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Clfference and Diffcrential Equations
PERIODICAL EXAMINATION
Date: 7.9.1983 Maximum Marks: 100 Tima: 3 hrs.

1.(a) Find thc goncral solution of the differential equation

5 on the interval (0, =).

gl- =
L 2y = x
(b) Get a diffcrontiable function y = y(x) on (= % ’ 5) such

d
that y(0) = 2 and E% +y tan x = sin 2x *(10+10) = [20]

2. Find the gencral solution of the following differential
equations:

2
d gl - =
(a) ;;% + = 6y = 0
2
d d_y.. = 2
(b) ;;* - 2+ Sy = 25x° + 12
2 2
() <Y - 2:’-'-5 +y = o (5+10+10) = [25]

L

3.(a) Find tho goneral solution of the following differential
cquation on the interval (O, =), given that there is a
solution of tho form x2 for some a > O 3

2
2 d7y dy
4xC =3 + 4x— =y =0.
dx2 dx
(b) £ 4s a continuous function on (0, «). Find, by inspection,
a solution of the differential cquation
2 d -
dy _ 4 =
;_2 x £(x) x * f(x) y =0,
X
and use this to find the general solution of the above
cquation.
(10+10) = [20]
4, Find the general soluticn of

2
2y d dy
— - 2 [o]
(1+‘);§+2xdx y a
in term ©f power serics in x. f10]

Peteo.



5.(a)

(b)

-2 .

Show that O s a rcoular singular point of the diffcronty
cquation

3
x3i§-+(Cos2x-1)d—”-+2xy=o.
dx dx

Find its indicial cquation and tho roots of the indiclal
equation.

Vorify that tho origin is a rcogular slngular point of
the diffcerential cquation

2
4 gy + 2dy + = 0
x—3 — .
dx dx v

Find two lincarly indcpendent Frobenius sories solutions
of the above differcntial cquation.

(10+18) = [25]
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Note: You can ansyer any part of any. question,
. Maximum you c¢nn score is 100,

1, Find thu general s>lution on (0,=) of the differantial
cquation 2 . ’

a2y - 3 Y e (axda) y =0, (15]
ux -

2,(a) Let y(x) anc 2(x) bo non=trivial solutions on (0,=)
cﬂ
of So¥ + qlx)y =0
dx

¢%x
=5+ r{x)z=0
dx

.respectivaly, whera q(x) and r(x) are -positivd continusus
functicnson (O,®) such that q(x) > r(x) for all x €(O,=)
show that y(x) has ¢t lcast onc zoro between any two
zaros of z(x).

(5)Lot vy (x) be a nen-trivial sclutisn on (O,=) of the cquatica
] P :

2
xz E-; + X §§ + (X2-p2) y =0,
ux
If 0¢p« é,:show that any intcrval of length 2n contains
at loast one zere of yp(x).
(c)Show'that the genceral solution on (O,=) of the cquation
2 -
x2_§.§+x%¥+(x2-‘17)y=01s:
dx )

’
= 1 . .
v(x) = <% (¢, Cos x +'¢; sin x )
fir some €y, &y € R [10=10-5=25]

pPetace
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3, Lut £{x,y) be a evntinuius functicn thit satisfics -a
Lipscnitz con’iticr

{ f(’(ayl) - f(’("l'2) | ¢ I\Il - Yz‘ '

on [2y5] x (==po) whore = @ ¢ a < b <« If(x y,) € (o]

x (=,0), thin show thot there is a unique functlaon y(x)
en [o,b) vhich s ~ s:lution of the problim ¢

ostlry), yx) =y, [20]
4, Fin2 the solutior - oY of 3
%; - %; Fu=oirRy
u(x,0) = 0. rLoj

5¢ Transform the fullowing partial cifferontial cquaticn to
saanenicz) form @

Ug 2 Ugy * Uy ¥ 3u = 0, (15]

fw FinZ 2 continucus function u(x,y) on [0,n] x [0,«)
such that

uy = Uy, on { 0,%) x (0,)
< u(0,y) = u(n,y) =0 fory2 0
u{x,0) = sin x +2 sin 2x for 0 & x & ™,
' {15]
8, Sclve
= - 2

uXX v uYY =0 on .’
u(x,0) =" Vx e R

8% (x,0) = .1.:4;2 v%t ®, [20]
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totet  Answer as much as Egu can. Th2 maximum
'you can score is 1

1.(a) For a Polsson process with parameter A. Let ¥ be the

(b).

random time of occurance of the rth Polsson event. Let
0¢s¢t and 1 < r ¢ n. Show that

P(Wy £ s | x(t) =n)=2-(1~ -)

and more generally

Pli, $'slX(t) = n) = kz (“)(-) (1 - ik
f1s]

Consider 2 independent Poisson processes X{t), Y(t), where
E(X(t)) = At and E(Y(t)) = pt, t > 0. Let 2 successive
events of X(t) occur at T and T', T < T', 50 that X(t) =
X(T) for T ¢ t < T* and X(T*) =X(T) + 1. Define

N = Y(T') = Y(T), the number of events of the Y(t) process
in the time interval (T, T*]. Find the distribution of N.

[1s]

Consider a pure death procuss on {0, 1, 2, vee } with
death rates p By = o, Hor 0 2 1.

(a) Vvrite down tha forward cquations.

(6) Solve for P (t) in torms of Py, (t).
(¢) Find Pii(t).
(d) Find Py ,_,(t).
() 1If B, = 0 n 2 0, show that
. ) it —ut i~
Pytt) « (DY (- v 0ocst

(5+7+5+543) = [31]

Consld>r a birth and duath procoss with 3 states O,1 and 2
and birth and death patus given by

xz =k = o, ho =y =, kl = b, Hy =G

(a} Write down the for-ard oquations.

(b) Find Py,(2), Py (8) and 2. {t) = =Py (e) =7 ()
usine tha foressd  Cuationte

feaveme o fea



4.

A taulephona exchange hes m channels. Calle arrive in the
rmanner of a Polsson pricees with parameter A} they arc
accepted if thore 1s an cmoty.channel,. othorwise {hey are
logt (no waiting 1ina is formed) . Tha duration of cach
call i3 cuponzntial with_iarametcr Be Lot X(t) denote
the. number of busy channels 2t $imo t.. Find tho .birth. and
dtsthinteanfor the process X(t). Find the stationa
distribution, 1s)

A cystem 1s composcod of m identiezl compononts which act
1ndcpendentlv. Each componont opcrates a rondom length
of time until failure. Yhen a component fails ft under-
goes repair immediatelx. The fallure time and the repair
time arc both cxponential with paromcters A and p respee-
tively, Lct X(t) donote tho number of compononts under
repair at time t. Fingd the infinitisimal parameters of
the process X(t). Find the stationary distribution.

(151



MDIAN ST/TISTICAL INSTITUTC
B,Stat.(Hons.) 111 Year, 1983-84

Stochastic Processes—2
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Notet Answer all quostions,

t.(a) Virite down the forward differential cquations for a lincar
birth and death proccss §_xt, t 3 O}, with birth and doath
parameters N = rh and k. = ng, (N>0, p>0) Find

s(xtixo =1).
(b) In the case when N = u3 prove that,

= - At
Piolt) = xa(xt~ 0 |Xgal) = oy-iigg-

and P, (t) = P (X,= n| Xo= 1) = {At) e, n > 1.
1n t ° (1at)i* L’ 2 [4+6+15]

2, Supposc that N particles are distributed into 2 bpxeé labelled O
and 1. A pariicle in box 1 rcemoins in that box for a réndcm length
of tim2 that is cxponontially distributced with paramoter
oy ( £ =0,1), before going to the other boxs Tho particles act
indcpqndently of cach other. Lct'xt donote %he number of particles
in box 1 at time t, t 3 O, Thcnf\.xt, t) of 1s a birth and death
processa
(a) Find the birth and death rates.

(b) Find Py (t) = P(X, = Mxy=1 ).
(¢) Find E (xtl Xg= i). [5+10+5]

3.(a) Definc a sceond order stationary proccsse

(b) Give an cxamplc of a sccond order stationary process which is
not striectly stationary.

(e) Lot %{xt. t 2 04 be a stationary Gaussian process with mcan O
and let Y, & th, t 2 O. Show that Yy is clso a sccond order

stationary process. [5+8+7] .
peteos



- 2 =
e Lot Wy s £ 20 bo tho standard Brownian motion process with
viriance paramoter 02=lo.
(a) Show that X, = c¢™®* w(a®*) , ¢ 2 0 (a > 0), 15 a stationary
Gaussion processe

(b) Show that for any a > O and O to < tl < t2 o g tn -.t?

P (max w(t)>a) <2 P(w(t)>a)
O<ksn

(e) Lot Yt = sup X(u). Using (b) show that for any a > O
Ocudt .
PCYy >a ) &2 plu(t) > a)

(d) Assuming the rcsult that cquslSty holds in tho inecquality
stated 4n ¢), write down the donsity function of Yt‘ Using

this, provo that tho probability p that wt vanishecs at
2

_loast %nco in the intexval [ tos tll, 0 < to< t; is § arc.
.cosy fi’ . [5+10+10+10)
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Date: 2.7.1904, Maxinuim Marks @ 100 Timat 3 hours.
Hote ¢t Answer all questions,

1. Suppose that customurs arrive according to a Poisson process
ard that @ach customer starts bein) sorved immediately upon
arrival ( infinitely many cervers). Suppose that tho service
tines aro independent and exponentially distributed rendom
-variables vith parameter pe Let X, t 2 0 be the number of
customers in the process of being saerved at time t.

(2) Find the birth and dcath paranmeters of this process.

(b) Let ¥(t) dzhote the number of customuze who arrive in the
interval [o,t]). Prove that the conditicnal distribution
of the actual timus of axrivel sl.s s see Sn 0f the n custo=~
mers given that Y(%) = n is the same ag that of the order
statistics on the basis n indapondent obsorvations from
the uniform distribution from [o,t].

(¢) Using the res1li in (b) compute the probability

PyyiE) = POy =g X =1)s [3+12+415]
2.(a) ¥hen 1s a cecond orcer stcchostic procass ¥,, t20 said to be
a maan-square continuous proc2ss ?
(b) Let Xy t20 be a stochastic procoss with mean function
ty(t) = A\ and covariance function Ty(s,t) given by

r(s,t) =N\ (I1~]t-s]) if |t-s] ¢ 1

=0 if |t-s{2 1

Is Xt a mean=sguarg continuous process ? Give reasons.
[s+10]

3. Consider a birth and ceath process having 3 states O,1 and 2
with birth and death rat@s such that ApTHpe Yirite dovn the

fonvard equations. Using thesa find Poj(t) y 3 =0,1,2. [1s]

pateoe
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4e Let  wW(t), t 2 C bo tic_ stanuard Zrovmicn motion procoss

with variance parsneter o“=1.
(a) ¥ind the wvun ond covaricnca function of xt = w{t)-t w(]_)‘

o¢tel. N

-y
(%) Find newon cnd vartzace of S 'ri(:) dt,
. 2" .
(c) Show that lim s [tl(%) - u( (y'"—l-)t)]z = ¢t both in
n > e k=) 2 27

mecn=aquere and glmost sure cunie. .

(d) Using (c), prove that
N

v fwekt (h=1)t =
nii: kEll.*l(g—n) - w( = )| = = almost surely,

[5+10+15+10]
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Hotus YLu may answer sny part ¢f any cuestion.
The maxiswa ywu e2an score is 1C0.

1.{a) If X be a Poisson randon varipble with expoectation \,

2,

4.

()

(¢)

(a)
(b)

then 1/N is not cstimable. . (7

Supposc that Ty and T, are two UuMJ ostimators of g(@)
with finite variancess Shcw that

Po(T, £Tp) =0 for all @ 8]
[HINT: Considor (T,+T,)/2]

Let T bo an unbiased astimator of ¢(@) with Vg (T) < o

°
Then o necessary and sufficient condition that T has
ninimum varicnce at @ = 00 1s that covg (T,f) = O for

)
evary f such that Eg (f) =0 2nd Vg (£) < = . (10]
() o

State and prove the Cremfr-Rrc lnoquality.
P (5+10) = [15]

Lot Xys seey Xn be 4id random veriatles following

N(o, 02). o2 being unknown. Find the Cramer-Rao lower

bound for o, Show that IX,;%/n altains the lower bound.
{9+6) = [15]

Lft Xys esey X, Do a sendom 3azple lrom ”(fr cz), i and

g“ being both unkncume Show that exp(-u+az/2) is esti~

mable., Is p/c estimmble ?
(6+5) = {12]

Yhat 40 you mean by a statistic being mininclly
sufficient ? Suggest (without proof) 3 esitarlon Zox
minimal sufficiency. Give an example of a statistic
vhich 15 sufficient bul ndt minimally sufficient.

(3+5+3) = [123]

PeleOe



6.(a)

(b)

-2~

Stow that for raondowm 3anple of si2o n from a distrilution
vith p.d.f.

é; capl=(x=9))/3,1 1f 6 ¢ x C'w
fo(x) =
[o} othredsa
whero = w £ 31 C+ew=, 0L 42'('+ w , the statistics
X(l) and IX, aro jointly sufficicnt for (01, 9,).
[10]
Lot xl. »eey X_ be a random sample from thc uniform
distribution U(O,1). Show that E(max xi) = n/(n+l);

hence deduce that E(min X;) = 1/(n+1).

1 (743) = [10]
Let Yy» eoey Yn bo a random sample from U(O = % , O+ %L
then (min L4 mix Xy) is sufficient for © but not

completa.
(748) = [15]
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1.(a) Stote and prove the Bhattacharyya lower bound to the
variance of on unbiased estimator, (15]

(b) Let T be an unbissed estimator of g(@) with Vo (t) €< =
Prove that a nece;s*t/ and sufficient conditioﬁ that

T has minimum varinnce at © = 0, is that Cov° (T,£)=0

. (
for every £ such that Eg (£) =~ O and Vg (£) < w,  [10]
° o

24 Let X3y seeny X, ba n iid obscrvations from normal (urdz)

population, Kk and a2 beino both unknowne Derive-the MVUE of
Pg (X & ¢) whero @ = (, o 2y on the basis of the sample
[20].

3s Let X be a couatable set of points and Py and P1 are two
probability distributions on X, I Py(x) = I Py(x) =2,
x . 3

Lot O < a < 1.

(a) Show that 1f a test function ¢°(x) defined on'X satisa
fies the following two conditions (1) and (ii)

(1) £ gg(x) Py(x) =
(1) there 1s a k 3 O such that
$olx) =1 1f Py(x) > k Py(x)
=0 1f Py(x) < k Py(x)

then Qo(x) maximizes
£ B (x) Py(x)
x
in the class of nll tosts fuaction

“e=fdiococt s pca] [10]
PateOe
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2.(b) Shew that if ¢l(x) is -ay tost functisn vhich maximizes,
I ¢ (x) Py(x) in thw elass G and if Bolx) Ls a test
function satisfying (L) ~nd (11), then Qo(x)=Ql(x) for all
x with Py{x) /£ & Pglx)e (20}

4,(a) Let X)s eseep X, bo 1id obsurvations cach with uniform
R(0,0) distribution © > O. Show that tha-tost defined by
Qolx) = 1 8f max (x;4 ey x.) > % L
Tor max X5y ey x,) < Ooa"
= 0 otherwise

1s UMP level a for testing H @ Q@ = OO 2gainst le -y Q.

(b) Let Xy» essy X, he 3id obscrvations with X; having the

density .
folx) =23 2(x0) gor x > B

=0 for x £ ©
Doternmine the UMP level « test for testing Hyt © = 00
against H;: O F Sq. [10]

5.(a) Give cxamples to show that the maximum likelihood cstimator
naed not cxist and that cven Af it cxists, it may take
infinitcly many valucs,. [5+5=10]

(b) Estimate all tho porameters of 2 bivariate nnrmal
distribution by the matnod of maximum likelihood.

[20]
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l.(a) State the Neynan=Pearson lemaa carefully. [7]

(b) Show: that there does not exist a UMP tast for ‘testing
Ha: @ = §; against Hy 19 * Oy on the bisis of sample

Xys see X, coming from N(G,1). [10]

2, State and prove Chapran-Robbins Inequality. [15]

3.(a) State and prove Rao-Blackwell theorem. [15]
(b) Lot Xys see X, be Polsson with mean 9, @ > O. Find the

MWUE of ¢, [8]

4.(a) Find an example where the maximum likelihood estimate is
inconsistont, (7]
(b) You ara given a sample of size n from a bivariate normal
distributicn all parameters unknovme Test for independence
by the method of likalihood ratio statistic. Show that it
coincides with the conventional teste [20]

5¢(a) Suppose that T, and T, are two MVUE's of g(e) wvith finite
varianco. Show that T,=T, [6]

(b) Let X follow the cistribution with density
-9
X e
Po(x) = e x = 1,2, «uve
e x4(1=3%) -
>0
Find the MVUE of 1 = B°.. [7]

6. Give an exarple of a sufficient statistic which is not boundedly
complete. (sl
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“Note: Figures in brackets [ ] indicate marks.

1.(a)

(b)

(e)

2.(a)

(b)

(c)

3.(a)

Questions1-3 carry a total of 100 marks.
Th2 maximum you can score for these
questionsis 0.

that do you understand by the terms 'inclusion probability
"1 of unit Ui and 'joint inclusion probability N of a,

pair of units U, and Uj 1$j, for a sampling design ?
(2+3) = [5]
N
For any sampling design find the value of L ny and
g1

N__ N.
S' Z»"Lj where N is the size of the population.
o (4+6) = [10]

For a Probability Proportional to Size ¥ith Replacement
(PPSWR) design of sample size n from a population of
size N, write down the values of Ry and » 5°

(4+6) = [10]
For a Simple Random Sampling With Out Replacement (SRSHOR)
design, obtaln an unbiased estimator of

1 N 2
o® =% T (v,=7), vhere Y, is the value of the study
NI Y i d

variate on the unit Ui' 1=1,2, «ssy N and ¥ = % 21 Y4
. ~
Hence, obtain an unbiascd estimator of Var. ( ¥ ).
(4+6) = [10]

Of 105 houscholds sampled using an SR3'OR .design from a
population of 1241 houscholds in an area 19 houscholds
have Colour Television Sctse. Estimate the proportion of
Colour Television sets in the arca. Also obtain an
cstimate of its sampling error.

(4+6) = [10]

A population consists of N units, the variate-value of
one unit being known to be y,. A simple random sample
(s.res.) of n units is sclec{ed without replaccment from
the remaining (N-1) units of the population. Show that

y; + (N-1) ?n is more cfficient than N?n based On a S.T'yS.
of sizc n drawn from the whole population, without roplace-

ment.
(12]

Vhon do you use a Probability Proportional to Size

Sampling Technique ?
(5]

Petaos



Contdeisease Q.3.

(b) A samplc of 6 farms is drawn from a population of 74
forms with probobility of selcction proportional to the
size (x in acres) with replacement and the yleld of
paddy is obscrved:

Sampled X Y
farm Size in acres Yicld in bushels
per acre
1 21 105.2
2 101 $24.3
3 14 73.1
4 6 31.2
5 41 200.9
6 12 64.3

It is also known that the total size of all tho 74 farms i
74
X = £1 Xy = 2949 acres.

(1) Estimato tho averaqa yield of the population.
[10]

(11) Calculate an unblased estimate of the sampling
crror of your cstimate in (i) abovc., [13]

(111) Estimatc the gain in cfficioncy of using a PPSUR
design compared to a simple random sampling with
replacement design. [15]

1

4. Practical Rzcords (to be submitted to the Dean's Office
by 18.9.1983).
(10]
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Noto : Answer all guestions, Figures in brackets( )
incicate th2 marks allottoc to cach question.
1. (a) Explein wyith fllustraticns what you unuorstand by the
¢ terms ' inclusicn probability of a unit U1 and 'joint
inclusion probability ¢f a pair of units ( Uy, U )! for a
sampling design,

(b) For"a fixod sample sizv ¢usign, obtain the valuo of
N .

EEL(mg, = mom),

A4y WO "
[ Hint : First obtain & =, ).

. 4

"(¢) From a populztion of size N, cno unit is drawn with
prodability c¢f sclection proporticncl to its size measure
(x ) The roest of (n=l) units in the sample ore scleoted
from the rcmeining ( Nel) units of the population by
Simple Roncom Smpling WithOut Hoplacement( SRSWOR).
Writc duwn p(s), the'probability cf obtaining thoe sample
for this desicn, Hence show that tho ratio ostimator

N n n . . N N
R="LvylIx, 4isunbicsed for 3 = I¥,/ IX; the Ratdo
1 11 - B 141

of population totals cf two charactoristics y and x for

this design. (243) +4+(3+43)=(15)
2.(a) vhat erc the advantages of ' Circular systematic sampling'
technique over ' linear systematic sampling'?

(b) Explain how you would estimate. the ssmpling crror of
ycur estimator bascd on a sinqle systomatic sample.
(3+4)=(7)
3.(a) For stratificd simple randon ss»mpiing (without ronmlaccnsnt)
to estimate the population mcan, write down (no_derjvatizn
gpguircd! the optimum clloeation-of o fixed t:ital sample
size n to the strata, How “oes onc usc this allocatiuvn in
ppractice ? Givo o justificaticn to -oux answer.
PeteOe
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34(b) If wa deviate from tho optimum allocation by using a
sample sizo Ry | in thq fth stratun, show that the
)roporttonal incraasa in varianco caniot oxccod o ’
whon & 15 the moxinum caviation In1 = ng| exprossed
as n_fraction of nge Illustrate-this rosult by an
cx-mplo.

{c) Let Wiy ba-tho propvrtion of pcpulaticn unlts and 1ot
S2 = Ny oy / (hl-l), whero 02 is ths, within v“rianco for

the ith stratum. O% tain an oxprefsion for the variance of

the estimate of tho populntion mean hased on an allccaticn

of the semplc sizo proportionSI to Wisla, vhen a s a resl

number in [0,2]. Hence shaw that the alloention in (a)

is supcrior to this ulloc tion with reswhct to the varianeg

critord. n.Comn‘nt on' thy caso a=2,.
(2+2+2)+(7*2)+(4+2+1)=(22)

4a(c) A sample survey was conductid to costimate the totnl yicld
of paddy in a district. L stratificd tw=stage s*maling
Jesign was adoptcd with villages as first stage units ond
plots within thcm as sccond sthcc'units. Frem 2ach stratun
& villages wero scleetedd Ulth ptoh*bilitie _proportional
t5 aron an?! with replocoments The ! ~t3“6Hcixcfa tor"the

sample plots tocgoether with_informatiun on_sclcection

prebabilitices eté given Lislow ¢

Stra= sSaempla Inverse of  Twtal | YIcld of sample plot:

tum village probabilit no,of .
cf solcctiZn plots 1 2 3 4
I 1 67,68 189 110 281 120 114
2 338,12 40 80 60 ‘122 125
3 1C1,50 135 122 210 17 105
4 69,03 160 244 115 312 128
1I 1 113,34 73 245 3%9 - 160 117
2 441,00 26 97179 144 85
3 31.50 240 100 115 50 172
4" 661,57 14 102 40 126 148
III 1 15,80 287 122 178 108 140
2 21.00 °~ 257 125 110 134 215
3 48,89 68 300 115 67 110
4 26,73 218 263 75 142 54

Totol number of plots in stratum I,I1X,III arc respoctively

823, 6355, 12853., e L

(1) Obtain an unbizsod estimate of the total yield of paciy

. «in thy ddistrict,.

(i1)Obtain an unbiasod cstimate of tho sampling v1ri~nco of
the abuveo ostimatc.

(111)Discuss briofly tho possiblc scurces of ncn—san)linq
:rrors in thic agricultursl survey and oxplain how you
vrule assess and control them ? (12+14+10) (36)



4.(d) EITHER
an oxpericncad former makes an cye estimate of the
weolght of panh¢s Xy on cach tree in en orchard of N=200
treess He finds o tutol weight of X = 11,600 1bs, The
perches are picked =nd weighed on a simple rand>m semple
(without replacement) of 10 trces and the following
results are outaincd 3

O Tree Numder
= L2 3 4 5 6 78 9 10
actual
fCtuxt 6L 42 %0 50 6745 39 S7TL 53
Yy
Estimotad .
weiche 99 47 52 €0 6748 44 3876 33
Xi *

~
(1) Fint the rcoressiczn cestimate Y of Y, the total weight
of peaches in the populatisn and estimate its
variancce

) - - -
(11) 45 an alteznative, if Y= N{X + (7 - x)% 1s used,

obtain the gain in precisicn of Y ower Y.
g : (12+48)=(20)

OR

For cstimating th> totrl Y <f current populsticn in 2
rcgion, twe sub=semples uf 6 villages cach are scléctod
(circular systematically) rom cach stratum with incepondent
random starts, Using the data_givcn in the tabdble, obtain a
ratio estimaty fcr Y taking the previcus census population
(x) as the auxiliory inf.ormation and ccmpare its efficiency
with that of conventinnal unbicsed ostimate.

Totn) numbae of viliaqes(M) and sample totzls of x anty

Stratum no.of villa=  subesamnla 1 © Sub=sample 2
number  ges N X Y. X Y
1 2044 3722 3935 3456 3641
2 1304 3625 . 4033 4171 5639
3 1265 2769 3050 3746 4043

(Tots) of x for tre region = 3,155, 680)
(8+12)= (20),
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Date: 5.7.54s taxiaua Masks 3 100 Tize: 33 hours.

Note & ..%tempt all questions. Fiqures ia Luvackets [ ]
indicate marks.

1. A sample survey was conducted to estinate th. total monthly
household income in on urban zreas The design adopted was a
stratified two-stage one with census enumcration blocks as
first-stage units and households within them as socond-stage
units. From each stratum 5 blocks werc s2lected with probabi-
lity proportionil to population and with replaczenent and 4
households wera sclected from cach seclected block with egual
probability and without replacenent, The data on houschold
income for the sample househnlds together with Xinformation
on selection probabilities are given below @

(a) Obtain an unbiased ¢stimote of tha total monthly houschold
incoma.
(b) Obtain zn unbiased estimate of the sampling veriance of the
Tastimate,
(c) Compare tho =fficiency of the a%ove design with that of
unistage simple random sampling of households in each
stratum. [10+1549]=[34] .

‘Stratum Somple Incroase of total no.of monthly household in=
block probability houscholds come of sample house-

of selection ~holds
1 2 3 4
I. 1 67,68 189 110 281 120 114
2 333.12 40 80 60 122 125
3 101.50 135 122 210 171 105
4 69.03 160 244 115 312 128
S 113.34 73 345 359 160 117
I1 1 441,00 26 97 179 144 85
2 31.50 240 100 115 50 172
3 651,57 14 102 a0 126 148
4 15.80 287 122 176 108 140
5 21,00 257 125 110 134 25

Total no. of houscholds in strata I and II respectively are
2848 and 8422, pataeoe
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2. /0 uxp.:ri..-:xc-d Jariar makes an aje <stinste of the welght of
poaches "i on :ceh tree ln za,orchozd of ..=2C0 treess lle finds
a total wi:diht of K= 11,500 ‘154, Tha p2aches are pisked and

welqhed on ¢

zinda randen, simole of 10 trees, selocted without

replaceniont with the follohlng ras uxisa

Trea uwber .
1 2 __3 4_5 6_.71..8 .9 10

Actual weicht Yy 61 42 S0 S8 67 457729 57 7% S8
Estimated

weight xy 59 47 32 60 67 43 44 58 76 58

Using information on x, cbtain an unbiased cstimate of Y, the
total weight of pecaches in the population and obtzin an estima~
te of its variance.

(b)Suggest an alternative estimate vhich also utilizes the infor-
mation on X and compare it with the estimato suggestad in (a)

abova.

3.(3)

(b)

[12+13])=[25
Distinguish betwcen sampling and non-sanmpling errors in a
surveye. List dovn the various sources of none-sampling errors
and discuss briefly the mothods of assessment and control of
these errors. [5+8+6]=[19]
s survey wes conductad in 2 village consisting of 625 house-
holds by covering a sample of 50 housecholds selected using
a simple random samplina without reolacenwnt scheme to
estimate the average monthly expenditure on toilet goods.
The estimate was found to bo Rse4.20 with a standard error
of Rs,0.47. Using this information, datermine the sample
size needed to estimate the same characleristic in a nelgh-
bouring village on the basls of a sample to be sclected by
a simple random sampling with replacoment scheme such that
the length 6f the confidence interval at 95/ confidence
level is 20). of the true value. Stzte clearly the assump-
tions involved in finding out the sample size. [7]

(contdeseess3)
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4o(3) Explain wnut you undicstand by conbincd and separate ratio
vstimators' in stratificd random campling. Indicato the
situations whon you uso thesa estimators. [4+6]=[10]

(5) If tho cost function i3 vf the form C = C° + tti.Vni, wvhere

co und ti are knovm nuabers, show that in order to mininizoe

v(¥Y) for a fixed total cost, ny must Le proportional to
0" 5,27\2/3

Ci 5y
%
[5]

whero conventional notations are usod.
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PERIODICAL EXAMIMATION

Date: 17.9.1963 Maximum Marks: 100 Time: 3 hrs.

Note: Answer all the quesiions. All
questions carry equal marks.

1.(a) Suprose a dairy farmer believes that cach dalry cow must
be fed at lcast 27, 21 and 30 units of tho nutriticnal
elements A, B and C respcetively per day. Two kinds of
feads, which we call fced 1 and feced 2, arc being consi-
dorcd. It is knovn that one pound of fead 1 contain 3, 1
and L unit of thc nutritional eclements A, B and C
respectively. On the other hand, onc pound of feoud 2
contains 1, 1 and 2 units of these clementse The prices
of feed 1 and fced 2 are Rs.4/=- and Rs.2/- par pound
respectively. The problem of tho farmer is to decide
whether to purchase only onc kind of feced or both kinds
and mix them. In this respect his objective must be to
minimize the cost of fecding his dairy cow.

State the abovo c&s a linecar programming problem defining
clearly the diffcrent variables used and explaining the
guzglopment and mcaning of the constraints in your formu-
a one

{b) Uso tho Simplox method to solve the following lincar
programming problems

moximiso 2Z = 3xl + 2x2 + X5

subject to -3x1 + 2%, + 2x3

-3x1 + 4x, + Xq
X1s X9 X3 2 0o

You may usc the following solution as the initial basic
fcasible solution:

Xy = 0, x,=1, Xq = 3
= - 2 2
B = [pyP) = [1 4].

2.(a) ¥hile solving a maximising lincar programming problem by
the Simplex procedure how would you know that an optimum
solution has boen rcached ? Give proof for your answor.

(t) Docs the Simplex proccdurc indicate if a lincar programming

problem has multiple solutions ? Justify your answor by
using the algebraic derivattions of the Simplex procedurc.

Petso
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Pescrite the lincar progromming formulation of the Trans-
rortation problem. Indicate briefly how you can solve a
Transportation problem. Write out the dual of the

Tronsportation problem and provide an cconomic interpree

tation of the problcme

Statc and prove the compleaentary Slackness theorem. Give
an ccononic intcrprctation of the theorem.
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SEMESTRALAT ELAMINLTION
17,12,83, Maxdimum Marks & 100 *Timat 3 huours,

Not2 ¢ Answar any three sucsticns from ¢roup A anc
any onz from group 8. Mirks callottid to e-ch
qucstion are given in brackoetss

1. Supposc in a two=scctor ceconimy the production structure 1is

2.

28

Use
fol
(a)

()

(c)

ziven by the following input-ocutput coefficicnt motrix

Aa [c2 o2
\ 0.1 0.4
the Lounticf input-output framewdrk to answer the

lowing ¢

Finc tho effcct of unit incrcase in the final demang for
c.amocity onc.on-the gross cutput requircments of both
the scetors. 6]

What would be the requirement >f labour stotisfying fin1l
‘demands Cl = 920 =n.! C = 2300 when the labour
cocfficicnts aze ag) = 0. and 30p= 0.1 for sccters ) and
2 rospectivoly ? ia (12]:
Given capacity restrictions Xl= 2300 and 22 =500 in the
tw scetors, find out thoe combin~ticn ¢f not cutput Cl
ana 02 of the two commolitios that would be availeble
when copacitics in both the scctors cro fully utiliscd,
Check if this is feasible 1f the toial supply of labour
is 450 units, (7]

State an?d prove the nonsubstitution thoorim for the Loontief

sta

tic opcen input-output modely Explain oxactly whire the

assumptions of ¢ nstant rcturns to scale and obsence of joint

pr

zfucticn ore vscd in proving the thoorem, Provide an

intultive ceen.mic justificaticn for the result, [25)

P.T.C.
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3, Bring out ¢loarly tho duility rcletion botwien quantitios andt
'pricesfinfthé Leonticef Static opon input=output mocel, Also
shcw that tho absolute lovcl@of prices is ‘cumpletely indotere
minste in this ‘systcm, [25)

4a{a) Show hcw and when At s possiblo to gut optimal golution of
tho dual of a linoar programming problem from the soluticn
. ©of tha priml, ’ ]
(b) Wirite cdown the dual of 2 standard maximising linvar prigrae-
mning problem an? provicda cconomic intcrprctatiins cf tho
variables, constraints ani odjective funcilon of the dual
prcblem, [16)
GIOUP B

l. In 2 city an ¢ncloscd ared with a shed over it has boen scrving
as a markete With incrcase in the number of customers the market
has spilled vver on to the povements surrouncing the cenclcescd
structuro resulting in Jiscrlder tc the traffic and inconvenicnco
to podestrians using tho rogds 2nd pavencnts around the market,
There is a suggostion to construct a multistcreyod structure
over the market land and use it commcercially to accomedato the
cemane for marketing spacce How should you ¢o abaut evaluating
tha cest and benefit of the prujcct to the socioty ? [25])

2.(1) Discuss how Sicial Cost Bonafit fnalysis is cistinguishod froa
commorcicl Profit and Loss Accounting,

(i1) Discuss the concept of time preference of individuals in a
sccicty. How clocs it affect the rate of interest in the
;mnxket ? How ocs 4t ~affect the ranking of profits in S:clal
Cost 8anefit /inalysis ? [25]
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Date: 4,7,1934, Maxilaun Markss 100 Tiu.s 3 hours,

G2 A
Note & Aaswz2r ony thraoe questisns. larks rlloited to
cach 4uestion are civen in trackets.

1. Supposo in a ti0 =sector econsmy the production structuro is
as given by the following inputeoutput coafficient matzix.
" 0ed o._a)
A=
(\9.2 0.3
(a) Is the system viable ? If so, find tha gross outrut levels
vhich will satisfy final demands of 50 and 70 units of the
two commoditics respoctively. (1c)

(b) If the labour coefficients>acl snd 3, for the two sectors
are given as 0,2 end O.l1 units respectively, find the direct
and indirect labour embociud in a unit of final consumption
of each comnodity. (15)

2.(a) State the assumptions of the Lconticf static open input-
output model, ()
(b) Show that in this model prices of goods ralative to vagas
can ba determined from the total labour content of one unit
of final output of these goods. (20)

3. Show that evary basic feasible soluticn g & linear programming
problem 1s an extren» point of tho convex set of feasible solu=
tions and that every extzcre point 1s a basic feasible solution
to the set of consiraints in the problem. (25)

4. Formulate any oconomic optimlisation problem as ¢ lincar progra=~
mming probleme Obtain the dual and intcrvrat it in economic
terms. (25)

peted.
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VP B
tlote ¢ Aniwer wne-auestion.

ls A netalled road Ls to be construcicd conneting interior villaces
in a dist:slet to the moinidahwey of the eisizicts The villagorrs
vere 39 loag using village paths for jcurney and carryina of
procuctse How vould you aprly Ssclal Cost 3.nefit Analy1is for 'thy
ovaluation of the project for ire mutalled sozd 2 (29)

2, thy 1is morket price censidered unsuitable for ovaluation of
output of a project in Social Cost Benefit Analysie ? Dlscuss
the method for the cvaluation of net benafit of a project. (is)
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Date: 17.9.1983 Maximum Marks: 100 Time: 3 nhrs.

Note: Answer any five questions. All questions
carry equal marks.

1." Briefly discuss about catastrophic thcories regarding the
origin of the Earth, (20]
20

2. Briefly describoe the interior of the Earth. {20]

3. Vvhat 1s magma ? Discuss about Bowen's Reaction Principle
ond its implicatioss in magmatic differentiation.

(2+18) = [20]

4, hat is metamorphism ? \‘Yhat arc different agents and kinds
of motamorphism ? OBriefly discuss about different kinds of

nctamorphism.
(2+6+12) = [20]
Se Vhat'is a fault ? Discuss about geometrical classification

of fault.
(2+18) = [20]

6. Vrite notes on any tvwo of the following:

(1) Bouger gravity anomaly.
(1) Polymorphisnm.
(1ii) Volcanic landforms.
(iv) Eutectic crystallization.
(v) Silicate minerals.
(10 x 2) = [20]

7. Distinguish baotween the following palrs of terms (any five)
(Give sketches whenever possible?.
(1) S111 and Dyke.
(11) Volcanic rcck and Plutonic rock.
(ii1) Prograde metamorphism and Retrograde metamorphism.
(iv) Hornfelsic texture and Schistose texturcs
(v) Antiform and Synform.
(vi) 1Isoclinic lines and Isogonic lines.
(vii) P’ vave and’''S' wave.
(viii)' Focus and Epicentre of an earthquake.

(4 x 5) = [20]

p.t.o.



8. Corract the following statements, if nécessary, otherwise
retain them as it is (any cight).

(i)
(11)
(114)

(iv)

(v)
(vi)

(vii)
(viil)
(ix)

(x)

Dip of a pbed is maximum in the dircction at
right anglc to its striko.

Sca=level value of 'g' is maximum at equator
and gradually decrcases toward the poles.

Limestone when metamorphosced is comverted into
amphibolite.

Value of magnetic inclination at Pards has
changed considerably during tho last three
centurics.

Chloritc oppoars at the carlicst stage of
rcgional metamorphism of pelitiec rock.

Bedding is a very common primary structure in
scdimentary rock.

Continental crust is thinner than occanic crust.
Quartz is harder than diamond.

The Sun is moving with rospect to the Solar-
Systcm barycentre.

Core of an anticlinc is occupicd by the youngest
rock in a deformed scquences

(2 x 8) = [20]
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1,

2,

3

Note t ALl quostions carry cqual markse attempt
.any five questions.

that is weathoring ? How dous it differ from ortsion 2
Bricfly ciscuss about chemical weathering, A+4+12=[20]

Draw a skotch showing the rulation betwween a2 set of trough
crass=bcuding and Jowncurrent dirscticng Determing azimuth
of the rasultant wvector, its magnituls and c¢cnsistency ratio
frem the foullowing cross~badding . azimuth data colloctud from
a fluvisl sand bodye.
330°, 330°, 356, 354°, 22°, 25°, 28°, 38°, 33°,25°,37°,3%°,
0 o c :
30°, 8%, 18°, 10°, 15°, 12°, 78°, 63°, 70°, 61°, 62°, 7°,
58°, 56°, 55°, 54°, 47°, 55° ag®, 82°, 85°%, 278°, 232°,
292°, 158°, . . 4+16=[20]

that 4is a f°ssil ? hre mummics of Egyptian Pharachs fossils?

Justify your onswer. Bricfly duscribe various modes of

proservation cf fossils, 4+2424=[20]

Write notes on apy twd of the following ;,

" (1) Unconformity (1) Tillite (111) iry's theory of

S5¢

isostesy (iv) Polar wandering (v) Swrcaoinq of the sca
floor. 10x2=[20]

Distinguish Setwaen ( any two )
(1) Scdimentary rock and Igncous rock

(i1) Channel deposits ond Floodplain doposits

(i11) Contincntzl crust and Occanic crust

6

(iv) Cratcn and Goosynclinge 10x2 = [20]

1m;t.1s a meuntain ? Deseribe the mnj&r kinds of mcuatains
bascd en gcologic structurese 2+18=[20]

P.T.O.
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U7, VWirite a bricf ussay =n the efnecpt of 'Plate Tactunics!?, {20]
€, Incicata the ‘ecrriet answer amany (2),(L) ant (¢) 4in cach of
the followin, stitements ( Attenpt any ten)s
(1) All scdmontary rocks
(a) show ripple marks
(») have fragacntal texture
(¢) have formed at.sr nenr tho surfnco of the
cirth under:low prossuro=temperiture
esncition,

(11) brimary classification of mechanically dopositcd selimen-
tary rocks is bascd on
. {a) ninerslogical €ompositiun
(b) chemical composition )
(c) grain-size distribution

{1i1) Strcmatolite is & kind of .
(a) organisn
(b) orgono~sediméntary structure.
(c) inorgoanic scaimcntary structuro

(iv) i claystona is cossentirlly composed of .
(a) clay minorals
(b) elay=-sizcd grains -
(c) quartz grains ¢
(v) toll sorted, froste:d sansd grains arc conmonly found in
(a) acolian duna
{b) tillite
(c) ~alluvisl fan

(vi) Fossils z2rec foun‘! to be well prascrved in
(2) conglomerate
(b) shale
(¢) cranito .

(vii) Fossil romains =f dinosaur arc frund oxclusively in rocks
of (a) Hosozoic Era
{b) Palacozotc Era
(c) Cainszoic Era’

(contd....3)
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8, (viig) Gracist Se!Mdng &s cemmonly fsund in
(2) lovss
(b) turdi'ite
(c) tillite
(ix) In proscont ¢ay ugezns ne sodiments are found to o
older than
(a) 90,000 yzors
(b) 200 millicn years
(c) 50 nillicn yerrs
(x) Along subduction zoncs occanic crusts ard
(a) ercatad
(b) cestroyoc
(c) conserven
(x1) South /merieca an! Africa started ¢rifting awiy from
cach othor during
(a) Mi?le Cretaceons
{(5) Cambriasn
(c) Plcistoceno

(xii) The fossils uscful for correlaticn of age of rocks
shéuld have
(a) wile timz ringe and wide gecgraphic distribution
(b) narrow time range and wide geographic Jdistribu-
tion
(¢) narrow time range and narrow gecgraphic
Jddstributicn,. 2x10a[20]
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PERIODICAL EXAMINATICN

Datod 24.2,84. Maximum Marks 3 100 Time:s 3 hours,

Note 2 Group A carrics a meximum ¢f 70 marks, while
Group B carrics a maximum of 30 marks. Frum
cach group ensver as many questions as yau can,
hnswers to tho two groups shoul-d be written on
separate answer bookse

GRWUP /iy
1.(a) Lot Y1» eees ¥, bo IID cach N ( o, L), whore I is positivo
definites Find the chcractoristic function of A= zLY“ ya

(b) State and provo the reprocuctive proporty of independant
Vlishart matrices.
(c) Let A~ W (£/n), where £ 1s positive cofinite. Then for a
vector 1 ( # 0) such that 1'1 = 1. show that
vl
____17___
p VAR |
r- ~
follows chi-squarc distribution with n=p+l defe { In part (o),
state all auxiliary results without proof ).
1045+10=25,
2,(a) Show that in a random sample of N IID observaticns from
N, ( B £), tho joint pdf of theo sample corrolatiocn
coefficicnts is given by

'Rl(n-p-l )/2 ( [72)P

P-4 R (naga1y/2

where R is the sample corrclation matrix and n = N=l.

PeteOs
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(5) Apply your rosults in (a) above to show that if r 4s tho
samplo correlation cuefficient in a random sample of sizo
N frem a bivariate nermal populzticn-with populations
corrclation coefficient zero then

=2

—pr—— has t cistribution with ( N-2) d.f.

J1-r

23+10=33

/
3. Let X = ( Xygr ooes xpa)’ @ 21, ssep M represent a random

1.

2,

/
sample of size M from N_( ) £) where p = ( By eeey p) anct

p
1 P Wee P
£ =0 P 1 ... P
PP eaad

. _ -1 P _ -1 p N
Dofining R =p _élxia y X =(Np) 1Ly ailxia'

a
p N 2 N 2
W= i£1 ail (Xgq =R,)% B=p ¢§1( Ro- )%,
v
show that and B .
2 ~=5——————— arc¢ indepenclont
o°(1-p) Al1+(p-1)p) pent

chi-squarc variatos with N(p=1) and ( N-1) d.f. respcctively,
22
GRCUP B

On tho basis of a random :sample of size 25 from a trivarieate
normal population, the valuc of Tpa,3 was obtaincd as 0,651,
Can it be concluded that in the population tha partial
corrclation coefficient between X and X3 climinating the offoect
of X; 15 0,5 2 2 ' o

In a certoln experiment, 18 rabbits cach reccived 2 high dosc
cf insulin and 18 roccived a low coses The Llood=sugar level
(X) of cach rabbit wos monsured at 1,2,3 hours after cach coses
The three readings aroe denoted by xl. Xo Ka. The ata yleleed
the following valucs,

d = (750 19073 25.04),  (contds...3)

-~
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Greup 3

oM a2 €ntligeacas

. 2677 1273 1uls
s = 2358 16 |,
3223 /
J 3,735 0,553 ~1.765
s™la ( 5.337 =2.945 |,
| 1,679 )
where
di = pean of low= insulin X1 value = mcn ¢of hich insulin
Xi value,

5 = pouled (cirrectec) SS=SP matrix vith 34 d.f.

Is there sufficicnt cvidenza In tao dota t5 ccauclude thal Liddu=
susar lovel falls with rise in the insulin lovel ? Derive a
suitable multivari-te test for this purposcs 12

3. Assignnent, 10
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Multivoriate Distributions and Tﬁsts
SEMESTRAL-II LEXAIINATION

Date: 23.5.84. Maxinmum Marks ¢ 100 Time ¢ 3 hours,
llote ¢ Attunpt as many guestions as you can.
GROUP=
l1.(a) Decive the Hotelling's T< test from tha likelihood ratio
principle,

(b) On the basis of a randoin sample Xys ooy Xy frem N (p.t),
where L 1s pogitive dﬂfinite, define

1 .
= N Elx, A= gl()ga-g)(,ga-,g)

122 N(N—l) (2 - u)' AL 2 - u).
A= n(x -p (x -u)"

a=. L,
22 N(11) (x - p)' A .1 (x - B

Find the relation between T2 and Tz and bence fird the
distribution of T 2, [15+13=28]

2.(a) Define principal components,

" {b) Obtain an expression for the voriance of the ith principal
component ( 1=1,2,...).

(c) If E(X) =Oond Disp (X) = (1 P .eee DY, = =2y<ocl,
- ’ P 1 4pes P P=

\ P P eeee 1/(pxp)
obtain the principal components, [5+5+8=18]

3. Derivo the likelihood ratio criteria for testing (a) oJquality
of several dispersion matrices, (b) whethor = dispersion matrix
is proportional to o given positive dofinite matrix.

Can you express the test in (a) in terms of on F-statistic in
the speclal case whon there are only two populations, cach of

them baing univariate ? [ (8+3)+8=04]
peteos
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GROUP B

4+ The following tOf-.‘.\l/"\ultiple correlation co~efficicntshavo bgon
computed from o sample of size 15 for fOUT yarictes

Xor X3» Xap Xge

2

Tos =0.32  refi) = 0.49
2 2

1‘02 = 0.139‘ .1‘0(13) = O..78
2 .

Tog =055  15(p3) = 0.83

2
1‘0(123) = 0,86
(a) Definc SSE =~ the Xesidual sum of squares of Xg under a model

of linear regression of Xg on Xyp9 x?. x3.

+Also dofine (S“Eo)(ij) - the residual sum of squares of X,

under the same model and under tho hypothesls HO(iJ)’ 90(123\

= ”0(1_1) for.i1 £ 3, 1,3 =1,2,3, all symbols having the

usual significance.

Use the above to test all the six different hypothese. HO(ij)
’

14 J, = 1,2,3. State cloarly what assumptions you are

making and what the alternative hypothosis will be. Give

roasons wherever necessary.

(b) Assume the above corrolatlon co~cfficicnts to be population
values, It is desired to predict xo by observing one or
mora of the variables and using a lincar regressions The
cost of obscrvations is made up of a basic cost of

Re, i if X, is observed

Rs.1.50 if x2 is observed -
Rs.2.50 1f xa is obscrved,.

The choice of the best combination ig to be mado by consi-
dering the precision of the regression cstimata per unit
costs Find the best combination of predictors, i.o., the
combinction for which the prcecision per unit cost is

maximum,
Make use of thu fact that the precision of ony prodiction

formula is measurcd by the inverse of thoe rosidual variance
(contdesssd)



Qelloe4d contdeses .
resulting from it, Fexr example, 1if Xy and X, cro usad for
predicting XO' then an estimated value of the precision of

the preodiction is (1 - r%(ij))sg vhore s% = variznco of Xy.
[8+8=16]

5« The following values werce obtained from a sample of size 9
taken from a population which can be assured to be bivariate

nornale. Let My my, Oy» by and P stond for the population
parameters as usual,
X = 1.34267 84y = 0014961 ( sample variance of X)
¥ = 0,71189 84y = 0,00000L ( Sample variance of Y)

Syy ="0,000036 ( szmple covarianca of
Xand Y

Tast the following hypotheses 3
(1) m, =1.5, m, =1.0

(1), =2m,

(141) o, = 2oy ( For testing this hypothesis, first observe
that it is cquivalent to the hypothesis Puv = 0, whera
V=X+2Y, VaXe«2Y) [54545=15])

6. In order %o investigate whether there wera any real difforen=
ces between two grades A and B of eggs, with recspect to the
three characteristics

yolk shadow ( X;)
yolk colour (X,)
and albumen index ( Xg)

25 cggs of grade A and 33 of grade B were observeds The
following values were obtoined.

Means Poolad Corpoctod SS5-SP. 100 X A™E
Grade /\3Grade B . Matrix (AJ .

Xy 7.16 10.30 147,33 9.29 150,27 .75684 =(11507=-,06945
Xy 13.92 15.30 : 150,81 =35.13 «67480 01985
X5 21.60 28,33 1669,33 «06686

(a) Find Fisher's discriminant function between the two grades

nating between the two gradgs.

of cggs.
(b) Test whother the variable X, is at all uscful in disertgﬁ—
7. Assignments. [10]
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Sata: 5e7.641a Maximum Maxrks ¢ 100 Timet 3 hours.
viote 3 Attumpt as many cuesticn os ou eon,

GuXp

1.(a) Let %4 ¢.apX,, bo 1ID each following !Xp(u.li). vhera £ is
positive dofinites Writing u = (ul,v.z,...,upy » sugtost a test,
based on Hotolling's T2 statistic, for ilospl=uﬁ=...=up.- Show

that the appropriate statistic satisiies the relation

2 - wl %
T = X'A—li - ‘)l/\ EL

nrn:rz By X §'A‘1 P )
- 3 N - - X1
where}=113 E x_ o, A= S (Xx_ wX)(xX_ «X), c(p

. =1 ~Q a=1 A ~a ~ ~

2 (1, eoey 1)’.

(b) Wwith the notations as in. (a) cbove, let X be an additional
observation from Np(u, £ ), cistributed indepeadently of
Xl, ecsey XN' ¥hat can you say about the distribtuiicn of

(X= ,g)':."l (L£=-R%)2 [2048=28]

2. Derivo the sairpling distribution of the sample nultiple correlation
coafficicnt on the basis of N I1ID observations from a multivariate
normal population with a positive. definite dispersion matrixe .

(1) [22]

plet x= (%)) A~ (p5), vith £ positive cefinttes
Derive thc likelthood ratio criterion for testing lndependance of
i(’(1), ’,\('(2)*. vees .1‘(“)'
peteo.
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34(b) Examins vhother ons czn cssert “hat unzar the aull--hypothesis,
2 certecin function of the above likalihdod retio critoericn is
distributed as the preccuct of sorwe indizendent bota random
vericolose [10+10=20)

Sialtpe 3
PR SR )

4e An znthropolegical susvey was conductad in YWist Gernesny in a
study ralcting to twins .« In 2 spocific enguiry an 10 familles
cbsarved to passese tuwo twin pairs of the sany age = male-male
and fonmcle-female - the m:an weights ond the (corrected) S§5-Sp

rmatrix of a2ll the 40 indivicuals were ccleulzted as follows

Moans Corzect: > Ma

Male Poirs FEgacie Pzirs
(1) (2) (3) (4) (1) (2) (3) (4)
45,2 46,1 43,5 44,7 (1) 27.5 16.6 9.6 9.8
(2) 26.8 9.7 10,2
(3) 34.5 16.5
(4) 34.9

Apply sultable multivariate tests to provide answers the .

following questions rals.d by the anthropological sucvey,

(1) Do the mean weights of %wing of like sexes differ significae
ntly ?

(2) Assuming that the mean weichts are samo for two twins of the
some sex test 1f the common mean welght of nale twins and
the common mean weicht of female twin differ significantly,

[15]

S.(a)The following toble gives the correlation co=cfficients
between weights of ears of wheat as harvested and weights of
grains of wheat after threshing and cleaning, obtained from
the results cf a crop~cutting experiment in a certzin district
divided into 6 blocks. Test vhether the correlations differ
from block to block.

Blecks => ! 2 3.4 S, 6
Sample ‘'sizc => 274 179 233 54 255 50
Corrl.? fo-esf-§ .9055 8710 ,92°C .9365 ,9508 9780

(contdseeed)



5.(a) con‘Ceaess

MNako use ¢f Lhe z=transform, taking the dilstiribution of Zy
to Le ?pprox. K Eys A3 ), where £, nd ng havo the usual

st . 1
significeonce. Makingﬁapproyriato sssunptisns of indepoendence,
defin: o suitablu Y7 =-statlstic for the tost,

7

As an estimate cf the z-~valua of p, the cormon value ( under
Ho) cf the correl:tion cc—efifcient, use

6
£ (n,~3)z
£ o =1 ) b
= B
£ (n;=3)
1= 4

(b) The value of the multiple correlation co-efficlent

r02(12345) was obtained as 0.0856, from a sample of size 25.
Test wvhether the multiple correlation of xo with xl.xz.....x5
in tho population can be taken to be zero.
. [12+6=18]
6. The follcviing toble gives varlances of staturo ( in cm) for
Muslims in 3 different districts in Bongal, as obtained from
the Bénqwl Anthropomotric survey, 1935.

District S-nnle size Variance of staturg
1 131 39.5668
2 59 24,4685
3 337 39.2262
4 7 24,8924
5 124 24,3490
6 299 38,3306
7 117 32.4325
8 39 33.4436

Assuming normality of the distribution of stature in cach
district, derive an LR test for tha homoganeity of the
vaerlances. Then, making use of the fact that =2 lage A approx
L3 2 with appropriate degrees of freadom { A being the LR
critericn), draw suitable conslusions. [7]

7. .ssignaents, [10])
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Degign of Experimints
PERICDICAL EXAMINATION

Date: 20,2.84, Maximum Moarks: 100 Timct 3 hours,

Note ¢ All questions carry cquel markse Answer
eny four questicns, Assignmants and
practical crrry 16 marks.

1. Explain the terms (a) trcatments, (b) Units, What are the
characteristics of a good dosign ? Define (1) Latin Squrro,
(11) Gracco-Latin Square. ‘/hen should one use thasa in
cxperimontal design ? Provide tho annlysis of variance for
a Latin Squore design,

2, Lot N(v) denote the maximum -number of mutually orthogonsl

Latin Squares ( MOLS) of order v. Prove that H(v) ¢ v=1,
m

Supposa v = 1:1 pici and n{v) = min_gpioij -1, where py
arc primes. Show th:t a sct of n(vj MOLS of order v can
always be constructcd. Describe a mcthoc of construction of
a complete set of MOLS of ordor v where v is a prime or a
prime powcr. Appl¥ tho method to obtain four 5 x 5 MOLS.

3, For a gcnerzl block dosign
(a) write down the normal gquations and derive the roduced
normal cquations for I’,

(b) define C matrix and show thot C E,y =0,

(¢) show that 3:}; is cstimoblo if and only if it is a
contrast,

(d) prove that if the design is conncctod then the diagonal
clements =nd the principal minors of all orders
(1,2, .e., v=1) of C arc positive,

Peta0,
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44 Considvr a block cdesign for 6 trcatmunts in 7 blocks

N =
~

OO O KK
o+ r»oOOor
= O0O0OO0O0®r
Ok OFrO
O+ OO0+ O0
OO0OF™OO
 ~ QO = OO

(a) Is it 2 conncctod design ?
(b) Is it an orthogonal design ?

(c) Is it a balancod design ? A
Justify your answer in all the casos. Solve € [ =Q

A ~ —
for T .

5, Dofinc a B.I.B. ( v,b,r,k,A) 2and give an cxample. Prove
that ( 1) rv = bk, (11) A (v-1) = r(k-1) and (411) v ¢ b,
Show that for Ba.l.B. ( v,b,r,k,A\),

vr-b 1
¢ = 3 (I~ g By

Prove that for & symmetric B.I.B. dosign any two blocks
have exactly A trcatments in common,




INDLAM STATISTICAL INSTITUTE
B. Stat.(Hons.) Part III, 1983-84

Design of Experiments
SEMESTIL=-IT EXAMINATION
Dates 21.5.84. Maximum Marks 3 100 Timet 3 hours,
Note : Each questlon carrdices 25 marks. Attoempt as many

guostions as you cane Meximum marks that you can
obtain is 100,

1.(a) Discuss briefly fundamental principles of experimontal design.

(5)
(b) Describe the modely provide analysis of variance and a
ciscussicn on usefulnzss of each of tho following @
(1) Completely Handomized Design ( CRD) (3)
(2) Randomized Block Design (RBD) (6)
(3) Latin Sgquare Design ( LSD) (10)
2.(a) Define mutually crthogonal latin squares ( MOLS ) (2)
{b) Discuss the use of MOLS in experimental design (4)
(c) Let t(v) = Max. no. of MOLS of order v. Show that
(5)

N(v) ¢ v=1
(d) Show that a complete set of MOLS of order v can always be

constructed where v 4s 2 prime or a prime power. Construct
a complete set for v = e (1044)

3, For a gencral block design
(z) Statae the normal equation and derive the reduced normal
aquation for T . Define the C matrix and show that

Ey, C'= 0. (6)
(b) Define (1) correctodness, (ii) Orthogonality (1ii) Balance
(4)
(c) Show that if the d2sign is connected then 1’ T s estimable
1ff 4t is a contrast. . (5)
(d) Prove that a connected design is balanced iff 2ll the
ncn-zero eigenvalues of C are equal. (10)

4e (a) Define a B.1.B.D. (v,b,r,k,\ ). Is it crthogsnal ? Justify
your answer. Prove *hat rv = bk, A ( v=1) =xr ( k = 1), v <D

(4)
PeteOs



we(b) Show that
(Dcw P (1, = § B,,) for a B.I8.D, )
(4L) for a symmetric B,1.D.D. to uxist
v is oven, it is necessory that r-A\ be a porfect
5GuUATQ. ()
(1i1)for o symmetric B.I.B.D. any two blucks have exactly
N treztments in common. (6)
5.(a)Discribe the methods of construction of B.l.3.Ds through
finite Cevmetrics. Give ex:zmplese (16)
(b)Define and give examples of
(1) Complementary design, (ii) Residual design,
(111) Derived dasign, (2+343)

6.(2) Discuss usefulness of ' Confounding! and *Fractional

replication' in factorinl planse. (7

{b) Construct a ( 26, 23) plan such that none of the main
effects and two factor interactions is confoundeds  (3)

(c) Censtruct a (22,2%) plan in minimum numbor of replicates
s0 as to ensure balancing of all 3~ cnd 4=factor interzie-
tions ( without confounding any main effect or 2-factor
interaction). (7)

(d) Explain how the ' identity relcotions! and ! allas sets!
arise in 2°P fractional replicate of a 2" factorial
lzyout. (7)
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Dosicn of
ot AL=11 B LA TToN
Date: 7.7.34. iaxdrun Mirizse: 100 Tinat C hours,

tiote ¢ f-ch quection c.oxrles 2O mwe Attempt
as nmony cuestions as veu cnn. Naxiium norks
you can obtain is 1CC,

1.(2) Define Latin Sguare, Graeco-Latin 3juare, Mutually Orthogonal
Latin Sguares ( MCL5) and diceuss their application in expe
erinental desicn, (7)

(b) ILet N{v) = max. no. of LCLS of crder ve Show that N(v)  vel.

(4)

n e
¢) Suppose v = u p,®t end nl =nin § 14
(e) gt 1=1P1 nd n{v) nin Lpi f--‘- vhere p, ara
distinct primes and 04 are positive integers, 8- “'aﬁ.'ﬂ
N(v) 2 n(v). (11)
(d) Construct 4 MOLS of order S« (3)
2.(a) Derive “he AMOVA for 2 ceneral blecck desicx (under the usual
assumptions of intra-block analysis), (15)
(b) Siate =nd prove the connectodness theorem. (6)

S
(¢) Show tihat an Incomplete Dlock Desisgn cannot de orthogonalz )
4

3.(2) Define a 5.1.3.D. (v,b,z,k,\) 2nd prove that rv=bk, A(v-1) =

r(k-1), v & b, “(4)
(b) Describe the method of syietrically repeated Wifforencas for

construction of BeI.3.D.'s. (9)
(c) Show thut a Bul.B.Ds with veb=4t43, r=k=2t+l :nd A=t can

alvays be constructed vhen 4t+3 1s & prime or a prime power,

DR (6)

(d) Show thct B.L.BaD. vidth v = 4t+4l, b = €342, © = 4t, k=2t and
A = 2t=1 can clways be coastructed -hen t+l 1s a prime or

prime powar. (6)

pete.o.
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we(a) Ixpladn the torms taia cffects' und tInterccticns® An
focturic) deaionse Glve oxanplas, (%)

() Dvseribe Yzies! Algorithm for ihe analysis of o 2" factorial
plon. How iz it modifivd for confoundad causicn and fractlonal
roplicatesi (12)

(¢) Aralyso the <ollowing dota of expezinents vith spzouts. (8)

(ol
&1

¥i:dds Ap Pounds of Salstlo Snrou

e i e

Dorled
Slock 1 3 np =i3.E81, nm=t8.88, pn=46.,11, (1) = 28,62
Block 2 3 n = 40.49, npn = 61,55, p = 32,75, n = 55.07
Ronl.2 . .
Block 3 & nn = 50,43, pa = 52.31, np = 49.62, (1) 30.26
Blcck 4 3 p = 32,36, npn= 48,49, m = 51,94, n = 53.86

Banl,3 .
Block 5 8 n = 47,37, p = 37.25, npn = $6.87, n = 45,94°

Slock 6 3 pm = 39,30, nm = 43,93, np = 51.43, (1) = 32.23
n = poultry manure, n = sulphate ef ammonia, p = superphosphate,

5.(2) Explain the cunczpts of 'Confoun<ing’ and 'Fractionnl
replication! snd the relationchip botwween the to. (8)

(b) Obtain o ( 27,23) plan stch that nona of the main offects
and 2=facteox intaractions 1s confoundede Explzin how you
dovaelop the othar Llocks from the key dlocke (8)

(¢) Do you nrefor partinl confouncinrg to total confeunding ?
Justify your answvere (2)
(d) What s the definiticn of 'balance! in factorial o:xperiments?
(2)
(3) Obtatn o 272 replication of 2° experinent. Is it possible to
avéid confounding among the main effacts ond 2-factor intore
actions in this case ? (s)

bt
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Honparametric and Szauontial Mothocs
PEKIJIDICAL CAiLNLTICH

Datet 27,2,04, Maximun Mrrks ¢ 100, Tinct 3 hourse

Note ¢ 1o Answdr any FIVE quustivns,
24 A1l questicns carry cotizl marks

3e Shew thiat you underste.é the concopts rather
than civing mechanical answers.

1, Dafine a scquentinl procodure for testing a null hypothesis

2,

a3ainst an alternative hynothosise Chtaid the cxpressicns
for the CC ~ndd ASN functiuna ¢f tho test you propose. Show
furthcr that a nccessary conditicn fog the 23N function to
be finite {s that tho test terminates'with prebability onc.
(eam)

Duefinc the SPRT of 4liven strangth fer a simpdle hypoithesds
against a simple altoernative, Show that tho tost torminates
with prebability one uncer suitablc conditions ( to bo statud
by you).

Show furtherz that the memont genorating functi:n of tho
docisive sample numbor is findtc, (5+3+7)

3.(2) Shew that tho ricks of arror («a (00) ’ 9(01))

associatcd with any SPRT S(b,a) for Hoz [ °O against
le e = Gl satisfy, for any fixed = w<€ 5 € a € o tho

incqualitices
(&) B(9y)
loy -a—l £ nin. (O,b), and log 1 2 max (0,a)
1-a(8y) a(s,)

whon do strict cqualitics hold ?

(b) Using thc result in (a) obtain the aporoximate veluos
of a and b for the SPRT S(b,a) of yiven strensth (a,f).
How Co thcse opproxinations affoct the risks cf the
resulting SPRT 2

pPetios
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4.(a) Cutain tho Wald's approximaticn for tha OC functiun of
an arbitrary SPAT S(b,a) for Hy: © = O against
H ¢+ 6= 0, ( stotc clearly the main result ysu use
in the cerivaticne Do not prove this result ),

(5) Ssuppose  1£(x,0), @€ © < T 15 an MR family in T(x),
Show that any SPIT S(b,o) for Hy: © = @ c32inst
Hys © =8, 2€&5<0) £ T has a non incrensing OC
functivn.(State procdsely tho rcesult you use in rroving
this). [12+0]

5.(3) Let S Yo any cluscd sequantlal prococure for Hc: vyEw
against H,s © € H -~ we Lot t(x) bo any arbitrary functicn
vith E( Jt{x)] : 6 ) < = ¥ Q.ilith usuzl notation for 1y
lct n !

T, = LHxy)ond E(n: Q)< W6,
a

Thon show that E(T t 8) =E(t(X) s SYE (n ¢ ©)

(b) Using tho above rosult, show thot if t(:) is log _(_x,é_)L
£(x,6'

and L(9) is tho OC function of tha scquential t\.st S

-E(p: ©) E(t(x)16) 3 L(6) Log & (‘,',; + (1-L(3)) 1og J_."- 8)
[1~+10]
6+ Consider the family N(p,o’2) where p 15 known and o2 0 is
unknowns Obtain the SPAT S(b,a) for Hyi o°= o?) aceinst
Hy s = 012 of stroength ( &,8)s Show that tho tost torminates
vith probability cne for all o2 and obtain tho appriximate

CC and ASN functicns of tho tcst.
[2]
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lonparametric and Sequanticl Methods
SEMESTRVL=ITI EXSMINATION

Dato: 1C.5.C4, Maximum Marks: 100 Time: 3 hours.

Note : Answer any FIVE questicns,

l. Lot Xl, X2, eee be a sequance of 1.i.d. ohservations on a

random variaoblo X with p @ £ p(x:Q). Shew that for any
sequential procedure with a given stopping ruls and DSN s for
any mcasurnble function z(x),

Pac<mt @ =1=oE ot s [e)] :th‘—P(gﬁm:Ht

~tz\x
where under Hy the p.d f of X is p(. :H ) 2 & "p(.20),

¢(t)
a(t) = E( etz(X)x_O) and Uy = Loz (%),
1

(b) Honce deduce the Fundamental identity of Sequential
Analysis,
(c) Hence or otherwise obtain Wald's approximate expressicns
" for the OC and A S N functions-of tha § PR T S(b,a) for
testing a simple hypothesis against a simple alternative.

(S+its)

2. Lot X bo a random variable with exponcntial distribution

3

oxp(N), whore A > O is unknovm. Dexdve the S PR T of
strength (a,p) for testing tho hypothesis Ho..k £ Ag against
Hyt A Z_Rl, 0 <Ag < xl < w. Show that the test terminates
with probability one for all A > O, Obtain the Wald's
upproxinations for the OC ond ASN functions .0f tho tost and
their values at the ususd values of A. (20)

Define.the Kolmogorov = Smirnov one sample stotlistic for
testing the hypothasis that Xl, cesy Xn have the common
cdf F(x)= Fo(x) which is continuous against tho alternative

that F(x) 2 Fa(x) for all x, with strict inequality for atlce-
st onc x. Indicato the distribution of the tast statistic for

any finite n. Obtain a suitable tr~nsforn1t1§? 3f the st: tis—
tic which 15 asymptotically distributed as 2) undo¥ <

) Shewr that the distribution of the statis ic
does not depend on Fgo(x)e (448+4414)

Peteo.
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4e(a) Define o general lincar rank statistic that is uscd in

nonphsometric testing problems and obtain its mean and
variznces Show that the distribution of the ctatietic 1s
symmotric chout its mean under suitable cunditions (to ba
stated by you).

(L) Shuw that tho Van Der Vacrden's test for tosting the
equality of two distributions against the alternative that
they differ in their location parametor is a lincar rank
statistic and obtain its mean and varianco under the null
hypothesis. (12+8)

5. Four different fortilizers are used on different fields and

6.

the yicld per acro is calculated for cach ficld. Basced on the
following data test that thore is no difference in the average
yiclds due to different fertilizers.

Fertilizer Yiolds
A €0,5, 87, 86.1, 82.1, 79,3, 84.2, 77.1, 77.6,
B 90.1, 83,4, 32.4, 84,9, 087.1, 89,3, 86.2
c 89,4, 93.6, 90,8, 87,6, 93.7, 82.9,
D 61.5, 87.9, 80.4, 83.1, 87.4, 85,0, 54.7, 31.0,
(20)
Dofine Spearman's rank correlation coefficiont and obtain

a computational formula for the sama. Show how ysu wculd
adjust the formula if some observations have the scme values.
Indicate how ycu would obtain its mean and variance and

asymptotic distribution.
{6+4+10)
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HONPLIVAETRIC LND SEQUENTLLL LETHODS
. SLNESTA L-1I DACKPAPER ELMINTION

Dato: 7.7.84. Maximun. Morks ¢ 100 Timet 3 hours,

Note ¢ ~nswucr cny FIVE quostiuns.

1. Lot X b0 2 r-ndom varicble with paf £(x:@), vhere € is unknown.

Show thot the BFRT S(b,~) of strength ( a,f) for testing

Hyt @ = 00'3011nst Hy$ © =@y, terminatos with probebility
tonding to onu &s the sample cizo incronsas, under suitable
conditions ( to be procisely stated by you)s Show also that
the moment geaerating function ¢(t) of the decisive somple
nunber n 1s finite in 2 non dejenerste interval of t and
conscquently the ASN function 15 finite both under Ho and Hl'

(10+7+3)

Lot X bo a Bornoulli random v-rizble with P(x=l) =p, where

p is unknovn. Dorive the SPRT S of strength (a,p) for tosting
Ho: p £ Py against p 2 Pye 0<p, ¢ Py & 1. Show that the tost
torminates with probability ono under any p > O Obtain tho
vinld's cpproxirations for the CC -nd ASN functions and also
obtain their valuos for different valucs of p. (20)

/n orderod scquence of n oclements of two types, ny of the
first type and nz( = n—nl) of the secend type, is observed.
Derive a test for raondomness of the stquenco based on the
nunter of runs 1n thoe sequenco. Obtain the exact distribution
of the total number of runs under the null hypothesis and
indicato its csymptotic distribution. (20)

The following data saidiarize the average monthly elcctrie power
in millions of kwh used in tvwo industries. Con you rogard that
the pcwer consunpticn hos the same distribution in both the

industrios . .
Jan. Fobe More /spr. Maye. June Jule .uge Scpt.e Oct.

/. 115.7,103.9,101.:,51.8, 85.9, 80.9,33.:4,90.5, 98.1, 108.1,

B 120,4,107,4,164,C,93.2, 83.3, 62.4,90.5,96.2, 88.5, 112.5,

Hove Dore
A 1161 123.7
B 1l1.$.0 120.0 .(20)

pet.oe
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5. Derive a linear rank test for testin; Wy Fx(x) - FY(x) %

6.

against the slternative "‘1'. I-Jx('x) - FY(Gx) vheze 0 ¢ @ A 1,

Obtain the siccn, variancoe and the esymptotic dlstribu.tion of
the test statistic under tho null. hypothasis. (20)

Four different motliods of ¢rowing corn were rendonly astigned
to different ,fhlds', and their ylcld pes ‘acro vas computed for
each fleld. Pazod on tho data test whother there is any Jdiffe.
orence in the ncdian yleld of the four methods usad.

Method Yield
A 83, 91, %4, 89, 89, 96, 91.6, 92, 90
B 90,5, 90, 81, 83,5, 84, 83, 88, 93, 89, 84
c 101, 1CO, 93.5, 95, 96, 92.5, 28,5
D 78, 82, 82, 77, 79, 99, 80.
(20)
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B.State(Honse) IIX Yoor, 1983-84
Optimizaticn Toechniques
PEAICIIC: L EX/utl\TICN
Datet 27,2.8%. Meximum Morks ¢ 100 Timzt 3 h.urs,
[luta ¢ This npaper earsives & total of 120 m-zks. Answor

&5 nuch »s yeu eony If y.u score more than 10U,
then yoeur cctusl scvwe will Lo 100 w-zks,.

1.{a) 3y geomctric interpratation or vthoreiso sclve tho fallewing
lincar programalng problem ¢

mininiso 2%y + 3%y

sudjuct ta XL+ x, ¢ 4
6xy  ¥2x5 2 8
Xy *+ 5%y 2 4
0¢Lx <3
0<xy, £3.

(5) Give tha cual, with unrostrictod variabdlas, of the following
LP nroblom:

Meximize 3xl+ nx2'+ 5x3 + 8x4
subject to 2x)+ 3x2'+ 4x3°% 5,
3xp+ dxy + Sx3 L 6,
Sx = 6x, + Txy =Bx, £ 7
X 20, 1¢8&4 [1248=20]
2.(a) Prove, for the yencral maximum LP nroblem, that if x,y arc
fensible solutions of tho primal and its cdual respectively,
then cex £ y.by further, if oquality hulds, then x,y are
optimnl sclutiosns far the respective probloms.

Detave
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2.(5) frove that Xy = 1l = Xy™X, anst x3=0 is ~n uptimal sclution

f-r the st=n’>rd L2 prodlem Lelow
]

M wdr 4 on -
wrxintze Xy Hila¥ag+X

sujoect to ¢ %y +x5 < 3,
Xq 4%, £ L

Find an uptimal s_lution for th: J:al problcoa.
{10410-20)

2.(a) Is it true that cvery noncmpty cldsad Daunlald convex
subsot of ID has at least on. extieae point 7 Justiiv
U SRSTAr.

~

{b) Frove that cvery extreme point o, the sat of ali
foasil: solutions of the L2 pobica
Maximize CeX
subjoet to hx =D
x XY,
and zank (A) =m, whoco A is an mxa matrix
is o haslc solution of the LT prollem.
[1C+10=20]

+e(2) Irove that eoxactly onc of thg'funowing two altornatives
hol<'z.

Efther J/x £ b has » nonncfative solution,
Or yA N 0 and y-b < O have a nonnogrtive sulutien.

(b) =xhibit a solution of the incruaslitics
Sx; = dixgy £ 7,
-3x; + 3x, £ 5.
Do they have a nonncgative sdlutivn ? Justify y.usi
ANSWOTr, [1o+20 )=l

Date0e
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5.(a) Reduce the solution ( 24331) of the following L

(v)

6.(a)

()

prodlems to a hasie feasile sclutione
214)')(1' PR
af 11
(315'{):2) (14
\ %3 v/
Solve the following LI' problam by fincing all the nesie
foisiLlo sdlutiuns,

Maxinize 2*1 + 3x2'

subjcct to is 2 \(
Gao)(z)- (o

[8+12=20]

Deseribe the simplex mothod tz solve a eanonical L
rproslom witheut decenorocy.

If x is a basic feoasible solutiun, of the L prodlem
nentisncd in 3(%), Yasod on the lL.asis 8 and, with usuxl
nétotion, Z 5 = C; 2 0 fur all jth columns of .\ not in
B, thun prove tkat x is »n optimal soluticn for the
orimal proslen. Find »n optimal soluti.n <f the dual
in temms of 71, {10+10=20]



11983-341392I

LiDLIAN STATISTICAL INSTITUTZ
3.3tcte ( Honse)II Yecr, 1933=04

Optimizaticn Techniques
SEMESTI\L=I1X EXMIIUTION
Date: Llie0e8ide Maximun Morkse 100 Timu t 3 hours,
wte ¢ This paper carrizs a total of 120 marks. Answer

as rany suestions as you canes If you cet more than
100 marks your actual score will Le 100,

1.(a) State and preve th2 eoquilibrium theorem,

(b) Fornmulate the transportation problem sas a lincar programming
problem and writae down 1ts dual,. [12+8=20]

2.(a) Outlinc the principlis involved in the simplex method in the
non=daesuncrate case, cxplaining the relevant terms and
phrasese

(b) Maximize 0{75 Xy = 20 x5 + 0.5 x3 =~ 6 x4

subject tc 0,25 Xy - 8 Xy, = X3 *+ 9 X

<o,
0.5 x, =12 x, = O.5x5 + 3x,4 £ O,

X3 &b rga2 =0]

Xp» X390 X3s X4 2 0.

3.(a) Prove that a flow f in a network with a unique source and
a unigue sink is meximum if and only if there is no f~incre-
menting paih, /130 deduce the max=flow min=-cut theczem fron
the above result.
(b) Find the maximum value of a flcw in the network of Fig.l
bolew frem the source s to the sink t. Justify your answer,

Fige 1., . n2t-werk with capacitices cf arcs as shown.
[1246=00]"
PeteOe
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(a) 5tato and prove the Konlg=Fgervary theorem about natrices
with zero-ono ontricse.
(b) Prove that uvery mxa Latin rectangle with 1¢ m < n bated
on n synbols can by extended to 2 Latin square of order n,
[12+48=20]

5.(2) In the network ¢f Fig. 2 below nsdes Xy9%X oTe the souTess
with supplics alx,) = 3, #(x,) = 5} and nodas %, and Xg
are the sinks with demands L{x,) = 4 = b(xg). Tha numvers
on the arcs ara the capacities. Determine vhether if
there 4s a feasible flow An the netwwrk satisfying thase
supplies and the domandes Justify your answer,

Fig. 2

(b) Five families would like Lo ¢o for a picnic in 10 cars,
There are ii people in the i-th family and sj secats in the
J=th car, 1 £ £ £ 57 1 ¢ J £ 10. Can seating be sO
arranged that no two merbers of the szme family trcovel 4n
the same car ? [ Ty is the i=th term =f the vector
(8,8,5,5,4) and s, is the j-th term of the wector
(8,5,4,4,4,3,2,1,1,1) ? ] Justify your ansver.

{10+10=20)
6.(a) State the fundomental thcorenm of two person zero=sun
matrix games and formulate the game problem as an LP
problem.

(b) Find tho value of the matrix game with payoff matrix.ie

p -1 -1
A -1 P -1 s P>0.
-1 -1 a
[10+10=20)



Datot 2434849,

Note

1933-84 3E1

IMDIAN STATISTIC.AL INSTITUTE
8.3t te(Hons,) I1I Yonr, 1283+84

Elactive=51 Zeon.mics
PIRIVOICAL SXOALIGTIN

Mxdimun Mazks

T 100 Tima: 3 houss,

s Aaswer questions 1 oand 4, ond any sne of
questions 2 ~n¢ 3, Mirks fir ¢~ch question

are given in bHrockotse

le The follcwing data give Lorenz rati:s, poercentages of

populations and aversges for the “istributicas of consumcy
exponditure in rural ~ncl urban InzZia for the yoars 1957-.58
and 1967=68 @

2,

1957-58 1967=68
Lorcnz Averoge ercen= Lorenz JSwerago  Porcentage
ratio coxpendie taco of ratio  oxpendie of populc-
turo(Rs. Jpopula= turo(its.) tion.
ti=n
Aural 0,334 100 i) G290 125 "
Indis *
Urhan 0,359 150 25 Ca336 175 30
Incin’ v

(i) Compute thc share «f the top 1V per cent .f the population
in both sccters for the two periods. Finc in dach ease the
porcentagés cf the population from hott.m cnjoying 10 ner
cant sharo of the total oxpenditure.

(1i) If the poverty lino is given s .55, estimate tho
porcentages of poor poople in India for the tvwo pariocs.

You may assume that tho cistrivution of consumer coxpen-

diture in Incia is lognormnl,.

{20420}

tthat 4s areto's law ¢f income distribution ? Chtain tho
density functiosn, tae cquation for the Lorenz curve and the
Lorcnz ratic for tho 2eroty distritution, Commont Lriofly on

the universality of Paroto's lawve

[4+24945+410)

Peta0s
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3. Urite short nctcs on the'follewing s
(1) rPropertics of L.renz curve of lognormal distributicn,
(11) Moasures of concentratisn in usincss/industry versus
' Lorenz matin,.
(1i11) Throo parsmcetor lcgnormal ‘istrihution.
[10+10+10]

1. The tahle Hélow gives the arithmotic means on:d tho correctod
sums of squires and products of throe variebles, X19X, and
y calculated an tho basls of 9 ubsgrvotions

Corrected sum of

Sauarcsane nrocucts frithmoetic means
Xy Xy Y
X 650 -112 874 113
Xy 643 =79 106
Y 1260 117

(1) Estimate tho cquation y = Jg + 21X, +3,%, by ordinary loast
squarcse Cumpute standard crrors of the ostimatos of pl and
Y 82 an Rz.
(i1) Sct up 2n analysis of variance table and test the effect
of x; 2nd x5 Cn Y [2¢+10]



Dates

1.(a)

(b)

2.(2)

(b)

3.(3)

1583-24 -
DL STATISTICAL INSTITUTE

8. Stat. ( Hons. )} III Year, 1983-84

Elective=5 ¢ Economics
SEVESTRAL-II ELMINTION

26,9484 Moximun Marks $ 100 Timet: 3 hours,

Noto 3 Jinswer ‘nz five questions, Marks allotted to
cach questicn are given in brackets,

State and prove the moment distribution property of tho two=-
parameter locnormal distribution. Use this proberty~to obtair
the expressions for the Lorenz curve and the Lorenz ratio of
the distribution,

How will you find the Lorenz ratio of a tuo~parameter
lognormal distribution if (1) tha mean (41) the coefficient

of voriation of the distribution is given ?
[245+43+6+242)

Examine critically Prais-Hogtnakkar's treatment of household
composition in engel curve analysis based on family budget

data,
For a group of househdlds the following engel curve for food

expenditure is estimated .
w = ,050 +,006 ( X)) +.100C

where w ¢ engel ratio for food; x ¢ hcusehold totzl consuner
expconditures n ¢ nunber of pexsons in the housceheld, and
¢t number of children in the housechold.
A houschold has x = Rs.500, n = 5 and ¢ = 2. How nuch
additional total expenditurc would tho houschold require to
maintain its 1level of living if another child is added to
tha' houschold ?

[13+7]=[2 ]

Explain the follouing terms t engel curve, engel retio, ond
ongel clasticity.
Petece
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2.(b) Thz following data rclate to per capita household

au(a)

(b)

expenditure on cercals ate ( ¥,), total consumer
expanditure ( X,) and tha estimatad percentago of

population (p;) for a number ¢f monthly per capita total
oxpenciture classes 8

ﬁ?,’;ﬁi’zgi‘i chgent hverzge per cggif_.a expenditure
giefgc&;uxgo populaticn <coreals all” {toms

25 . PJ etc-(vj) (xj

(1) 2) (3) (4)

0 =11 20,98 5.01 8,58
11 = 15 21,59 €.37 12,95
13 « 21 25,28 8.48 17.2%
21 - 28 14,31 10.02 23.34
28 = 43 12.94 11.45 35,31
43 =75 4,90 15.25 62,05

Fit a constant elastlclty congol curve to the above data.
Vhat can ycu say about the goodness of fit of the estimated
engel curve ? [5+15]=[20]

Discuss the 'identificotion problem' that may arise in the
context of estination of «demand function for a conmodity on
the basis of time series data on aggregate market transac~
tions znd market price. How is the problem overcome in
practice ?

Consider thae folloviing model
a4 =a‘+rgp+ y +u
a, = 9 +Cp +v
94 = 9qg
vhere qqt per copita demand for a commodity, qg! per caplta

supply of the commodity; p¢ price of the commodity, y: per
capita income of consumers, u and v are random disturbancos

Exangine if the demand equation in this model is idontified,
[1545)=[20]

(contdsese3)
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5. Yt 1s nulticollineaxity ? Discuss the proolem of multi-~
collinecarity as focod -in the estinmaticn of a demand function
from time serics datae How ecn you overcome this problem ?

[20]

6. Exarine the proparties of tho Cobb «=Douglas Production
functicne Also, briefly indicato the problems of estimation
o¢f «n sggregate Colb ~Douglas Procuction function. [20]

7. ‘irito notus cn any tuo 8
(1) criteria for choice of an engal curve fomj
(11) Cobweb model of market for an agricultural product}

(114) Loast squarcs inconsistency in the context of demand
analysis. [10x2])=[20])
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£lactive=5 ¢ Heancmies
SEVISTRAL-IT 3ACKIV.PER ZALAINLLTICH
Dctot 647elne M:xdnunm liarks 3 100 Ting: 3 hours,
llote ¢ Answir any five questicns. Marks for
cach questicen are glven in brackets.

1.(a) Duseribe the ncethod of constiructicn of Lorcnz eurva. How
will you cstimate tho Lorenz rotio arachically from the
Lorenz curve ? .

(b) Describo diffcrent uses of thy Lorenz curve. . .
(¢) Discuss the prepertiac of tho Loranz curvo of o tuwo=
parancter legnormnl distrituticn, [543+448=20]

2.(a) Give exanples ¢f two distributions for e:ch of the following
cases satisfying (i) I, < I, und V) <V, (i1) I, < I, and
V; >V, ~nd (111) I; < I,cend V) =V, vhero I ond I, are
Lorenz ratlos and Vi and V2 ore vasiancas of the two dise
tributions respectivaly.

(b) Fron *he fullowing observaiions on income <f 8 persons
Serinl No. 1 2 3 4 S5 6 7 8
Inconi:(Rge) 400 200 1CO 7CO 5CO 20 6CO 800

Calculcte (i) Lorenz ratio
(41) cocfitciont of vcriation -

(111) relative mean coviation.
[3+4+2+543+3=20]

3.(a) that is tho price clasticity of demand for a commodity ?
Distinguish between (1) normal and Giffon coods
(1i) Substitute and complenentary goods.

(b) Describe briefly the prcbloms thet you way encounter in
estimating the demand functicn for a couismodity on tho bosis
of a tim: series of market statistics relating to the
cornodity. [5415=20]

Peteoe
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do(2) “mat 1s a pruduction funetion ? Explain the conczopt of

olasticity of substitution in the context of productions

(b) “Mmat are returas to scale 2 How would you infor about the
roturns %9 scale in a perticular inlustry on tho bosis of
an estinzted Codb =~Douglrs Production function for the
industry ?

{¢) Doscribe brisfly the statistlesl nroblems that may arise
in tho ostincticn of a Cobp ~Douglas production fgnction on
tha basis of timc sories data. ‘ [6+648 = 20]

5. Vhat 1s an ongel curve ? %hat thcorotical propertias would you,
like the 2lgebralc form of 2n engel curve to possess .7 Describe
the statistical criteria for choosing tho best engel curve form

_for a given sot of dsta. [20]

6. Writo notes on any two ¢

(1) Univorsality of Parcto's law )
(11) Identification problem in domznd analysis §
(1i1) The problem of least squares in consistency in the

estimation of a productisn functicn.
[10x2 =20]
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Elective St Physic~l and Zarth Scicnces
PEALUNICLL EX/MINATICN

2.3,3d, . Maxinum kiarks: 1w Tince 3% hzurs,

Note & Any five questions to be ~nsworcd, Al
guestions carry cqual marks,

1.(a) State and prove the maximum powsr transfer theorim

assuming sinuscidal voltage sources. ~—. 641
: 2
(L) In tho eircuit shown, for what value R
of R is mpaximum power transfcrred to }’h ,ni
fae
it 2 l._1__—J
Izv

2.(a) State and explain Kirchhoff's lavise
In the network shown, compute the

2a s
curront through the 30 resistor =nd  2¥ N
the otentinl differconce across the

4n

—

10 resister,

o2, yov . ]
() s L Using the supcrpositicn thesrem fin:
i:% ] the currcnt through the 32 rosister.
o-25Al" I¢
20041

3.(a) Cbtain 2. star notwork cquivalent to o given delt» nctwork
and vice=vorsa,

(b) Fin? tha rosistance botween points
A ond B of the curcuit shown,

. 6
4.(a) A steacy voltace V is suciontly nppli%d across a serigs
R=L curciut. /\fter roaching steacy state ceniitians, the
voltage source is suddenly replaced by a short-circuit,
Derive cxpressions for the curront throuch the elrcuit
as a functisn of time for both the cases,

(b) A coil of resistance 100 anc intuctance 0.4H is coancetud
to a 10U v D.C. supply.Compute

(1) Tho rate of change of curront ot the instant of
connecting the 100 V supply.

(i1) The steacy state current,

(1i1) Thc time tokon Ly the current to rise to half its

final valuc.
Datevs
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5.(n) Chow ~nalytic~lly thet the current ant viltse: are not
in the sane phase when & sinuscic~l voltago ssurce is
usc. to cxite °
(4) A purcly espreitive clvcult.

(11) a purcly in'uctive ecircuit.

(.) o eircuit consists of n sinusili~l velts o sourca, a
roesister onZ 1 eodl 111 conncetad in scrlese The power
dissipatud intha resistor Ls 500 ¥ an! the drop across
it 4s 1oVe The pewar ddsuipated in tho ccil 4s 1o
and “rop across it is S0 Ve Finl the rorctance and rusis-
t-nco of tho ccil ~nc =150 the suprly veltasee Draw a
vactor dia_ram.

$.(2) Tro €2ils iu 2n1 B arc econnceted dn sorics acriss a
230V, 5u C/$ supply. The rusistance of & is 53 ~nd the
iorluctonce cf B is O.O1SH. If thoe input from the supply
is 3KW =n¢ 2KV/R, find the inductance of v 2n2d rasistance
of Ba. Cimpute the wvoltage a¢ross cach coil,

(5) 2 1lou ¥, 120V 1amp is to be opersted frem a 240V, 5uC/¢.
supply. Give Jdetalls +f the simplest pussible mannes in w
which this couled 5S¢ ricno using
(1) a resistur, (11) a carczcitor, Yhat power factor

would O¢ jrrasented to the power supply in cach epse ?
thich wicthod is preforatle and why ?

7.(z) For the circuit shown find

(i:; the tv:\l curr;n?h(r.h.s;:\iuc) Qeei/ﬂf-rﬂ
) pouer fector of the parxllce
circuit, r;—-‘ I;._
(141) the total power draan from the ouf
scurce. Draw the vector diacrame s &
N 230V, §5¢k

Ab) ¥in! analytically the RM5 valucs cf
(1) 2 sinusvicdrl veltage waveform with poak value of En

(11) a sawm=tooth wavefurm with a petk value of E, and
time period of 2 sceunds.

—
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Note @ Ansfer any five. All questions carry cqual
marks.
pL. Corive conditions for maximum impedance in a parallel R-L-C

circuit ( L and R in series and the combination in parallel to C)
when

(1) w is varied
(1) L is varied
(i1L) C 4s varied

Also show that maximum impedance is obtainad at unity power factor
vhen C is varied,

.(a) Show that the bandwidth of a serics rcsonint circult is’
inversly proportional to its quality factor Q. Derive an expro=
ssion for the impedanco of thics cirailt at s frequency f in
terms of Q and .. where % = ( f = fr)/ for,

(b) A serles circuit having a capacitance of negligible resistanco
and a 120 kh coil of 182 resistance 15 raesonant at 1MH2, and is
connected to a genorator of 1 volt at 1MHZ. Computo
(1) the voltage ccross the capacitor
(ii) current at resonance and at 10 MiZ above it
(111) bandwidth in cyclos.

B. tMen two coils A and B arc connccted in serics and a2 current of SA
passced through them, the potential difference across A and B are
raspectively 80V and 75V, their-respective power factors being
0.5 and 0.8 lagging. If tacse coils are connacted in parallel

across a 200V, 50112 supply and a capacitor of 170 f 1s connccted
across them, compute

(1) the p.f. of the perallel combination,
(41) the current taken from the supply.
Petao,
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4, A 290/500Y transformer qgavo the followlng tcost rasults 3

5.Ce tost with low voltago winding short circuited
- 20V; 1247 1007W.
O.C.test & 250V, 1A, 20W on low voltagae side.

Dotormine the circuit constants and compute tho applicd voltaga
and efficicncy when the output is 104 at SO0V and 0.8 lagging
power factor.

5.(a)

(v)

6.(a)

(b)

Two transformers of unequal secondary voltage ara operated

in parnllél to supply power to a load. Derivae expressions for

current dravn fron the transformer. lake nocossary assumptions
end draw phasor diagrams.

Two transformers supply in parallel a secondary load of 10004
at 0.8 pf lagcing. For cach transformer the Gecondary e.m.f.
on open circuit is 3300V and the total leakage impedance
refercd to sccondary are O,1 + J 0.2 and 0,05 + J 0.4 ohm
respectively. Determine the output current of each of the
transformers.

Draw the circuit of a half wave rectifior. Derive expressions
for Idec, Vdc, I and /. regulation. If o capaciter is
connected across the load, find an expression for the voltage
across the load using approximate analysis.

A diodo bridge szmpling gate is to used to sample a signal
that can have a maximum peak to peak value of 5Y. Design the
gates Derive all necessary cxpressions.
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