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IIDIAS STATISTICAL INGTITUTE
B,Stat.(Hons,) IIX Yoar @ 1990-91
Statistical Inforoence II
Scnntstral-l1I B achpaper Zxradn-~tion

Date 1 1,7,1991  raximum iorks : 100 Timo: 3,12'nluurs.

oty ¢ Attempt all questi ons. Marks aTza incicat.qd

in th2 margin.
Group A

Lo Lat @ = B = .14 Lot X ~fo(x)’ =_£ex p [-(x=0)] 1if x 20

2,

3.

4,

L OsWe

" Find the 5PRT for Ho: C© =0 vs. H1 ° = 1.

Compute thae ASN and OC uncer Hpne f12]

Lot Xl, X2 «s be 1,1.d. 3crnoulli tritls with probability
p of succe 2SS 0<p« .l. Consider tosting HC P = Pg
vs H1 2P =1-py 0<p0<§.
Show 'thet onz can compute thu EXACT OC.
(You may c:n..idcr only the casz of p # -).
[13]
Darive; the Fundamintal ICantity of Suquential Analysis,
OR

Show that in Stein's itwm-stagn procecure fer a
fixc_d-width cenficence int arval 2stimation of p

in N(p,a ), 02 unknown, <, “‘l is an unbiased estin tor
of p., Obtain its variance.
[14]

Assignmants given in class. (10]

Group B EHON-PARAMETRIC METHODS

Noto ¢ Uso a scparate answer booklet for this group,

Answer as much as y »u can. The maximum you c¢can
score from this group 1s 50,

1.(a) Deseribe the 2-sample .Jilcoxon rank-sum tast, Find

the null distribution of the iilcoxon rank sum
statistic W vhenm =3, n= 4,

pPet.0s
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lo(b) In a busincss administration course a set of
lectures was given teclevisad to one group and live to
another. In cach case an oxamination wias given prior
“to th: lectures and inmediately following them. The

differrace Dotw:2n the two examination for the students

in the two groups wore as follows ¢

Live & 20,3,23.5,4.7,21.9,15.6,20,2,26,6,-9.4,4,8 =1.6,25.C
TV:6.2,15.7,25.1,4.9,28.1,17.2,14.1,31.2,12.6 9,4,17,3,23.4
Use the two-sided 'ilcoxon test to test the hypothesis

of no difference at significanco level a=0.05,

[2+4+14]

2.(a) Define thz Kolmogorov-Smirnov Statistics D, ;, Dm,n

testing cquality of 2 continuous distribution functions

F and G on the basls of indcponcont samples of sizes m

and n respectively from F and G, Show that

+ k ‘ﬁli)
P(Unn 2 ] (F = G) = z;;;-
n
k = 0,1,sen
[10+10]

3. Urite short notas on

(a) Mormal Scores test
(b) Siagel-Tukey test

(¢) Wald - tlolfowitz Run tést,

[7+7+7]
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San:rstral-I11 Baclipaper Exzminstion

Date ¢ 1.7.1991 saximum Marks @ 100 Timas 3% Hours,

Growp, A

1.(a) Consicer a iarkov chain having state space
$0,1,2Y and_ transition matrix
(o] b 2
0 [.4 4 2
1l (.3 ol 3
2 |.2 4 ot

Show that this chain has a unique stationary distribu=
tion m.and find =.

(b) Consider a larkov chain having trensition function P
such that P(x,y) = @y x € :f and y € Y, where a, aTe
constants, Snhow that the chain has a unique stationary
¢istribution %, given by =n(y) = ayr ¥ EV.

[7+3]
" 2. Let Xn, n > 0 ba a Mazkov chain state space t? 19 a subsect
of {0.1,2.....3and vhose tr:nsition function P is such that

I yP(x,y) = Ax+B, x €%, for soma2 constants A,B.
Y

(a) Show that E(Xn+l) = A E(An) +B

(b) show that if A 4 1, then

E(X,) = g + AN (E Xy = o).
[1c]

J. Consider the branching chain in which cach particle is
decomposaod into soma particlcs whose number follcws the
distribution of random variable E (>0) cfter cach unit
time, incependent of onc another,
xn-= total number of particlas at time n,

Let X5 = 1. _
Show that the extinction probzbility P is strictly less

than 1 if E(¢) > ) andP =1 if E(§) £ 1.
( a £ [20]

peteo.
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BL1S = X R =Y s s g
4, Lot,Sn = X TH RS e+ K

where Xi's are i.1.d. random variables
eCotaq 1
ith P < =1) =PX, == ==

vi (x ) ( 1 1) 3

_ (2 2n
Define U, = (/27"

then show that
(1) P(5) £0, 5, £0, «us, Soney % O Sy #0)

= Uan
(u)P(sl 0, Sy 20, sasensey Sy 3 20, 55 20)

=y, (10]

GROUP. B

Attempt any tvo questions.

5.(a) Consicer a birth and death process (X(t):t>0)
with linear growth and immigration; specifically, the
birth-rates-A and.death rates p, are of the form
Ap=nm 4+ aand p= nm, n=0,1 2,..., where
@>0, A>0, p>0 and A£ p. Obtain the expression for
E(X(t){X(0) = r) and discuss the asymptotic behaviour

of the same as t-)w,

(b) Customers arrive at a store in groups. The arrivals
. of groups follow a poisson process with rate A>0, The
groups are indep2ndent and each group consists of
either 1 or 2 persons with cqual probabilitics,
(1) Show that arrivals of groups of size 1 also follow
a Polisson process with a cortain rate Ax to be deter=~
mined by you, (ii) If each group of size 1 mok:s
purchases vorth s R/- and cach group of size 2
purchases goods worth Rs cR/-, obtain the average
sale of the storc by time t>0(c is a positive
constant).
[10+15]
6. For a roncwal process {X(t): t20) with arsoctated distri
bution-function F(x), dafino uk(t) Fof h(K(t) ),
K =1,2,00., t>0, :

(a) Comment on the finiteness of py(t).
Contdeeass



6.(b)

7.(a)

(v)

Show that for t>Q,
ke (t) = 2, (t) + .g'uk(t -0 eF (D,

k = 1,2,40., vhore
t ke . .
2,(t) =/ £ ¢ gy (¢ =70 ar(D.
0 =0
Honce, obtain uz(t) vhenever F(x) is

distributed unifcrmly ovex [0,1]. [12+13]
+.

Consider a Markov chain (K(t): t > O) where
X(t) denotes the number of neccidents taking
pluce in a certain city by time t20. The
probability of an accident in (t, t+h) is

Agh + o(h) if no pravious accidants have
occurred, and is xlh + o(h) otherwise, indepcn=
dently of the actual nuaber of accicants,
Obtain Pr(X(t) = k) for k = 1,2,¢00

Describe howr you would detrmine the optimal
replacement period in an age replaceaent policy

[13+12]

e e T R T T P )



[BXECESNEPLI (BN
IiDIARN STATISTICAL INSTITUTE
8.Stat.(Hons.) III Year : 1990-91
Design of Experim-nts
Samzstral-=II B ackpaper Examination

Date t 26,6.1991 Maximum Marks @ 100 Time t 3 Hours.

Note ¢ Answer any THREZE quoestions from Gzuup A and
any TWO quastions from Group 3, #:rks allotned
to a qutstion are incicated in brackets [
at the ond,

GROUP. A
1.(a) State and cxplain thc fundamentisl principles of
oxperimnzntal designs with examplas.
(b) Icentliy the cstlnable functions of a randomised
block cesign for v treatments in b.Llocks.

(e) Derive the cxpressions for the Bonferroni's and
Tukey's methods for multiple comparisons,

[6+6+8 = 20]

2, Prove that the syibolic Kronecller procuct of two palrs
of iOLS (mutually orthogonal latin squares) of orders
vy and v, ig a pair of MOLS of order viVse Describe a
mathod of constcuction, with proof, of a complete sot of
MOLS of order s, whera s 1s a prim2 or pow:r of a prime,
Explain with examples how the nutually orthogonal
latin squares can be uscd as experimantal designs.

[8+8+4 = 20]
3,(a) Develop tha onalysis of convariance under the usual
fixad effects model @

Q 2y =Xp+ Hr +¢ , otcs stating cluarly all the
undorlyiﬁg assumptions,
(b) Apply the analysis to a randomiscd block disign for v

treatments znd r blocks with onc concomitant variable
x, and give the AMOVACOV of this design.
[10+10 = 20]

4, Show how analysis of covariance can bc used as an alterna-
tive to the missind plot technique. Use your rosults to
obtain tho 'sstimates' of the missing valuss, and express~
ions for various variancosof cstimated clemantary treatmont
conirasts for a randomiscd block dasign with two missing
cells, affccting onlyora treatment, but two different
blocks, [8+12=20] pste0,



5.(a) Descride Yates Algerithm for 2" axp.riment and
prova that it roquiri's oxdctly n steps to calculato
thz sum of squarcs of cdifferont focterial affects,
(b) For a 3° cxperiment write down the dof, for differant
intiraction components and the :xprassions for corrais-
poncding sum of squarcs. [10+10 = 26]

6.(2) Construct a confoundad (25,23) <isign confounding the
two independent factorlal effeets A3CD aand OCE,
(b) Given th. layout of a hlock in (34,32) axperinent find
out tna complete sot of confounded intcraction
ecomponents,

1111
1202
2012
0210
0001
2221
2100
0122
1020

. [10+10 = 20]

7.(a) There aro mk trecatments arranged in m scts of k cach an:
triatments of a set are assicnad to a block ind there
arz r replications. Show that the resulting design is
orthogonal,

(b) Defino the following BIBDs and writc cdown the parameter
of the desicns.

(1) Jerived BISD

(41) residual BIBD

(1i1)complenentary BIBD,
{8+12 = 20]

et e o ey b e e
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IMNDIA!N STATISTICAL INSTITUTE
B,Stat,(Hons,) III Ycar : 1990-91
Design of Experim:ints
Scmestral~I1 Exemination
Date ¢ 6.5.1991 Maximum Marks ¢ 1CO Time: 3 Hours.

Note : Answ.r any THREE question: from Group A and
any TWO questions from Group B, Marks
allottod to _a quas tion are indicated in
brackets [ ] at tho ond,

GRUUR._A

1.(a) Give an c¢xample of an cxporiment in.which o grauco
latin squaro nf ordor 4 can bo usad., Give a non=
randomiscd layout of your design, and point out one
d_fect of your design. %Writo down the analysis of
variance table of your design, indicating clcarly
how thc various sums of squares are to be computed.

[2+3+2+43 = 10]

(h) Show that there oxist at most (v-1) mutually orthogonal
latin squares (MOLS) of order v. In an analogour manncr
show also that 2 saot of (v=2) MLLS of order u can
always be oxtoended to a complete set of (v=1) MOLS

of oxrder v, [5+5 = 10]
2,(a) Show that under a micsing plot situation.
(1) S:Ea—(ﬂ!) = SSE, where y* is any solution of
w,\ =2Z @a(ﬂ*)' and
(1ii) ﬂg(w*) = ﬁa, where the symbols have their usual
significances.

(b) Hence obtain the " cstimates'' for tha missing values
in colls (1,3) and (1', 3%, 1 £ 1 €§1,2,..00v},
iAie {},2,...,: }in a randomisad block design for
v treatmonts in r blocks, Derive also the expressions
for V('f; - 1;), 1 43¢ {},2,...,v}for tho resulting
incomplete block design, :

[(5+3)+(8+4) = 20]

3. Show how tho analysis of covariance can be carriesd out
casily using th: rosults of the corresponding analysis of
variance (start with tho appropriate lin:ar statistical
model in ccch case and stato cloarly tho underlying
assumptions, Illustrate your rosults with rosp2ct to a
latin square design with onc concomitunt variable,.

[1248 = 20]
p.t.0.
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4, what is a split-plot design ? Virite an appropriate
lincar model for a §p11t-p;ot doesicn in r randomiscd
blocks with a main troatmants and B sub=troatments, and
indicato its analysis of v%riance, explaining cloarly
how thu various sums of thnres ary computed. Give also
tha table oX comparisons of interest and their ostimated

standard crrors, [2+3+1045 = 20}

GRWUP_ B
5.(a) what do you mcan by a resolvablo block dasign ? Show
that for a rasolvable BIBD with paramoators (b,v,r,k,\)

b2 v+ xr=l
(b) Either construct or provo non oxistance of the followi
BIBDs.

(1) vab =29, r=k=8 A =2
(41)p =12, v=9, r =8, k = 6, \ = 5,
[2+46+349 = 20]

6.(a) Show that if any particular block is deletod from a
BIBD with A = 1, tha rosulting dosign is still a
connacted desfign but not balanced.

(b) From the given layout of a particular block in
(34,32) experiment find out tho set of all confoundod
intcraction components. '

2201
1212

0002
2010
1021
1100
2122

0220

0111
[8+¢12 = 20)

7. Construct the key blocks for a balancod confounded
(25, 23) design' saving main cffucts and two factor
intoractions, Also obtain tho expressions for sum of
squarcs due to different factorial effccts in the above

dosign
* [15+5 = 20]

—— t — c———



INDIAN STATISTICAL INSTITUTE
B.Stat.(Hons.) I Year:1990-91
STATISTICS COMPREHENSIVE
SEMESTRAL EXAMINATION

Date:10 May 1991 Maximum Marks:100 Time:4 Hours
Figures in brackets | | indicate marks allotted to the questions.

The paper carries 125 marks. You may attempt any part of any question.
However, the maximum you can score is 100.

1. On the basis of a single observation from a normal distribution with
mean 8 and variance §?(> 0), where # is unknown, derive the most
powerful test of size 0.05 for the null hypothesis Ify : 8 = 1 against
the alternative JI; : @ = 2. Also discuss the existence of a uniformly
most powerful test of size 0.05 for testing My : @ = 1 against the
alternative [ : 6 > 1. {18}

2. (a) A randomsample of size n was drawn from an exponential popu-
lation with an unknown mean 8. Accidentally, the detailed data
were lost, but the statistician could remember that Y of the n
observations were greater than 10. On the basis of Y, find the
maximum likelihood estimator, say 8, of 6. Find an expression
for the sample variance of § and compare this with the variance
of the maximum likelihood estimator of 8 that one would have
obtained had the complete data been available. Comment on

your findings. 17)
(b) Let X;,Xs,...,Xa be independent and identically distributed
random variablea each with p.d.f. o

ez -9), 6<z< 0,

where 8 is an unknown parameter. Discuss analytically the
derivation of the maximum likelihood estimator of 4. |10)

3. (For this question, you need not give detailed proofs. Short answers
can be given if you approach the problem in the right direction.)

(a) Suppose (X,Y) is uniformly distributed over the circle z* +y* =
1. Show that X and Y are not independent. 13

PLEASE TURN OVER



{b) Suppose X;,X; are i.i.d. as N(u,0?). Shaw that

Elmax(Xy, Xa)] = s + —%
(el
(c) Suppose X is distributed either as U(0,1) or as U(},}). Finda

H
sufficient statistic (other than X) for this two-member probabil-

ity family based on one observation on X. {6}

4. A 2? factorial design is laid out in three blocks as shown below:

Block | (1) a
Block i c ab
Block L b ac be abc

Identify the estimable (i.e., unconfounded) main effects and interac-
tions, if any. {8

5. Explain the phenomenon of ‘regression to the mean® that led to the
term regression. Give a theoretical support to this phenomenon. [12)

6. In a genetic study of albinism, families were contacted through an
albino child. The albino children in the population were sampled
independently, each with the same small known probability x of being
selected. The frequency distribution of the 219 families selected in the
sample by the number of children and the number of albino children
is given below.

No. of Albino No. of Children
Children 4 5 6 7

1 22 25 18 16
2 21 23 13 10
3 7 10 18 14
4 0 1 3 5
5 1 0 1
6 1 0
7 0

CONTINUED
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Let 8 represent the probabiltiy that an offspring of a couple capable
of producing an albino, is an albino.

(a) Formulate a model for the number of albino children in a family
with k children, suitable for this situation. [10]

(b} Find the maximum likelihood estimate of 8, explaining your com-
putations. (15)

. In order to understand the concept of survival of the fittest, a sam-

ple of 1158 snaijla of the species cepaca nemoralis was collected in
Manchester, England and their maximum shell diameters were mea-
surcd. The snails were then left in an unheated room from the end of
September 1968 until the middle of June 1969. Over this period about
80% of the snails died. The maximum shell diameters of the surviving
snails were measured. The following table gives the data collected.
The problem is to estimate a “fitness™ or a “survival® function.

Maximum Shell Initial Frequency

Diameter (mm) z Frequency of Survivors
21 21 1
22 23 6
23 255 414
24 343 70
25 289 62
26 128 36
27 29 7

Suppose that originally X ~ N (o, 03) and the probability of survival
given X = z, is p(z) = K.exp|—c(z — §)?]. Estimate K,¢,0 from the
given data. 123]
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IHDIAN ST/ TISTIC,L INSTITUTE
L.5tat, (Hens.) III Ycar @ 1990-91
Fhysica II
Sumostral=Il Exininaticn
Dato : 8,5.1991 masimum Marks ¢ 100 Timsz ¢ 2 Hours,
Group A
Note : Ansvir question no. 5and any tuyo of thoe rost,

1. Derivo by Bosc's statistics the Planck's law of
raciations Hence ostablish (i) Stefan—8oltzmann lay

and (11) 3ion's law of displacement,
. G344 = (15]

2.(a) Apply Maxwall-Boltzmann statistics o doduce
qithyr the monotchic icval agas ecquation
or. the baronctric cquation,

(b) tritc dovwn (do not deduce) tha cistribution function
in FD-statisticse. Explain the symbols used, Show that
at cbsclute zero, the momontum space of an.assombly
of furmions 1is uniformly populatcd w}thin a sphere of

radius pm_ vhero
3Nh 3
ﬁv)

vhoro N is the total numboer of fermions, vy the
total volume of th:c system and h,. tho Planck's
constant,
T+(2+6) =[15]
3.(a) Prove thct %:Wz, vhare m = ny J‘\l—\fz/czj,
docs not cqual tho kinetic cnergy of a particlo
noving at relativistic spoods,

Derive the rolativistic expression of kinetic cnorgy
an” showy that. it reduces to the usuzl wxpression
émv2, when v/c < ¢ 1.

(b) An cxpcrimonter intends to study a boam of memcsins of
velocitly 0.9¢, where ¢ is the velceity of light in
free space. How far can be plaee his apparctus from the
‘target whero m-mesons arn producsd and stil; axpcect
to got sufficicnt number of ﬂ-n:&on; ?
(5+4+2)+4 = [15]

pet.v.



4,(2)

(b)

5.(a)

(b)
(e)

(d)

AN
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What is Minkowski's space,? Show that in such a
space the Lorentz transformatlion anounts to a simple
rotation about thou origin.
Estoblish the rzlatiens
(1) 22 = p2c2 & n.,251

(11)p = "0°{—2—2 -1
2+5+4+3 = [15]
Pruve the follouing
(1) T=(% Yy » (11) p = -(3F/2V);
Show that 1n{x!) = x In x = xwien x is vory largo.

Suppose theroe are three co2lls in phase spaceo ¢

1, 2 an! 3, Let N =30, N1 = H2 = N3=10; and lct

”1 = 2 joulcs, w2 = 4 jculas, w3 = 6 joulcs, If

= -2, fiml ‘7”1 and €N2 such that 8N = 0,

3
and CU = 0.

hpply M3=statistics to obtain the..cistribution of
Brownian particles alcng tho vertical axis z and
hence incie~te in sutlinzs hoy Avogadro humber

can be obtainad,

242+443+6+3 = [20]
Group B

- Nota ¢ mnswer Q.l, and any four of th: rost.

Given ¢t mass of an olactron @ 9,1 x 10731 kg
charge of an clectron ¢ 1.6 x 10 -7 C
Planck's constont @ 6.62 x 10724 g5
velocity of light in vzeuum @ ax10® n/s2.

Synbols have thair usual me *ninga.

1, Choers2 tho correet answer(s).

(2

) For & cubde lattice of sice a, tho distance botwarn

(110) plancs is /5 « The cistance betwsen (101)
planss will bo

(D) o3 (11) afvp (118) & (V) o/

Contdeaases



1.(b)

(¢)

(a)

© Vmakes a sudden jump of infinite magnitudo at x=x

(e)

(£)

(q)

(h)

- 3 -
[H,x] is cqual 4o

(1) 1F v/2m (11) -1t o/, (ni) A
(iv) in"

In the Ein«,tcin model of spucdflic hoat, tho vibrational
cnercy E of a-solid elemant cont~ining il atums is

M ho
(1) 3 W(n) Nm

(111) 3 ;ﬁgiif—I (iv) 3 -5_7.__.

Supose a particle is moving in a potential V(x). If

1
(1) tho wave function W has o finito discontinuity

(J.i) Ix—x has a finite discontinuity

(111) QP is continuous
) Mg |x_‘ is continuous,

=x, R
If a systun is in onu of the aigan statos of X,
the uncertzinty in the valug of ﬁ is
(1) By (i1) zero (i1i) A (1v) none of thase.
Thé value of Compton wavclength is

{1) 2.426 x 10710

(iv

an (11) 2.426 ¥ 10719,

(111) 2.426 X 10~Scn (iv) 2.426 X 10 °n.

with risc of tomperature, eonductivity of somicon-
ducters in genoral

(1) incrcasos, (i1) cucr-ases

(iii) remains sama (iv) varics in an unprocictable
: © manner

The offzctive number of elactrons in an enargy band in

case ©of o cne dimonsional 1attice of length L is given

2Lny <E X
by Noee _(TZ)(QA)Iukl.ma ofcctivo number of electrons

in a coupletely f£illza band
(1) reaches a maximum  (i1) 4is zcro

(111) is half tho total number of clectrons in the band
(iv) cannot bo said -from this,

Contlennes
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1.(1) In J.reribing thi cnsnge in time of a physical
systua in the 3chrbiinger picturs
(1) tho dynamical variablcos ara constant in time
(i1)the stnte vectors are constaat in time
(i) state vectors ‘):ry
(iv)dynzmical variables vary.

2.(a) 'hat aro Millor incicus ?

(b) If clectrons arc incidunt on thz latiico plancs of a
motal crystal lattico spacing 2.15n) at a qlancing
anglo of 16° in ordoer to giva a strong Bragg roflzcticn
in the first ordor, caleul:nte the do 3roglie viaVu-longth
associotod with the clectrons.

(e) The vibrntional onorgy E of a crystal is given by

3.
E=oN( mr )3Kr J‘“"“‘"
%1

vhere x = KT and x = -:Q = T’ 0 being

the Debye tcmperaturc. Siven 6:7(4) = —5 ’

calcul-te cv for T << 0 ( y
2+2+44) =

3. The potential cnergy of an electron is poriedie, and
has the furm as shown in the flgun..
O

e 3

-

(2) ‘Irite down the Schroc.ingcr oquaticn for the systom.

{b) What will bo th2 natur: of tha solutions ?

{e) that vill bo tho natura of the cnergy spoctrum of the
clectron ?v ba

(AY1f Pa 0% » vhat happens to the cnorgy
spoctrum oS P ~=> » ? Discuss briefly tho physical

meaning of tho rasult, )
(3+14143) =

4,(0) H is thc quantum mochanicsl Hamiltsnian of a
particle of momentun p..Calculats [H,pl.

Honce show that &( pr>==«( % > contd
ontdeeees
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do(b) Given cny tima depondent ket of the form
|a¢s(t) > = o"’—"'t/ﬁ|¢_(o)> [subscript 8 rofors to kot
as viuwed in the SchrBiinger picturc J.
Discuss tao time r-tc of ch-ayc of a cdynamical
variable Os and z2rrivo at the KRelsenb:ixg
cquation uf notion, (3+3)= 8

5.(a) Describo an idoalised oxperinent to illustrate
that as long =5 all agents (mi.ti.r -nd liyht)
have quantum proportics, no nissurcacsnt can,
uven Ain principlo, lead to absilute niccisc

detcrminations of positions and mom:inta,
(b) Stato tho fundamcntal postulatas of quantum mochanics,

G+ =86

6.(a) . particle of onergy E is incident on o potential
° barri.r of hoicht V, such that E ¢ V, Is it possible for
tho paxticle to bo found at x>a 2

i T‘/ I Can sach phenomancn be
LEAN o observed ? Giva oxamplcs,
e ____...__‘__\‘-___._., ~
(b) Shc-\l that the de Brogliz vavelongth of an clectron
* acceclerated from rost through a potontisl diff-
eranco of V volts is givon by,
-1
== 1+ )72 rolativistically.
JZ%W 2n, 02
(c) Find the cigan valuis and nomalized cigen vectors of
(01
Ux = ( 10 )u

(3+3+2) =
7.(2) that do you undorstand by the tirm 'efZoctive mass!
of an clectron ? How cdoes effgctive mass vory with tho
vave vecter K 2
(b) Show that [x, 2?; ] = -1
(¢) Starting from H = (a Ya + Y5 ), show that thore is

a lower »Hiund of cnergy of tha harmonic oscillator.
(3+243) = 8

e b wts s 8 wmam s e
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- INDIAN STATISTIC,L INSTITUTE
B.sStat.(ions.) III Year @ 1990-91
Economics IV
Saacstral-=II Examinztion

Date ¢ 3,5.1991 Maximum Marks 1 1C9 Timo: 2 Hours.

Note s Answor any FLVE qu estioas. liarks allotted
to each questisn are given within brackets,

1, Consicor the regression eqhation
Yy =+ ﬁlxlt + ﬁzxzt * BaXap v Uy t = 1,2,0..,T
vhcre tha error torms arc assumad to be normally
distributed with zero mean, constant variance and
arc uncorralatcd over the obscrvations, Discuss how
you wcule test the following hypothszses,

(11) ﬂl =0, 52 = 03_

(111) ﬁl =0, 32=0, ﬂa =C3

(iv) By+ B, + B3 = 1.

Justify your procedure montioning the nacessary
theoretical results. . [20]

2, Consider the following linear racr.ssion mocdel
Yy = ﬁxi + Uy 1 =1,2,..005 0}

E(ui) =0 for all i
2 2 2
E(w; ") = a"%y
E(uiuj) =0 for all 1 £ j
n .
and I x 2. Ne
111 ,
Prcve that thc orlinary least squarcs ((LS) estimator

of B is unbiascd but inofficivat ang that tha formula
for its ostiinated variance yields a downward biascd

ostimate of {he true variance. [2c]

pPateds
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3. Suppase wa have the f-1llowing liners regression
nelel

Yy = 3% + Box, +ut

whore all the varlabl.s are mu~surad from thoir
respective me-ns,

How suppose fur a given sot of cbsarvatisns the loast
squar:s ostim~tos of thae rogroession cucfficionts ary

found tO be ‘;S\ln 1 and lﬂ\z = 1, Further, the lec~st

n
squarcs ¢stimates change c¢rasticaily to ﬁ.\. e -1/2
"N

-2nd B, = 3 vhen a fuw observaticns axo clroppod from
ths given scte

that 22 you think of this rosult ? Ay dooes such o result

arisc ? Suggest alternative ways of tockling the problem

in

4.(a)

(b)

5.(0)

casc the rosults are unrccaptablo to you,

[20]
Briefly describe tho edaptive oxpectations model. Also
skatch out a suitablo procc-ure of 2stimation of this

ncdel, {11]

The model gonorating the Jy }sorics is presumoc to be
Y = a¥¢y + Upr }a <1

with
up =Pu, , + £, le] <1

and the Et's are incdependently arnd icentically .
distributed with zero mean an! constant variance 02.
Show that

A n n2
= Lo / T e
e o

whero oy = Y - Gyt-l and & is tho ULS estimator of a,
is a.% a consistent ostimator ~f P,

[9]
Discuss with tha help of a simple mod-l vhy tho

“CLS mcth! ~f ostimation s inapzropristo for a linear

moc2l in vhich cll tha variables are moasured with
CITOr S, (71

ContCessse
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5.(b) lrite a short note »n BLUS rosicucls. Also

6.(a)

(b)

and

indicate huw these residuals con be use? £or
testing tho presence of auwoesrrelation ameng the
~isturbrnc2s of A 1linoar rogrussisn nocel.

[x3)
A motel of oot martket 1s spieificd as follows ¢
Vig T @t @Yo ¢ @pX) Uy, (.en=n' cquation)
Yig = B+ ply2t + BoXpy F ByXgy 4+ Uy, (supply
aquatisn),

vhaora the symbols have thzir usuol muanings.
Examina the icentificatirn status of each

equaticn, How does the pusiticn change if 1%t is
known p pricri that ﬁ2/53 = k, where k is a

s

kncwn constant ?

[12]

State (no proof cr justification ncec:2) the salient

foaturas that cistinguish cach of the follcwing
ostimation maethods for estimating simultaneous
systom of oquations,

(1) Incirect loast squarcs)
(11) Two-stoge lcast squarces)
(1i1) Threz-stage least squares,

(8]

L
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IiD1AN STATISTICAL INSTITUTE
3.5tat,(Hons.) III Year : 199091
Statistical Inforcnca II
Semestral-II ixamination
Date : 2.5,1991  Maximum Marks 1100 Time: 3% Hours.
GrouP 4
Notz ¢ Answer all quecstion s, Marks ore Indicat:d in
thae mzrgin, .
l., Lot xi =1 4f a head shows up on the ith toss
=0 otherwisc.
Stop samp].ing af ter obsaerving xm-l if 2 xfo and X = lo
d2 went to ostimate ]/0 0061, 0 boing the probability
of obtzining a hzad in a singlc throw.
(1) Show that tho iLE is an unbiasud ostimator (of 1/'0)

(11) Obtain the variance of the ALE

(i11) V:rify vhother tho MLE attains the lowar bound given
by 'elfowitz's scquential version of Cremer-Rao's
rosult, [13]

2, Let the common distribution of xl.x;‘,, «se NaVe a density

of the form T2 .
f(x|o) = 1= exp{- Ix] + ox}, I0] < [.

Consider the SPRT of the hypothesis Hys 6 == 5 vs

Hys 0 =+ é. Show; that EN can be.2xprassed by an EXACT
formula. (You may consider only th: casc © # 0). [13]
3. Writae short notos on gny twvio of th2 fonowing :
(1) Bahadur's derivation of E(Sy - Na)2 = o2EN when p = E2
coulc possibly be zero,
(1) Tvo~stago fixed vidth confidunco interval

for p; = p, whire (Y) —~ Nz(( 1, 1),
£ unknown but positive dof ini 2.
(111) Generalization of Frochot-Cramer-Rao incquelity for the
sequantizl estimation problem when

dlog fe( too0
- - 0a = %o [14]
4, Assignments given in class.
A g LS G [10]

Pete0s
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Group B8
(Hon-paramatric Mathods)

Moty t Us2 a scparata answhbr-script for this g-oup.
J/NSwer as many que stions ‘as you can., Tao
maximum you can score from this group is 50,

1.(a) Suppose that X ¥, where F is o continuous distributig,

function. Show that the rondom variable Y = F(X) has
uniform c¢istribution on (O,1).
(b) For any 2 order statistics x(r) and x(s) (r<s) based

on an indop.ndent randem sample of size n from a popu~
lation with ccntinuous c.d.f. F, show that tho uvent
K(:) < Ep occurs if and only i oither x(r)<£p<x(s) or
§p>x(,) (vhere Ep is the pth quantile O<p<l of F),
Hence show that J{ . -1 N
T n=r
P(x(r)<£p<x(s)) =/ g(r,n-r+1)] u' ™ (1-n) du

= fB(s,ment It w5 1)+ au
where B(m,n), denota the Beta function, [10+10]
2.(a) For arbitrary m,n find the probability

: Py(, = & n(nel)P])
under tho hypothosis H of no treatment cffact vhen o,
donote th2 two=sample Wilcoxon rank-sum statistic,

(b) In a study involving 3m objccts 2m axe assignod to
treatment and m to control. Suppose tho ordercd sct of
observations turns out to have the pattorn @

XYYXYYX aewee XYYXYY. If large valucs of ws are signi-
ficant use the normal epproximation to find the appro-
ximate significance probability of this observation
when m is large. [5+1°]

3. In a compariscn of 2 drugs usod for the reliof of post-
operative pain the following number of hours were gbserve
for 16 paticnts of which 8 had boen assigned to drug=A
and the other 8 to drug-B.

At 6.8, 3.1, 5.8, 4,5, 3.3, 4.7, 4.2, 4.9

B: 4,4, 2.5, 2.8, 2.1, '6.6. 0-0, 4-8. 2.3
Find thc significance probability of the Kolmogorov-
Smirnov tost statistic for tosting whathor there are any
difference botweon the two druogs. [10]

Contdessaee
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4.(a) Descrive the Wilcoxon signoed rank-sum tost for testing

(b)

that a continuous ¢istribution F is symmetric about

zero on the basis of N independent observations

Zl, 22. .oy ZN from Fe \rite down the null-distribution

of the statistic V¥ for H = 5,

Explain how tho M = ML) oriirad Walsh averages

2,42
("";—iols.-’-SJSN)' \V(l)SW(z)S--SW(M)

can be used to obtain a confidance inturval for the
unknown point of syumetry © of F,

[2+4+8]
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INDIAM STATISTICAL INSTITUTS
B.Stat.(H8ns,) III Your & 1990-91
Introduction to Stochastic Proccsscs
Semestral-1I Examination
Date 3 29.4,1991 Maximum Marks : 100 Timet 3% Hours.
Group_A
1. Lot{xnj n>0 ba a stochastlc procoss with state space
§0,13 .
P(X ., =2 1%, =0)=p
P(Xp g =0 I X, =1) =q
P(Xy = 0) = n,(0)
Derive tha limiting distribution of tha proccss and show
that it is identical with the stationary distribution of
the same. '
[15]
2.(a) Consiger a birth and cduath chain with state space
{0,1,...d3 and transition function of tho form

q, Y = x=1
Plx,y) = * | _
R r, Yy=x

Py Y= x+1

where p, + q, + T =1, for all x qy Py = 0.

Al so Pyr Qy > O for ¢1ll other cases. Calculate

Px(Ta < Tb), where T 1s the first hitting time of vy,
with x as tho initial state a < x < b,

(b) A gambler has respective probabilities of 9/19 and
10/19 of winning and losing cnch bet of one xupce. The
gamblur cecides to quit playing as soon as his net
winnings reach 25 rupzes or his net losses reach 10
rupzes, Find th2 probability that vhen he quits playing
he v41l have 25 rupoers. Find his expucted loss.

[12+8]
3, Coensicer a Markov Chain on 19,1,2} having transition

matrix (o} 1 2

ofo 0 1

171 0 0

2 y& %ﬁ 0
(a) Show that the chain is irrucucible,
(b) Find the period.
(c) Find th> stationary distribution. (9]

P.t.0,
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4. The transition function of a Markov Chain with stste space
is calleod drubly stochastic &f EGP(x,\.) =1, yc€ey.

wWhat is th: statlionary t:lst:&butic;‘n of an irrecduciblo chain
having d(<=) states and a doudbly stochastic matrix as its
transition matrix ? sl

5.(0)

(b)

(c)

6:€a)

(b)

Group B

Noto ¢ Attempt any tyo quostions.
Let Sk danote the tim2 to thae k-th occurrence of, the
ovent undzr a Poisson process (4(t): t > 0), k = 1,2,...,
Obtain tha concditional joint distributisn of 51'52""§k
given (Z(t) = n).
Lot (x(t) : t > 0) and (Y(t): t 2 0) be two indopandent
Poisson processes with rates'A and v respectively.
Obtain the probaobility that the number of occurrcnces of
evants undar X(t) within the time intorval from the first
to tho (r+l)=th occurrcnces of events undor Y(t) equals
n.
In (b) above, lct 2(t) = , . x(t) + Y(t) and lot' U
denote the time to the first occurrence of an event
under Z(t). What is tho cistribution of U ?

{9+8+8]

Consider a renewal process N(t) 3 t > 0) with oxpected
interarrival time p, Prove that

EN(t)/t = 1/p + o(1),
as t => o,
For a fixed x > O, let P(t) denota tho probability that.
the rosicual 1ife time of theo unit in use at time t i.e.
Y(t) = 4oe(Sy(g)qy~t) oxceeds x, S being the time to
the n-th renowal, n = 1,2,... « Using a renewal theorotic
argumcnt, show that

t
1= P(8) = F(tx) = J71) F(taxy)] an(t)

vhero H(t) = EX(t) and F 4is the distribution function of
S, Honce obtain P(t) when F(t) = 1 = o™ %,£50,A50.

[13+12]

Contdeesse
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7.(a) For a Yulc process §X(t) : t 2 O}, with X(0)=1 ,
obtain Prix(t) = n_). H:nce, or otherwise, obtain the
probability censity .unctizn .f T , tae time at which
the pepulation first rcachus the valua n(d1),

(b) Consiccr o Ioisson proc.ss J4A(t) & t 2_0}. vith rate
A > O, Ohtain the correlation coufficiont P(t, tes)
botween X(t) and X(t+s), t > O, s > O, Honce, write
down the cxpression for p(t, t'),

[12+13)

— e e



INDIAN STATISTICAL INSTITUTE
B.STAT.(HCIS.) III YEAR:1990-91
SELMESTRAL-I BACKEAPZR EXANMINATION
DIFFEREINTIAL ZQUATICHS
Dite:2.1494 Maxdmum M.rks:1CC Time: 3 Hours.
liote:This perer carrdes 110 marks. You may

anzver all the gu-sticnse But the muximum
ycu can score is 1C0.

1.(3) Find the genoral s-lution of tn first ordur cquation

(x+3x5y%) dy + ydx = 0
giver that it has an 1ncegratirg facter which 13 a functicn
of Xey.

{b) A curve riscs fr.m the erigir. ir inc xy-plane into the first
quadrant. The arca under the cuiv: fraom (0,0) to (x,y) is
one-third of the arca of th2 rectingle with these points as
opposite varticcs. Find the cquation of thz curvce. ﬁ0+10=20]

2.(a) An integral curve y=u(x) of the diffcrential cquation
y'' =Ly'+29y=0 intarsccts an inicsral curve y=v(x) cf the
differential equation y!''+4y'+13y=C at the origin. Ths two
curves have equal slcpes at tho origine Als:s u'(n/2)=1.
Determine u(:x) ard v(x).
(b) Find the g:nerul solution of

.2
(x2-1)y'r = 25y + 2y = (x'=1). [10+10=20]

3. Shew that the vquation hxzy"-ax?y'+(hx2+1)y-0 has cnly one
Frcoenius serics sclutione Finl this scluticn. Also find the
general soluticn. [15]

L4e Shew that x== is a regular sinzuler peint of the differential
équation

(1=x2)y" * =2xy* +2y=0.
Find its exponunts it x=~. Find tw: lincarly indepundent solution

-7 -k
of the form x % Ck X , for the abevs cquaticn, valid fexr
,x! . [15]
S.(a) Find the twe linearly independen’ sclutions of the hemogencous
system
g% = Sx+hy
u = = XrYe

at contde seea2/-
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1
n a
5.(v) It I, - f(log x) x dx 4 & ) 0, n=1,2,ee0
(¢}

show that (a+1) I, +n I5.q= O- ivnce, ovaluate I, [10+10223)

6.(a) Find the shapc of a hopogene~us rope of length 1 suspended
at thc peints A = (0,1) and B = (1,1), assuming that the
rcpe hangs in such awvay as tc sinimize its potential enurgy.

(b) Find the extrcmals ¢f ahe functicnal

X1
vy(x),2{x)]= J‘ [2yz = 2y% « y?-z?] dxe [10+10=20

*o

Twe s s smre ey tna s s
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B.STAT. (HONS.).IIL YEAR:1990-91
SEMisSTRAL-I BACKPAFSR cXAMINATION

LINEAR STATISTICaL MOLELS

Date!: 2.1.91 Maxdmum lizrks:100 Time: 3 Hours.
Note: Attimpt all quostions.

1. Consider the modcl (Y,Xﬁ,azt) whare ¥ is a singular metrix.
Show that you can trarnsform thc ab:ve nodal to an equivalent
model with restricticns on B bu* with 2 positive definite
dispersion metrix. [10]

2. Cconsider a twe way claacificatisn model
Yy tBytyys  E4g's d1d N(0,02).

1=1,2,-0,p and J=1,2,¢¢,q.
Show that gc,a, is estimable 1ff Ie,=0. [01

3.{a) Explain clearly the stop-wis: procedure multiple linear
reogressione.

(b) Comment on the uses and limit.tions cf the stepwise multiple
lirear rcgression. [10+5=15]

L« Consider the following lincar modal:

Y.=a, va, +E,

¥p =8, -3+
vz =y oy Ey
R
V5 = 2geSayrlagt g
where E1,..., 65 are f.i.a N(O,02).

(a) Is a, estimable?” Give reasens for your answer.

(v) Writ: down the normal equations for a,,a, and d3.
(c) Obtain a least squares estimater of (a1,a2,u3)T.
(d) Obtain the conventional unbiusecd estimater of 12-
(e) Let ¥4=2+8, ¥,=51, y3=2+1, y,=27.5 and y;=20.8 be

a rcvalization of YyreoesYse Tust the hypothesis
He3¢1+5a2+2\13=19 against K=3a1-:-5c12+2a3)19 at 57. level
of significance. Brrrrrre11=351

centde eaee2/-



5« Consider the following data on Y ,X1 and )(2

42 33 s 75 28 291 55_

X 7 4 16 3 23 8
1 4 et *
Xz 33 41 ! W9 T s 31

(a) Fit multiple lincar regessien of Y on X, &nd X,.

(b) Corpute -estinates 0f thy giandard grrons: of the estimyted
regression couvfficients.

(¢) Exardng whether X, and X, are \Usefulir ‘predicting
o e
lincarly. [15+5+101)

. maaemy i tAs mremrmat
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B.STAT (HONS.) III YEAR.1590-9N
SEMESTRAL-I EXATIINATION

LINZ4AR I'ODELS

Dates %0.11.90 axinuwa Harkss100 Time. & Hours
B

tiote: Attemnt all tne questions. The marks
for cacn ouestion are afiven in the
brackets at the end of the question.

» Consider the model ¥ = 3(1511»/;;::!2“, E(e)=0, n(c)=o>-1

where 4 and x,_ are known matrices of ordersn xrandnx s
respectively and 8y,8, zre wninown (but fixed) parameters
belonging to BT and RS respretively. (Let PB denote the orthogo-
nal projector projecting vectors into & (B).)

(a) Show that p'B, 1s estinable Lff p € (X, (1-py,))-
(b) Show that b' 13\2 1s BLUE of p'Bz (whenever it is estimable)

A
iff Bz is a solution of C ﬂz = q where
v ' ' . .
C =X, (I-Px1) X, and q = XZ(I—P&) Y. [For the 'only -
if' part it is understood that ﬁ?_ does not depend on pjl.
{c) Consider H. every estim:ble linear function of'B2 is zero.
Write e
2 L
RO = Min (Y-JHB.‘ - x,_nz) (Y-Y..1 B.‘-XZBZ)
. B‘l 'Bz

and R? = Min  (Y-Xy By =Xn8,) ' (¥-Xy By Z8,)
844F, subject to ¥

Show that R$ - Rg - q'c"q vhere C~ is any g-inverse of C.

(d) Explain the useofic) in the enalysis of two-way clussified
* data with unequal number of observations per cell. (Assume a
model without interaction.) [4+6+7+6=23]
Consider two alternative linear models
(Y,X8, 0%1) end (Y,Xp,%%%) [2 £ 1].
(a) Show that 3LUES or p'B (whenever it is estimable) under both
the models are equal with probability 1 iff-¢(ZX) & €(X).
(b) Let £ be an intra-class correlation matrix (1-R)I+P 11 ',
Show that the BLUZSs of every @stimable parametric function
under both the models concide with probability j (irrespective
of the value of ?) iff 'a2ither 1 e%(X) or 1'X=0'.  [7+45+12]

contd. ceee2/=
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3.(a) Consider the linear regression model (Y,Xg\,o?'l) where X is
of full colurn rank. Ixnotc BLUE of £ by B. Consider the
model afCter droppinz the it“ observation from the above model,
Assure that the resulting Z metrix is also of full column rank
Tenote the BLUE of £ under this model by ﬁ(_i). Show that
A A (7.l3()"1x.j_(-31
b=y =
1 - h1

! ne 1 £, e = ‘Bendn
wherexiisth.i TOW O ) €y yi-xiBan j.1.:1the

ith diagonal element of 1, (X B).
p-]

(b) Explain the use of the above result and suitable modificaticn:

of it in detecting influential observations in a linear regre-
ssion model. [7+8215)

4. The following table gives the yearly yield (Y) of wheat (in
quintals) per acre at five egricultural stations for three
consecutive yecars, togethor with two concomitant variables shoot
height (2Z) at car emergence end number (¥) of plants per foot
at tillering.

Agricultural Station

Year Variable 1 2. __..3_ h___. 5 Total Q‘_g!s;).
Y 15.0 22.2  35.3 32.8 25.3 134.6
1 2 25.6 5., 30.8 33.0 28.5 1433
y 14.9 13.3 4.6 16,7 12.8 60.3
Y w24 2.2 b7 .7 283 A72.3
2z 254 26.3 5.3 324 25.9 147.3
W 7.2 9.5 6.8 9.7 9.2 42.4
) Y 26.2 3.7  b0.0  29.6 20.6 151.1
3 2 27.9 M4 325 27,5 23.7 146.0
W 18.6 22.2 10.0 17.6 14.4 . 82.8
| Total Y 77.6 €94 119.0 8. Th.2  458.0
{colums) 78.9 88.1 98.6 92.9 78.1 436.6
W 40.7 45.0 .4 B2.0 6.4 185.5

contde eceeld/=
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The fillowing computntions on the suns of squares and products
of all the observations arc also available.

£ Y2 = 14678.58, £ 27 = 12099.08, £ ¥ = 2622.97
£ YZ = 1%6%.33, £ 7! w 546%.95 ond

3 2i = 5488.07.

Assume a suitable model without interaction. ‘Irite down your
model clearly. Analysc the data and give your corments on the
appropriateness of the concomitant variables chosen.

5. In an investigation carricd out for studying the cffect of
smoking on physical activity, 21 individuals were classified into
onc of three groups by smoking history and randomly assigned to
one of three stress tests: bicycle engomcter, treadmill or step
test. The time until maximum oxygen uptole was recorded in minutes.
The data are given below.

Time until maximum oxygen uptake

Struss test —

g’i‘gﬁ“r; Bicycle Treadrill Step
Mone 12.8 16.2 22.6
13.5 17.8 19.3
WA 18,9 ..
ioderate 15.5 21.0
10.9 13.8 15.9
o 1622 15.9 . __
Heavy 9.2 13.2 16.2
7.5 8.1 16.1
R 7.8

The following computations are available. Tha sum of all
the observations = 313.7 minutes. The sum of squarvs of all the
observations = 9702.33.

Assunc a two way classification model without interaction.
Analyse the data and report your findings. [#51]

=SS,
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Note: Answer us nany qucstions as you canj
but the maimun marks alleced would

be 100. In fuct the paper earries
140 markse

1.{a) Let there be u distinct wunits in a wr sicple randem sample of
size n. Let Kr be the frequency with which the r*P gistinct
unit occurs in the sample.

Then show that

Ey) =E(F) =¥ ana V(5 (V(F)

- n
where y = :1yr/u and yn x1 kryr/n
r= =

(b) In a pepulation with N=5, w2 valuss of y; are 8,3,1,11 and 4.
If simplc randon sarples ¢f sizec 2 are.drawm with roplacement
from this population, show by finding all possible samples that
V(y) satisfies the equation

- N 22 y
V(¥) =02/, wherc No2= 2z (y;=1)"  [5+10+10=20]
-

2.(a) If the Cost function ic of th: ferm C=co+stn\/ n, where Co
and the th are knovn nunbers, shew that inorder to minimise
v(y t) for fixed total ccst, ny, must be proportional to

2/3. N N

12 o2 B T R .| 2 m -
(v s__n/th) » Vo= s S 121(yh1 ¥,) /(=)

(b) Apply the rule in 2{a) to find the n's for a total sample
of size 1000 under the following conditions:

tratun ... Y. S tn

1 O« L 1
2 C.3 5 2
3 0.2 6 L

P N N

contde esee2/-
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2.(¢) With two strate, a sample:r would like to have n,=n, for adminiz-
trative convenience, instead of using the valuss given by Heymp

Allocation. If V(y_.), vopt(;st denote the variances given by
n,=n, and leyman Allcca tlons raspectively, show that

ly.e) - cpt(yst)]/Vopt(yst) = [(r-1)/(r+1)]

-

R 3
where r = T as given by licyman Allocation. [5+10+10-25]
2

3.(a) Define a ratio cstimator for a finite pcpulation total of a
variable y when a sample of (x,y) valucs is taken-from the
population but the population total of x is known. Show that
based on a simple random sample without replacement it may
not be unbiased in generale.

(b) The values of y,x in a popul:tion with N=6 are as follows:

3 5 7 6 8 13
1.2 2 3 3 3

check if the regression of y an x 1s & straight linc through
the origin-

y
x

Computing R = ! for all 15 aimnle random samples with n=2,

check if R is unb:asea for % [1o+15=25]

4+ Suppose a sample of size n is sclected with prebabilitics
popertional te Py without reploaccment from a population of

N
alze Nj (p1 ) O for all 1,2 p1_1).

Define t, * y1/p1 ""1_?\;;
3

rer

-y " —u = ae
tk y1+y2+...+ Yn=1""2 ph, (rA=2 <.n)

and t

n
[
L]

?d-

Show that N
(1) E(t) =Y = Ly (1) E(t}\tu)=‘{2 for n #A and

vit,) ¢ V(t)\_1)

If instead the units are selectod with probabilities
Py with replacement and an cstimator E based on a
‘sample so drawm is taken as the mecan of all the

y -
51- valuce in the sample then show that V(t) { V(%)
i

[5+5+76+5425}
contdesses



5.(&) Define first and sccond order inclusion prcbabilitics, namoly

Ry and “iJ' Shew that for arny fixed sample size (n) design

¥ (ne1)

¥ =y, =n and L ¥ &,, = nin~1

i=q 1 17y 1

(b) There are 5 units in a popul.tien having the sizos. 10,20,30,40,

50. A sarpls of 2 units 15 tc be drawn with ppswor. Calculate
the probabilities of inclusion in tho sample cf units and
pairs of units roquired to verify that

5 [5+5+15425i
o M3 "
6+ Prove the following rzsults:
2 __ 1 =2
(1) dﬁ' =1 = az-cf,. vhen 02=ﬁ r§11§1(yr’1-Y) ’

2
—1- b3 2 (y ¥.) and §, is the intra-class cerre-
l“‘l i=1

lation ccefficient.

(11) For an r-stage design,

B =5, E, o00 ELD)

A A
and V(Y) =V, Epees ELy BY) +EV, o B (?)

%)

4+ ssese E1 E2 . r-‘\ r

(141) b =B+ 3 eylx,R) / Blxg=R)°
1£ b = 1y, -y) (x=x) / ).'(xi-i)z

L2
B = Sxy 4 Sx
and e = y~¥ ~B (x~%)

where the notations have the usual moaning. [5+5+5=15]
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INDIAW STATISTICAL INSTITUTE

B.STAT.(HOLS.) III YEAR:1990-91
SEMESTRAL-I Z¥A!IIATION
STATISTICAL INFERE':CE-I

Jate: 23.11.90 Faxinuy marks 100 Tire: 3 Hours
Not:: Answer ..o many quistiors as you cane
The p.:xirun you can score is 100.

1.(a)

(b}

X1,x,,-...xn are indepeadent observations ironm the rermal
= bed
distrivution k(a,07), o ) €. Show thit statistic

T(Xy s Xppeees %) = (£Xy X7 1s mininal sufficlent for o, but
is not ¢oppleta.

x1.x2, ....xn are indepondent observations from the normal
aistripution N{z,02) =@ 1 ¢ w, ¢ ) O. Obtain the ULVUS

of ;“ . [(10+5)+10]

2. Find the Cramer-Rao lower bound for the variance of any umbias:zd
estimtor of e'e on the basis of n independent observations
x1,x2,...,xn from a Poisson distribution with mean €, 6 ) O.

Find the UM/UE of e~

e, conputc the variance of this estimator

and check whether the Crame':r-Rao lower bound is attained by -
this estimtor. [6+9]

3.(a)

(v)

Define a monotone likelikood ratio family (MR) family of
densitics. Show that tix fumily of densities
1 - -6\
fe(x) =z 5y =o{ 8 e forman MR family
in the statistic T(x) = x.

Define a unifermly ncst accurate upper cenfidence bound of
level (1=a) for & real praascter 8. To determine the upper
bound for the degreo of rdio-activity A of a radio-active
substance, the substixmice is observed till a count m has

becn obtair:d on a Geiger counter. The Joint density of the
time intervals T, (i = 1,2,.++, n) botween the (i-1)th and

the 1 th ccunts is
m

ALt
Pleg,tysee £) =20 1 1 a0 for all 1
=0 othcrwise.

Show that the uniformly nost Sccurate upper confidence toung

of level (1) for A is A = gé%% whore c(a) is upper 100%7.

2 ]
percentags point of :sz distribution. [(3+5)+12]
e

contde sesse2/=
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4.(a) Docs there exist a UIP level o test for testing: Hi6=0 against
K:® f O on the busis of iid obscrvations XqsXpseres X fron
N(e,1) distribution ? Justify your answer.

(b) Dufiro an unbiascd tast. Obtuin the uniforwly most powerful
unblased tust of lovel « fer the testing problem deseribed in
Q. 4(a). Obtain the cxprossion for the powor function of thig
tost and check that this is an inercasing function of [0]. -.
{6+(3+16+5)]

5.{a) state carvfully the leymnr=Fearson lerza.lreve 'that the
power B of the P level a, 0 a { 1, test for testing a
simple hypothesis ag.inst a simple alternutive is greater
than or cqual to a. WVhat can you say about a strict in-
equality?

(b) Obtain the Bayes cstimator of © on thu basis of one observatioc
X from the ructangular R(0,6), © ) O distribution where the
prior dunsity of 6 is givon by

-6
ne)i= ec for 6 ) O
L [o] otharwisse

(assume squarrcd crror loss) [(10+5)+10]

s s et s s e s e anes

ve
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INDIAN STATISTICAL INSTITUTE
BoSTAT.(HONS«) III YEAR: 199054
SEMESTRAL-I LXAMIIATION
DIFFERENTIAL CQUATIONS
Datu! 21.11.90 Faximua rFarks:400 Time: 3 Hours
Note: This paper carries 115 marks. You my

answer all the question. But the maximum
you can ascore is 400.

1.(a) Find the gencral sclution of the first order equation

2)'(:{2-3::) gi ’(3y2—x) = 0
given that it has an integrating factor u(x.y), of the form
f(x+y2)-
(b) Find the shape of a mirror that reflects parallel to the:
x - axis, 2ll the rays emarating from the origin (0,0,0).
' [10+10=20,
2.(a) Find the geperal solution of the daifferential equationm

1t L]
xy' ' =2(x+1)y +{xi2)y = Le2X
for x ) O, given that the homogenecus equation has a solution
of the form y = emx,

(b) By the mcthod of Green's functions, solve the boundary value
problem

y"+zy'+2y = 3&% sin x, y{0) = y(1) = o. [10+10=20]

"3, Show that, for a non-negative integer n, the Bessel's equation
] ]
xzy 'y xy + (xz,n?.) y=o0
has only ore, except for cunstant factors, Frobenius series

solution Jn(x)- Show that
=

I Lx) = ;1- I Cos {n® - x sin ) d4e. (2¢]
0
4s Show that x = » is a rogular singular point of the differential
equation . ,
]
(1=32)y "' = 2xy’ + 2y = 0.
Find its exponents at x = «. Find two linecarly independent solutio

_Y -]
of the form x ¥ Ckxk. for the above equation valid for]xl Y1
k=0

[20]

contde seee2/~
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5+ Find two lincarly "independent solutions of the horogencous

systom
dx
T = *Xtix
dx,
= ey o=y,

dt Mo T2

Also find the general solution of the non-homogereous systom

=x, 0t 3x2 Tt 4 sin 2t

[B+7=15]

TS
r*L,x %L%

=Xy T X

6.(a) Find the stationary curve y = y(X) of

l‘ -

J‘ by' - y'ZJ ax

0

which is determined by th? boundary cenditions

y(0) = 0 and y(4) = 3.

(o) A curve in th2 first quadrant jeins (6,0) and (1,0) and has

a given-arca A betwsen the curve and x-axis. Show that the .
shortest such curve is an arc of a circla. [10+10=2¢;

issg’



INDIAlM STATISTICAL ILSTITUIE
B.STAT.(HCNS.) III YEAR: 199091
SIFESTRAL-T Z.4u0JILTICN
FEYSICS-I ~

Date: 19.11.90 laximun Harks:100 Time: 3 Hours

hote -1) Wuustion 1 is c-.rpulsory and select
any fow 1rom ik reste. )

2) Fiques within square prackets after
each qucsticr indicate murks.

1. ¥Write Yea/No if the following atut.renhts are correct/wrong:

i) For a reual gas tie assumpticms adupted in kinctic theory
of gases cay b3 supposed t> &)1y perfectly.

11) Fhenomcrion of hiat conduction 4s csversible in thermodynamic
sense.
11i) Diffusion represents transport of wass.

iv) In a viscous fluid there is nc frictional effccts betweer
the layers. .

v) Diffusion coefficicnt carnot b. related to the translational
Brownion motion of particles.

vi) The change in internal energy of a therrodynamical system is
derendent on the process in v.oicl: the trarsfornation is
effected. N

vii) In a ccuplete reversible cycl:,the work done duc to expansion
and contractien at constant terperature are equal.
viii) Hamiltonian is always a constant of motion and equal to the

total energy of the system. : t

ix) In Hamilton's principle the 1linc integral I = 5 L dt has
t
1

a stationary wvalu: fer the c.rxrect path of motion out of all
possible paths in phdsc sp:cc

- 2 Y'Z
x) 20 =I W%+ Iy * Ijiz + 2 TN wy+z I NN #2 T, MV

vhere all I's # 0 is an expruosizn for rotational kinetic
cnergy of a rigid body wher: dx, W wz-arc the components of
angular  velocity aleng principal axes.

xi) Bohr's thoory of hydrogea atom is not in agrecment with the
Balmer formula for the frequoncy of radiation given

)

¢ hnc ?3 (

-%—) Byl = 1,2¢00e T ) Nt
and it agrces after Sommerfeld's modification.

xi1) The hydrogen atom is stable o:ly as eluctrostatic attractive -
force is balanc:d by the centiifugal  force. (12 x 1%=18]

contde seee2/=
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2. Stating clecarly the vander - Waals' corrections te reprusent the
bahaviour of rcal pas, deduca. the wan dur'daals cquation in the
form:
(p 0—) (v=b) = rRT
Fera uhy *wtations have thelr u:.ml neaningse Also show that the |
co-volura 'b' is squal to four tirvs the total molucular volume. [20)

5. Taking diffusicn int: - .c naideraticn cf . Erowniun particles
in their translatory rotion show that the mean squaro displacoment
dopend upon the time T, the terperatwe T, the viscosity n and

thy radius 'r* of the Lrowmian purticle. ) {x:

write short notus on r‘cversibla and irroversiblo preccesses and
show that in an isothermal revorsible eyclic process the net work
would be zero. Show from the first 1.w of thermodynamics that in
an adiabatic change of an id:al gus P\é" = const. Where P'and V

\

are the pressure and volume and)-' el S ratio of h2at capaciti:
at constant pressure and at constant vollro. [ueneu+8] = [;
(1) “hat ic Hamilton = Japcebi oquation? Chow how cen yvu ollalu u
solution to the mucranical probl-m by the help of Hamilton's
principal function as thu gerncrator of a canonical transforra=
tion.
(11) Find out the solution of a onc dimecnsional harmonic oscillator
by Hamilton-Jacebi technique.

5.(1) Defines Poisson Bracket of twe functions with respect to the
cenonical variables. Show that the Foisson Bracket of the
conjugate variable [ 9y pk] = .)ak =0 4if J Ak

14f J =k

Frove the identity
[x’[er]] + [Y-[Z.x]] + [Z,[X,Y]] =0

where square brackets are Poisscn brackets. From it show that

if X and Y arz both constant of motion the Poisson bracki
of two constants of motion is itsclf a constant of motion.
[3+5

7« Stating Bohr postulates-in his »hnoxy ‘'of hydrogen atom deduc. th
expression for the quantized \.ncrgy 1levels of the ‘hydrogen atome
Justify Somrmerfeld's modification and explain how he extended
the Bohr's idaa. [1o+u+6]

Featness [2]
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ILDIAL STATISTICAL IISTITUIE
B.STAT.(1OIS.) 111 YZAR:1990-94
SEMESTRAL-I EXAIIIATION
£CCLOMICS-1I1
Date: 19.11.50 Fasdmum Farks:1CC Time: 3 Mours

Iiote: Qul'0.1 1s Home Assi;nn.ut {corpulsery).
Answer ALY ECLR queaticis out of Wueation's
2 tc 7: lurks allolind %5 each question are
pivei: in brackets.
1. Howe Assiziment (to be submitted Ly 23.11.90). [Tovic: a eritical
evaluation of various m2thods oL cr.dit control used by the RBI]
(12]
2.(a) What do you mean by the follering terms:
absolute level of 1living, incld>rce of poverty and relative
level of living.
(b) Make a review of studivs rade in India on abaolute level of
1iving in rural India. [6+16=22)

Ja« VWrite a note on altcrnative explanations which have been
advanced in the literzture for th2 so-called industiial
stagnation in India. [22]

u.{a) Discuss briefly the Minhas valdyanathan decomposition scheme
to deternire the cemponents of growth cf crop output in India
for the reriod 1951-54 to 1958-61.

(b) Comnent on some of the importent results of the study in
raspect of the regicnal variation in the contribution of diffcrent
corpon: nts in the growth of crop output of India. [16+6=22]

5. Elaborate the logic of Mat*amr=-izckoil hypothesis to explain the
inverse relationship between pricss znd marketable surplus of
food grains (in India) Can you r.fir to any supplirertary study -
on the above and asscs the role 2I the sars? [16+6=22]

6. Discuss any suitabl. framcwork t9 charasterise the pattern of -
inter ycar chang.s in the balance of trads of India. [10+12222]

Exarmine and irtcrpret the table on Inter year change in
Trade balancus for India givern bulow and suggest possible
stecps towards overcoming the porsistcnt balance of payment
duficits of India.

contde eeee2/=
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Int.r- year changes in Bala.c. 9f Trad. comporcnts

in lillion
dollars

Guneral
aumtity  Folee Turma of Frice 1o
Year Trade Balanc. cirpunent ciwjon.nt Trade uifuct aoffuct
1963-64 =103.0 =C0.2 -102.8 -32+6 =20+2
1964-65 =103.0 =313.9 559 81.0 =344
1965-66 267.0 548+9 -543.9 -5428+2 -120.5
1:66-67 00.0 1453 =115+3 =142.7 .27
1967-68 446.0 391.6 54k 178 36:6
1963=69 371.0 331.3 397 6344 =534
1969-7¢C 278.0 5771 0.9 0.1 1.0

T+ Writc short not.s on any two of <h. following:
(a) Block angularity in tho structurc of Indian cconormys
(b) Economic backwardness as a quasistable equilibrium system.
(¢) Self-sustaining characteristics: of the village cconomy
in India in tha pro-British cine [11+114

igs:
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