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PERTODICAL EXAMINATION

Statistics-8: Linear Estimaticn (Theory and
Practical)

Date: 11.12.72 Maximnm Marks: 100 Time:3 l hours

MHote: The paper carries 110 marks., Q.7 1s compulsory.
&nswer as much as you can from the rest of the
questions, Maxliaum you can score is 100, Marks
allotted for each question are given in brackets

1. For each ol‘ the rollowing five statements, answer either
'TRUG' or 'FALSE'
a) For any square natrix A of order n, .
rank A +rank (I - 4) 2 n.
b) . For any generalized inverse &  of a matrix A, &A™
is idenpotent, .
¢) renk 4 2 rank A (notations sam€ as Q l(b))

d) If I = 2&1. where ..1..... uk " are all :I.dempotent

matrices then 4+ 4; 1s 1dempotent for all
i'—'l..--. k3 J =.1|.oo. ke

a) Lct Tl and fl‘2 be two unbiased estimtors of an
wnknown parcmcter © with W(T,) = ) = 1t
Tl end T2 arc indepcndently uistributed. then the

E%UE gi‘ 6 based on T; and T, is given by
+ .
—1-——2 | and the varienec of the BLUE 1s 202/3.

2,a) Show that q'x has a uniquc valuc for all x satisfying
ix=y it zn¢ only if q'...u = q'. where A7 1s any
genoralized inversc of the r-atrix e

b) Find a gencrclizod inverse of the matrix

1
1
0

ocooHMH
NUoo
oo

o .
Se  Let Xyieeey X be n indcpendent 2nd identically distri-

butcd random varizbles with n common pdf.

—(x=- 8) ir x 2 6
£y (x)=2°
, otherwise

Find thc maximum 1likelihood ostimator, soy T, of the

unknown parzricter &, Show that' Tn 1s a blascd cstimator

of O, Find an unbiascd ostimntor of © bascd on
4y Considar the Gauss-Markoff sct up in thc thcory of lincer

cstimuticns 2
EY) =X3 o V(D) =01

(411 sywbols havc thc usuil mecning).

Plcasc Turn Over
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5.a)

6.

b)

2=

a) When 1s a linear paremetric function L' B said to be
estimhble? Shcw thet 4! B is estimable 4f and only
ir " # 1s the same for any solution of the normal

aquitidns. [2+6]=(8)
) If £' 3 1s estimble, show that A' § Ls the BLUE
cof L' 8. . 7]
e} If A' 8 1is estimable, shew that V(X' ﬁ ) = o% X' L8
wr{er; Z =4 X q. : [4)
Q) Ir L' p meum@m.mwtmtc“443@g-x@hg
O

Let Yjieesy ¥ be n independent normal (0,1) variables.,
Define ¥ = (yl.....yn)'. It 1s given that

k
Y'Y = £ Y' A Y,
, LR Al
where Ai""' Ak are symmetric matrices with ronks
nl..... nk respectively.
Show theot a necessary and sufficient condition that
Y' A Y,..., ¥' & Y "are independently distributed chi-square

varicbles with Bireees ny degrees of freedom respectively

k
1s n = >: n, . " {17
Let Yl.Yé Y be three 1ndependent normal (0;1) vuriablcs.
Lefine’ ¥ = 1%:(Y, + ¥, + ¥;). Show that ﬁ (¥%,-9)2 hes
a chi-square distribution with 2 degrees of freedom. [8)

4 points O AB end C 1lie on a strzight line in that order;

so OA=2<¢0B=b<¢0C=c. Measuremcnts of 04, OB, OC,

4B, AC rnd BC arc made, cach only oneec, independently

having errors which arc normally distribute¢ with zero mean

and a common variance o2, How would you obtain least

square estimatcs of a,b and ¢? Vhat arc the voriances of

the estimators ¢ [15])

Three objcets 01. 02 and 03 2re wcighed 6 times in a

balance by placing sonie objects on the two pans and balan-
cing against stondard weights placed on the pans. The
results of the weighing arc given below. E

Objects on Standard weight (gm) on
—ripht pon left pan right pan 1cft pon
O1 05 . - 4,17
0, 0y - 1.84
01 02l 03 - 1 .(XZ
0, 04 Og 2,97 -
03 01' 02 7 .10 -
01.02.03 - - 9.08

Estirate the weiphts of the three objects along with their
standard errors, {20]
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liote:, Thc paper carrics 60 marks. A4ttempt as many
questions as you cen. The maximum one cen score
1s 50.Harks allotted for cach qucstion arc given
in brackets [ 1.

Let the joint pedefe of X and Y be given by
4 0CxXCycCm™
£(x, y) = 0 olscwhareo.

Find the Joint momcnt goni:rating function, Usc it to
couapute the corrclation coofficicnt betwocn X eond

Let X and Y be independent end idunticrlly distrle,
buted uniform rencem variables in [0, 1]. Find the
pedofs Of X+ Y,

Let X and Y be indepcndent X2 random variaBlcs.

Show that % eni X+Y arc inlcpendent.

Find thc prebebility that the roots of the cquation

<2 +24x+2% =0 will bo real if X, and X arc
chescn inCependently and ot rendem between O and 1.

If a stick of unit length is breken at rancom into two
plcees,

1) what is thc avcrage length of the larger plecs?

11) What 1s thc averagc ratic of the length of the smaller

Y,
l7+81=[15]

[10]

{10]

[10]

15 that of the larger? {7+8)=[15]
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PERIODICAL EXAMINATION
Matheratices

1,1.1973 Masimum iarks: 100‘ Time: 3 hours

Note: Answer Groups A and B in separate answerscripts,

Group 'A: Mathemati:s-5: Caleulus
Maximun Marks: 50
£11 questions carry equal marks.

Define continuity of a function c¢f several variables in
two differcnt ways. Check whcther the following function
1s continucus at the pcint (0,0).

T = —2XY _
(xq y) ¥2+ yz_.‘
r£(0,0) =o0.

Lefine derivativc of 'a functiun of scvcral variables at a
point, Evaluatc the dircctignal derivative of

£0x,y) = 2x2 = ¥ at (1,2) in the d¢rection of the linc
from (1,2) to (3,5). :
If u-=f(x,y) and x = r cos 6, y =r sin 9,
shcw that-
2 ..2_.2.23.2
Yty Tt E Y
Dcfinc a homogencous funeticn ¢f dcgrec h, and show that
diffcrentiable hemogencous functicns satisfy
xf, + yfy 2 + ... =hf (XeYiZroos) o

Dectermine the follcwing propertics cf the curve

r = a sin (6/2), (1) symmctry, (11) oxtent, (1ii) asymptctes,

(1v) ccrtain pcints of the curve; (v) slopc at interecpts.
Using these informaticn, tracc the curve.

Greup B: Mathcmotices-6: Real /Anelysis

Meximum HMarks : 50
Answcr 21) the qucsti.ns. Marks allcttcd
for cach question arc given in brackets [J.

Show that the series: z (-1)" ™R
n=1
is convergent for any a > 0,

EITHER
Show that for any positiva rezl number «

~

T u =1
ko o an V(T + a(mel))

Pleacse Turn Over
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10.
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OR
Show that.
I a
n=1 B
econverges absolutely if
1l
1in sup | a | noc,
n-=>e | B
Show that
271 x
lim  f e” cos nx.dx = 0.
n=—» 0 .

Let f be defined on 2-1. 1] and that f£', the second
derivative exists in (-1, 1). Further suppose that

£(1) = £(-1) = 0.
Prove that

1
3 fl f(x)dx = - 2 £ ()

for some f € (=1, 1).

.Let_ a« be a continuous non-decreasing function defincd

on [a, b], If f 1s any monotonic function on [a, bl,
:how’that f 1s R-S intcgrable on [a, b] with rcspcet
0 a.

Assignment-T.

WISH YOU A H:PPY NEW YEAR

8]

(8]

[10)

(e)

{10]
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FERIODYCAL EXAMIWATYON
Economics-2
8.1.73 Maximum Maris: 100 Time: 3 hours

Note: Answer Groups A and B in separate answerscripts.
Marks allotted for each question are given in
brockets 1l.

Group &: Miero Feoncmics
faximun M-orls: 40
Inswer any two questions.

4 firm is the only seller of & ncrm~]l commcdity in a market

of competing buyers., Shcw that the firm will roise its

price 1f the government lcvies on it a tax proporticnatl to

the quantity produced anc Sold (the constant of propor-
ticnclity being very smzll). [20]

4 firm, enjcylng monopoly of the home market in which the
price p1 in Rupaes) and thcqquontity sold q1 are connec-
tcd by the rclstion 2% + 5% =1, can also sell in'a

compatitive forcign market at a priec of Rs,20/- pcr unit.
If the ccst of productiovn of the firm is given by

c=3% @, wherc Q 1s 1ts tctal output, find at what pricc
the firm will scll its product in the home market. {20]
Explcin in whet respcets Cocurnct's scluticn of the duopoly
preblem differs frem Stackelberg's. {enl

Maximum larks: 60
Answer cny throg quostions

Explein the different forms of depusit ereaticn by commer-
6012l banks. Do ycu think twmot bank dcpesits shculd be regar-
dcd as moncy?- Give rcascns ful your answer, {20

Sh.w hew the facters dcteraining the production deecisicns. of
firns and ccnsumpticn deelsicns of hcuscholds ultimotcly de-
termine the equilibrium lcvel of naticnal incomc, Give an
alternntive demenstrotisn of arriving ot the same result by
using the houscholds' prepensity to cunsumc, {20]
Explain thc policics of minimun rescrve and opcn markct
cperations of the Central bank, Exarinc thc situotions

wherc they can be used. [20)

Vhat arc the ¢iffcrent motives bchind the demand fer mency?
Hew s the aggregate demend for mency in the cecnemy rclatad
to thc neticnal inecmc and the ratc of intcrcst? {20]

!Stotisticnal studics have shewn that the shope ¢f the con-
sunpticn funeticn Jiffers radieally dcpending upen the type

¢f dnta uscd tu plet the funetion'. Discuss the statcment,
Explain cny pussible appro: eches that have been made fer
reconeiling the difforcntly shaped ecnswapticn schcdules.  [(20]
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Note: The paper carries 111 marks. Q. No. 6 is compul-
Ssory. - answer as many questions as you can from the
rest. Maximum you can score is 100, Marks allotted
for oach question are given in brackets (],

. ; - A . .
1. Dafine ‘Horvitz and Thompsons® 'Tl' ﬁé and .?s subelasses
of 1linear class of cestimators for population total T(y) of

n
a character y and show that QhT =z yi/ #, 18 the best
1
unbiased estimator for T in 7. [2+4)=[8)

2, Define univariate ratio, regression, difference and product
estimators for general sampling designs, In particular
give their definitions in case of simple rendom scmpling
simple stratified scmpling, systematic sampling and ppswr
sampling. {10]

Se Show that in case of simple random sampling, regrcssion
ecstimator is at least as precisc as simplc random mean,
ratio, differcnec and product cstimators provided the
samplc sizc is largc, Is it truc for other sampling schemes
also? What are thesc sampling schemes?

4y Define general stratified sampling procedures. Stato, in
bricf, thc various problems which arisc in using stratificd
sampling. [8]

54 Suppose you want to use cither of simple random sampling,
simple stretificd sampling and systemctic sampling for esti-
mating the mcen of a finitc population, Undcr what situa-
tions you would prefer one sampling procedure to the other i
and why? [20]

(w,
6o The following data show thc classification of total numbcglé%

Rakshawallaha*® in Konpur City (in year 1970) by their
montaly carnings (aftcr making payment to rakshaw owners)
The average monthly cxpcndituro {m ) per rikshawallah
and thc squarc root of mcan squarc 'Si arc given for cach
class.(In cxpcnditures the payment of “dobts has not bcen
accounted fcr,

e e M 4 5
30 - 40 102 90 843

40 = 60 203 95 1543

60 - 100 305 102 15,0

106 - 150 1015 125 17.2
15C = 200 210 150 18.3
206 - 225 125 175 2542

p.t.o.



6,

7

8.

=2

(contd.)

For a stratificd samplc of 10C rikshawnllahs with ocarning
classes as strata how many persons should be selected
from cach stratum if we want to use (1) proportional
allocation (11) -Noyman allocation?

Comparc thc relative efficicnecies of these two sampling
methods with that of simple random samplingi

AL systcmatic samplc of six units is to be drawn from a
populeticn of 27 units to estimate the population total
of a character. Give an unblascd estimator and its
variance,

Givc curulative total methdd and Lahirit's method of
sclccting the units with PPS with replacement,
Discuss -thcir rclativc advantages and disadvantages.

-

[30]

f10]

f15]
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Note:

Answer any four questions. All questions
carry equal marks.

Describe Aston's mass spectrogroph and explain its
principle of action,

Give an elemcntery thcory for the Compton effect. Tn
what respects docs Compton effoct diffcr from Raman
cffcet?

Givc an cxperimental errangement for the measurcment of
the charge of an clcctrons What is its corrcet value?

Givc an clemcntary trcetment of Bohr's thcory of hydrogen
spcetrum. VWritc the cxpression for the Balmer series.
Explain the physical significance of thc scrics 1imit.

Assuming that the cleetron is cblc to bcheve both as a
particlc and as a wave, how would you infcr that an clece-
tron of mass m moving with veloeity v should eorrespond
to a wave of wavclength A = h/mv?

Givc an account of .thc oxpcrimcht aarricd out on the
diffracticn of clcetrons whieh i-~n% support to

do Broglic's wava theory of nhttcr.

vrite short notes ¢n - {(any two):

(a) Geiger Muller zounter

(b) VMlscn clcud chamber

(c) Positive rays.
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MID-YEAR EXAMINATION

Statistics-8: Linear Estimdtion (Theory and
Practical)
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2'.0)

b)

Notg: Answer both the Groups. ° éroup B 1s compulsory,

and carries 30 marks. Answer as much as you can
from Group A which carries 85 marks, Maximum

you can score in this group is 70, Marks allotted
for each question are given in brackets [].

Group &
Maximum Marks: 70,

L
Let Yl""'yn be n independent random variabdbles with

E(!;i) = -ng Xgy By V(Yi) = 0'2(1 =1,4e., n), whore x“'s

are known constants, and f,'s unknown parameters. Defing
Q= I Y x; (J =1440.e, m)e Prove tha following:
J i=1 .

a) 4ny linear function of QJ 's with zero expoctation must
identically vanish.

b) The covariance betwoen Q, and any lincar function of
Y, 's with zoro gxpoctution is Zero.

1 . 3
¢) Using (a) and (b) or otherwisec, show that all non-trivial

lincar functions of Q, provide minimum variance unbiased
estimators of lincar parametric functicns,
q) If E ey QJ ostimtes unbiascdly tho pammotric func-

tion '(Jﬂ,j' thon the varignee of the estimator
1s o2( z ,(J J). - [4434643]=(15]

Considor thc medel

E(Y) = X g V(Y =1
(Tho notaticns have their usual significance). _
Sgpposo xs X < c?. J =1lyeeey my where X = (xl.....;n),
¢'s are known positivo constu.nts. Assuming X to be of
full rank, show that v(aJ) 2 —. (} 214000y m), and ikt

the minimum is attained when Kj x = c2

K5 =01y kg,

Let Yjieess Y, be 1id N(0,1) variables, Consider the
quadratiec forms Q=X 4 X (£ =1,..% k), where

Y= (Yyheee ¥, ) and Ai's are known symmotric matrices
with rank &; =n, (1 =1,e0ey K)» Show that for

Qrroeess Qk to be independently distributed with

Qi~7§ (£ =1,40e¢ k), elther of the following two condi-
tions ti) and (11) 1s, nacossary and sufficiont.

PLEASE TURN OVER

(10]



=2

1) Ajreenhy are all idempotent merices.
i1) a;44 =0 for all 11 A3 <k

3.).-Let Y N(Xxg, ¢ I). Let be a matnx of order (m X X)

b)

4,

6o

and rank k such:that .M,(n) Cmxn)
Define Ko =min (Y- XB)' (X~ XB) \
xﬁ g‘n (x- ;X g)'(X - X p) subject to H'S = £,

vhere 14 is g.lven. Prove that 11‘ ronk X=r then
1N ema B-HK are mdependenny distributed;
1) £ /P~ 2 s

111) 4f H'g =g 18 truo, then (R - R/6® ~ )

Lot ¥ (i =1,s0.; n) be n _indcpondent normally distribu-
tod variables with V(¥,) = 1 o, ana .

E(Y) =a+X 9 ’ ~
whero g 1s a vector of known constnnta. X is a ¥nown mat-

rix of rank r, § 1s a’'vacter of unknown paramo%ars. and
's are certalff known positive constants, Yl"“'yh)'

Show that N
NI B= o X I (y - &y,)2AE,

then Bz/ﬂ'z’\/x .

11) If H=PX 1s a lnown k-rowed matrix of rank k, b is
a vaector of known constants, and

n

. B mn £ (Y, - £(¥,))%A8,
subject to H E =D, then under HB =D,
(}q - 1"3,)/6‘2»«)(]‘2< mdoponflogﬁly of Rﬁ.

How would.you test (1) tho equality and (1i) the parallelisn
of two rogrossion lines, State clecarly the assumptions you
mako and oxplain in details tho tecst procecdures.

(No dorivntions needed) .

Given four indapcndcnt stochastic variates Yl.Yz.Ys_and Y,
having a common variance o2 such that E(Yl) = 0y+ 02.

E(Y) =05+ 05, B(Y;) = 0,46, E(Y,) = 0,+20,+20,+0,

Show that [;0; +,(202+,(..o N 1s ostimablo if ond
only 4f Ly-Ag ¢ k3 =/, « Find an unbiased estimator of
o Test the’ hypothesess
1) 20, - 70, - 505 + 40, =10
11) -20, + 305 + 50, = 11
and & f403 + 504 =18,

GO ON TO THE NEXT PAGE
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Group B
Maximum Marks: 30

The following table gives tha stature in cm (X) and weight
in 1bs, (¥Y) of 15 school-boys from a certain school.

Serial no, of Stature Weight
individuals (cms,) (Ibs,)
1 146 83
2 152 76
3 148 70
4 157 82
5 155 88
6 159 92
? 138 58
8 138 58 |
9 148 74
10 146 70
11 145 62
12 138 62
13 146 70
14 158 106
15 168 88

a) Obtain the’linear regression of Y on X.

b) Test the following hypothesis Ho about the regression
equation Y = ¢ + gXs

H$ a =20 and g =0.5. {18]

Threo varictios of potato are plantod, ecach on 4 plots of

ground of the same sizo and type, and cach variaty is

troated with 4 different fortilizors., Thao yields in tons
arc as follows:

_ Fortili- ]
Vari- 20TS 1 2 3 4
oty '
1 2.8 1.9 1,7 2.3
2 2,5 1,8 1,8 1,6
3 2,7 - 2,0 1.7 1.9

Proparc an ANOVA table, and test whether there is any
ovidence that .

a) any differcnce exists botween the ylelds of varictics
indopendently of the fertilizorsy

b) any differontial offect is cxorted by the fertilizors
indepondently of the varieties, f12]
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2.

[

5.

6.
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Hote: The paper carries 115 marks. Attempt as many
questions as you cane The maximum you can Score
is 100, Marks allotted for each question arae
given in brackets [ ],

Tet (X,Y) be a two-dimensional continuous random variabla.
D?f%nf the conditional expectation of Y given X, Show tha
E(E(X

¥)) = E(X). (4+6)=[10]
Find the constant ¢ so that the function £ defined by
£(x,y) =4 XY if 0<Kx<y<5
0 otherwiso,

is the p.defe Of a two=dimengional random yariable (X,Y).
Evaluate (1) P{X> 1| ¥ <-2j» and (11) P{x > 1]y =2} .
{5+748)=[20]

Lot X and Y be indopondent 7(2 random variables, each
with two degrods of frecdom. Find thc distrihution of °

U=HX-0. ‘ (5]

Show that tho joint distribution of (X,Y¥) is bivariatc
Normal if and only if, for all real numbers u and v, the
distribution of uX + vY¥ is univariatc Normal.

(The.joint moment gencrating function of the bivariatc Normal
distribution 1s given by :

= 1 2 . 2
[l!(tl.tz) = oxp [ultl * Hgty + 3 (o'?_tl + 29090, bty + 2t2)]
in the usual notation.) . [10]

L 1lino sogment LB is divided by a point C into two parts

LC and - CB cf lcngths a end b respectively. Ahssuma

that a > b, Points X and Y are choscn at random on:

LC and CB rospectively. What is the probability that

LX, XY end YB can form a triangle? . [1s]

Playors, L and B, with Ro, 1 and Rs, 2 respectively,

agrce to play a scries of (indopendent) gamos. Tho proba-
bility of winning a single gamc 48 p for L and 1 =1p

for B, Lfter cach gama, the loser pays Res 1 to the

winner. What i1s the probability that B will be ruined (1)
exactly at tho nth game, (11) at or before the nth game? [15)

The probability of obtaining a hcad in a single toss with a
cortain coin is p. Find the probability of not getting

two tails in succossion in k indepcndent tosses of this

coin, (15]

Two urns contain, respcctively, a white and b black, and
b white and a black balls., &4 scrios of drawings is made,

'acc?rding to tho follewing ruloes: .

1) Each time ¢nly ono ball is drawn and immediately rotur-
ned to the samc urn it camo from,
i1) If the ball drawn is white,thec next drawing is mede
from the first urn. .
i1i11) If it 1s black, tho ncxt drawing is mado from thc sacond urn.
iv) The first bzll drawn comes from tha first urn. Vhat 1s the
probability that the nth ball drawn will ba black? (151
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MID-YEAR EXAMINATION
Statistics-7: Sample Surveys (Theory and Practical)
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1.

2.

&

Note: The paper carries 115 marks. Q. No.4 is compulsory.
Answer as many questions as you can from the rest.
Maximum you can score is 100. Marks allotted for
ench question are given in brackets [J.

If sampling 1s carried out without replacement wifh equal
probabilities at each draw then show that sample mean is the
best unbiased estimator for population mean T(y) in the

n

class of lincar estimators r§1 ayy, where ap (r s 1y.00n)

are the constants to be usecd gs weight to the observative on
t (18]

the unit which appears at r drawve.

Kk .simplc random samplec is to be taken to estimate the number
of healthy young plents of flowcr per foot of length from a
1 foot wide and 400 ft, long bed of plants in a nursery
where the sampling unit is 1 ft. of length of the bed. If
y 1s character which gives numbor of plants per ft, length
of the bed then find the desired sample sizo to ostimate

Ey such that in 95¢/, casod tho sample mcan ¥ 1lies in
the range T& 30,01, From previous gxperienco s2 =90
and . y may be assumed to be normally distributed. ,
To ostimatc the population mean T. on the basis of a simple
randon samplo (wtr) of sigo n, consider an estimator

d = 151 v,y Ti’xi' where Xx; and T1
are thc sample meen and population mean respoctively of
auxiliary characters x, (1 =1,2) and wi arc constants

with wy+w, = 1, _ e
1) Assuming |5-%-—1| ¢ 1 find bias and MSE of 4 to

the terms of order . 1/n,
11) Find w; and W, such that MSE in (1) is minimum
and then find the rasulting bias and MSE.

Following tablo gives the values of a character y for a
population of 4 units and the sizes Xy of the units.

units U1 U2 Us Uy
sizes Xy 10 40 30 20
Yy 20 | 25 15 30

1) Scloet a' samplo of 2 units with probability propor-
tional to sizc at each draw and without replaccment,
Give H-T ostimatc for T( ) bascd on your sample.

Find thc variance of the ostimatc and Yates and Grundy
unbiascd estimatc of the varianca. ‘

PLEASE TURN OVER

(8]

[15)
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11) Compare the following sampling strategies with that in

= {srs wtr, simple estimétqrf

srs wtr, ratlo astimatqf}
$ppx wr, simple estimator
5y =§ Midzuno scheme, H-T estimator}

1]
(4]
"

where the sgmples of size 2 are drawn in each case and esti-
maticn of T(y) is’under considoration. [es
Suppose you want t¢ use Harvitz Thompson ostimator, to !
ostimatc thc total of a finite population and either of

simple random sampling and simplo stratificd sampling.

Under what situations you would prefer one sampling strategy
over the other and why? [1c

Suppose: you want to usc information on a character 2z to
select the units with ppz and with replacement and informa-
tion on a.character x to form a difference ostimator for
Ty. tho population total of a character y. What sampling

schome would you adopt in case neither informaticn on 2z nor

cn x 1s at hand? Give the differoncs estimator for 'I‘y in

this situation and find its variance, [1=

Mean square orror of an estimator d is given by

M(a) = s (1- 94

Find the valuecs of 'm and n which minimize M(d) for a
given cost of the form C = ay +nCy +mG. Find the resul-

ting M(a). [
What do you fiean by and why do you nced the‘rollowing:
i) Qouble sampling
i1) .circuler systematic sampling
111) cluster sampling. [10

& simple randem sample of n clusters 1s drawn without

roplaccoent from a pcpulaticn of N ¢lusters each contain-
ing M elcments, Give ah unbiased -estimator of the popula-
ticn moan per olement, find its variance in terms of intra-
class corrclation coofficicnt and discuss its officicncy as
comparaed to thc mcan of a sample random sample of nM -
elcments drawn withcut replacoment. [10.
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Note: Answer Groups A and B in separate answerscripts.

Group A: Micro-economics

Maxigum Marks: 40
Answer all the questions.

A and B are two duopolists assumed to be playing a two-person
congtant sum game., A’s pay-off matrix is as follows:

A's Stiategles \\\ B's s:rategles
. 2

1 5 6
‘2 7 4

Find in what proportions A and B should combine their

respective strategies so that .there may be a determinate

solution of the duopoly problem. [20]
20

In a fully competitive economy a firm produces a single
commodity by using two inputs. Show that if the firm is
efficient and has a Cobb-Douglas production function, its
average and marginal costs of production will be the same
at all levels of output. [20]

Group B; Macro-economics
Maximum Marks: 60

Give an analytical exposition of the interactions betwcen the
multiplier analysis and the principle of acceleraticn and show
that the change in income over time may follow one of four
alternative paths. [35]

Derive graphically the IS and LM functions and use them to
arrive at the general equilibrium of the product and money
markets. Examine the situaticns in which ghifts may oceur
in the two functions and comment on the resulting -changes in
income and interest rate. [20]

Explain-the main features of the classical and Keynesian

theories of employment, dem~nstrating carefully how the

respective demand and supply functinns are derived in the

two cases. (25]
2

Examine the view that the central bank’s discount policy is
not as effective in the matter of controlling the lending
pctential of the commecrcial banks as its other two policies.

[15]
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1.

2.

4.

S

6.

Note: Answer any five questions. Marks ai1otted for
each guestion are given in brackets (],

Describe the essential features of an X-ray tube and
explain its mode of action, -

Electrons bombarding the anode of a Coolidge tube produce
X-rays of wavelength 1 A, Find the energy in electron volt

of the bombarding electrons and the velocity at the moment

of impact. (8+6+6]=[20]

Deseribe Thomson's method for détermining e/m for cathode
rays.

What velocity will an electron acquire in moving through

a pede of 1 volt? Use the standard values for the charge

and mass of an electron. {1246]=[20]

Deduce an expression for thc chonge of wavelength in the.
scattering of Compton types

An X-ray photon of wavelength 0,1 A is scattered at

angle 90' with 1ts original direction after collision with
an electron at rest. Find the energy in eV it will. )
lose in collision, - [12+8]={20]

Give an Blementary theory for the Raman effect and the
description of an experimental arrangement for its study

in liquids. ' : -

Vhen benzene is irradiated with the mercury line 4358 A,

a Raman line appears in the same position as the argon

line of wavelength 4201 A, Calculate the wavenumber shift
(Raman shift) of the parent line. {8+746]=[20]

Outline the theory of disintegration process of the radio-
active nuclel, Define the maan 1life and show its rela-
tion with the half life,

The half 1ife of radicactive potassium is 18.3 X 108 years,
Find the number of beta-particles emitted per sec. f;r g

of potassium, (decay constant of X 152-1.2>< 10-17 per
secs, and Avogadro number is 6,023-X 10°°). [743+4+6]=(20]
Work out, showing full calculations,the following: =

a) the radius of the electron orbit for hydrogen in the
ground state . .

b) the same for singly ionised helium in the ground state
c) the relation between the electron volt and erg
d) the wavelength of de Broglie waves for electron and
the voltage by which they are accelerated. (2 Xx5])=[20]

Write short notes on: (a) Uncertainty principle,
(b) GM counters, (c) Wilson's cloud chamber. [7+6+7]=[20]
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1.

Note: Answer all questions. Narka 2llotted for each
question are given in-brackets [ ]. -

If.a function of gérveral variables is differentiable at

" a point then the partial derivatives exist., 1Is the converse

true ? If not, then under what condition is it true.
Consider the following example.

(4] if x=0ory=0
Ix1 if x-y=0orx+y =20

f(x' y)

£ (x y)
Between these lines we define the function in such a way
that it is represented geometrically by planes. The surface
therefore consists of eight rectangular planes meeting in
the roof like edge above the lines x =0, y =0, y = x and
y = ~x. The surface obviously has no tangent plane at
origin. Show that fx(o. 0) and ry(o, 0) exist. Find their
values. [+7]

Find equations to the tangent plane and the normal to the
surface
© + 358 +222 =6 at (2,,0, 1) :
[15]
State the mean value theorem for a function of several
variablés.- Pind the'polynomial of the second degree which
best approximates td the function f (x, y) = Sin x. Sin y
in the neighbourhood of origin., [17]

Let u="f¢ (x1, % xj) be any differentiable function
defined in a region of Xy X Xz—space. Define the direc-
tional derivative D )r at a point (x1, X x3) in the
direction making angles aqs Gy Oy with the coordinate axes.
If € 1s a unit veetor in this direction, show that

D(a)f = e.grad f.

Prove that in the direction of gradient vector, the function
increases most rapidly.

[17]

p. t. o.
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Define vector and sc¢alar fields. /Give an example of each
of them. Let u =1 (X, % x3) be any differentiable
function defined in a region of Xqr Xy Xz = space. Let
u be a vector with components uy = i‘x ' Wy = £ Uz = f.
in x -~ systém. If we now pass to t - gystem by rotat on
of axes, then if .w,, Wy W3 are the components of u
how, show that

= 1 , = f =
Wy £,0 Y2 g0 M T gy

where the relation in the coordinate s};stems is given by
the table.

X4 % ¥3
SRS B ’
Lo By Y
o B3 Y

where a; 1is the cos of angle between %y axis with
x4 axis ete.

(17]

Define divergence and curl of a vector rield
Find curl u ‘where U -.has components uy = x3 Y = x21,

u3' = xg . u is a vector in Xy % X3 space.

Prove (i) divcurl u = O for any W .-

(11) curl grad f =0, where f is a function
of X4, X X3 variables.

[17]
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Note: *The paper carries 115 marks. Answer as many
.questions as you can, Maximum you can score

is 100. Marks allotted for each-question
are given in brackets [J. ’

Find the radius of convergence of the power series

gl e l2h= 1) 0 (10]
n=1 %% *°s
let f(x) = I _anxp be @n power series with radius of

. n=o
convergence R > 0. Show that f has second derivative at
each x  in the interval (-R, R) .and

10 = S - n'2.
£1() = Tnln-lay ¥ (20]

Let (M,d) be a metric spaces Let A and B be two non-empty
subsets of M.  Show that

ANB - 1(aNB) C(X - 1(8)) U (B - 1(B)). (8l
Let N denote the set of integers., Show that (N,d) is a
matric ‘space, where for any m, ne M
d(mn) = |m-nj.
Characterize the connected subsets of (N,d). [12]
Let Q be the set of rational numbers. Define for ,y€q
8 (x4 ) = | %=y,

4 (x, ) 0 if x =y,
1 if x £ y.

Show that

a) (Qi4,) and (Q, d4,) are matric spaces.

b) Connocted subsets of (Q, d;) and (Qy &) are same,
¢) One of the above two matric spaces 1s complete and

the other is not, [5+15+5])=[25]
Let X = ( ¥. y): xand y are real numbers . For
points 2z, = (x;) yl) and 2, = (x5, yé) define
Uzyr 2) = lyg= vl ifx =%
= |}'1|+|y2|+|x1 -x) if x; A x
Show that d is a metric on X , (15]

PLEASE TUFRN OVER
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7. Let (M, 4) and (M*, d*) be two metric spaces. Let £ be a
function on M into M*,

a) Show that the following three statements are
equivalent,
1) For any opon set U in M¥, £~1(U) = z eM: £f(x)e U
is open in. M.

1i) For any x eM, f(x) => £(x) in M*, whenever

Xy is a sequence in M such that x, —> X .

11i) For any closed set F in M*, t71(F) 1s closed
in M.

(Hint; Try to prove (1) = (11) =(ii1) => (1).]

b) Show that if A 4is any connected subset of (M,d) and
if f 1is any function satisfying (i), then f£(A) is .
connected, 18+7]=[2:
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PERICDICAL EXAMIATION

Statistics-8: Multivariate Analysis (Theory
and Practical)

745473 Maximum Marks: 100 Tima: 3 hours
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Lotes The paper carries 110 marks, Answer as much
as you can, Maximum you can scor¢ 1is 100
Marks allotted for cach quecsticn are givcn in
brackets {J.
Let xl and Xz have a.bivariate normal distribution with
zero means, variances c% and cg and correlation coeffici-
ent 9, Find the correlation coefficient between xl and xz.
{7]
in Q,l,(g). f£ind the distribution of xl/x2 if ay=0,= 1. [7]
Suppose xl. x2 and Xs have a trivariatenormal distribu-
tion with zero means and dispersicn matrix
1 1/2 1/4
L ={1/2 1 1/2
1/4 1/2 2
Find the correlaticn coefficient betwecn
(%, + x2)2 'and (x, + Xs)z. {s]

‘Write down the pdf of a p-variate normal distribution

with mezn vector g and dispersion matrix £, £ bcing
positive definite. (3]

Derive the mgf of the distribution in Q.2(a). [6]

Let X = (21..... X )}' bc a random vector having the pdf
given in Q. 2(a). Suppose p= 2q*, ( VI = (Xy1e0. X )y

q
X(a) (X (qreeer X Find the distribution of x(1)+x(21 (5]

) [
q+l 2q’ *

Undcr the samclﬁct up as Q.2(a)-2(c), find the distribution
of (X - y)! 7 (X- ). (6]

In Q.2(a). assuming u and I to bc unknown, f£ind their
maximum likelihood c¢sTimates. VWhsot will be the maximum
likclihool ostimate ¢f T if u 1is known? [15+2]={15]

Supposc Kl..}..7k. xk+l arc indcpendcntly distributed
random VariﬁblOo| x having the pdf

l
xp (-x )x

f(ﬁ)- (1)) 1 x1>0,~) >0

i
1 othcruise
1 = 142,000y k¥l. Derive the jeint .paf of
X+l . / k+1
T, = xl//(.§ Kot B =X /08 ). [11]
p.t.o.
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3.b) Suppose (&1. Y,) and (Xp1 Y,) are 1nqependent random vec-.

tors, eazch having the I, (“1‘“2'd§' Ot Q) distridbution.
Show that

E(sgn (X;-X;) sgn'(Yl-!é)]

4P[X > %X Yy 2 Y11 =
-1,

2 sin”
n
where sgn x =1, G or -1 according as x 2, = or < 0.

Draw a:random sample of size 10 from the following distri-
bution with pdf 0

xe&/2 x>0
t(x) = 0 + othervise'

The following statisties were obtained from a2 bivariate
frequency distribution of yicld of plants (x) and that of
offsprings {y) in suitzble units,

nean varinnce orrelation co f
x 55 15
y 42 12 0,75

If from the parent plants, only the top 10¢/. in respect of
yield are sclected and allowed to propagate, what will be .
the oxpected yield in their offsprings? You may assume the
joint frequency distribution to be bivariatec normal.

In a University examination, the frcquency distribution of
marks in Mathematics and Statistics is assumcd to be biva-
riate normal with means 55 and 50, s.d.'s 5 and 4 and corre-
lation coefficient 0,8,

a) Vhat parcenteze of students will excecd the mean
scores in bcth thc subjects?

b) What percentage of students score more than 140 in
the aggregate?

¢) Amcngst those that score 60 in statistics, what
percentage score more than 60 in Mathematics?
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l.2)

b)

203)

b)

¢)

3.a)

b)

e)

llcte: This papoer carries 119 marks, Answer as makry
questions as you can, Maximum ycu ean accre
is 100, Marks allotted Ior each questicn are
given in brackets (],

Let (_)_ "bé non-empt" set and A 2 non-empty ‘class of
subscts of then do you call 2 (1) a ring (11) a
ficld (111) a dering and (iv) o o-f1elat

Clnssify the class A” in each of the following exgmples
into one of the four typcs mentioned in Questicn 1(a)

1) ) s any sct. B {A. L 0, ﬂ?- wvhere A is
‘ any suvbsct of ).

i1y ) 1s on uncountasbie set, fb 1s"the class of all
finite subscts of (7).

111) () is an uncountsble sct 18 ‘the class of all
ocuntzble subsets of - f_-)_ :

1v) () is an unccuntable set, A 15 the cless of all
subscts of () which either are countable or
“have countabia complements, {8+12]=[20])

Definec the lim y 1im sup and lim of a sequenct cf Sub=-
sets of a space { ) .

Let ( _(__)_.A’. P) ba a probability space (in thc usuel ncte-
tion). Show that for eny scquence V‘n} of scts mﬁf »

P(lim inf %) £ lim inf P(4)) < 1im sup P(4 )
< F(1lim sup Ln) R
Deduce from (b) that if ! “n} is an increasing or a docrea--
ing sequence of sets in ﬂq then lim by, exists end
P(1im A)) = im P(ip). {6+10+6]=[22]
For a scquence 'Ih of avents in a prcbebility space
Q) . R’. F), shcy that = P(.’.n) < = implies
P(1lim sup L) =
Show that 1r- "‘n} is a soquence of independent cvents in
e prcbebility Space, then T P(Ln) = implies
P(1im sup & ) = 1.
Shcw by mecns of an c¢Xample that without the assumption

of indcpcndence in (b) the conelsicn may nct be true
[s+1z+s] 128l

vetoce



Define a rzndom’ variable ¢i1 ez probability spaccy define

2,a)
* its distribution function,

b) State the impurtant propertics of 'a distribution function,
Shew. thet a distribution fwaection can have 2t mest a_ .
countable number of disccntinuitics. - 15+15]<{

5,2) Define the follewing convergcnce ccneepts fcr a scquence
of randcm variables on a pribability spaces

i) cenvergence with probability onc,
i1) convergence in prcbability and
11i) convergence in distributicr,

b) i) Show that convergcnec in probability implics
convergence in distribution.

ii) Give an example to shew that -thc counversc does not
always hold. L19+10+10]=[



INDIAN STATISTICAL INSTITUT™ [315]
Research and Training School
B. Stat, Part III: 1972-73

PERIODICAL EXAMIFATION
Mathematics-6: Analysis

Date: 21,5.,73 Maximum Marks: 100 Time: 3 hours

1.a)
b)

c)

2,a)

b)

3.a)

b)

¢)

4,2)
b)

liotgt Answer all the questions. Marks alXlotted for
each question are givsn in brackets [],

Show that cvery connected component in a metric space 1is
closed.,

Find the connected components in (N,d), where. N is thre

set of integers and d(m,n) = |m-n|,

Find the cornected components in the real line, with the

usual metric, {54642 )=[12]

Show that in a metric spacc every cornncctié sot is
contained ‘in a conncctcd componcnt,
Show that any two distinet connccted componcnts in a
metric spacc are disjoint, [1546 1=120]
o .
Let E(2) = = ﬁ: . Show that
n=o ¢
1) B'(z) = 2(z) for all complcx numbcrs z
11) B(z) # O for all complex numbers 3z

and
111) E(zl* 22) = E(zl)E(zz) for all ccmplex numbers
Zl and 22 .
Elso show that, if F 1s an c¢ntirc function satisfying
1), 11) and 11i) above, then F(z) = E(z) for 21l z.
Let £ be a holemerphic function in a region ().
Show that, £* thc derivativc of f 1is holomorphic in ().
(®int: You may assumc Cauchy's intcgral formula for
rcctangular),

Let f = u+ iv be a holomerphic functicn in a regien (),
vherc u and v arc rcal valucd funeticm. Show that u

and v satisfy Cauchy-Rcimann cquations and thc tial
dcrivatives of u and v arc continucus, Fi% +12+10]=[20]

Shcw that cvery cntirc bounded function is a ceastant.
Let £ be an catirc function and 1l¢ct P b a non-constant
polynomial, Suppese g is defincd by
g(z) = P(f(2))
and Rc g 1is bounded. Show that f is a constant,
.- [6+12]=[18]
Define winding numbor W(z, #) of a closcd picccwise
snocth path 1 around 26 { - range 7n, Show that
¥z, ) 15 an intcger valued function cn €5 - range n.  [10]
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1.

26

-
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6,

Notae: The paper carries 115 marks, Answer ony part of
any question, Maximum marks you can score is
100, Marks allotted for each questicn are givon
brackets (],

VWhat are the basic principles in designing an experiment?
Explain with examples their role in achieving the gcals
of validity and efficlency of experimental results, [20]

What is a Latin Square Design?

Give two examples, one from industry and one from agricul-
ture where Latin Squere Design will be most suited in your
opinion,

How do you get a Graeco-Latin Square and vhat is its
utility?

Briefly indicate tha proccdures for analysing a Graeco-
Latin Square, [20]

Describe the General procedurec for znalysing the data
obtained on an expecrimental design in vhich observations in
scmc plots are missing.

In particular, supposing an observotion is missing in a
Rondomised Block Dasign, how will you proceed? Vrite down

the complete procedurc along with algebraic expressions
wherever nccaessary, [20]

If HN(v) denotes the raximum numbcr of mutually orthogonal
Latin Squares. of order v X v, prove that

(1) B(v)  v=1 in general

and (11) N(v) = v=1 when v is a prime number or 2 prime
power. {8+12]={20]

Obtain a complete sot of mutually orthogonal Lagin Squarcs
of order 8X8. [10)

An industrial cxperimenter wishes to compare the effects
of five types of grids A,B,C,D and E on'the vacuum of
radio tubes, Sealing machines and operators are two
factors which might affect vacuum. The experimentel data
were obtained from the following Latin Square,

Operator Machines
Y 2 3 4 5
1 " E B D & c
98,0 95,8 97.2 97,0 97,8
2 c D . B E. L
98,5 - 97.9 97,7 98,9 98,0
3 E B D

A c
93.6 94,5 94,6 95,3 96,8

D E h c B
97 .2 95,0 93.7 97,0 97,3
5 B L C D E

96,9 953 97,0 98.2 97,8

Mako a suitzble analysis of thc data and test for the three
nein cffects, [25
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Note: Answer all the questions, Marks allotted for
each question are given in brackets :[].

State and prove the Implecit function theorem for a

function of two independent variables, {20]
Yhat are the regular and singular points

of the curve F(x,y) = 0. Give an example

of each, Is non-vanishing of F2 + P2 at a point (x,s ¥,)
necessary for it to be regular, Prove or disprove. [10]

Prove that the following equation has unique solution for
y hear the point (1, 1),
xy +log xy =1, [10]

N
Find the angle between the curves F(x, y) =0 and
G(x, ¥) = 0 at a point of 1ntersection. Show that the
confocal parabolas
v -2z + D) =
for negative and positive values of p intersect at right
angles. {10]

N

HmtmtmmMphmofmewﬂueu§x+wﬁwﬂr
at the point =( &, &, 0). (20]

Show that transformation of 'reflection in the unit circle'
from xy plane to be yn planc has an inverse similar to
it, Discuss the geomdtry of ths transformation, [10]

Define thé affine transformation and the transformation
to curvilinear coordinates in two variables, Give an
example of each of thesc, [10]

Define the Jacobian of the functions ¢ = ?(x, ¥) 4

n = §(x, y) with respect to the variables x and y and
deduce its expression in terms of the Ist partial deriva-

tives of ¢ and 1. {10)

What is a primitive transformation. State and prove the
inverse function theorem for a primitive transformation.

State also the general theorem on the Inversion of
transformations, [10]
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2,

4.

Se

6,

7

Mote: Answer by fivo:qucsticns,
A1l questions carry equal marks.

Define the terms ‘'weathering', ‘erosion', and

'transportation', What are the major natural agencies
that control these processes?

Yhat 1s a sedimentary rock? How is a sedimontary  rock
formed from sediments? What do you understand by the
ttexture' of a sedimentary rock?

What do you understand by 'structure!' of a sedimentary
rocké What are the major types of bedding commonly
found in the sedimentary rocks? Describe two common
types of beddings.

What are the major environments in which sedimentation
takes place? Briefly describe the characters of the
river environment.

How are the major mountain belts distributed on the
surface of the earth? Briefly state the stages of
development of these mountain belts,

Complete the following statements:
‘1) Cross-stratification can help in ..ceeveecuenn.
11) 'Bed l0ad' Mmeans secceesrensonsn.
111) A 'fcrmation' 15 defined as wea........
iv) The major earthquake belts of the world are
located AN suvecsennvivanns
Virite briefly on ¢ i) the Uniformitarianism concept.

11) the laws of sedimentary sequence.
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1.

2,

Se

Note: Answer Groups A and B in separate answerscripts.
Marks allotted for each questicn are given in
brackets [].

Group /: Micro-economjics
Maximum Marks: 40
lnswer any tvwo questions

In a simple duopoly, either firm can behave as a leader or
follower, Will there always be a determinate market
squilibrium? Justify your answer, [20]

L firm uses only two inputs, namely capital and labour to
produce  a single homogengous commodity, and the production

is characterized by constant return to scale, Prove that

the firm's elasticlty of input substitution is equal to

the elasticity of average product of labour with respect

to its marginal prcduct. (20]

4 first degree homogancous prcducticn function invwolving a
single output and two inputs, capital and labour, has a
constant elasticity of input substitution o # 1, Express

the output as an explicit functicn of the inputs, {20]

Loutility maximizing two commcdity consumer buys a collec-

tiocn (ql. q2) in the price income situation (pl. Po1 y) i

ang 4" collection (@ + 3a,, G+ 2q,) in the slightly diffe-

rent price income situation (pl+ 9Pyr Por Y43y). I the

two collectiuns are equally satisfactory prove that

0q

3;% < o. [20]
Group B: Indian Econcmic Problems

Maximum Marks: 60
Lnswer gny three questicns

Examine the present compositicn of India's exports and
imports, What changes-hzve taken place in the composition
during the period of planning? {20]

Explain the concepts of 'marketable! and 'marketed' surplus.
Indicata. the importance of marketed agricultural surplus
in the dovelopment of the Indian econcmy. [20]

Examing the main aspacts and obJoctive§ of land reform in
India. (20]

Indicate the main advantages of co=opcrative farming in
India. (20]
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licte: lLnswer five questions, t.o frem rroup L gnd three
from groug B, 411 questions anrry equal marks.
GIUP L
1.a) Shew that the rendom vai'lobles xl.....xp have a joint
multinormal dlstributics Af and only if Ior every sat
Aiteser of scnstonty not all zerces
1 P N
by Xixi has a univariate ncrr:l aistributicn, Show also
1 i : ' ’

that the result hclds if irstead of evory ncn-zero set
( Xi.:..4 Kp). only those Ki's (not all zeroes) satisfying

§ Ki =0 or 1l are considered,
1

b) Give an example of two randem varirbles <Y and Xz each margi-
rally ncraally distributed with a joint non-normal bivariate
distributicn, {745+8]=[20]

X

- (D)) ere 1Ds (i x
2.a)AShow that 1f X = { (2)) (where X'-/= (xl""'xq)' and

X
2 - (Xgyp0eeei¥p)" has a p-variate normal distribution
- (1)
with mean veetor u = (E(z))rfq. snd dispersion-matrix
"9 pmq - a7t
= (Fll I32) 9, wherc ¥ 1s positive definite, find

the conditional distribution of 3(2) given K(}).
'b) Suppose 21 2y and 2. are -ndencncent bata varisbles,
) )

Lo -
Z3 ~ Beta (rl. gri), 2 Dot (15, r3+ ré).

o~
Zs.~ Beta (z'a. ré). Let.: Yy =iy G = Zy(1- zl),

Y = 33(1 - Zl)(l- Zz). Show that the joint distributioncof
Yis Y, and Y, is Diricilet (rl, Tpr Ty r,). . [10+10)=[20]
5.a) For a p-variate normal distribution vith mcan vector g and

dispersion matrix £ (& positivc diffnits), derive the equa-
‘ticn of the concentration effipsoid.

b) Lot XjyeeeiX, have a ‘Joint distributicn with pdf
o PEee) 1

L(Xy100e9Xx)) = - -
e RSV <2 et
Z X

R ECTETEIL <,

-Find the joint'pdf of+the subset Xpye...Xp (< p).[[10+10]=(20]

‘Pati0On



5,.a)

b)

6.a)

b)

7.a)

b)

=Om
GROUP B

Suppose ¥, and W, are indepcnicnt rendom variables having
chi-square aistributions with m and n degress of freedom
respectively. Durive the pdf of Ul/wq.

Let Xq1 X, 22d X5 be 1id R0, 1) varisblies. Find the
distribution cf

-2 v \2
2X% « (X + %)
—L_—n_s 110+10)=[20]
(X, - Z5)

Suppose W has a non=-z:ntral chi-square distribution with
p degrecs of freedom and ncn-centrality parameter A. Show
that T(Y > ¢} is non-deecrezsing in A, where ¢ 1S a posi-
tive constant, OShow also that if ¥ ncs a central chi-
square distribution with p degrees of freedom

B(W 2 ¢) 2 P(V 2 o).
Considcr the same set up as in 9.5(a). Show that’'if p

‘1s even,

P(W < W) = P(X - Y 2 4p),
where X and Y aro independent Foisson variables with para-
meters %w and %x rcSpcctivel§,

[Hint: Kote that P(X3, < %) = P(Z 2 m), where
% ~ Poisscn (% x)] (z+3+10]=[2C

On the basis cf two indencndent random satples of sizes n
and ng from two popuiations, hcw would you test the equa-

1lity of two means? Discuss the t<st mceédure stating
clearly the assunptions involvwad and find thc distribution
of the test statistic under “hc null hyrothesis.

For 2 rancom variable X, shew that X2 has a chi-square dis-
trid=* *-n wvith 1 degrecc of {recdon 1 and only if pdf of X
1s g_..ut by a

.o
£(x) = h(x) o_ 2
viaerce h(x) + h(-x) = /2/7 . [1248)=[20;

Lot Xjyeeesk, be 11d with distribution function F(x),
and 1lct X(l) < x(z) £ e £ X(n)'dencte the ordercd xi's.
Show that R(X(i) <x)y=P(Y>1), 11+ <n,

vherc Y ~ Bin (n, F(x)),

Find the distribution of the sample range in samples of
size n from a rvetangular (0,1) distribution.
Supboselxl.:...xn are ild acn-negative integer valued ran-

Gom variables, Show that the probability mass function of
the xi's 1s given by

pg(x) = 8%(1-0)y x = 0,1,2,..., 0 ¢ 6 < 1,
if and only if thc probcbility niass function of
T = rtn (X000 k) s given by gt) = ¢™(1- M)

X =0,1244s.y 0<CO0 ¢,
{Hint: FIX = 2) = P X x) - F(x 2 x+1)], (5+45+10]=[20]
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1.

4.

6.

7

. Yote: Arsver all thc questiuls, Mrrks pllotted for
each gquestion ac: iven inebr:ckets - j. .

Draw a random semple of size 3.from thc distribution with
paf
f(x) = ———— - < X & %o, [8]

(1 + =)'

Tho saaple corrolatiun cceiiiclent in a sample of size 10
frem e bivariate populaticn turns ovt te be 0,12, Uncer '
suitablc assunpticns to ba stated, test whather the popula-
ticn cerrclaticn cooafficient differs siznificantly from ]
260, 5

The standard Coviations on. the basis of indcpendant samples

of sizes 12 and 10 from tvo porulaticns turn out to be 7,64
20G 3,58 rospcctively, Uncer suitebl: assumpticns to bo
strtcd, test whether tiic ratic of the currcsponding popula-
ticn paremcters is 2. fs]

A drug wes civen to 20 subjcets Lhelt an hour beforc bed
timc, whil¢ 25 other subjcets were kopt: as controls, The
next morning subjacts cstimoted the tinme taken by thaem to
£all aslecre The followilp gives thu rererted time of the

two grours,
) Iing ip pinutes

Centrels: 13, 25, 30, 15, 35, 40, 25, 30, 25, 38, 40, 25,
Sg. 20, 25, &0, 15, 15, 25, 30, 25, 10, 50, 30,
4— L]

Treatcd - :

with drug: 25, 30, 40, 45, 15, 15, 20, 25, 30, 25

20, 15, 10, 25, 15,'25, 35, 1C, 10, 15.

Assunins that the vari=bility is the sam: ir beth the gréups

of incdividuals, tozt whetiiur th. dru; eauvscd a quicker onset
of slcap, £12]
If %2 end y arc indepeindently normzily ¢istributed with zero
ricens and unit stancorc dcvicti.ns, dctermine the racdius

of the circle with cgentre et the origia hoving the probabi-
ity 0,95 that the point (x,y) will fall insidc it. (5]

The mean of a2 normally cistributed varicble X is 2,08 and
9,68 ¢/, valucs of X oarc ncgative, Finé

(1) P(X 2 3.2), (11) P(1.8 £ X £ 5e6). 5]

Proctical Récords, {10]

]
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loa)m

b)

4,a)
b)

5 OQ)

b)

hotct  The paper czrrics 110 m-rks, Answer os much as
you can, Maximwa you ccn scorc is 100, Marks -
gllotted for coch Qquostion ar: given in brackoets:
Lle

bec two nogltrmo 15 random variables., Show

thet v(‘r) BW(XI 21« VIE(YED ]

A recl nusder X 18 chosin ot random from th. interval .

0, 1), Yor 2 fixeG vulec X of X, zncther renl number ¥

15 choscn et rancom fion the intervel [0, x]. *rite down

the morginel pedefs of X anc the conditicnzl pedef, of 'Y

given X, Evalurte V(Y), {8+2+6]=[16]

Let X end Y be tvc indencndent reniem variables with uniform
distributicn on {0, 1).° ¥ind the ¢istribution of X+¥, {12]

Two yoints orc sclecteé ol random on a line of length «
so &s to bc on orpesite sides of the mid-roint of the line,
Fird the prcebability thet thie distzneec betwoen them 1s less
than a/3. ) [10]
3tate the tuo Borcl-Cantclii lurnmas,
Lat 71X, be a scoueree of inderendernt rendem vsriablcs that.
take m:Ly ths va lues O enn¢ 1 cnd suprosc thet P n = 1}= Ppe
Prove thet 2 T, < 1€ cnd only if p{rx <= =1,

1

{448]=[12]
Fruve that echvergsence vith prebability cne 1"1r11as ccn-
vergenee in prebobility,

tot ( ) f», P) be the closed unit Intcrvel with the
Borul o-1icld and the wobes measurc, For cach positive
.hf.(.,,cr n, lict .f.‘n be the. irdaicater functiin of the inter-

vzl L —l] wicre p =nd q are the unique intcgers =

such thut p+2‘1 =n, 0<p<2% Zxeninc vhcther (1) £
colverges witin yrrobability one cnd (1i) t ecnverges 1n

probebility, [744+2]=[15]
Let {.{ } be a scquence of inderenacnt randem variables'such
that p{x =21) =HI-2" ene oy, =z 2l

Show thet the week law of large numburs holds ror {Xn} . [15]

let {xn b2 a scquence of L,i.,04 rendem variebics with

finitc fourth mement. Shew that with rrobability onc, the
scqucnee n

%§xi} ecnverzes to B(X3). 110]

Stabc Lindcburg's sufficizlit conciticns vnder vhich the ir
central 1limit thcorem hoids for a scquenec of indercndent
random varliables,

Lot’ {A } be a scquenec of ipdcrerdent randem varicbles 9y
such that P{Y =+n\ = —‘Lnnd 1"{ } 1=
- J o /‘I- /ﬁ
Shovr. that{x} obeys the c&.rtx 1 limit thoerom but docs not
cbey the wes N aw or lorse mabers, 15+48+71={20]
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12,7 s73% viexdoawt Marics: 100 Time: 4 hours
jlote: The paper carrics 1210 marks. Answver as ruch
as ygupc_r.“ Maxtavn /Lw can score is 100,
Marks allotted for cnci qQquestion arc glven in
brackets LJ.
If s 1s a priae power, show thzt the following two
sgrics of BIBD's always oxict:
1) v = 52. b =sZ + 5, r =s41, kX =8, X =1,
o
1i) v =b =5 + 5 + 1, r=k=s+l, A =1.
trite dovn some proccdur:z fcr constructing thenm, [24]
For a BIBD with paramcters v, b, ry I and A show
that
(1) 2~ (v<1) =r (k - 1)
and (11) b 2 v.
For a symmctrical BIBD prove that the nuanber of treat-

ments common between any two blocks is constant, 110+10]={20]

What is & faetorial experiment? In what way is a factorial
cxperinmcnt preferable te'cre factor at = time' approach?
With the usual_ncotations lcr treotment combinaticns and
yiclds in o 29 cxperinct repllestecd oree only, write

dcwn the constrasts which cstinatc the dirfferencnt main
effcets rnd intcractions,

Suppcse a 2° experiment is rceplicatid twiec, cach revlicate
being laié out in 2 bloeks, In ti. £first rcpliecate BC is
confoundcd, while in th: Sceend A3C is centevnded. The
cxperinment is carried out ond suprpesce thc drnta aro presentcd

to you., Lesceribe clcarly th. picecdurc of anzlysing the

dat, [12+12]=[24]

A 2° oxpcriment is to he lidlc ont in 4 blocks cf same
sizae, Construet thc dosiir so thré ne aain effcets or two
facter intcroetiens are caetcwndged, (123

The follewing dcsipgn woes uscd te test 9 raticns fcd to rats.
The gains in wei.nt of “nc rets after tac fecding cxperi-
mort were  as fullowvs: (ihe reticn nusbers arc in brackots.)

j e 'J.’"(l';)“”tifu)l Jio )y 1 1310::\("7‘.'@(‘P 1@""?"9) 19 (5) 1
2,(3) o8 (s5) 18 (¢) 26 8., (8) 12 (&) 34 (3) 02
3.(2) 18 (5) 16 (&) = 2. (6) 12 (2) 20 (7) 14

Repadentinn 2, . Roplicaticn 4

Block 4 ,(7) 08 (8) 12 (9) 16 3lc+z 10, (5) 19 (7) 23 (3) 06
5.(1) 20 (2) 02 (3) o2 11, (1) 22 (6} 12 (8) 02
6.(4) 20 (5) 06 (G) C2 12, (9) 27 (2) o7 (&) 20

In:lysc the dota sand eotrwent, {30)
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Neote: Answer Groups A ana B in soparate answerseripts.
Answer any five quecstions, taking at least one
from each group. MNarks aliotted for each.
questian are givcn L1n brackets [,

GFCUP 2

Give a brier acccunt of Eonr's thcery cf hydrogen ateme

Show that the veloecity of the clectron in the first crbit
1s abcut 1/137 times the velocity of light, Given:

0 =2.8 X110 osuy h = 6.6 X 10727 crg. sacond. (13+7)=(20]

OR

Explain .thc physical characteristies of photcolactric

crissicn., Red ew briefly the failurc of thc classical
eloctromagnetism to -explain the characteristies, Shcw how
Einslcin's quantum intcrprclation givws satisfactery
explanation of the offcet,

How can Flanck's constant bec mcasurcd frem BEinstein's photo-
cleetric cauation? (6+4+6+4]1=[20])

Dcseribe Millikan's oil=drop mcthed of mcasuring the eclec-
trenic charge, giving a skoteh of the apparatus uscd,
that corrceticn did Miliikan apply to Stckes' formula?

tthat was th:o valuc of ¢ obtuincd by illikant VYhat is
its best medern valuc? To vhat faetuer is the differcnee
ascribed? {9+4+2+245]=(20]

Assumning tuat zn clectron iz zblz tc bechave both as a par-
ticlc and ac & wavs, Show ket on ¢lcetron of mass n

mod n;, with veleeity v cerresrtonas toe a wave of length
A = h/mv, h beinrng the Planek's cerstont, :

Deseribe ths cleoctron difirzeticn oxporiment of G.P.Thomson

and cxplain its significniiec. 15+11+ ]=[20]
EITUER

Describec with a diagren t.oe Vilscn eloud chamber and explain
thc principlc cf its operaticn. Compare and ccntrast the
performances of 2 cluud chonber and a bubble chamber,

How czan the cloud choamber be utiliscd to dceteet the a« and
8 praticlcs cmittcd freir o radioclemont? {745+2<2])=[20]
OR

YMet is rodioectivity? Deduce rclzticns between the doeay
constant, the half-lifc¢ znd the mean lifc of a radiovactive
subctonec, .

The half-l1ife of-radon is 3.62 days, Yhet fraction of a freshly
frevarcd swaple of radon vill disintepratcs in 10 days%.

ILiEL L4+10v6]=i20]
"Mt is Conipton ciraect? Give an clumcntrry thoory fer its

inturyretation, Vhat is nmeont by Comnpton weveléngth?
Ve 15 1ts valuck l4+124242])={20]

Petav,



6.

8.

9.

0}

(01

that 1s Rampn effect? Give the exyerimentel arrangement to
cbtain Renon lines with liquldy, _Txplhin in an elementary

woy the underlying theory, - 14+8+8]={20)

‘GROIT_F
EIT:HEL

State (deducticn not nccessacey) TNichrrdson's equation for
thcorission of elactruns frow a hot body and axplain what
iz mchnt by the w»rk funhticu.

Define the ccnstsntﬁ cfes tricdo and oxplain thc meaning of
e~ch cf thch in TCLCTMICC to thae stctio charncteristies of
v tricdo.

th follecwing data arc pivin ror ¢ tricde:

Plitf Vo%ﬁggg ) Grid voltore Plate current
Volts (Voits) - anes). . -

. 520 - 4,0 1.2 X 1072
320 - 3.0 11,6 % 1070
280 - 3,0 1.2 x 107°
Calculatec the constants of tho tricda, [(3+5+10+] i-120]

or
Drew the clrcuit disgr~m of an R,C, couplcd amplificer
omploying a tricdc ond cxplain hew it amplifics an alter-
n;t1n~ singlc voltage.

Expla in the function of the coup.xlnb cxﬂﬂcjtznca and the
grié-lesk rcsistancc. - [5+494543)= [20]

Siketehh the cnergy diagrem cf a2 p=ni Junction znd explain
thé operction cf a ferward bias p-n juncticr. Vhet is
avelanche breakdcwn? - ) : {7+7+6])=[20]

Explain the opceraticn of o forward bias Junetion transistcr
The Typier) valucs for en NEN trgnslstor are 3lwen as

Xoe = 0497 Y, =2x 10% chn
, = 55 ohm Y. =1.92 x 108 oim
Y = 100 ohm

Compute the values cof 2111-R22} Ai‘ ) znd power gain

in a cormon cmitfcr cireudit with R, = 500 chn and

R = 10,000 chnm, -{10+10]={20]
Draw the cquivalent circuit dizgrem of o common cmitter

p-n-p trensistor and colenliale 1its pover gain., Discuss

the rclative morits cf comruen base, comaon cmitter and
connon collector transister omnlificrs (6+6+8]=[20]
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lote: The paper carries 110 werxs. ALnswer as much as
you can, Maximua one ecan scoie is 100, Marks
allotted for eacilt question are piten in brackets

let f be holomorphic in a rezion () and let Re f be
constant irn (). Showv that £ 1s a constant function, (12]

State and prove Cauchy's ihcorem for 'rectangles', {17])
Let £ be holomorphic in a repion (). Show that for any
z¢ 1), therc cxists a ='c () such that

e€2)| < |£(2)] 18]

SUpposc I is a holo'no*'phic function in a region

t Imz 2 0¢% and [ 1s recl on the rcal axis,
Show vh t there c*(ists an c¢ntire funetion g such that

glz) = £(2) for a1 26 () .
(uint: You may us. Cau-hy Riecmann equatlons.,) {1e]

Zveluate the following Lutegrals by the methed of residues
“

1) cgs .K-é uX, b non=-zero real,
- o + b
1) f u.i_n_x_ ax , b real
- x2 + b- )

2n

1)/ Earssreal (5]
Evzluate the following intcegrals by the methed of r'esidues.
o 2
1) S aEe— &
- o x4+ 67.2+ 15
o
s 1
1) f L - dx . {121

-c0 x + 1xX+ &x4 44
Let () be a region containing Zge Suppuse [ 1is
holomcrphic in () - f_zo)» s Show that £ has 2 pele of
oldcr I- at z, i1f anc only if thcre exists a helomorphic
functien g on ) such that

f(Z)='{—E‘('Z')?E. for 26 () -
-2z
°

ang¢ g(z)) # 0. 18]
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1.

2,

6.

Kot.: Jinswer any cipght quistlers, Marks ellotted ;6r
anch questien are given in brrekcts {1,

Definc partial dcrivatives, dircetiunel darivative end
total derivotive of a funeticn of sevcral varizbles at a
point, DLvalu.te the dircetoriel derivrtive of

£(x, y) =2 - y2 ot (1, 2) in thc airceticn of
ths 1ling fron (1, 2) te (5, 5). (12}
Lot £(x,y,2) bc 2 I:unctic-n depcnding anly on

r= Yxa +y2 4 22 1.6, lct f(x,y,2) = g(r). Then calcu-
lats fo+ tyy+ rzz' Prove that if fxx* fyy+ fzz =0, it

follows that '
f=§‘+b
(vhere a andé b earc ccnstants). 112]

Fing the Taylor Serics for the functicn, £{x,y) = 1/(l-x-y)
anc incéieatec its ranzc of validity, (12]

Usc Implicit funeticn thecrem te £ ind the maximua end mini-
mum velucs of the funetiin y = £(x) dcfincd by the cqua-

ticn x2 + Xy + }2 = 27, [12]

Provc that the cquaticn ir t-

o 21
a-ttb-t*c-z=l (21>

has thrce ¢istinet rcal rocts tl. t?. t3 vhich lie respec-
tively in thc intcrvals ‘
-t Cey, c<CtdCh, bCt<a

previdsd that the point (%, y, z) dces nct 1ic on a coordi-
natc plenc, :

Provc that th: three surfeaces tl = const,, t2 = censt,,

£ = const., passing threugh an erbitrary point arc crtho-
genal te cnc encther, {12]
Statc and prove Legrange methed of undctermined multipliers
for the preblem:

oxtremize u = £(X,¥,2,t) subjcct tc

Blxy ¥y 20 8) =0 an¢ P (x, y, z, t)} = 0. [12]
Detine the Gcuble integral, Preve the Mean Velue theorem
for dcuble intcgral, [16] -

p.t.0.



8.

lo.

“2a

whzt 1s the rule for chonge of varicbles in a double inte-
gral, Change thc order of intcgraticn and then solve:

e 20 -y
fofv &5 axay. l12)

Stetc the rule for transformation <f multiple integrals -,
Evaluate

fjl; (2 + yaxay where R =" (x, y)[
0<x = 27

<
0 x+y 525 {12

<

Dofinc a linc intcgral. Eveluote the linc intcgral

I=/ixyax + (x - 2)dy + xyzdz.] where € 1is thc are

of ttcie parabela y = x2
L (0, 0,2) to B(1, 1, 2). [12}

in the planc 2 =2 from



INDIAN STATISTICAL InSTITUTE (528)
Research and Training School _
B.,Stat.(Hons,) Fart III: 1072-73

ANUUAL ZXAMILLTIOL
Economic-2t Inc¢ian TBconomic Problems

Lates 19,7.73 Maximun Marks: 1C0 - Tine: 23 hours

6.

Fote: fiswer any four quéstions, 41l questions
carry equal marks, .

Discuss the compositicn ¢l Incia's experts Indiezting the
changes thst have taken plane Curing the period of planning.
Du yon think that the pattein of ehuige 13 consistent with
the requirements of a2 devolorin; acorcay?

Indicate thc impertancc of agricuitvral muarketable surplus
in ths esoncmic Govelepment of Indfa. Ynat arc the causes
for low surplus in the ajricuitural szctor?

‘4 revicw of lond reforns raveals much that has becn achieved
as wcll as a great deal that rcquircs urgent attention, There
arc meny gaps betweon ovjectives end legislaticn and betwcen
th\.tlnws andé their implencntation',- Fully cxamine the state-
nent, ’

Indizete thc cnanges that have tcolen place: in the field of
rural creddt in Incia sinc: the fircings cf the A11 India
Rural Gredit Survey Committcc., Suggest hor thc Commercial
Bunls ccn play mere cffcetive rolce in providing form eredit
to the agriculturists?

Explain how the cxpansicn o publie sceter in Ind: hes helped
to achicve the declarcc objcatives of pimnncd cecnemic deve-
lomient of the ccuntry?

Bxarine the rature of th: ecneentraticn of ceonuric power in
the industrial sceter ol India,
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2,

Fote: Answer any tuo questions. Harks allotted for
oach question are given in bractets |].
EITHEK .
A utility-maxinizing two=coamcaity sonsurel ‘chcoses a collec
ticn (@), Gy) 1n the price-inceae situsticn (pyy Py ¥)

and a collection (‘cil, 52* aqz) in the priecc-income situation
(py+ 3pys Por ¥) whure. 9py # 0. Ehev that the conswmer
regards tic first commodity as an inferior good, [20]

OR

Starting fron the postulstces of revealed prefercnee theory,
rrove tnat a consistent consuucr's dcmand for any commodity
is unaffecctid by an equiproperticnal change in all prices

. &1¢ his spcrdable incemc, {201}

EITAN% .
In & duepoly merltet ony incereasc in one fira's profit 1is
acecompanicd by an equal dcercase in the other firm's profit,
If the firms (4 and B) think th-t they arc playing a two-
person ganc, what stratczics should they chocose sc that
there may be a determinate rorket cquilibrium? A's toble
of prcfits (pay=-cff matrix) 1s given below:

: >

JAR N B's
, Stratcgiea\ Stratczics
2
1 7 5
. R A {20]
STTHTK

The producticvn funetion ¢ o firz is given by Y = F(X,L)
vhere ¥, Ky 2nd L arc respeetively the amounts of output,
capital-input, end labeur-inyut, If the producticn is sub-
dact tu censtant return to seslc,prove that the olnsticity
of substitutien of ene fuprt fer the cther is cqual to the |
Glasticity of tho averaze preduet of lcbeur with respect to
its marginal product, .

08

Show thet o first deprcc homogencove production function
involving one output and two inputs is a Cobb-Louglas funec-
tion if anc oily if the s1lastieity of innut substituticn

is vouzl to unity, [20]

[20]
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