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DNDIAN STATISTICAL INSTITUTE

B_.Stat,(Hons,) Part IV : 1979-80
PFRIODICAL EXAMINATIONS
Statistics=7: Cooplex Analysis
Date: 10.9.79 Maxirum Marks: 100 Time: 3 houirs
}iotex Answer any four questions
X All questions carry equal marks,
1. ' Answer any FOUR of the following questions:
1) Show that |sin z] ¢ 1 1ff z 4is real,

Yd
$1) Evaluate lim (ﬁy) 1/z .
z2=>0

111) Test for uniform continuity of the function
fz) =1 n the domatn |zl < 1,
41v) Find the angle through which the tangent to any curve

through the_point 1+ 1 1is rotated by the transforma-
tion w = 23 . .

v) Find the radius of convergence of the power series
2

1\n n

(-3 =z

p.a) Characterize the image on the Riemann sphere under stereo-
graphic projection of

1) a family of parallel lines
11) a fardly of concentric circles E
111) a family-of lineAa passing thraigh a fixed point,
b) Show that the fardly of curves
.. Toge
I
32 + A b2 + A
with = a2 ¢ A ¢ - b2 1s orthogonal to the fardly with
-a? ¢ -2 <,
37a) Prove that a power serles represents an analytic function in
1ts circle of convergence, and possesses derivatives of all
orders there,
e1nz
b) Show that the series I == 1is uniformly convergent if
n
In(z) > O, and Re(a) >1,

[Note tha.g if a, b are complex nmumbers, the generalized
power a° 1g defined by

ab = eb Log DJ *

4,8) If u(x, y) and v(x,y) =are harmonic in a domain D,
shaow that the function

F-PupeP
is analytie in D,



£,b)
5.a)

b)

-D -

Can the function eX(x cos y - y sin y) be the real part
of an anmalytlc ‘function f(z) ? If so, find f£(z),

is analytic and f'(2) # 0 1in a

Prove that if f(z)
is conforrml at

domain D, then the mapping w = f(z)
every point of D,
Mgg conromTlJ[y the upper half of the z=-plane onto the
unit disk |[w| < 1 of the w~ plane so that the point
2 =1 goes to the polint w = 0, and

(d_"’) . = 24—_1./5‘_
dz’, - 3.4 ]
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DIDIAN STATISTICAL INSTITUTE
B.Stat. (Hons.,) Fart IV: 1979-80

MID=YEAR EXAMINATIOIIS
Miatheratics=7: Complux Analysis

Date: 11.12.79 Mixdruo Marksi 100 Time: 5 hours

1,a)

b)

2.3)

v)

3aa)

b)

“4.a)

ilotc: Atiiopt four questions fa all of which
two rust te from Group A, and two from -
Group B, Questions carry egual marks,
and paxirur marks 1s 100,
Jood presentation countst
It should be clear, concise and completes

Group A
Evaluate @, % when ¢ 1s any simple closed path and

z =a is (1) inside c, (1) outside c.

Show that 1f f(2) is analytic in a simply connccted dorain
D, and a, 2 are any two points 1a D, thcn the function

F(2) = _gz f(z)dz
is analytic in D,and F'(z) = £(2),

Prove that 11' £(2z) is analytic in a region R then the
paxicum of r(z)T is allained on the boundary, unless
f£(z) 1is coastant Further, if the maxmum is attained at
an interior point, then tlz) 1s constant,

iz
Integrate S— around a suitable coatour to show
e F
o
sin x . n
£ x 4x =z

Let D be a simply comnected damain, Let f(z) be meromor-

pnic in D, and g(z) analytic in D. Let 'c.be a simple

Tlose pa?ﬁ in, D such that f(z) has no poie on ¢, and
(z)] < [f(2)| on ¢. Then snow that f£(z} and

rfz) + g(2) have the same number of zeros inside c»

Let f(6) be a real valued continuous function defined on
the unit circle c¢. Then show that the function u(r,9)
defined within and on ¢ by

2n 2
. (1 =-r)rtHa2
y ) = S
uir, 9 2"f9> "L - 2r cos (@ - )+ r°

takes on the prescribed value (@) on the boundary. (Yourmay
assume that u(r, ©) is a harmonic function.)

Group B
Establish the Laurent series development
A 1 hed n, 1
e z+ 3l =a_+ T a (2M+2), 0¢ [z] ¢
P 2-( zi © =1 N0 20’
whe re

n
a =]7" I o cost cos.nt—dt , n 2.0
°

pet.O.
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and g are ldentical 1ff, the settzc D: f(z)- ,:(z)
has a 1limit point in .

aiz

24,b) _Show that if f and g are analytic in a domaln D; then
T

s.a) Intezrate around the contour

5
ol 7 A X

where AB 1s the arc given by |z| =R, 0 ¢ arg z ¢

n
Hence show that Z-

oo .
£sinx2dx=_£cosx2dx=%- 2’-‘.

. oo - 2
(You may assume that fo e X" ax = %ﬁ.)
v) Show by coateur iategration
o ]
1) f X_ax= -
- 1+ x" vZ
24
de n .
u) f = — a > 1.
a + cos © =
° Va1

6.8) Show that if f(x) 4is periodic and with period 27, and
f{x) = -1 for =~

nC x<O0
= 0 for x=0
=+1 for 0K x< =«

then £(x) = & (512 X, sinssx . 51n55x e )

What is the value of the series for x = * m, and x = 0?
N 1,1 _1
Deduce -‘.-__--1'5-"'5'77-"' Ve -
tb) Find the Fourier transform of _f(x) = e_l’d'
Use the Fourier inversion formula to show that f(x) 1is

the characteristic function of the probability density
function

g(x) = —=——7=, ~=<x<=,



Da*e.

79780 413,521

19 .80 =

TIDIAL STATISTICAL LISTITUYT
B.Stet. (Hons-)v:lart Iv. 1979-80
N.Stnate Yrevious year : 1979-90
FERIODICAL EXAMII/LTIONS
!'odern Alpebra
10.3.90 Maximup M~rke. 90 Time: 3 hours
lote: Answver as merny quections ng you cone

This poper carries 100 m~rks.
The maximum you can gscorz is 90.

1.a) If G 1c a group, x€G, xye, define the ‘erm order of xr.

b)

c)

If G 4ic o finite rroup, x€G, x¥c, prove that the osrder of
x 1t finite and it divides the order of G. (Justify your
answer by stating precisely any theorems you uge.)

G 1ie an ebelien rroup, x, Y€ G, order of x=m, order of
y=n. If n,n are relotively prime, prove that ordey of
Xy=mn. L5+9+7)=120]

G is o finite abelisn group. If the order of evary non-
identity elvment of & is p (where p 1ies 2 fixed prime),
prove that the order of G is p" (for edome positive
intecer n).

(Eint: C}ﬁwider a suitable subsroup !, the quotient group

and uee induction. [10]

3.a) If G, B are groups, what does it mezn to say @. G =>°H

4.

b) I

c)

2)
b)

12 e homomorphien of pgroups?

i_ is 2 normal subgroup of H, prove that
H' = {xEG. g(x) G.Ia ic a normaol sudbgroup of G.

If ¢ 4is onto and H is abelian, ie G a2belinn 7 Juatily your
ansver. [3+7+4351=[15]

Def{ine the tcrms 'rieldt, -tcharacteristic of a Tield'.

Let F be a ficld and O &=f € Fix). Vhat doec it mean
to s2y that T4 it 2 splitting field of the pair (P, L) 2 [10]

Let Q denate the rationole and 2 th2 intecere. TIrove
that i1f f£€2lx) ic irrcducidble sver 2, then it {s irredu-
cible over A. L15]

Let w€€ be onc of the complex cube rod>ts of unity.
Vhat e Q(w) 2 El.e- urite down the eypreseisn for 3 typi-
cal nember of Q(w)). What ie (Q(w). Qﬁp

Let ' be a field of charccteristic 17. Suppase T contains
8ll th2z roosts of the equation

g
x3) = 1 =0. Trove that the cet of roots of this equation
formz a cyelie sroup of ordar 17. (Jurtify ysur aacwer by
stating precisely ony thesrems ysu use.;j (15]

(151
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6.

7.a)

b)

79 - 80: 414/526
DIDIAN STATISTICAL TISTITJTE
R.Stat. (Hons.) Part IV: 1670-80
and
M.Stat. Previous year : 1579-80
ANNUAL EXALLIATTIONS

. .oderr Alpedbra

224580 llaximun iarks: 100 Tine: 3 hours
lNote: The paper carries a tdotal of 110 narks.
Answer as many questiosns &8 yoSu can.
The maximum ydsu can score is 100.
Let G be a finite group and H a subgroup of G. Prove

that the order of H divides the order of G. [20]

If a group G has no non—-triviel subgroupe, show that
¢ nust be finite of prime order. (A subgroup H is
gaid to be nontriviel if H# e and H ¥ G.). [10]

G 18 an abelian group of order 45. H {3 e subgroup

of G and the oxder of H 1is 9. Xq9Xpree s Xq  BTE

elenmente of G. Prove that there exists integers r,s,
T¢r&egT suchthat (kox qees Xo_jox,) 48 fnll. [15]

Let G be the group of nxn resl natrices (under the
usual matrix multiplicatisn). Let 4 be the set of
nxn real matrices each of determinant 1.

a) Prove that A is a normal subgroup of G.

b) Prove that the quotient group G/A is isomorphic to -
the group of non-zero real numbers (with usual
nultiplication). [s+5)=[10]

Let Q be the field of rational numbers and R the field

of realss Let n be a poesitive odd integer- vai that
there exists on element a 4in R such that LQ{a):2)=n. [15]
Let F be » finite field of order p". If F, is a eub-
field of F, prove that Fy is of order p® wvhere n

divides n. [15])
Lot Py be a subsct of m2 (i.e. the Czrtesian plame).

What does it mean to say that a point Q€ ]R2 is construc-
tidle fron Po ueing ruler and corpsss constructisns ?

If Py = )I(O,O). (1,0))'. , prove that (/3, 0) is naot
constructible fron Iy - [5+10]=[15]

Let T be a finite field and let Fo be its prime sub-
field (i.e. Fy 1s the emallest sub=field of F).

Prove that § a€T such that F = Fy(a). (10]



Dates: 3,9.79 Maxdimum Marks: 100 Tipe: 3 hoirs

1 (a)
(v)

5 (a)

(b)
(c)

-countably subadditive, Show that

INDIAN STATISTICAL INSTITUTE | _78=- 79| 401 |
B.Stat,(Hons,) Part IVt 1978-79 .

PERI ODICAL EXAMINATIONS )

Statistics-11: Measure Theory )

Mote: Saolve all equations
'arks are given in brackets
Define: Semi-ring, Ring, Ficld, o-Ring

Give examples of a seml-ring which is not a ringj ring
which is not a flc¢ldj a fleld which is not a o-field.
(One excmple for aach case would o)

S 15 a seml-ring of subsets of a sct X and S?_ is a
senmd-ring of subsets of a set Y, Let

s ={A x B: A€S), BES,
Show that S 1s a serd-ring of subsets of XxY Show
that Sl and 52 are rings necd not imply that S is a
ring.

Let Q bYe the sct of _.rational numbers in [0, 1)  Shou
that 1f Il' 12,, N In arc finitely many interval in R

which cover Q, then 8 ur) 21 where L1 -
k=1
length of Ik- Show that given €> 0 we can find coun-

ttable number (L) _, of intervals such that they cover

Qand T L(I) < €,
k1 K

If m 1s a countably additive set function on a semt-ring
S, show the m extends to a countably additive set func-
tion on the fing R generated by S,

Let m bYe a finite, countably additive measurc, on a
fleld ¥ of subsets of a set X, Define m* and sets
measurable with respect to m*, Show that collection of
m* measurable sets is closed under taking complements. .

Show that for A, B {ZX |n*(a) - m*(B)| T w*(ADB) .
A set A (C X 1is such that given € > 0 therc exists

BE ¥ such that m*(AAB) < €. Show that A 1is m*
measurable, .

Let X =41,2,3 ...} = sct of all natural numbcrs, For
any subsct A ("X %efins U(A) and L(A) as follows
U(A) = lér::up 5 Cn(A)
L(A) = Hm4inf % C_(A)
- n “n

wherc C,(A) = number of integers in A 1less than or cdqual

:?A n.i U(gj)_l éstﬁuied the uppg]x: gatuml density of A and
s c € lowcr natur enslity of A,  Show that
U ls finfc\:ly subadditive on the Fouer grt of A but not
or any infinitc arith-
matic progression A = (u*nb) ., where &, bEX an

fixed U(A) = L(a) = &,

(161

{161

162

{16]

(16]
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HID-YEAE EXAMINATIONS
Statistics-11: leasure Theory
15.,12.79 Maxipwur tarks: 100 Time: 3 hours

Mote: Sélwa the questloas,
Marks are given in bruckets

et ~ be a real valued countzhly adiitive sct function
on a o-field T of subsets of a set X et A be such
that wu(A) 2 Os Ehow that t.hcnz cxists B (CA such that
u(B) > u(A) and for all C 3, CEF¥, r(CY >0, Hence
prove that X can be partitYoned 1m.o two scts Xl and
Xy in T such that X;nX; =g and w(A) 20 forall

A C %, A€TFand w(h) €O for A (C X5, AEF. (161

2.a)i)Definc the notion Of summable fnction for ¢1) simple func-

5.3)

)

6.a)

ion (1i) Borel mecasurable real valued function, where fur-
runctions are defined on a finite meaa:rre space (x g, m
(111) Show that a boundad Borel measurable function on'a
finite measurc space 1s always integrable.- 1Is the same
true if the measure space 1s not finite ? [16]

let f be a functinn defined on {0,1] ¥ {0,1] such that
(1) for each y f(4 u) is summable in 0, 1l

jri is pdruall 1‘e 1’<.‘nt.1ab1e in y and for each y
f(x,y* h) = £( x,y h| where K 1s a constant indepen-
dent of x- Show that

a [t 1 3 . ,
Wfo f(x,y)dx = fo('a} £(x,y))ax - i15]

Define convergence .almost.everywhere and convergence in
measure« Show either that convergence almost everywhere
implies convirginee in measurce or that convergence in

measurc implies almost everywhere convergence for a Subse-
quence, You may assumc the measurc space to be finite. (161

Define covering in' thesensa:of .Vitald of a set E by a
family I of closed intervals. State without proof .:.
Vitali’s covering thoorem. [a]

Let f be a strictly increasing function on [a,bl. If at
evary point of a set E in [(a,b] thcre exists at’least one
derived number ¢ p, wherc p 1is a fixed non-negative recal
number, show that

1*(f(E)) ¢ p 1%(E),
wherec 1* stands for outer lebesgue measurce ,

Or
State and Prove Radon-iiikodym theorem: (18]

Exhibit a bounded sequence (r ) of Ricmann intcgrable

functions on [0, 1) ccxwarring ow.ryuhere to a non=-Rlemann
int.egrablo fingtion f. Show that f 1s Lebosgue inte-
gradble on O li

p.tio.
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Exhibit a sequcnece (t‘")':=.L of-Lebesue summable function

6.b)
on [0, 1] convarging pointwise to a summable function
such that
1 1
1lim I fn(x)dxf f f(x)dx
ne>w o ., ©

c) Exhibit a sequence (fn):=1 of measurable function on

lo, 1] which converges in measure (Lesborgue) but which
docs not converge almost everywherc. (161
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PERIODICAL EXANINATIONS
Probability Theory and its Applications

18.2.80 Maxinun Marks: 100 Tinme: 3%— hours
Note: The pmper cnrries 115 marke. Yosu nay

attennpt ao nany questisns or parts

theresf es you like. The maxinun you can

score 18 100. - I want detmilcd proafs for

Qs. 1 and 2. Tor the reaaining questions,

. you may use withbut prosf results proved
in class, but in each casc you nust cite
the result being used.

Let (X, ., n), (Y,& \) be finite nmeasurc speces.
a) Define the product v —-fleld 7. (x)d’ on X x Y.

b) Prove thnt, if E€CU(X)/ , then ench verticnl scetion
of E 413 in € .

e} Prove that, if E€ & (7)u . then the function
£(y) = u(EY¥), y€Y, 18 ¢ ~ measurable.

d) Show that there 1s a unique peasure n on Y% (%) og
such that n(A x B) = u(A)*A(B) for esch A€cCl, Be4.

[2+45+6+7)=[20]
Y, ) be a nmeasu-
-1 ncasurable. Let

Let (X,7%, u) be a neaaure space and 1‘ (
rable spacE Let T: X —Y be (I )-n
o,

f:Y— w) be 7*-nmeasurabdle pnd "G Prove that
J £omx) autx) = f ()T y). (151
()

Let (X,7), (Y,M) bc meaeurable spaces.
a) Prove that, if JFBEC X ¢#T CY and ExTELU(X) B
then E€ULand TE€ 3.

b) . Let £:X—M, £: Y —> R be, rcspectivcly.
Ol —nessurable, 7> -ricasuradle. Prove that

f(xy)€X x Y. £(x) = gly) ¥} velongs to €3 (x) & .

¢) Suppose f : X —> R is (1 -nessurables Prove that
;_(ny) €X x R; f(x) = y_}belon[,s to CL(X) {mm. R
+7+3 }—-. g
‘1547433015 ]
Let x be a non-negative real-valued randon variable on
(2, CU, P). Let ¢ be the Sorelw —field of (0, =).

a) Prove that §(w,x) €2 x [0 =); x < X(w)d belongs to
o) B -

b) Show that E(X) = f (1-Felx))ax. 17+71=014]
e
Let F, G be continuous distribution functions and let
EERE R R
8) Prove that {(x,y) €Mx M: 4 < x < b, y € x} belongs to
(X)) Bp-
b) Prove that

b b
STac o faav oyt L At



5.¢)

6

7aa)

b)

f rar=% . {5+8+3] =[16)

-0

Let X n > 1, be o scquence of independent renl-velued
randon veriables on (2, 4¢, P). -
a) Let OTy =R (X, n2 1) and €, = ;-;\_1 R (Xo k2 n).

Prove thnt 0"»1 and (}12 are independent.

o cos X, w ain Xy 4
b) Let 2= & - amd W= g — =]
n=1 n n=1 n2

Show 2 and W are independent ramndon variables. [9+6]1=[15]

Let (2, 01, P) be a probability space. Let A€ gl, t€T.
Put CLy = {9, Ays AL+ ¥ ], €T, Soy that the avents

. e
{4,y yeq Pre indepepdent if the ¢ -fields {07, b, ¢ o

are independent. (This is a definition). lNow prove that
At} teq orc imependent i1f and only if for every finite

non-enpty set S C T, P( N A = L B(a).
-8€S8 8€S )

Let (Q,67, P) be a probability spacc. Let A €t n21,

and assune that {Anl ny1 Are independent. Show that
© =

PN A) = 1 P(A,).

n=1 =1

e) Let X, Y, Z be independent randon _variadles, each having

the uniform distributisn over [0, 1]. Compute Py.v+z *
L3+4+8]=[20)
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B.Stat. (Hons.) Fart IV: 1979-80
PERIODIC/LL EX.NMIIATIOMNS

Strtiotics-11;: Prodability Theory
~nd {ts Applications

Date: 14.4.80 Maximum larks: 100 Tine: 3%— hours
Note: Lnsvier all questions. Give deteiled

pronfe for QyNos. 1 -5,

Suppose I'n' n > 1, are independent events. Show that, 1f

T P(l.n) = o, then P(lim sup An) =
n

Let X . xz....,x be independent random varisbles such
that g2 (Xy) is finite, 1= 1,2,.-., n. Let € > O.
Prove that

P(Lms_aaic (s -E(5)) 2 €1) ¢ T Euxi).

where Si=X1 +X2+ oot Xl , 1 =1,2,40., na

St~rte and prove the Jessen-Wintner Trichotomy theoremes

Let Xq» X2. Xy be independent rondom variables.

oo 2 o
lesume ® o“(X,) < . Prove that r (X - E(X.))

n=1 "n n=1 n o
converges QeS.

Stnte and prove Xolmogorov’s Weak Law of Large Numbers.

Let X4» x2, be 1.i1.d. random variables such that

PRy =) =Py = -1 =F . Let c€R, n) 1.
Prove that T ¢, X, convergec a.s. iff : c2 <=,
n=1 =1
Let X, » n 2 1, be independent random v"rlables such

that .P({X, _1j)-P( X, =-1})—

P({X,=2"}) = B({x,=-2"}) = 27 ay .

Does the Strong Law of Large llumbers hold for this
sequence! Juotify your answer.

(15]

L15]
[15]

[15]
[15]

[12]

“[13)
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KINUAL EXAT!ATIONS

Date: 12.5.80 Yaxinun Marks: 100 Tire: 4 hours

Ple poper carries 125 marita.  The mout
yov cen score is 100 m-rin. Attempt as
nany questiouc or partas theresf as you
like.

Uote:

Let sl be the set of probability meacures on (IR,
For p, N€ .M, define

hah (B) = S w(E-y)anty), Ee 8
Prove that £f u, A€M, then w* A€,
Prove that p « A

(b« N)» 2V

Br)-

a)
b)
c)
a)
e)

= A#p for u, )\Ev‘(.

pw (Nwy) for pu, Aue Y |
= ({of)y=1.

Show that p absolutely continuous
absolutely continuoua.

Prove that
Show that p#*#u =p

=> #2218
[5+5+5+10+5]=[30]

random variables such that

Y2n .
n=1 2 n

is continuous

Let Y1,Y2.---. be i.i.4.

(Y, = P(Yy = 0) = ;- .

a) Show that the distribution of X
singular.

b) Give an example to show that the converse of
is false.

oo

Let X'=

[ +5)=[10].

3.a) State and prove the Kolmogorov O0-1 1law.
b)

c)

State and prove the Borel O-1 law.

Suppose X1.X2.--- are i.i.d.
that P(Xy = 1) Pxy=-1) =
0<p<1 and p Let Sn=

random variables such
= q, wvhere
Xy +Xp+eer+Xy n2 e

a)

Prove that P(Sn

Suppose x1 ’

variables. Ascume Cn

infinitely often) =

are independent,
are reals, °£

discrete random

¢, convercges and

Show that ? X convergeés a.s. and

[10+10 +5+10]=[35]

1:1 P(X #c ) € =
n=
that : xn has a discrete distribution.

4.8) State and prove Kolmogorov’s strong law of large numbers

for 4.1.d. random variadbles.

peteos



4.b)

5.a)

b)

b)

Let Xq» 12.--- be 4{.i.d. 1rondom variadbles such that
E(X,) = =, Prove that T

X, + + e + X
_l...x?.a....-.....“ S e peg. {10+73=l17

State and prove the llelly-Bray lenna.

Ir F, T, ave proper distritution functions end .
Fo <3 F, show that [ £AF, — J ¢dF for all bounded
continuous g : R —> R. X
functions
Let F, Fo, 1 > 1, be praper distridbutisnz /such that
F 1ig continuosus. If P —)F. show that Fn -> F as
n=> % uniformly in x." [9+6PG] {23

Suppose f 1is the characteristic function of a prapej
distribution function F. Suppose f =1 on -3, @
for some 8 > O. Show that

Fx) = 0 if x <0
1 if x> 1.

State the Central Limit Theorem for i.i.d. fandon
variables. [5+5]=[1¢

- -——————
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B,Stat,.(Hons,) Part IV : 1979-80
PERIODICAL EXAMLIATIONS

Statistics =12: Advanced Linear Fstimution
anJ Inference

Jate: 12.31.79 Maxlmum tarks: 100 Tipe: 3 hoars

i'otct Anewer all questions,
All questions carry equal rarks,

1 CLet X aad Y be randa varlables with jolnt density

o v e X MY pror x50, y>0
F. X, ¥y M) =
XY ! ! otherwise

Find a -UMP unblased test of size ‘a for testing,
a) Hytx=u vs Hliki(u
B) Byt A Curl ovs Hyf x> sl

2. let Xivae ,Xn be a sample of size n from U(Gl 99),

the uniform distribution on the interval (91,99), For
testing Ho: al <0 vs HJ_: ei> 0 .
find UMP. unblased size,K @ = _05 test,

3] Let Xl’:-.-’)_(n and Yl,f.,,Ym be independent samples from
populations with distribusion N(u, ¢°) and (7, o?),
respectively, Find UMP -1nvar1an£ tests for testing

* .
H:iw=n vs Hl-ui(ﬂ.
a7 let X and Y be random variables with jolat density
ae™ X HY for x>0,y 50
fy y (%, ¥l 1, 2) =
[ otherwise
Find UMP d1nvariant test for
e) HpiiA _a vs His A >
b) Hyi N = u vs Hl:)\?(u.
5. Let ' Xl and Xz- be’independent and identically distributcd

random variables, Let H_ Dbe the hypothesis that the und :-
lying distribution is N(8, 1), a normal distribution w.i'
variance 1 and let H, be the hypothesis that the under-
lylngidistrj.bution is"Cauchy with location parametecr =,

that 1is . )

r(x, &) =

A 1

L — fm X
o1+ (x- 0)° .

Find a UMP invariant test for ”o vs !(l,
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I'ote: lnswer ~ny four cucstiorc.
211 quest isra"c- ryy equ-nl :m-~riz.

Let Yqreeer¥y te independent rzncom varisbles havinrs

normal distribution with a common va2rience 0_2 and with
neans EY’_ =Hy for L =21,eek and 3Y1= 0 for

{1 = k+1,¢.0)n. We vant to test the hypothesis.
Hys ug = eeo=p. =0 for r<k
a) Find the groupe of transformations under which the
problem is imveriont.
b) Find the maximal invariant for prodlen.

If XyseeesX, end Y;,...,Y, ere semplec fronm PY(E.az)
and N(n, 7)) respectively and we vant to test

- - 2
Ho;—_'=¢,2v5 H1:’.;(°'

Find a™.M P invariant size. a test.
Let X be a Foisson random variable with parameter 6 i.e.
X =6
R(X = x =9—-—;-;- Xx=0, 1, 2.

_ a2
If the losr functisn W(a(x), 8) = LX) =807 | gnow thet
the estimate 3(X) = X 415 minimax by us?ng Cr'\mer-Rao
inequality.

Let X be a binomial r2mom variadle
Py (x) = (2)e"(1-6)™*

vie want to estinete © when the 1oss function is

\](b(x) 9) = (Q{T) - 9)2

) Find a.constnnt risk estimnte for 6
b) If © has a 3et> prior
Aoy = KL+ 8 ga=tiy _gyP-1 o <o< 1
() i (p)
find the 3ayes estimate for 6.

¢) Show that the constant risk estimator in (») is minimax.
Let Xqree X, be i.ndepen.dent, each being 1(0,1), whera 1t
is known that © > 9 ond the losr functiosn {s sjuared

error, 2
w(a(x), @) = '8(¥) ~ )
n

teen Bl g g tetans

- -‘4 o N
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PCRIODICAL EXALINATIONS

Statistics —12; Advanced Linear Estimation
and Inference

2542.80 Maxioun larks: 100 Tine: 3 hours
Iate: Answer 211 questisne.
All questions carry -equal narks.
Let Xq» yreecr X, be a randoa sample from 1i(6,1). Ve

want to estimate © under absolute error loss f.e.,
L(e. a) = |6 - a]
a) Show that the sample nmean )_{n 18 an adnissidle
eptipate of 6.
b) Is 3{'“ ninimax ?

Let X have 2 Binoaial distribution with parazeter n eond
©, where n 4s known and ©€ (H) = [0, 1]. Suppose the
loas function is

L(e, a) = (6 - )2
a) TFind the group under which the problen is invnrient.
b) Characterize the invariant decision rules.
c) Firnd e nininex invariaent rule for n=1.
d) TIs the invoriant minimex rule, nininax in the whole
class of decision rules D* ?

Let X be a r.v. with uniforn distribution on [0, 8+1].
Find the best invariont estimate,of © under squared error
loss function L(@, &) = (6 - 2)°, Is the best {nvariant
estirnate is also best ubbiased estinmate ?

Let Xypeeoy X, tz a sanmple frou the unifora distribution

oan [0, ] TFind the beet invariant estinate of © if
the loas functisn is .

16, a) = (- 12 .
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Date. 29.5.90 ' Maximun Morks: 100 Tine: 4 hours

3.

Uzte: Angwer any five questions.

Let F and Y be independent with densitien

(X I2) = f{x - A) end fy(y In) = f{y-n)s Let 2 =X-Y

and 6 = A=p.

a) Suppose that for © > 0, f,(z |8)/f,(z |0) i& non-
decreasing in 2z, find a UNP invsriant size a test.
af H :t <6 ve H, 1 8> 6_ .

<] = "0 1 o

b) Suppose th-t, for 8 # O, fl 2| (z] 9)/1‘|z (z) 0) 1is

nondecreasing in z > 0, find 8 UIP dnvarfant sfze «
= v .

test of H.'D;O-Go -] ’l o

Lot X1,---.Xn be independent and identicslly distributed
as N(O, 8). Find a2 U,il.V undblased evtinate of ©. Is
this estidate admissible under squared error loss function 2
If not, find an esiinate that is better.
Tet X be binonisl (n,p), That is

KX = x). (Dp* (1 = p)"7F .
Find » nininax estinmate of p when the 1o3s function is
gquared error 2

Jo(X) = p | .

Conpare this estimate with U,H.V. unblased estinate of p.
Let Xy» xz.....xn be 1.4.d. (O, 1). Shov that
- n
X, = ;I-i- I xi 18 an odmissible egtinrte oaf 8 under the

1

loss function _ —
L(a(xn) -90) = |a(xn) -8

Let © be a location psremeter for the distribution of a
randon veriable X with finfte varisnce and suppose that
X 1s 8 conplete sufficient statistic for ©. Suppose 5he
19ss functisn is squared error L(3(X), 6) = (a(x§ - 0)<.
Show that the Lest invariant ectinate of © is the tect
unbiased estinate of O.

Let x1'12""'xn be i.i1.d. with density
4 -
(x, @) = ge I(O.“) (x).

Find the best inverisnt estimate of © when the loss
function is 2,5
L(d3(X), ©) = (3(X) ~ ©)°/6° .

Psty 0,



-2=-

Let Xqse-+X, be a sauple fron uniforn distribution U(s,20),
vhere (H)_= (0, =) = ond L(a, ©) = (@ - a)2/62.
Find the best invariant estimate for © .

Let Xqseew X, be i.i.de uniforn distribution U(O,8).

Find a unifornly nost accurate fanily of confidence sets
for 6 at level 1 - a.



79~ 83 441]_
INDIAN STATISTICAL INSTITUTE
B, Stat,(Hons,) Part IV : 1979-80
PERIODICAL EXAMINATIONS
- Statistics-13: Advanced Design of Experiments

Date: 17,9,79 Maximw- Marks: 100 ‘Tipe: 3 hours

Note! Answer all Questions, Marks gre indicated
in brackets, The class notes are allowed
to use during the examination, .

A 2% factorial experiment is plannéd in a single replica-
tion of completely randomised design, Factors are denoted
by Fl,F2,I-‘3; treatments are

ril t;z r:S. xy = 0,1, 1 =1,2,5; and

yl y? YS _
factorial effects are .Fl I-‘2' FS » Vg T 0,1, 1=1,2,3,

The responses are given below,

oL a

BB S R S
g 3 26 46 61
T 29 56 51 76

Estimate all factorial effects and com:ent. on your findings,
Consider a q_s factorial experiment, Give a plan of divi-
ding 3° treatments into 3% blocks of 3 plots by compie-
tely balancing two-factor and, three-factor interactions,

In ANOVA table, completc.the columns corresponding to

source and degrees of freedom, .

Give a 1/3% fraction of a 3° factéjial experiment, [Display
all the treatments in the fraction,

Consider a 28 factorial experiment, Give_.a 1/22 fraction
so that no two main effects and two-factor interactions are
aliases of each other, Supply the reason, ‘

'(No need to display treatments in the fraction,)

Consider a 2" factorial éxperimént in two replications,
Factors are ;‘L'Fz'FS and F,j treatments are

4 X3 Xa =01 -

£ r:2 3 6,4, x =01, 1=1,2,3,4] Denote f}= 1,
and !‘f=1.' The plans are given below,

p.t.o.

{201

(30]

{15]

[15]



=0

5. (contd,)

Pep I Block 1 2 3
() L5314 I3 £,
1158, ey -t £y
fof3f, fy T Loty fofy
'r;_r2 £18,058, | £3f,0x 01,1,
Rep. IT - (1) £,85 ' £, £y
£)5,0y 5 £,y 1,
- 50, £, £, £,8,
£nf, 0500, £y61, 1057,

Find the factorial effects which are confounded in each
replicate, [20]
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Statistics-15: Advanced Design of

Date: 21.12.79

Exp.riments

Maximum Marks: 100 Time: 3 hours

Hotc: Answer a1l qucstioas. Marks are indicated
within brackets.

&
Consider a 27 factorial experiment in a completcly rando-

1
* m.scd desisn. The design is glven balow.
1 1 1 0
1 1 [o] i
1 [o] 1
= |0 1 1 1
0 (o] (4] 1
0 0 1 o}
10 1 o] [o] ‘
3 0 o o
The response vector is (35,30,24,20,31,28,25,22)+ Estima-
te the main effects assuming (1) the general mean and two
factor interactions to b¢ nonzero, and (ii) the three fac-
tor and highcr order intcractions to be zcros [50]
2, Divide 2% treatments in a FE(Z“:) into 22 blocks of size
2% each 1in diffcrent replications so as to get a canplcte
balance over the two and three factor interactions with a loss
e lcss of 1/6 of the information on the former and half the infor-
mation on the lattcr and furthermore, the main effects and
the four factor interaction remain unconfounded, State i=
the plan and indicate the .rrangcment of ireatments within
block in any onc replication. [20]
3.a) ¥hen would you say a second order response surface design
in k dimension to be
1) a rotatable arrangcment,
an
11) a rotatable design ? Discuss in detail. [10]
b) Find a necessary and sufficicnt condition for a second or=-
der rotatable arrangrment in k-dimention to be a rotatable
deslign,
OR
Prove that a sct of n points at a distance ¢ from the
origin in k dimension together with n (2 1) points at the
centre form a second ordcr rotatable dadsIgn.
[Mote that tor' is within the question 3(b)] l50]
c) Consider a second ordor responsae surface design in three
dimension with the following poiats
(t a, r a, ta)
(* ca, o, + ca) :
(o, + ca, 0)
(o, o, + ca)
Find a value of ¢ so as to make tha above design a rota-
table o.ae, [10]
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iiates. The paper cerrier 110 n-rks. The raxinun

T 7 7 you can seore ie 100 marks. Do A5 nany
questiang as ysu ¢=2n ds. The n~rks allot-
ted ere riven st the 2nd 5f esch aguection
in braockets. .

Trove or disprove thz fo2llouinr statemaznte.

1) Sanple mean baced on SRSVOT {e the best unbiased esti-
m~tor, for , in the T1,T2 and Ts—clasees 2f esti-
patoxrs. A

11) The snmpling strategy & = (ppxwr, Y ), where
N
LR ¥y/Py » Py = 1=(1-x,/X)" 15 adniesible
8

in the unblased subclass of Ts—clas\e of estimatore.
A n
141) The sampling stratesy S& (prxvr, Y = -:-‘-? (y!./xi)x)

is better then &, = (SRSWR, Ny) for Y in case y
and x arxe perfectly correlated.

iv) Estimator Ay is better than_ Yy, in eetinating Y,
for some values of A\, where y is thz simple rand:m
r=an. f15410r10%5 1=l 40

Give sultnable sampling strate:;ics for Y in cace population
ie quite hetrorenesus requirin[_: stratification and (i) the
nunber of population units in variosus strata are known
but samplins fromes a2re nat ab"ilable for strata (11) nei-
ther Ilh 2re known nor franes are ovailavle. {15]

Give an estin—-te for the rel-tive efficiency of the actual
stratecy T = (ppxwr, :, - % (yi/xi)x over the hypotheti-

cal stratezy T, = (srewr, §) for T. t10]

N A
Let Y and X Dbe unbiasecd ectinstors of Y and X respec-
tively. C:msider A clase of estinntore ¢ / ’

I\
d=Y-t (X - X) for Y, where t is » sultably chosen
constant or stetistic . Ehow tirt under moderate corditions
on t (t: be t‘enti ned;, the rerressisn type estinmator

a4 ‘{ ﬁ (X - ¥) hac the evnllest poscible mean squsre

errar which could be sechievad by pny ectinstor in the cloaes

d, provided sanple is l-rre, end £ 4is asymptotigelly u’)bl“
sed estinate for the re,rescion coefficient of on X. i15]

pateo.



6.2)

b)

2=

Let U = f1.2,3§ be a population of three unitz. Consi-
der ‘he problem’of esti: tin; the popul ~tion mean of a
character y by usual nean, re¢ression, product and ratio
estimators based on sinple rando:n ganples (FOR) of two
units. lLet ;'1=1 y2=2 y;:} anid X4 =4, x2=12

x5 = 4. Obtain the relative effictiency (in per cent)

of the re~ression eetimator (using sample regression co=-

efficienrt) over the others. {20}

Yhat 45 yo: ne>n by euper population nccels?
Give your view on their importance fron practical posint

of view.

Give your views in support or in criticizm of the unified

approach (in sacpling theory) developed by Codrmbe etce.
L5+5]=L10.
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lote: Lo ra mmy questisns g you c=n. The
paper corries 110 merks. The naximun
you cnn gcore 1s 100 marks. The marka
are given in brackets 2t the end of
each question.

1. Prove or disprove the following statements.

1) There does not exlist any UMVU estimsator in the unbia-
sed subclens of Ts—clasn of linenrr estimztorg,

11) H-T estimator is admissible in T7—cless of linear

cstinators .
1£1) Unbiascd estimators in Tg-class are better thon
sample mean in c~sc of SRSAOR.

iv) Let t be an unbissed estinntor, for a paremeter
?(y), brscd on any s2mpling design end W be e
constant. The estimotor Wt can never be better
than t wunless W < 1.

v) Let d4 and d2 be tvio estimators for population
mean. Then d = (1-a)d; + 2d, 1z better thon

k5 and d2. vhere a is a positive proper fraction.
[5+5+5+545]=[25]

2. Let a population consist of threc units (U1'UZ'UB)'
Define a s~rmpling design as:
B(Uy,U,) = 0.4 , B(Up,U5) = 0.3 , (U, Uy) = 0.2,
20U = 0.1, P(U,) = P(UB) = P(U1.U2.u3) = 0.

Let (y,x) = (10,3), (20,5), (15,10) for the units in the
populetion. Obtain expected volucs (rean) of sample meen
estimator, H-T-estimator and r2tio-cstimator. 7Find the
relative efficicnties of the H-T estimntor over the othctei

3.2) Whot do you mesn by double sampling ? When do you need to
use it ?

b) It is proposed to use auxiliary inform-~tiosn both at seclecc—
tion strge and ecstimation stage. Give an unbiosged sanpling
atretegy for the populntion totel in cesc the totrl X of
en auxiliary choracter is known but informotion on the sclce—
tion-vorjate ¢on the basis of which probability sci is to

be defimed) is lacking. Obtain the varianec of the sampﬁi s
strategy. [5+10 =f15]

psteo.
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4. 1 SASSOR of 50 units {s dravm from o populcotion of 200
units to estimrte mc~n of A cher-cter y using the informa-
tion on twd other char~cters x4 ~nd X5 Thc somple

yielded.
£ yy = +1220 E yyxyy = 46500 £y = 93750
Txgy= 1450 T ¥yrpy = 40500 x xfj = 95500
T xpy= 1640 T %y 3%, 4 =7220C T 3y =175500
X = 35 X2 2 50.
1) Obirin the weighted ratio estinmate, using optimum

weightse

11) Obtain estim~ted mean squ-re error of the estinmatce.

111) Estimatc the reletive efficiency of the weighted
rotio esticate over (a) somple me-n.(b) ratio
estinate dsing X4 alone (c) ratio cstimate using
x, aYéhe, . f15+10+10)=[35]

5.a) Vhat do you mean by saopling and non-scmpling errors?

b) Mention differcnt types ond sources of non-sanpling
errors.

c) Give an unbiased scmpling strate for populntion pe~n
wvhen ron-response 1s pres-nt. g? rop ?5+5+5]=[15]



Date:

1.a)

b)

2,2)

b)

3.3)

©)

©)

[ 79 = 8 51 |
INDIAN STATISTICAL INSTITUT®
B.Stat,(Hs,) Part IV: 1979-80
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Note. Answer any rive questions. Completc
and preceisc answers carry more welght

Let X be a random vector with n component S

with mcan vector u and covariance matrix /N vhich is
positive definitc.™ Obtaln the cquation of the best lincar
predictor of X, in terms of Xl""’xn-l'

Obtain the cxpression for the multiple corrclation of xl
and (X5, e..4X .
2 1 n=1
Dcfining X = AY,+ X where Y 1s N, (O, I), A\ isa

pxl(p > k) vector of constants and A is a (px k) matrix
of rank k, show that 2 = DX where D is an {mxp)matrix,

- has Nomai distribution and obtain its parameters,

Derive the characteristic mnction of X: what is the
frequency function of X
Let X be N (u, L) where ¥ 1s positive definite, Obtain
the conditional density functions of Xl given
X..= ess X =xp,nm:l of X2 glven X3=x3,...,xp= ’:p
Bcncc or otherwise dcrive an cxpmsslon for the partial cor-
rclation of X, and x given X5 xs....,X = X .

1 P P
Show that the best predictor of X; on X3,...,Xp is lincar
and obtain the expression for that,
Let X be N ( u, £) where I 1is positive definite-Based on
a sample of N{ > p) observations X;,...,Xyon X, derive
the maxdimum likelihood estimators of u and £, Show that

* they actually maximize the likelihood function,

Let X, be N _(0,I) show that a nccessary and sufficient

condition that the quadratic form X'A X to have the X2
distribution is that A 1is idempotent, What will be th:
degrees of frecdam?

Hence or othcrwisc obtain a necessary and sufficicnt,conditior
that a quadratic form Y' B Y is distributed as a -var
where ’Yv is Np(o, £) . What Wwill bc the degrecs of frcedor

in this case ?

Let X be a pultivariate Normal with mean vector O ani
covariance matrix ~
0
2\
- 4/
6

i1
o
o
(o]
p.t,o.

ocoNo
dbLUoo



(1)

(2)

(4)

(5)

~2e

Find the density runction of the joint marginal

distribution of" XS and X,.

"Find the conditional distribution of X

Xy, Xg and X5,

Obtain the partial correlation of Xl
given Xs and X,.

Obtain the multiple correlation of
Xy and (X5, X5, X,).

Find the mean and variance of

2X1*3X2-¢_X3* )(‘,l

cemerenca

” given
and Xz
L5 x ¢J=(20]
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MID=YEAR EXAMINATIONS
Statistics~-l4: Multivariate Analysis

8.12.79 Maximm Marks: 100 Time: 5 hours
Hote: 1. Answer any FIVE questions  Canplete
and precisc answers carry more weight,
2, A1l vectors used are columa vectors and B
row vectors are denoted with thu transposos.
Obtain a characterlization that a random vector
Xy = (X 10 ©yXy) will have a kevariate normal distribution

with given mean vector M and covariance matrix I,

Give an example to show that though the marginal distribu=
tion of each camponcnt of a randon vector X, -has a univa-
riate normal distribution, X need not have a mltivariate
normal distribution. ~

Using (a) or othecrwise show that, ir X has (4 T) then
(mx ¥) ')E- (kx 1) also has a nomal dist.ribu%ion and’

“btaiin 1ts parameters. . [10+6+£1=(20]

Let Xl,.. X ‘I be a random sample’ from N, (u, £). Show

that * 0 - N we - -
that 'lf lT I X and A = f (%= ¢ X,- X)* are indepen-
dent,’ (Prove the rain result you use hfxre).

Let Y, -be distrituted as Ny ( 3¢5, E) for & =1, :,N
and 1ndependent. Lev 2 2 >0, Show that

N
U= I cqY¥y /(Ec ) is distributed as N (3, A= ca)).
a)

~

Show also that E = 5: (Yo cql) (Y= caU)' i$ indepundently

distrivated of. U, {(12+8]={20]

Obtain the sampling distd bution of the sample partial cor-
relation coefficient a3 X based on a sample of size
yer oy

U from Ny (u, Z) when 9p \3yeen ko 0. (You can assume the

-sampling distribution of the sample corrolation coefficient.)

A rondop sample of 24 obscrvations:frodicB(K , £) gave the
fallowing sample covariance matrix. Test whether the party
al corrclation betwecn x1 and )(2 glven XS is zero against

the alternative that it is positive. {10+10]=[20]
11.25 9,40 7.15 |
s = 13.53 7,38 |
11.57 |

Show that the sample corrclation coefficient r froma bi\_/a-
riatc normal distribution with corrclation cozré‘icie'\t. S
is asymptotically distributed as N(%, (1 -9 Obtain

a variance stabilizing tr-\'\arormation for the asympcot.ic
dlstrlbution of r.

A sanmple of 67 observations from a bivariate normal distri-
bution give the sample covarlance matrix as



5.a)

6a

7

b)

a)

b)

-2

10.354

(5.99 - 3.90
Tast the hypothesis I i ¢ = 0,5 against )11. ¥ 70,5

{12:8)=[29]

A stochastic matirix A 1g distrituted as W _(AfN|Z ). ovta-
in the characteristle function of A, Eeneo show that if
Al,.. 'Ak are independent stochastic matrices, A1 biing
distributed as W (A I:ailx) for £ = 1,,.-,k, then

?Ai is also d.isgribut.ed accordinz to th: Wshart distri-

bution.

A stochastic matrix A is distributed as W _(A[N[I) and h

is a px1l vector of constants. Derive the distribttion

of htAh/h'Lhs 12+81=[20]

Let Xq,- Xy (2 k) be a randcm sample from ( d ,%)
(T positive definite) and let T( W= {X - B)' s~ )£ - 5_')

where x--,%xi and (N=- 1)s=x(x-x)(x =X )%

‘Shev mat T (uo) 1s a function of the likelihood ratio

test eriterion for testing the hypochesis B=H, Vs

ﬂu vhen I 4S8 unknown. Obtain the sampltng afstribu~ -
Yion of - T2 (or a suitable miltipla of T ).
liow would you use this statistic to obtain a conﬁd

2530
“reglon for u? - 16+2]={20]

.

Observations on''X;: Arithistic powor. X,: Intellectual
intcrest, X;: Social interest and X,3 Activity interest

arc taken on 24 zohool going childrcn and the sample
covariance matrix 1s as below, Basued on the data test the
hypothesis that the mult.iple correlation of X)_ on

(%25 X350 X)) fe00 930954y = 00 i . D

2,279 - 0.510 0.3
S = 11.790 0.202
0.129

0.5

{20]
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PERIODICAL EXLMILUATIONS

Statistics-14: Scquentiel Analysis
ond
¥onparametric Methosds

: 24.3.80 loxizum Morke: 100 Time: 3 hours
Noto; inower as much a8 you can. The moximum
you cnn score is 100.
Lot £{x,9) be the frequency function of n random variable

X, where ©€ (H) 1s on unknown parametcr.

a) Define preeisely what i1s mesnt by 2 scquential proce-
durc of testing a_hypothesis HO: 8 €w sapgainst the
alternative 6¢€ (H) -w.

b) Define the opernting characteristic (0 €) function
L(6) and tke power function P(8) of the above sequen-
tial pracedure.

n £(x;4019
c) If Zﬂ = 151 log m ,» where the observations arc

taken till a torminol decision is token and ©', 6''¢ (@)
are tws fixed points, show that -

E(exp 3, | H accepted: ') =L(6")/L(0') and
E(exp zn| I, Tejected: 8') =R(e™)/R(e’) . Le+s+61={20]

Let X have the frequency function_ f(x,8) wherc 6 1is
en unknown parameter belonging to (H). Let S(b,n) denote
the SIRT of strenzth (a,f) for testing the simple hypo-
thesis Hg: e=e° egninst the alternative Hy: 8=6,.

Obtain the Wolds epproxim=tions for A and b. If (d,§")
19 the strénzth of the modificd test, show that
a'+ f' < a+Pe

Show further th-t log Ti-La-<— min (O,b) ond log 1(—:—5{_ max(olaz- ]
4+6+101=L20

Let X be a random varicrble whose moment generating func—
tion @(h) = Z(exp.hX) exists for all real h, Supposc
further that there cxists some 0<d < 1 such thnt

P( X ¢ log (1-3)) >0 and P(X > log (1+3)) > 0.

Show that the nlgaebraic equation ¢(h§ = has unique
non-zers solutisn if E(X) ¥ O «

If X 48 8 Bernoulli rendom varieble with P(X=1)=p,
0 < p <1, use the ~bove result to obtnin the OC functiosn
of the SPRT of strength («,B8) for Hy: P =p, cgeinst

Hy: P = pye [12+8)=(20)

Define the Average Bample Number (ASN) function of o scqu-
enti{nl procecdure. Obtain the ¥nld's approximate formuls
for the A8  function of an  SPRT for testing a simple
hypothesis againsat a simple alternstive.

Obtain the ASY function of the SFIT of gotrength
(a,B) for testing H,: 6 = 6, ogainmst li;: 6=8,

-] in r
X(e,1). [10+10]1={20]

Datad.
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X is a Bernoulli rondom voriable with (X =1) =Py

0< py < 1 and Y 48 » Bernoulld random variecble indepen-
dent of _x vith T(Y=1) = Py 0 < Py ¢ 1 where py nnd

P, Pre unknown. Derive rn ~prroprinte SPRT of ptrength

(a, B) for testing the hypathesis H,: py 2. P, against

4 py < Pye Obtsin the Vr1d's eprroxinstions for the ‘oc

rnd  ASY functions for the nbove SIF* (12+48]=[20]

Let X Y%e o randsm varisble hnving the Poieson diatribu-

tion with unknown parsmeter A. Derive the SIRT of

strength (a,f) for testing Hg: 0 < NN, againegt

Hyz A > )‘o' Obtain- the Wnld's approximntions for the OC

and 4ASN “functisns of the cbove SIRT {10+10]=[20]
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INDIAN STATISTICAL TNSTITJTE
‘B.Stat.(Hons.) Pert IV 1 1979-80
AIMUAY, EXALINATIONS
Steti..tics-Mz Sequentinl Analyris and
. ) }oqparanetric Iethodsn

26.5.80 Maxioum Marks. 100 Tire. 3 hours

Note: Anawer 8s much es you cane. The prAximuc
you can score is 100. Conmplete and
precise ansvers are given nore weignt.

Define in.the general form, a linear rank. atatistic for
testing the hypothesis thot o sample 11.---.2“ f i.1.4.
observatisns cone from a continuous distribution symmetric
about O. Show that its null distribution is symmetric.
Obtein its mean and variance snd alsd derive s sufficient
conditian for the rank atatistic to be asymptotlcally
normal.

Illustrate ysur results by taking any specific valuey for
the scores. 12+38]=[20]
x,,...,x“ ere i{.i.d. observations from a continuous dis-

tribution. Show that the rank vector R = (R1....,RH) of
(x,.---.xn) has uniform dietribution over the space 'R of
all permutations of (1,«.., N).

N . .
If S = 1:1 cia(Ri) where eypes-0y .end . 3y eve 3y
areknovn constents, derive e sufficient condition for the

distribution of 5 to be symmetric about its mean.
Obtain the varinnce of S-.

If N> 4 show that S = R1 +R2—R3 -R4 is symmetrically
distributed sbout O. L6+10+41=[20)
The amount of iron present in the livers of two randomly

chogen groups of white rats is measured after they had
been fed on two different diets for a specified period and
the data ere as follows:

Diet A: 2 23, 1.14, 2-63. 1.00, 1.35, 2.01, 1.64
1.31, 1.13, 1.01, 1.70, 5.59, 0.96 .

Diet B: 4 50, 3.92, 2.07, 1.23, 6.96, 1.61, 2.94
1.96, 3.68, 1.54, 2.59, 1.35, 1.06

By doing an eppropriate rapk test examine whether different
gietn appear to affect the amount 'of iron present in the
ver- -

A random sample of 10 people who drove automobiles was
Bselected to mee 1if 2lcohol affected their reaction times
Fach driver's reaction time wase measured in e laboratory
before and after drinking a specified emount of bever-
ege containing alchhol. The resulte are as follows:

psteo.
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3.b) (contd.)

Subject. 1 2 3 4 5 6 7

Reaction tiune .
before i 0.68, 0.64, 0.67, 0.82, 0.58, 0.80, 0.72
Peaction time :
eftex i ©.73, 0.62, 0.66, 0.92, 0.69, 0.87, 0.79

Ty W

(contd.) Reaction time Ty T
before 0.65, 0.86, 0.73
Reactisn time
after 0.73,_.0.89,_0.58,__

Is there any effect of alcohol on the reaction time 2

4.a) Four Job training programs were tried on 20 new employees

- where 5 enployeea were randomly assigned to each. The

results at the end of the program are as follows.

Progren 1 : 50.30, 45.35, 42.30, 38.00, 33.00

Program 2 3 64.28, 20.86, 62.50, 48,75, 35.00

Progran 3 : 93.10, 83.10, 77.47, 63.03, 40.00

Program 4 : 80.94, 77.97, 76.20, 67.66, 49.65

Exanine whether there 18 any difference in the effective-
ness of the four treining programs.

b) At the beginning of the yeer a K.G. class was divided ran

donly into two ﬁroups and two df fferent methods were used
for teachinge. t the end of the year ench student was
given a reading test with the following results.

Group 1. 227, 176, 252, 149, 16, 55, 234, 194, 247, 89, 99
194, 147, 83, 161, 171, 174, 194, 243, 206
Group 2:-209, 14, 165, 171, 292, 271, 151, 235, 147, 98, 63
© 184, 53, 228, 221, 19, 127, 151, 101, 179

Use Vald-wolfowitz runs test to examine whether therf is
any significant difference in the two methods. 14+6])=[20]

5.a) Show that Spearnman’e rank correlation test is a lineor

6.

1rank test for testing the hypothesis that two random
variables with continuous distributions are independently

distributed.

b) Cochran compared the reactions of sever2l patients with each

of two different drugs to see if there {s any positive
correlatisn between the two reactions of each patient. Do
the data given below agree.with the conclusion:that there
is positive correlstion between the reactionsg of the two
drugs? C .

.. . y. - e . : .
Patient 1 . 2 3 4 5 -6 1 8 9 10
Drug A:0.7, =1.6, ~0.2, -1.2, -0.1, 3.4, 3.7, 0.8, 0.2 2.0
Drug B:1e¢9, C0.8, +1,10: 0.15.70s2 4e3, 5.55 164 426,34

[10+10]=[20]

Describe the following test statistics dbriefly giving their
form,1initing diatribution and explaining when they are
used and how. .
a) Van Der Vaerden test.
b) Kendall’s ¢ K .
€) Kolmogorav-Surnov one sample test. [7+7+7]=[21]
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The radnrum vou
¥arks allotted to

Txplein the role of rational subgroape 1n operatiaz a coa-

trol chart,

A company manufacture Z cycline capsules, Capsules are
fmparations in which potent drugs mixed with suitable
nert diluent are enclosed in hard or saft gclatin shells,
The net weight (weight of contcnts in the capsule) is spe-

cified as 3510 5 mg,

of empty capsules for 20 samples each of size 4,

velght (mz,)
2 3

Sample
lo 1
1 79,37
2 85, 56
3 92_05
24 81,32
5 88,35
6 82,53
7 81,00
8 8o, 42
9 82.05
10 89 82
11 95,00
12 87,75
13 83.26
14 90 09
15 77,61
16 91,04
17 89,30
18 84,00
19 88_42
20 87.53

Analyse the data by means of drawiny an
bases of your analysis rccommend the average gross weight
(weight of contents plus the empty capsulcf

ponding caitrol limits using the sample size as £, (You may

assume the welght of contents and the welght of empty caprule

as independent random varlables,

X-R chart On the

and thc corrcs-

W8+¥3°

In order to control the number of blue spots in an enamcl

plate 16 samples each contalning 4 plates werr taken and ths

nurber of blue spots in each plate was countcd, The data

arc given bclow:

The following table provides the wei b’

=207
Sl
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Sample uprter_of bluc spots in plates
ilo 1 2 3 4
X 3 2 4 5
2 1 1 0 2
3 4 1 1 2
< 5 5 1 [
5 ? 2 0 1
[ 4 1 1 0
é 2 3 1 [
8 1 kd b R S
9 4 0 k3 1
10 5 1 1 1
11 1 ] 1 1
12 4 i 1 3
15 4 2 1 <]
14 2 4 4 3
15 0 1 1 1
16 1 2 2 1

Draw a suitable control chart and give your suggcstion for
future production,

-What 1s process capability? Discuss its relatioaship with

design talerance indicating various alternative coursc[
action which rrodacer might take, 14‘6] ol

Why would you prefer sampling inspection plan to traditioaal
hundred. pzrecnt inspccuon' ?

Given lect size = 1500, AJL = 0.C5, LTPD = 3,08, Producer's .

Risk = 0,05 and consumcr"' risk = 0 .10, obtain a sl a3le

sampling’ plan by attributos using an appmximﬂtc mct.hof .
8+12]=[20

Draw AJ3 curve fur tic plan n =95 ¢=2 whn lot sizc is
1000, Read the value of AOGL Spproximat.cly from thc curve
and cmpar\' the same with AOQL obt.d. ned from Dodgc and

Rori g’s formula,

Explain the meaning of following tcrms

(1) IQL  (41) AQL and (1ii) Coasumer's Risk, fLa+6)=i20

Show that if a sct of k ¢ m vectors al', 851.. 93y can
bc found that are linearly independent and such that
J J =b and all x'1 2 0 then the point
= (X Xore 1 X O 0,..°,0) is an extreme poiat @ the
convex set of frasible salutions to a lincar programmin g
problem where all the symbols have the usua] rcaning,
Solve thc following lincar programming problcms graphiclly
1) Maximize Z = [ *1.5x
subfect to 2x ¢ 3% < [
ytaxp L4
%, % 20
1) Mnipise 2 = 6x) + 4x,
subjcet to 2x * X3 3 1
3x) * 4% 21,5

By X 20 L2 20)
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Hote: Attempt any four questions, The marks
— allotted for each question ar: glven in
brackets,

1,a) Prove that every extreme point of the convex set of fecasie-
ble to Ax=Db 13 a baslc feasible solution,
b) Frove that if X 1%y 000y X AT® k different ortimal

basic feasible solutions to a 1.p.p., then any convex
.cambination of Xx,X;, ersy Xy 1s also an optimal
solution, oo ce

¢) Define a supporting hyper plare, Prove that a closed
convax sat which Ls bounded ' from below has an extreme
paint in every supporting hyper planc,. l6+4+10]={20]
2.2} Givena b.f.s. x3 =B7lb with Z_ = Cyx to the 1.p.p.
Ax=1b, x2 0, max 2= Cx, such that z,-¢, > 0 for every
calumn ay in A, Then zo 1s the maximum value of Z
subject to tho constraints and the b,f,s, is an optimal
L5,
b) Solve the fallowing problem:
Vinimse 2= 4x* X,

subject to Bxl X T3,
4x * 5% 26,
X + 2x2 <3

X, 1,20 {g+12]=[20]

*3.,a) Solve by simplex method the following 1,.p.p.
Maxdmise 2z = 10,(1 +oxy + 2x3
subject to 0 v X - 2x3 <10
4% X v xy <20,
{20, x 20, x 20,

b) What are artificial varifables ? Solv»> by Charne’s Method
or otharwisa,

Meidse 2= & + 2x2,
subject to :le rox 2 27 ,
B+ oxp 22,
X *2x 230,

and 3.2 0, % 20, l10+101=(25]
p.t.o,
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¢,a) If al,j.r. has an optimal solution, prove that its dual
has also an optimal sclution,
b) Solve the following problem by sca.'/i'nv; {ts dual gpretlem
Mnirdse 2= 3x *2x,* Xg* 4x, :

107

2
15
o, (6+14]=(20]

subject to 2x1 e _Sx:.) %,
N DAL

:‘)xl * 2xy *+ 37’3 + 6%,

Xy X Xy and X4

5,8) For an item, the production 1s instantancous,
The unit cost of storage = ¢ 1 p2r month
Setup cost (ordaring cost) = KEs 25 per setup
Demand cse . . ese = 20u unﬁs per month,

v v s

I~

Find optimum quantity to be produced per sctup, and
hence determine th2 total cost of storage and setup
per month,

b) A purchasing agent for spare parts 1s to select ore
among three sources, Source A will sell a particular
component for Ps,10 each regardless cf.the size of the-
ordar, Source B requires a purchase d 1000 units at
least, but will sell ecach item at the rate o Rs,9.,50 ,
Source C requires that ordars be placed for at least
1200 units and will sell the items at the rate of Rs, 9,00,
A fixed cost. of Rs,200 1s incurred each tim an order
1s placed, Which source and what quantity of order
should be select? bvhat will be annual cost of carrying
inventory, ordering and purchasing the items? Th2
demand ra{e 1is 500 units pzr annum and cost of carniing
inventory I = 0,25, fe+1ed=120]

Sessionals and Educational v sit report, [20]
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Note: All questions ar: compulsory,

Yarks ar: indicated agaiazt cach
quaestion,

Yhat am thd major 'types' of stat _meants available in
FPRTRAN ? Give th:ir namas and two cxamples of each

typo.

Sxaminz whetler the following items are valid variabls
names and if not, specify why:

(1) DZ (41) DGIF (141) DFs12 (4v) 4DELHI (v) GUTPIF
(vi) G@T¥4 (vii) PRINT1, (viii) N4ALTC (ix) RZ-AD
(x) T4:4 l10]

Write the outpgut of the following program

[15]

N =
DF 50 I =1, 10
pg 50 J =1, 10, 2

Dg 50 K =1, 10, 7
H=N-1

50 CENTINUE
PRINT 110, N

110 FORMAT (5%, I7, 4HVER, Iz )

3
253 {10]

Writa a FORTRAN program to print the primz numbars upto..

a given numbeyr N(N includ:d), The numbers shaild be
printed five por limne with a gap of four spaces in-

between numbors, Give the flow chart also, {20]

Given a squarc matrix having 10 rows and 10 columns,
write a FOITRAN /program to evaluata a given power of the
matrix., That is, 1f A 135 the matrix and n a positive
integer, the program should cvaluate the matrix AN (A
mult.tplicd. by itself n times) and print out its
clements,

Explain the concept of a FUNCTIPN subprogram. How do
you transm.t parameters implicitly 2 (10]

[20]

Write any FUNCTI#N subprogram and its associated
calling main program to 1llustrate the technique of
implicit transmission of parameters, [15)
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100. You m~y ure notes.

Consider a diploid at o sincle locus with two alleles &

and a with . dominant. Suppose gamete a i3 less viable

than gamete A &n the rotio a : A = «; 1 where

0<a <1 (i.ce, a proportion a of a live compared to

1 of A). Tind the genotypic and phenotypic arrays in

the offspring of la x Aa meting. [10]

Let A and a be the dominant and recessive alleles at the
locus /. and similarly B and b at locus B. Ve asczume
that these loci are linked with recombination fraction A.
Find the phenotypic distribution in the offspring of the
following crosses:

(a) B ‘ab x /b aB (coupling x repulsion)
(b} &b je3 x b | aB (repulsisn x repulsion). t10]

Consider the J4BO blédad gréyp system with respect to a
receipient — donor pair (R, Dg. Let ,

X : no. of alleles (in both chromozomes) viersts which the
receipient ané a donor differ at this locus (X ecan
be O, 1 or 2).

We say thet D 1s compatible with R 1f D posseseses
no 2lleles which are absent in R. Let

Y =70 4if D is compatible with R
=1 if D {is incompatible with R.

I p, 4y r ere the gene frequencies of £,3,0 respec—
tively, find the joint distribution of (X,Y) if R,D are
chosen independently and at random from the pspulation. [10)

Making a suitzble formulatiosn of the problem and deriving
suitoble results show that hemophilia will be less frequent
in females in a population in equilibrium under panmiwia.
dhat will boz the ratio of female: malehhenophiles under
equilibriune f20]
Compute the coefficient of parentage between double first
cousins. Obtain the recurrence relation for the coeffi-

cient of inbreeding in the nth generation of 2 regular
double first coucin inbrecding system. [20]

Consider a sex-linked character in which selcction is
practised only in the homogametic sox And supposc a pro-
portion k of the recetsives sre discardcd. Evaluatc

the progress of the population. [20]

patsos
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Let P, = 0.90 and qo = 0.10 be the gene frequencies of
. nnd a in an initinl populotion. Let un = 5.10'5 and
2= 1.10"8 be the mutation ratea for 4 —> a &nd

a—> L restactively. lssuming no sclection nand infinite
popul~tion, cnleulate:

o) the gene frequencies nat caullibrium
b) the gene frequencies in the fifth generntiosng

c) thz numbe:s of écnorntions required to increase q
by 0.005. k [20]

Suppose we hove a pair of rlleles L,n with 4 completely
dominant to a and a2 sample of N dominant individuals.

We obtnin one prageny e~ch by selfing each individual and

find r have no recessive proceny and N -r have recescive
progenye Find the moxirmun 1ikel thosd estimate of the pro-
portion of homazygous dominants in the papulation. [15]
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Consider a panmictic population in equilibrium 2t 2 single
locus with two alleles, A aadd 2, with the gene frequency
aof A belng p. Derive the Joint genotypic erray of a
pair of siblings. If A dominetes a, derive the phenoty-
pie distributisn of a pair of eidblinga. Giving values
0,1,2 respectively for ae, da end AL compute the
correlation coefficient from the Joint arraye.

Complete self-pollination in plonts ic ndt a comnmon pheno-
renan. fLctually most so-called self-posllinated plants
practise rondom wating olso. Conpider g ,diploid with °
tws alleles L, & at a single 1locus. Consider o popu-
1latiosn in equilibrium. Let ¢ be the proportion prac-
tising selfing, 1 -9 rondon mating. Conpute an expres=—
sion for the proportion hy, of heteroszygotes in the nth
generatisn and show that as n => o

B> 2pa (1 = 5Py ),

" where p: initinl gene frequercy of A, Q@ = 1-Dp.

Compute F_ , the cocfficiens of inbrceding in the
equilibrium population.

Consider an eutosomal 1locus with & alleles. Let there
be selection 2pninst honmdzypotes acting in such o way
that a propsrtison k of homazygotes (O < k < 1) is not
virble. Show th~t equilibrium is attained nt uniforn
frzquency of the 8 alleles (i.c., the gfene frequency
2L each allele is 1/s). Is thia equilibrium stable
(i.e., 1f in » renerctisn the sene frcquencies are not
of the form 1/8 £or each nllele, does the population
return to this ecuilibriun ?

.
In o certoin study, sampling iz done throush the perents.

Her> the offected individucls nre dominants. The pheno=

typic mnting Dominant x Déminant only is considered znd
observ~tions rre restricted only to porents with at least

one normal child. Derive the theoretical distribution with
of the numbar of norme)l children in the selected families/size s
under Eegrggction probability 6. Find on unbiased csti-

no2tor of . -

Let 51.'L2 be codominant nlleles at locus L, and
By» Bz be two codoninant alleles nt locus B. Consgider
the populetion of intercrosses

h4byByB, X A1L23132 .

prted.



5. (contd.)

a)

b)

c)
d)

'rite down the gcenstype ond the phenstype diatridbu-
tiona under the hypstheois of indecpendent B2gregzn-
tion ~t the two loci;

Write down the contraste for tesiiny the hypothesis
that the segregation rrtions ot locus & are 1:2:1
for Aqdy :‘.132 : 421.2 « D5 nimilrrly for locus
B.

Sct up the controsts for linkofc.

Vrite down the stat{stics and their distributions
fo5r teating these hypothescs.

Nerive expressisns for the scoring method of moximum
likelihood estimatisn in the cfse of 2 quantal assay
problen with the lozistic tolernnce distributiong aled
explain the scoring rmethsd.
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Note: Answer all questions,
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Describe the usual least squares method of fitting a Pareto

distributigp to an empirical frequency distribution of income,
Can you modify this method to guarantee that the expec-

ted frequancies add up to the total of observed frequencies

over the range where the Pareto law holds ? ' [10]

State clearly the law of proportionate effect and show that
it leads to a lognomal distribution of incame, {10]

Bring out the assumptions and approximations generally made
in estimating Sngel curves of the following form using house-
hold budget data:

y = £(x)
where y = per capita household consumption of a specified
item and x = per capita househald income, [15]

How would you compare different algebraic forms of Zngel
curves in_respect of goodness of fit when fitting them to
empirical data based on budget enquiries ? Give a detailed
account mentioning in particular the adjusted ccefficient

%2 and the DW statistic, [25]

EITHER

The following shows an empirical size distribution of monthly
incomes for employeeS in an industrial establishment :

incane (Rs,): 0-100 101-200 201~500 301-200 £01-500 SOl-

Ro, of of
eamers 135 207 112 62 27 [

hssuming that the underlying distribution is lognommal,
estimate the parameters of that distribution by any suitabdle
method, Hence estimate the C,V, of the distribution and
also the ratio .

_ average incame of the top 20°/ [s0]
average income of ths bottom 20°/e

OR

The following table is based on a budget enquiry., At the

time of analysis, the sample hauseholds were ranked in
ascending order of per capita income and then grouped in such
a manner that each group included 20 par cent of the estimated
population,

p.t.o.
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5, QRr{chitdy)
quIintile group averups y=r porson ypor month
fram bottam incom: expenditure on education
(ls,) (Ps,

1st 137 5
2dad 216 16
Srd 372 37
4th 528 68
Sth 923 182

Fit a seml-logarithmlic Tngzl curve y = @+ B log x by least
squares method, taking x = per capita income and y = per
cap}t.a expendi turte on education, rCcmpube ot

a, B; but you need not compute any ¥,) Then compute

©ngel elasticity at x = Rs, 500 using the fitted curve,

Practical Fecord,



Date.

1.a)
b)

2.

79 - 80:482/573

DI ST.TISTICAL INSTITUTE
B.Stat. (Hons.) Part IV: 1979-80

M.State. !’reviu\?ﬂ year : 1979-80
LNIULL EXAMTIATIONS
Zceonarctrics: Treory and Practicel
16.5.80 Maximun Morks: 109 Time: 33 hours

Note; Answer ony threge queetions from Group A
and all questiong from Croup Be
Marks arc given in brackete.

Define Lorenz rati> in terms of the Lorcnz diagran and
show how it ip related to the Gini nmcan difference.

Derive the expreseion for the Lorcenz ratios for a Paretean
distribution of income. [20]

Describe fully how you can cerry out Engel curve fitting
to household budpget data making allowoences for effect of
age-scx compdosition of the household on its consunption
pattern. . f20]

Exanine the following prodblems arising in the estimation
of demand functions from time geries data:-

a) multicollinearity, (b) 1dentification. [20]

State clearly the groport.{oa of the Cobb=Douglas produc—

tion function and bring out the advantages of this func=-
tional form.

Given a sanple of n observation-sets on the variables, -

how would you test whether returns to scele are constant

or not 2 [20)

Write short notes on any two of the followingi-

a) ML estimation of lognormal paramcters from grouped frequency
data,
b) FEconomy of scale in houschold consumptione.

¢) Intepration of cross-section and time series data in

demand analysis. (20}
¢ “Group_B.
. _h yeT S ——

EITIER .

Fit a Pareto distribution to the following data on distri-

bution of incomes liable to Surtax in UK during 1953-54;

incone (B): 2000-2499 2500- 3000~ 4000- 6000- 10,000~

percentage of
tazoreturns: 28.6 19.9 21.7 16.8 8.8 4.2

(Mote:= Your fit should cover the entire range of inconmes
{ncluded in the data.).

peted.
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6.{contd.)
OR
The follawing matrix gives the corrected suns of squares

and praducts I threce varisbles included in » study based
on 15 annual obscrvations;-

Xy : 30.36 12.48 107.96 \
X, i 116.64 123.20 |
X 532.00

30\ /

X % X

Here X4 = log (cercale consunption per capita),
X, = 1og (relative price of cereals) and x3 = log (real

disposable income per capita).

Lssuning. that the demahd EUnction is of the constant

elagticity form, estimate the income and price elasticities

of demand. 1180 sct up 95 /. confidence limits for each
elasticity. . 30]

[10]

7. Practical Record.
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