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INDIAMN STATISTICAL INSTITUTE
B.STAT. (HONS,) III YEAR: 1996-97
SEMESTRAL~I EXAMINATION
DIFFEREN' IAL EQUATIONS

15.11,96 Maximum Markst:100 ’ Time: 3 hrs. 45 min,

Notc: You may answer all the ;uestions. But
the maximum you can score is 100. ,
vhen do you say that a function £(x,y) 4s homogenous of degree
'
K. Show that the variables in the ejuation y =£(x,y) can be sepe=
rated when £(x,y) is homegcnous of degrae zero. (4)

solve the equation xy“-y' = 32, . (3)

Show, using the result of (a) that the equation

.
y =F (::—:Eyy:—i—-) can be transformed into an equation whose

variables are seperable, Mere a,b,c,d,e,f are constants. (10)

Under what conditions on M(x,y) and N{(x,y) does the equation
M(x,y) dx + N(x,y) dy = O have an integrating factor which is

a function of x alone, Frove your result, (6)
A pendulum consisting of a bob of mass m at the end of a rod
of negligible mass and length a 18 pulled aside through an
angle @ and released, Show that the period of oscillation
T is given by
a
N ——— ——=
9 o.'Cos 8 - Cos a
(6)

Here of g the accelcration due to gravity.

Find the shape assumed by a flexible chain of constant linear
density, suspended between two points and hanging under its

own weight. (7)

Find the curve passing through the point (3,4) and such that
its normal at any point coincides in direction with the radius

vector to that point from the origin, (4)
State wether the following statement is true or false and
Justify your answer: The general solution of xzy =2Xy '+2y=0
on [-1,1] ia given by y = c1x+c2x. (a)

Define a regular singular point for a second order homogenous
linear differential equation and explain (bricfly) how you
can obtain a power serics solution of the equation

Xl '
Yy +P(x)y +0(x)y=o0 1. the, r‘n‘g.'ghbou& od of a regular
singuler point, (6)

Pet.04
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Note: Answer question 8 and any four of the
following. Questions carry equal marks,

Nhat 18 a social group? Discuss the characteristics of primary and
secondary groups,

Discuss Weber's methodology with particular reference to his concept
of social action,

Explain bricfly the contributions of N.K. Bose to contemporary
problems of Indian socicty. ’

%hat i3 structural-functieonal approiach in acaderic sociology? How
does it differ from evolutionary and culturologicai approaches?
Give examples,

A,B,¢,D,E,F,G,H,I,J, and K are studoents of the same class. But to
dn their-studies, all do not help each other, The class teacher
- observed who goes to whom, and f£inds the following::

" A gdes to D,G,H,I and K, B docs not gn to A,C,D,E,F,G,H but goes
to others, while C goes to A,B,D,K but not to others, K goes to
A,c'only but not to others, G,H,I and J have formed a clique and

go to each other, but not to any othcer, Some others, however, comz
for help to some of them. D dres not go to any cne, E goes to B,D,F,K
and lastly, F goes to B,E.

(a) DPraw a diagram showing the above, (b) How many pairs of students
help each other? (c) The class teacher wants to use this number for
comparison. How should he do it?—Dividing by total number of all
possible pairs out of eleven or, maximum psssible number of pairs
of students helping each other using the above as data? Give your
arguments and obtain the standardized value,

A researcher wants to study why '"child-marriage' is still practised-
in the villages. He can do this study by case study method or 3
standard survey with structured questionnaire. He is in a dilenma,
which of these two will you recommend and yhy? .

Suppose, you want to study the impact of T.V, on village life,
Illustrate how you may use what you have learnt from sociologicalz
theories in formulating questions in this regard.

write short notes on (Any two)

(a) sanskritization

(b) organic snlidarity

(c) Participant - observation

(d) Isolate,
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Note:sThe paper carries 115 points, All
questions are cempulsory.

1. Let Xj,eeesX, and @ be i.1.d N(0,1) random varfables. Define

i
Yi = ) #e tcdion.
Find out the exact distribution of S, = g (Yl-f)z. Statement of all
i=1

(15]

relevant results is needed.
2. Show that the matrix given by
0.65 0.45 0.05 =0.15)
0.45 0.35 0.15 0.05

0.05 0.1s 0,35 0.45
-0.15 0.05 0.45 0.65

is an orthogonal projection matrix. Find out the subspacefl), on
which the projection operates, Also, obtain the new projection

matrix onto the subspoce glvzn by))+ <(1,-1,-1,1)">. [10+10=20)
Consider an interaction model of the following fommt

for 1> 1,

w

Yijk = u+al—aj+tijknij+cijk'

Yijh = “HeygMigteygy foF =4

where 1 € § €4 <2 and 1 < k<2, The constants tygx ere given
constants,

(a) sritc down the column space of the design matrix.

(b) Are the elementary contrasts namely, (ai—aj), estimable under
this model? If so, obtain their BLUEs.

Obtain the F-statistic for the hypothesis Ho‘n11="‘=nrr'

~—

(c
ny4=0 for 1 # J.

(d) dricc down a suitable AMOVA decomposition for testing the
equality of the treatment effects nested in the hypothusis (b).
[5+5+10410~30]

p. t.o,
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4. A consumer orgqnlsatiqn studluq the effect of age of automobile
owner on size o§<c45n:b££ur on-a used car by utklislng 7 persons
in cach of three age grouns (young, middle, elderly) who aéted as
the ownur 2f the used car,. A medium price, thrue year old car wag
slected for the experimint, ahd the 'opners! solicited cash offer
for this car from 21 dealers selcected at random from the dealers

in thot region,

i 12 3 4 5 6 1
1 young 23 25 21 22 21 22 20
2 miadle 28 27 27 29 26 29 27
3 eclderly 23 20 25 21 22 23 21

(a) obtain the fitted values,

(b) Obtuin the residuals,

(c) construct the ANOVA table.

(d) what appears to be theé nature of relationship between age of
owner and @can ciash offer? [20+5+10+5=1

5. consider the non-linear mteraction model given by

yijk=e+qi+ﬂj+fniej+sijk,
where 1 ¢ 4 <r, 1< j<b, 1 <kgsm
. .
(a) Suggest a suitable iterative algorithm for computing the least

squarcs estimates of the msdel paramcters, Give only the heuris!
tics why you think this algerithm might work.

(b) Suggest a F-type tost statistic for tusting H,:N=0. {24
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floter Answer all questions

2. What 4s the efficliency wag: hypothesis? Show how involuntary

unemployment rmay exist if the efficiency of a warker 1s related
(15)

to his income.
. Sho~ that the seasonality in agricultural price is related to the
market structure and storage cost. Calculate the soclal welfare

‘which is equal to consumers' plus producers' surplus) maximizing
(15)

seasonality 1f the storuge cost is zero.

GROUP-B
3. +ricically examine how the various economic policies adopted in
india since 1991-92 differ from those pursued earlier, (15)
‘. Write a note on the debate between farm gsize and productivity
(15)

in the context of India‘s agriculture,
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1,(a) For a body.uf Miss m, starting from rest at time zero and

falling freely under gravity, prove the principle of conser-
vatisn of cnergy. (6)

(b) vhat is the differential equation for the mution of a body
falling under gravity and for which air resistance 48 propor-

tional to velocity. (3)

2.(a) Star..e nccessary and sufficient condition for the <quatinn
"Mx,y)dx + N(x,y)dy = O to be exact, Prove your result, (7)
(4)

(b) salve the cquation (x+y)dx = (x-y)dy = O
3. (a) Suppose yy 3nd y, aretwo solutions of the equation
y"w(x)y' + 2(x)y = 0 on the interval [a,b]. Show that their

wronskian is either identically zero or ncver zero on [a,b].

(b) The equatinns of motion of a particle movine according to (5)
Newton's law of gravitation is in polar co-ordinates given by

2 2
d’r de -k 2 g8
~r () =31 ;x=h,
dtz dt x,2 dt
Obtain the equation of the trajectory of the particle, with a
suitably chosen polar axis, (7)
{c) Suppose u({x) is a non-trivial solution of the equiation
u'tq(x) u = 0 on [a,b], where q(x)(O.V x ¢ [a,b]. Then u
(7)

has at most »onc zcr, Prove this statement,

4. Let Xo be an ordinary point of the differcntial cquation

g +P{x)y'+Q(x)y = 0 and let a4 and a; be arbitrary constants.

Show that this equation has a unique solution y(x), which is

analytic at x, and satisfies y(x,) = aj and y'(xy) = 2. (7)
S.(a) Express Cos n® as a function ’l‘n(Cus ) vf Cos @, where

T,(x) is a polynomial, > (3)

(3)

(b) Show that To(x) + T o (x) = 2x Thop 00

p. t.O.



5.(c) Show that Tn(x) satisfics the differcntial equation

TN Y R
j X X n"y .

(d) Let P (x) dinote the nth Legendne polynomial

1
Show that /P (x) P (x) @x = 0 £ m 4 n,

6.(a) Shuw that £(x,y) = yl/2 ducs not satisfy a Lpschitz conditiun

on the rectangle x| ¢ 1, o<y <1,

Slve the system of equations

(b

d d
é‘:z, L—i:-y', y(o) =1, z(0o) =0,
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(ote: . You may unswer as mwty questons as you like. The whole question
y p)
paper carries 115 marky but the meaximnm you can score 15 100.
All Markov chamns consudered m ths paper are humogencous m

e,
. Consider the MC {X,,, n =0,1,2,.....} with the state space S = {0,1,2,3,4,5} and
the transition matrix P given by
1 00000
0 ;0010
1 v 1 3 g9 ¢
P= 4 4 » L)
ol g to
0 tootlo
0 00O0O0T1

(a) Determine all the recusrent and the transient ¢lasses.
(b) Find the absorption probuability at 0, stuting tfrom cach of the transient states.
(c) Find the followiny limits :
. in
Jim Y
: (n)
Jim gy
lim ply
=0
[5+8+12)
Let {Xa,n=0,1,2,...}bea MC with state space S. Let S5 be the probability of
ever reaching j from iand let g,; be the probability of visiting j infinitely often starting
from i, fori,j in S.
N
o
G I O]
N =l
ad gl

(b) Show that for 1, j belonging to the same recurrent class g,=1

(a) Show that

(10 + 10]

. Consider a MC {X,,n =0,1,2,....} onthe state space S = {0,1,2,....,d} and the

transition probabilities given by :
Pu-1 =5 Pusi=1-1}% and p, =0 otherwise.
Find the stationary initial distribution.

[10]

- (a) Define an essential state. Show that in a finite MC a state is transient if and only il'it

is not essential ,
P.To



o

o

(b) Detine the pesiod ol 4 state . Show that a liste ireduvible ALC is sperivdic if and only
1f there exnts annteger 1 > 1 such that ;n.:' =0 forall i, 5.

15+ 10
Let (X}, ¢ 2 0) be 4 Poisson process with intensity paramcter A, (A>0). Suppose that
cach arrival for the Poisson process (X, ¢ > 0} is registered with probability p,
(0 < p < 1) independent of other ardivals 1et {Y;, ¢ > 0} boe the process of tegirered

arnivaly Prove that (Y, ¢ > 0} is a Poisson process with rate Ap.
(10)

. There are 2 external P&T lines connected with the NE20M  telephone exchange of the

I8! campus P& T calls wrive at this exchange according 1o a Poisson process at the rate of
10 calls per hour Any incoming call is accepted if at least one line is free , otherwise (i ¢.
if both lines are busy ) the call is lost The durations of the calls are 3id exponcntial
random variables with mcan 3 ninutes and are independent of the incoming Poisson
process. Let { X, £ > 0} denote the number of busy lines at time £,¢ > 0.

(a) Sct this up as a birth and death process and find the infinitesimal parameters.

(b) Find the long run (steady state) probability that both lines are busy.
f0+9)

. Wnite down the Forward ddterential equations fur the continuous time Markov provess
{ X, .t > 0} with stale space S = (0, 1,2} and the infiniteaimnal parameters given by

-1 1 0
Q= 2 -4 2
0 1 =1
Solve these equations to find Pu(t), Fhitty, Px(t) =1 = Fu(t) = Fu(t) eaplicitly

(5+15]
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Lo(u) Let X XN and Y)Y, be diid. sampls from two contify s+ distributions with

denxites f and g, respectively, where g(z) = f(x = 6), f being the -« ity of U]0,1], and
0<8 <) Express pr o= PNy < Vi) and py = PN} < Y Ny < Ya)intor e of § and find

Var((':1¢)
M Tt = )’

= I S ey

- Find the elticacy of the Wilcoxon test to test Hy c 8= ovs 116> 0, [for

(b) Define eftic
J in part (a)], :\ml votnpute the Patman efliciency of the Wilcoxon test » - v the t-test. [5+5]

2. (a) Tweny five (n) obeervations Xy, ..., X3 are to be taken from : = 'nknown density f.
Define the kernel density estimator of f{2.5) based on a unifunn kerned L (., ;) and bandwidth
h =035 Find the exact bias of this extimator when f(r) = 2z % Joerss

(b) [bonux quistion] Without rdoing the computation in pml (a), '} .ide some intuitive
argument] mdicate the changes in the bas of the estimator in part (a), l: wh of the following
¢ oo changid 1o 5; (i) nounchianged, S0 R s increased W ),

three alterations (1) sample
(iii) n. A unchanped. but consider extunating f(2). [5+4)

3. A proceduse is supposed 10 choose treatment X and treatment Y ' 2 ~andom fashion, If
the records in the past year show the following order of assignment of * ¢ nenty,

NVAYNXNNYYYAY XYY YNYYY XYY XN X
NXXNAXNNNNNVNYYYYYYYXYYYNUNNN (v
Compute the p-value approximately for the run-test. [5]
4. The following hifieen sample observations are obtiained from a contint vos distribution,
257, 414, &1, 833, &89, 302, GAT, 910, 583, 497, 458, .71, .&82, . .910
(a) Using an appropriate nonparametsic procedure, test at 7% level of e~ ficance if the 10th

percentile of the population is different from 0.40.
(b) Use the Signed Rank test (at 550 Jevel) to test My : p(median)= 0.8 fy 1o > 0.5, [5+5)

5. Consider a standard *Secretary’s problem’ with n candidates, whi«e a candidate may be
chosen only at the time of completion of his/her interview, Show that ,.f t'e vbjective is only
to maximize the probability of selecting the best candidate, then the «;aunal strategy is to
interview at least r candidatex and then choose the first candidate whe o it least as good as
any of the previous candidates, where r i3 the smallest integer satisfying

n-l
1

and is approximately given by n/e. {10]

6. Two methods of producing items ned to be compared. Mutually in ndent experiments
'ms in the first m

are being perforined in pairs. Lot S.(.:) be the number of nun-defect?

experiments with method 3 (i = 1,2). The process 18 stopped when s m is < —ror2s.
Find the explicit exprssions for (i) the probability that the method 1 be duclared better

and (i1) the expicted number of pairs to be examined. (19}

——
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(a

(b

(c

PART I

Justify the following statement (any three) : (3 x5) = [15]
2,303 (log1ow - 1og10w°)

(tr = )

when r = The growth rate
w = Final dry weight
W, Initial dry weight
t= Initial time

ty= Final time.

) re=

) The dam phase is much more essential to synthesis of
*florigen'.

Structural variation of Stomata may resist the entry of
pathogenic organisnm.

~

(d) Different histological changes occur in the host plaat which

prevent the further spread of the pathogen.

2.(a) How the accumulation of phenolic substance in thé infected

host cause protection against pathogen ? (7]

(b) Write in brief note on factors affecting enzyme activity.

f8]

Give a brief description about the classification of enzyme.
[10]

PART IT

Write in brief the different cultural practices for direct
seeded and transplanted rainfed rice. (101

What are the differences between manures and fertilizers ?
Find out the amount of F/M, Urea, Single super phosphate and
KZ1 for rice if the recommendation of nutrients are

contdessss 2/=



8.

120 kg N + 80 kg P05 * €0 kg K, 0. 50% of the recormended

nitrogen should be given through FM.
(5+10) = [15]

What are the different yield attributing characters of rice ?
“nat would be the yjeld of rice grain if:

(a) The average reproductive tlller/m2 - 260.
(o) Avera};e: panicle length - 12 cm.

(c) Average numbers of grain/panicle - 150 -
(d) Unfilled grain - 15%

(e) Test weight - 22 g.

(o]

Describe the nitrogen cycle in brief with suiteble diagram;1 ]
10

Write short notes on (any five):

(a) Gravitational water

(b) Monsoon onset.

(c) Water balance

(d) Field capacity

(e) Compound fertilizer

(f) Micro nutrients.

(g) Clay-loam soil.
(3x5) = [15]

:bees
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Notetr Answer question no.l and any four from the
rest of the questions. Allotted marks are
given at the end of each question,

Exanine whether the following statements are true (T), false (F)
or neither true nor false (U). Give a short explanation in each

case,
(a) In the presence of heteroscedasticity the usual OLS method

(b)

(c)

(a)

(e)

(£)

-

(g

=

(h

always overestimates the standard errors of estimators.

If a nonstochastic regressor is omitted from a linear regression
model, the residuals will be heteroscedastic.

when the least - squarcs technique is applied to a regression
model estimated on the basis of economic time series data, it
yields biased estimates because many economic time series are

autocorrelated,

The method of instrumental variables gives unbiased estimatcs
of the coefficients of a linear regression model,

An estimation of the demand function for steel gave the price
elasticity of demand for stecel as +0,3. This finding may be
interpreted to mean that the price clasticity of supply is at
least +0.3. ’

In a simultaneous equation system, the more the number of
exogenous variables, ig the better.

In the 2SLS method, only the endocenous variables on the right
hand side-of the equation should be replaced by their estimated
values from the reduced form, One should not replace the endoge—
nous variable on the left hand side by:its estimated value from .
the reduced form,
If the disturbance term in a linear regression model is not
independently distributed with a common variance 02, the OLS
estimates of the regression coefficients are always loss cfficient
than th L.

the GLS estimatos. [szé =20]

pP.t.o.
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2. Consider the following regression results bascd on 20 observatic
N N A
Ye = 'll + '32 )(t
A A A
where [31 a =2€1,09, 32= 0.245) s.e. (Bl) =31,2327,
The t-value for testing significance of .'32 has been found to be
16.616,
(a) Find s.e. (3,), r® and t-value for testing significance of 4,
A n .
(b) How do you interpret 8y and 3, ?
(c) Test the hypothesis that 8,=0.

(d) Test significance of 2.
(e) Are the answers you have obtained in (c) and (d) in conflict
If they are not,what explains the harmony between these anssi
(1044424242220}
3. Assume that in the following regression model

Ye = Glxd+62xt2+et,
all the variables are measured from their respective means. If
8y is estimated from the regression of y on Xy with x, omitted,
show that the resulting estimate is, in general, biased but has
smiller variance than the estimate detained with X, included. 'y

N
will the MsZ, E(Ol-ﬁl)z be smaller for the regression with x,
omitted? Y_;

4. Describe an iterative procedure for estimating the coefficients
of a linear regression model when the disturbance term follows
first order autoregressive process and the structure of auto-
correlation is unknown. Indicitc its properties.

5. Define heteroscedasticity., Prove that the best linear unblasecd
estimators of the paramiter v ctor of a lincar regression modi]
are provided by the method of weightcd least squares, providec

hcteroscedastic error variances 02 are known, Describe any t«

M
of the diagnostic tests of heteroscedasticity.

6. Tintner's model of the American meat market is
Yy = Pyp¥at3a®ityy (gemand)
Y1 = Byy¥ptay,Xptiyaxyty,  (supply)

(a) Examine the identifiability of the two cquations,
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6. (b) supposc that it is known a priori that a22/a23=k, where k is a
known number, ill the fdentification properties of the model
change? Give recason for your answer.

Give an outline of a suitable estimation procadure along with

the estimators of standard errors of thc coefficients of the
[848+4=20]

{c

demand equation in casc of (a).

7. dhat is the Least variance Ratio method of estimation? Does it give

consistent estimate? Show that it is a member of k-class estimator,
(20]

8. Derive the rank and order conditions for identification of indivi-
dual equations of a simultaneous linear equations model under ex-—

clusion restrictions. [20]
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Note: You may answer as many questions as you
l.lle., The total of marks assigned against
the questions in this paper is 105; but
the maximum you can score is 100. All
Markov Chains considered in this paper
are time~homogeneous,

1. A MC ZXH , n=C,1,2,..4 } on states 50,1,2,3,4,53 has transition
(9

probubility maerix '

é % o o] o o ‘\
i I 3 0o o o o

o o:- 3/4 o o

1 4

s} o g g o o

1 1 1 1

3 ° 3 ° 3 12

R O U

3 8 & g & [

(a) Find all the recurrent and transient classes,

(b) Find the probability of eventual absorption into the class
containing the state O, starting from each of the transient
states.,

(c) Find 1lim p;?) for 1=0,2,4,5. [5+8+12]
n—>»aw

2, Consider the symmetric free random walk on the linec i.e. the MC
i)(r;; n=0,1,2,... { with state space S = {0, + 1,42, ....;.and
transition probabilities | '

Pf g1 =Py 4,1 = %- for all i in s.
(a) Show that this MC is recurrent,
(b) Consider the system of equations

(x) u = ’\tp ¢ U= (“1)14—-5, ‘a row vector.

Show that u, = constant for all i1 «S are thc only bounded
solutions of (x). Hcnce conclude that this MC is null recurrent,
[7+8]

contd, ....2.



3. Consider the MC xn’ n=o.1.2,...} with state spice Sa %),1,2 sesad
and transition pkybabilities given by

poo-l ’ pOj-O for1 ¢ §4< g

1
Pix = 3 for 0<x¢<J=~1, 1£_15-d

Find E(T | Xy=1) for 4 = 1,2,...d where the random variable T s

defined by T = n 4£ and only X =0 and X, $0for 1 s_vf_n-xl

for n = 1,2,0004 (10]
4.(a) Show that an irreducible MC %, n=0,1,2, ...}ls positive

recurrent 1£ and only if

Zﬂii-l

where S is the state space and

n

TR o L, Pit
(b) show that if i1,J are 2 states in the same recurrent class,

then the probability of visiting j infinitely often starting
from 4 is 1, [7+8)

S. Men and women enter a bank according to independent Poisson
Processes having respective rates 2 and 4 per minute, Starting at
an arbitrary tima, campute the probability that at least 2 men
enter befora 3 women enter the bank, {1c

6. A system is composed of N identical components; each component,

.independent of other ccmponents operates a random length of time
until failure, Suppcse the failure time distribution is exponentia
with parameter A (A>0). vhen a camponent fails it undergoes repair
immediately (cnough repairmen). The repair' time distribution is
cxponential with parameter u (u>0), The system is said to be in
state n at time t if there are exactly n components under repair
at that time, Set this up as a birth and death process. Find the
infinitesimil parameters, Alss, find the stationary distribution,

[5+10]

3. Write down the forward differential equations f£or a continuous
time Markov Pricess with states 10,1,2\- and infinitesimal paramete
given by

=\, A, [}
Q = o, -u, 13
o, O, 2]
where AU > O,
Solve these equations to find explicitly P”(t), i=0,1,2, J=[°'1'2:
5+10
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1.

Consider a sequential test whose stopping rule N xs; the minimunm
value of n for which § = rf4 2, 152> a or £ b, where {Zi, 131}
is an i.1.d. sequence of r.v.'s satisfying Pleq ¢ 24 ¢ €,) = 1,
for some €4 <0 €,. Show that

tb to(b+e1)

1-¢e° 1-e
<p > <
5 <Pl ele

t (a+ey) at t (b+e
0 © 2/ e e ©°_ea o( 1)
where t; is the unique nonzero root of M(t) = E(e™) = 1,
.[10]

I '

Two Judges rank 5 corpetitcrs in the following way:
Judge A |5 3 1 2 &4

Judge B[ 5 2773 Y T,

Compute two nonparametric measures of deﬁ'endence between the two
Judges' rankings. [10]

Let X4, Xpy oeey Xr be i.i.d. observaticns from a continuous
distribution and let X(.‘) and X(n) be the srallest and largest
order statistics.

Rind the smallest n such that (X(1), X(n)) contains the mcdian
with probability > 0.99. (10]

Define the kermel density estimator. Describing the conditions
of asymptotics, find the expressions of its mean and varience.
For what choice of tho bandwidth h, the asycptotic mcan square
error of the e¢stimator is minimum ? Show that for such an h,
the square of the asymptotic bias is a constant multiple of tho
asymptotic variance, end hence find an appropriate expression of
the asymptotic meen square er;'or. [15]

Deseribe the Wilcoxon-Monn-Whitney test in a two sample lccation
problem. Explain how the p-value can be computed exactly for
this test.  Also suggest suitable approximation when the sanple
size.are large.

(10}

psteo.



Consider the sempling without recall problem with 6 candidates.
Cescribe the optimal strategy to maximize the probability of
selecting the best or the second best candidate. What is :he
probability of success in this strategy ? .

{15)

Define snmple Quartile. Prove that under suitable conditions
itis asymptotically nomal. (15)

,"xx, 1> 1} is an i.4.d. sequence of observations from a normal
distribution with mean 6 and variance 4. Describe the SPRT to
testHox O =0vs. Hys @ = 1 so that both type I and Type II
errors are less than 0.05. Obtain its AN and OC curve.

(15)



-~

£

. (a) Find the orthogonal irajectories 10 the onc-parameter fanily of curves given by

. Find the generat solution of the fullowing diflerential equations:

. () Letu(z)bea non-uiv'g!&xgstbp of

INDIAN STATISTICAL INSTITUTE
Backpaper Examination: Semester 11 (1996-97)
B.Stat.(Hons.) Il Year
Differentiat Equations

. o
Due: 27.6.97 Maximum M”kiw/ lo Duration 3 s,

Note: Tius paper carries 120 murks. You may answer all the questions. But the

maximum you can score Is 100.

. Let f(z,y) be a continuous function that satis(ies a Lipschitz condition

(z.) = [z vl € Klyy = y2)

“onastripdefinedbya € r < band — 0o <y < oo. If(zo,y0) is any point on the strip,

then show that the initial value problem

V=1 vz =w
has one and only one solution y = y(z) onthe intervala < = < b.
[20])

Vv =de(z +¢).

(b} A ank contains 100 gallons of pure water. Beginning at time £ = O brine containing
1 pound salt per gallon runs into the tank at the rate of 1 gallon per minute, and the
mixture, which is kept uniforni by stirring, fows out at the sime rate. When will there be
50 pounds of salt in the 1ank?

[10+10=20]
(i) (v e™ +cosz)dr + (€'Y + zye™V)dy = 0.

() yy' + (/) -2/ =0

i) (z* = 1)y —2ry +2y = (z* = 1)*,

(6+7+7=20)
Tu q(z)u =0,

where g(x) > Ofor all z > 0 and is continuous on (0, 00). It’
f g(z)dr = oo,
] .

show that u(z) has infinitely .., zcros on ihe positive z-uxis.



o

(®) Find the normal form of the Bessel's equation
Y +xy + (27 =Py =0

and show thal every non-trivial solution has infinitely many positive zeros.
[10+10=20)

. (a) Find the general solution of

(142 +2ry =2y=0

in teems of power scries in x.
(b) Verify that the origin is a regular singular point of the differential equation

Y + 1y + 2y = 0.

Show also that it has only one Frobenius series solution and find that serics solution.
[10+10=20)

. («) Find the extremals for the integral

I(y) = /—"l;y. dz.

(b) Find the form of the simple closed curve I of fength ! which will enclose the maximum

area.
{10+10220)
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