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FLIAL EXAMINAION

.OFFICIAL STATISTICS (Conducied bty C50)

Dntes 2.8.1974 Hoximum Marks: 100 Timos 3 houro.

[Nol.ol Attempt any_ five questions. All quesilons cnrry
equnl marks]. :

*Tho statioticnl pyptem in each country represents.that country's
aolution Lo zeet the genernl funcilons of a statistical oystem in teruws .
of the nationnl ncedo, national intercst and resources, and tre condliions
- economic, technical and political - in the country”, DUiscugs with
porticular reference to the Indinn Statiatical Systea.

o
Lescribe the nintisilcal syntea in any foreign country.
Coserite tho uses of pepulation data to an a:iministrator, planner,

pociolopict and tho like. How sampling was @nde use of in 1961 ant
1971 populuatlon cenguses ? -

write nn.sxplnnntory note .on the prosent nv'nilnhnn.y of agricultural
statistico in Inuia montioning, initer-nlin, mnjor gaps and ths sieps
belng untertaken in L1lling up theso.

Lescrite the difforent pources of information on eaployzent/uneaployaent
otatictics in Indin tringiny out the limitntlons of data nlong with
cuggestions for putiing them on a firam footing.

Briefly describo tho pcope, content and methods adopled in the colleotion

© of ptatiatics of manufucturing industrics. What attempis are teing anila

to, 111 4in the gaps in datn in Lh¢ unorpanipe! indusirial sector ?

Doscrite the nnture of officlal datn collocte:l, complled aml tho agoncics
responsitle in ghree of the following flelds 3

(1) Statlstlcs of Joini Stoex Companios, (i1) Flnancinl Siniistico,
(111) Foreiyn Trodo Siatistics, and (lv) Income Tax Statistics.

Doscrite the organisntional set up, methods of datn conocti.on,
clasolfieation no alsgn the covernro of uny three of tho following 3

(1) ani_ly Planning Sintlisticn, (ii) Nouping and Conatruction Statlstics,
(111) Henlth Statiotics anq {1v) Occupntionnl Clnssification.

Give an nccount of anz_ope of the officinl price index nuazters mentioning
the agencies responoltle, the bage poriod, the itom coverage nnd tho mo.
of determination of weighting dingram. low is thoe imlex used in tho
offlcinl syatem ? . .
Descrite the methoills of nationnl incomo estimntion wlth pnruculz\r
reforenca to Indin. ) -
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" PERIUDICAL EAAMINATION
- Statistical Methods S .

Jte: 25,11.74 Maxirum Markss 100 - Time:2} hours

1.a)

. b)

c)

2,1)

b)

3.a)

b)

Notet Answer a four questions,
All questions carry equal marks,

Let Tn be a sequence of statistics .gmch that
VA (1, = 0) =5 N(0,. 5%(6))

. Show that, if g(x) is différentintle at © and g’(0) £ 0,

then
/a (8(1,) - g(e)) > (o, (er(8)a(e)]?).

State the multivariate version of the result in (a),

Using the result in (a) show. that the asymptotic variance of
! sin~1 y/n , | .
where r/n 1s the bimnomial prowortion, is independent of =,
Prove that if £ (x) => £f(x) a.e, and f;(x) and £(x) are
probability densities, t.hen P, (B) => P(B) uniformly.over
all Borel sets.
State the discrete version of the absve theorem,

Derive thc likelihood ratio test to test the hypothesis
Hy = py = ... =g, on the basis of samples of size ny
from N(ug, o 2), 1+ =1,2,..., k when the cormon o2 “1s

unknuwn, Show that the test rcduces to the analysis of -
variance test for one-way classification,

Derive the likelihood ratio test for testing the homogeneiby
of v:\riames on thc basis of samples of size ny from

N(Hi, i) 1=3,2,. .y Ko
Consider the triromial with cell px\ib;bilit.les
m = =6, ay3=1-20,0¢0<3,

(1) Derive the miximum likelihood anl minirmum chi-square
- estimators of 6,

(b) Show that in buth cases, N
r (8)
1s asymptotically dist.ribut.ed as Xz with 1, d.f,

Consider the multinorial with cell probabllities
Ry Moyeeey Ko In the standard potation, let

G- D PR
vy "
B =(/m, ey /R

W -

Petao,



-2~
5. 1) Show that V| - No, I - d g'y,

11) Obtain mnecessary and surr.‘l.cient. cundi.uons for V' [ V
to be asymptutically distributed as a X .

111) For thec case k =2, m = xy = 1/2, = (% 2)
Show that the necessary ard sufficient oond..ibion for
a
. e e - are aste
V}‘CVnN-A xl is that b-T-or —z—‘l}.

6. write sparh'nStes on any three of the following:
iy £) Kolmogoruv-Smirnov Test
. 11) Cramer-Wold Theorem and its applicaticms,

111) Large sample test for testing the Mmobene.it.y of
correclations,

iv, Weak cunvergemce of prubability measures -
various equivalent definitions,
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PERIODICAL EXAMINATION
Statistical Quality Control
Dates 2,12,74 Masiwum Marks: 80 Time: 2 hours
Bote: The paper carries 56 warks. Answer any part
of any question, The vaxioum y,u can score

is 50, HMarks allotted fur each question
are given in brackets [J.

1.a) When do y.u say that a proccss 18 under *Statistical
Cuntrolt 2

b) What is 2 control chart ? What 1s thc purpouse of setting
up a control chart ? .

¢) Write d.wn clearly, the steps involved in setting up a

¢-chart,

OR

Describe various ocut of cuntrol situations in a control
chart, L3+5+7]=(15]

2.a) It is krown that a certain measurable dimcnsion of a
roduct is normally distributed with paraneters y and o
known), U amd L are upper and lower specifications
for the nrodunct dimension, If diuension of any itea is
above U it is to be scrapped at a cost of Bs.cl per
{itan, If the diaensi.n is bclow L rework is possible at
a cust of Rs,c, per item, Assumc that ¢y > c,. Derive
a suitable expressioun to deteruine optiouin sgt.%ing level. (7]
evice
b) The resistance in ohus of a certain electrical/is- »
specified as 200 + 15, A control chart is run on the
manafacturing prucess with samples of 4 taken froa the
production line every hour for £0 hours.

£X=4,240 and I R =288
1) what should be the control 1imits on X ard R charts?

11) Assuse  that (a) all the points vn both the charts
fall witnin control liuits (b) resistances follow
rnuraal distritution, what percentage of defeztive
articles will be produced ?

111) Dsteruine the proccss capability. {4+4+3)=[111

3. A single saapling attributes imspection plan is n = 200
and ¢ = 4, .
a) Cuupute the prubabilitics of -acceptance of lots
0.5¢/¢) 13/o, 1,8%, 2+/o, 2,5/, 3¢/s, 4+/oand
5¢/+ detcctive,
b) P15t the 0,C, curve for the plan and deteruine IQL,
¢) Deteruine the lot qualities corresponding to C.R,=10+/
and PR, = 5+/¢ ,
d) Draw the AOQ curvce and detcraine  AOQL,
{4+5+4410])=[23)

e
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PERIODICAL EXAMINSTION

Inference

Dates 6,1,75 Maximum Marks: 100 Time: 3 hours

lote: Answer any five questions,
All questions carry equal marks, .

MR §

1.,a) Let- F(x, 8) 6¢ (H) be a family of distributions, Let
Xyseeey Xp be random sample of size-'n and
T(Xys .er X,) 15 & mapoing from (z) ... Xy) to (H),
Explain when T 1= said to be sufficient for the above
family of distributions,

») If F(x, 8), 9¢ (H) 1is a family of discrete distributions

and 1s a subset of the real 1ine obtain the Neyman
factorization of the joint distribution of X)yseass Xp -

corresponding to the sufficient statistic  T{(Xy,. ..,xn).

¢) For the family of Normal distributions N(y,r2)~ PR AR TER
0 <.0° < e "show that .

R=1rx, and ‘sz=;3_-i:: (x, - x)2

are jointly sufficient,

2, 1) When is a family of distributions F(x, o), ee(H)
said to be (a) complete, (b) boundedly complete ?

11) Show that the family of binomial distributions
B(n, p) 0 € p <1 1is complete,

111) Let a random variable X take valnes 1 and O with
P(X =1) =p and P{X =0) =1-p where 0 <p <1 and
g is urknown , Based on a sample of n dbservations
obtain a UMVU estimate of p(l-p) and show that it is
unique, .

3,a) Let F(x, A), 6¢ (H) _be a family of distributions, Let

s?e) be a parametric finction to be estimated on the basis
of a sample of size n, Under suitable regularity condi-
tions (to be clearly stated bty you) obtain the Cramér-Rao
lower tound for the variance of any unbiased estimate?
with finite variance,nf g(8), .

b) Under the regularity conditlons you assumed in (a) is it
always possible to obttain an unblased estimate with vari-
arce equal to the Cremér-Rao lower bound for any parame-
trie function £ (8)? If your answer 1s !'Yes! give a proof

. and 1f 1t is 'No' give an example to support your answer,

4.8) In-the usual general set up, Let T,(X;,...,X,) and
- T2(x1,..,,xn) be two unbiased estimates of a parameteric
function g(8) with variances- ai and dg respectively

ard correlation coefficient ¢, Obtain that linear function
of T and: T, which 1s mini{mum variance unbiased estima-

te of g(6). Obtair the minimum variance, ..
p.t,o.



4,b)

5.a)

v

c)

‘T and

~2-

If in the abtove case T, 1s an unbiased minimum variance
estimate and T, 1s any other unbiased estimate with

firdte variance show that. the correlation between
'1‘2 i1s given by

] /varT, . )
var I, ¢ ' .

Let E(x, @), 2¢ () be a family 6f distributions,
Let

Xl.,, be a sample of size n, Under su.ttab).e
regularity conditions to be stated by youhshov thaf{ the

Likelihood equation has a root with probabllity going to
las n tends to « which 18 a consistent estimate of

n‘ the f;mn{ in (a) admits a sufficient statistic
7 .(1, ey X for all n ‘show that the maximum-likeli-

* “hood esgl.mat.e will be an explicit functionof T,
Constder the usual linear model set up

Taxn "Xnxo) L@x1) *Snx1)

where E( € ) = 9

and D( € ) = oZ I(n x n)

D standing for the dispersion and I for the unit matrix,

X(n x m) is.a matrix of known coefficients and is of

ranx m(< n),
(a) Obtain the least squares estimate B of B,

(v) If P' B 1is estimsble, show that P' ﬂ has

mlnimum variance in the class of nnear unbiased
estimates of D¢ £
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FERIODICAL EXANINATION
Measures and Probability

Date: 13,1,75 * . Maximum Marks 100 . Time: 3 hours

1.

a)

b)

Note: The whole paper carries 110 marke,
Answer as much as-you can, The maximum
you can score is 100, Marks allotted
for each_question are given in brackets 11,

Define a o-ring. Show that given any class C of

8ets there is a o-ring § containing C such tnat any
o-ring containing C 1s contained in S, Show that -
8 1s unique, * . . . {81

Let S be.a o-ring of subsets of £ and u be a measure on
§. Show that the class of sets E€ S with o-finite
measure (1,e,, there exists a sequence of sets with finite

measure whose union is E) is a o-ring .
If C 1is any class of subscts of X and E belongs to the

o-ring generated by C, then show that E belongs to the
o-ring generated by a countable collection of se};s from

.c, . (8]
Define a measurable function on a measurable space, .3)
If £ and g" are measurable functions, show that f+g

is measurable, Is the converse true ? Why ? 161
If f 4is measurable, show that |f]| 1s measurable - Is . X
the corwerse true ? Why ? i¢]

If tre o-fie¢ld of a measurable space has only finitely

many sets, show that a function 1s measurable iff it is
aimple, s
What is the biggest class of functions on a measurc space

for which the integral is defined? Give all the important
steps (without proofs) in dcfining the integral for funce.
tions in this class, (10)

Z 1s the set of positive integers, F = the class of all
subsets of 2 and w(E) = rumber of elements of

a) When 1s a function f : 2 -> R mecasurable ? Y
o
D) Show that_a function f 1is integravle iff £ |f(n)]
o n=
i1s finite, Also then show that S fdu = ;:1 £(n) [121]
n=
’
¢) Deduce from the result in (b) that the sum of ran
absolutely convergent series is unaffected by a
rearrangement of the terms, . 6] .
- .
d) If El f(n) converges then show by examples that
nx
S fdu may or may not exist, (6]



6,a)

b)

c)

-2~

State and vrove the m&not.one convergence thedrem,

Show tnat if rn is a sequencye of measurable functions
ach that £, > g where g 4is integrable then

Sliminf £ dp £ Un inf [ Ap

Shuw by an example that the existence of integrable g
@n not be dropped in (a),

(10]

(8]

(4)

Deduce from the result in (a) that af A, is any sequerce.

of measurable sets then

# (Um inf 'An) < lUm inf u(.‘.n),

State the analogous result for lim sup of a sequence of
measurable sets,
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TERIODICAL EXAMINATION
Multivariate Analysis

Date:20,1,75 . Maximum Marks: 100 Time: 3 hours

Notes (1) This is an OPEN-BOOK examination,

(2) Correct answers to ‘atout 5/6 of the paper

- will carry full marks, You may attempt
any part of any question,

(3) Mumbers in [ ] indicate marks allotted to,
the questions, ’

1,8) Show that the dispersion matrix of a p-dimensional random
variable is non-negative dafinite, t6]
b) Show that in a p-variate distribution, all ‘the correlations
are &qual, say 9, only if
- '
251 f11]

¢) Show that the dispersion matrix of a p-dimensiona] random
variable is singular if and only if there cxists a cons-
tant lincar relationship among the, p comvonents, (10]

2, Let random variables Xy, 1 =1,2;,,,, k be 1ndépéndent,

. each xi having a univariate normal distribution with
mean f + rzy, and variance 02, where the- zy's are
given numbers such that

: 0
z, =0,
121 1
. Find the joint distribution of X and Y, where
¥ X
LI z
- 171 k
28 for £ 22 o0
5 2 i=1
2§ .
i=1 . 'S
. and X is the mean ef the Xj's, - o (12]
3. Let a p-dimensional random variable (X3, Xgy.e.s Xp)&e

distributed as a multivarinte normal with mean vector wu

and a ronsingular dispersion matrix ((a“ R

i, =12,,,., p. C .

a) Find the distritution of ‘the (p+l)-dimensional
random variable-{XyyXpy ...y Xpy LXy + 0X, v, 4 ,(pxp)
where ,(1, ,(2,,,,, ,(p are given constants, .. 6]

b) Find the conditioidl joint distribution of X;,X,y .. sXp

given ,(lx14 ,(2£2+,,,+ ,(Pxp = ¢, ¢ being a constant, D)
¢) Show that the covariance Yetwcen Xy, Xy conditional
upon "1"1 + £y )(2 "."* pxp =ec, “is .
P P
(B Ao (R Acog0

g1

13 P

- R A

m=l k=1 K @ k@

for 4, § =1,2,,,.,, P. {12]

p.t.o,



-Q=

If a symmetric matrix § = ((siJ)), 1,3 =4,2,,,.y, P. has

a Wishart distribution with m degrees of freedom based on

a matrix Z, find the distribution of the matrix ((s“)),

4,3 =1,2,,,., r < p, with its parameters, (9]

Shaw that tased on a random sample from a p-dimensional

normal distribution with mean vector u and non-singular
dispersion matrix £, the sample mean vector and the sample
dtspersion matrix are jointly sufficient for wu, I, {13]
et X, Y, Z .be each a 1 X p random variable, Let

X, Y, 2) have a 3p-dimensional normal distribution with
mean vector, (\, &, ) and nor=singular dispersion matrix
£, where E(X) = )\ E(Y? =y, E(Z) = , We have a
random sample of sizé n from (X,¥,2),. Derive a suitable

test of the hypothesis
Hyt 3x=p+2D -
against Hy @ INAu +2d , . (13]

In an anthropological study of Egyptian skulls, the resea- .
rcher has four series of skulls, 91 predynastic, 162 from
the stxth to the twelfth dynasties, 70 from the twelfth
apd the thirteenth dynastiés and 75 from Ptolemaic dynas-
ﬁeg,ooe in all, On each skull, four measurements(in

.

Xy = maximum bz:eadth
cXp = bAs'j.-alveolat height -
x3 = nasal height

. X, = basi-bregmatic heighc-'

are made,

Making suitable assumptions, formulate”the observational
set-up as a multivariate llnear modél, Discuss with the
help of ‘clearly stated formulae, etc,, how you would .°
apalyse data from this study to f{nd out if there are
differences in the mean vectors of the skull measurements

. in the four series, : {20]
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PERIODICAL EXAMINATION
Bcoromics

Date: 27.1,75 ., Maximum Marks: S50 Times 2 hours

1,

2,

Naote: Answer any two questions,..” All questions

carry oqual marks,
In vhat sense, ‘and to what extent, did the process of
modern economic development in the developed countries of
the world to-day irnvolve a 'movement awsy from.agriculture'?
Sugiest. some explanations of thls movement with a clear
atalement of the logical connections presumed in each,

r
i

R !
Clearly bring out the logical inter-relationship between
scajomic. growth in the modern era and 'industrialisation:,
¥Would you assizn the same relative importance to the
different factors in this inter-relationship for viewing

.the historical assoclration between the two in today's

develeaped -countries on the one hand, and for viewing the
future prospeots of the underdeveloped countries on the
other? Defend your stand, .

How would you define the so-called ftertiary' sector of
an economy? What are its principal components and their
relation to different economic activities? Briefly
describe the behaviour, over the period of modern ecoromic
growth in the present-day developed countries, of the
share of this sector in labour force and national

product, and comment on the significance of the composi-
tion within the sector for an interpretation of the
behaviour, .
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1.

2.

4.

a)

b}

a)

t)

a)

Note: Answer any {ive questions, Marks allotted for
each question are given in brackets .

Obtain a set of sufficient conditions for a sequence of
estimates { T (X3,...,X,) n > 1] to be consistent for a

parametric function () " when the variables are 1,i.d,
with frequency function (rYx,e), 6€ (E), and show the suf-
ficiency of the conditions,

Show by means of examples that a consistent sequence of

.est.tma es iTn} need ot be unbiased for any n and con-

versely a sequence of estimates which is unblased for all
n need mot be consistent, : {10+10]=(20]

Suppose the depsity function of a random varisble 1is

lf X 9§- ee ?éh_ It is required to estimjte the para-
metric function =3(6), The loss function L a?x) 2(0))
is assumed to be a contimious convex function in & for
each & , Suppose the family of distributions admits a
sufficient statistic, T, Suppose g(X) 1s an estimate
of 3(8). Show that there exists an estimate which is a
ﬁ(mt):t.ion of T alone whose risk is mo larger than that of
g X). *

Use the above result to_8bta1n a uniformly minimum variance
unblased estimate of e from a sample of size n from
a poisson distribution with parameter 6. [12+8]=120]

Under the regularity conditions of Cramer-Rao inequality

obtain the form of the density function admitcinf unbiased

estimates with varlance equal to the Cramer-Rao lower bound,

wWhat 1s the form of the parametric function for which such

‘an estimate exists? Illustrate your answer Dy an example
(10+4+63=(201]

Under the usual regularity conditions show that any consis-

tent solution of the 1likelihood equation provides a maximum

of - the 1ikelihood function with probability tending to

unity as the sample size tends to infinity apd it is unique,

Indicate briefly the method of scoring to obtain a s%luti n
of the likelihood equation, 14+6J=(20]

Suprose 1!‘({(,0), ec (E)} be a class of frequency functions
o

Let ¢ f o
_ X
n(x, 8) = f’x,eog

wnere 0,€ (H) 1s a fixed point, Let h(6) be a parametric
function to_be estimated and let the loss function be

+ LT, nle) = | 2(x) - n(e)|S

where s > 1, Let m  demote the class of unbiased esti-
mates of h(e), Show that

p.t.o,



-2=

5.(contd,)

6,a)

b)

1) a necessary condition’that Og be non-empty is that

there exists a const.anb ¢ such that for every set of
n functions =(x, 8:)y 0.0y mx,0.) and every set of n

real numbers 83:%.00y8y, ONE has

: n n
12 agnleg)] Lelf 2 agn (x, 64)ll

r 1/
vhere || n(x, o)ur =[S !%%:0—2” £(x, eo)dx] ris assu-

med to be finite for all 6 j

1i) for every g€ mg one has llq lls >e

o
. s .
where 1] 9 “s = [f]q[s £(x, eo)del/ and ¢, is the
inf{mm of the set of admissible constants ¢ in (1);
141) 1if .Y 1s ron-empty there is a unique

Q,€mg with i 9, lly =ec,. . [10+5+5)=[20]

Let f(x e), 6€ (H) be a family of density functions,
Let 3 be the density function of a prior distribu-
tion oI‘ 6 on (H), Let g(6) be a parametric function
to be estimated with squared error loss function, Deseribe
how a Bayes estimar.e is obtained for, g(o),

Let the family of dist.ributions in (a) be Eimmial with
paraceters n and 6, 0 <9 <1,

Let A(8) = Etl,(,_m) 9'('1(1 - )1 f£or some fixed ,(

and m both > 0, Obtain the Bayes estimate of @, -
i [12+8)=(20)
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ECONOMICS
Dates 14.2.197S. Modmum morks: 100 Times 3 hours 10 minutes.

[Notes Choose tetween the two altemnatives given below]

Alterngtive I3  Aosver any {hree questlons {rom Group A and gope question
. from Group B. In this case the mnximum mark for nny question
in Group A 18 20 (twenty) and for that in Group B is 40 (forty).

Altemative II: Answer any five queotions froz Group A and opa question from
Group B, In this case the maximum mark for any question in
Gmush A 48 15 ({ifteon) and for that in Group B 1s 25 (twventy-
five). .

Please inticate on the top of the answerscript the alternntive chosen. 10 (ten)
minutes extra time is allowed {or mnking the cholce.

coUP_A

1. Lo you think that effective demand and productive capncity can remain in
balance in an economy whare (a) consumption depends upon income, and
(v) investment is malntalned ot a steady level over time ?  Defend your
answer very triefly.

2. Clearly teing out the two-wny significance of profits for economic growth
under capitnlisam, given that the essentinl factor behind growth is
technienl progress.

3. Pinpoint the espential role of marketntle ngricultural surplus in the
process ol industrialisation, and briefly indicate the significance of
disferent meang of raising it.

4, Wwhat is "Engel's Lav" ? For what particular foature of the econozdo
development of to-tlny's advanced industirial countries is it cited as an
explanatory factor ? Indicate the logis of this explanation very briefly.

S. What is "demonstration effect™ ? In what wny does it help one understond
the problem of capital formntion in undereveloped countries in a histo-
rical perspective ?

6. Sumaarize very briefly thoe bohaviour of relntive sectornl labour produc-
tivities over the course of economic dovelopment of to-day's advancod
industrial countries, and contrast this with the pattern of rolative
soctornl labour productivities that esarges {roa a cross-section study of
countries at aifferont levels of devolopment in the world to-day.

7. In what vay do you think 1p the phenomenon of population growth in the
preseni underdevelope:l countries difforent from that in the early phase
of development following the industrinl revolution in many ndvanced
countriea of the world to-day ?

8. Exnaine the lopicol validity of any one of the following amuwontss

(a) The nimple renson why an underdeveloped country mist industrialise
in order to rnise tho levol of its percopitn incomo is that the
avernge productivity of lahour is much higher in industry thop in
agriculture in theso counirlesg,

(b) Since any technical progrosa requirvs repourcos for its concreto
application gnQ tho rato of technical progress is, on the whole,
{apter in industry then in agriculture, a country always benofita [.Jad
{nmlm teehn!cnl progress by allocating greater amounts of resouces to

duptry,



2.

GROUP_ B

Clearly tring out tho relation of industirlalisntion to economic
tevelopmont (n) from Lhe standpoint of the history of economic dove-
lopeont in to-day's economically ndvnnced countriss, and (b) from tho
stantipoint of Elnnnin!’ for economic cevelopacnt in to-day's umler-
developod countrles. t

What, in your understonding, is the principnl purpoee tehind growth in
o socinlinst economy ? CGiven this purpose, do you think that the
pochanis® of growth undcrsocinlism is alfferent in any ossontinl rospoct
froa thnt under capltallsm ? What role o the terms of trado tatween
agriculture and industry play in thia mechanism in tho enrly phase of
socialist development in a tackwnrd agrieulturnl country ?



INDIAN STATISTICAL I#STITUTE
Research and Traininy School
B.Stat. (Hone.) Part IV: 197475
‘MID-YEAR EXAMINATION

ECONOMETRICS (THSORY & PRACTICAL)
Datet: 17,2.197S. Maximum Marke: 190 - Timet 3 hours:

1. Dipcuss the problems of multicellinourity and effocts of income digtribu-
tion in the context of estimntion-of n domand from time peries data. 7o
whnt extent thogse problems cnn te solved by pooling cronsegection and tim:
gerica data ? (20)

24 What 40 a Loreng Curve ? Dorive the expressions for the Loreng Curve
and for the Loreng ratio for the lognormnl distritution. ( -]
. N 20

3, The following tatle shows the por capita concumptlon of tutter aml
mnrgarine in gwoden during 1921-i939 along with figures of per capitn
national income, congsumer price index and average retail price of tutter
and margarine. . '

Roroemmiion of —  peieeter werese Matiomnl  “conmser
Year but.t:er 2:(!) margarine nm(l p:,:rggr%ne m‘;O::plm ur:(:;a:e
(1) (2) (3) {4 Y
1921 12.16 4,62 909 241
1924 14.12 3,03 743 T 174
1927 15.65 2.52 786 171
1930 - T 18,04 2.13 860 164
1933 18,77 1.94 726 153
1936° 20.38 2,06 907 158
1939 20.44 2.53 1114 171

Azsuning the constant elasticity fora of the demand function, estimate
the price elasticity of demnnd given that incomo elastlcity is 0.4.
Cnlgulnte also Lhe stawnrd orror of the estimnted price elnoticity.

[35)

4. The followin, tatle gshous the alstribution of porsons by m'onthly per
capita conguger expenditure basc:d on a survey of rural India.

@onthly

Por CaPLn  seoe oEoptation  coameeer erpeemitare
per 30 dnys in Rs. per 30 days (in Rs.)

(1) (2) ()

0-11 14.12 7.30

11 - 15 15.26 12.40

15 - 21 23.07 17,70

21 - 34 19.55 23.50

34 - 55 18.19 35,00

55 - - 9.8 62.30

| ST



-2 -

Caloulate the Lorenz ratioc and drow the Lorenz Curve for the ntove
data, Asouming the distrltution to be Lognormal, estimate the
varianco from the Lorenz rulio., Algo optimnte Lhe moan of the
distritution by method of guantiles.,

[25)



INDIAN STATISTICAL INSTITUTE . (212]
Research and Training School —=
B,Stat,(Hons,) Part IV : 1974-75
MIDYYEAR EXAMINATION “

Maltivariate Anal)sis
Date: 19,2, 75' : Maximum Marks: 100 X Times: 3 hours

Note: a) Thigs 1s an OPFN-BOOK examination, You are
allowed to use no?.es any hand-written material)
and the book C,R,hao: Linear Statistical
Inference and its Applications,

b) Correct answers to about 2/3 of the paper will
carry full wmarks, You may attemot any part of
any question, uovever more credit will be
given to complete answers than to f{ragmentary
ones,

¢) Numbers in [] indicate marks allotted to the
questions., .

l,a) when' do you say that a p-dimensional random variable has
a myltivariate mormal distritution? Under what conditions
does a random variable so distributed has a probability

density function? . (61
») Let (xl,yi), 1 =1,2,3 be distributed mdependenuy and
identically as e
. xy
N, ((1)). ("xy aw)J».
:.) Find the joint distribution of (xl, 19X ¥os X5, ¥5). (6]
11) Find the joint distribution of (X,Y) where
- X, * X, + X Y.+ Y +Y
: 27 %3 _1 %
. X= —1—3—— N = 3 3 ) [6]
2, Let

v o= (1) vy, 5)
xg 1xp;  1xp, bt
where p = Py* Py and I 4s ponsingular.
) Derive the conditional distribution of Y(1) given
Y& . y(2) (9]

b) Show that 3(1(1)11(2) = y(®)y 4 the solution of the
simultaneous equations

[}
' b—yfr)'=°: 1=1o?v---p Py
where ¥(1' = (x{M), ¥ 1) ana
Q= (Y = u) £ (¥ v p), €]
3, Let Ul,.an(u, £), Let A. be a symmetric pxp
X, .

mn-srngular matrix,.
p.t.o.



4,a)

b)

c)

5.a)

b)

-0=

a) State and provi a. nccessary and sufficicnt condition
for (U-nu U= to be distributed as chi-square,
When t.hc conditlon 1s satisfied, how is the degree o.{‘
freedom of the chi-square related to A? ...Te - L7]

b) Let 0 be the sample mean vector based on a random

sample of size n from Hg(u, L) where £ 13 non-

singular, Find the distribution of R
(- u)r £Ni- 0. (6)

¢) Derive a 100a°/e confidence region for u when £
is known, (0 <a < 1), {7

d) Discuss a method of deriving a 100a+/ confidence

reglon for u when I 1is not known for n > Py,

(0 <a <1), ) {11)
Define Hotelling's 72 gtatistic and show how it is a
multivariate analogue of the scadent's t statistic,

Find the distribution of the statistic, - (8]

Let "X as N (". £) where THo= (“1-“9“.., Hy ). Explain .»

a suitable method of testing the hypothesis . N
Ho PRy Sy S .. = Hy

against an alternative in vhlch at least one of the

equalities 1s violated, when I 1s not known, .. is)

Let xx1~ Ny (u, E) where u = (uy,u,,.. sHp s8pa1s - os Vpp)
Bxplain a suitable method of testing the hypothesis
Hyt py = Hpepr Hp = Hpapreeey Hp = Hop .

against an alternative in which at least one of the equa~-

‘lities is violated, when I 4is not krown, (16.°

Explain what is meant by a multivariate ].I.nesr model, 17])
Consider a linear model
E(Y)= X B
nxl o mxl

where the elements of Y are correlated and.the disper-
sion matrix of Y 1is £, a positive definite matrix,

Show that a value of § that minimizes

(x- xp)' =71 (Y - xp)

g = 2l )(xe £y,

[Hint: Use the positive de.finltcness of & (and of £°1)

to reformulatc the prodblem in the usual frame-work (where
the dispersion matrix is of the form 921) and usc the
results thereof,) [12])

Consider the problem of d.iscx‘iminatl.on between two groups
usi variables X = (X,X50 000y X)) dist.ribut.ed as
:f:.? z ¥
’

is

= 1,2 in the two groups,

P.t.o,



INDIAMN STATISTICAL INSTITUTE [Z13)
Research and Training School -
B.Stat. (ions.) Part IV: 1974-75

MID-YEAR EXAMINATION
Statistical Methods

" Datet 20.2.75 Maximum Marks: 100 Time: 5 hours

1.

2.

S.a)

4.

b)

Note: Answer all the questions. A1l t.;uest.ions
carry equal marks.

Let F(x) be a distribution furction admitting the p.d.f.
f(x) and let p, O < p <1, be a number. Define the popu-
lation pth-fractile £ and the sample fractile P_.
Show that under suitable conditions (to be stated by you),
1) r =, wp 1.
w p(1 - p)
i1 r -r = M0, ————
) ﬁ.(.p ) B0 T

Let T, be a k-dimensional statistic (T
such that .
/o (T, 9,), /x‘\('r2n- 0y), +eey /A (T - 0) EoN(0,T).

. {20]

T )

1nt Topr*er Txn

Further let g be a function of k variables vhich 15
totally differentiable at & . Prove that

ﬁLG(Tln'TZH’ '_"lTkn) - 8(91o92v eeey 9]()] => N(O,V(B))
where v(8) = £-% 9y %ﬂ— %5 provided v(e) £0. [20]
: i) i J .
Let xqyseeyXy be independént observations on 2 random
variable X and let ’ .
=%txi, mr=%t(xi-§_)r-
Derive the joint asymototic distribution of (m_, m.), rés.c.c.:.
State the assumptions you make about the distribution of X.
Let r be the sample correlation coefficient based on n

independent observations from a bivariate nomal population
with correlation coefficient 9.

Show that /A (r - 9) =5 n(o, 11—‘—92)—) . (20]

'l'he correlauons obtained from 6 samples of sizes 10 114,

20 were found to be 0.318, 0.106, 0. 25o
0 5.1 0 15.2 and 0.340 respectively. Can t.hese be con-
s%dered homo.,eneous" If so, obtain d combined estimite (20"
o Q. . 20.

p. t.0.



-Da

The following table gives Bateson's distribution of sweet
pea plants obtained froom an intercross. The margiral

' frequencies are exovected to be in the ratio 3:1, and if

the two characters, flower colour and pollen shape, are
independently inherited, then the cell frequencies are
expected to be in the ratio 13:3:1 , :

Pollen Flower Colour .
“Shape Purple Red Total
Long 296 27 . 323
Round 19 85 104

Total 315 112 427

Carry out a suitable statistical amlysis of the data L.
and write a short mote on your finuings. : {20]



INDIAN STATISTICAL INSTITUTE
Hesearch and Training School
B.Stat. (Hons.) Part IV: 1974-75

MID-YEAR EXAMINATION
Measures and Probability

g

Dates 22.2,75 Maximum Marks: 100 Timet 3 hours

1.

2a)

Notet The uhole&nper carries 105 matks. Answer as
many qQueatiuns as you can. The Maximum you can
score is 100. Marks allotted for each question
are given in brackets ().

Let 4 bYea non-ne‘gat.ive finitely additive set runcuon
defined on a ring of sets and write EA F

u (B¢ F) = 0. Prove the following three st.at.ements and
show that the three statements are false if ron-negativity
of u 1s rot assumed.

a) & 1s am equivalence relation. (6]
b) The elass C of sets CH# 4is a ring. (8]
-¢) w(EAF) Cu(BAG) +u(FAG) . (61

b)

4

Se

a)
b)

o)

d)

If Fi1 Re>R 1is an increasing right contimuous function,
show ‘that there existe a unique measure u on the Borel
gef{eld such that wu{a, b] = F(b) - F(a). (12]
Is the gorresyondence F => u given 1n (a) 1-1? Is it

onto all measures on the Borel o-field 5]

State amd pmve Lebesgue's dominated conwergence theorem.

(You may assume Fatou's lemma). 10] .

Show that a bounded function on a bounded interval is
R{emayn integrable 1ff the set of its discontinuity points
is a Lebesgue measurable set of Lebcsgue measure O, Also
then show that the Riemann and Lebesgue integrals co:lncide.

Define the product of two measurable spaces (x F)and (y G) [3]

Show that if A CX and B C Y then AxB belongs to the

product o-fleld ™ iff A€ F ‘and BEG. . (5]
If 4 and v are finite measures on F end G respectively,
prove the existence of the !product measuref. 132
State and prove Fubini's theorem for non-negative measurable
funetions on the product space. 1..
Ir (x, ,u) is a measure space, (Y, G) is a measurable ® .-°
gspave and H _} is measumble function, define~ on

G by '\I(G) u (r-1e))

a) Show that ~ is a measure. (5]

b) If gt Y => R 1is quasi-integrable (wer.t.~ ) then
show that

Jed = [fg du
where (g £)(x) = g(f(x)). (10]
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INDIAN STATISTICAL ISTITTTS

Research and Training School ° 1492

B'Stat'.(Hong',) Part IV: 1974-75 {6426/15_)
M'. Stat’, Part I: 1074-75 .
PERI(DICAL EXAMI“ATION

Advanced Design and Analysis of ExpPeriments
) ' Maximum Marks: 100 * Time: 2 hours

te: a) This is an OPEN-BOXK EXAMINATION,
®) Answer all the questions’ All questions
carry equal marks, -

An experiment was conducted to study the effacts of five
anaesthetic drugs A,B,C,D,E, the first three being seda-
tives and the last two Selng barbiturates, One hundred .
subjects were divided at random into five equal groups amd
each group was administered one drug’,

Write down linear contrasts that would’ be suitable to
eiumgn&.e the following comparisons: [Make your notations
Clear’, :

Sedatives vs, BHarblturates

Drug A vs'., Drug C ’

Drug D, vs. Drug E

Drug B vs'. other gedatives’,

Do the contrasts you iuggest form'an orthogonal set?
{Justify your answer.

Is the linear contrast *'Mean of Drug A - Mean of Drug B!
orthogonal to these five? .

With suitable notations write down the sum of squares in an
analysis of variance, in which the treatment sum-of-squares Y
i1s subdivided into suitable one-degree-of-freedom components®,

Given the rollowi'ns ten units of varying 'size' (symbolising
their'innate error response to the treatments) to test five
treatments, each to be replicated twice, how would you divide
the units into two grouPs (blocks) of five units eich (so
that the sum of squares between the groups is as large as
possible)?- . -

Unit 1 2 3 4 5§ 6 7 8 9 10
Size ' 2 . .
index, 2%3 3.2 4.2 26 36 4.5 2.8 39 48 2

With suitable assumptions, obtain some tentative conclue
sions regard.ing blocking as a means of control of experie-
mental error, ’

Also suggest. suitable models for analysis of data obtained
from an experiment with these unitgs

1) without blocking
11) with blocks as suggested by you.

ExPlain the concepts of main effects and interactions in an °
fxperiment. with two factors’, . .

Try and 1imit to your answer to two Pages of relevant
material Presented in your own words.

In an exreriment with two factorseach at two levels with

the condi?lon of 'proportiovnal frequencies', derive the
analysis (estimators and expressions for sums of squares

for error and for main effects and interactions) with the
interaction terms Present,

p tlo,



-a

It 1is desired to compare tvo rolls of cloth by means of their
performance whén made up into men's trousers and used in a
‘wvgaver trial', The two rolls are identical in appearance
but differ in t.he proportion of synthetic fibdbres 1ncorporated,
each is sufficient to make 12 pairs of trousers (1.e:"12 pants))
Pevua various plans for carrying out this experiment’,

Two or three plans of really different typas vin be

adequate.) -
Discuss their relative merits and stqto which one you consi-
der to be preperablc and why.

)



,INDIAN STATISTICAL IMSTITNT?
“Reseirch and Training School 442/14)
BsStat.(Hons.) Part IV: 1974-75
PERI CDICAL EXAMIMATION

Inference

Date:14,4.75 Maximum Markg: 50 - " Time:?2 hours

1

2

.a)

b)

a)
b)

c)

d)

3.a)

b)

Note: Answer any three questions, All questions
carry equal marks.

Let gf(x &),0€ (m}be a tamil of density functions of a

m variable x. Shov th‘al 1) there.exists a most power
x‘ul test of size a(< 1) for tesung the simple hypotheeis
Hyt 6 =6 6(!) against the simple altermative H, :

B2 @ C(H) and obtain a necessary ard sufficient comdition
for a test to be most Power for testing H againet Hl
Use the above result to obtain the most powerful test for
testing Hoz K4 = 0 against le # =1 in a.-famlly of \
Normal distributions iN(u, 1) - = <Cu< -} bagsed on a
sample of size 9.

-

Define a Monotone likelihaod ratio family of distribotions,

Show that the family of distritutions{N(0,6*), 0 < " < -}
is an MLR family. N

-
Obtaln the most Powerful test for Hei ¢ £ 4 against

H,: o > 4 based on a sample of size S,

Obtain the power of the test for > = 9_ and o% = 8. -
Let X follow a peisson distribution vith unknown mean X\,
Obtain a UMP test of size & fer H: X <1 or A2
againat the alternative H SIREWE N based an a sample o!'
size 3.

State clearly the principal result you used in obtaining
the UMPT in (a) above.

Let X have a Koopman's exporential dlstributlon with
density function belonging

. ic(o)h (x) e°T(")oemJ
with unknown 6. Show that there exists a least favourable
distributlon X on w for H i) 6€w : 8L O, or 02 0,

agalnst Hy : @ =6, (g <oy <@ 3):  Also show that the
MPT 1level a test for testing H( ¢ the density function
of x 1is g\(x) fh(x)c(O) x) d\(Oz against

Hy & the density o!‘ x 4is C(Os)h(x) e 13 alse most
pwerrul level a test for H, agaoinst Hy.



Date:

1.

2.a)

b)

30&)

b)

4.a)

b)

c)

TDIAN STATISTICAL INSTTIMIE
Research and Tralring School [m)
B.Stat.(Hons.) Part IV: 1974-75

PERIODICAL EXAMINATION
Application of Probability
21.4475 Maximum Marks: 100 . Time: 3 hours

Note: Answer all the questions. Marks al)otted for
each question are given in brackets (] .

Give two examples each,from different areas of applica-
ion, of the following types of stochastie processes:
a) d1screte state space and discrete parameter; (b) dis-
crete state space and continuous parameter; (¢) continuous
‘state space and discrete parameter; and (d) continuous
state space emdcontinuous parameter. [2x3x4)={24]

Derive the Chapman-XKolmogorov equations for a countabdle
state space and continTous Parameter Markov pProcess. 6]

Stating the requisite assumptiors regarding 'instanta-
neous' probability functions, derive the set of Kolmogorov
tforward! differential equations for a Markov process of

the above type.
Write these equations in matrix form, after defining the ’
requisite matrices. . : : [15]
1f A = (agyJand B = [b;,] are nxn matrices and the
‘norm' of a matrix A is defined as -
Hall = £ fa, .l

1,9 M7

show that
1) |la+Bli < 1lall+ Il Bl
11) {faBll < lialle '8l
111) Itaxd < lalls =i )
where the nomm || x || of an n-vestor x 4is similarly
defined. €2]

Let X(t) = [x, (t)] be an nxn matrix of differentiable

funcciogs x“(t), ard dennte by dxt" the matrix {

4 4
{ —ﬁi—(t—l]. Show that

1 $ex(erey = 2 yioy Lxeey WY

1) G ()T = - (xfe)1 1 SO [x(ey)1 (8+8]=(16]
If the functions xif(t) are differentiable in the interval

0<Ct<T and A a“] armd C = [cy,) are nxn matrics ..

of constant elements, show that there exists a solution of
the differential equations

.%%l = AX(t), X(0).= C 1in this tnterval. [(15]

Assuming the requisite proDerties. of the matrix
At o3 aded
At =0 d
show that e~ 13 a solutlion of the set of differential equa
equations day(t
= A¥(t), Y(o) = I. fs)

Using the above result, show that Y(t) has the property
S Y(t+s) = Y(t)y’s). (7]




INDIAN STATISTICAL INSTITUTE
Research and Training School @zﬁj
B.Stat.(Hona.) Part IV: 1974-75
* PERIODICAL EXAMINATION
Non—Paramecric Methods and Sequenctal
Analysis

‘Datet 28.4.75 Maxioum Marks: 100 . Time: 2¥ hours

1.a)

b)

2.a)

b)

3. °

4.

Mote: Any three questions oarry full marks .

Describe the SPRT (b,a) of a éimple hypothesis versus a
simple hyrotheeis, based on 1.1.d. observations.

Given a and B, obtain Wald's approximations for the
stopping tounds. Show that the resulting error probadili-
ties a*¢ and B¢ satdsfy - .

1) a* + B* < a+ B (11)905%5, ?‘S'fiLE .

Show that SPRT (b, a), ~» < » < 0 < a ¢, based on i.1.4.
observations ternlnates wp 1 1tf (x)
X

2 = 103(1,1-(;, )

is rot degenerat.e at the origin.

Show that, for all 'k > 0, B(TX) <, where 7 is the
stopping variable of the ém. :

X is a discrete random variable such that, under, .
H: P(X = 0) =3 amd P(X-l)

and undet Hy: P{x= 0) = 5, /P(x=1) = -5. am Pf!:Z)-—d.

Consider the SPRT (-J log 2, K log 2), J’ and K being
positive integers, of Hy LN H .

1) Fird the exact values of a amd B.
11) Find the exact values of E(W/H ) amd E("‘l/ﬂl)-
Consider testing H s N(0, 1) vs. H L =T (1,1).

a) Fird t.he stopping bounds b and a of the SPRT such
B = .Ol. (Use Vald's approximations)..

b) Compute E(TMM ) and E( -1/?11) (Use Wald's approxi-
mations)., v

c) Find the smallest n for which the fixed sample size
- MPT of H ve.H) has a« =8 = .01,

d) Compute the efficiency of the SPRT w.r.t. the fixed
sample size MPT

(1.0, E-(an) under H, amd Hl .



. IUDIAN STATISTICAL IVSTITUTS o
Research ard Training School-’"~/ (222787)
M. Stat. Part I and B. Stat. Part IV: 1974-75

PERIODICAL EXAMITATIOM
- Operations Research

Date: 5.5.78 Maximm Marks: 100 Time: 3 hours

Note: Answer all the questions. Marks allgtted for
each question are given in brackets (1],

Define the following terminologles.

a) Slack and surplus variables
b) Basic feasible solution

¢) Degenerate basic feasible solution Lo] .
Explain the use of aftificial variables in solving linear
programming Problems . (6]

Consider the linear programming Probldm: maximize z = X
subject to AX =b and X 2 0O, yhere c¢,b and X are res-
pectively 1xn, mx1l and nx 1 ,vectors and A i3 mxn '
matrix withera of A equal to m. Let B be a basis of
patrix A such that Xp = Blb > 0. Suppose there exists

'a non-basic vector a; such that yp ¢, <0 and

vy £0 V¥V 1=12., o Prove that this linear pro-

gramning gx'*oblem 1s unbounded (notations are as used in
the class : (101
Consider the linear program given in question 3, and when
it 1s solved by Charne's M-method, Prove the rollowing.
In the final simplex tableau an artificial variable appears
in the basis, ..
a) at positive level => the original [.p. problem is
inconsistent . . .
b) at zero level.in the ith row such that the entries in
the 1th row are all zero => the ith constraint of the
original [f.p. Problem 1s reflundent. .. (151
By Charne's M. methodl solve the following f. p. - .
maximize y = BxL + xy * st + 5x4
subject to -.2ﬁ + sz - st +4xy =7
1-;3)(1 + 2 + Jxg = 9x, = 8 .
B 5x1 - Xy + 3.25x3 - 4..25x4 = =4.75
xg 20, 1=12,234.
(After writing the initial simplex tableau make only one :
iteration i.e. compute the next simplex tableau). {20}
Solve the following L.p. by grarhical method
' maximize z =x) + 5%
subject to le +4xy; £ 6 - :
% ¢ %22
s X3 2.0 f10]

Home asslfment on formulation of linear pProgrimming
problems (to be submitted before 9th May 1975]. {30]
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IMOIAN STATISTICAL INSTITUTB
Rasearch anl Training School

* M.Stat. I Year /B.Stat,(Oons.) IV Year

oo Porioliesl Ixamination 1+ Sacple Survoys . R
dnswer as nury questions es you can, The paper \
.carciece 125 wrasize, WUaximun you can acore is 100

Time: 3% hras!

Desox:t‘.);al.' in 1on-nathenatical terms, the purpose,necessity,
basio frarew:xi oml meihodolosz of inference and prodlems
arising-therelroa in saarla curveys. . [127

From a-, finits mopulation a sirple random sample with
replacerent is.dram vniil one obtains just three distinet
units, Tia regeiitisne anong the units selected are thon

kmazel ntf o2d the truncated cample 18 treated as-the final
scmple, | -

() Prove that this proceedure is equivallent to drawing
. n aimrls rondon ewmple, ydthout replacement, of siza

ree.. : . Le7

~(b) Frovo thas “%e mocn over distinct units is an

i+ uzbiassed ontimoter of tha population meamm. [87

(2) Totinn ‘u emrling design ani o sampling proceedura
ot atate:(mithovt proof) tie main result connecting

‘e tWo et Rocoes s zoplications and use of this

result throughan iliuetrativa example. [T

st

(%) Charactsrise e sanpllné.dasléns generated by
(1) &3 wi<ivout replacoment of size n ,
(12} PE3 with rcplecormert of sizo n. in the first "
tiTatm gm SRS with remlecomedt, of alze n,-in
“tho saconul etretun, for stratified sampling©with
%% otrata. : L7

(e) In & Zonersl 3a2e71ins decign. define a general homogenecous
linaer a3tizasor ¢l the population total, and derivo_the
conLitlons Lo7 wablcssedneos of this estimator. [8 7

(b) Trits dzmm ths 'conventional' unbiassed estimators of

Y in tae ¢259 of EPS cowpling yrith replacement and
JAaantifty 1t p9 a speclial cate of general homogeneous -
lircar whHfacsed estinmator, [6



5.

8.

-2~

What are the situations and considerations that motivate

one to adopt (a) PPS sampling and (b). stratified sampling.
How do the conventional estimates ot population total meet
requirements in these cases? . ya: V4

Desor.tbo the basic theoretical principles in atratified
sampling strategles. [6_7

For the sampling design obtained by SRS with replacanent
of aize n,

(2) evaluate the inclusion probabilities x, and ey o7
(b) write down YHT’ the liorvitz-Thompson estimator

of Y, and prove 1ts unbiassedness. N
" (o) Write down (no derivation needed) v(ym) and vm(yy).

. ‘..ox ¢ gosercl-oac, un’t; dooi@ Dowp;l mu dm (3 prtetn.rxe &

ajad) eleirly 60 rigercusly the réoults olficerning

(a). exiatence of linear wnblassed estimator ¥ of Y.
(b) existence of best linear unbiassed estimator of Y.

~
‘(0) oxistence of unbiassed estimator of V(Y), the
variance of Y,

What are the oonsequencés of (a), (b) and (c) uf above -

' for the special case of linecar systematic sampli .
. 55 3+445a157

Prom a finite population oconsisting of two strata, a PPS
with replacement sample of size niis taken fyom stratum I
and an SRS with replacement of sizZe n, is taken from
stratum II, Conventional unbiassed egtimmr of population
total Y i8 used.-

(n) For a fixed value of n = ny+n,, what is the optimum
sllocation of n to the twolstfata? ' . [e7

(b)Y Estimate the gain due to the strategy adopted over
the hypothetical strategy of drawing an unstratified
SRS without replaccment of size, n from the : °
populaﬁon and adopting the conventional estimator

of Y, [12_7
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1.2) Briefly enumerate the uses of vital statistics. -
b) Define de facto and de jure population enumeration. [20+5)={25]

2. 1Indicate the mature of deficiencies in the Indian vital
registration data. Wnat are the factors underlying them? [25]

3.a) Vhy is Life Table death rate is assumcd to describe a
standardised measure of current mortality? Erumerate some
of the practica) applications of a 1life table in popula=-
tion reproduction and estimates.

Considering a 1ife table, calculate the rolioving probabi-
litiest

b

~

1) a life aged 30 years will survive 20 years more,

11) on the average, how many years of 1life will a group
of children who has Just attained age 5 years 1live
next 15 years, - ) :

111) average age at death of females dying betwean'i’?
and 50. 10+415]=(25] _

4. Vrite short notes on:
a) Fertility measures from cersus data.

b) Total Fertility rate as a hypothetical index of
fertility.

¢) Adjusted IM.R.

d) Measure of mortality to delineate the 1nr1uér;ce of
blological factors from environmental factors.

e) M s qx* % . . [§x5=Fzs?

5. Summary of.data collected from a sample survey of Jute Mi{1ll
°  Workers of Howrah conducted in 1961 and those collected
from All Indin registration and Census statistics are
shown belaw:

Survey O ute M)l Workers A1l India 1
Asrgup No. of Male workers «Re/1 in |No.of . «R+/1C00
e /1000 in Pay Rolls the age group|Male/ in the
. . . 1000 age
persons group
20 - 29 240 8 93 8
30 - 39 330 .14 72 12
40 - 49 <00 22 49 16
50 - 59 130 : 40 30 32

Crude D.R. (A1) 2961 = 22/1000 Populntion -
From the above data compute A single index for the

genenl mortality condition expressed 5% Jute Mill VWorkers
uring their employmente. Compare it with the Ad e average.

[25])
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Note: The papar carries 110'm1rks. Answer as many*
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1s 100. Marks allotted for each question arc
given in drackets

1 Put. the !‘olloutng 1inear program into the otandard form
Maximize Xy = 2x5 + 3xg ‘
Subject to xy *xp txx ?

X3 = X5 +x3 <=2,
3xq 2xy = 5
Xy - x3 21
X 20, x5 £0, Xy 13 unrestricted in sign, [
2°  Let Xz =B lb be a basic foasible solution to AX = b

and a, a vector from A not in B Then if Y, =B~
show that ‘B(Xg - @ Y,) + 0 ay = ». is a feasidble eolut.ion

to X =b forany 6, 0<6 <8, 6 where
( '8 3
9lnax - min ‘( )'1.,l /yi.j > O_x
\
For which valucs of ©, is the new solution basic. ? -{10]

- -1 . -
3 Given a basic feasible solution Xp =B "b with
Z, = CgXg to the linecar program AX = b, ‘X 2 0, max 2=CX .
such that zy - ¢y 20 for every column vector ay in A
Then 2, 1s the maxinmum value of 2 Subject to the const-
raints and the basic feasible solution is an optimal basic

feasible solution. Prove the above statement [10]
4 Avoly charnes Big M-method to the following linear orogram
Maximize x) * Xy
Subject to - X * X <=1
e =
x 20, x,20 : (13}
5 Deseribe the method of getting alternate optimum Basic
feasible solutions of a linear program from the final
simplex ‘tableau of the program. (1012

pto
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Dcsceribe the two basic systems of Inventory €ontrol and
compare them - . . [€2]

A contractor has to supoly 10, 000 bearings per day to an
automodbile manufacturer fe finds that, when he starts a
proluction run, he can produce 25,000 bearings per day
The cost, of holding a bearing in stock for one year is ' o
2 cents, and the setup cost of a production run is ¢ 18,00
How'frequently should oroduction runs_.be made? Wnat is the
economic batch size productinn ? Before solving, derive .

the relevant mathematical model. . . [20)
Derive the relevant mathematlcal relationship to test the
sensitivity of the Wilson's square root forrmla (10]

Dopcribe the method of develooing an ordéring table for
a store

Machine C costs & 10,000 Operating costs are g BOO

per year for the first five years In the sixth and .
succeeding years operating costs increase § 100 each year
Assuming n 10/ cost of money per year find the optimum

length of time to hold the machine before replacing it. (20]

{13}
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M>oter Answer all questions Marks allotted {or
€ach question arc glven in brackets (]-

State clearly Mendel's laws of segrcgation and indepen-
dent assortment, and describe how these laws follow from
the mechanisms of meiosis and gimetic union-

The locus of n gene pair (A,a) 1s on an autosomal pair of

chromosomes and that of (B, {>) on the sex-chromosomes, A .
and b being dominant over a and b respectively. Enumerate
the possible genotypes and phenotypes of males and femnles.

(A,a) 13 a.gene palr located on the sex-chromosomes, a

being recessive and the genotyge a3 being absent ln the
populations Draw up a table showing possible mating types
of parents and the corresponding genot.ypes of male and
female of fspring- .
Establish the 9:3:3:1 law for the cross between two double

heterozygotes Aa Bb, the gene pairs bd.ng located on diffe= .
rent autosomal palrs of chromosomes- [8+6+6+5]=[25)

If random mating is practised in a population in which the
male and female frequencies in the p'\rental .generation for
AA, Aa and aa are. u, v and v (u+v+4w = 1), ‘show that
genoty c equillbrium 1s reached from the first filial
generation onwards-

Describe the nature of co-dominance of the ABO blood-group
system, derive the probabilities of the phenotypes A,B,AB
and O for the gene-frequencies p,q,r, and describe two
methods of estimation of p,q,r for a random sample of
individuals whose phenotypes nre observed.

In a gene pair (A,a) the gene A 1s dominant and the gene- -
frequency of a is q: Prove that, under random mating,
in the offspring pomulation

i) the frequency of the gene 2 among offspring of
Dominant x Dominant matings is [q/(1+ q))°,

11V the frequency of the gene .a, among orrsprings
of Dominant x Recessive matings 1s q¢/(1+
[soeva sz)

A phenotype carrying a mutant gene has probab.lnt{ 1- 8
to survive ti1ll reproduction: Find.the probadbility that
such a phenotype survives for exactly n generations and
show that E(n) = 1/s.

pto
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a) .

4.2)

b)
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For a gene fair (A,a), where a is the mutant gene, assume
that selectlon takes place at the zygotic stage and muta-
tion takes place subsequently till maturity, and derive a
general expression for the frequency of the mutant gene in
the of fspring generation as a function of the gene frequency
in the parental generation, the fitness coefficients and

the mutation rate- . :

In (b), if selection operates on the genotype aa only,
show that the equilibrium frequency of the mutant gene ls

Yu/ s , where & 1s the mutation rate and s the selec-
tion coefficient.

The age-distribution(at the time of dirth of a child) of
fathers in the fertile nges 1s given by the p:d-f- (x),
wvith mean value x and variance ¢2- The probabingy

that a father of age x' produces a mutant child is given

by ux=ax +g°.

The age-distribution of the fathers of mutant- children there-
fore has a p-d.f : o -

a(x) = uy p(vx) / {uxp(x)dx-

I ;m 1s the mean value of q(x), :. show that

- )-(m'= [a(02+ ;{2) + I-loJ-l] / lax + “o] .

{6+945+8]=[28]

Describe (1) selfing and (11) assortative phenotypic mating
and show that 1n each case the proportion of heterozygotes
decreases progressively with generations-

Two unequal btut large populations in Hary-Weinberg

equilibrium have different gene frequencies of the gene

pair (A ,a). Show that if the two populations are mixed

and con‘:inue random mating, the proportion of heterozy-

gotes in the offspring generation will be smaller than

that in the mixed parental generation- {7+8+5)=(20].
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+1-a)

< b)

+2.a)

- Note: AnSwer nn% five questions. All questions carry

equal marks- o
L be a random variable wvith probabiliwr density
(x 9) @ beingz a real unknown parameter th hoastone
1ikelihood ratio in Tfx)- For testing tf\e null hypothe-
sis Hy s 8 <8, against the alternative Hy: €2 6

" where 6, < ©;, at level of significance ‘¢, show that

R}
there ‘exists a uniformly most povprl‘ul test and obtain its
form: Also show that the power function of this test is
an increasing function of 6. .

Let . X Ye.,a random variable taking values 1l and O with

* probabilities 8, and 1 - 8 respectively where 0 <6 < 1.

is unknown-. Based on a sample of size 10 obtain a !'MP
test of size 0-06 for the null hypothesis 6 < 1/3
atainst the alternative 6 > 1/3- .
Let f.(x), fy(x),---, f;{x) be real valued integrable

functions defined on an B\\clidean space)y - Suppose @

‘1s the class of all functions ((x) sucr that

0 <q(x) €1 'for all x--and JSHx)f,(x)dx = ¢; for:

4 =1,-::, m wvhere ¢;,:.-, ¢  are given constants:

Show that a necessary and suffiectent condition for a mem=-
bter of "¢ to maximige ﬂ?(x) f (x)dx 1s the existence

". canstants Ky, ¢, kK such that

b)Y

3.a)

b)

x) =17 ar £ () > ?kil‘i(x) -

. . n .
and 9x) =0 ir £ ol < Zikfy(x)
: : 1

Let X be a random varlabla whose density function 1s of
the form ¢(®) h(x) © T(x) where © 4is real. By .
using the result in (ag obtain the form of #n uniformly
most powerful test of size « for the hypothesis

Hy 3 8 <6, or '02 6, (6, <6,) ngainst the alternative

Hy 1 8 <8 <8,
Ex;)lain clearly when a test of a hypothesis i3 said to be
similar, (11) of Neyman structure. Obtaln a necessary

' and sufricient. condition for all similar tests to have
leyman structure-

Let X be a random variable with density function
f(x, 8 n ) of the form

c(8, n ) nl(x).exp 6U (x) + 121 ni'l"_(x)

where (8, n ) belongs to the (k+ 1) dimensional Euclideun
space - &how that there exists a uniformly most powerful
test for the hypothesis H : 8 < 6, against the alternative

Hyt 020, (6 < 9,) of level « given the values Ty(x) =
for 1 =1,-+, k-

121

p.t.o



4.a)

b)

b).

C o)

6-a)

b)

¢)

7+a)

b)
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the farlly of possible distributions of a random varia-
%]e.: X gefy = ,,P(x.pg), 6€ (H)} and let T(x) be a sufficient
statistic for 9. Obtain a necéssary and sufficlent condition
that a statistic V(x) 1s statistically independent of
T(x) for a1l 6- : ‘
Ose the result in (a) to show that, if a random variable X
has density function of the form &(8, ’,’f§ n(x) .

X

exp ieU(x) +z ﬂiTi(x)} where (8, n') belongs to the (k+1)
1 . ~

dimensional Fuclidean space, there exists a uniformly most

owerful unbiased test of slze « for the null hypothesis
Ro‘:ee ug 6 <6, against H,: 0-< 91 or 8> 6 provided

“there exists a function h(U,Tl--- ka increasing in U

for fixed Tl, ey T}(' .
Let a random variable X _have a Normal distribution N{w, @)
-~ ¢p <o and O < 0% <~ ' Based on a samole of size
10 derive a uniformly most powerful unblased test of size
0.05 for the hypothesis' o =2 against the alternative

- @ £ 2- (State the relevant result which shows that the test

you propose 1s uniformly most powerful unblased)

Fxplain how you would compute the power funetion of the
above test-

Obtain a 95 :/+ confidence interval for 02 in the above
example - .

Let P(x, O, 1) be a family of distributions of a random
variable X, whére (6, n') belong to (k+l) dimensional
Fuclidean space- Define the concept of an unbiased confi-
dence set for the parameter ©-

Show that uniformly most accurate unbilased confidence sets
of a given confidence coefficient l-a exist for 6 f
there exist UMP unbiased tests of size a for testing suita-
ble hypothesis about - .. 2
Let a random variable X have Normal distribution M{iy,o")
and another random variable Y be independent of X and have
Mormal distribution N(Ug, .02). Eased on a samwle of size

9 from the X pogulation und a sample of size 16 from the

Y population, obtein a 95./. confidence interval for Hy-ty-

Let a random variable X have distribution P(x, 6 ) where
9 =(8y -:-, § ) Dbelongs to the k dimensional Fuclidean

space.Under suitable regylarity conditions (to be clearly
stated by you) derive Rao's test statistic for testing
the hypothesis ©, ='69,..., 6 = @2 based on a suffi-.

clently large samole .

What is the likelihood ratio test for the problem in (a)
and what is 1ts asymptotic distribution?
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’ Note: Anawer any five questions- All quesu.ons carry
equal marks-

"1 a) Let ¥ be a random variable with probability densit

: f(x,0) 6 being a real unknown parameter, th honostone
likelihood ratio in T(x)- For testing the null hygot.he-
sis. Ho 1 6 < eo against the alternative H 2
vhere 3, < 8;, at level of significance a, ehov that.
there exists a uniformly most powerful test and obtain its’
form- Also show that the pouer function of this t.eat is ’
an 1ncreaslng function of

“b) Let X be.a random variable taking values 1l end 0 with

probabiliu.es 6., and 1 - © respectively where O <© <1

is unknown- Dased on a sample of size 10 obtain a.TMP

test of size 0:05 for the null hypot.hesis e <1/3

atainst the alternative © > 1/3. -

2.a) Let f(x), fy(x),---, £ (x) be real valued integrable

unetions defined on an mcudean space . Suppose
g. he class of all functions @(x) sucr}x that €

0« q(x) <1 for all x'-and fq(x)f (x)dx = ey ‘for-
i=1,-.-, m vhere Cqs°-"y Cp 8re given constants-

Show that a necessary and suffietent condition for a mem=
ber of ¢ to maximige f?(x) by (x)dx is the existence

cénstants kl""' Ky such that.

- x) =1 1r £ (x) > gkifi(x)
m
and x)=0 ar £(x) < £ k, £y (x)
., D) Let X ;‘nndom variable vhoge density function 1s of
* the torm c(e h{x) exp ® T(x) where © 1is real- By

using the result in (a) obtain the form of =n uniformly
most Boverml test . of slz a tor the hypothesis
6, or ‘82 6, (8 azainst. the alternative

. I-llzel<9<92

3.a) Exglain clearly when a test of a hypothesis 1s said to be
similar, (11) of Neyman structure. Obtain a necessary
and sufficient condition for all similar tests to have
Neyman structure-

b) Let X bYe a random variable uith density function
rx,eﬂ)ortherom -

c(e, n ) n(x).exp 6T (x) + !:1 n T, (x)

where (8, n ) belongs to the (k'+ 1) dimensional Buclidean
8space- &héu that there exint.s a uniformly most powerful
test for the hypothesis o’ e < 6 against the alternative

Hyt 02 8, (6, ¢ el) of level a g!.\'en the values T,(x\ = t,
for 1 =21,.-, k- .
p.t.o
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Let the frmily of possible distributions of a random varia-
ble X be-y =L P(X, 8), 8¢ (H)} and let T(x) be a sufficient
statistic for:V. Obtain a necéssary and sufficient condition
that a statistic V(x) 4s statistically independent of

T(x) for all 8- .

Use the result in (a) to show that, if a random variable X
has density function of the form c(8, g}) h(x)

K
exp §0U(x) + £ 7Ty (x)] where (8, n') belongs to the (k+1)

dimensional Puclidean space there exists a uniformly most
ize a for the null hypothesis
16, €0 <8 against Hy: ©°< 8, or > 8, provided

there exists a function h(U,T,--- T,) increasing in U

for fixed Tl' sa.y 'l‘k-

Let a random variable X_have a Wormal distribtution N(u, ¢>)
~ew ¢y <= and 0 ¢(0° ¢« Based on a samole of size

10 derive a uniformly most powerful unbiased test of size
0.05 for the hypothesis o =2 against the alternative

o £ 2. (State the relevant result which shows that the test
you propose is uniformly most powerful unbiased) '

E‘xplain how you would compute the power function of the
above test-

Obtain a 95-/-_confidence interval for o2 in the above
example - .

Let  P(x, 8, m ) be a family of distributions of a random
variable X, whére (6. n') belong to (k+1) dimensional
Fuclidean cspace- Define the concept of an unbiased confi-
dence set for the parameter ©.

Show that uniformly most accurate unblased confidence sets
of 2 given econfidence coefficient l-a exist for ©

there exist UMP unbiased tests of size a for testing suita-
ble hypothesis about 8- R
Let a random variable X have Normal distribution ¥(iy,% )
ard another random variabdle Y be independent of X and have
Normal distribution N(ug, o2)- Eased on a samnle of size

9 from the X pogulauon und & sample of size 16 from the

Y population, obtain a 95°/: confidence interval for uy=uy*

Let a random variable X have distribution P(x, 8 ) where
g = (8 -, aK) belongs to the k dimensional Buclidean

space.Under suitable regylarity conditions (to be clearly
sgabed by you) derive Rao's test statistic for testing
tha hypothesis 61 ='92, ceey B = 9]2 based on a suffi=.

clently large sample-

What is the likelihood ratio test for the problem in (a}
and what 1s its asymptotic distribution?
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Yotet Answer question 6 and any three of the recaine
ing. The notation throughout is same as used

in the-class.

State and prove Yald's Fundapental Idenuty in sequential
nnalysis- .

Aasumlng that dlrrcrenuation under the expcctation sign
‘4s valid in_the above identity, show that

E(zn,la) = E(t, ) Blz, 8). [15#10]:[25.]

Show that the OC function of S‘(‘),a), @ ¢B ¢O0 Ca <=
has the bounds

an(e)_r4+  ” s(eretn(®) :
e -1 < Q(e) < (o) NET LB ST ir n(e)>o.

et

- n(ee

In the above, define h(S) o(8) and n(e) -and‘ state clearly
the assunpu.ons you make.

Let XyyXpy eeey’ be 1.1i.d. randcm variables with common

provability wass function ) s
S o { % X =1,2,,-. o

£(x,0) =" §,_
’ ;[.- 26 x= 0 o

where ,0 <e < 5, and. consider the SPRT (bl alh) of the
hypothesis H°= 0 x 5 against- the altemative Hl o= g-
The constants .and 2, b ¢0 <a, are integers apd ' !

A = log. (15/8). Conpu&n the exact values of & 92 and
E(+i, 6) under an ‘arbitrary value of 6. 10+15]=(25)
Let Xy,x%5,+00 bea eequcnce of random variables shose

'specu‘ied Joint. nrobabiut.y distribution is given by either
P or P!. Let gn and ['.' respectively be the probabi-

Uty density functions of (xl,---, xn) taken wer.t. soce
cefinite moasure '&n and lct 2, i="BA/B e *

a) Prove’ that, for any" € b Y
Plz >e¢ for some n>1)

OIH

e, - (€& (=, denote '.he probabluty d.lstrlbu-
tion under vhlch XyyXp eeny are 1.4.d. N(e, 1). -
Taking P = P, and Peie) = Pe(+)0%(8) where §1s

the dlstribution furculon of rT(o 1), show that, for
a> 0,

b) Let P

pto



4.

Define Se = £ : ey a,', (."N,) .

-2

(b) (contd.) -
{ls |2 /n+1)(a + log (1+n)) . for some n72 1_}

2
LN -i5a
Ze &
where S =Xy ME"IRSEETIL A S cn “ : L Rl
c) Use t.he result in (b) to construct a confidence sequer.ce.
for & bYased on a sanvle scquence 5 !‘rom N(3,1).
l!5+10*1o1=lzs]

Let XpyXy oee xﬂ e 1.f.d. having common atstrivution

function F which is asduméd to be cont.inuous, dut -otherwise
arvitrary. Let PRy bYe the—ink of Xy, 1 =1,2,... N.

a) Show that R = (Rl,Bz..--,R“) hes a uniform distribu- |,

tion over R., *he class ¢ all. -\er-*.x..\ticn.. of
12,0 W)

b) Define s = { ey a(Ry), were c = {cy,.0, cN) and

a= (al,--‘, ‘u) ar< vecinre -r " ~q2%ants. Show *Me*

E(s) = p( 2‘ ey )( }: 31) ead / Var ‘8) =

L

Let Mu). O'¢cu <, rea qr-.1~“e-n*‘=g-able function.

ikl " EIE "u)du cnd namye- f"(" c.? “«lu’> C. Dafire
. \4'

9(1) = Elq(u(”)] there Ut 1z tne 1- -th oxcer statis-
uc in a random sample cf.size N-Sros Urifera (O, 1). =,
Let’ xl,xz.--.. Xy ‘.\e.. 5 8N d -beving courron distr‘buum‘
function F which Ls assumed “0 be con':nuous btut otherwise
arbitmry.. Let B." 4 o2 *He ra-\k o Xys -1 3.1, 2,~.~,N s

FRN

‘x‘-e = (cl cecey) 38 a .
e
vector of consbant.s such *hut--i: {c, T e )a > 0. N ,'-
e ; ) Lens
. ¢ ' 2 ci ..)” L e Lem ce e
Prove _t.hat,.as ‘.~ =t the r.,at.ir‘.ics .-
mas ey B .
: 1<1 2N : .

S° are asymptotically -\omeﬂ ('u 2) u_th ”c ‘e L LN‘. ,
\,. N

N
and 02 = 1: (c1 - c)z/f (0 u). - :o ',2 du. -

(st-tr, but do not.—-rov* n?? thp 3-'-_.5.‘.ementury resuls
required ‘o prow the Lorer. R : {-

. .
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The following are two random samples of sizes m = n = 12,

Sample I 3 799 709 442 1109 418 749
1181 1045 1154 1122 537 370

Sapple II ¢ - 251 §9 . 253 818 981 810 -
710 491 308 166 520 599

..

Apply t.hc two=sarple vilcoxon test to the above data to

test H The two samples come from the samehfopulation
having distribution function F ch 1is
continuous, but otherwise arbitrary.

versus Hy: the d.f. of the first populstion is F(x-A)
and that of the second is F(x), where A> 0
and F 1s an arbitrary, but continuous, (25]
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1.

‘ZAB)

b)

3.a)

A= (a“] ts sn infinite matrix of conetant.s; with. -

.I‘t‘ P(")(t) = lpi?)cc)] 18 a matrix of functions of ¢

Notet Answer all quescions.‘ Marks allotted for
each question are glven in brackot.s %

834 £ 0, 234 20, 1 £, and Loayy=0 for: each 1._

‘A(“) is 'an n x n patrix [a“ ] defined by

. aig) agg 3 1, § =100 ne

satisfying the.differential equations
dP(“)(t_) = P(,“)(C)-A. P(")(o) = I(n)’
show that ’ R o .
0 P ™ = PR, ‘
11) P(“)(t) 2 o for all ¢ o
111) 2 Pj(_“)(t) <1 for all 1 and all t

= : %*Lesr61(26]

For a linear birth and dent.h process with blrt.h and death
coefficients N and u and transition probabllities - 1 t),

the probability generatlng function "T (n t) = }j sJP1 (t)
is glven by 3

IO, (s, %) = la(c)+{1- a(t)- a(t)}aJ (1- (t)n] :
where u(f.) = u(l- e(\'”)")/(u- re(d= ”)t] ’
and- a(c) = (1= oYy g xe("")°]

1) Derivt an cxpression for P“(t).

11) Show that the extinction probamuuea are (u/\)i
or 1 according as u <X or.'u 2>

PR

Prove Whittle's probabilistlc threshold theorem that the

cize of an epldemic (with relative rcmoval rate 9) does

not exceced a proporuon 1 of the 1n1t.1&1 number of
susceptibles. . B [406'014]-(24]

Ir {X‘ is a  sequence o!‘ posluve-valued independent -
randon variables \ith 3(log XJ) JA and V(log x ) = 0?,‘
n
1) State a set of sufficient conditions that 1T X, will
have a log normal digtribution in the . J=1 J N
1ipit when n =) o,

i1) If, in the above case¢, each X has a lognormal distri-
-but.l.onk derive the distributiln of
Hyeve Koo / Xppyq oo Xpe

pto
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3.b) State the GLbrat-Kapetyn 'law of proportionate! effect
for a sequence of random variables {X,} and show that,
under specified conditions, x tends io follow a 1ognor-
mal distribution as n => e, .

¢) In a process of successive. breakages, ‘assume 'that. the pro--
bability GJ(xlu) for an element of size u at the .

(J-1)st stage of breakage to give rise to an element, of
size < x at the Jth stage is a function of
i ST N

u ties, e G(xlu) =ﬁr(5)-

Prove that in the long run the distribution of sizes wil

be lognorral. _ 5+5¢5»5} =(20]
4.2) For any finite probnhilit.y syatem B vlth ut.at.es

Ejyeeey 3, and P(E) =py, Py 2 '1211)1 =1,

it is desired fo define 'entrog as a function
H(pqy ey vhich may also be demoted as B(E)} which

. vould. be cont.inuous in each variable and have the proper- ...
) For given n, 1(plg~--, pn) 1is maximun when

11) H(EF) = H(E) + H(F|B){ and
50 111) Hlpyyees, Ppy O) = Hlpy,eer, p)e
Prove:that . H(pl.nc- _P,) Dust be of the form

H(Pp“'p Pn) = 21 Py log Py
v) Show-that, for the function H ‘20 defined,
H(FIB) <H(F). . - (13+5]=(18]

5.a) Define an 'instantar zous uniquely decodable! code and
give an example of such a code for binary coding. .
©) Given a source alphabet § @ {31"“' ’t} and a code
alphabet X t {xl. *s+y X}, prove that a necessary and
sufficient condition. for the existence of an instantaneous

code with word lengths  fy,:-+, £y 1s \
t - -
B r rMgl.
. o- i=1 .

c) . The following table shows the word lengths in three codes
. vith code’ alphabet X110 1, 2% .

’
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word lcngth no. of words with vord_lengﬁh—',q
i . code A code B code _C
1 2 ’ 1 3 -
e 2 4 2
3 2 6 3
4 3 [} 2
5 2 o] 1

1) Examine in each case.if the lengths are acceptable
for an instantaneous uniquely decodable code.’

41) Construct an instantaneous code in each acceptable
case. [3+742424246)=[22]
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