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lolet X, ¥ ‘be optimal solutions of the following problem (P)
and its dual respectively.
(P} Find x 2 0 such that xc is maximum subject to xA ¢ b.

Suppose ¢ € R™ s b € r" and A i3 an m x n matrix. Show
that for any non negative x, y in BT , r" respectively
Xc + by = XAy ) Xc + by = XAy 2 XC + by = xAy. [15]
2, Consider the problem @
Maximize §) + 35, + £ subject to
5§1 + 3§2 ; 3
§1 +2§2 +4§3 i 4

Either find an optimal solution or show that no such solution

exists, . (18]
3, Define a flow from s to s’ in a network (N,k). For any such
flow, show that f(s,N) = £(N, s). [10]

4, Solve the following simple assignment problem if possible. If
not, prove that there is no solution. There are 5 individuals
and S5 jobs, !ndividual}!i is suitable for job Jj if and only
if ayg = 1 in the following matrixa

11100
((agy)) = 00001

(00111 .

1’00 0 1

1 01012 [15]

p.teo.



5. Let (N,k) be a network with source s and sink s’, Let Xy 0%,

be nodes of N satisfying the following 2

(a) If k (s,xl) is increased by 51, the maximal flow incl‘ease;
by Al'

(6) If k (s, x,) is increased by 52 s the maximal flow
increases by Az.

(e) If k(s,x)) increases by 51 and k(s,x,) Ancreases by 62
simultaneously, the maximal flow incrcases by A12'

(gl' 52. 4, A, A12 are positive numbers)
show that B, ¢ Ax + b, - . {20

6. Show that a matrix game élways has a solution in mixed stra-
tegies. {15

7. Write the pay off matriesfor the following gamo for 2ifferent
values of J and k. .
P2 chooses either of two integers j,k and Pl chooses an integ
4 between 1 and 3, Pl earns an amount i if i = j or k, otherw|

he loses an amount 1, {12,
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Note ¢ Answer all questions, ’

1.0riefly axplain the concept of Pitman's asymptotic relative
officlency. (6]
2,(a) Describe briefly how the projcction principle and the central
1At theorem are used to prove asymptotic normality cf a
U-statistic, [6]
(b) Let Xl,Xz...,Xn be a random sample from a continuous distri-
bution vhich is symmetric about zero, Find the asymptotic
null distribution of the Wilcoxon signed-rank statistic.

[12]
OR
Find the asymptotic distribution of Kendall's sample Tau
cocfficient under tho hypothecis of independence. [12]

3. Supposc wo -have two independent samplos with
XysenesXy dodeds F(x) and Yy,ees,Y, dudde F(x=0)
where F is the ce.defe of a continuous distribution.
We want to test |
Hy t 8=0 Vs, H]_:A)O.

Suppose that we reject Ho for large valucs of a rank statistic
of the form n

S= I a(R))

1= 4

vhere a(l) & ... & a(m#n) aro known valucs (not all the same)
and Ry is the rank of Y; among all (m+n) observations.

(1) Show that the tost base¢ on S will have a monotone power
function in A for this problem,

(41) @hat are the implications of tho above result.

. [9+3]
Suppose xl.xz,... arc i,1.d., random variablos and Ho and H1 are
two simple hypotheses concerning (xl.xz,...). Show that the
SPAT for testing Ho against Hl terminates with probability one
under both Hy and Hy . ' [14]

p.tio.
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5, State tho fundamental idontity of saquential analysis and
using -this obtain approximato cxprossions for the O.C. and
A.S.N. functions of tho SPAT, : [16]
OR
Lot X)Xy +ve bo Lo1.ds N(k,0?) whore both u and o aro
unknown, Describo Stoln's doublc sampling procedure to find a
bounded length confidonco interval for p with a given confi-
dence levol l=ae
Obtain a confidence interval for p of cxact longth 2{ with
confidenco cocfficient not lass than l=-ua.
Also obtain an unbiased cstimator of p (using Stein's double
sampling proceduro) for which the variance is bounded by some
nunber not depending on a. [16]
6.(a) Derivo undor suitable conditions the Cramer-Rao incquallty
for the variance of an unbiased cstimator in the sequantial

[9]
(b) Supposo Xy sXp0e0e are 1.4.d~ Bin (1,8), 0 ¢ © < 1, Suggest

casac.

a soquential procedure to obtain an unbiased estimator of

é vhich attains tho corresponding Cramer-~Rao lower bound.

(o]

7. Assignments and class performance , [16]
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1.

Note t Each question carries 20 marks. Answer as
much as you can but maximum obtalnable
marks is 100,
Yherever necessary draw the circuit dlagrams
and related graphs.
A battery consists of 'm' number of parallel rows, each of
vhleh has 'n! number of cells jolined in series. If each of
the cell has an internal resistance 'r' and open circuit

emf 'e' .find the overall internal resistance and emf of the

battery. Draw the necessary diagrams. (4]

N
.

With sultable circuit dlagiam, find for what value of the

external resistance 'R', this mixed combination of cells
will yield maximum current,the magnitude of which you havo

to determine. [6]
vhy Maxwell's loop current method is more comprehensive than
Kirchhoff's branch current method ? RIn [3]
Calculate the magnitude and the l_T_fN\ I [
dircction of current flowing 22 J_ _jéf+
through the different reslistance - = = Vv
(in 0) of the notwork DABC 120»1]' TS 6” loo
(Apply Maxwell's Law) 7]

Stato and explain Faraday's laws of electromagnetic induction
and Lenz's law. Hence find an expression for the induced emf
generated in a coil. Define self inductance L of a coil,
[6+4+2 = 12)
A coil of self inductance 'L' and an appreclable resistance
'R’ is being put across a battery of V volts (dc). After the
inductive current reaches to its maximum value the battery is
withdrawn and the open terminals(of the battery) is joined
together. Derive an expression for the decaying current and
draw the graph of the voltage impressed across L. (8]

p.t.o,
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.A series combination of capacitor 'C' and high resistance

'RY 45 joined across a battery of 'V' volts {(dc) through a
DPDT switch. Draw the circuit diagram. Brlefly describe with
suitable derivation how tho capécitor charges to the maximum
value of tha battery voltage and the curront flows through
it. Draw tho nature of voltage across 'R'. [10)
It is possiblo to get an output which is the derivative of
the input signal applied to this RC circuit. Clearly state,
viith suitable dorivation how and under what conditions this
output can be obtained. Draw the necessary circult diagram.
How trigerring output can be obtained from the rectangular
input waveform ? [10]

An alternating voltage ( Vm Sin wt ) is applied across the
combination of a practical coil (of inductance 'L' and
appreclable resistance 'R') and a pure capacitor ( of capa=-
citance 'C'). Using the vector method or otherwise, derive
the related expressions and describe the different paramcters
(as condition for resonance, resonant frequency, the impe-~
dance, magnitude of the current, power factor and the speclal

name of the circuit) associated to the circuit when the

choke=-capacitor combination is in (a) series type and (b)
parallel type. [8+8 = 16]

Make a table for the comperative study of the parameters
assoclated to the two type of combination. [4]

What do you mean by thermionic emission ? Clearly explain,
with suitable diagrams, the function of a high-vacuum (6]
thermionic diode.

Describe, with neat and labelled circuit diagram, the overall
operation of a full wave single phase ac. rectification. Draw
all the necessary flgures. (9]
With suitable circuit diagram, describe how the intermmittent
pulses‘of output derived from the above mentioned full wave

rectifier can be filtered. (5]
In the 1ight of electronic theory, clearly differentiate among
insulators, semiconductors and conductors, [6]
\ihat consists of semiconductor current ? Derive an expression
for intrinsic semiconductor current, 5
What is extrinsic semiconductor ? Name the sultable doping

elements for this. Describe briefly the different sub-divisions
of extrinsic semicondnetors. [9]
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, Note : This paper carries a total Sf 110 marks.
Answer as many questions as you can, You
can answer any part of any question, But
the maximum you can score is 100, Marks
allotted -to _cach question are given in
brackets {n . Answers should be brief and .
to the po .
Give a broad account of the method of quantiles for estimation
of parameters of a two=parameter lognormal distribution. Men-
tion, in particular, the choice of quantiles which give esti-

nates with the highest asymptotic efficiency. (10+5)=[15]

How would you compare dlffefeni'algeSraic forms of the Engel

curve in respect of goodness of fit vhen fitting them to empi-
rical data based on budget enquiries ? Give a detailed account
mentioning in particular the Durbin-Watson statistic. [20)

Discuss the 'identification problem' that may arise in the
context of estimation of the demand-function for a commodity

on the basis of time~series data on aggregate market transac-
tions and market prices, How is the problem overcome in
practice ? (7+8) =[15]
Examine the problem of multicollinearity arising in the -contoxt
of estimation of demand functions from time-series data. Do you
feel that ridge regression is an ad-hoc solution to the multi=-
collinearity problem ? Justify your answer, (9+6) = (15]

Define olasticity of substitution between two factor-inputs in
a production function, and explaln the significance of this
measure. Show that the CES production function includes the
Ccbb =Douglas production functlon as a special case.
gras P (8+7)=[15]

p.f.o.
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6. The followlng results are based on a family budget survey in
a vorking class centre in India during 1956-59, Obtain the
Engel elasticity for expenditure on food ltems by regressing
it on total expenditure by 'a suitable form.
rmonthly income estimated % average average per capita mon-

per capita of families family thly expenditurc(Rs,)
(Rs.) size on all on food
1tems itoems
below - 25,0 28 6.4 19,2 12,8
25.0 -« 49,9 a3 5.4 35.8 22,4
50,0 = 74.9 19 4.7 63.4 35,2
75.0 = 99.9 11 4.3 84,5 42,0
100.0 -~ 124,9 6 4.0 112,2 54,7
125,0 = 149.5 3 3.7 134,7 . 62,5
150.0 and above 3 3.2 160.9 68,9
(20)

7. Practical Records ( to be submitted by May 16, 1988),

[10]
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1.

w
.

Note t The paper carries 115 marks. The maximum you
can score is 100,

Let A be an mxn matrix, ¢ € R™, b € R™. X, ¥ are non
negative vectors such that
¥c + by = XAy 2 Xe + by = XAY 2 X¢ + bY ~ xAy for all
non negative x,y with x € RM, y £ .
Show that X, y are optimal solutions of the following
problem (P) and its dual respectively. )
(P) Find x 2 O such that 24 is maximum subject to xA ¢ b.
[20]
Suppose x = ( 1v - §m) maximises x¢ subject to some linear
constraints where ¢ = (?(1. . Ym). Suppose x’= (fi... Enlx)
maximises xc'subject to the same constraints where
’ [ ’
¢l=( Yyr oo )’rrlx)' Yy >¥, and Y =Y1 for i > 2. Show

that §;. 2 51- [10]
Find &y, £y £ 2 O such that 8%+ 198+ 76, is maximum )
subject to
351 + 48, + £3 ¢ 25
§) +35, + 383 ¢ 50 [20]

Let (N,k) be a network with source s and sink s’ Let Xy 9%y

be dlstinct nodes of N different from s and s'. Suppose

I 62, 4,, 4, Al2 are positive numbers satisfying the

following 3

(a) If k(s,xl) is inercased by (g’_. then the value of the
naximal flow is increased by Al'

(6) If %{x,, s') is increascd by 5;, then the value of the
maximal flow is increased by A2.

pPstao.



- 2" -
4,(¢) If k(s,xl) 1s increased by 5.1 and k(xy, s’ ) 1s increased
by 52 simultaneously, then the value of the l_naximal flow

is increased by An.
show that A A+ 4. )
122 B 2 [20]

5, that is a minimal cut in a network (N,k). Provae that tha value
of a maximal flow equals the capacity of a minimal cut. (1]

Let {S, T} ¢ ) be a matrix game with value w. Let «,B be
real numbers with @ ) O. Calculate the value of the game

(s, Ty a¢+p). [10)

'

o
.

7. Hrite down the pey off matrix and find the solution for the
following games .
independently choose integers between 1 and 4, If

Pl and P2

P) choosas 1 and P, chooses 3, P, pays Py an amount J1=31.
"[20)



INDIAN STATISTICAL INSTITUTE
B.Stat.{Hons,) III Year : 1987-88

DESIGN OF EXPESRIMENTS
Semestral II Examination

Date t 4.5.88.  Maximum Marks : 100 Timo : 3% Hours

Note : Answer any four questions. Marks allotted to

each question are given within parentheses,
1. Give the details of the analysis of covariance for the follow—
ing model 1=

Yiy ~ N (mij’ a?) 3 all independent,
Mg =R ta +¥x 3 1LLCb, 18] Cng

Indicate the changes in the analysis appropriate to tha follow—
ing revised model i-~
Yig ~ N (mij’ A) 3 all independent,

myy =k vag+ \/xﬁ; 1{1¢b, 143 <n,.
. (12+8) =[20]
2,(a) Consider a 2° factorial experiment involving 3 factors
Ay B and C cach at two levels O and ). Write down the -
expressions for the main effects and interactions and also
the sum of squares due to them in terms of the ylelds of
different treatment combinations.
(b) Enumerate the different types of confounding possible in an
arrangement of these 8 .treatment combinations into two
blocks of 4 plots each,
Consider the following unequal:arrangement in two blocks
( in standard notation)
Block I (1) a
Block II b ab ¢ ac be abe . .
that main effects and interactions are not confounded at
all ? X

(c

~

(14+4343)=[20]
3.(a) Below is given an incomplete xey-block of a 2% factorial
experiment conducted in two 8-plot blocks :=
Incomplcte Key=block : (1) ac bc acd +ea  oie
Search out the other 4 treatment combinations for the
Key~block and 21so the confounded interaction. .
pst.o.
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3.(b) Consider a 2 factorial cxpcrimcnt involving 3 factors
'A, B and C cach at the levels 0,1 and 2, Construct two
roplicatos of this experimont in blocks of 9 plots cach
"conrounang tho interactions ABCZ .and AB respectlvoly.

Give the analysis of the rosulting dasign.
(5+5+10) {2¢

4. A laboratory 1nvostlgatlon was conducted to examine tho cffe

of two inorganic materials A and B and a baso C on tho outpy,
of cotton dyo-stuff, It was decided to examine all combinatg

of tho levels of cach of_tposo factors and the vhole cxperis
ment -was repeated to givo'éufficlcnt procision, Levels of ay
factor are at cqual intervals of tho varlables. Analysc the

data to test if the treatment combinations produce signific,:
tly diffarent ylelds., Also ostimate the mecan squarcs due to

the lincar and the quadratic componcnts of the three main

offects. '
Yields of 3 dircet cotton dyg~stuff
Levels of factor A
A —

Levels of B Levels of B Levels of B

Bp. B B Bp 8 B B By 2
Co 74 13 69 112 46 130 n 56 125

85 12 115 148 '52 107 75 47 70

c 211 110 199 166 218+ 220 200 26 227
1 s 145 164 288 204 142 216 239 265

c 74 147 195 47 146 198 90 102 164
2 15 104 183 65 124 165 60 70 114 .
(14+6) =[20:

5. In a randomised block experiment for testing the differente
among seven varieties A,B,C,D,E,F and G of guayule, the follow
ing table gives the layout plan-adopted‘and the data on resin
percentage and ghrup welght (gms.) for a randomly selected plar
-in‘each plot. The upper figures denote the resin percentage
and tha lower figures in brackots, the shyub weight in gms,

Contaeseas



QoS5 contaasee

B F G E D A [
Block = I 5,24 4,85 5,99 3.97 5,50  4.49 5,74
(61)  (84) (86) (34) (65) (88)  (39)
E G A F D B ¢
Block=11 5.71 5.15 5,15 4,86 6,00  4.49 6,15
{58) (89) (28) (67) (96) (142) (88)
G c F D B ‘A “E
Block - III 5.88 4,88 5,82 4,75 5.60 6,22 6,05
(58) (61) (129 (129 (95) (1)) (87)
B E A D G c F
Block = IV 6,13 5,64 7.24 6,30 5.36 6,20 5.17
(70) _(101) (119 (101) (99) 127 (104)
G B D A F E c
Block = V. 5.80 5,78 5.85 5.67 5.86 3,85 6,18
(93) _(98) (451, (132) (144) _(105)  (169)

Perform the analysis of variance and covariance and compare
varieties for resin percentage adjusted for shrub weight,
Find the standard error of the difference between the adjusted
mean resin percentages for two varieties,

(5+1243)=[20]

6. Practical Assignments. (20)
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Hote t Answer all questions,

1.(a) Show that the one=sampla Kolmogorov-Smirnov statistics

+ -
Dn' Dn' D, are all qisttibutlon-free if the uncerlying

distribution is continuous.

(b) Ahy do you expect the Kolmogorov-smirnov test to perform

well as a goodness of fit test ? [843]

2, Consider the paired-samplo problem. Lat (xl.Yl).(X2,Y2),...,
(Xn,Yn) ba a random sample of n pairs,

(a) Construct an upper confidence bound for the median © of

the difference X-Y on tho basis of the Jilcoxon signed=-

rank statistic,

Show thai the distribution of the differcnce O ~ 9, the

error of the estimator, is independent of @ vhcre 8

denotes the Hodges-Lchmann estimator of @, [12+3]
' OR

{(b) Show that thc null distfibution of ililcoxon signcd-rank

stotistic T+ is symmotric about its cxpectation

E(T+) = N(N+1)/4,
and Var(T) = ;—4 N(N+L) (20141). [15]

3.(a) Describa the sign test for onc-sample location problem.
(b) Find the asymptotic null distribution of tho sign test

4.(a)

statistic. . [3+4]

Supposce we have two independent random samples from two
populations with continuous and strictly increcsing d.f.'s
F and G, What is the level a test.based on the Mann-#hitney
U statistic for the null hypothesis Hy: F=G against the

one-sided alternative
H 1 F(x) 2 G(x) for all x, but F A G
Show that the same test is also a level a unbiased test
for the null hypothecis Hé: F(x) ¢ G(x) for all x against
the same alternative, [10]
OR
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4.(b) Consider the shift model G(x).= F(x = ©) for all x¢ in a

5.(a)

(b)

two~sample location problem where F ~nd G are d.f.'s for
the t.o populations and Q is the amount of shift.

Show that the Hodges-Lehmann estimator 6 is distributecd
symmetrically about © {f efther of tha following two
conditions hold ¢

(1) Thc distribution F is symmatric cbout some point .

(14) The two sample slzes are equal, [1ic;

Show that the Wilcoxon rank-sum test and tha Mann=Whitney
U tost for the two-samplo location problem are cquivalent,
Calculate the mean and vsrianco of ono of those tast
statistics under both the null and alternative hypothescs,
OR {19;
Defina a simplo linear rank statistic and give an example
Find the expectatlon and variance of a simple lincar rank
statistic under the hypothesis that tho observatlons are
i.4.d. with a common continuous d.f, and use this result
to calculete the expectation and variance for your cxampl,
(10

6. Consider tho two-sample problem whore the populatlions sampl
may be assumed to be normal. Supposc that only the ranks of
the observations aro presasrved, the original observations
having boen lost, How would you tost tho hypothosis that the

two populations are identical against a location altornative

In

(5]

each dﬁ the following problems state the model, the null

hypothusis and the alternative and suggest a suitablo tost,
(a) The following are the weights in pounds, before and afte

of 8 persons who stayed on a certain reducing diet for

four woaks @

Before 147.0[183.5 232.1 161.6'197.5 206,3|177.0(215.4

after |137,9]176.2]219.0] 163.8 193.5 201.4| 180.6[203.2

Test vhother the weight-roducing ciot is offectives
(b) The following table gives the cstimated values of O, th:

retio of the mass of the carth to that of tho moon,
obtainad from seven differont spacecraft,
contdeess



7.(b) contdee.s

Spacecraft %]

Mariner 2 81,3001
Mariner 4 81,3015
Marincer 5 81,3006
Mariner 6 81,3011
Mariner 7 81,2997
Pioneocr 6 81,3005
Pionecer 7 81,3021

Is this compatible with the previous Ranger spacecraft
findings, on the basis of which scicntists had considered
the value of O to be approximately 81.3035 ?

(c)A chemical compound containing 12,57 of iron was given to

two techniclens A and B. The results are given bolow.

DETZRMIIATION 12,46,12.40,12.76,11.95,12.77,12,43,12,60,

BY A 11,98,12.49,12.39,12.94,12,65
DETERMINATION 12.33,12,22,12,70,12.49,12,61,12.43,12.59,
BY B 12,53,12.,41,12.64

Assuming that the analyses are free from bias test whether
B is more reliable than A.

(d)Consider the following data where the y's arc exam.scorcs

d.(a)

(b)

for students who pre-cnrolled in a course znd the x's are
similor scores for studonts who did not pre-cnroll, Can
you conclude that the pre-cnrolled students did signifi-
cantly botter than the others ?

x| 73] 6e|82\6z}75
y |l 8| s | oal 76 | 84 [16]

Assuming shift model for the data given in Quostion 7(d)
compute the 95/ confidenco interval for the shift para-
meter 6, )

Use this confidence interval to tost the hypothosis =0
versus the two-sided altornative © £ O. [12]

9. Practical assignments and class performance. [14]
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2,

4

6

~
.

score is 100.

Arite a general linear programmning problem. Show that such
a problem is equivalent to a problem in canonical form. (
10

If a canonical linear prograaming problem has an optimsl
solution, show that both it and its dual have basic optinmal
solutions, [15]
Arite the duals of the following problems. Solve the

problems as well the duals.
(a) Find §,, 52, £, 2 0 such that 2§l+ 3£, is maximum subject

e
)% 5% = (15]
(b) Find §1, 52 such that 3§l+ §2 is maximum subject to
351 i 3
2, +45, ¢4, [15]

Find §), 52, §39 §4. §5 > 0 such that
5§1+§2+6§3-§5=2
=76 = by = 265 + 5, + 285 = -5, [15]

Using the simplex method, find the inverse of the matrix

1 0 -1 >
2 -1 0
3 -2 o0 (15]

Suppose the problem of finding x, unrestricted in sign, such
that xc is maximum subject to xA = byhas a feasible solution.
Show that it has an optimal solution if and only if ¢ i5 a
linear combination of the columns of A. [10]
Dcfine the lexicographic order =3 on m-vectors.

Show that

(a) If x 3y and y=3 z, then x =3 2.

(b) If x=2 y and £ < w, then X+z =3 y+w.
. Y =3 v, > [245+8]
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Note t Answer any five questions. Questions
carry equal marks.
1.(a) Define Wishart matrix, State and prove the additive pro—
perty of Wishart distribution,
(b) Let A~y wp (I,n)
then prove that
(1) 2y~ %%, (11) fa ~ %2, (111) £ a,, ~x? ‘
i1 13 13

Find the appropriate d.f. in each case.
q L
2(a) et X = (X1) T Ay N (P, ( n;‘ Bl)
2 p~q By 1.
Find the distribution of Xy given Xy o

(b) Find .the distribution of

-1 -}
) X'LTX - xé I, Xy .
i LT - :
vhen £ = (E s ) as given above.in {a).
21 “22 . : . B

3.(a) Let © denote a r.v. which is Q.f. - in the items of a random
sample of size n from a distribution which s n(O,aZ).
Let A denote the symmetric matrix in Q@ and let r, 0 { * { n,
denote the rank of A,
Prove that
0/0% ~>»¥2(x) 11f .

A2 = A and xank of (A) = r.

(b) Let XypeserX, denote a randon sample of size n from a dis~
tribution which 1s n(O,a ). Prove that Exiz and every
quadratic form which is non identically zero in il""'xn

are stochastically dependent,

4.(a) Let q and a, be apriori probability of dtawing?an obser=
vation from population m, with density Pl(x) and 1w, with
density Pz(x) respectively and if the cost of mis-classi-
fying’an observation fromm, as from m, is ¢(2[1 ) and
an observation from n, as from Ty is c(l|2), define the
region of classification so that the expected cost of

misclassification is minimised, Cont..
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4.,(b) If tha two populations =; and =, happen to ba multivariate
normal with means By and By and variance covarlance matrice,
L then find the best reglon of classifications.

Calculate tha two probabilities of mls-cfassificatlons.

5,{a) Let Xys over Xn be independent, cach with distribution
N(u, (Gij 6;J))' Find tha density of sample correlation
matrix,

(b) Let the components of X correspond to scores on tests in
arithmetic speed (x,), arithmatic power (x,) and memory for
words (xs). The observed correlation matrix in a sample of

size 140 is
1.000 »425 .042

«425  1.000 <149
042 «149 1.00

Find the multiple correlation between x, and the set

x, and x4. Test the hypothesis at 57. of significance that
arithmetic speed (xl) is independent of arithmetic power
(x2) and memory for words (x5).

6, Write notes on ( any four)
(1) Behren Fisher Problems
(ii) Multiple Correlation Coefficient
(111) Hotelling's T2 statistic
(iv) Test for indépendence of two sets of multinormal vectors
(v) Cochran's Theorem and its applications.
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ELECTIVE-5 t ECONOMICS
Periodical Zxamination

c2 01 2,3,88, Maximum Marks : 100 Tima t 3 Hours

tiote 3 Answar quastion no. 6 and any four from the
rest. Mzrks allotved_to cach question are
given in brackets [ J.

1.{a) Find the equation of tho Lorenz curve for an exactly
Parctean income distribution over the income range (c,w)
where ¢{>0) is thc subsistonce income. (82

(») In (a) above, what would be the cguation of the Lorenz
curve for the truncated income distribution over (C’,w)

fe]

1
where ¢ > ¢ ?

(c

~

Suppose you are given some income data and you plot a
graph showing log Tx against log Nx, where Nx is the
nurmber of earners earning x or more and T  is the total
income of these Nx persons, “hat would be the equaticn of
the graph if the income cistribution is-Paretcan ? [6])
2.(a) Discuss the general properties cf a Lorenz curve, (8]
(b) Explain clearly the significance of Lorenz curve compari-
sons of different income profiles, (6]
(c) Obtain the expressions for the Lorenz ratio of a two=
parameter lognormal cistribution, [6]
3. Guppose a size variable X follows a two-parameter lognormal
distribution with parameters p and 02. ‘¥hat is then the dis-
tritution of Y = X", where @ and § are two positive constants?
Also obtain the expression for the mean, median, mode and
coefficient of skewness of Y. (5+15)=[20]

4.(2) Clearly bring out the distinctions between tha two approa-
ches viz., "' conventional statistical® and normctive, for
measuring income inequality. [lO]

(b) Take any two measures based on 2ach of the two approaches
and aiscuss their suitability as appropriate mcasures of
income inequality. {10]

p.t.o.



5. drita short notes on any two of the following
{(a) Sen's poverty mecasure.
(b) The moment distribution property of tha lognormal
distribution and its uscs,

(c) Universality of Pareto law of income distribution.
(10x2) = {20}

.

6., Examine tho size distribution of income given below and fit
a Paretean distribution over the appropriate range.

Income (Rs.) No. of ecarners
10001 - 20000 6286
20001 - 30000 1404
30001 ~ 50000 696
50001 - 75000 218
75001 - 100000 82

100001 -~ 200000 74
200001 and above 25

(6+14)=[20]
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ELECTIVE-5 : PHYSICAL AND CATH SCIiNCES
Puoriodical txaminatilon

oite ¢ 2.3,.88, Maximum Marks : 100 Time : 3 Hours

Note : All questions carry equal marks, 100 is the
maximum marks you can atfempt/obtain,
YRSBRVEE S 8S13TY drByaineifagure/clrcult alagron/

1. Clearly state and explain the effects of temperature rise in

a resistance, made of different materials.’ [4]

In this connection what do you meant by temperature co=-
efficlent of a resistance. (3]

The currents through an electrical conductor are ].A and O.'IA
when the temperaturesof the conductor are 0°C and 100°C
respectively. Find the temperature co-efficient of the
resistance of the conductor, ./hat would ba the magnitude of
the current at 1200°C temperature ? [7]

How do you account for the different temperature co-cfficient

of the resistance ( of a conductor) in explaining the lincar/

non-linear characteristics 2 With suitable graph explain the
" ‘phanomena. {s]

Two resistances of 40 and 120 ar2 connected in parallel with
each other. A.third resistance of 100 is connccted in series
with the'combination. Find in each c ase what de¢ voltage
should be applied across the whole circuit to pass 6 through
(a) 100, (b) 120 resistor. Draw the neat circuit diagram and
£1so calculate the pd across 40 in cach cases. [s]

N
.

You have .hea;d the 'shunting' of a galvanometer. ¥What vould
be the value of shunt resistance wrt galvanometer resistance
and vhy ? Hence clearly explain its utility. [4])

A bulb rated 110Y, 60¥ 1s connected with another bulb rated

110", 100w across a 220v mains. Calculate the resistance to

be joined in parallel with one of the bulb so that both of

them may take their rated power. (7]
pet.o,



3. Thare are m number rows of battery each of which is contain-

4

ing n number of cells having emf E and internal rosistance r,
An external zesistance R is connected across the combination,
Dztermine the condition for maximum obtailnable currant
dorived from thls arrangement. How much efficiency youwould b,
expecting from the system ? Lo fe]

‘Yhat combination would you prefer to derive maximum current
using all the cells ( as mentioned above) and considering
thelir ideal nature { l.e. r 220) ? K (2]

One hundred cells, each of which has emf of 2V and internal
recistance of 0.80, are to be connected for sending maximum
current through an external resistance of 5Q, vhat combina-
tion would you prefer and why ? Find the value of current in
each of the combination. [7]

Two resistors 1Kgand 4Kawere connected across 220V supply.
that would be the difference of voltage across 4Ka(4i) when
measured by a voltmoter of 12Kdresistance and (i1) calculated
without using galvanometer ? [4]

State and explain, with suitable diagrams, Xirchhoff's current
and voltage laws for network analysis, [6]

Briefly describe the relation of voltage drop across a resistor

and also the battery emf wrt flowing current through thep.
137 12
'y i V‘b’/7i ZC Along the rectangle ABCD different
;1 Aﬁlﬂ/\‘? J@ v resistors are arranged as followst
| 2:C  1100(AB), 1320(3c), 440 (AC),132a(AD),
I 442(BD) and 220" in saries with
=hu0 442(CD). Find with Kirchhoff's laws
or otherviise the direction of current
EE IO " flowing through and potential diff-
erence across 1100, (10]

5. Three t:esistors, of different value, arv connected across the

side of an equilateral triangle in delta fashion., Mathemati-
cally deduce the relation of conversion it to an clecirically
equivalent star fashion of resistors along the modians of the
same triangle, ) ' [7)

Contd....



wsde contd....

If possible, convert a star fashion of connoction to an

clectrically equivalent delta configuration. [a
" 18052 1
2o ’__ﬁ=( Determine the current flowing

, L - through the 220" supply and
== ) = output voltage across 709, 9]

fcl )

6, Clearly state and explain with suitable diagrams , Thevenin's
theorem for network analysis. Mentlon all the steps you may

require. {8

The four arms of a wheatstone bridge have the following fixed
resistances in ohms ¢

AB = 900, BC=100, AD=450 and CD=50+40 (variable)
[The variable resistance has 2 extreme connections only]
A galvanometer of 150 internal resiatance 1s connected across
BD and a potential difference of 90 1s applicd across AC.
For two extreme connections of variable resistance in arm CD,
find the value of current flowing through the galvanometer,

[12])
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DESIGN OF ERPERIM.ITS
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5

Date : 24,2,88, Maximum lMorks : 120 Time : 3 Hours

tote ¢ Answer all questions. Marks allotted to
each question are siven within parenthases,

1; Obtain the layouts of the following designs : -
.(a) A CRD with 3 treatments A,8 and C, thc replication
numbers being 6,5 and 10, rcspectlively,
(b) An RBD with 5 treatments in four blocks.

{e) A 6x6 LSD. (6+6+8) = [20]

2, Writing R,C and E for the row h.S., column M.S. and ercor
M«5., Tespectively of an mxm Latin square design prove that
(1) an estimate of the error M.S. which would have been
obtained 1f the row classification had not been made is

R+ (m-1) E
m

and (41) if the Jdesign had been completely randomised the
saine is

R+C+ (mal) E
m+l

Hence estimate the efficiency of the Latin square relative
to (i) randomised blocks made up by columns and (i1) unres-
tricted randomisation, (8+8+2+2) = [20]

w
.

The following table givcs the layout and ylelds of 6 wheat
varieties in an experiment in four randomised blocks.

Block = 1 V2 V3 V6 Vl V4 V5

Yicld 30.6 27.7 24.9 27.8 16.2 16.2
Block - 2 \4 V4 V6 V2 V5 V3

1
Yicld 27,3 15,0 22,5 28,8 17.0 22,7
Block - 3 Ve v, v, Vv, v Vg
Yield 22,7 31.0 14,1 34,9 28.5 17.7

3lock - 4 Vv,
Yield 14,1 22,7 17.7 39.5 36.8 38.5

\’ V, Vv, V3 V1

p.teo.



Q.3 contde..s = 2

(a) Analyse the data and deteraine the best varicty.
(b) If the yleld of V2 on block 4 is known to Le cuspiclous

are you ¢olng to mocify your conclusions ?

(10+10)=(20)

4, In the experiment describad below four materlals -nre tested
in each of four runs on a machina with four diffcrent posi-
tions. The letters A,B,C and D refer to four materials. The

layout of the experiment is given below where th2 flgures
denote the loss in weight in a run of standard length.

\\\apsition
4 2 1 3
Run -—
2 A(251) B(241) (227)  c(229
3 D(234) c(273) A(274) B(226)
1 c(235) D(236) 8(218) £(268)
4 B(195) A(270) €(230) D(225)

(a) Analyse the data anc give your comments.

(b) If the variation due to different positions of the
machine 1s ignored, will you modify your conclusion ?

5. Practical Assignments.

(10+20)={20]

{20]



[1557-c6]361]

INDIAN STATISTICAL IiSTITUTE
3,Stat.(Hons.) 1II Year : 1957-€8

MULTIVARIATE DISTRICUTICIS AMD TEST
Periodical Zxowmination .
Date : 22.2,88. Maximum Marks : 100 Time : 3 Hours
ilote : Answer any four questions,

1.,(a) Define Multivariate normal density, Interprete its
parameters in terns of first few moments.,

2

X o I

M 1 0,6
(B Let X, ~ N, (( L), ( 1,2
« B2 9,9 95, ), «=1,2

. X, . +X Xo,+X

Then find the distribution of ( L1 12 =~ 21 22y,

2 2

2.(a) Let Xl..... XN be indepandent random vectors such that

Xy~ Np ( By L Yo Then fo{ orthogonal C = (cij)'
prove that
(1) ¥y =27Cyy Xy ~v Ny (Dyy T, where )& =D Cyny

(ii) Yieeens Y, aTe independent

. ] 7
(1i1) vy, = =%y

(b) Using the above or otherwise prove that R

(W X~n, (p3r)

(11) X and S are independent, symbols have their
usual meanings.

' 13
3.(a) urite the Hotelling's 12 stztistic for testing

Ha tp = , in a multivariate normal set up. Find its

distribution under H,.
(b) Let we have a random sample Xy,e..,X, from Np(p,z), L
being unknown. Derive the Like¢lihood rztio test for the

hypothzsis H° =Ry Show that it is a function of

T2 defined earlier. pstioe
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. )» @ = 1,4¢, n be independent, cach paip
) U12 s 0
with distribution Ny{0 5), ( 172 )]

3 [+
0102 2

4.(a) Let (zl‘x ' 2,

Prova that conditional cistribution of b = Iz Z_ /tz 2
la 2a" "T1q

2 2 2
and V/o© = ¢ (5, = bZlu) / o given 2), (a=1,.0,n)
is N (8, o%/¢? ), (2 = Ezlz ) and %2 (n-1)
respectively and that b and V arc independent.

(b) On the basis of 15 trivariate observaticns the following
correlation matrix is obtained.

1 .1 .2
ol 1 ol
2 W1 1

Test (1) Hy ( £y, = 0), (i1) Hy (), 5 =0).

5.(a) Give an expression for multiple corrclation coefficiont
of x) on x2,...,xp. Find its distribution in the null
casce

(b) In the example 4(b) test for Hy ( 91'23 =:0) .

6. Urite notes on any four of the following :

(1) Hotelling's Generalized 12 statistics
(11) wishart distribution
(1141) Multiple Correlation Cocfficient

(iv) Multivarfate Normal density

(v) Total éipartial correlation cocfficlants.
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1. Let X a rove with deastty f£{., ). Consider the problem of
teating Hot @ = 8, against H, : 6 = 8,.

(a) Define a level a test for Hy.

(b) For a randomized test, define the [robsbilities of tyre I error

and types II error, denoted by u.l snd “2' respectively.

(c) Obtain e test which minimizes
P1 ay * 1-2 e,
where }1 and I-‘2 are known positive constants.
(d) Show that the above test is MF of {ts size. [20]
2. Based on independent random samples from N{n, ) amd- °
2
K(uz, ) obtain the LRT of 3ize a for testing u, = u, egatnst

2
uy # u, when 13 unknown. Derive a coafidence interval of

level 1-a for ny-u,. [20]

3. Let X1.)(2 be 1.4.d according to the c.d.f

. -6x, ’
F(x,8) = 1-8 x)0

=0, x{.0

-6x
for a fixed x ) O, find the UMVUE of 1-e .

L. L&t Xy, 000 X, be the times (in months) until faflurs of on

similar pieces of equirment. 3uppose that xi's are distributed

with the common density
= X
(x,0) =ae , x) 0

=0, x(O
(a

~—

Obtain the UMP test for Hyt a ) o against Hyt a &+ How

vould you obtain the cut-off point of the abeve test given
the size¢ a ?

contde sesee2/-
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4(b) 3uppose a = /45, Find the minimum sscple size nevded for tng
above tust to ochiuve power a;. loust C.95 ct Lo 1/15 whon

a = 101. l1s
5. How would you te¢st tha equality of two koisson distributions
¢ the bosis of {ndepcndont somples of fixed 342es ? [1¢

6.(a) Siiow that thy largost observation i3 minimal sufficient for

v(o,e). P .
(b) Obtain mini{mal sufficiont statistics basecd on a random sample
of size n from N(u, 2) when

(1) -aCulw 230

(11) u = 0, 2)o
(111) ~w{ u ¢ w, 2.1
(1v) u =0, =1,

(c) State Cromor Rao Incquality and discuss 4ts rols in :tatlsncq

inference. [ 18

For clarity [2].

$38s:
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Differ.nco aad Difforcntial Equations
et 31.12.87 Maximun Merkiys 160 Timet 3 houra
Notee Answir all thc quustions
1.{a) Selve the differintial cquatizns

(1) (x+V&L v qe2c7Y
dx

(14) yd y « by%dx = a cos x dx
(b) Usu the fict that y = x 15 an obvicus solutivn of th: following
cquation to find its guncral solution
(N X

1
y - — Y +
x=1 x=1

y=0 [5+5+8=18]

2.{a) Establish complctoly Keplor's socond law : tho radfus voctor
from the sun £0 a jlunct swueps cut oqual arces 4n cqual intome
vals of ticu.

(b) Two masses arv M and m connucted by a string which passes
through a hle in a sooth korfzzntal plane, thoe mas m is
hanging verticallys Show that M describus on the pl:.\m a curve
whoase differential equation is

52,
(1+8) A48,y 0 3
17 a2 k

o

(Hera (r,8) zre poler ccordinstes, u = 1/r, h 18 a constant s°
that d6/dt = huz, and g 15 tho acceleratisn due t» sr.wity.)
[101es18]

3. C-onsider the equativn y“4~ xy' +y=aC
(a) Find ita g.neral solutiony = £ g X" in the fom
y = agy,(x) + ayy,(x),
where ¥, {x) anc yz(x) ar2 power seriuss
(b) Use ratic test t> verify that the tw> serics y,(x) and volx) o
comverge for all x.
2
(¢) Show that y.l(x) 15 the serles expansion of o™X /2, Usc the

fact to £ind a seccnd independent s2lution, and cinvince
yoursilf that tha socind salution {s the functlon y,(x) found

in (a). [8+646=22)

Contds seeee2/=
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ts(a) Show that
oxp (5 (¢= PN =T 300 &%,
Na=oo
where J_(x) is the Bessel function of order n..

Hence deduce

(1) Cos (x 35in 6) = I J (x) Cos né

N2 -0

-
(11) Sin (x 3in @) = ¥ J (x) Sin n6

Na—co
(b) Frove t-he following recursion formila for Chedyshev
rolynomials

TTT T x) e p(x) e 2x T, (0
[{B+4en)+10=26]

5.(a) Show that if f and g have the same Laplace transform, and g |
continuous on (0,=), then £(t) = g{t) for every ¢ ) C.

(b) Find the inverse Laplace transform of
r+3
P2+°.p*5

(c) Solve the following differentisl equation by the-method of
Laplace tranaforms

7 ety = bx, y(0) = 1, y'(0) = 5. [B+6+8=24]

o
e
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B.Stute.(Honse ) IIXI Y ar
SCME HTRAL=-T TACKEAFLR fdn. DUATICN
Cam)lle Surveru

et 29412.87 Maximnun Nora::1Cu Tines )5 hours.

Note: Answer ail queacionds i.arks ._.].c*ted o
aach quzdtion ore given in b*ack\.t

1o(e) Defins a 'sopling desise'. What do you undors€srs 'by the terns
'inclusion prebebility of a unit' end ' Joint inclusion probability
<1 & pair.cf wits' for u sampling cosign.

{b) For a probabil ity proportionrd 4u =ize with riflacezeont sampling
dssign of » drawa, write down Ty the rrobebility of inclusion
of a wnit Uy and Mgy the joint indlusion prodadility of a pair
of wits (u,, Uy ). (7+6213)

2.(a) ¥en stratified simplo random sanpling; withoul roflzcenint is
used t9 estimat: th: pojrlution m.an, derive 2 allocation of
the fixed total sawglc size n to ths atrct which miniziscs the
variunce of the ostimated meon. How do.s ene {mplement this
allocation in Frractice ?

"b) ¥ritc down the 'combincd end soparuts ratio -stin”:or.. in
stratified saipling. Wnich of thesd dc you rscommend ?Give
reasons. . . . (e+10218)

3-(&),De!‘1ne ths term ' Intra Cluster Correlation Coa'rﬂcient' « For

a porulztion of 14 clusters coch of size’6, £ind th: lower and
upper bounds for the intra class corrclation’cocfficlent among
the vlcments of the cluster. .

(b) & Fopulotion consists of N clusters of varying sizes I-)i,

- 43,2, 00, Suppose thst n cluazurs are svlected with probabilde
ties preportional 5 the clustur sizo ‘znd with replacement.
Write lovn an unbiiged c_.tir:-ator of the porulation mean ¥ and
an unbiased cstimator of its veriance. If it 13 decided to use

n - n . -
the estimator t ~t M, Y, /T M, for?, vhirc ¥; is the ith
[ R I

cluster mcan, 1 = 1,2,¢¢s, N, sukg:8t a sampling scheme that
mekes t unbiased for Y {3+3)+(8+5 )=(19)

A sanple survey was cenducted to estimnt: th. ‘Otd. household
expanditure in an urban area. The-dosign adopted wus a stratlx‘led
two-stags one with census enu.mar..tis.n blocks. as first stal

wiits and houscholds within them as szcond 'stagc uniis. rrom

cach stratum, 4 biock: wers dcluctid Zth Frobablility yroportional

O itds senee2/=
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to populoticn ard with ToFlacerent and 4 houschelds wore sclectdd
from cach scluctad block withi c¢gual probability &nd without
roplacement. Thue data on houdehild uifendituru 27T tho sanple

. hdouschslds tcgether with inforration cn scirection prob~bilitic,
are given below:

Taverss of  Totals O  nook.y housznoid —

Stratum Sg'l"g]‘;_k"d probibility  houscholds  cxpumditurc of sup
of selectien houtcholds |
- A
1 1 67.63 189 110 289 120 134
2 338.12 Lo 8Cc 60 122 125
3 101.50 135 122 216 171 105
4 69 .03 160 264 115 312 1z
11 1 113,34 73 35 359 160 117
2 441,00 26 97 179 1Ly 85
3 31450 240 100 115 50 172
4 661.57 N 102 40 126 13
111 1 15.80 287 122 176 108 140
2 24,00 257 125 110 134 215
3 48.89 68 360-115 67 110
4 26.73 21e 263 75 142 54

(a) Obtain on unbiased estimate of the +7tal wuckly household

expend{turs.

(b) Obtain an unbissed estimate ci tvhe saapling varlance of the

: above estimete.

(c) ¥nat are the sources of non-san;ling erross in the above survey

and how do you assess them? {16 +14+10240)
studonts
In a recent survey of 64/sclocted by randem sanpling with

replacement who took a fBackpaper Excninaotion' it was found that
47 of them could not improve on thelr previous result. Estirete
the proportion of students that took Bauckpaper examinations and
could not improve, in the population. Also obtain an unbizsed
estimate of the sampling error of ycur'csti:.ato. Cozment sn the
sznpling design used in this survey and suggeit any modification.
(3+4+43210)
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Stochastic Frocesscs-2

Cate: 23.11.87 Haximum Murks:1C0 Tire: 3 Lours

2

Note: Answer as much as you can. The ‘maxiamm
you can score is 1C0. ) ..
A telejhone excharge has m channols. Colls arr.‘.va'in the nanner
of a Fetssonirocess with parameter A ; they are acccnéd',it there
i3 an emfty channel, otherwiso they are 103t (no waiting line is.
formed )o The duration of cach call is exyonential with raremeter
H. Let X(t) denote the number of busy channels at time t. Fird
the birth end death rates for the rrocess X(t). Find tho stationery
distribution. [15]
(a) Write down the forward diffarontial oquation for a lincar birth
and death process xt' 't ) 0 with birth rates An =.n Acand death

rates u; =ny (A)>0, u)0 u)0) Find E(xt\xo a )

(b) In case A a g prove that

. At
Pyolt) = F(x, = o’ Xot) = 113x

n-1
x°=1]=Lt)_ n)1

P, (t) = P[x, = n
in Pt +
L ! [5+45415]

Let "(1, "('2. eoven be incerendent non-negative random

variables with common distribution function F(x) and density
function £{x).
Assume that

0C¢p=E ( ":’, ) Ceas

(a) Definc a stopping time N with respect to the scquance Tyy Tyeeso

State and prove Wald's equaticn. [2+8]
(b) Show that o
1 E2MCEN) 4
=)o 0t M
wherz N(t), t ) 0 s ‘& ronewal process with interarrival
-
times Ty Ty i, [0l

(e) Let g(t) = E(t - Sy(¢)) whero
Sn-'t'1+...+'7,‘n n)1.
Show that g(t) satisfies a rencwal type equation
t
B8 208 o[ glomn) 2020 ox
o retec.
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~3

T2

show thot  11m  g(t) = E N)
) 26(T,)

State carcfly the rcne’\-al theore= that you use in finding

the 1imit of glt). 5+15)
4. Let x(t), t ) 0 bs the stinderd Brownlen motion lricuss.

(aVLet ~z, - et x(e®) T ryo

(a ) O fixed). Find the covariance function cov (Zs, 2,) am

tre mean function E(Zt) of the Z, precess. f10]

(b)Let Y, = sup X(u). Find the distributicn function and the
u(t

density functicn of the random variable Y;,_. t) 0. (15)

iss¢
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Stochastic Irecauses-2
Datcr 28.12.87 Max tmue Merks: 100 Ticer 3 hours

Note: snswer as ruch as ycu cane Thoy meximum you
can score is 100.

1. Supposc that customers crrive azclrding to a Foisson Frecussas
with rate A and that each custemur starts being served jomadiatcly
upon arrivai (infinitely many scrvers). Suprose tast the service
tlnes arv indvivndent and oxPenentially distributed witw ’
parazeter e Lot V.t t>2 0 b2 the number of enateders ir the
process of being s.rved at time €. R

(a) Lot Y(t) denote th: number of custaucrs who errive in the intorved
[0,t]. vmat is tne conditionsl yrebability distridation a2 th:
actual ‘times of arrivel S1,'~S.,, .o Sn of tue n customerz Jivn

that Y{t) = n?(No proof is required)
{b) Using a) cempute

Pylt)aPlXy=y X ,et] ‘ ‘ Be15 ]

2. Comsider o pure death ;x_"::ess” on 0,1,2,+ss with death rates
n. =0, upn 2.
(~) Writo aown the f£aruerd cguations

(b) 391ve Fu(t) in torws >f P ()

1,3+
. \

(e) Fina Py (t), By 1, (e}

(a) 1f Ueni n )0, show that

i-
Pyte) = () ey (12t ) 0 gt [5+315010"

Let R(t), t ) 0 b a rencwal process with irterarrival tir -

1 v where 4 hzs the distributica funstion F o<

density function f. Let Sp @ qtee o o 21
a
(2) Show that E(N(t)) = ¢ Pls ¢ t]
n=1 -
(b) Show that l!(—:—) _) 1 Arest surcly as & t —) w wher:s
n
p=e( )

Ciatde eeves2/=



*o(e) et o(t) = E(N(t))

Show that w(t) = F(t) + rdtex )% M

(d) Find the probubility etstribution of ey 5455010

b Let X(t). t )0 te the stendard Brewmicn motion jirocess.

(a) Let 2(t) = x(¢) - £ X(1) for 0 ¢ t ¢ 1.
For O < t.l ( tz Coaea € tn fird the rrobabi) ity distribubirg

of (2(t,), z{t,).. z(t )
(b) Fora > 0, let T, bz the Tirst time X(t) equals a. Fint 1.

density of the ramdom voriable Ta*
(e)Let O ty C ¢, and let
A= X(t) = 0 for scme € in [t,, t?]

Compmute K{A) using th fact that F[A x(t,.) a2 a)=r(T e St

515415
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Statistical Infcrence

T.ter 26.11.87n Maximum Markst 1CO Time: 3 hours
Group A
Answer any two questions [25¢25]
1. Suppose that x1, cese, xn arc independently and identically

distributed according to U(0,6).
(a) Obtain the class of all MP sizc @ tests for testing 0 = V2

against € ) 2 .
{b) Consider the following test for the above problem t

P.(x) =1, irx(n) ) C
= 0, otherwise.
Is this test MF of {ts size?
(c) How large should n b2 so that #. has power 0.98 for @ = Mg 2ea
that @ a 0.0567
2.(a) In testing H:u { O voersus Kt u ) O bard on a random seaple
size n from N(n, 62) with £2 unknown, Show that the onc-sided

t-test 1s LAT (for « ¢ ¥2)
3.(a) Let X b2 distribut.d according to the Cauchy distribution with
pedian €, Define U = 2x/{14x2). Show that EU = C, Var U = ¥2

when @ = O,
(b) Obtain the initial region of tha LMP size @ test for 6 = 0
vs. @ ) O bascd on n indeperdent observations on X. Use (a)
to obtain an aprroximate cut-off point of this test.
(c) Show that the power of the sbove test tends to zero as 68— )
whena { V2.

Croup B .
Ansver any two questions [15+15°
1. Let X and Y be indeferdent random variables with geometric

distributions
X eV
flxy| 8y, 8,) =(1-8,)1-6,) eF €5,
X =0,4, soeeej ¥=0,1, scvvens

find a UMPU tost of size a = .20 for tasting 01(_62.

jets0a
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2. Lot Xyy sons X b the times to follurc of n pleces of cauireens
Assuzie that xi's arv indopendunt exjoncntizlly distributod

'
r.v. 3 with the comzon m:an YA. Cbtain a uniformly wmost Loturiyy

1evel (1-a), upper confideree bound { for q(A) = 14 - @ .
(Kint: Consider testing A > Ag againat A K )‘0)'

3. Bused on a rardom samile of size n from M{u,1), cbtain the L7
of the o.d.f at a given point. Check whether the variance of
this cstimate attains the corresponding Crancr=Ra0 lower bow. .

Group C [
1.{a) Show that the order statistics arc minimal sufficient for t..:

Cauchy distribution with median ©.

(b) Show that the c.d.f. of a r.v hawing dunsitios with LR Frajurt
in a roal parameter © is decreasing in 6.

(¢) Give examples to demonstrate
(1) ME 1is biased,
(11) Urblesed estimate is not consistent,
and(111) Any statistic is sufficlent.

for clarity (2.

E¥-1:31
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IDIAY STATISTICAL L:STITUIE
R.Stat.(Honse ) IIT Yeor
SEMESTRAL-I EXAMINATICN

Elective=4: Fhysical and Earth Sciences N

20.11.87 Maximum Marks: 4100 Timct 3 hears

Note: Atteuft vuustion n0. 9 and ary riva from e rizt.
iy otteait for extra quistion{TT will bu Sancd is .
Deseribe the various processes invalved when the hand Terts ol

an organism get altered while it underroes foss{lizgtiun.
'Fossils are useful as economic teols! _ hew? 11043

what {s the essential characterictic 2f silicate structure ?
How can pyroxene, amphibole, biotite, muscovite and quartz te
d{fferentisted on the basis of s{licate structure?

‘Describe tha role of Al in the structure of feldsrars. [4+3+4]

Describe the principal differences tetween an acid Jieva and

a basic lava.

“hat is a 'Frimary magma'? To which view of the nature of rrinary
magmas do you agrge single or two? Wiy ? [3+643]
In what way Bowen's name is mairly associated with‘igneous
Fetrology ?

Describe in short the crystallization procesa of a basaltic

‘ragma. : [6+10]

Describe the major factors a.“.d their effects_in metamorrhism.
Is there any difference between schistose structure and foliation?
name one typical metamorphic reck from the Eastern Ghats and
describe its miperalogical comjosition. [8+541+3]

How did Wegener depend his theory cf continental drift?

vWhat were the main criticisms against it ?

Descride the imjortance of rock magnetism in the understanding
of the drifting of the contirents. [a+uee]

Discribe the role of the Mid-Geeamic Ridge System in the under-
standing of the Plate Technics model.

Zxrlain in brief how mazma/lava is generated in the subduction
(convergant) zone.

what is the role of nstnenosphere in plcote tectondes ? [5*!»&]
Write siort notes on (any four):

Andesite; peridotite; progressive metamerphise; ¢ metiod tn

radiometric age determiration; woolly mammoths of Siberia und

Alaska; hot spots.

Petion
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9. F1) ufp the blanks (any ton). write down oaly on: of tnc fous
choieus for each blank.
(1) A pure sandstone (crthoquax‘tzlte) contains cdneral cbnstitu;-,.._
which are alrost all (feldspar/quartz/=ilica/chart},
(11) The dork colour of an igneous rock 1s due to the Lresence
of (Fe-r'.s/:,i-O/K-Cllca-}!a).
(114) K-fcldsper 4s an fmportant

( Irecious/cconomic/roci-#.
ng/erystidlic) mineral.

(xv) Mountain-building activity is decfly asscaiated with

(synchine/anticline/geosyncline/mantle ).
(v) The term texture includes

cross-bedding/viscosity ).

(vi) A1 is an important element in
dolomite/andalusite ).

(vi1) A mineral assemblege which defines a particular P-T environminy
is called (index/facies/retrogression/ profession).

(grain-siza/structure,

(magnetite/chal copysisy

(vifi) A pala.ontologist analyses remains of ancient organisms to tra

their (morphology/stratigraphy/evolution/rock-types).
(ix) The (eyes/teeth/blood-cells/muscles) of a dinosaur
were most likely to be preserved.
(x) Fctroleum is a /an (crystalline/mineral /organic/

tnorganic) substances

(x2) A plutonic rock is made up of (fire-grainzd/ both
coarse and finc gralned/coarsc-gr:‘.ined/clastic) ninerals.

(x44) Fyrite is a/an (precious/rock-forming/ccencmic/
ordinary) ninerzl.
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SEMCSTRAL-Y EXAMIIAT ION

Elective-4: Zconoemics

0.te:20.11.67 Poximum Marks: 100 [Iices 3 hours 15 tinuc.s

Note: Answer two questions from Croup A -
three Questions from group B.

CGrour A
1.{c) Solve the following linear Eregrarcing Frotlen Dy tre uingl«:
method : .-
ninimise ‘If;:x1 + 10x2 ’ %3
subject to Xy 3x2 v Xy =4

X+ Xy = Xy 22

e %0 x5 20
(b) Also find an optimal solution to the dval protlem. [1€+7=251
2.(a) Describe the structure of an input-outyut model {with an irgut
matrix A). When would you call A 'productive'? (You ray use
Gale's definition.)
(b) Show that A is 'productive’ if en only if (I - A)") exdsts ad

is non-negative.
(c) Show that 3f A i3 'productive', then lim At- 0, where

te—D)w
Abe Ahihoed(t times). . (44144725 ]

3. Consider a competitive economy in which each firm operates a
set of linear activities requiring two tyres of inruts - rlant
cagacilties (which are given for cach firm) amd rescurces (waich
different firms compete for and whose suprplics arc glven for the
econory as a whole ).
Show that such an economy can obtain its maximum possible tctal
income, only if it {s possible to assign prices to resources In
such a way that not only will thc available supflies of rescurces
be sufficient to meet the total demand for them by a1l firme,
but each firm will also be able to maximise {ts own profit. [25.

Group B

Obtain the commodity X commodity Input output table give:
the 'make catrix' and the ‘cemmodity X industry tuble!
below. ( use cormodity technology assumpticn).

- Fetece
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Table 4
bake Matrdx
Industrics
1 2 3 Totel
Cornmodities
1 1CO 0 0 100
2 10 100 [ 110
3 0 0 5C 53
Tetal 140 100 50 260
Tabdle 2
Cermodity X_Industry I-0 table
Industry
1 2 3 Final Domand Tety
Commod ity
1 20 30 0 50 1CC
2 30 20 20 40 11¢
3 10 20 10 10 A
Value added 50 30 2C 1CC
Tctal 110 100 5¢C 100

z.(a) The fcllewing pay-cff matrix represents the returns expected
by a firm far five alternative investments and fcur differunt
levels of sales. Which alternatives wculd the firm select &f
their decisicns are based on the (a) maxdimin rule (b) caxine .
rule (c) Hurwitcz rule for A = .7 and A = 3, where N\ = degr.

¢f optimisn
Levels of Returns
1 2 3 4
A ternative .
A %5 N 12 9
B 7 9 12 20
[+ 8 8 14 17
D 17 S 5 5
E 6 14 8 19

_(b) A large water treatment facility is located in the fl<se tflaln
of a river. The construction of a leved prctect the facility
during pericds of flooding is under consideratione Data
concerning the c2sts of c nstructin and expected f1cod dusiy:
ara shewn below. The frequencies ~f river level recching
maximum heignt absve ndormal in the last hundred years orc el
shcwm. fissuming the 1ife of the levee t~ be 50 years, cotwdn
the cptimald he.\‘ght of the levels. (Rate °f interest is 12 [.r

jetets
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No. of years river lanmega §f the Constrictiop et
maximum level wau x river fs xf{= of buijding »it
feat above normal abjve lavql high
Feat'x) , (in Rs. (i bs.)
o’ 2] o &
5 24 5¢0Q 70C0
10 6 10000 15800
15 6 20000 234D
20 4 40000 40600
25 2 60000 730¢C. .
Bl
3. Consider an ecoromy consisting of three oirder hicrerchy of

regions: national state and local. There are thirea indistriss
only 1,2 and 3 which specialise in the production of nationul,
state and local grods respectively. Goods are classified accordins
to the size of thelr markets. Assume that the structure of
production 18 same for all regions. .
The final demand of each good in each region is given. A3 there
are more than one state and local regions, distribution
cocfficients of national gcods for different states and different
local regions and those of state goods for different local
regions are given. Indicate the steps for detcminim.-«hat goedé.
and how much of them each region has t5 produce so that the
production and demand of local goods are balanced within 2 loeal
region, and that of state goods are balanced within a state
region. However, the impact o0f changes in one local cr state
region is felt by &ll regions in the cconomy through changes in
the output requirements of national gooda foer the prcducticn of
state or local goods which may require 1nput ‘of nutionzl goods.
. (161
A small company makgs'_ three ‘different -products 1,2,3. Each
Product requires work On two different machine types A,B.
Tho shop hés two varieti‘e"s of type A machines whiéh we shall
designate by A1, A and three varieties of ty’pe B machines
51, B and 55 Product 4 can bo made on’ any variety of A

machines, but must be processed on machinzs By of type B.'
Finally product 3.can be made enly on machlne A2 of type A

and oachine 52 of type B. Product 1 can bt. produced in 6
different ways represented by the following combinationa ¢f
oschines (A, B,), (A, B,), (A, By), (‘A2 B,), (4, 5,), (4, 0,).
Product 2 can be made in two ways represented by the cembinations
of machines (A,, By), (A, B,). Froduet 3 can be product in only

onc way 1.s.(A2, B,) Given the infommations below, obtain a

Peteo.
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Linear lrograuming formulation for datarrining the oftimm 1eve,

of production of each of the products to be jroduced by cach 3¢
the processecs.

Time in minutes required by one unit of aach pracict

Toglubl €1 Coat
avaflable timo 03t 4
Froduct ser week Y cz:ggy
{ninutes) '
Machine tyre 1 2 3
A1 10 15 - 8000 3C0
Az 10 20 15 10000 321
31 12 15 - 4000 250
BZ 4 - +1 700C0 600
53 7 - - 4000 200
Mat.cost 0.25 0.35 0.50
©1]4ng
reice 1.25 2.00  2.80 )

5. Consider the structure of decision tree shown below reflecting

possible alternative sequence of decision amd the chance events
covering two (decision point) periods. The forecasts of net
revenues arnd costs are placed on the relevant branches of the
tree. The length of each of the periods is 5 years.
When the possible events are E1 EZ' E1 FZ amd F1 FZ‘
probabilities are

1

the estiraty

2 1 .2
F(E,E,)a 5 KE,F,)a 5 end E(FF,) g

Obtain the optimal sequence of decision using the rolling back
- procadures; — o—c= Puisd & 28

Bipio + (&Y 2oeiv )
Syrs .
. \
¢ "]ocl"“ F.
ol 2
R \
Hoo]‘ir (3%
TEO'*]M
SIIRY _
T F._
?Obl‘:‘x ] E\,
E,t:l."ﬂ’ _
‘\-II‘,‘)Y ' v

liotes Tho rectangles reprcsents decisien nédas and tho eircles stard for
:sgq Chance nodes. [16]
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SEMESTRAL-I EXAMLIATIC
Saisple Surveys
Jner 1841187 Maximam Morks : 160~ T;,;m'.jé nouss
Note: Answer 11 questicrs. l‘l.arks_alitstted to vach
question are given in brackets
1.(a) Define a 'sampling design' and a 'sanpling szhere'.

(v) Frem e ropulation of size N, one unit is drawn with probutility
of selection prorortional to its size reasure x. The rest of
(n-1) wnits in the soaple are sclected from the reraining (iH-1)
units of thé population by Simflc Random Sempling .u.h Out
keplacement (SESWOR). Show that, for this scnene, - BT A% s o

unbiased for R=7/%, the ratio of ;om_uon zeans of tho ..tud/

varisble ond the size varisble. - ~ = - -
(c) caleulste Ris the probability of inclusion of the 1 th unit vi
for the design described in (b) abeve. (a5 +h)=(13)
2.(a) In stratified sampling, let C, be the overhead cdst ond Cy be

the average cost per unit in the i th étntum, 1=1,2, 004,k
Derive an ﬁlloc‘_‘ti"n of semple size to. otratr-—surh“mt wlth

- k .
a 11neaz‘ cost ﬁmction of the form C=C34‘E Clni, the variance
A . =1 .

of the estimated mcan ?st is minimum for a specificd cost
when SRSWOR scheme 1s uscd in all strata. Yhat docs this allc-

caticn reduce e wnen Cs‘ s arc equal? =
(o) Write down the 'cembined and-sepzrate Yegréssidn estizators' for
- the popdaticn totel 4n strotificd sampling. Which of thesu dn
you prefer ?Give reascns. (7+11)=(18)
5:(2) Define the term 'Intra Cluster Correlation Coefficient’.

(b) A population c.nsists of N clusters of varying sizes Ni'
1=1,2,++,N. Suppose that n clusters ere selected with probabi-
1lities propsrtiongl to the cluster size nnd with. reflucement
(ppsn‘) Write dswn en unbiased estimator for the populetisn
peen Y end an unbissed estimator c¢f its varionce.

(¢) In the above exarple, if simple random sazpling with replacermunt
design is used instead of ppswr, show how t2 obtedn on cFpr-xi-
mato u.nbiased estim‘_t:)r for ¥ using the ostimators

n
' y /1_ I andn E, Yx (34746 )=(16)

1:1 i 1=

pst.o.
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' A sanplu survey was conducted to usticato tha total. hTuschid
expendituro in an eroa. The design edoptod was stretificd !.'-:‘.-.;t:c_
ono with census enureration blocks as first atage units zvl -
househclds within thon as suco>rd stege units. Fr<o tho first
stratun 4 blocka weroe sclucted from 40 bl2cks with Dr-badllity
poportional to porulatiin and with roplacement and 4 houschllis
wurue sclected from cach selected blceck with oqunal irobability
ard without roplacement. From tho sueernd stratur, 6 blocks:werg
solectcd by simple rendcm scmpling with ruflacemons frenm tha 72
blocks and 4 hzuschalds arc chosen frop eoch solected block with
equal probability ond withcut ropleecement as befires The cata
on houschsld expendditure for the sample nouscheolds together with
informati:n on selecticn probabilities for the first stratua are

given belows

Sampled Total nd. of

¥~gkly hcuschold oxfenl{tuis
af sceple houachNids
3 2 3 y

Stratum "y ock househclds
I 1 189
2 [Xe}
3 135
L 160

110 281 120 114
80 60 122 15
122 210 171 105
244 115 312 128

Inverses of Frobability of seclecticn for sarpled block 1 ore
67.60, 338.12, 101,50, 69.03, 1a1,2,3,4.

II 73
26
240
14
287
257

VU

345 359 160 117
97 179 144 85
400 115 50 172
102 40 126 18
122 176 1B 140
125 110 134 215

(a) Obtoin an unbiascd estimate Of the total weekly houschold

exfenditure.

(b) Obtain an unblased ostimate ¢f the sanpling veriance of the

abive estimate.

. (22418)=(40)

5.(;) In a recent survey of 205 households in an arca seloctod by
SRS without replacement it was found thet dn 124 househislds
crickct matches were watched cn the T.Ve scts for more then
20 hours e weeks Estimate the rroportion of househclds that
watched the matches for this duretion in the populetisn and
obtain on unbiesed estimate of its smpling error.

(b) Writc cown the sources of non-sampl ing error in the zbove

SUrvey.

3582

(8+5)=(13)
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- SEMISTRAL-I EANCTNATICN
Difference and Cifferential Zouations

Dutes 16.11.87 axioum ¥arls: 1C0 Tire: 3 hour
Note: Answer all the Questions.
1.  Answer (a), and any one of (b) and (c).

(a) 30lve the following differential cquations
(1)(x¢y)%y£*(x-y)=

(11) 3x€1 - $3) y2 —%Yi- v (2% =
(b) Find the general solution of’
v 2
y « 2y +5y =25x° ¢+ 12
(c) Verify that one solution of -
xy” - (e sy s lxs1ly =0
13 given by y = e, and fird the general solution.' [5+5+6=13)
2.(a) Frove Kepler's first law of planetary motion : the orbjt of cuch
Planet i1s an ellipse with the sun at one focus. What is the
rhysical meaning of the eccentricity of the ortit?
2.(b) A boat is rowed with constant veloecity u starting from a point
A on the bank of a river, which flows with a constant velocity
n ve. If the boat points ai'uays towards a point B on the other
bank exactly opposite to A, then shiw that the equation of the
path of the boat is given by

1cg r = - lcg c'sG-—log tan(—E -92)4C,
where C 1s a constant. [9+9=18]

3.(a) Find tw> independent Frobenius series s>luticns of the
differential cquation

27« x(ax - 1y vy =0
(b) Show that the general saluticn »f the differcntial equaticn
(1 - xz)y//- xy /+ pzy = 0, p = ncnacgative constant,
near x = 4 is
v 2 FEep, 3, 50 o o250 R, - ped, 3L 550,

where F(e,b,c¢,x) denctus hypergesmetric function. [10+8=13]

feteOe
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4.(a) Estadblish tre following formulas for Lessel functions

(1) Jip (x) = /,-‘—i— sin x

(11) 92 () » 205 (x) ¢ 202 (x) + eeu = 1.

(b) Frove the Rodriguest formula for Hermite polynomials

2 4n 2
Hn(x) = (-‘l)n ex -dT e'x . f&‘7w}=2}j
dx*

5.{a) Use Laplace transforms to show
'S
("o g0
Q
(b) Find the inverse Laplace transform
-1
1
L (]
(pés1)
(c) Solve the following integral eguation
t
Pler e s (¢ -FIHT I AT = sin 2t [8+7+8=23]
0

$sst
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FERICDICAL ECMINATION
Statistical Inference

Sate: 11.9.1987 Foxdmum Marks: ‘75 Timc: 3 hrs.

1, Either
(a) Supposs that the distribution of X s either U(0,1) or
U(1,2). Find a non-trivial sufficient statistic (other
than X). (8]
or
(b) Let Xy, «.., X, be f.i.d. according to nse ) Show
directly (ﬂ'om the definitfon) that X = ~ 1. .L

sufficient for 8 (= < 6 < =). (8}

2. Let Xy, +vsy X, be 1.1.d. 8ccording to ne,0%) and
Yy, oves ¥ ‘be 1.i.d. according to N(n,’z-); Xy's are
independent of Y.'s. Find a minimal set of sufficient
statistics in each of the following cases:
(1) E, N, 0>0, T>0 are arbitrary
(11) o= T >0; &, 7, 0 are arbitrary
(441) 2= n; 5 050, > 0 are arbitrary.
For (41), obtain the UNVUE of (§ -n)/o. [10]
3. -Either - .
E.)_Lé"t X4 A..‘..- X, be a random sample from U{0,8), & > O.

Obtain the MLE and UMVUE of . Consider estimates of
the form cx(n) and find the cne which has the smzallest

mean - squared error.

or -
(o) 1f V) ana T, are UMVUE of \Y(e) with finite
variance, show that I1 = 12. [10]
he Let X;, X, be 1.1.d. according to the c.d.f.

-9X
F(x,8) = 1-e , x>0
= 0, x<0 —ox
(8 >0). Fora fixed x>0, find the UMVUE of 1 -e .
(Htnt: Show that X1/(K1¢X2) is independent of X;+X,)

(12]

p.t.o.
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(a)

o
(v)
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3. Sither

Let X, )(2. crey Xn be {.i.d. according to the p.d.f,

-1
£(x,0) = 0x , Dcx <1, ©>0.

Using Cramer-Rao incquality snow that

n
T(x)=- % Jog X;/n is a UMVUE cf 1/6.

(Kint: Find the woment genercting function of X44)
[12)

A model that is often usced for the time X to failure

of an {tem is

Polx = k) = ¥ (1-8), k=1, 2, ...,

where 0 < & < 1. Suppose that we only record the time

of fallure (in discreteperiods) if failure occurs on or

vefore time r and otherwise just note that the item has

1lived at least (r+1) periods. Thus we observe Y

Y2. iy Yn which are f.i.d.

(a) Find the probalility function of Yy

(b) Show that the MLE of 6 bascd on Yqs «eey Yo is
A n n
e = ($ Yl-n)/(%‘. Y, -m},

where m = number of indices i such that Yi =r+l,
(12}
Let X;, «+ey X, be 1.4.d. occording to Peisson (8), ©>0.
. -0
(a) Find the UMVUE of 1 ~e =«
-8
{(b) Consider the following two estimates of 1 ~e

T Number of X,'s in (X4 «ooy X,) whichere#0

in n

Xy . T a1%x.
T2n =t-e™, where Xn = HASE
Obtain the ARE (6, Ty, T,). [13]

Practical work and class perfornmance. [10]
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dote: Answer ANY FOUR questiuns. Ad) questiins corry
¢qual marks.

1.(a) Solve by the simplex mcthed :
maximise Xy ¢ 3x2 . Xy

subjact to
2%y + x5 ¢ ij a 2
5xy + 3% [
Xy + bx, (]
Xy, %2, %3 20 1]

(b) Frem the simplex tatleau find als> an optimal soluticn cf the

dual probelm.

(Hint: rote that a unit vecter (i.e., the first unit vecter).

is fresent in the system.] r7]
2. Zcnsider a diet problem in which it {s required to sztisfy
cach of the nutrient requirements exactly {as cquaticns rather
than inequalities) and suppcse a certain optimal diet uses
(in pcsitive quantities) only the foods Fy, Fy cesey By Now

L]

suppose the requircments are changed-but can still be satisfied
by scme diet using the seme set of fcods. Frove that this neyw

diet is automatically ortimal. 25’
Note: If you usc the cocnonical equilibrium thecrem you hzve
to state and prove it._All other rcsults can, however, be used

withcut giving proofs.]
3.(a) Consider a standerd minimisation problem, as follows: find an
x 20 such that cx is o minimum subject to Ax )} b ; (where

¢ is a row rector, x and'b are column vecters and A is 2 matrix).
Censider now another row vecter c', obtained from ¢ by
altering only the first corponent by A ) O :
= eq where e, is the first un(t vecter (row)
1

- - *
If % = (%) 13 optiral for tho original Freblem end X = ()
is optimal for the altercd preblem, show taat xy ¢ %,. Can
you interpret this result in terms of tn economic protlem, sav
the diect problum ? [10+7217)

ret.o.
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(b) A functicn  of vecters ¢ s callud sub-udditive,

1 fley « ©y) ¢ fley) » fle,) for ald (row)vecters o, €y
Lot X b, optimal for the following preblem :

nuxipise ex, subjeet to Ax § by X ) O.

Thoe optincl value, cx', can bv taken a3 a functicn ef =,

Show that the optimel valuu of o standard raexdmun froblem &g o
sub-additive function of the veeter c. re]

4.(a) Considur a system of simultancous lincar cquetions. Defin: -

5.(a)

6.

basic sclutien, a basic degenerate soluti~n and a “2sic ron-
negative solution for this system. . [b0}¢1-5]
Frove that whencver thc systea has a nin-nigative scluticn, |
it has also a basic non-n.gative ssluticn. [
Consider a canonical minfrisetion probdlem ¢

min c'x subject to Ax = b, x ) O. Sufpposé in the process cof
32lving this problem by the simplex method, one gets a toblear
in which Z = Cx )0 fer scme g not in tre current basis and
ti 4 O for ell 4, & being an irdex for the ith besis vecter;

(211 other symbols have their usual meenings).
Show that the given problem d2es nct hove any optimal .
sclution. (151

(b) Construct an example ¢f a LP problem whoss dunl has a feasible
. solution, but which itself docs not hive any fuesitle sclutigrn.

o
A scientist in ISI is conducting a sample survey On monthly
househcld expenditures on services. A sample has been taken for
each of the three types of houscholds: hi, h2, h3 end por doy
at least 2,3 and 5 schedules are to bz filled in for these threq
types of households, respectively.
Houschclds can be {investigated orly in the mcrming or the
afterncon of a day and accordingly, the scientist has engaged
two scparate teams of investigators to interview the houscholds
in these two sessions per day. The numbers of 'morning' and
'evening' investigators engaged are 4 and 7, respectively and
an investigator of e{ther team can interview only one houseacdd
(i.es, £111 in only one schedule) per day.
Lot cyy be the remuncration (in Rs.) tc be paid to the ith term
of investigatcrs for filling in cne schedule for the Jth tvie
of households and let the ci;j matrix be given as follows:

tean of type of househiclds
investigators

h h2 h3
morning 1 2 3
evening 2 N 6

Petoce
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(1) Formulete a LP rroblem sc ns to mininlse the t5tal cast of
£i11ing 4n the schcdules, subjiect to the ccnstraints mertisnel

abuvea (12}

{b) Formulate the dual to the problen in (a) Try to interpret
this duzl preblems [(e+5=13]
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FERICDICAL EX,MINATICH
Ihysical and zarth Sciences

9.9.87 Maximum Morks: 100 Tire: 3 hours
Note: Attempt Question ho.1 and any five from the rest.

1. Fi1l up the blanks (any 10). Only write down cne of the four
choices for each blank.
(1) The overall density of the earth is ____ (4.5/5.0/5.5/6.0%m/ze.

(11) vmen e sea invedes the land, it is called (regression/
transgression/onlap/overlep).

(144) The dinosaur bones in the Indian Statistical Institute's peology
museum have been obtained from continental rocks of
. (Jurassic/C;'nbrian/Cenozoic /Falacozoic) age.

(iv) water may be considered to be a (rock/mineral/Crganiz
substance/crystal ).

(v) The oldest evidence of 1ifo is obtainud in southern Zimbitwe
from a linestone which contains structures of (tectomic/
geological/organic/inorganic) origin.

(vi) A horizontal sequence of rock leyers lying over.a tilted
sequence of rock layers has afan (metamorphic/
sedimentary/unconformable/hypubyssal ) contact.

(vii) Ca s an important element in (magnetite/d lenite/
tourmaline/agate ).

(vIii)orper is extracted from a mineral known as (goethite/
pyrite/chalcopyrite/beryl )-

(ix) Conglomerate {s a scdimentary rock which consists of
(rebbles only/pebbles and matrix/matrix only/cement only)

(x) A crystal form which has all its faces well - developed
1s called (enhedral/interlocking/subhedral feyhedral Y.

{x1) Common slate is a (motemorphic rock/igneous rock/
mineral/fossil ).

(x11) Kudstone is a sedimentary rock in which there are more
then (15°/. / 20%- / 307 [ 40Y. [ 50% )
by volume of clasts of cley-silt size. ~ ° [2x10=20"

Y

Who is said to be the pioncer in suggesting that the snlar

system had a cold begirning ? Who modified his hypothesis und

how did the modifier explein the origin of the solar system? .

[2+2+12=15)

X+ Can amincral be a crystal and a crystilline or en amorphous

substance ?

How do¢s a mineral form ?Name three common rock-forming

minerals. -

¥hat 1s a Gypsum? What is its usefulness ?  [6+4+34142216]
p.t.o.
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what 1s understeod by the MOR'a scale of hnrdness ? Describe
the various ways you would uso to deterdne the handncss oo
Mognetite (Fe,©3) which hes a hardness ranging frem 5.5. to _
6.5. ' . (6410216

Duseribe tho uwses of the seiswmic wove study in an carthquake.
“hat is the Low Velocity 2one? Docs it occur above tha
Moherovicic discontinuity (Moho)?

Describe. in short the rhysicrl characteristics of tke carth's
crust. [6+2+2+6=16]

In a dcep mine, it may be obscrved thot with every 30 metcr
descent, _there '1s an increase in temperiture through 1°c. Yhat
i3 thon the actual temyerature at the carth's core ?

“hat is the reason for the higher hcat flow in the sizlic
crust ?

¥hich hypothesis, hot ezrth or cold carth origin, supports .
the heat flow of the earth's interior ? %hy? [5+45+145=16"

“hat 1s the Geological Time-Scale ? What i3 meant by the
Falacozolic time ? What is the geolegical cge of India's Gomdw-na
coal and that of India's pctroleum ?

¥hen did thefirst flowering plants appear in the earth?

Name the first bird to ajjwar in the sky of the earth. -
[Se4e342+42=16])
¥hat is a plutonic rock ? What are its characteristics ?Give en
examrle of a plutoxﬁc rock ana describe its mejor mineral -

constituents. [4+6+2+4=16]

Describe the idezs basirg cn which radicmetric age determination
of rocks 1s madec.

De¢sceribe the K - Ar method employed in the déternination & .

of the sge of a sedimentary rock. [8+8=16]

Yrite short notes {chaose any three): .
Earth 23 a Dynamo ; Frimitive Hydrcsphere 3 Co2l; MetamorFhism

5 Nudstene ; Clastic Sedimentary Rock. [3x5+4216]
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Stochastic Processes =2
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f

Note: .nswWer as much 18 you can.

1. Let X(t), t > 0 be a homogencous Poisson proces§ with rato A,
(1) Calculate P(X(s) =k | X(t) = n] for 0 < s <t and
k=0, 1% 2, «ss, Ne
(b) Calculate E[X(t).X(t+s)]. (5¢5) = [10]

2. Bus loads of passengers arrive at a bus torminus.  Buses
arrive in the pattern of 2 Poisson process at the rate \.
AmstMMapuwwwsumpmmmnﬁaa J=1,2,.. .
Let X (t) denote the number of passengers that have arrived
by time t.

(a) Find E[X(t)].

(S) Find the generating funciion of X(t).
: (7+8) = [15)

3. Define a non-homogencous Poissen process X(t), t 3 0 witn
intensity function A(t), t > O. Find the probability

distribution of X(t). (5415) [20]
* =

4. Let X(t), £ > 0 be a pure birth process with birth rates
Ay where
el * A for k=0, 1, 2,...
Gy ® A, for k=0, 1, 2,...
Take X(0) = 1. Let Py(t) = DP{X(t) = odd]

and P,(t) = P[X(t) = cvenl

Contdss... 2/~



Contd,.... G.No.4

2.

ibeed

(n) Derive the differential cquation
Py(1) = =Xy Py(t) + Ay Pp(8)
Fy(t) = A Py(t) - A, Po(t).

4 P (t), Py(t).
(b Find 24(8), Fo(*) (8+12) = [20)

.. telcphone cxchange has o channels. Calls arrive in thg
pettern of a Polsson process with parameter N ; they are
accepted Lf there 1s an copty charnel otharwlse they are
lost. The duration of cach ¢211 i3 a random variable
whose distribution 1s exponential with parameter . The
life times of scparcte calls ar;: indvpendent random viri-
ables. Find the stationary probubilities for the numbor

of busy channels. (15

We have 2N balls labelled 1, 2, o.., 2 distributed &n 2
boxes. A ball in box nuaber { remains in that box for a
randon length of time that is exponentially distributed
with paramcters )‘i before going to the other tox, 1=0, 1.
The balls act independently of cach other. Let X(t) denote
the number of balls in box~-1 at time t, t > O.

(a) Find the {nfinitisimii parweters for the process
X(t).

(b) Find Pl,o(t) = P[X(t) =0 | X(0) = 1] for £ = 0,1,...,2.

(c) Find E{X(t) | X(0) = 1].
(5+15+10) = [30]
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) WNote: Answer 2]l questions
" 1.(a) For a prodbability prorortional to size (F.p.s.) saapling desicn
of n draws with rerlecerent, (w.r.) obtain expreszions for the
Frobability of inclusion of a unit and joint probability 9!
inclusion of a pair of units. [2+335]
(b) Explain under what circumstances p-P.s. seorling design (w.r.}
will be better than a simfle random“ sarpling design (wors) [6]
(¢) Show that for Lahiri’s method of selection, the probebility of
selection of a unit {3 prorortional to the size measure of t)lat
unit. ~ 9]
2.(2) what are the advantages of stratified sarpling? a]
(b) If tre cost ﬂmction11‘or‘ a survey is of the form
= Co + )ig ty (ni) ? s  where C i3 the total cost and C, and
1=1

ty are known, obtain an allocation n to the strata which
~

~
mindmtzes V ( Yot ) for a fixed total cost where Yst i3 the

unbiased estimator of the pox.ulaticm-mean o.n-t-he basis of

a stratified srs without replacement design. [10]
{c) A porulation of sfze 78 is divided into two strata of sizes

24 and 54 reapectively. From the first stratum a probability

proportional to size senple of size 4 is selected with

replacement and the data on the _§tudy varicble y and the

aux{liary variable x is found to be as follows:

X4 124 476 9.8 216
y: 612 213 h99. 1210,

pet.o.
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Freo the sselczo:d stratun two irdefencdent circular systeretic
3acples of/6 are celected end the data ony is a3 follows:
y = valucs
sarple 1 3 212 144 200 183 196 187
somple 2 3 201 164 192 194 479 192.
It {s alsc known that the total of x - valucs in stratu- 1 is
6124,
(1) Estimate the ropulation cean unbiasedly. [u,i
(11) Obtain an unbiesed estimate of the variance of your
estimate in (1) above. [22-]
3.(a) Exjlain what you understand by 'intra-class correlation
coefficient' £ . [ui
(v) bbtain the variancs of the estimate of the population mean in
linear systematic sampling in term of f[assume n divides N_i.
[7}

(c) Explain why the varfence of an estimator of the population

~

nean based on a single systematic semple is not estimable.

(give a brief answer) [3]
Suppose that n divides N and the values on the study variate

~

(d
for the sample are vy, Yopeers ¥y selected using linear
systematic sampling mfthod. Show that a biased alternate
estimator for the V(Y ) is given by

_n n-1 2 N . 7
:; [1£1 (yy,q-v4) 7 2(n - 1)) [61

Le A simple random sample of size 3 is drawn from a population of

size 4 with replacement. Show that the probabilities thzt the
sample contains d distinct units d = 1,2,3 are Py = 1/16,

P, = 9/16 and P3 = 3/6 respectively. Show that the variance
of 9‘ is equal to% s2 ymere 37‘ 18 the semple mean over

2 1 b =42
distinct units and S? = 3 L {Y,-Y)" and cempare this with
N 1=1

¥, the conventional estimator of Y, the population meen.
(2 +5+3310]

HERH
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Note: Answer all the questions

1. Solve any FOUR of the following first order eguations.
(a) xSinﬁ‘ c%xx' ysm§ +x

(b) (3y ¢+ 2x + 4)dx - (ux + 6y +5)dy = 0
(c) (xzy} + xy) dy = dx
(d) (Sin x Siny - x e¥) dy = (&¥+ cos x cos y) dx

(&) y(x%sy%+a) -3)1( + x(xPry2-a2) = 0 L [Ax6=2h.]

2.(a) Show that there i3 exactly one function £, continuous on the

positive axis, such that

X
£(x) =1+ 3 (el for a1l x ) 0, .
P

and find this function.
(b) Solve the following as linear equation

(1+ x2) dy + 2xydx = Cot x dx
(c) Solve the initial-value problem
X "%"2}' = hx}yvz on ( ew, +«)

with y = O when x = 1. [8+6+6220])

3.(a) Find general end singular solutions of .

y = xp +Jb‘2+azp2 , p = dy/dx.

(b) Solve by the method of reduction of order
xzy' |= 2xy|‘. (y' >2.

contde seve2/=



(¢) Find the equation of the curve which cuts at a constant

angle tan -1 T-‘m all the circles touching the y - ax:4a at

the origin.
Honce show that the orthogonal trajectorics of the tanil:

of circles are given by

LI y,‘ = ¢y, 6+6+10=22]

4.(a) Solve the linear equations

(1) (D2 - 5D « &)y = x2 = 2x +1

4 2 a2 b
(11)—1“£*2n —¥ + n’y = cos mx
dx a v

x
ab 42 2
(lli)d—%-+2d—¥— +y 3 x° cosx
x 'S

(b) Pind the gereral solution of any OME of the following
equations
(1) (2« xX' " 2®) - (2« x)y = xlx + 10

GO G2 -1y~ oy v ay = G2 - 1O )
[3xB8+10=34)
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