INDIAN STATISVICAL INSTITUTE
3.5tat.(Hons,) III Year : 19923-94

Statistical Inference I
Semestrai-I Examinations

Date : 15.11.1993 HMaximum Marks : 100 Time ¢ 3 Hours

Note : Answer any five quastions, X
questions carry aquak.marks,

1.(a) X5,X2seees%, aTe 1id random variables with N(o,02) die-
tribution. vhere o> is the unknown -parameter, Provo that

( ’-‘1' r.x1 ) is a minimal suffielont statistic,

(b) xl,xz,..,xn are 1id tandom variables wit.h Cauchy density

fo(x) n = (1 5 vhere & -£- 13 is tho unknov.n patameter.

. Prove that the set of order statistics baned on
xl.xz,.. X is minimal sufficient
" [10410]

2, Let xl,xz,...,x be iid observations with the common density

e(x) = (%) sorxse
= 0 - “for x ( °

uhore ® £ R is the unknown parametcr..
(a) Show that T(Xy,X5,es s Xy) = MIn§ X X5, 00 X Yis suffi-
_ clent. Is it complete ? Justify br'}.of.ly. Show that
T(Xy,ae X,) and Xy~ Xy are indepcndently distributed.

(b) Find the UMWE of g(®) vhere

- . R -o) -
g(e) Po[x.>oJ, mfx(o,o)e“,s dx.

-7 T T [(5+5+4)48) .
2. Lot X;,X0pe09X, be iid observations-from N(®,1) distribution,

© € IR, “hat is the, Cramér-Rao 1ower bound for the variance
of an Unbiased estimator of a paramatric funct.:lon g(8) ? Use
this bound to prove that the samp.l.o mnean Z is an admlssialo
c¢stimator for © with squarrod error loss, .' ool

[5+15]



- 2 -

4.(a) Consider the probfgm of .ostimating ©-on the basis of an
observation X from the Poisson distribution with maan
®, © >0, Let'® hav_ the prior distribution given by th
density - n(g)%'_: 2P o209 gp-1 ;ff’!; 850

: {(m L

’ = 0 otherwise ’
Obtain the Baycs estimator of © with squarred error loss!
(b) Show that the correlation coefficicecnt between the UMWE
T of an unbiasedly estimable paramctric function h(e)
and any other unbiased cstimatox Tl. of h{e) is

\/Var (T)

Varghli

5.{a) State carefully the Neyman-Pearson lemma. Prove that the
power f of the MP level ¢ toest for testing a simple hypo
thesis against a simple alternative is greater than or
equal to ae What can you say about strict inequality ?

(b) .For testingH : O = 1 a&ainst K ¢t © = 2 on the basls of

observation X from the probebility ‘distribution with
density

[12+8)

% xO =1
R — v for x >0
() 3 T (9 .
o =+ .0 . - for x £ O
Obtain the MP level ¢ test. Show that this test is also
UMP lovel « 2gainst the _aly.prﬁative K’: ©51. Determine

and roughly sketch tho risk set R for the testing proble
H vs. K, ' v

R =7 (E/0(X) ,"Ep0 (X)) 3 @ 1s a test function
C [(5+241)+{4+244) ]
6, Define an unbiased test. Determind the UMP unbiased test of
lovel o for-testing H ¢ o2 = 0% agalnst "the alternative
K2 o2 f cg on the basis of n J_.md'e';;ondent observations
XysXpse0sXy from N(O,02) distribution, [5+15]

- 7e(a) Lot X),X5,0e0 X, be 11d cbscrvations from the unifom di
tribution on (0,8), ©>0. Show that the tost ¢ .given by

' L(xpeeaxg) = 1 4F edther Max xy < Ot

- =0 otherwiso :

is UMP level ¢ for testing H : © = 6y against K 1 6 £ 6g.

(b) write down the expression for the power ‘function’ of tho
UMP level ¢ = 0,05 tost for testing H:p=0 against K:pX0 on
the basts of n independent observati

on from N(p,1),
D:zcrrgin% thc .sm:éllost samplce s"i,zo n such that the power o
s o o £ ‘N
b BolRE BRI Ie 2EEg e b

or Max x.
i -

is at t 0,35 (up
0,1) is .64 a [},ﬁifz.;éﬁ Lupi
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SEESIERAL = T EYAMTVATION
Sasple Surveys
Date: 19.11.199° jiaxioua Marks: 100 Time: } hours.

lote: Attempt ALL questions.

1

1.(a) Distinguish dbetween sapling qxj.d nonsampling exrors in a
survey. List down the various sources of neneapling arrors
and discuss briefly the rmethods of as'sesment and contm}
of these errors. , ’ .

(b) 4 surve7TaS codducted in’a village consisting of 675 houses
holds by covaring a sample of 50 households selac ted using
-h-nle random- sarmline without replacement scheme to
esu: ate the everage monthly expenditurc on postage.  The'
ostimate ‘was found to be Rs.4.20 with a standard error of ¢

0.47. Using this information, determine the, sample size
nceced to estimate .the same characteristic in a neighbouring
villace on the basis of a sample to be selected i:y strmlé -
rondom sarmline with replasement scheme such that the length
of the ‘confidence interval at %%, confidence level is ?0/
of the true value. stste clearly the assurptions 1rvolved
in finding out the sarmle size.

314645) + (7+?)] - [pa] N

2.(a) Explain with 111ustrations what yeu mr‘.erst'::'md by the terms
tinclusion probability of a unit U ad 'Joint irolusion
probability of the pair (U .UJ), 1% 3 fora samnng
deslgn- amee e . . .

{t) Defina the estimator YHI‘ of the population total Y = 1‘1 Yj.
of a characteristic y taking values YJ. on the wnits Uj_. .
1 =1, 2, «os N bascd on a given sampling design with
positive inclusion prebabilities as proposed by ltorvitz -znd
Thompson.. Establich {ts unbiasedness end give an exp'wession
for its varlance.

r . : v L
(¢) Write dovn the unbiased estimator of varian e of Yh“ as
suggested Ly Yates and Crundy for a fixed sa:nple sjze n
with positive Joint inclusion probabilities.

L . : contdeseee 2/-
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(@) Show that the above variance estimator in (¢) is uniforaly
nonnegative 1f the sample is sclected by the Midouio - Sen

cheme,
seheme [(2+2) + (2+3) + 542)] = [2)

As a consultent on 'Sarpling Techniques' indicate tre
suggestions you would offer and the advica you would give
on the following problems (precise mathematical statements
i1l gain more credit for your gnswer):

(») A s3heol teacher having planned to estimate the average
sonsurption of sweets in a week for all the children of her
537001, got hold of a corplete 1ist of (in alphabetical ~
order) ell the 1217 school childron and decided %o take a
sw.ple of size 120. Using this 1list the taacher had selccted
a 'lincar systematic sanple! with the random start 5. She
then computed the sarple aver-g? of the number of sueets

consuzcd during the week as an estimate for the whole school.-

Her problem is to know if the estimate is valid and if not,
how n valid ¢stimate would be obtained. She is also i{nteres-

ted in estimating the sampling error of the estimate from her

sample.

(b) The principal of a college wisacs to.cstimate the 'average
no. of study hours' of students. He believes that score in
‘the previous test! is a good indicator of: the. study hours
and collects data for a random sample of students or: 'study
hours' as well as 'previous score' from records. The
principal is now interested in an 'efficient' method of
estimation.

(c) An agriculturalist plans to select a sample of 9 plots from

3 groups of plots containing "Ot. 30 and 40 plots each. ihile

his assistant allocated the sample plots in the proportion
2:%: 4, he thought that an equal allocation of 3 plots
each would be 'optimum'. He is now interested .in having a
Justification for his claim.

(6+6+6) = [18]

A sample survey was conducted to estimate the total yield of

paddy in a district. A stratified two-stnge sampling dasiem
was adopted with villages as first stage units and plots
within thenn as second stage units. From each stratus 4

villages were selected with probabili ties proportional to

contdeeass 3/~
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arca and with renlacerent and 4 plots were selected from
cach selected village with equal probability and without
replacenment. The data on yield for the sarple plots
tocether with information on selestion probabilities are
glven in the table below;

: Inverse of
sarmle *otal no. yield of sample plots
stratum vi"ﬁ o probebility

of scloction OFf Plots 4 2 34

I 1 440,21 23 104 182 18 &
2 660.43 14 108 64 132 156

3 %1.50 260 100 115 S50 172

4 113.38 76 36 350 157 119

I 1 21.00 256 126 111 13 N6
2 16.80 288 123 177 106 133

3 24.76 222 264 78 144 S5

4 49.99 69 300 114 68 111

11T 1 67.68 189 110 281 120 114
2 339,14 42 80 61 118 124

] 1C0.00 134 121 212 174 106

4 68.07 161 23 116 34 129

Total nuiber of plots in stratum I, II, III are 8423, 6355
and 126853 respectively. Using the above data,

(1) Obtein an unblased cstimate of the total yield of
paddy in the district.

(11) Obtain zn unbiascd vstimate of the sampling variance
of the above estimator.

(1ii) Also comparc the efficiency of the nbove design with
that of unistage sirple random sampling with replace-
ment of 16 plots in each stratum.

(iv) Verify whether the design is a self-weighting design.

(10+12+13+3) = [38]

ibees



993-94

INDIAN STATISTICAL INSTITUTE
B,Stat, (Hons) III Year : 1933-94

Linaar Statistical Modcls
Semestral-l dxamination.

Date ¢ 22,11.1993 Maxiaum Marks & 100 Time t 4 Hours

1.

ilote 3 Attempt all the gqusstions,

Considcr the models »
(1) (Y, %;8) + X585 + 0 1)
ang  (11) (RY, R'XgB,, 02 1)

vhero (R,R') is a rank factorization of I-Py .
(Px.- is-tha-orthogonal proj:.ctor projecting vectors into

é(x ).

(a) Show that p’ B is astimable under model (1) if and only
if it is cstimable.under model (i),

(b) Lot p 52 be ostimablo undér modal (i). Show that its

. BLUE's under modal (1) and model (i1) coincide. Show also
" that the BLUE has tho same varilanco under both tho modcls,
(c) Show that the convm.cional urbiased ostimator of o2 (basad
on residual sum of squaros) is tho scmeo under both the
modols (1) and (11).
(d)} Assume further that Y hrs.a multivyrlate normal distri-
bution. Prove or disprove the stztement @
" The conventianal (likelihood ratio) statistic for tast-
ing H : Ay =% agalnst X : B, £ 5 (vhero ABp is astima-
.ble) remz2ins the same undor both the models and has the
same null distribution urdor both the modols, !t
_ ‘ C [20)
Consider the model i
Yijr =Bt ag + By * Eygpe

K=1yaeesTyy s J=1,i0a,ay and 4 = 1y0uayp
Led
whero E“k's are iid N(O, o°).

Obt~in test statistics and derive thoir mill “distribu~
tions for c¢ach of the followingitisting problems :

.

p.t.0,



(a) Hyz B4y = Byp = eoe = 31é1 » L= lp..,p.
a2gainst Klz.nagatson o’ H1 :

(v) Hz: Th:=o aro no diffsrances among O's

ql .
i 2 -
whuTe 6, = ay + alj 1 = lyeespe

ay 3—1
against Kz t nzgation of H2.. .
Simplify your rosults as far as practiccblo. f12)
3. Prove or disprove each of the fouowing' statomants B
(a) If we include one moro obsarvation Ypey *ith-mcan

x! B and variznco o® to (Y:,)_(B', %1} vhera Yosp 18

. uncorrelated with-Y, then the residual sum of squares -
will not docreaso but tho ,convontional estimate of 52
may decreasd.

(b) In two-way classified data with single observation per
~ c¢eldl #nd with one covariate,
ij =R+ oayt pJ + ﬁfxij + clj
(E_U's arc iid with mcan O and variznce 0?)
all contrasts among Bj'é ere clweys ostimable,

(c) If ono is intarastod in gbtaining BLUE's of ostimablg
functions of 3 and in o.;t._ining tho' ususl unbiased esti-
mator cf 62, doleting onz obsorvation from' (Y,Xs,o 1) is
cquivalent to considoring (Y,%XP + u¥, o“I) vhore u is a
suitably choson column vector.

(d) If wo have-a two-way classifiod data (say with:the classi~
fications : .\ classas and B clossas) with uncqual number
of .observations per cell, the unadjusted sum of squares
and the adjusted sum of squares for difforences among A
classes can never bu equal.

(Assume that there is no interaction boetween A clesses
and B classeS.) {20]

4, In order to ostimate the parameters in the Cobb-Douglos
Production function, 15 observations were taken @
(Qys Kip Ly)y t = 1y00)715 whero Q= indcx of output in *ho
tth lo¢
pari
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Ky = index of copitel in the t'™ period
and L, = indox of latour in the tth pcriod
The following is a summary of tho data obteined.
(109 Q,)%=313.5575} {& £ log Q = 4.57127
£(1og K;)? = 309.8738; = T log Ky = 4.54317

(log Ly) = 316.9182; IIS L log L, = 4.59601

L log 0l log Ki = 311.665
Z log qi log L1 = 313.201
I lag Qi log Li = 313,297,
Assume tho mocel .

Qp =« K" Ly u,
with suitzble assumptions on the¢ orror term ¢ (to be
speeificd by you).

(a) Estimate “'51 and 32 using the method of luast squares
and compute thair standard crrors.
(b) Test H = By + By = 1 against K : ﬂl + 92 <1,

B, u
2, t

(c) Basod on the 4 ata, comment on the usefulness of K and L
to prodict Q using the multiplicative model,
[27]

5. The following table gives tha yield of Latux uncer uniform
conditions (X) 4n 1991 and under troatment (Y) in 1992 for
cach of 9 rubber plants. Three treatments A,E,C viere find
out cach treatment being applied to 3 plants chosen at ranZog.
From the yicld cata, cxamine whether there are any treatment
differences eliminating variability in the normal yield
rates.(State your assumptions clearly).

Yields
Treotment

A Y 16 17 12

. %X 13 5 12

Y 23 18 16

B X 6 15 18

Y 22 25 29

¢ X_ 15 10 24

{18)
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Economics IIX
Scmestral-l Examination

Date ¢t 24,11.1993 Maximum Marks & 100 Time : 2 Hours,
Note ¢ Answer any four of tho following

questions, Flgurce in tho margin

indicate full marks,
1. Supposa the government raisos investment expanditure by -
Rs.2000 crores by disinvesting in tho shares of public sector
enterprises by exactly the same amount, How would this affect
tho fiscal deficit, the ravonuo deficit and the currant account

deficit in the balance of paymants ?
[25]

2, ¥hat is senlorage (or inflation tax) ? (5]

Explain whether there is any 1imit to tho use of secniorage
as @ mecans of financing government expenditure.

[20]

3. Do you agree with the view that dovaluation improves the
balance of trade of a developing country, but only at the
expenses of inflation and lower capacity utllization ? Give
reasons for your answer.

[25]
4, Consider an economy where procuction is limited by the
shortage of importod inputs. Examine the officacys of a fully
fluctuating exchange rato systom in raising domestic z2bsorption
ancd containing the inflationary pressureg.
[2s]
5. In an economy all intcrest rates are administered and thexe
is crodit rationing. that will be the offects of
(a) an increzse in all interest rates by tho same percentage
points;
(b) an increase in only the inturest rates on bank cdoposits)
and

(c) a decrease in the Statutory Liquidity Ratio ? [25]

6. Examine, in tems of an cxplicit model, the implications of
the withdrawal of food subsidy in a dual cconomy.
[25]
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Date: 31+12.93 Maximum Marks-‘lOO *  Tire: 3 Hours
Hote: Attempt ell questions. e
1.(a) Distinguish between sar-ling and non-sampl ing errurs in a
gurve/. List down various sources of non-sampling errors and
discuss briefly the methods of assessment and conirol of these
errorse. :
*{b) Let the populution size be 3 and the sample size be 2 and let
RS LAUAN sz-§u1 Wsland s5{U, U5{. Constder sampling
design giver by p(sl )=1/3 for i=1,2,3. Define the estimator
U vy :
' ! ) (y1+y2)/2 s 1f 8, occurs
t{s) = (y1I2)+(2y3/3) if 8, occurs -3
(YZ/Z)"(Y3/3) if 33 occurs JEETE—
: and 1et ¥ be the usual sample mean. . '
) Show that .and t(s) are both unbiased for Y and that there

exist populations (Y, ,Yp,¥s) £ for which V(t)} V(¥). Wnat does
this example illustrate? : - (3+6+5)+(6+3)=23

2.(a) Define 'Sampllng Deslgn' and 'Sampling Scheme' « Explain with
11lustrations vhat you understand by the terms finclusion
probability of a Unit' and 'Jjoint inclusion probability-.of a

. pair of Units'. A
(b) Define the estimator Y yp for the populutions total Y of a

characteristic y based on a given sampling design with positive
inclusion probabilities as suggested by Horvitz and 'Ihompson
and estabnsh its unbiasedness. Give an expressio.. for the
variance of Y} 17

(.c_) Write down the unbiased estimator of variance of \‘HT as sugges-

ted by Yates and Grundy indicating when this is applicable.
(a) When a a sample 1s selected with selection probabilitfes
.+ .. for units at each draw equal to Py and with replacement, write
down the -corresponding Howitz-'l'hompson estimator.
(2+2+242)+(2+3 )+5+3-(21 )

.

Peteo.
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3. As a consultant on 'Sampling Teachniques' indicate tue sugpestic

you would offcr and the advice you glve on the rollo':-.lng protle:

(preceise mathematical stitements will:fetch you more marks):

(a) A "school has 4217 pupils from vhom the hoadmastc. 4to0k a
sample of 120 pupils by a lincar systematic sarpie with a
rondom atart 5 using w. alphabetical frame. He hzsz than

conput\_d the averzge height based on the sample znd wanted
to know if this is a 'valid' estimate' of the aveizge helght
for this schooly 1f not he is interested in'gettirg a 'valis
estimate together with its cstimatcd errore

(b) A District Health Officer wants to estipate the rumber of
discharges from hospitals in his district during & month.

- He tried to obtain a 1list of all hospitals but could not
do so. On the basis of-an 'efficient' sampling tczhnique
he wishes to obtain his estimate and an estimatel sarpling
error.

(c) A survey team selected 50 houscholds from a village consistir:
of 625 households by simple random sampling without replaceces
and estimated the mnfhlyexpenditure on 'panmasala’ €5 be
Rs+4.20 with a standard error of o. 47. They wish to do the .
same survey. n- a neighbouring village, but this time using *
srs with replacement scheme. They also would like to have

. a sample size which would ensure that the length of the
confidence interval at 95% level is 207. of the true value.

(6+6+6=18)

The table below presents the surmary of data for all the 112 vill:
ges in a certain tehsil in WestBengal. The villages are stratifie
by size of thelr agricultural arca into 3 strata, as shown in
cole (2) of the table. The rumber N,.of villages in different
strata 1s given in co1.(3). Col.(4) gives the rumbcr of villages
n; solectod from the i th stratum and in col.(5) the sampling
design used in the stratum is given. The yield of Jus: for the
selected villages and the auxiliary information whera available
are given in col.{6) of the table:

contde sese3/=



o Size of the

Auxil

villages in Sampling Yield information
Stratum acres of N1 n, design Jute on agricultu-
agricultu- Y13 ral area xl‘1
ral area -
(1] 2] \3} () \5) .o AB)
¢ 51 6  Probabili 75 25
I L0 Froportioril 101 39
to agricul tural 5 2
area with 78 26
rerlecenentg 79 -26
45 16
1T 40 and {80 38 4  circular srs sus
, systematic R sample gample
\ sampling with ~4 A
two independent =255
random starts 238 214
359 368
125 14 .
2 2 Probability 127 7 )
Fir )80 ’ proportional o 326 104
% agricul tural
arva without
& replgcement

t is also krown that the total agricultural area of villages in the first,
econd and third stratun cre 1268 »3443 and 3112 acres rospectively.

a) Estimate the total yield of jute for the tchsil

b) Obtain an estimate of the sampling crror of your estimator in (a) above

;1 €) If a survey were planned next ycar how do you propose to allocate a
total sample of size 12 to the strata?

(14+18+6238)
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SEh..’STﬂAL-I BACYPAPER EXA)’INATIOH
PHYS1CS-I

- Dated 3.1.94 . laximum Marks:100 Time: 3  lours

lote: Civen: Charge of an electron: .6x10'1°c-b.5x10'1°

! Rest nass of an elactron 9.1x10'31 Stet-coul(esu)

wvelocity of 1light: 3x10 n/s
Flunck's constant: 6.63x107>% J-g
Fev = 1.6x10" 137

11 aru=931 lev
...ymbo;s havo théir usual meani.ngs.
15)eL. r_Ytoth Group A _and Group B

GROUP_A (Total marks = £0)
Answer a11 questions. -

1. ¥rite chort notes on: 1) constraint of motion, 11) force of
constraint, 111) generalized coordinates, iv) degrees of
freedon for a mechanical systeme (IMZE) =f10]

2.(a) Derive Lagrange's equations of motion from Hamilton's
principle.
(b) Write down the Lagrange's equation of motion for a one
dimensional harmenic oscillator. (7+3)=f10]

3.(a) What is infinitesimal contact transformation? Justify

the following statement: "'Te motion of the systew may be
regarded as a’ succession of infinitesimal contact trans-
formation where Hamﬂtonian plays the role of the generator
of the system.''

(b) Define Poisson bracket of two functions with respect to the.
canonical variables (q,p) .
Show that Poisson bracket of 9 4Py with respect tc the
canonical variables q,p is “y4- (6+2+2)= [10]

t. Derive Hamilton's canonical equations of motion. Compare these
equations with Lagrange's equations of motion regardirs the
solution of a mechanical problem.

Define Lagrange's bracket of two functions with respect to the
canonical variavles {q,p). (6+2+2)=[10]

GROUP-B (Total marks=60)
Ansver all questions.

1.(a) A rod of rest length 1m is moving lengitudinally or a smooth
table with velocity 0.8 ¢ relative to the table. A circular
hole of rest diameter 1me. lies in its path. 1) ¥het is the
diameter of the holc as seen by the rod? i1) vhat %7 the
length of the rod as seen by the hole? Does the rcd fall
into the hole? bl

p-toO-



{v)

2.(a)

-2 =

A 0.5 lieV electren moves at right angles to a magretic Tielq
in a path whosé radius of curvatur‘e i3 2 cme Yhat i3 the
riagnetic induction B? By.what factor does the effective mhsg
of the electron ecxceed its rest mass? - k]

=12
An object moves with speed u at an angle 6 to the A-axis

~ in system S. A second qVStem S' moves with speed v relative

(v)

3-(3)

(b)

Lo(a)

to S along X. ¥h-t speed v' and angle 6' will the zbject
appezr to have to an observer in §'? B]

Give the wavelength shift, if any, in the Doppler effect
for the sodiun D, line (58% °A) emmitted from a source
poving in a circle with constant speed 0. C measured by

an observer fixed at the centre of the circle. 5]
I = b2

show that the Kelvin-Planck and the Clauseles stiiements

of the second law of therrodynarics are equivalent. 3]

Air, initlally at a temperature of 45°C, s alloved to

eypand adiabatically until its volume 1s doubled.
W¥hat is its new temperature? If the pressure was
originally atmospheric, what would be the rinal tressure? 5]
n[12]
Two identical bodics of constant heat capacity at tempera-

" tures '1‘ and T, are used as reservairs for a heat engine.

If the bodies remain at constant pressure, and undergo no

' charge of phase. show that the amount of work obtaniable

(b)

.5-(;\)
© (p)

is
Ve <, (1 +T2-2’l‘1.) vhere Ty is the final temperature. [5)

Give a brief description of Carnot cycle. Find an cxpression
for the cfficiency of the cycle. )
= [12]

Explain Bragg's ‘th"ox'y of reflection of X-rays by crystals.. 13
Distinguish between nuclear fuzion and nuclear fusion.

Why does U 35, and not U238 undergo fusion with thormal
neutrons? E

b2




ILDIAN STATISTICAL INSTITUTE
B.STAT.(HONS.) III YEAR: 1993-94
SE!ESTRAL-I EXAMINATION

FHYSICS-I
Date:25411.93 'mtal'x-’arksi«oo Tinc: 3 Hours
Note: Given: Charge of en ‘electron: 1 6x10” 19 ¢ uh.8x10"1°
tat-coul.{em)
Rcst mass'of an electv,n: 9.1:%0 i Xge
,velocity of light : 3x10 n:/Sh
Planck's constant @ © 6631073035

A1y = 1.6x10735

"4 amas = 931 Fel
Symbols have their usual meanings.
Answer both Group A and Group B.

GROUP_A (Total marks = 35) °

Answer question lo.1 and any two from tne rest.
1.(35 “For studying mechgmi..cs of a system of particles Lezgrangian.
formulation is much more convenient than lewtonian formulation" -
Explain it with one reason which you consider most cignificant.

()
(b) Vhat is constrained motion? ¥hat are the nain clas.’fications
", of constraints? Explain with exarples. {243)
(c) In vhat way is Hamiltonian formalisn different froz
Lagrangian formalism? Explain, mentioning corresponing
spacese. (3)
(a) Vhat is Hamiltonian of a system, and in what conditions
Hamiltonian will be equal to total energy? (3)

) . =15
2. Vhat do you mean by forces of constraints? Deduce Lagrange's
equations of motion from D'Alemberts' principle. Mention cate-
gorically how the motion with constraints have been man-ged? -
L CE s R T
3. Yhat i3 the main purpose of candonical (contact) transformation?
Describe Hamilton = Jacobi method for solving the motion of a
mechanical system. (3:7) = 10

4+(a) A circular hoop rolling down an inclined plane witiout .
slirping. Prove that the frictional force of constraﬂ_nt is
1/ Mg Sin ¢, where Il is the mass of the hoop, g is the
acceleration due to gravity and § is the ‘angle of ficliration
of the plane to the horizontal.

N
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4.(v)

1.(a)

(v)

(c)

2.(a)

(v)

'5.(a)

(b)

-2 -

A heavy particle hanging from a fixed point by a 1i:at
flexiblu aud inoxtensible string and made to oscillate in

a vertical plane. Detemmine its equation of motion by
Hamilton's canonical equaticn of metfon, and, assuning
arplitude of the rotion belns small enough, find the period
of oscillation. (5+5)=10

GROUP. & (Total narks = 65)

Questions 3. and 3 are cor, nul or_z- Answer any thres fro
the res&- : YR "

Vhat is the proper time-interval between the occurrence of
two ovonts 4f in some inertizl x‘rame the events are .eparated
by 5x10 m and occurs 1.5 S apart? B . (3)
Suppose that a particle moves parallél to the x-x' axis,

that v = 25,000 mi/hr and u, = 25,000 pi/hr. What percent -
error is mada.in using the Galilean rather than the Lorentz
equation to calculate u,? Speed of.1ight is 6.7x10% mi/nr. (3)

Show that the relstivistic acceleration transfomation equa=
tion may be written as [ N
“a, (1- v¥2) >

-— . W
. Lamuy v/ 2)

=10
A body of rest mass m, travelling 1n1tially at a spced

0.6 ¢ makes a mmpletely inclastic collisiion with an iden-
tical body mitially at rest. ‘v(hat is the speed of the

resulting single body? ¥hat is 1ts’ rest mass? L]
Show that . iK‘+2m c°K .

p = —0— SO (3)
where p and K denote momentum and kiretic energy
respeétively. o =7

Is a straight world line between two events in I'd_'.k')wski
space shorter or longer proper.time than a curved wwrld line
connecting these same events? Cxplain. . (12)
Show explicitly that two successive Lorentz transiﬂrmntions
at right angles (v along X' and v along Y') do rot commute.
Show further, 'chat in whatever order they are applied, the
result is not the same as that of a sir.gle Lorentz trans-
formation with a velocity v = % vyt _J »* (12)

cartde evae3/
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4.(a) Show that the first TdS equation may be written an

TdS = C,dT + pT/, o (3) .
(b) Onc mole of an ideal gas is expanded from Ty WV,

Typ,V, in two stages - in tho first stage pre.,su:'c changes
from p, to p' and volume changes from V1 to V' : an. in the
second stage, the cox'x‘c:;p:md.m,_1 changes are p —_ Tp and
vVV—o v 5+ For vhat valuc of p docs the abdove work attain
its maximum and vhat 1s the maximum value of work? (5)

(c) T™wo bodies of equal and constant thermal capacity C and at
absoluto tcnpemtums ‘I‘ and T, are allowed to attaln ‘the
‘sate’ teoperature by being pl'\cod in direct thermzl contact.
Show that the entropy change of the univqrse is

e

: T, +T

B Y o R ()
I ¢ LT, T

o R ) =12

25.0a) Show that for 1 gm-mole of real gas (obeying van der Waal
equ:\tion) and undergoing adinlatio change,

po

ST T(v-b) & - constant. : (5)

{v) StJting with tke 1st I-ds equ..tion. write down ar. zxpression
for the varl:tion of C with volurne.
1f the equation of st,te of a system is given by -R-—-=1+B/'J

where B = £(T), show th-.xt

2
=RT da”
¢, = 37— —55 (TB) + (cv)o

where (Cv)o represents the value of C_ when V 1is very large.

(>+5)
=12

6.(a) Calculate the energy gencrated in MoV when 0.1 Kg of

Lz 13 converted to Hel‘ by proton bombardment. Given:

mcsses of Li7, ne" and 1Y in am are — 7.0183,4.6040,1.0081

respectively. " (5)

(b) Discuss the Bethe carbon - nitrogen cycle for the production
of stellar cnergye (7)
=12

covibde seel/
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7.(a) Show that tine wnguiar frequircy of a charge moving in a
uniform magretic ficld is given by

w -(-%T—)

1-u?/e? relativestically.

Corp~:re this with the clussical result upon which some
cyclotron designs =re bascds

(6)
(b) A sazple of characoal from an srcheological site i found

to huve about 1/4 the C“’ activity pver gram of carbon found
in living wood. liow 01d is the archcological site? T:=ke

A for € as 1026 x 1078 g1, (6)

=12
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ILDI L, STATISTICAL INSTITUTS
B.STAT.(HOUS.) II YEAR:41993-94
SERISTRAL-1 EXAFINATION
ALITFROFOLOGY

Date:26.11.93 Faximum larks:1CO Time:3 ilours

liote! Usn ser arata answerscript for Group /.
ar.d Group 3

Ar.swer all questions from Group A, anrd
anzwer ady five questions from Group B.

GROUP_A

1. Defire huran biology znd bring out its difference f""-.n classi-
cal phys.lcal anthropslogy. kol

OR

..mnarat‘, bricfly the major charges that took place in ;mammical
characteristics of man due to assumption of erect pcstire.

2. State briefly the salient featuces of Darwin's theo*' of evolu-
tion. In vhat way it differs from Lamarckism? °

3.(1) Does the uniqueness of anthropology as a d.iscipli.ne lie
in its holistic approach or subdisciplinary specidisation? [2]

(11i) Homeostasis éssentially' involves maintenance br a stable
internal environmert of an organism. True or false? bl

(1i1) Freferential cholce of mate in the South Indian Hindu -
society is 5eneraily made on the basis of (A) Horogamy,
(B) Hyp=rdamy (C) Uncle-niece or Consin relations:ip, -
(D) Social status. bl

(iv) Univariate analysis is mcre useful in adoptatioral studies
and multivariate onalysis is more useful in populaticn com-
parison. True or false? b)

(v) "Fecundity" represcrts the actual event of child Yearing
(f.c., total number of live births) while 'Fertility"
inmplies total potential capacity for child bearing. True

or false? CZ]
GROUP B
1.(2) State briefly the Moendel's laws of inneritance. ﬁa]

(b) A husband and his wife are with normal skin pigrentation.
Their first child is an albino (autosomal recessive trait).
Give genotypes of the parents and the albino childe “hat

is the chance of their second and third child of “eing an
albino? ES]

peteoe.



2. Give ar accourt of normal kuran chromosores with gyetad

reforerce t thelr rasler, structure and classific-ilon.

3. Strte trisfly vith suitable exanple the criterda of Lo
heritance of traits ¢ to sax lirked dominant and cex

1rkad recessive genes.

lo;

f10)

Lo Yhat wil) be th2 Vdeod tyzes of cnildren in the follewing

parental combinationst

(a)nxh (st (e)ixtit (a)o xad (er A xB.

5.(a) Define Hardy-Welirberg yprinciple.

(b) Asswme a pojulation in wiich tha blood group ger..s C,A and
B arc¢ in the projortions «6,.3 ard «1. If marriaces occur
at rardom, vhat will be the n‘eq\:cnc.tcs_ of perscnz with

the four tlood gi'v vpu? . ..

(¢) Inf tUnited States the fr‘*querxcy of th2 'C' blood .

Sooup is

o
k)

&)

«C7 and fh positive is 60+ Yhat is the freguercy of persons

who are group '0' and /& po«itive. ..35w.11ng a lerg
of ra.don mating?

6+ Vrite short rotes on any two of the fonowinb-
(a) Autosomal recessive tratts in man
(b) APO blood broups
(c) wins - 1.« )
(a) Xaeinefelter's Syndrome

.
i

history
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LI nxw STATISTICAL IiLSTITUTE
AT.(10KS2) II YEAR:1993-94

TRAL~-I EXAMINATION

TUERTIAL EGUATIONS

D1te:25.11.93 Faximm Marks:100 Time: % iours

ROTS: Answer nny FIVe questionas.

1.(a2) Obtain tie general solution of the ODC' g B3+3+4)
(1) %xy- y tan x = s2¢c x  (11) (y+x) %Yx- y¢x = C

(111) (1ey2e2%) dﬁ +y=0 (You may put y=uaX).
(b)(1) Solve the ODE [5+5]

gﬁ +ty= o2x cos. 5%

(41) Find the function f{x) which satlssies
X
() a2+ ¢ rledat. -
1

2.(a) Verify that y = exz is a sclution of the OLC [0]
d—-x-hxgyi+(hxg-2)y-o. -
iience or otherwise find its general solution.

fo]

(b) Given thst one solution of the ODE

2
2 d
X-—J-?yno
dsx

y1(x) = x2, find the general solution of the OLC

2
x2 &Y 2y = 2x-1
dx

3.{a) Find two linearly independent solutions (in powers of x)
_of the ODE

[io]
2
ﬂ + 73 f_’l+ x2 =0
3 y
a2 ax
. {(b) Find the general solution of the OLE [0]
2
g'_y + 2x &'Y - 2y =1
_ P dx
ir. the neighbourhood of x = C.

3 ete0.



4. For thc OD2

2 L
v &Y + {4-x) %.; +ay.= 0 {x 13 a constant), [1+10+6)

.? .
ax”

(1) :how *kat the eition has a regular slné:ul&i‘ volat
at x=0,

(i1) find a solution ¢: of the form

(o
Gx) = x" v c ",
r.=0
(111) show that if a=n, a nca-negative integer, ther. is a
a polyriadal golution of degrce ne -7

N
wo (=107 x/)am

5.0a) Let 3y (x) = L (¥)0). - [br6]

m! (ot »+1)
i
(1) snow that Jy (x) 13 a solution of tht OLE

2 .
xzd—x2Y+x§¥+(x2-92)y-O B

(=3

1) & oy ) = -V, 0

(b) Frove that the problem

2/
& = 3y 72 watn y(0)=0
'S
has infinitely rany solutions. Discus®“what conditio: is
violated here for the existence of a unique solution *o the
prodlem.

6.(a) Corpute the first four successive Picerd iterates for the

B)

0DE [
F = P4y, o).
(b) A miterial point noves from tae point A4(1,0) to t.c
voint B(2,1) with vclocity v = x In the xy-planc. <ind
its path so thut tho time taken is nininmurm. (o]

corntde seee3s



7.{a) Solve thc FDE

0]
?y(u-})ux + (9x-u)\.\y = (2x-3)y

Given that u<0 on x’#y? = OXe

(b) Reduce hw 1O f10]
y’-uxx- 7xy\,|xy+ x'2 uy_lugu + ;é;\.\

into its cunonicid forid und henee find {t3 genenpd
solutlon.




-INDIAN STATISTICAL INMESTITUTE
B.stat. {(Hons.) III Year: 1592-94
SEMESTRAL IT EXNMINATION

Statistical Inference 1I

hours

Az
=

pate: 75.4.199% daxirum .iarks; 100 Tices

lote: Answer ALL the Quesfions.

LR "‘f:norib:‘.' tho'ooncept of Pitnent's asymptotic relative efficiency.
' (10)

> Drreribe the Kolmogorov-Smirmov test for goodneses of fit.

Show that the one-sauple Kalmogorov-Soimov statistics D; and q;
are identisally distributed (assume the underlying distribution
to be continuous). (6+9) = [15]

2. Corsldér the two-smmple problen where the populations sampled
may be assumed to be normal. Suppose that only the ranks of
the observaticns are available, the original ebservations havirg
been lost. How would you test the hypothesis that the two popnie-
tions are identical against a location alternative ? .

(6]

. Consider the paired sample problem. Let (X4, Yq), (X5 Y)),ees,

(4, Y,) be a random sample of n pairs.

(a) Construct an upper confidence bound for the median 6 of “the
difference X-Y on the basis of the Wilcoxon signed rank
statistic. '

{b) How do you use this confidence bound to test the hypothesis

H,: 6 = O against an appropriate one-sided alternative ?
(18+6) = [24]

lppose we nave two independent random samples frem two

§ - Tatimne with continuous and.strictly increasing d.f.'s

F and G. Wnat is the level - @ test based on the Mann-¥ni &2y
U-ztatistic for the null hypothesis H_: F = G against the
one-sided alternative H: F(x) > G(x) for all x, F(x) > G(x)
for z~e x?

Show that the sare test {5 also a level ~caunbiased test for
the null hyyothesis HQ' i F(x) < G{x) for all x againat the

same alternative.
contdeeces 2/



(b) Consider the shift model G(x) = F(x-8) for all X, in a tws.
sample location problem where F and G a2re d.f.'s for the
two populaticns and © is the amount of shift.

Show that the Hodges-Lehmann estimator § is distributed
symmetrically about @ ii the distribution F is symmetric
about some point. (13+411) = [24)

State the fundziaental identity o»f sequential analysis and using
{this obtain approximata expressicns for the 0.C. and A.S.li.
funstien of the SPRT.
[20]
TLHOR

PRl s .
.

pt X;: Yg, e+e. be L.i.d. H(i, 07) where both i and 0% are

unknown . Describe Steints double sampling procecdure and using
4ais obtain the following:

.

(a) A bormded length confidence interval for i with a given
confidence level (1 -a).

(b) An unbiased estimator for M for which the variance is bounded
by some preassigned number not depending on 9.

(¢) A test for H,: # = u, against Hy: i = iy (Ky > B)) for vhich
the crror probabilities are less than or equal to two
pre-assigned numbers & and § respectively.

(5+6+549) = (5]

3. (&) et Xy, Xy oo De foiede ~ B in{1,0),0 <0 <1. Using a

sequential procedure obtain an unbiased estimator ot-g- which
attains the corresponding Cramer-Rao lower bound. Justify
your answar.

(b) Suppose w2 want to find a good unbiased estimate of © on the
baziz of 1.1.d. observations from a N(®,1) population.
Compare tho best fixed sample size prosedure with the sequen-
tial procedures.

{c) Vrite a short note (with 1llustrative oxamples) on the need

for 2 sequential procedure.
(1245+48) = [25]

. ma aviaea e m————



INDIA! STATISTICAL TSTITVUTE [___1_9’«3—;9!‘]3:»3
B.Stat. (Hons.) IIT Ycari 19929 e
SLESTRAL II EXATUATION
Introduction to Stochastic Process
Intes 29.54.199% laxlinum Marks: 100 Tines 33?- hours
Mote: A1l tiarkov Chains (142) considered in this
Question peper are homogensous in time.
The vhole aurgtion pager carrvies 115 parks.

ihe maxitran you can score is 100. Answer as
. nuch as you cone.

1. Consider a iorkov Chain Xn. n=0¢C, %,.2, <o with state space
S = {o, 1,.2, see l:md transition probatilities given by
U 1 )
Pigat * T3¢ Puo T3 12001, 2 vee

Determine whather this 142 is transient, null-recurrent or posttive
recurrent. (15]

?. Conslder a discreto time NC with states 0, 1, 2, eee, M and
transition probabilities given by
j B, 1f J=1-1
¢ AL Jeded

Pgy ™ . . '
. 1-a,-p, 1f 3= 4

«w ©O 12 1 J=-51>1
s

Suppose that ¢ = 130 =0y =& =0 and all. the other f-'-,_'s and
" p,'s.are’positive. Find the absorption probadilities T, at 0
) given that X = ky km1, 2 weoy Bty

| : (15
(a) ror a discrete time M2 xn. n=0,1 2, ... prove that for
a11 i, 3in S
: _ 8o ’
» et 4

R

neo 733

{n)
vhere 1‘1 "PL)S\' h) ror .,ome n>1|x°-s.§ andpu ts
are the n-step transition px‘obabiuties._

(b) Define on essentinl state. Show thnt for a ﬁ.nita X a state
i1s tronsient 4f and only i1t s not’ es-esntxal.

centdevees /-
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(c) Dufine the period of a state. Let P = ((pij)) be +re
transition matrix of an irreducible MC and guppose that

2
P is icerpotent (i.c., P” = P). Prove that pyy = pyy for
all 1, J in S and the IC is aperiodic {Hint: consider the

1 (V)
1Uimits cf-—— 2 13 ).

[15 + (244) + (2+6)] = [20]

A person who owns r ucbrellas distributes them between honme

and office according to the following routinz. If it is
raining upon departure from either place, m event that has
probability p, say, then an umbrella is carried to the other
location, if available at the location of the departure. If
it 1s not raining, an umbrella is not carried. lLet xn denota
the number of umbrellas aveilable at whatever place the persen
happens to be departing from on the nth trip, n = 0,1, 2, .. .

(a) Determine the transition probability matrix and the sta-
tionary initial probability distribution (steady-state) Zor
this MC.

(b) Let 0 ¢ @ ¢ 1. Whaat is the minimum number of umbrellas
that the person should own so that the probability of
getting wet under the steady state distribution 4s at most
a acainst a given value of (climate) p 2 Yhat is the
minimum number r which works against all p, 0 < p <1, for
the probabili.ty a?

[(5+10) +5] = [20]

Suppose d identical machines are subject to fatlures and repairs.
Times - to - failure are independent exponential random variables
with para:neter 8. Repair times are independent (also indepen-
dent of failure times) exponential with parameter @ . Assure .
that there is only one repeirman. Let Xy 20 denote the
number of machines that are in working condition at time t. Tais
¢an be modelled s a birth and death process. Find the infi-
nitesimal parameters ond determine the stationary initial
probability distribution.’ [15]
Conaider a pure death process %y, te[0,=) on S = {0.1.?‘-.-" E

. with death rates By =18, 1 = 0,1,2, «au

(a) Virite down the forward differential equations.

(b) Fina Py, (1),

(c) Solve for P, .(t) in terms of P

(@) Find €, (B . ch- V)

(e) Show that Py (t) = ( ”"t) (1-¢ "’t -J 0<¢cJycei .
J (La2+%0543) = [

1341 ()
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INDIAY STATLSCICAL INGTITUTE [ 593-5u] 223 |
B.Stat: (Honas) III Year: 1992-9)

STIESTRAL IT EXAINATION
Declgn of Experiments
Date: 2.5:199% Naxdouwz Marks: 100 Tme: %3 hours

Mote: Mswer any FOUR questions from Group A.
liorks ate indicated within brackets.

GROUP = A

1.(a) Three treatmants A, B, C are to be oompared using a coempletely
rardomized design where A, B, C are vep'licm'ed r1 tires,
r, tines and r, t_.mes rospeotJ.Vely. Ir l[v( T p) *

P
V(TA - T v( ‘n - Tc ] 18 to be min.tmlzed how ‘would
you choose ry, rp and r, given that (1) Ty +Tp+Ty = 21 and
(11) Ty vrysry = 28 Y
(b) Obtain the efffoiency of a letin square -design relative to
(1) completely rardeaized ‘design and (41) ‘randomized 'block
design ‘fgnoring dolumn classification.
(7+6+446) = [27)

2.(a) (1) Show that for ‘an equireplicate block design with equal
block sizes
A L i
vi'T ) 248 2
— e ad s
T
"vh‘ere-‘!"is'the'-reol.fca'tion nuiber “and{'a =.0.
(11) Characterize tr.e cesign for- -whidh equallty’ holdsd,n “case (1)
for an,( T with L1 =o.
(b) “Show that the maxfhum nuzbér-of m.o.lss of ‘erder vits.v-1.
Construct a eomplete sct ef 2.0.1.8 of order-h.
‘. (B64544410) == [22)]

+ (1) Show that:undér-missing plot situation,
min S3E a ‘a "SSE . "= "8SB
w o ) ST “2e

whera the symbols have their usual:significanss.
:o&ltd..... 2/~



'8

5;(8

(v)

thee;

-2 -

(44) chow that u  is wniquo {ff

x 1

X

.8, ey :

Rtxp ] = Ri%, 1.

Rl (16+7) = [23)
What 18 a cplit-plot design ? Write an eppropriate linear
pmodel for a szlit-plot design in r rardomized blocks with p
nadn treaatments ond G sub-treatments and indicate its analysls
of varience cxplaining clearly how the various sums of squeras
are computed. Gilve anlso the table of various comparisons and
thedr estimated standard errors.

(24341 040) = [23]

) Identify all the cenfounded interaction components In one
renlication of a * experiment in blocks of siza 37, of
which the following constituie a bloocks

(2 ¢ 1 2 2
(11 2 2 2
(0 0 2 0 0)
(21 0 0 0)
(1 21 0 0)
1 c o1 1)
(0 2 0 2 2
(0 1 1 1 %)
(2 2 2 1 1)

Construct the key dblocks for a balanced confounded 95 design
in bvlocks of size 2"‘, saving main effeots and two facter
interactions. Also, for esch replication, indicate aow the
other blocks can be formed from the key blocks.

(9914) = [25]
GPOWP_~ B
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_E)q.vlain what do you understand by thé discipnna imfhmpology-
Dlscuqs .!.ts relationship witd ooclology and hu:aan gcnetics-

s e am X Ges+s)
TP T 3 Stemte ‘
State embryologi.cal palneontological and anab:micpi
',:.:cvidences for bivlopical. evelutionsis & Lot : i ‘) [5+5+5]
Vrite sevmdistmctlve charucteristic features ot the
: order.Primate and. ascnmk\ jtha ) Ation oI \mn Ln the _
s lrndor Primate’ taxa.'--' R _ be3]
'3 WRlte” notes’ ‘6n’ any f.hrca ot the fcllowlngs- e fis)

“(a) Life tablo (b) Neolithic culture {c) Hypoxia (d) Adaptive

. Tadiation (e) Family (1) Genetic dritt -
4. Fi11 up the gaps el .

(1) Ractal clas siﬂcaticn oi, m:mks.nd was first made
ey

(L;) Marriage of a woman with more than one'man 1s

e, FEE

designated as . i =

.ot :
L. Lt

(ui) Racial’ classiIiCation of Indlan population was first
e v made vy

, -

(1v) Total reproducttve perfomam:e of an ox‘ganism is
krown as . -

(v) Tree climbing habit of ‘the arthmpoid upes 15 Known
' as

Mw—“

(vi) Orang utan belongs to’ the family L

R

(vu) The earliest stone ‘mols are called

————

’ (Viii’Aurisnaclan 13’ the mune of an’ industry of ‘s ..
period

(1x) Science of classiﬂcatlon of enimals is called

"(x) Rate of change of bi.ological evolution is vcry slow
whereas for cultural evolut.i.on it 418,

SRR

—————

Pet.oe
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GROUP B

Notd: .inswer any Iive questions from group B.

1. Give an account of Mendel's Laws of inheritance and {1lustias,
with suitable experiments. v

2+ State briefly with suitsble example the criteria of inheritaxe,
of treits due to sutrszomal deminant and autosomal reeessive
genes. [s

3.(2) Define Hardy-Welinberg principle. B

(b) Assune a ropulation in wiich the blood group genes O,A
and B are in the propertions. ¢35 .3 and .2, 1f marriages
occur at rendom, what will be the frequercles of persons

with four blood groups? ]
4.{a) Following meiosis, each sperm of egg cell containa how

many chromosomes? @]
(b) In nelosis, how many sperm cells are produced from a

single male cell? T . k)
(¢) Can mutation be induced? - k;
(d) What type of offspring could be produced betw?en a taster

and non-taster parents? - RN ]
{e) What are the possible chromosomal wnstltuenta of

Down's .)yndmne? - . 2]

5.(a) A pan with blood.group A had parents with blood growps -
" 0 and A« This man marrics a wonan with blood group B . ot
but who had parents with blood group AB and O. Warkout -
the.possible blood groups which the children of the B)
couple can have. . . .
{b) Laura znd Fichacl. (II-5 and II-6) meet whilc attending a
lecture concerning a rare human metaboli@ discase that. is
inherited as an artosomal recessivc tmits They both have
a sib who has this discase. They fall ir love but are apprec
hensive about having children. What is the change of their.
tirst child. Bl

Oy

r C— =0
é‘»ll% 111(5-55— (7}> Q\Ih

contde eos- o3
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5.{c) A normal womuan whose father wss colour-blind (sex-1linked [L]
recessive) marrics a rormal man. Show tho oxpected gunotynae
of tre children and its proportinn.

6. Write ghort short rotes on any five of the followings

(a) Mlelos, (b) Autosom:, {¢) Barr body, (4) Rh incompativility,
(e) ¥-1inked genes (f) sox-chrorpsoncs fo)

teteaeas Mgt a o e ena
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1.(a)

(v)

2.(a)

(b)

=.(a)
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6.5.19% Maxizun Marks: 100 Time: 3 hours

Note: Thia Question paper carries 175 marks.
You can answer any part of any qQuestion.
The maximum that you can score is 100.
Marks allotted to each question are given
within brackets.

testing for
Describe the Breusch -Pagen test for/ike presence of hetero-

scedasticity among the disturbances of a regression model.
Explain in what ways this test could be considered to be
more g2neral than the other atandard tests like the Goldfeld-
Quandt test or the Glesjer test.

Consider a system of two seemingly unrelated regressions in
which the regressors for the second equation are a subset of
the regressors of the first equation. ,éhoyl that the ordinary
lecast smuares (OLS) estimator of B8, (the vector of coeffi-
cients of the second equation) is the same as the seemingly
unrelatcd regression estimator of Bae '

(10+5+411) = [;5]

"Asignificant DV test statistic value does not necessarily
mean that there€ 1s an autocorrelation problem." Explain
clearly the implications of this statement. Hens2, indicate
the dtfferent solutions to the problem’of '*autocorrelation®
in a regression model. .

Describe briefly the different methods of estimation that
are avallable for estimating a linear regression model with
an AR {1) disturbance term.

(12412) = [)
Consider the regression model vy = 91*11 + 32,(21 +.;i,

1 =1, 2 ..., n, vhere x; 1is not observed. The observed
values are given by "Nu = Xy4 +u;, where u is uncorrelated

with x4 %, and €. Suppose we now drop x, from the equaticn
and run an OLS regression of y op-f, to,obt'a.tn an estimator
By of By. Snow that plm By = B = V8 + B0y, where

¥y = var(u)/var( xf;) ond by is the regression coefficient

from a regression of Xy 00 X contd, 2/
sese 2/=



(v)

(e)

4. (a)

(v)

5.(a)

(v)

sbec:

In the context of instrumental variable (IV) method of
estimation, state the assumptions that the instrumental
variables must satisfy and then prove that the IV method
would always produce consistent estimators of the regressicn
coafficients.

Usc a simple e'rrors-in-variables model to show how lagged
values can be used as instruments for consistent estimation
of the model.

(9+9+7) = [5)
Consider the following regression equation:
Vg " Bo * BaXyy * BpXpp + BxXap + 4.

This model was estimated by OLS procedure, based on 26
observations. The results are given belaw.

Fp = 2+ 25x, = 07Xy + 2.0%,p 5 R? = 0.992,
(1.9) (2.2) (1.5)°

where t-ratios are given in parentrescs. The same model was
estimated with the restriction By = By and the following
results were obtained: !

ﬁ = 1.5 + 3(x1t + x?_“:) - 0.6x.,\t, R® = 0.876.
(2.7) (2.4)

(1) Test the .significance of the restriction gy = B, State
also the assumpticns under which this test is valid.

. 2
(11) Suppose tnat x, is dronped from the equation. Would R

as well as R2rise or fall 2 Explain.
Write a short note on the method of ridce regression.
, (777111 = (3]
Derive the rank condition for identifinbility of an equaticn
in a sizultaneous equations system vhen the prior informations

are in the form of linear homogeneous restrictions on the
structural coefficients.

Consider the following simultaneous equations mode:'L
Yy = ay,t 68X+ €y

y2-3y1+“)x+£2, X
where x 1s eXogenous and the error terms € and €, have memn
zero and are -uncorrelated. .
(1) Virite down the equations expressing the reduced foru
© coeffiafents in terms of structural parameters.
(11) Show that 1f ¥ = 0, then B can be identified. Are the
paraneters ¢ and 6 identified in this case ? Explain.
(1245+8) = (5]

(ST
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Instructions : Answor Groups A and B in separate anrwey booklets.

Glvon:
-18 . .
1 eV = 1.6x10 Joule
-19 -10
charga of an electron @ = 1.8x10 couloab = 4.8x10 cgstlesu)
revt mass of an elactron = 8.1-10-3‘kn
rost mass of a proton m_ = 1836 =
-0a °
Planck's constant=6.6x10 J-8
8
valocity of light ¢ = 3xt0 m/s
nuclaear radiusg lO-l‘-
Syahols have thoir usual meanings,
GROUP A ¢ Full marks = 60 )

Answar all questions.

ta. Uhen 400 @V electrons are diffracled by a crystal, the angular

diffraction pattern is idaentical with that produced by I rays of

wavelength 0.01 OA . Calculate Planck's constant.

b. An {ntense boam nf electrono is diffracted through a fine hole

In a ¢creen A so0 8% to produco a diffraction pattorn on a sensitive

scruen B on the far s{do of A. Each alectron roceived on the saraeen

B praduces an obagervable flash of light. VWill the diffraction

pattorn parsict i{f the buam intensity is reduced ¢to a
value ? Explain.

very low

P.T.O.



€. Show, on the baasfes of de Broglile's hypothesis, that v ¢,
fmpossible to find the exact location of an electron in an atos.

{6+84+8)=18

2a. At timae t = O, thae state of a frue particle Is specifiad by a

Tex /3 de KX (1) Datarmine A and  the

wave function wi(x,0) = Ae
region whero the particle is facalized. {1i) Deteramine the

probabillty current density J .

b. A quantum particle, free to move on a stralght line, has state
function vin)= (172a)Y% | =) £a
vix)= O, | x| >a .
Show that the relative probability of finding the particle with
momentue nfK/2a and zero is 4/112
(10+10)=20 .

3a. Show that x [ x o H ] - - ﬂzln B
b. ¥Urite down Dirao's relativistic wave oquation for a single
particle of mase m. Vhat are its advantagas over Klein-Gardon
equatfon ?
€. Urf{te down the energy eigen values of Dirac squation. How do you
interpret the results ?
d. Vould you expect spin angular =momentum to commute with a
function of x and p ? Vhy ? Name a particle with spin 1/2 and
another with spin zero.
6. VYould you consider the spherical polar coordinate ¢ as a proper
dynamical variable in the quantum mechanical context ? Give reasons far
your angswer. '

(B+4444402)=22

GROUP B (Full marks = 40 )

Answar quastion 1 and any two from the rest.
1. Short answer type. Attempt all.
a. State the baslic postulates of general ensemble theory in

quantum statistical wmechanics. [(2+2) P.T.O0.



b.Vrite down the expressions for the statistical distribution of

h
particles nrln the rt stateo for BE and FD weystoms. Explain

physically the effect on ;r of a BE syetem if the chemical

potontial u > energy level of a single particle state & for all r.
A
c. Justify the statesent physically:

®As tho temperature T < O, the lovest energy of a FD systea is

greater than tho lowest enorgy of a BE mystom.® 4
d. Tho logariths of a grand canonical partitfon funotion In 2 has a
linear rolationship with the voluma V when V 1ia large. Nith this

assumption show that for an ideal gas the equation of state becomes

PV = kT In 2. a

2. 1n an isolated statistical systom, when mechanical interaction

takes place, the number of microstates within a given enargy range

E to E ¢ SE s given by (Q(E,x) whon x ls @omo extornal paramater of
the system. If x changos due to the mechanical interaction and ; be

the genaeralisod force conjugate to x, show that

X =t/ . (& In QUE,x) / Ix) 12

3. Conslder an ideal gas consisting of N distin,.ishable particles

obeyling classical statistics. Supposo that energy-msomontum
relationship of a single particle is € = pc whon ¢ Is a constant.
Show that the canonical partition function of the system is
200V, T) = (8av (xTsemiN |

Also find out the Helmholtz froee onorgy. (10 + 2)

4, Show that when the density of a gas consisting of particles with
magas m i3 sufficiently low and its tempoarature is sufficiently high
0 that tha condition wean deBroglie wavelength (b 1 << w@maan
distance betweon particles (ravl is satisfied, one can use HD
statistics as a good approxisation {rrespoctive of whather the

particles obey Fermi or Bose statistics. 12
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lnutruccions : Answoer Groups A and 8 in separate answer booklets.
h1venl-“

T a9
A ev\- 1.6x10 JJoule

v

T B Lo N .o
ghurguxor an uluchrun u = l.ux1u coulomblz.4.uxlu 0 cys{asu)

st mass of ‘an. eldctron m é 9. 1x10 d_1kg

rest maus ot a’ p«oton m J1u;b.me
P_z4 -

P\unck s canstunt b. bxlo L Jdes

Ayolqclny_of ]1ghc c = x\u m/s

nuclear radius . 10

CROUM A - (. rul) marks - oo )

:AanJf“é?I'quéﬁtiun%f . o o ‘ J"

15.,pe§éribg'brﬁeflf‘unfekpefimental evidence that demonstrates the

wave—)iké“pfbbc}i\us'or mbvfng electrons.

b. Calculate’ the,g]anclng angle at which electrons of energy lou ev
\ muat be inc1dent'on the’ ]atL1ce planes of a metal crystdl in orqer

to give a stron Gragg reflect1on in the flrst order.: .Given 1att1ce

spuc*ng 12,18 A AT (1u+|o) 20

i

28, A partlc]e\ s 1n a one dimonsional potunbzal woll U< x €a, for
Nh\ch V=0 . ln?lde‘ the 'well and V = ® outside. ‘"olve the

Lime-independant Schr*dﬁngor equntlon for this ‘case.
b “Find the mucr1x elemdnc <n’ | x2 y n> , using ’ '



x{: (n/znu) /2 (u'o ' )’ and 2 -'n(m'w/z) e u'; 4 ), aand a baing

Lhu ouLrucLiun nnd croqtlon uporatovs ruspuctlvnly.

(10su8):8

3u, Conuider a ohu—dinbnéional hareonic oncyYtator, Us;nq

Hu\qcnucrg s uouuLlon ot moL\on. calculate th | R TR u-u¢"gunce [V S
.
and’a’’ Hunue obtain the time vependence of % ung o
u
b, Show um. [x. y 2 ] 0, wnere L, genotes thy o Y compunent of tne

unuulur momuutum UpudeUr-
c.-wrlto down DIrac’s  rulattvistic wave  cquation tur a Lingle
particlo ot mass m,

et M .

(lusyed)-o

CROLP B (rull marks = 20 )

ANSWOr Question 1 anu any twd from the rest.

QA/;onuidur d SYLltm cont *3Ling ot Lwo paurticles, vach ol which can
be {n any ono or tha thrcu quunbum uzaces of respectlive enerygius
0 6 and ‘6. lho g/ulum [ ln uuuLucL VIth g heat  reeervon

Lumpuruturu t- (}ﬂ) .

ot

a. Derive an LAp‘uvbIOh for. ttu. partition funcLion 2 1t the
qartICles ,opey_ u\ussu;ﬂl' MO statisticsany are  considered
d}stiﬁguishablu.

b[:oefivu Z if the particles obey BE und FU statistics.

[410urn])-10

2.,ifra;élarfiful'staLisLiCul Lystum Obeys Cunomiial  disteibutien,
ffn&vout;th;;o:pféi;iﬁx for gyencvraliscd forco in the presence of
ﬁecﬁanicél i cru“t\ou " oLaras, ol tho prritition  tunition. Obdtain
:also tho uuuaLlou ol ltdtd 1or an \aca« gas treaclng the system as

u canon’cal en»\mtlu. [ves) =12

“35. thln =lu.nn; Sthitn w0 5)0Lamd Ay, By Cevseseces wMICh afe

ZuMww h-nmh¢nhthh.1|hUmlhbWHmm{lmW Lhey  ttutant with



edch oLhur wuakly. 50" IhaL Lhuy can' bu

dysnem A+B+c+................ .

tunction £A+0r0+.......;

ngen by Z

FA+B+C+........
respect1vely where 2 L

AIBHCH Ll

cFugarden as  a

compound
ahow that the CunonlCd] puriition
'und tha Frao enerygy. F "are

AfB+L+........
=, Z., " esasesvesccsnss and
Z lu . . :

= F F F ceesesersraaans

ABC.

,.--n.-..n.a--..

artition
B lc e party

ara the

EEEEN

runcnionu or the 1n01v1duu1 syatems. ,f
b. anluin Lhu phya\cal blgulllbdnco ot thu bhumlxd| potential u in

a grang canonical enscmble..' [Bta)=1

\
P k - .-. S
4\ A sxmple hurnmn1c ono-d|mgns1onal osclllutor has

energy levelu

g1ven by E (n*l/z)fw whare w 15 the character1snic rrquency of

v

the.
Dossible \nnegrdl vn1uea n-u 1 2........;.. buppoue that such an.

the’ oacillunor dnd where the xquancum number n- can "assume

osc1llutor is

_in therma] contnct . With a heat reservoir at
=temperature I low. enough $0 - that kT/fw << \.
a. F1nd Lhe rutio of the probab1ltty of the osrr)lnor b;ing in Lne‘_

f1rst uxcineu deLQ LO thu probub1l1:y ot ity ‘Do 1mnyg in Lhe grounu

state.'

b. Assuming'thuC'only the gruuhd'staté and first efcitod state .are
uppreclably occupiea._tlnd tha mean energy of the osc1llator ‘as a_

tunction’ of Lhe temparature T. {6+b)=t2
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Inst?yccibés :- Answer Gréups A and’'B in separace'pnsner.bdokietsf

giveni - . : L ' A
T ev s 1. leo “90ute R L - RERE
charga of an electron e = l.d.ixlo-19 coulomb = 4. uxlo 0 cgsiesui .
rest masg_of‘an‘electron me=.§.lx10 g U

rest mass of a proton m# = 1836 LI {

: r
~34 > . . ) .
Planck’s’ constant=6. 6x10 -3 _J-a L [

,vo]oc\ty of l\ght c = dxlO m/s

- . 14
nuclear radius . 10

Symbolg have their usunl meanings.

. CROUP A ~( Fun? marks = 60 )

Answer all questions.

. : - N )
1&. Describu br1e|1y un uxporlmental ov1donce that demonstrates the
wave—like proparties of moving electrona.

b. Calculate tho glancing nngle at which electrons of’ energy |oo ev
mus: be Incident on the lattice planea of a metal crystal in oraer
to give a strong Bragg reflection in the firoc oroar. Given la:tice

apacing = 2. 15 A. o ’ (10'10) 20 .
" 2u. A purgvc]e ia in a one dimons1ona] potential well 0 € x <a. for
wh\ch V-O 1nside the wal\ und V ‘s @ outside. SOIve . the.
L1me-1naependent Schrsdtngar equabion for this case. -
b. Find the matrix elament <n’, l x } » , using i



cach oLer weakly.\oo thdt thuy, . can be regarded as a compound

uystom A+uvc+................n. Show that Lhe canonical partition

are

function ZA+B#C+.....--- and the Free enurgy Favaece..oo...
given by ZA*B+¢+........ = ZAZBAc eresearssanenaes andg
AQ-BfC-'-,,,',,... :FAFB'-C ....-.....‘.....

respect1vely where Z,,Z.. Ziye-ecsseceesse.. @re the " partition
,functwon; oF the 1nd1v1dual systems.
b. Expya1n the - phys1cal s1gn1f1cance of the chemical poatential 4 in
a grgn&:canonicé] ensemdle. : [sra)z1z
. v .

. .
4. A slmple harmonic one-dimensional osc111ator ha energy lTevels

g1ven by E ; (n+1/2 )Y w, where ® is the character1snlc frquency of
the ooc1l]ator and where the  quantum number n” can assume the
_poaslb]e 1nte9ra] values nz 0,1,2,.......... Suppose that sucn an
oscillator ‘is .in thermal contact with a heat reservoir at
temperature T low enough so that kT/hw (<'l;

d. Find the ratio of the probability of the oscilltor being in the
’first exc1ted state to the probab111ty-of its being in the ground
state. .’ ' o

b. Asgum1ng that on]y the. ground state and f\rst excited state are
apprec1ab1y occup1ed f1nd the mean energy of the ouc1|lacor as a

function of the temperature T. ' [v46)=12
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Notz: A1l Markov Chains (NC) consideied in thig
Paper have stationary transition Probabilities.
The whole questlon pzper carrles 115 marks.
The maximun you can score is 1C0. Answer as

rmuch as you cane - .

»

1. N black balls and N white balls arc placed in 2 urns so that
cach urn contains N balls. At each step one ball 13 3:lected
at random from each urn and the two sclected balls zre inter-
changed. The state of the system at the nth stage 1s the
number of white balls’in the first um, n =0, 1,2,s.. &
(a) Find the transition matrix of this Markov Chain. Is the

MC irreducible?
(b) Fina the stationary initial probability dlstribution.
_(c) Y¥hat 1s the period of the state O ? What are the linmit

3 .
points of the sequence p(n) ? BG+8+(245)]
01 .

2. Let xo' n=0,1,2,s.+» be a NC with state space S= 10,1 12,0a N‘}
' _

and fransition probabilities given by

.1 .
Piisq- = f1-p) 1=0,1,2,0..0-1
(N-g) .
Py P R (1-?) 1=1,2,00 Nt
N-1 .
Piyq "N P . . i 1D2"'0'N
0<p<1-

Poo =Py =1
{a) Find the absorption probabilities at O starting from
1, 1=1,25:. N-1, .

(b) Fing egs 131,200 M=1 vhere e, is the cxpected time

before being absorbed at O or N starting from 4. [10+1

3. Let )S-n be a MC on the state space S.
W

*
(a) Let 1, J be two states in S such that 1yg=fyg

where i‘: denotes tho probability of ever ruiching s
atartirg from r. Show that i,J are recurrent states.



3.

Se

-2 -

(b) Let (ry) 1€ S vea stationary initial distribution

for {xn} and let 1,3 be 2 states such that =) 0,and

4~y J« Show that Ty ) 0.

(c) Defina the period of a state. Show that for any state 1,
the period dy is equal o)the greatest common divisor of
all n ) 1 such that "£;5° ) O. B+6:(2+6) ]

.

For a Poisson process X, )0 with rate A, let W, denote the

rardom tine of occurrence of the rth Poisson event. Let

0 ¢ sy t andA{ry n.

<

Show that ' ) )
Plv, £ s}xt=n)-1-(1-%)

and more generally
n, ., _k nek
: 7 < - ny (3 -3 -
P cwr\\slxtmj IO @ G- Y

Consider a birth and death proceas X, te [0,0) on
5= {o 41,2 | with birth rates a,, death rates g, whero
i)

azngoco, a0-32=a, u1=g1=b

(a) write down the forward equations . _ :
(b) Find P (£),F  (t), and P ,{t) = 1-p_ (t)-P_,(t)

B+15]
A tclephone exchange has m channels. Cills arrive in the
rnanner of a Poisson process with rate Aj they are accepted

if there is an cmpty channel, otherwise they are lost (no
vaiting line is formed). The duration of each call i3
cxponential with paramcter e Let X, denote the number of
buzy channels at time t. Find the birth ang death rates for
the process X;. Find also the stationary distritution. b

using the forvard equations.

-ueeaa
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