and 100. .

1.(a) Given that g is a function of one variable, nm glt)y=4,

« prove that  lim  f(x,y)=  where f(x,y) = g(x2 ).

. L e X,y) «> (0,0)

(b) Show that u Um g(x.y) =4 and i Ua glx,y)=
(x,y)=>(x4%,) c ey,

£(x) exists for all x in a neighbourhood ot , then ~--

lim t(x) - ‘ .
x->x° B .

(c) Prove that a Cauchy sequence in !? converges.
R © (be6+6) = [16)

2.(a) Show that 1f U4s an open cover of [a,b] x [c,d], then
Y admits a finite subcover.

(b) Let £ be a continuous function on the open set Uc Rz
If S CVU is a closed and bounded set, prove that f s
bounded on S.

[Hint. Consider the sets 1'1((-n,n))] .
. = . (10+8) = [18]

3 Clasgsity the following subsets ot R3 as 'open' 'closed'
or ‘'nefther open nor closed's

(a) i(X.y.Z) sz =&Y}
ORI tmm(-/(x-ﬂz*(y-?)a’(z-ﬂz Vi) <3y
(c) i(x.y,z) t ax+bysez >o} a,b and ¢ given

constants. ‘-
. . (4x3) = [12]

L

p-toOu
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4.(a) Find the tangent plane and the normal direction to the
function surface z = f£{x,y) at (a,b,2) where

2 2
1(x,y) = 5512 + %z'

(b) Find on approximate valuc of leg((1 .02)1/[‘ + (0.96)1/6-1].

2 2
(¢) Find ?ax;y of the functicn f(x,y) = gcos(y +x)

(5+5+4) = [14]

5.(a) Give en example of a functicn having all directional
derivatives at (0,0) which is not differentiable there.

(b) Prove that if f has continuous pertial derivatives at

(xy1y,) then £ is differentiable at (x,,¥,).

(8+8) = [16)

6.(a) Decide 1f the following ﬁmctions are differentiable at
(0,0): .
. 2 3 ¢
(1) f£(x,y) = if x>0

-x2y~,3 if x<O0.

(11)  £lxy) 2“" (x,y) # (0,0)

= 0 (X.y) = (0,0).
(b) If u(x,y) = £(x) g(y) where f and g are difterentiable
' functions of one variable, shcw that . }
Uetyy = w, uy = 0. !

< (Le6+2) = [12)
7.(a) Find g*(t) where
g(t) = f(at ’ bt)
and £ has centinuous second order partial derivatives.
2 . 2
a by . 2 f
(y) Give an example to show that Fop (x,y) and Sy ox (x,y’)
may both exist but be different.
(c) Show that the function
32 3xy + y%+ cos 2(xsy)
has a strict local maximum at the point (0,0).
(8+6+8) = [24)
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