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ILDIAN STATISTICAL IIETINTE T
Raesearch and Trainirg School 3ol
8, Stat, Purt III: 1973-74

PERIODICAL EXIMINATICH
Stat.-8: Linear Estimation

12,11.73 Maximum Marks: 10C Time: 5 horrs

lote: Answer all the questions, Marks allotted for
each question are given in brackets (] .

Consider thc model E(Y) = A'S@ where 1??<1, k"xn;nd QWX1
have their usual significance, ’

(a) Explain in this comncction the terms 'linearly estima-
ble linezr parametric function! and 'best linear un-
biased estimate', {2X2])={4]

(b) Frove that A'0 1s linezrly estimable (Y.c.) if and
only if the System of cquations HA'g = A 1in the ele-
ments of q 1s solvable. [10]

(c) State and prove a condition for the estimability of € . (5]

(d) Assume D(Y) = o° I . Provc that the BLIE of [.e,

A'Q is L‘Q where § is pny solution of AA'S@ = AY.
4lso suggest an UE of ¢2 and prove its unbiasedness,
(10+8]=[1¢]
Define Ve ¢ and Vc in connecticn with the thecry of

linecar estimation, [1+1]={2]

Frove that 3'Y 1is BLUE if and_only if Cev {3'Y, £'Y ]
for a1l linesr functions F'Y satisfying F[r'V] ) [10]
lu ‘2- YS. Yg are four rendom obscrvations having the same

expectaticn © and the dispersicn matrix ‘D(Y) = P
where

1 a 2% a0 with 0< a < 1, a known.
G = 1 a 32
1 a

1 //

-~
Gbtain the BLUE of ©, lHint: Tsc (b)) {15]

Consider thc model E(Y) = 4'9, L(Y) = 62 I,. Tefine

Qi = Ei'¥| 1 =12,,.., m wvherc &i' = (gl. doreser ﬁm).
Prove that

(a) Any'linea“ Tvnetion of @ Ay 's with zero expectaticn
must identically vanish, (7]
(b) The coveriancc betuccn Q, and zny linezr function of ,
vi's with zero exrcetatidn is zerc, 6]
m
(c) 1f T ¢,Q; estimates unbiasccly the rarametric func-

tion z xioi, then the varisnce of the estimate

1S(i‘ck)o‘ {5

—

p.t,0.



4, n indepcndent random obscrvaticns Y1 Yoresor ¥y

satisfy the following model: ..

E(yi) =@ X+ sx;_l. var (yi) = crzle. 1 =100 0,

) 2 :
where Xjreeay X, &ro known ccnstents and «, 8, ¢~ are

* unknown parametcrs.' On the basis of the following date,

obtain BLUE's of a« and £ and an WE of ¢°,
(Here n = 5)
xt 1 2 3 4 5
y: 1 1,8 1,3 2,5 ‘6,3 [5+845]1={15]
i

Practical rceord books. (5]
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2,a)

b)

e).

4,0)
b)

Kote: The paper carries 109 marks, You may attempt
any part of azny questicn, Marimum you can
score is 10C, DMarks allotted for each questicn
are given in drackets [ ',

Define the generating functiicr of a randcm varirble taking
noh-negetive integer values, State clearly the continuity
theorem for generating fvnaticns. [71]

In a scquence of Bernoullian trilals with probability of
success Py, let the trials uptc the first failure be called
the first turn ete., If S 1s the total number of successes

in the first r turns, fihd the generating function of Sr
and the distribution of Sr. From the generating function,
find E(S,) and V(s)). , [8+8]=[16]

Show that if- r —>= and rp =X then the distribution
of G, approsches a Poisson distribution, : (8]

If Xpen 21 and X are randcm variables, define the con-

vergence of Xn to X almost surely, in probability and
in distributicn. [6]

Show that X, =X a,s, dimplies X, —>X in probability.

Show that Xn =—2X 1in piob, implies xn-o X in distribution,
{8+8]=(16]

If the samplec space is finite, shcw that convergence in pro-
batility- implies convergence almost swrely, Yherc does

this argument fail for uncountable sarplec spaces? Does con-
vergence in distribution imply ccnvergence in probability?

(Wvhy %) ' [10+6]=[2€)

State an¢ prove Borel-Cantclli lemmas, (12]

Show that with probability 1, any particular sequence of
k S's and F's occurs infinftely many times in a sequence

of Bernoullian trials wvhan O < p < 1. (8]
State and prove Kolmogorov's inequality., 1123
Prove that if Xl. sz'x.. are independent and if T cﬁ

. 2 _ -
ceaverges where o = V(kn) then s - ES converges

almost surely, Here § denctes X; + ... +X;. (8]
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Note: u4nswer Q, 1 and any other three from the rest,
karks allotted for cach question are given in
brackets 1],

1, The table given below showis the total cultivated arec
during 1960 as also the arca vnder rice in 1962 for a
semple of 20 villages in a certain state, The villeges
were selected by simplc randcm sampling withowt replcce-
ment, The total cultivat:d area in 1960 for all the 170
villages of the state 1s knewn to be 78051 acres, Istimate

Table: Totrl cultivated area and area under
rice for a coiple of 20 villages.

Sl.to. Tctal cul- Arez un-(Sl,%, Total cul- hrea wn-
of vil- tivated der rice|of vil- tivated der rice
lage area in 1960 in 1962 |loge arca in 1960 .in 1962

1 401 75 11 470 109

2 634 163 12 1625 498

3 1194 526. 13 827 125

4 1770 &322 T 14 96 6

5 1060 254 15 1364 427

6 827 125 16 5377 79

7 1737 559 17 259 105

8 1060 27¢ 18 186 45

9 366 101 19 1767 564

10 946 556 20 604 238

the total area under rice in 1962 by using the three methods

of estimation:-~ (i) mzan ver unit; (11) ratio; and (iii)
regression, BEstimate the sampling variances of the éstima-
tes sc obtained, [s1]

2, i samrle of size n  1s drawn with equal probability and
withcut replacement fro a pepulation of size N, Let
n

i = rfl_ary; .o (1)

be any linezr estimate of ,the populztion mean }N. where
the a.'s are soms constants znd y! denotes the value
of the unit included in thc semrle at the r-th draw,

a) Shew that F. ois a1 wdlascd estimate of Fy if

erd only if T a, =1, .- (2)
r=1 ~ .
b) B8how that uncer (2) the vasriance of ;N is given by
" 2 n
- 2 2 i
V() =& [ R 1] eee (3)

where 52 1s the zema squere for the populaticn,

Petec.



4.a)

b)

-0
A
¢) Show that- V(§Y)-is minimisecd subject-to (2) %f e.=1/n
for r =1,2,,.., Ny Hencé prove that ¥, =T vy/n
is the best unbiascd estimate of iﬁ in the class of

linear estimatcs given by (1), (23]

What is staratified samnling? Describe: (1) optimum alloca-
tion, (11) Neyman's gllocaticn end {iii) rroportional allo-
cation, Obtain the varisnces of the estimztes of popula-
tion mean under (i) stratified sampling uith Neywen's
allocztion; (ii) stratified sampling with proportional
allocaticn; and (iii) sinplc random sampling, Compare the
three variances and dérav conclusion,

Derive the expression for the estimatec of the gain in pre-
elsion due to stratificaticn, )

What is post-stratificationt How much can one improve the
precision of a simple rancomn sample by resorting to post-
stratification?

Describe the ratio estimate of a populaticn meon and state
a situation where 'you think you would usec it. Obtain the
bias in it and examine its megnitude, OCbtain elso an
approximate expression for the variance of the ratio
estimate of population mean,

Vrat ie cluétér sampling snd why is it resorted to?:

. Lssuming thet the clusters are of equal sizes, suggest an

estimate which is unbiascd under simple random samvling,
Obtsin its variance in terms of .the intra-class correlation
cocfficlent and examine the efficlency of eluster sampling
with respect to single unit sampling,

{25,

[25]
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liote: Answer any five questions,
All questions carry equal marks,
1, Define the following terms = Rock, Mineral,
What are the major greuvs in which rocks are classified?
Give two exanples from eazh group,
2, Name the important atructures associated with the igneous
rocks,
Indicete disgrammaticzlly the sequence in whieh minerals
ecrystallise out of a magma during the process of cooling,
3.,a) Yhat is the difference betueen weathering and erosion?
b) What are the different azents for weathering?
¢) Name two natural agencies that transport sediment,
d) What is the difference between 'saltated load! and
. 'rolled load'?
4, Complete the following statements -
a) Point bar deposits occuvr in ... .
b) Foreshore is a part of the ... .
c) Large deposits of limestcne occur in ... .
d) DMuring transportation silt and clay move in ... .,
e) In the isometrie crystal _system, three axes are alweys at ...
f) Asymmctrical ripple marks can help in ... .

5.2) What ¢o you understand by 'dip' and 'strike' of a bed?
b) Yhat is a 'fold'?

¢) Draw sketches of any four of the following (label the
diffcrent parts in your disgrams) -

i) Syncline )
i1i) Recumbent fold
1i1) Fan.fold
1vg Symmetrical folad
v) Strike-slip fault
vi) Reverse fault.
6.a) What' is a fossil?
b) In what type of rocks do you expect fossils?
¢) Vhat are the aifferent forms of preservation of fossils?

d) How dc fossils help in stratigraphic correlation?

p.t.o.
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7. Indicate the correct statemernt 'In edch of the following: =

a)

b)

e)

a)

e)

)

In a sedimentary sequence,.the.order'of deposition is froz
(1) bottom upwards (11) top downwards,

Very well rounded sands are found in
(1) eolian environments (ii) lake environments.

There are four crystzl axes in the crystals belonging to
_(1) hexagonal system (11) monoeclinic system

Very well sorted sands occur in
(1) beach environment (11) glacial environment.

In the monoclinic system:
(1) three axes are at right angles to one another
(11) two axes arc at right angles to each other.

Stratification is found in
(1) igneous rocks (11) secéimentary rocks.

.8.a) What are the broad divisions of the geclogical time-scale?:

b) Where are the sedimentary roeks of the Mesozeic 2ge found
in the Peninsular India? '
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Note: Jnswer all the questions,.
Marks sllotted for each quesiicn are: given
in brackets {].

£(x) 1s a botnded functicn defined on (- =, =), Let
g(x) = |x|« £(2), Prove that g(x) is continuous at
x = 0,

2)..
Give an ex:zmrle tc show that even if if(x)& is
continuous at x = 0, f(x) may be discontinuous at
x =0,

S’1‘ (X)J v n=123,... 1is a sequence of functions
defined on the closed interval [0, 1] =znd
lim £f,(x) =0 at each x of (o, 1].

Each fa(x) 1sa nondecreasing functicn, Prove that the

converben(-c of f £ (x) § to the zero functicn is wnifern

Preeciscly ctate a theorem which says thzt under uniform
convergenee, the limit of o sequence of continuous fune-
tions is a continucus functicn, Prcve it,

Whut 1s mcant by the supremum ¢f o set which is bounded

_abevef

sup L= a 2nd sup B =g, Vhat is sup (L U B)?
Give reasons (brlefly). . and B are bounded above,

N is a limit point of L, L (C B, Show that X is a
limit point of B,

§:3)

(8]

8]

(8]

5)

6}

-
(&)
(]
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1,

3.0)

b)

4,

7.n)
b)

llotas Answer GCrcups 4 and B in secperatc cnswerseripts,

Varks zllotted for each question are given in
brackets i ],

Greup i: deximunr Marks: 50
Lnswer gny two qucstions, :

Starting from th:s cquilibriwa conditions of a2 utility
meximizing twoe-commudity ccnsumer, prove thet if cne
cf the tvc cormoditics 1s infericr, then substituvticn
cffect end inccme effeet fer it will hnve oppesite signs, [25])

I firn is salc tc be efficicnt if it
" 1) meximizes output for g given ccst
or 1i) minimizcs ost fcr a given output,
If the firm produces 2 singlc ccrmclity with twe inputs

which it buys at givcn priccs, shew thot the twe dcfini- .
ticns cf efficicney given sbecve are cquivalent, 125]

Shew that a Cebb-Deuglas preduction functicn cbeys
(1) thc law cf constent return to scole end (11) the
law cf diminishing margincl preduct of cach input, [15]

If Q= .’J(2L§ [where Q = cutput, X end L arc rcspec-
tively cepitnl and lebour mputsj shcw that the mergil-
nal rate of input substituticn (caleculated per unit of -~

labcur) 1s equal tc the capital lcbeur ratic, [10]
' _Greup B: Mnximum Morks: 50

Attcmpt pny twe questiins,

Shcw huw the IS end LM funeticns can be grephically
derived, Use them te arrive et the general cquilibrium

cf the product end neney markcts, Txaudne carcfully the
siturticns in which shifts mey ceceur in thesc functicns

ané ccanent on the resulting chenges in inccme and inte-
rcst ratc, {124+5+10]=(25]

Yhat orc Kcynes! hypetheses about the consumpticn fune-
tizn? Exsminc eny pcliey reccuacndetiicns thxat may be

boscd ¢n his fermulsticn o f consumcr behevicur, Describe
hew different types ¢f statisticsl drta give risc te.
diffcrzntly sheyped ecnsumpticn functicns, Bricfly dis-

cuss scre thacrics suggested te reeconeile cenflicting:
indicaticns ebiut the basic ferm of the releticnship of .
ccnswaptiin tc inecne, [543+5+14)=[25]

Discvss the threc differcnt pelieiss of the Centrrl Brnk,,
Zxaminc the situcticns where they can be uscd, (251
Explnin how ccmuscreinl brnks crcate moncy,

Discuss the different metives behind the dcxend fer mency,
(13+12)=.25]
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Uote: Answer all the questions,
All questions cerry equesl marks,

A function u = f(x, y) 1s definecd on a region R 1in
xy-plane. P (x_ v ¥,)» is a poiut in R, Define conti-

nuity of £ at P in two distin-t ways and show that
oneg impliss the other,

Give an example of a function wu = f(x, ¥)whieh has-pkrticl
derivatives at a point in & but-is not continuovs, i
Under what conditions a fuvnction having partial dcriva-
tives will be continuous?

Defing partial and dircctional dcrivatives of & function

u = £, y). Define differenticbility of f also, 1is
ccntinuity of rrrtiesl dcrivatives ncecssary for f to

bc differentinable at 2 point? Dcfine total differcntinl
cf £ heving centinuous particl dertivatives., Pvzlusate
the dirccticnal derivative of f(x, y) = 2x2 - y2 at

(1, 2) in thc dirceticn of the line from (1, 2) to (3, 5)

Let f(x, y, 2z) bc e function dcpcnding cnly on

re/x® e y? s 2

¢ loc, 1ot £(x, y, 2)=g(z)
a) Calculrte £, + ryy +f,, )

b) Prcve thet 4f £ + L. +f__ =0, if fclicws that
XX o2

yy

£ = % +b (whirc & end b arc ccnstants).
Fird th. Taylor scrics for the fcllowing functicns snd
inCicrte thiir rangc ¢f v-lidity,

)

1
ITx=5 b) o
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7.1,74 Maximum ifarks: 100 Time: 3 hours
Note: The paper carries 106 rarks, Answe> as much

as you can, Msximuwi you can score is 100,

Marks allotted -for each question are given in

breeltets L],
Show that ir xl. Xoraes are .1,i1,d, random variables
then (X +,..%+ X ) convergaes almost surely to a constant

Aff Elxll < e,

(You may assume that if X, I?.... are 1ndependent and
T o2 1is finite then S -BS  tonverges almost surely). [20]

Define the characteristic function of a random variable, [a]
o) is a c.f, (characteristic fvneticn), show that

¥ (t) = ¢9(-t) 1s also a c.rl, - (6]
If ?l' ?2 are cJ,'s and 0 ¢ a £ 1 then
« Q) + (1- a)q)2 15 also. a. ¢,f, (8

State and prove the 1nversion formula for the probability
in an interval. (State clecrly the results of calculus
you assune), ©.J15]

State znd prove tHe inversion formula for the probability
carried by a point, {10]

% has c.f. (1 +2cost), fine’ P(O <X < 1) using
(a) and (b). ° ] . (7]
Tefine weak convergence of distribution functions, Show
trat of B —Y-> F then the c.f, of F, converges to

the o.f, of F, If you neca any addltional condition for
this, state it clearly. {4+414])=118]

Show that the ¢,f, of Zn wil~h assumes the values
=Ny =n+ly..., =1, 0, .1, ..., N with equal probabilities is

sin(n + l)

£— .. Find the veak limit F of F,. Toes
(2n+-1) sin 5

the c.f. of of F, converge to the c.f., of F? [10+8]=[18]
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1.

10,

Yote: 11 gqucsticns may be attemvted. karks ellotted
ror each guestion are siven in brackets [

Prove thst (/2 +./3) is irrational, You mey assume that
/n is irrationsl if n 1is any rositive integer which is
not a perfect square, : fe]

The infinite series a,* 2,% ... 1s convergent and has

sum S, Frove rigorously thot the series -
ap* a* a,t+ a5+ Bt as* 2qt agt... is also convergent and

has sum §, if10]
The sgquenca {bé} —> 0 .an¢ each bn'f -1, Prove from
gpgggpggtals that the saquecnce ¢ cn} —> 0 where

¢, = T~ ‘ {10]

n -1« bh'

4 is a set of real numbers vhich is bounded above, B(=-A)

is the set of negatives of tiic numbers occurrirg in .,

For example, if .. is the set consisting of 2 and =3, B ,
consists of -2 and +3', ' |

Show that B is bounded bclow and that inf B = -(sup 4).[10]

£(x) 1s continuous on is, bl. f(a) >0 and f(b) <O. .
Prove that f(x) = 0 at leecst at one point x, 0]

Vhat is & closed set? Stotc the lcine-Borel theorem, Give
an cxample wherc the covered se¢t 1s bounded but net closed |
ant the Heine-Borel property does not hold, i10]

f(x) 1s defincd and continuors on {0, «), f£(x) =5 0 as
x —>e _ Prove that f(x) is unifermly continvouvs cn .
O, =), 12}

Give an example of a bowided continvovs frnetion on (0, 1)
which is nct uniformly continvous, {8]

Prove thet the equation x5*>ax?+ bx+c¢c =0 ﬁas at lesst

one real root, Her: a, b and ¢ are real numbcrs,

Hint:- Yhen x 4is very large, hew does the function hedre
behave? So also when x 1s huge and negative? [12]

Give an example of a sejuence irn(x)}‘or functions d¢fined

on (G, 1) and converging pointwise tc a limit function
f(x) and satisfying all of the folloving conditions.

1) Bach f,(x) 1is discentinvous at every point of (0,1),

1i) The cenvergence is uwniform on (¢, 1), and
111) the 1imit fynection, £(x) is continuous on (C, 1).

Priefly cxplain how your cxemple sstisfies £ll “he ~cndgé  [10]
tions given,
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11, Cousidsr the statement:
Let f(x) be bounded on_.a, b]. Also let f(x) be conti-

nuous at all points of except at one point ¢
where a'.< ¢ < b. Then itx) rmust attain its suprecum or

its infimum (or both)_ )

Give en exemple to show that this stestement is felse,

You may use the propertics of sin x, including the fact

that sin x 1s coutinuous, {19)

P T T
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1.

2,

4,

S,

* 8,2)

b)

Note: Answer Groups *A and B in sepsrate answer=-
scripts, Ansver any two from Groun A and
Q.5 and any one from Croup B,
Maris allotted for each question are given in

t
brackets 1], Grovp A

A firm produces a homogeneous commodity under constant

return to seale using only tio inputs namely, labour

and capital, Show that the firm can not increase the

merginal products of both inyuts at the same time by vary-

ing its carital-lzbour ratio, {25]

Show that for a first degrec¢ homogeneous production func-

tion inwolving one output ané two inputs, namely lebour

and capitsl,the elasticity of input substitution is equal

to the elssticity of the avercge prodvet of labour with ,
respect to its marginal yroduct, 1251

Show that the production function of questicn 2 above is
Cobb-Douglas if and only if the elasticity of input subs-
titution is equal to unity, {o5]

Taking the proposition of guesticn 2 as proved, express

the output as sn-explicit function of the inputs ,

assuming that the elasticity of input substituvtion is a
constant different from wnity, [25]

Grewwn B

Give an apalytical expositich of the interscticn between

the multiplier and@ the aczelerzticn vrrineiple and derive *i

the different time paths Jollowed by income for different
values of the multiplier and the eczelerator. {50]

Tevelop the Xeynesian theory of emnloymznt, Diserss brien{
where it differs with the classical thecory of employment, 20}

'The way the budget affects the quantity of money and
liquidity preference in th: private sector is of considera-
ble importance in determining the total effect of a given
combination of government expendituvre and revenue on natfo-,
nal income'. Discuss the statcment, {20]

Discevrss the multiplfer effact of an increase in government
expenditure when net taxes arc a rising function of national
income at market prices,

Given that Yo is the initial level of national incore at

market prices, b 1s tha constsnt proporticm: of private
Cisposable income which is spent on consumption, and t is.
the ratio of net tax receipts to national income at market
prices, prove that an increase in government expenditur:,
acn leod to a doubling of netlcoiirl income at market rrices

if a budget dcficit of the amount y (1- b)(1-t) 4s inewrred.

Assume the budget to bc balencee initially, privatc invest-
mcut expenditure to remoin censtant throvghout and the ,
asonciy to be a closud ong, [10+10]={2C]
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Note: Answer all the questions, Marks sllotted for

1.

each question are given in braclkets {1.

Consider the model E(Y) = 4'@ and suprpose 3'Y 4is an UE

of A'6, Frove that 3'Y is BLUE if =nd only if

Cov [3'¥ r'¥) =0, for all lirear functions r'Y. satisfy-
ing EL:‘X—JE 0- - (10)
Assume !nx;\/ niave, o'ZInJ vith rank (A) = r ¢ m¢n,

Tefine RZ = mn(L- '8 (X- 419, RZ = min (Y-4'9)'(Y-A'9)

177
where rank (H)mxk = kgm, He =
g2 - 2. g2
8) Prove that U= B ~u¥2 |\ V=g ~ )@ when
-2 ~ 2 .

Ho=¢ holds, and that “U and V are independent, [15)
b) Hence develop a suitable test procedure for testing the
hypothesls H: H'@ = r, Clearly justify the procedure

you prorose, {s]
EITHYR
X4y (<1 <m 1<j<n) are mn inderendent normal
varizbles with comron unknown variance® o'? and

E(X“) =ai+bj" 11 1<} <n where ‘the a's

and the b's are unknown pareometérs, Obtain a2 suitable t&
test for HO: b1 S e T bn.

(You need nct derive any aistribuvtion result.) {15]
OR
Suppose there are two series of observationsgl (x341 ¥4
11 oy f and E(x21' y21)' 11« an vhere the x's

are the values of a non-stochastic variable X and y's
those of a stochastic variable Y. 4ssume that the regres-
sion of Y on X in both the cases is linear, Obtain a
suitcble test (stating clearly the assumptions you make)
for HO: the two regression lines coincide with the

specified line E(Y|X = x) = oy * BoXe

(You need not derive any distribution result.) b

p.t.o.



[2]

-idem

The followving calculations are baséd on sets of observations
cn 15 individvals regarding four characters vy, Xy Xy and

X W
o
Yy = 3.1685, X, = 2.2752, X, = 2,1523, X5 = 2,1128,
T y° = 150.7178

Corrected sun of produéts Inverse of the matrix
Ca— % - of corrected sum of
1 2 __ 3 squares anéd sum of
. . ) products . ’
.y '0.0595 0,0441 0,0363 ‘xl.--l. X5 A .x3
) x; 64,21 -15.57- -10,49
X, 41,71 - 9,00
X3 . 39,88

a) Obtain a linear forecasting formuls for y in terms
of X, X and X..
1 2 3
b) Calculate the sample multiple correlation coefficient
Ry'123 and test if tne population multiple correla-
tion coefficient gy;lzs .is ze?o.
¢) Test if all of X;, X, end Xy (which are similar in
nature) are equally important for predicting vy.

d) Test H: (g =1, =0).

¥2.13 Bys.12

e) Obtain 95+/, confidence interval for Byl o3 -.
The symbol Byi ik stznds for the population partial
regression coefficient of y on Xy . State cleerly the

assunptions you méke.

15 +10+15+1C45]=r4s
Practicezl Record Book. f1c
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ILDIAN STATIS!'XCAL ILSTIT'TE IEIE]
Research and Treininc School ¢
B,Stat,(lons,) Part III' 1973-74

MID=YEAR ErRAMILETIOCL
Mathematics-b6: Calculvs
16,1.74 Maximum Mzrks: 100 Time: 3 hours

State and prove the implicit finction theorem for funec-

ticns of seversl veriables, {20]
let u = f(xl. Xp1 xs) be sny differentiable funstion

defined in a region ol Xyt Xo1 X;— space, Define the
directional derivative D, I ot a point (x): X5 x3) in

the direction making anglos 0y g and as with the

coorcinate axes, If € 15 a unit veetor in this direc-
tion show that -
: Daf =e gred f,

Prove that in the direction of gradient vecter, the func-
tion inecrcases most rapidly. L20)

Frove that xy + log Xy =1 has uniqgue solution for vy
in a neighbourhood of (1, 1). l10]

Prove that for a homogeneous function f of first degree,

2 2 2
X Ly # Y L+ 20 L, 4o s 2@y £ 4l =0,

Find the expression for Laplzcisn in polar coordinate system

(r, 6) by changing inde endent variables from rectangular
coordinates (¥, y) to f . (101

Fing the expression for curvatufe for the function
F(x, y) = 0, For the ellirse

/2« /%=1, (adb)

£ind the points where the curvature has maximum and minimum
values, {10]

Pefinc divergence and_curl of 2 vector field,
Find curl u vwhere 1 has comronents

_ W2 _ .2 _ -
U T Xz Wy T Xy U = xg. u 1is a veetor in
X) X, Xs-space, Frove that curl gred f = D where f 1is

& function of X3, Xg1 X5 Vvariables. {12]

Find thc tengent planc of thc surface
x5 + 2xy2 - 7z3 + 0y +1 =
at (1, 1, 1), (8]



Date: 18,1,74

1.

ILPIAN STATISTICAL INSTITITR
Resesrch and Treining School
B,Stat,(Hons.) Part III: 1975-74

MID-YEAR EXZMINATION
Statistics=7: Samrle Surveys
Maximum tlarks: 100

(313]

Timet 3 hours

Yote: Answer Q, lo,l snd any other three out of the
rest, Marks allotted for each questicn are
given in brackets {2,

A yield survey on rice was carried out in Vest Codavari
district of Andhra Fradesh in 1946-'47, Five villages
were selected in each of the seven strata into which the
district was ‘divided, three fields were selected in esach
village and one plot of 1/1C0 mecre was harvested in each

field,

The data arg feproduced below,

Assvming homogeneity

of 85, 's and S%'s over {1, obtain rooled values of
o 10— v > <2
5y and Sy and get the estimates of Sﬁ and Sye Finite

multipliers at the sub-sampling stage may be ignored.

Stratum llo, of villages in  Sample >

Number the ‘ean 52b 55
(1) poFulstion/Eample (oz./:. . 1 ivw

N,) (ny) plot)

1 88 5 347.5 1452,1 2791,5
2 142 5 297.8 1937,0 274225
3 119 5 201,1 7107 ,2 1864 .0
4 920 S 438,9 9603 .9 11824 ,0
5 114 ) 282,9 20702,0 13628 ,2
6 102 S 301,9 25610,8 2007,5
7 146 5 186,7 3342 ,2 7441,8

Total 801 35 - £46655,2 669795

Give the estimate of the district mean yield and ealculste

its sampling variance, Assuming that the sample of villa-

ges 1s to be allocated -in proporticn to the number of vil-

lages in the several strata and that the cost in rupees of

the survey is represented by € = 7n + 2nm, calculate the

values of- n and m that may be recommcnded for s subse-

quent survey in order that the district mesn yield may be
estimated with a standard error of 1” ozs, per plot for

the minimum cost, {6+49+415)=150]

Describe Harvitz-Thompscn estimate of population mean and

give an unbiased estimate of its veriasnce, Obtain also the
Yates! and Grundy's estimote of this variance and state a
necessary conditicn under which the estimate always assumes
positive velues, 446+10+2]={221

Suggest sn unblased estimate of ropulation mean under samp-
ling with varying probabilitics with replacement, Give

also its variance and an unblased estimate of the varin~nce.
Describe Des Rz2j's estimate »nd obt~in an unblased estimate |

of its varience, [(5+:45) +(545) 1=(22]

Yhat is two-stoge Somplingt Assuming that' first-stage
units are of equal size, givc an unbissed estimate of the
population meen, and obtajn its variance and en unbiased
esgimate of the varianca (assume simple rendom sampling in
both the steges). Hence show that under this sampling
scheme,

~_1 Ba
= n i Fy

p.t.o.



-o-
4, (contd,)

is 2n unbiased estimate of p,y the population proportion
of units rossessing a given attribute. where n..1s the
nurber of primary units selected and p1 denotes the

observed proportion of units which possess the attribute
under study in the i=th selected primsry unit

* [2434648+3)=(20!

S, Describe cluster sampling with an illustration.: 2Assuming
ynequal clusters and simple rsndjom sampling of clusters,
suggest-four estimates of the population mean and examine
their unbiasedness or otherwise, Give also.their vari-
ances and the estimites of the variances, [2+4x5]=[22

6 Describe systematic sampling with an illustration., Give
unbiased estimate of populaticn mean and obtaln its vari-
ance under systematic sampling scheme, Vhat is circuler
systematic sampling? Under this scheme, suggest an unbia-
sed estimate of mean and give its variesnce. Conpare sys-
tematic sampling with simple rendom sampling from effi-
ciency point of view,” ’ {[5+¢+¢)45461={22

PRACTICAL NOTE BOOK.
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INDIAN STATISTICAL INSTIT™IR (37E]
Research and Trzining School b
B, Stat,(Hons,). Part III: 1973-74

MID=YEAR EKAMIPATION
General Science-5; Physics
19.1,74 Maximua Marks: 50 Time:1% hours
Note: Answer ény three questions, Marks allotted
for each question are glven in dbrackets i].
Describe the essential constructionsl features of a triode,
What are the constents of a triode? Explain the meaning of
each ot them,

The following data are given for a triode:

Plate voltage Grid voltsge Plate current
volts) _. _{volts) (ma)
320 - 240 1.2
320 -3,0 1.6
280 - 3.0 1.2
Calculate the constants of the triode. {5453+3+31={16]

Draw the circuit disgram of an R-C coupled amrlifier
employing a triode, and exvlain how it amplifies an alter-
nating single voltage,

is

Vhat/the function of the corrling capacitance? How does
it affect the performance of the amplifier? whit is the !
function of the grid-leak r051stance{ 3+642+3+2]={16)

Explain, with suitable dia“rams the function of a triode
as an oscillator,

A triode amplifier has an a,c, resistsnce of 20,00C fﬁl

and an amplification factor of 20, Calculate the voltage
obtainable across the anode load if it is a rcsistanfe of |
30,000 LJ'D_ 10+6]=116]

1

Discuss the principle of modulstion. How 1s this effected
in practice?

The marirum and the minimum amplitudes of a modulated

voltage wave are 18 V and 2Y. Calculate the percentage
of modulation, 1546+51=16)

hat is the ionosphere? Wnat are the effects of the
ioncsphere on wave propagationi What are 'fading' ~nd

'noises' % [6+45+2+5]=(1G]
Neatness (2]



INDIAN STATISTICAL INSTITUTE 3357
Research and Training School (515
B.Stat,(Hons,) Part III: 1973-74

_PERI ODICAL -EXAMINATION
Application.of. Calculus

Date: 25,3,74 Maximum -Marks: 100 Time: 3 hours

1.

Note:Answer ‘a1l the questions, Marks allotted for
each dquestion are given in brackets [].

Solve any four of the following differential equations,

1)
1) Lyay - & + ¥y = 0.

1) (y-3x+3) L=2y.x2e

1) (a3- 2xy-~ y2)dx - (x+ »eay =o.

W Py - 2xPlax - (5= 3x2y)dy =0,

Find the solution of the folloving differential
equatims, ’

1) (x2+ l)&i +2xy = e

11) gﬁ'rl—'%:xyl/z .
-X

Answer any one of the following:-

1) Determine the curve whose sub-tangent is n times
the abscissa of the point of contaet, find the
grtifular curve which passes through the point
1 3).

11) A body falls from rest, assuming that the resistance

[20]

[10]

of the air is proportional to the square of the velo-

city, find !
a) its velocity at any instant,
b) the distance through which it has fallen,

Solve any three of the following differential equations,

2
iy _ sdy = g%%
1) o2 553 +6y=¢e
2
1) ¥ -4y=2sm ¥
dx
2
111) §—§+3g§+2y=32xsmx.
dx
585y 4,2 5% 4 24¥
iv) x P +3 o +xt+y=o0,

potcou

[10]

(20)



-

5.a ) Vhat are the necessary conditions for a function of- a -

b)

6,.a)
b)
c)

7 .a)

b)

complex variable f£(z to be differentiable at a point
2=T717

Show that if the Cauchy-Riemann Equations are satisfied
throughout .the neighbourhood of the point X , however
small that neighbourhood may be and if the four partial
derivatives

du .gu 4y Qv

ax! 3y ox ' 3y

are continuous at the point J, then the functiaon

£f(z) = u+ iv of a complex variable z = (x+ iy) has a )
derivative with respect to 2z at the point o [1c;
What is an analytic function?

What is a singularity of an aifalytic functiam,.

If f£(2) is analytic within and on a closed curve C then
show that
S £(z)az =0

c . -
assuming continuity of f*(z) within and on ¢C. t10

If f£(z) be analytic within and on a closed curve C,
then show that ]

- r t ~

£(z) = —l-2n1.£ -(—)-_2 az 4

If £(t) be a continuous function of t on C and

F(2) = ghy £ EP
c

then show that F(z) 4s analytic within C, [20:



INDIAN STATISTICAL INSTITUTE {3181
Research and Training School
B,Stat.(Hons,) Part III: 1973-74

PERIODICAL E'AMINATION
Physics

Dated: 8,4,74 Maximun Marks: 50 Tires 1% hours

Note: Answer Q, No,5‘*and any .tvo of the rest,
Marks allotteﬁ for .each question are given
in brackets |},

Deseribe Thomson's method of determining e/m for
cathode rays, Vhat is tha present accepted valuse .
of e/m for cathode rays?t 11344]1={19]

Describe Millikan's oil-drop method of measuring the
electronic charge, giving a sketch of the apraratus i
used. 113+6)=(15]

Describe the Banibridge mass spectrograph and explain
how 1t 1s used to identify positive ions of different
masses, [14+5]={10)

Give an elementary account of Bohr's theory of the
hydrogen spectrum, Write the expression for the . )
Balmer series. 11446]={19]

A radioactive sample has its half-life equal to 60 days,
Calculate (1) its decay constant (4ii) average or mean

1ife (111) the time required for 2/3 of the original

number of atoms to disintegrate, l4 x 3]=[12]

- oo



INDIAN STATISTIC.AL IKSTITNTE lEIEJ
Research and Training School
B.Stat,.(llons,) Part ITI: 1975-74

PERIODIC/L EXZMINATION
Zconomics

Date: 15,4,74 Max{muym Marks: 100 Time: 3 hours

1.

2,

Note: sZnswer Croups 4 and B in separate enswerseripts.
Marks allotted for each question are given in
brackets [],

Gronp £
insver any tvo questions

& profit-maximizing firm cen sell its product in two markets
in which the prices ﬂpi. i = 1,2) are respectively connected

with the quantities sold (gqys 1 = 1,2) by the relations,

Py = &) +bj and py = aydy + by where al'aZ'bi'ba are
given constants, Will the firm practise price-discrimination
i

1) al = 32 P_nd bl # b2l
11) by =by and oy oot

Justify your answer, i25]

Two firms are selling a homogeneous product in a market of
competing buyers, If each firm in trying to maximize its
profit treats its rival's outpnt as a parameter, show how
the problem of market equilibrium can be solved, {25]

Is there any valid ground for assuming, thé existence of a
solution of the problem in question 2% Justify your -
answer, [25]

In a simple duopoly, the profit-maximizing firms can act
either as leader or as follower, Find the conditions under
which the market will have (i) a determinate equilibrium

and (11) no determinate equilibrium, [25)

Groyp B
lnswer any two “questions.
Discuss the main features of foreign trade of Indfa during
the first three five year plans, [o5]

lnalyse the changing pattern of India's imports during the
periocd of planning, Do you think that the changes are
consistent with thé requirements of a developing economy?

Give reasons for your snswer, {15+10]=[251]

Discuss the main directions of India's foreign trade indi-
cating the balance of trade position with the major trade_ .
partners of India, [15+10)={25]
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INDIAN STATISTICAL INSTITUTE (5131
Research and Training School
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PERIODICAL IEXAMINATION
Sampling Distributions and Tests of Hypotheses

22.4.74 Maximum Marks: 100 Time: 3 horrs
Define )f statistic with n.d.f. and derive its distributio,
State and prove the addltive-nronerty of X ~distribution.
Indicate some uses of the K ~-gtatiptic in tests of hypotheses.
[2+45+1+543] = [16]

Define Student’s t-statistic with n.d.f. and derive 1its
distribution. Indicate some uses of the t-statistic in

tests of hypotheses.

14
HS

Define F-statistic with n,, d.f. And derive its distri-
bution. Iudicate csome usgs of the TF-gtatistic in tests of

hypotheses.
[2+8+4] = [14]

Obtain the distribution of the samnle median in odd samnI 8
of sire (2n + 1) from the uniform distribution over [O,. i

N (51
Xypaeas X} are independent normal with common an m and >
unequal variances 532,.... 5]( . Prove that ? Jz (x4-%,,)

has a central Xe-dist. with Gc-1) d.f. where
Ry = ( zx/o’)/z--g. [12]
OR '
Yyseeo Y, are indevendent normal with common variance 4—2

. n . n
and E(Yi) =a+ f u, i=1,..., n (>2), ? uy '=>0, f u12> 0.

(b - B) /T u,2
Frove that---4 P -=—<= 15 a central t-variable
//-fz(Yi-Y) - b f uiz /n=2
with (n-2) d.f. [12]

Xy ~ X,

1 ‘

Indicate the distributions of (i) —------- where X b
X4 + % 1 %

are independenti norma2l with mean O anud ‘'variance 6_2 > 0.

[5]

2
(X1 - xg) /3 -
(1) e e e S where x1. )(2. X3 are

2(Xg+ X+ X3)° o+ (Xq+ Xp=2 Xg)
inaependent normel with mean zero and variance 0’2 > 0.

[8]

GO OI' TO THZ NTXT PAGE



10.

X1, X2, X3 are independent random variables having absolutely
continuous distributions. If Ty is the c.d.f. of X; (1 =1,2,3;

3
prove that =~2 ¢ 1og_F1(Xi) is a Xi;variable.
1
[10]
The mean and standard deviation (s.d.) of scores of 16 students

in some test are 45.5 and 9.51 respectively. Test at 5f/.
level whether

a) the population mean is 42.7

b) the population s.4. is 8.0
State your agsumvtions cléarly. [6 + 6] = [12]
A six-faced die vas throvn 9000 times, and & 5 or a 6 was

obtained 3240 times, On the acsumption o: random throwing,
do the data indicate that the die is unbiased ! (level 5°/.)

(sl
A correlation coefficient of 0.6 is obtained in a sample of
27 pairs from a bivariate normal population. Test whether
the population correlation coefficient differs significantly

from sero at 5°/. level.

(5]

Practical records. [5]



INDIAN STATISTICAL INSTITUT® ™
Research and Training School
B.Stat,{Hons,) Part IIT: {1973-74)

PERIODICAL EXANINATIONM
Comple:: Vgriable

Date: 29,4,74 Maximum Marks: 100 Time: 3 hours

1.a)

i

2,

b)

a)

.b)

Note: Answer all the quecticns, Marks allotted for
each question are given in brackets [],
What is meant by a function f of a complex variable z,
1) being continuous at a poigt zy
11) having a derivative at 2z
111) being analytic at 2z,?

If f(z) is analytic at Zg does it have a derivative at
z ? If 1t has a Qerivatiys at z.y ic it pnalytic theresd,

© Give reasons for your wswer:
Find the reglons, if any, in which the following functions
are analytic agﬁ f£ind their derivatives there:

1) r(z)=ezz it 270
~ = 0 if z=0
1) £(z) =3 1f z£0

=0 if 2=0

114) f(2) = Real part of =z,

If u+ iv is analytlic in scme domain,. u, v being real
valued functions of a complex variable z, show that
-v+ iu 1s analytic in the same domain,

If u+iv and u- iv are znalytic in some domain, show
that wu+ iv 1is constant in that domain.

Suppose £ is analytic within and on a closed contour G,
show that the value of f{ as well as that of its deriva-
tive at any pojnt interior to € 1is completely determined
by the values [ takes on e,

Let ¢ be the cirele |z| =2, Find the values of the
following:

. - 1 .
1) £;@‘; az ; (0 [efazi () [ gz

2z .
) s —azi (W) L —az,

¢ 2z°-21z- 1 c(z-1)2

P

il

{15]

115]

10}

(25)



INDIAN STATISTICLL INSTITUTE r——
Research and Training School ° 1320]
B,Stat,(Hons,) Part III: 1973-74

PERIODIC.L EUMINATION
Design of Experiments

Date: 27,.5,74 Maximum Marks: 100 ‘Timet 3 hours

1.

Note:. Answer all the questions,--larks allotted for
cach question are given 1a brackets [J.

Two brands of sleeping pills & Lng B .are to be compared for
their effectiveness in producing extra hours of sleep.:
Analyse the following ‘data to test the hypothesis that &
and B do not ddffer, under the o following alternative
designs of the experiment,

a) For each serial number in- the table below, the
figures in the columns 4 and B repressnt extra
hours of sleep for the game patient to whom pills
A and B have been administered on two different
occasionsi

b) The figures in the colwmns A and B repressnt two
independent samrlesg of 10 individuals each, members
of one sample having been given the pill X and
members of the other the pill B, )

sl, -
no. & , _B
1 + 047 +1,9
2 - 1,6 + 0,8
3 - 0,2 + 1,1
4 - 1,2 +0,1
5 - 0,1 - 0,1
6 + 3,4 + 404
7 + 5,7 +5,5
8 + 0,8 +1,6
9 0,0 +24.6
10 + 2,0 + 5,4

On the basis of your results comment on the relative’
sensitivity of the tuvo desisns, If possible, state
the reasons for any difference in sensitivity observed.

In a randomised block design and with the additive form

of the equations of estimation,

a) Show that the estimation space can be divided up into
three mutually orthoronal sub-spaces, generated respec-
tivaly by contrasts among block totals, contrasts
among treatment totals and the grand total; indicate
the rank of each swb-space, .

b) Show that the best lincar estimate of any contrast
among treatment effects 1s the corresponding contrast
among the treatment means

¢) If there are 3 blocks with block effects 'ﬁlnﬂé-ﬂs
and 4 treatments with treatment effects q1 gy (50 (gt

examine if the following parametric functions are
estimable and, for those which are estimable, write
down the best estimates:

1) Bl - 232 + ﬁs { (11) Bl + ﬂz i
1) () - 8,) - (T, -Ty) .

ot
p.t.o,

1251

{e]

(5]

€2}



4,a)

b)

c)

-2-

IAn experiment was conducted in a 4x4 Latin Square design,
to compare the selling potential of 4 types of apples.

2 shops werec each obscrved on 4 days of the wecky 4 types
of apples (4, By C, D) werc -ach displeyed once in each -
shop and once on eéach day., The data consist of weight or
apples sold ‘ror 100 customers,

Day of . = ) “Shop number . ; Day
wyeek -~ X .2 N 4 total
MONDAY L 1 B 8 C. 20 . D48 110
TUESDAY "B'20 L 22 D 48 :c 25 . 115
WEDNESD&Y_ D24  C 212 Bl2 . A 27 . 75
THURSD.AY o C 31° D 16 LA 32 ., B'22 101
Shop total 89 - 58 152 - - 122 - Crand
Totals for A I -) - C D -total
types 95 62 108 156 _ 401

a) Test for the equality of sales of. the 4 types of
apples. L)

b) Test if the sales ‘potentials of the ¢ types.obey
the relation
L+C = Bs.p.. (7]

Denoting by A4y By Cy D the-treatments in a balanced
incomplete block design with ‘the parsmeters.

b=4, k=3, v=4, r =3, \=2
write downt the full layout of* such a design. {12]
Show that in a b,i.b, design the best estimate of a linear
function of only the treatment effects must be in the form
of a linear function of the 'adjusted yielas! Qj . L&

Show that the coefficient of correlation been- QJ and
gy 1s = 1/(v- 1), tel



INDIAN STATISTICAL INSTITUTZ )
Research ana Training School
B,Stat,(Hons,) Fart III: 1973-74

PERIODICAL EXAMINATION
) - Frobability.
Date: 20.5,74 Maximun Markss 100 Time: 3 hours

Note:The whole paper carries 120 marks, Answer as much
as yov can, Maximua marks one can score is 100,
Marks ‘allotted for each question are given in
brackets {1,

1.,a) Write down the characterizing properties of the distribu-
tion function of an n-dimcnsional random variable.

b) If X and Y have absolviely continvovs distritbuticns,
1s the jJoint qistribution of X and 'Y ‘sbsolutely conti-

) nuous?' Is the converse truvef? - Give complete rroofs:; -

2. Let X+ X, be rendom variables such that X,~Tl0, 1)
and the_conditional distubution of X2 given xl =X is
U0, x;J. Fina
a) the joint gensity function of X, and X,.

b) the distribution function of X, and X,.
¢) the density function of X~ Xy

3, Let X = (xl.,... xp)' be such that t'X is vnivariate
normal for all vectors ¢t.

a) Fing the characteristic funetion of X and show that
if xl..... Xp are pairwise uncorrelated, they are

independent.
b) If X d4s partitioned into two parts X, ®ad ‘Xz with

k and p-k components respectively find the ::ondi-
tional distribution of X, given X,. (You may assume

that X, is non-singula;.) Show that the regression
of xp on Xl,..., Xp_l is linear,

4.2) Let Xy, Xz{.... %, be independent standard Normal variates

and Q1 = X'Aix be a quadratiec form in X = (xl....,xn) fo
for 1 =1,,..y ky such that X' = Q1+ PR Qk' Then show
that each Q; bhas a chi-square distribution and QqreestQ,

{8)

{14)

(7]

[15]

are independent iff n =n;+,,.+n  where n, = ranx of 4. [15}

b

~

Deduce from the result in (2) that if Xpree X is a som

sample from N(O, 1), thca %2 and % ()(1-)-02 are indepen-

dently distributed, How can you conclvde from this that
X ana I (X%~ X)2 are independent?

p.t.o.

{10]



5'

a)

b)

-

If Xl. Xz.... is a scquence of 41,i.,d. random variables
with common mean u and common _variance cz._ show that
Sn' nu
/e

State the Lindeberg-Feller central 1imit theorem and
deduce the result in (a) from that,

converges.to N(O, 1) in aist-bution,

Two points are selected at rangom from {0, 1], Fing
the qrobability that the three segments-can be the sides

of a triangle,

[10;

(35)
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7.a)

b)

Joie: Ansver any five questions. All questions
carry cqual narks,

rind by contour iatecgration ths valves of any two of the
folloving intcgrals : : .

CxsInz 4 iy [sinx " 595X
I i L (1){’.;c dx (111) J R

-] .
1v) [ AnAR.  ax(a>o0).
~£ s X -

Find a series solution in the nei~hbhourhood of an ordinary
point of a homogzneous ordinary differential equation of
seconé order such that the solution together with its first
derivative acquire arbitrarily assigned values at that point,
Find also the radius of conveigence of the serles.

tiat 1s a reszular singularity of an orcdirary differential -
eovation ¢ 'men is an ordinary horiogeneous equation of

séconc order of Fuch's tyre ¢ 'Then trere are 1 singularities
in the fint%o part of the plane vith assisned exponents,

finé out the forns cf the equations of Fuch's tvpe, the point
at infinity beins either an orcinary point of the differential
equation or a regular sinpularity, -

Shov that the hypergeonetric equaticn is an equation of the
Fuch's tywe, "hat cre the singvlarities of this diffcrontial
equation 7 Finé the solutions in the neighbourhood of the
origin and at infinity.

Show that the differcntial equation

: .
(-2 Sz S entns)v=0
dz

is an equation of the Fuch's type.

Find out the intesrals in the neighbourhood of the origin.
that 1s Legendres polynon:ial T Dcéuce Rodrigues foroula for
Lezendres polynoivial.

Ts Dessel's equation an equation of the Fuch's type? Find out
the intezralsin the ueighbourhood of the origin.

Find out the solution of Taplaces equatisn in polar co-ordina-
tes assuning that the solutionean he expressed ‘as a preduet
of three functiohs which ave functions if r, 8 an® ¢ alone
respectively.

Find out the solutions of the vave equation in polar co-ordi-
nates assuming that it ean be expressed as a produet of four
functions vhich are functions of ty ry 8 and ¢ alona
respectively,
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. ANIUAL EXAMIIATION
Mathenatilecs-6: Complex Varilables

Dater 25,6,7¢ Maximiuz iarks: 100 Tine: 3 hours

1,

2,

Jote: ‘Answer. all the questions, Marks allotted for
each question are givzn in brackets [].

Let C be the contour given by z = 2¢°°, 0¢0 ¢ & .
Show that [f —3&-| ¢ Z, 0
A 22 1 3 [10]

Let f =u+ iv be entire, uy v heing real, ‘Let m be
a'real constant such that u £ m at all points.

Show that f 1s constant. [15]

State and prove the formla for calgulating the radius of
convergence of a power series

[--]

n
T a_ 20,
n=,_,an

Yhat can you say about the behaviour of a power series on:
its eircle of conversence? Give reasons -for your answer. [25]

_Define a pole of order. r of a fungtion.. If ¢ is
: ¢?z°) 2o pid

analytic at Z,t and L)
¢(z)
f(z) = (z - zo)m .

show that f has a pole of order m at z,.
Find the residie of f at z,. Shov that [£(z)]-> =

as z => z, . {c0]
had cos x
Calculate (1) f ~—==s --5 dx .
wo  (x+a)” + b
o x° dx
= 501
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ANITUAY, EXAMIVATIOLN
Statistiecs=10: Prohohility
pate:s 27,6.74 Maxdram Marks: 100 Tirict 4 hours
lotet The whole paper carrics 110 marks. Ansver as
rmuch as you can, laxinua iarks cne can saoro
1s 100, HMarks allottcc for each question arc
given in brackets .1,
1. Stzte the vwcalk coimactitess leirsa for ¢istrihuticn functlions.

Assuniinz this (and the valucs of any standard integrals
prove thot if the characterisiic functicns £ of o sequ-
encc of distrihuticn functions T converse B to a fune-
tion @ continucus at O, thcn ~@ is ithe charactaristic
functicn of a distrihution function ¥ and

\ . -
Fy, —=> T. 120]

2,a) If I 1s a p-dinmensicnal rardon variable vith dispersion
natrixx £ z2nd rmcan 0, shov that X Dbelonzsc to the colunn .
spacc of T with probability 1. (gl

b) Show that X has (possibly singular) Ilp(l.n £ ) aisiribu-
tion iff XL =u + BY a.s. vherc YN I (0. I) and

L = BB'. Ilencc odtain the dinsity functicn of X when .
£ 1s nonsingular. 1131

3. Show that 1f Zj+ Zpeersr X, 1s a sanple fron ' X(0, 1)

then ZX'AZ has a chi-squarc distribution iff A is
idenpotent. 1Mhat is the nutber of dczrecs of freedon? [122

4, In the gambler's ruin problenay, f£ind the prcbebility of
wltinate ruin of the gambler anc also the eippectcé dura-
tion of play if the inl%lal canitcols of the csarbler and
his opponcnt are zp, a -z and p 1s the probabvirlity
of the gambler's winning o game, " Shiovr that if the stalke
is douhlcd (to 2 vnits of noney), the probability of -
ruln deercases or incresses accerdiaz as p < 1/2 or _
p > 1/2. {22]

5.a) Definc a Morlzov ~hain *rith staticnary transition proba-
bilitics, State ana precve tlie Chasman-Kolmozorov equa-
tilons, Shov that thc matrix of u-sicp transition proba-
bilitics Is the nth »ovecr of tie matrix of 1-stcp

transition probebilitics. (12]
b) Define the classes in a M.C Defire vhen a state 1s "
essential and shou that this 1s a class property. [7]
¢) Prove that in a M.C. with a finite nunicr of states, all )
the statcs cannot be inessentlal, (a2

6. Viva Voce w101
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AI'FUAY, EXAMIFATION
Economics=2

Date: 29.6,74 Masimun Marks: 100 Time: 4 hours

Note:. Answer Groups A and E in separate answerscripts

o Marks allofteC for each Juestion are given in
drackets L. Ansuer any two questions from
Group A and any four questicns from Group B,

Grovp A:

1.a) Takin: as 7iven-'the conditions for equilibriu: of a tvo

™

b

~

commoC.ity consuier who maximizes utility sudjeet to his
budget restraint;.derive tlhe Slutsky equation, [15]

Show that if this consumer's demand for a commodity is
perfactly inelastie, then he must regarc. it as an infe-
rior good . : {s]

4 firm has a first degree homogencous vroduction function
witl thc-followins pronerties:
1). 1t involves a sinsle outnut ané orly tiro inputs,
* namely labour an¢ capital
11) the quontities of output an¢ inputs are strictly
- positive;
111) the marzinal product of each input is strictly
+=  positives
iv) the elzsticity of input substifution is equal to
unity.

Prove that the firm's production function is Cobb-Douslas. (20)
20
A

Assuming that a ¢uopoly problem can be rejarced as a tvo-
gerson constant sum game, corsstruct a model to illustrate
he proposition that there is a solution of the problem
in mixeé strataenies if the pay-off matrix of neither playér
has a saddle point. {20]

Derive (a) the ¥icks-'’zIrasian 2nd (b) the Marohallian
conditions for the stabillty of equilibriwm in a comneti~

tive market for a given commoCity. Showr that the condi-

tions (a) anc (b) are mutually inconsistent if both demané

an¢ supply curves are negatively 'slopec. 20}



10.

SGroup B3

Discuss thc chanzes that have taken »lace in the nature
of India's imports duria; the period of nlannins, Show
hov these changes reflect the chanzing patiern ol the
Indtan cconony, [Lo+51=(1x"

Examine the nain types of co-orerative farmine and
examine their usefulness under Indian conditions, [10+5]r[15]

Describe the prescat_system of marl:eting of azricultural
roduce in Incia. Do you agrce wiil: the vierv that !'State
ake-over of foodgsrains trade' would be an effective step

to improve the ' present system T Give reasons for your

answer, {ro+51=15?

Critically examine the main provisions of the Tnlustirial
Folicy Resolution of 195G. {152

Give an account of tie functions of the Industrial Develop-
ment Fank of Tndia jndicatins the main objectives oI Its )
establ ishment, [15]

Discuss the sallent features of foreizn collaboration
arrangements in Indian-industry. (15]



Date:
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ALIUAT, SXAMIVARION
Samplins Cistributions and Tests of Hypotieses
1.7.74 Mazzdmua ifariis: 100 Tine: 4 hours
Xote: Answer all qv.cstions.' tarks allottel for each
question are givzn In brackets {1,
Crovp At iirum Marks @, €0
Let v~ xi anl n be a positive intesral function of
v. Ify given v, a1t 8510..9 8, are constants so deter-
[n}
mined +that }: ai = 1/v. an{ alzo.:iven vy th: rancon

varizbles Hyteess X, are indeperdently, distributed as
M0, 1), prove that /3- T aX, 1s uncon(.itiohal;ty gistri~

buted as aStuc’_ent's t vith r ¢.f. {151

X Xprenas X, follov o joint mltincrmal eistribution

vith zero near.s and ¢isnersion matri: vhich is icemnotent at

anc of rank r(«¢ p). Shovr that
¥ xi ~ XZ

1
Let ¥y Xye...v X follov a (p+l)-variate normal distribu-

tion vith ce:tain mean vector and certain non—si_nf-ua; éis-
persion ma%rd:, Tet (Yx"--n'"-' )t M =l n

be a rancom samnle of size n from this (p#1)-variate dis-
trivution, "e“ine : . '

. L o2 R =
Syv —.i(Yx y) * Syi = kzz:ly)‘(ﬁﬂ »i)l

is]

n
1=12¢...1 po sij =)‘El(xi>‘~ E':i)(xj,‘- :-:j)' 1: J=1v...v p.

Obtain the sampliiiz éistribution of

Syy Sy1 -+ Sy S;p .- St
Sy 511 e+ S1p .
72030 I ) PR (-
.o : s .. S
L bl oo
: : op

S 4 ess
vy pl )
Assume the same formula“icn at in ,3.
a) Defire the.sample mliinle correlation coefficient

l:SV-]J-. p°

b) Obtain the distpibuticn of R regarding
xn-.... xm iA=1,...n as fi:2d :'_“u then

obtair the unccnéitional "stribLtion of R
2) Hence, or otYher’isc, prove ihat _..,,__/_.p____ ~ Ty nep-1

(1-R")/n-p-1
= 0,

W
hen 9y 12...p

S

{15]



6.a)

b)

-if any, Tor question 9, answvcr either 9

OR
Let YyZ1Xjve..0 X follov a (p+2)-variate normal Cistri-

bution ith ceriain mean vector and certain non-singular
dispersion matri:, Lex (yy o By Zateset X ade AFlieae n

be a random samnle of size n from this (p+2)-variate distri-
bution.

a) Derire tit sample partial cc-relation cocfficient
T -~ of oirder p.
yz.12..p
b) Frove that r. 12..p can bc rcecognised as the ordinuy

product moment correlation coefficient based on a samnle
of size n-p-1 from a bivariate normal population with

rneans zero, .
X .r /o=p-2
¢) Usint (b), prove that 'J/:z;'::],:;zz':':r);;;:: T tn-p-z
]/l_ry:.lz. .p
when 9&2112..13 = 0.

Attempt any tvo of the folloz!in;;:

a) X and Y are independent (0, o2) variables. Derive
“he cistribution of 7 = é .

b)’ xl.xz..... Xn arc Independent rancom variables and
Ly~ (mge 1)y 4= Le...v n. Obtain the Cistribpution of
n 512 = -1 1
£(x,-X)° where X =n - 4.
171 R bt

e) Ir X?_’.VX?‘l(kl). )(g"'x;; (7\.) and X2, X2 are independent,

5 T o

prove that X%"‘ Xg .\,;(il_mn('kld- A0
o~

Anscrer all the questions, Statz clearly your zzsumptiaon

_________ 2 a) or 9(v) ard 9(c)
both, tMarks for edch question arec given Vithin brackets'.
Tarry out all the tests at 5./, level. -

Cal
From a no:mal population vitr mean p and variance ¢° (both
unknovn) , a random sample of size 10 yielcCed mean as 1,79.

Test the hypotlesis o
of
H ot
. : e 2= /8, o =2
0
agairnst thc alternative >
o

M+ =
l;e .#/-é|0'=2.

ol

H

o2

Rancom samnles of sizes 21 and 1l were Adra''n from tro inde-

pendent normal populations (mezns not specifice) r:ith vari-
[

ances o‘l and a's rzspectively having thc sum of squares

of the ceviation from ¢:¢ samnle neans 26,94 and 11..59. Test
the hypotiesis B°= o = 20, against the alternativ:

Hy ooy 7 20,

GO 0' TC T I'IT PALT

)
(>
(]

{s]

e
n
—



IIDIAN ST.TISTIC.LL INSTITUTR

o)
Research an¢ Training School (327
B.,5%at,.(Hons,) Part III: 1973-74
ANULL ZULGONTICT
Genercl Science-5: Physics
Date: 3.7,74 Yazimun Marks: 100 Time: 3 hours

Harls allot” k.d

lotc: Angr:r any fiv;
» 4n drackeods L),

for each quect

Deduce an expression fo:r the change 1ia vavelencth in
compton scattering, An x-ray photon of vavelergth 0,1 4

(14 =108 ¢m.) is scatterec at an an<lc of 20' vith its
orirsinal cdirccetion after collision with ar electroa at
rest. Find the energy it vill loss on collision, [12+2]=l=c)

Nor did e Lroglie infer thet an clectror of mess m moving
wvith a velocity v vould cor:espond td 2 wave of rovelenzth

mv 7 Give an account of G.P. Thomson's e:periment lend-
ing support to the above inference, Calculates the \,avelenct‘m
associatec vith a proton moving *vith a velocity of 107 ¢m./sec,

i5+9+6i=l2

Give an elemcntary account of Bhor's theery of the hydrozen
spectrum, Shov that the raciuvs of the first Bohr orbit for
hydrozen is about 0.5 4, Use the values of the constanis
ey hand m, t12+6)=i20]

*hat is Raman effect % Give an elemcnt«-y theory for the
phenomenon, Give &n exneriaentzl arranzement to obtain
Ramen 1lines with liquics. =iplzin vhy tokes' lines are 7
more intense than anti-Stokes' lincs., £+7+8+451=12C]

Give a general account of the different quantwn numdeis,

hat is Pauli's exclusion princinle 7 Shor how this prinei-
ple can explain the elect-on coafimuraticn of an atom.
Nlustrating your ansver 'rith the shell for vhich n + a)=l20)
Decuce relations betvecn thie ¢isintogration constant. thc.
half-11fc and the mcan 1ife of = radioactive substance,

. ratiozciive substance Gisintegrates for a2 tize equal to
its meen 1life, Calculote the fraction of the orisinal oacizls
substance left behind, =[z0]
Dcseribe the essential featnres of an ordinary cyclotron
and the nriseiple of its omerciion, Ixplain the dirfcrence]» €20]
betiicen a cycloiron ané c linear accelerator, 120

“What arc the constonts of a triode T Calculate the cons-

tants for 2 triode from th: follo"in'- data @

320 - 4,0 .2
320 - 3.0 1.6
280 < 3.0 1.2

Drav (do not describe, bui lalel thc diagram) the eircuit A
diagiam of an RC-couplec amnlificr emnloving o trioce. I‘mt

are the functions of %th: comli.r‘- avnci..m c¢ an, the gri

leak resistance 6+-—-0~‘+o4'o] 120]

Uirdte explanvtory notcs ¢ ary o of the following:

a) Cosmic raci:tion

1) lleiscnbers's vneervainty rclation

[ Geiger Muller counter 3
d) Bainbrid;e mass speetrograph. Dro+10l=Lzc!
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Desisn of Zuperiments (Theory ané Practical)

Daes _5.7.74 Ma:dmum Marks: 100 Timz: 4 hours
[ )
Jor6: Ansier all questions, Maiks allgtt:(‘ for eacn

ques”icn are siv:n 1 brackets o,

1. Vrite briifly o 'ming about the utllity of the folloving
An Ui conduet of enmeriments:

a) Randomisstion
b) Replicaticn

¢) Coatrol throush 1) choles of exnerimensal units
1) desicned allocetion of treatmeints .
to units, 18]

2. In an exneriment 1o find th: effcet of a particular cCiet

oin the ed-t of animals, 15 animals verc fivst veislied
after feedin thiem oiv normel ¢iet and vith a lanse of timey
veigiied again aftey feccinus then with thc new dlet, It
vas then Ciseovercé trat the values of weights verc not ted
rcliable, althou-h ths direction of chane: of weight (1,244
iereasz: oy decrcase) from the fi:st to tie second feeGcinz
co2ld be relied unon, | IP vas noticed that 9 animals hed
Iacreases in weisbit and the rest hac decreasesd. Test
whether (a) the nev ¢iet hes no acvartase over the

norrel et 4

(b) the ne Cict sives ah least a 2/5
erane: of veizht iacrease. . v1¢4]

3. Five treatments hav: bHeen submiticd for comparison. ‘itz
dovm onc layout eacl of a (1) completcly rancomised, .
(14) rarncomised blost, (11i) Tatin square and (iv) balaneed
incomplet- hlock Cesizny for carrying out the experiment,
(2) takinr e-rc that in ezel: ¢esinn, every treatment
suhould be replicatad ah leest 4 timess
(b) 1in eacii case incicatirs thc situation vhen the o
cbrrespondéin - (esitn i3 apnronciabs, L1550
\
4,a) ror a balane:d incomplet block ¢ecirn with paramaters
1

by Ve Ty ke A
1) Shov that
v
.:.(Qj) =j|£1033' T3| ]

) l
vhere 9y is the 3B g justed yice,

eyy = (1 -'1]2)'. Cypr = -;\én JAEP &

anc. the rj's arc the treatment offects. 7]
13) Prove thai a 1linear fuetior of only the rJ'S

is estjnable if and only if 1T is a cwl

contrast, W7

p.t.o.



4,p) For a »,1.b. d<esisn with the cbove paremetersi write

dotm the analysis of varianc: table, ainé {zrive the anova
teble for a randomised block desinn as a special casc. 6]

To test the hypothesis the’ 4hc vejetatlve grovth of
'Ronvolfia serpsntina' beeones more vhen 'deflorated', six
strips of lanc (te be called blocks) uere tak:n and eaech
strip ¢iviced in%o two equal plots., Six plents wsre plan-
ted in euach nlot., One of th2 nlous i1 cacl. block ves
chosen at rancom and ¢he nlants.on ‘it 'deflorated’.

Tyzlve months leter, %he otal moistuiz-frcs weight of
the six mlants-on each plot vas recordet, The data are
riven In the table belawr:

JBeck et hefionater :T:l:e.“ e
1 290,36% o067.41
2 327.C1 229,08
3 203.77 209.95
4 304.56C 246,00
5 293.35 265,81
6 303.92 040,92

* estlinated fivre
One of tlhe plants of block L in the deflorated catesory
having died, its veitht was estimateé from the remaining
five, and then th: total made.
Test the rclevant hypothesis reparding defloration
a) taking the estimeted. fisurc as an obsérvation;

b) rejectins the estimat:d fimure an<. cons:idering .
it to be missing, ps)
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