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Chapter 1

The models and main results

1.1 Introduction

In this thesis, we study some probabilistic models of random interfaces. Interfaces be-
tween different phases have been topic of considerable interest in statistical physics.
These interfaces are described by a family of random variables, indexed by the d-
dimensional integer lattice, which are considered as a height configuration, namely they
indicate the height of the interface above a reference hyperplane. The models are defined
in terms of an energy function (Hamiltonian), which defines a Gibbs measure on the set

of height configurations. More formally, let

Y= {@z}xezd

be a collection of real numbers indexed by the d-dimensional integer lattice Z%. Such a
collection can be interpreted as a d-dimensional interface in d + 1-dimensional Euclidean

R in the following manner: we think of ¢, as height variable, indicating the

space
height of the interface above the point x in the d-dimensional reference hyperplane. We
obtain a d-dimensional surface in R%! by interpolating the heights linearly between
the integer points. We will in general forget about the interpolation, and call any
configuration {@;}, 7« an interface. We identify the family {¢;}, a0 € RZ" with the
(graph of the) mapping

gp:Zd—>R
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such that ¢(x) = p;. We now introduce a probability measure on the set of interface
configurations. Let (2 = RZ" be endowed with the product topology. We consider the
product o-field on Q. Let A be a finite subset of Z%. We fix a configuration {Ye}pezd \A
which plays the role of a boundary condition. The probability of a configuration ¢
depends on its energy which is given by a Hamiltonian Hk(gp) The probability measure

on  is given (formally) by

PLA(de) = i exo (<K () TT de [ 6. (). (a.11)

A zEA z¢A
Here, 8 > 0 is called the inverse temperature, dy, is the one dimensional Lebesgue
measure, dy, is the Dirac mass at 1, and Z}\/)’B is the constant which normalizes PK’B to
a probability measure (if it is finite). In other words, if PK’B exists, it is the probability
measure on the set of configurations restricted to be equal to ¢ outside A and has density

(Z}f’ﬂ)*l exp(—BH}f((p)) with respect to the product Lebesgue measure on R,

Let us first see a concrete example of random interface models. The gradient model

(or V-model) is a random interface model, where the Hamiltonian is given by

HY () = % D PegViee—0y)+ D> PayVies —0y).
z,yeN zENygEA
Here V : R — R is an even convex function with V(0) = 0 and p, , is the transition
matrix of a random walk on the lattice Z¢. If we assume that the random walk has
finite range, that is, the step distributions have finite support (there are more general
conditions under which the measure is well defined), then (1.1.1) defines a probability
measure on R®. There is much literature available on this class of random interface
models, for an overview see for example the lecture notes by Funaki [38], Giacomin
et al. [40], Velenik [71]. All the models considered in this thesis are Gaussian. Due to
Gaussianness , the parameter § of (1.1.1) is of no importance. So we set it to be equal to

1. Also from now we consider ¢y = 0. We shall say the model has 0-boundary conditions.

The discrete Gaussian free field:
An important example of the gradient model is the Discrete Gaussian free field (DGFF),

also called harmonic crystal, where one considers V (z) = 2%/2 and

Py = (2d) M Lgjeyi=1)-
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In this case, the Hamiltonian can be written in the following form:
1 2
H(p) = > Vel
4d
where V is the discrete gradient defined by

VSO:E = (QOerel — Py, Sofv‘i’ed - SO:E)’

|-|| denotes the Euclidean norm and e; denotes the canonical basis of R, Let 'y (z, 1) :=
Cova(pz, py). The field (¢z)zen is Gaussian, and its covariance matrix is given by the
Green’s function of the random walk (S,)n>0 with the transition matrix p,, which is

killed at the exit of A, that is, for x,y in A

TA—1
FA(:Evy) = (I - P)Xl(:l;,y) =E" (Z I{Sny}) )

n=0

where (I — P)y = (0(2,Y) — Pay)zyer, E* is the law of the random walk started at z
and 7o = inf{n > 0: S, ¢ A}. Note that in this case, (I — P) = —A, where A is the

discrete Laplacian matrix given by

-1 ifx =y,
Alz,y) =4 & if [z —y| =1,

0 otherwise.

One can also, alternatively define A as a discrete differential operator acting on functions
f:7Z% - R at a point z € Z%

d

Af(@) = 50 3 (fle )+ Fw—ex) — 27(@)).
=1

The Green’s function I'p thus satisfies the following discrete Dirichlet problem: for

x €A,
—ATp(z,y) =0.(y) yeEA

Ta(z,y) =0 y €A

where for k > 1,

oA = {z € Z\A : dist(z,A) < k} (1.1.2)
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with dist(+, -) being the graph distance. In d = 1 the DGFF can be seen as the random
walk bridge. More precisely, if A = Vy ={1,--- , N} for N € N, then (¢, -+ ,pn) has
the same joint distribution as (Si,---,Sn) conditionally on Syi; = 0, where (Sp)n>0
is a random walk with A/(0,2) increments started at 0. In d = 2, DGFF belongs to the

family of log-correlated Gaussian fields (see [7]).

DGFTF has been studied extensively for its connections to the SLE processes, branch-
ing random walk and branching Brownian motion. In a breakthrough result Schramm
and Sheffield [63] showed that the level lines of DGFF converges in distribution to
SLE(4). The entropic repulsion, namely the estimates for the probability that the field
is positive on a subset of Vy was studied by Bolthausen et al. [10, 11]. The behaviour of
the maximum in two dimension was studied by Biskup and Louidor [8], Bolthausen et al.
[11, 12], Bramson and Zeitouni [16], Bramson et al. [17], Daviaud [31] and the limiting
distribution is given by a randomly shifted Gumbel. In higher dimensions d > 3 the
behaviour of the maximum was studied by Chiarini et al. [22, 23]. They proved that the

rescaled maximum is in the maximal domain of attraction of the Gumbel distribution.

We now see what happens to the scaling limit of DGFF. In d = 1, we pointed
out that the DGFF is the random walk bridge. Hence after appropriate scaling the
interpolated field converges to the Brownian bridge in the space of continuous functions.
More explicitly, let (B; : 0 < t < 1) be the standard Brownian motion on [0, 1]. The
Brownian bridge, which is the one dimensional Gaussian free field, is defined to be the

process (Bf : 0 <t < 1) where
BY := B, —tBy, t € [0,1].

Now let us consider the DGFF on A = {1, ..., N — 1} and define a continuous interpo-

lation ¥y for each N as follows:

Yn(t) = (2N) "2 (o Nty + (Nt — [Nt (o nej41 — @ ve))] s t€[0,1].

Then one can show that ¥y converges in distribution to (Bf : 0 < t < 1) in the
space of continuous functions C|0, 1]. From the above convergence one can obtain the
convergence of the maximum using continuous mapping theorem. In d = 2, if we try

to obtain convergence similar to the above with a scaling by y/log N then the limit is
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nothing but a collection of independent normal random variables (see [7]). Hence it
fails to retain any useful information from the model. This suggests one to take limit
is some other suitable sense. Indeed, without any scaling one can obtain such limit in
d = 2 and also in d > 3 with suitable scaling. Unlike d = 1, where the limiting field
is a random function, namely, Brownian bridge, in d > 2, one does not have a random
function, instead it becomes a random distribution. This random distribution is called
the Gaussian free field (GFF). The importance of two dimensional Gaussian free field
comes from conformal invariance and connection with other stochastic processes like
SLE, CLE, Louville quantum gravity etc. We refer to [3, 5, 34, 65] for details and
references on Gaussian free field. For this model quadratic potential allows one to have
various tools at one’s disposal, like the random walk representation of covariances and
inequalities like FKG. These tools can be generalised to convex potentials in the form
of the Brascamp—Lieb inequality and the Helffer—Sjostrand random walk representation
of the covariance. We refer to [38, 40, 55, 71] for an overview of the existing results.
Outside the convex regime, the non-convex regime was recently studied for example

in [9, 30].

The membrane model:
The membrane model(MM) is the Gaussian interface model where the Hamiltonian is

given by
1 2
Hig) =5 3 1A
IVA

This model arises as model for (tensionless) semi-flexible membrane in statistical physics.
Its mathematical treatment was first taken up by Sakagawa [60, 61] and then by Cipriani
[25], Kurt [46, 47, 48]. Unlike the DGFF, the covariance function of this model does not

have any random walk representation. For A € Z%, define

GA(CL',y) = COVA(QOJJ“:QOZJ)? T,Y € A.

Consider A = Viy = [-N, N]? N Z¢ and define for z,y € Vy

éN(x’y) = Z FVN(x7Z)FVN(Z7y)7

z€VN
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where T'y,, is the covariance function of the DGFF on Viy. Then G = (Aj)~2 where
Ap = (A(z,y))zyer. It is easy to see that (Ap)? # A3 = (A*(z,y))zyes. This
difference is due to the restrictions of the operators to A. When we see their actions on
a function at a point which is far away from the boundary, then they are roughly the
same. In fact, one can show that in higher dimensions in the bulk the inverses of these
two operators are close. For that we extend éN(aj, .) as a function on Vy U 02V by

requiring

Gn(z,y) =0 yeVyu\Wn
AGy(z,y) =0 y € MVN.

It was proved in [47, Corollary 2.5.5] that for d > 4 and § > 0, there exists a constant
cq = cq(0) such that for any z € V}} := {z € Viy : dist(z, V) > N},

sup |Gy (2,y) — Gn(z,y)| < caN*™4 as N — oo.

yevy
As the MM exhibits no random walk representation, and several correlation inequal-
ities are lacking, the study of this model becomes difficult compared to the DGFF.
Nonetheless it is possible, via analytic and numerical methods, to obtain sharp results
on its behaviour. But like the DGFF, the covariance function of this model satisfies the

following Dirichlet problem: for x € A,

A*Gp(z,y) =0.(y)  yeA
Ga(z,y) =0 y € D2/,

where 02A is defined as in (1.1.2). Also in d = 1, the MM can be seen as an integrated
random walk as follows: consider the model (¢z)zev, on Vy ={1,..., N —1} with zero
boundary conditions outside V. Let {X;};en be a sequence of i.i.d. standard Gaussian
random variables. We define {Y;},.,+ to be the associated random walk starting at 0,
that is,
n
Yg=0, Y, =) X neN,

i=1
and {Z;},cz+ to be the integrated random walk starting at 0, that is, Zgp = 0 and for

neN

Zn:iYi.
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Then one can show that Py, is the law of the vector (Z1,...,Zn_1) conditionally on
ZN = Zn+1 = 0 (see [20, Proposition 2.2]). Also, like the DGFF, the MM is log-

correlated in d = 4.

For this model there are some results on the entropic repulsion and pinning effects
[2, 13, 20, 46, 48], extreme value theory [24]. The entropic repulsion in higher dimensions
(d > 4) was studied by Kurt [46, 48], Sakagawa [60]. We know that in d = 1 the model
corresponds to an integrated Gaussian random walk. In [32] it was proved that for such
processes with zero mean and finite variances the probability to be positive on an interval
of side length N is of order N~1/4, extending a result by Sinai [66] for the integrated
simple random walk. Recently in the remaining cases, that is, in dimensions 2 and 3 the
entropic repulsion was studied by Buchholz et al. [19]. The maximum of MM in d = 4
falls under the study of extreme value for log-correlated models. The extremes were first
studied by Cipriani [25], Kurt [48]. The tightness of the recentered maximum follows
from [33]. The full scaling limit was finally solved by Schweiger et al. [64] and it is a
randomly shifted Gumbel, similar to the DGFF case in d = 2. In the higher dimensions
the maximum was studied by Chiarini et al. [24]. Just like DGFF, for this model also
they proved the rescaled maximum to be in the maximal domain of attraction of the

Gumbel distribution.

The scaling limit of this model in d = 1 was studied by Caravenna and Deuschel
[21]. They studied scaling limit for more general potentials than the quadratic one and
also look at the situation in which a pinning force is added to the model. We briefly
discuss their result for the MM. Consider the model on Vy = [1, N — 1] N Z and define

a continuous interpolation 1y by

@ Nt — [Nt
p(t) = E0L NP LNE
2

N2 N (P Ntj+1 — P ve))s t € [0,1].

Then 1 converges in distribution to the process {ft}te[o .1 in C[0, 1], where the limiting
process is defined as the marginal of the process {(B;, ft)}te[o,l} = {(Bt, It) }ep, 1)
conditionally on (Bj, I1) = (0, 0), where {B;};¢[0,1) be the standard Brownian motion
on [0, 1] and I; := fot Bgds. We also mention that Hryniv and Velenik [44] considered
general semiflexible membranes as well with a different scaling approach. Their results
are derived using an integrated random walk representation which is difficult to adapt

in higher dimensions. This thesis aims at complementing their work by determining the
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scaling limit in all d > 2. We shall prove that the convergence in d = 2 and 3 occurs
in the space of continuous functions and hence one can derive the limiting maxima in

d < 3.

The (V + A)-model:
The (V + A)-model is another Gaussian interface model where the Hamiltonian is given

by the sum of the Hamiltonians of DGFF and MM, that is

1 1
1) = 3 (3l eel? + 3laiP).

rEeZd

This model was first considered by Borecki [14], Borecki and Caravenna [15] in a more
general set up with pinning. For this model also no random walk representation for
the covariance function is known. Like the DGFF and MM, the covariance function
Ga(z,y) == Cova(pg,py) of this model satisfies the following Dirichlet problem: for

T € A,

(—A+A%)GA(z,y) =0.(y)  yeEA

Ga(z,y) =0 y € Do\,
where 0o A is defined as in (1.1.2). The application of Gibbs measures, in particular the
(V 4+ A)-model, to the theory of biological membranes can be found in [49, 50, 59]. In
the works of Borecki [14], Borecki and Caravenna [15] this model was studied in d = 1
under the influence of pinning in order to understand the localization behavior of the

polymer. In higher dimensions the localization behavior was studied by Sakagawa [62].

1.2 Definition and basic properties of the models

In this thesis we consider some special instances of random interface models, namely

where the Hamiltonian is given by
H(p) =Y (s1llVeal? + r2(Ap2)?) (1.2.1)
zeZd

where k1 and ko are two non-negative parameters. In the model of a membrane such as

a lipid bilayer, the energy of the surface separating the water phase and the lipid phase
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is given by this H(p) where k1 and ko are the lateral tension and the bending rigidity,
respectively (see [49, 50, 59] etc.).

Define
J = —4dr1 A + 2Kk A2,
The following result shows that the Gibbs measure (1.1.1) with Hamiltonian (1.2.1)

exists. It follows by arguments similar to Lemma 1.2.2 in [47].

Lemma 1.2.1. The Gibbs measure on R with boundary conditions Y outside A and

Hamiltonian (1.2.1) exists. It is the Gaussian field on A with mean

mx:—ZJXI(x,y) Z J(yvz)w27xeA

yeEA 2€Z4\A

and covariance matriz

Cova(¢a, py) = I3 (2,9)

where Jy is the matriz (J(2,y))zyen-

Let Ga(z,y) := Jy ' (z,y), 2,y € A. Then G, is the unique solution to the following

discrete boundary value problem: for x € A

JGA(z,y) =0:(y)  yeEA

, (1.2.2)
Ga(z,y) =0 y € OoA

where 9 is defined as in (1.1.2). In case A = [-N, N]? N Z%, we denote the measure
in (1.1.1) by Px. The following proposition answers a very basic question, namely the

existence of the infinite volume measure or the thermodynamic limit.

Proposition 1.2.2 ([47, Proposition 1.2.3] ). Suppose k1, ko are constants. The infinite

volume measure

P:= lim Py

N—oo
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exists if and only if

3 when k1 >0

5when/-i1:O'

In these cases it is the centered Gaussian field on Z* with covariance matriz J~*. Fur-

thermore, for x € 7.2,

JH0,2) = 7 / (4dr1p(0) + 2/<52u(0)2)_1 e T 440 (1.2.3)
[_ﬂvﬂ]d

where

When 1 > 0, we call d = 2 the critical dimension, d = 1 the subcritical dimension
and d > 3 the super critical dimensions. Similarly, when k1 = 0, we call d = 4 the critical
dimension, 1 < d < 3 the subcritical dimensions and d > 5 the super critical dimensions.
We denote the infinite volume covariance by G, that is, G(z,y) :== J~(z,y). G has the
following random walk representation: Let E* be the law of the simple random walk

(Sn)n>0 on 7% started at x.

e When k1 = 1/4d and k2 = 0, that is when the model is the DGFF, then G has

the representation

G(z,y) =T (z,y) = E* (Z 1{Sn:y}> :
n=0

e When k1 = 0 and kg = 1/2, that is the model is the MM, then G can be represented
as (see [47, Proposition 1.2.4] )

G(‘/E7 y) = E$7y Z 1{Sn=Sm} ? 'CE? y € Zd)

n,m=0

where (Sy,)n>0 and (gn)nZO are two independent simple random walk on Z¢ starting

at x and y respectively.
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e When k; and ko are both non-zero constants, we assume for simplicity x; = k/4d
and kg = 1/2. Then
G(I‘,y) = (_’{A + AZ)_I(LL‘, y)

Let I'x(-, -) be the massive Green’s function with mass /k, that is,
o0

1
Z (14 k)m+1 1{Sm=y}> :

m=0

Lu(z,y) = E* (
Then one can show easily

G(z,y) = Z I'(z,2)l (2, y).

z€7%

Also, the infinite volume covariance G satisfies the following property:

Lemma 1.2.3 ([60, Lemma 5.1]). Let d > 2¢ + 1, where

=1, q = kK1 when k1 >0

{ =2, q = ko when k1 = 0.

Then
G(z,0) 1

| |26 = e

lim (1.2.4)
|| —+oo | Q@

where

ne = (2m) ¢ /Om /Rd exp <L<g, 0) — (22)£”9||2‘t> dodt

for any ¢ € S1.

In case of the DGFF and MM, the maximum of the infinite volume model also was
studied by Chiarini et al. [23, 24] and the results are same as those of the finite volume

case.

Notation

In the following C' > 0 always denotes a universal constant whose value however may
change in each occurence. We will use % to denote convergence in distribution. We

denote, for any y = (y1,...,yq) € R% d > 1, the “integer part” of y as |y| =
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(lyl,---, lya]) and similarly {y} = y— |y] is the “fractional part” of y. For real-valued
functions f(-), g(-) we write f > g, f ~ g, f = g, f < g when limn_wo% equals
oo, 1, ¢ and 0, respectively, where c is a non zero constant which may be 1 also. Also we
write f < g if there exist two positive constants Cy, C, such that Cyg(n) < f(n) < Crg(n)

for all n. We will use round brackets (-, -) to denote the action of a dual space on the

original space, and (-, -) for inner products.

1.3 Main results

As mentioned earlier, in this thesis we consider the model where the Hamiltonian is
given by (1.2.1) and the boundary configuration ¢ = 0. We investigate a very natural

probabilistic question:
“What happens to a random interface when one rescales it suitably?”.

We study this scaling limit problem for the model for different values of x; and ko. We
study the following three models: The membrane model (k1 = 0, k2 = 1/2), the (V+A)-
model (K1, ko constants, for simplicity we take k1 = 1/4d, ke = 1/2) and the model with
scaling-dependent ;1 and k9. For the first two models we obtain the scaling limit for the
finite volume case in all dimensions and for the infinite volume case in the supercritical
dimensions. And for the third model, that is, when x; and ko are scaling-dependent, we
consider the different convergence rates of the ratio ko/k; and obtain the scaling limit in
such cases in all dimensions. In the subcritical dimensions we show convergence in the
space of continuous functions and the proofs are completed by showing finite dimensional
convergence and tightness. In the finite volume cases, in the critical and supercritical
dimensions we show convergence in the space of distributions. In this case we need to
look for appropriate spaces of distributions in which we can prove the convergence. As
we will see in the proofs that it is the tightness which put restrictions on the choice of
such spaces. We give precise description of such spaces where the limiting fields exist

and the convergences hold.

In the finite volume case we always assume that our discrete models live well inside
the discretization of a suitably chosen bounded domain (open, connected set) in RY.

More precisely, we consider the models in the following set up. Let d > 1. Let D be a
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bounded domain in R%. For N € N .let Dy = NDNZ® Let us denote by Ay the set of
points x in Dy such that, for every direction i, j, the points x +e;, = & (e; £ e;) are all
in Dy. In other words, Ay € ND NZ? is the largest set satisfying oAy € ND N Z%.
We consider the model with A = Ay and want to study what happens when we scale it
suitably and let NV tends to infinity. In the study we crucially use the property (1.2.2)
which in our case takes the simple form: for z € Ay

(—4dr1A + 202 A%)Gay (7,y) = 0u(y) Yy € An (1.3.1)

GAN(xay) =0 yeakANa
where k = 1 if ko = 0 and k& = 2 if ko > 0. One might expect form here that the lim-
iting fields should have connections with the corresponding continuum elliptic operator

(—4dr1 A + 2k2A2), where A, is the continuum Laplacian defined by

SO0

A, = Zl 92

This is indeed the case as we will see in the next subsections. To prove the results there
we use either the convergence of the Green’s function or the convergence of the solution
of the Dirichlet problems of the discrete approximation operator to the corresponding
continuum counter part. In the infinite volume cases also the limiting fields are defined
using the continuum elliptic operators. In these cases we show convergence using (1.2.3)

and Fourier analysis.

The membrane model (rk; =0, ky = 1/2)

In Chapter 2, which is based on the article [28], we consider the membrane model and
the main results are as follows. We study the scaling limit of this model for both the
finite volume and the infinite volume measures. Depending on the dimension we have

two different types of results.

(i) Convergence in subcritical dimension (d = 2, 3): in this case we obtain convergence
in the space of continuous functions. For simplicity we consider D = (—1,1)¢ and
Dy = NDNZ¢%, where N € N. Let (¢z)zeDy_, be the membrane model on Dy _;.
First we want to define a continuous interpolation 1 of the discrete field to have

convergence in the space of continuous functions. In d = 2, the interpolated field
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(YN (t)),ep is defined by

1
Yn(t) = 2dN (ove) + ANt @ Nt 4es — 2 |Ne))

NG PN perte, — Pntgre))  T{VE} > {VE}

where t = (t1,12) € D and 4, j € {1,2}, i # j. And in d = 3, (Yn(1)),ep i
defined by

1
Yn(t) = VN (p vty + ANt} (ONt)re; — P N1))
+{Nt;} (SDLNtJ-i-ei-i-ej - SO\_th—i-ei)

N (PNt rerteer = PIviente,) ) s ANE > (Nt} > (Nt}

where t = (t1, t2, t3) € D and 4, j, k € {1, 2, 3} are pairwise different. We show
that there exists a centered continuous Gaussian process 1/1%2 on D with covariance

Gp(-, -), the Green’s function for the following continuum Dirichlet problem:

A2u(z) = f(z), z€D

D%u(z) =0, la| <1,z € 0D,

where 0D is the boundary of the domain D and for o = (a1, ..., ag) a multi-index
with «; being non-negative integers

g o

D= ———
: (65] aq
Ox] Oz,

d
|| := Z Q.
i=1

Then vy converges in distribution to ¢§2 in the space of all continuous func-
tions on D. Furthermore the process w%z is almost surely Holder continuous with
exponent 7, for every n € (0, 1) resp. n € (0,1/2) in d = 2 resp. d = 3.
As a consequence we obtain the scaling limit of the discrete maximum. Let

My = maxzepy @z Then as N 1 oo

(2d)'NT My % sup v (z).
x€D
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(ii) Convergence in critical and supercritical dimension (d > 4): in this case we obtain
convergence in the space of distributions. Let D be a bounded domain in R? with
smooth boundary!. We briefly give the definition of the Sobolev space H A 5(D) and
the continuum membrane model. For a more detailed discussion see Chapter 2. By
the spectral theorem for compact self-adjoint operators and elliptic regularity one
can show that there exist smooth eigenfunctions {u;};cn of A2? corresponding to
the eigenvalues 0 < A\; < Ay < -+ — oo such that {u;}en is an orthonormal basis

for L?(D). Now for any s > 0 we define the following inner product on C°(D):

Frg)sne =D NP ug) e (uy, g)pa

JEN

Then M}, (D) is defined to be the Hilbert space completion of C2°(D) with
respect to this inner product. We define 5(D) to be its dual and the dual norm
is denoted by || - ||_s a2. The following definition is from Chapter 2 and provides

a description of the continuum membrane model \II%Q.

Definition 1.3.1 (Continuum membrane model). Let (£;)jen be a collection of

1.9.d. standard Gaussian random variables. Set

2 —-1/2
‘I’% = Z)\] /fjuj.

jeN

Then \11%2 € Hys(D) a.s. for all s > (d—4)/2 and is called the continuum

membrane model.

Consider Ay as defined before. Let (¢z)zen, be the membrane model on Ay.

Define Wy by

(Tw, f): N N T onef(@), fEHA (D).

xENAN

!By a bounded domain D in R? with smooth boundary we mean that at each point z on the boundary
there is an open ball B = B(z) centering the point z and a one-to-one smooth map ¢ from B onto the
unit ball in R? such that (BN D) C R%, ¢(BNAD) C dRL and ¢~* is smooth. Here RY is the half
space {y € R* : y4 > 0}.
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(iii)

We show that, as N — oo, the field ¥ converges in distribution to \11%2 in the

topology of H,5(D) for s > s4, where

et B ) e

Infinite volume (d > 5): we also obtain the scaling limit in the infinite volume
membrane model defined on the whole of Z% and show that the rescaled field
converges to the continuum bilaplacian field on R?. Let us first define the limiting

field. For f € S, the Schwarz space, we define fby

Y 1 —u(z,
F0) = s [, @)

Let us define an operator (—A.)~!: S — L?(R?) as follows [1, Section 1.2.2]:

(807 (@) = g [ eI R e ag

We use now the operator (—A.)™! to define the limiting field U2, The limiting
field UA” is a random variable taking values in §* whose characteristic functional

L a2 is given by

1
Cyse () = o0 (~5 -0 o)« F .

To study scaling limit we consider (¢z),z¢ to be the membrane model in d > 5

and define

_ 1
Un(z) = (2d)INT png, x € 52

For f € S we define

(U, f) Z YN (z

TEF L 7d

Then Wy € §* and the characteristic functional of Wy is given by

Luy(f) = exp(—Var (Vy, f) /2).

We show that Wy 4 pA% iy the strong topology of &*.
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The (V + A)-model (k; = 1/4d, ky = 1/2)

In Chapter 3, we consider the model with k1 = 1/4d and k2 = 1/2. We call this model
the (V 4+ A)-model. The details of Chapter 3 are based on the article [27].

This model interpolates between two well-known random interfaces, namely the dis-
crete Gaussian free field and the membrane model. In [15, Remark 9] it was conjectured
that, in the case of pinning for the one-dimensional (V + A)-model, the behaviour of the
free energy should resemble the purely gradient case. In view of this remark it is natural
to ask if the scaling limit of the mixed model is dominated by the gradient interaction,
that is, the limit is the Gaussian free field (GFF). The main focus is to show that such a
guess is true and indeed in any dimension the mixed model approximates the Gaussian

free field.

From Proposition 1.2.2 it follows that the infinite volume limit exists if and only if
d > 3. In this case also we study the scaling limit for both the finite volume and the
infinite volume model. We first discuss the results in the finite volume case. We have

two different types of results depending on the dimension as follows.

(i) Convergence in d = 1: in the subcritical case we obtain the convergence in the space
of continuous functions. In this case for simplicity we consider D = (0,1) and the
corresponding Dy and Ay as defined before, in particular Ay = {2, ..., N —2}.
To study the scaling limit we define a continuous interpolation ¢y for each N as

follows:

Yn(t) = (Zd)_%N_% [‘PLNU + (Nt — LNtJ)(SOLNtHl - SOLNtJ)] , teD.

We then show that ¢y converges in distribution to the Brownian bridge on [0, 1]
in the space C0,1]. As a by-product of this result we obtain the convergence of

the discrete maxima.

(ii) Convergence in d > 2: in this case the convergence is obtained in the space of
distributions. We consider D to be a bounded domain in R? with smooth boundary.
We briefly give the definition of the Sobolev space H_\ (D) and the Gaussian
free field. For a detail discussion see Chapter 3. By the spectral theorem for

compact self-adjoint operators and elliptic regularity we know that there exist
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(iii)

smooth eigenfunctions (w;);jen of —A. corresponding to the eigenvalues 0 < vy <
vy < -++ — 0o such that (w;);>1 is an orthonormal basis of L?(D). Now for any

s > 0 we define the following inner product on CZ°(D):

<fa g>s,—A = ZVJS<f7 wj>L2<wj s g>L2'
JjeEN
Then H? 4 (D) can be defined to be the completion of C2°(D) with respect to this
inner product. We define H_}\ (D) to be its dual and the dual norm is denoted by
| -1|—s,—a. We give the definition of the Gaussian free field whose well-definedness

is proved in Proposition 3.4.4.

Definition 1.3.2 (Gaussian free field). Let (§;) en be a collection of i.i.d. standard

Gaussian random variables. Set

-A L _ —1/2¢
U™ = E v, §jwj.
jeN

Then \I/BA € H_A(D) a.s. for all s > d/2—1 and is called the Gaussian free field.

We define Ay as before and consider the model (¢;)zcn, on Ay. We then define
Uy by
_1 _d+2 s
(Un, £)i=Qd)72 Y N onaf(x), feH (D)
IE%AN

The result we show is that W converges in distribution to the Gaussian free field

\IIBA as N — oo in the topology of H_\ (D) for s > d.

Infinite volume (d > 3): finally we study the scaling limit of the infinite volume
model. We consider the infinite volume model ¢ = (©z),cpa With law P. We

define for N € N

For f € S we define
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The limiting field in this case is defined to be the field ¥~ on S* whose charac-

teristic functional Lg-a is given by

Ly-a(f) =exp <_;H(_Ac)l/2f”i2(]]{d)> , feSs,

where the operator (—A.)~Y2:S — L?(R?) is defined by

(A f(a) = — / =911 Fle) de.

(2m)4/2 Jgd

We show in this case that Uy 4 A ip the strong topology of S*.

The model with scaling-dependent x; and k-

Notice that in the (V + A)-model in the limit the contribution of the part corresponding
to the Laplacian gets dominated by the other term and we get Gaussian free field as
the limit. Hence it is a very natural question to study what happens if we increase the
strength of the Laplacian part. More specifically, let d > 1 and D be a bounded domain
in RY. We define Ay as before and consider the model with A = An, k1 = 1/4d, ko =
k(N)/2. We want to study what happens when we tune the parameter x(N) suitably
as N tends to infinity. We study this question in Chapter 4, which is based on the
article [29]. We assume k; to be constant as it is easy to present the results in this
format. Also for simplicity we write x for x(N). The results for this model is split into
two parts. In lower dimensions we have convergence in the space of continuous functions

and in higher dimensions the convergence occurs in the space of distributions.

e Lower dimensional results
In this case we consider D = (0,1)¢. Also here, according to the behaviour of x
as N — oo we have three different limits. We define the continuous interpolation

{¥N}Nen in the following fashion:

— Ford=1andt e D

On(t) = en(1) [o|ne) + (Nt = [Nt]) (o nej+1 — 2] - (1.3.3)
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— Ford=2and t = (t1,t2) € D

YN (t) = en(2) [oyne) + {NE} (0| Ntj+e; — ©(N2))

+ {Nt;} (@Lth—l—ei—I—ej - ‘P\_th—l—ei)} , A{Nt} > {Nt;} (134

where i, j € {1, 2}, 7 # j.

— Ford=3and t = (tl,tg,tg,) eD

YN (t) = en(3) [oyney + ANt} (0| Ntj+e: — PN

+ {Ntx} (SOLNtJ+ei+ej+ek - ()DLNtJ—&-eﬁ-ej)} ) if {Nt;} > {th} > {Nty}

(1.3.5)

where 4, j, k € {1, 2, 3} and pairwise different. Here cy(d), d =1, 2, 3, are

scaling factors which are specified in the following result.
We have the following convergence results.

(i) k> N2 Let 1 < d < 3. Define a continuously interpolated field ¥y as in
(1.3.3), (1.3.4) and (1.3.5) with

en(d) = (24) RN T

Then we have, as N — oo, that the field ¢n converges in distribution to
1/1%2 in the space of continuous functions on D, where 1/)%2 is defined to be
the centered continuous Gaussian process on D with covariance Gp(:, -), the

Green’s function for the biharmonic operator (as defined in Subsection 1.3).

(i) x ~ 2dN2. Let 1 < d < 3. Define a continuously interpolated field ¥y as in
(1.3.3), (1.3.4) and (1.3.5) with

en(d) = (2d) VAN
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_ 2 . . L= .
Define ¥ DA+A to be the continuous Gaussian process in D with covariance

Gp(-, -), where Gp is the Green’s function for the problem

(A + Au(z) = f(z), z€D

D%u(zx) =0, Vel <1,z € 0D.

Then ¢ converges in distribution to the field w5A+A2 in the space of con-

tinuous functions on D.

(iii) k¥ < N2. Let d = 1. Define the continuously interpolated field ¥y as in
(1.3.3) with

Then as N — o0, ¥y converges in distribution to the Brownian bridge, 1/15A,

in the space of continuous functions on D.

We remark here that in all the above three cases one can obtain the convergence

of the discrete maximum.

e Higher dimensional results:

Assume that D has smooth boundary. We define the space H_} | \»(D) anal-
ogously to H3(D). One can find smooth eigenfunctions {v;}jen of —A. + A2
corresponding to eigenvalues 0 < p; < pp < -+ — oo such that {v;};en is an or-

thonormal basis of L?(D). One can define, for s > 0, the following inner product

for functions from C2°(D):

2
<f7 g>s7—A+A2 = Z :u‘jS/ <f’ Uj>L2 <Uj)g>L2 .
jeN
Let H® \ , a2 o(D) be the completion of CZ°(D) with the above inner product and
“As+a2(D) be its dual. The dual norm is denoted by [ - || 5 _a;a2. We describe
the details on this space in Section 4.6. The well posedness of the series in the

following definition is proved in Proposition 4.6.3 in Section 4.6.

Definition 1.3.3 (Continuum mixed model). Let (§;)jen be a collection of i.i.d.

standard Gaussian random variables. Set

— 2 —-1/2
pATA ::Z/‘j /fjvj.
jEN
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Then ¥, A+A? ¢ qy—s (D) a.s. for all s > (d—4)/2 and we call it the contin-

—A+A2

uum mized model.

Depending on the behaviour of kK as N — oo we have the following three conver-

gence results.

(i) k> N2 Let d > 4. Define ¥ by

(U, )= 2d)WaN~F 3 onaf(z), | € Hiay(D).

$€%AN

Then we have, as N — oo, that the field ¥ converges in distribution to
the continuum membrane model \11%2 in the topology of H 5(D) for s > sq,

where sg4 is defined in (1.3.2).

(i) x ~ 2dN?2. Let d > 4. Define ¥y by

(\IJN7 f) (Qd) 1\/>N Z @Nxf a fGHS_A_;_AZ,O(D)‘
TE AN

Then, as N — oo, the field ¥ converges in distribution to \IJBA+A2 in the

topology of H~ AJFAQ( ) for s > s where s4 is defined in (1.3.2).

(iii) k < N2 Let d > 2. Define ¥ by

(Uy, f) = (2d) 2N~ Z onaf(x), € HAND).
TE AN

Then, as N — oo, the field ¥y converges in distribution to the Gaussian free

field \IJBA in the topology of H_\ (D) for s > d/2+ [d/2] + 2.

Remark 1.3.4. The choice k ~ 2dN? is just for simplicity. Instead, one can work with
Kk ~ coN? for a generic co > 0. In that case the operator —A. + A? needs to be replaced

with —A, + 4 A2

1.4 A main ingredient in the proofs

We prove all the above results by showing finite dimensional convergence and tightness.

While doing so we heavily use property (1.2.2) of the covariance functions of the models.
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More precisely, we estimate the error between the solutions of the Dirichlet problems
involving the discrete elliptic operator and its continuous counterpart. Then we use
those estimates to prove our results. In estimating the errors we use the idea of Thomée
[69]. In some cases our set up falls under the more general set up in [69]. Unfortunately,
the constants involved in those error bounds depends on the smoothness of solution. So
even in those cases we need to improve his result quantitatively for our use. In other
cases our set up becomes much more specific and hence requires more care in following
his technique for the error estimation. For the model with scaling-dependent k1, ko the
idea of Thomée [69] falls short in the case k < N2. In this case we use a suitable cut-off

function to estimate the error.

Let us see briefly how his idea works in case of the DGFF. Let d > 2 and let D
be a bounded domain in R? with smooth boundary. Let us consider the DGFF on the

corresponding Ay and define ¥y by

m\»—A

(y, f) = (2d) 3N~F Z onaf(x), fEH AD).

TE AN

We want to show that as N — oo, the field ¥y converges in distribution to the Gaussian
free field U2 in the topology of HZ5 (D) for s > d/2+ |d/2]| + 3/2. We first show the

finite dimensonal convergence. For f € C2°(D) we have

Var[(Uy, /)] =N > Hy(z)f(z)

IG%AN

where

_ 1
Hy(z) := N2 Z Gay(Nz,Ny)f(y), = € NZd'
yG%AN
Now using (1.2.2) one can show that Hy satisfies the following discrete Dirichlet problem:

Hy(z) = f(z) =€ yAy

1
N

Hy(z)=0 r ¢ +AN.

Here, for any A > 0 the discrete approximation Ay of the Laplace operator is defined by

d
1
Apu(zx) : hiz_: u(z + he;) + u(x — he;) — 2u(x)).
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We now use Thomée [69]’s idea (in this case [69, Theorem 5.2]) to show that Hy in

some sense is close to the solution u of the continuum Dirichlet problem

—Acu(r) = f(z) zeD

u(z) =0 x € dD.

More precisely, if we define ey(z) := Hy(z) — u(z) for z in the the set DN + 74, then

1
N~ Z eN(:U)QSCN.

CCE%AN

Using this estimate one can show that

Varl(¥x, )] <o | u(e)f(@)de = Var((@52, 1)

To complete the proof of finite dimensional convergence one just need to use the Gaus-
sianity and the fact C2°(D) is dense in H? 5 o(D). In order to show tightness, one can
obtain the constant C' in the above estimation explicitly in terms of u and its partial

derivatives and then show that

limsup Ep [ Un ]2, _a] < 00 Vs > d/2+ [d/2] + 3/2.

N—oo

Note that here we are getting some restriction on s as far as the space of convergence is
concerned. Tightness now follows as an application of Rellich’s theorem. Thus Thomée
[69])’s idea of error estimation indeed helps one to show that the scaling limit of the
DGFF is the Gaussian free field. We prove our results in similar manner. The proofs
are more involved and need lot more care in showing the estimates and different other
things as we go beyond DGFF and the operator —A.. The thesis is mostly concerned

with making the above ideas suitable for different interface models.



Chapter 2

The scaling limit of the

membrane model

2.1 Introduction

In this chapter we study the scaling limit of the membrane model (MM), also known
as discrete bilaplacian model. The membrane model is a special instance of interface

models. It is the Gaussian interface for which

1
H) =1 Y 1Al (2.11)
z€Z4
That is, MM is the field ¢ = (¢z), 74, Whose distribution is determined by the proba-

bility measure on RZd, d > 1, with density

1 1
Pj(dg) = - exp _§Z|A%\2 [Tde: T do(des).
A zezd zEA zeZI\A

where A € Z% is a finite subset, dy, is the 1-dimensional Lebesgue measure on R, dy
is the Dirac measure at 0, and Z, is a normalising constant. We are imposing zero
boundary conditions i.e. almost surely ¢, = 0 for all x € Z4\ A, but the definition holds
for more general boundary conditions. In case A = Vi := [-N, N]¢ N7Z%, we will denote
the measure Py, with Hamiltonian (2.1.1) by Py. Introduced by Sakagawa [60] in the

probabilistic literature, the MM looks for certain aspects very similar to the DGFF': it is

25
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log-correlated in d = 4, is supercritical in d > 5 and is subcritical in d < 3. In particular
in d < 4 there is no thermodynamic limit of the measures Py as N 1T co. The MM
displays however certain crucial difficulties, in that for example it exhibits no random
walk representation, and several correlation inequalities are lacking. In this framework
we present our work which aims at determining the scaling limit of the bilaplacian model.
The answer in d = 1 was given by Caravenna and Deuschel [21], who also look at the
situation in which a pinning force is added to the model. We complement their work by

determining the scaling limit in all d > 2.

FIGURE 2.1: A sample of the MM in d = 2 on a box of side-length 500.

The main contributions are as follows:

® in d =2, 3 we consider the discrete membrane model on a box of side-length 2NV
and interpolate it in a continuous way. We show that the process converges to a
real-valued process with continuous trajectories and the convergence takes place in
the space of continuous functions (see Theorem 2.2.1). The utility of this type of
convergence is that it yields the scaling limit of the discrete maximum exploiting
the continuous mapping theorem (Corollary 2.2.2). While the limiting maximum
of the discrete membrane model was derived in d > 5 by Chiarini et al. [24] and in
d = 4 by Schweiger et al. [64]. The limit field also turns to be Hélder continuous

with exponent less than 1 in d = 2 and less than 1/2 in d = 3.
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The proof of the above facts is based on two basic steps: tightness and finite
dimensional convergence. Tightness depends on the gradient estimates of the dis-
crete Green’s functions which were very recently derived in [54]; finite dimensional

convergence follows from the convergence of the Green’s function.

® In d > 4 the limiting process on a sufficiently nice domain D will be a fractional
Gaussian field with Hurst parameter H := s —d/2 on D. The theory of fractional
Gaussian fields was surveyed recently in [51]. The authors there construct the
continuum membrane model using characteristic functionals. We take here a bit
different route and give a representation using the eigenvalues of the biharmonic
operator in the continuum. We remark however that these eigenvalues differ from
the square of the Laplacian eigenvalues due to boundary conditions. The GFF
theory which is based on H{ (D) (the first order Sobolev space) needs to be replaced
by HZ(D) (second order Sobolev space).

Our main result is given in Theorem 2.3.11. Its proof is again split into two steps:
finite dimensional convergence and tightness. Both steps crucially require an ap-
proximation result of PDEs given by Thomée [69]: there he gives quantitative
estimates on the approximation of solutions of PDEs involving “nice” elliptic op-
erators by their discrete counterparts. We believe that the techniques used in this
chapter might have implications in the development of the theory of the membrane
model, in particular the idea of tackling boundary values by rescaling the standard
discrete Sobolev norm around the boundary. Especially in d = 4 this allows one to
overcome the difficulty of extending estimates from the bulk up to the boundary,

which is generally one stumbling block in the study of the MM.

& In d > 5 we also consider the infinite volume membrane model on Z¢. We show
in Lemma 2.4.2 that the limit is the fractional Gaussian field of Hurst parameter
H :=2—d/2 < 0on R (see [51]) and we prove in Theorem 2.4.3 the conver-
gence with the help of characteristic functionals. We utilise the classical result of
Fernique [36] (recently extended in the tempered distribution setting by Biermé
et al. [6]) stating that convergence of tempered distributions is equivalent to that
of their characteristic functionals. Technical tools useful for this scope are the
explicit Fourier transform of the infinite volume Green’s function and the Poisson

summation formula.
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We stress that, regardless of the dimension, the field is always rescaled as N(d=4/ 20N
for z € N~1Z?. Heuristically, the factor N4~¢ corresponds to the order of growth of the

variance of the model in a box, which we recall here for completeness.

i) In d = 2, 3 if d(-) denotes the distance to the boundary of Vi one has for some
constant C' > 0 [54, Theorem 1.1]

T 2 2
|Covn ¢z, ©y)| < Cmin <d(x)2—d/2d(y)2—d/2’ m> ‘

ii) In d = 4 let us denote the bulk of Viy by Vi := {z € Viy : d(x) > 6N} for § € (0,1).

Then from [25, Lemma 2.1] we have: there exists a constant C'(d) > 0 such that

8
sup | Cov(pe, 9y) — 5 (log N — log(lz — ]| + 1))| < C(6).
x,erI‘\S, n

iii) In d > 5 the infinite volume covariance satisfies (see Lemma 1.2.3)

|Cov (@, wy)l ~ Callz —y[|* as [z —y|| — cc.

Interestingly this reflects the behavior of the characteristic singular solution (fundamen-

tal solution) of the biharmonic equation, which is

Cyl|z||*—¢ d odd or d even and d > 6

Cyllz||*~%log ||z|| d even and d < 4.

The reader can consult [52], [53, Section 5] and references therein for sharp pointwise
estimates of the Green’s function of the bilaplacian in general domains and for regularity
properties of the biharmonic Green’s function. We fix a constant » := (2d)~! throughout

the whole chapter.
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2.2 Convergence in d =2, 3

2.2.1 Description of the limiting field

Let D = (—=1,1) and Dy = ND N Z% where N € N. Let (¢z)zepy_, be the MM on
Dy_1 and let Gy_1 be the covariance function for this model. From (1.2.2) it follows

that Gy _1 satisfies the following discrete boundary value problem for all x € Dy _q:

AQGN*I(Iv y) = 5z(y)v RS DNfl

GN—l(xa y):O7 y¢DN—1

First we want to define a continuous interpolation ¥y of the discrete field to have
convergence in the space of continuous functions. There are many ways to define the
field (Yn(t)),cp- We take one of the simplest geometric ways which is akin to the
interpolation of simple random walk trajectories in Donsker’s invariance principle. Mind
that we take the domain as a square since the recent gradient estimates and convergence

of the Green’s function of Miiller and Schweiger [54] can be applied easily.

Interpolation in d = 2. Let t = (t1, t3) € D. Then p := Nt lies in the square box
with vertices a = | Nt|,b = |Nt| + e1,¢c = | Nt| + e; + ea,d = | Nt] + ez, where ey, €9
are the standard basis vectors of R%. Suppose p is a point in the triangle abc. Then we
can write p = aa + b+ ye with a =1 — {Nt1}, 8 = {Nt1} — {Nta}, v = {Nt2}. And

in this case we define
K
YN (t) = N[O“PLNH + /BSDLNtH-el + 7<PLNtH-e1+e2]-
Similarly, if p € Aacd then we define
R / / /
UN () = &Ny + B PNt ves TV PN ertes]

where

Oé, =1- {Ntz}, ﬁ/ = {th} — {Ntl}, ’7/ = {Ntl}.

Thus the interpolated field (¢n(t)),cp is defined by
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K
YN (t) = N[@LN@ +{Nt:} (Nt +e; — € |N))

{5} (@ivesrente, = lnaee )l INE} 2 {NE5)

where 7, j € {1, 2}, i # j.

Interpolation in d = 3. In d = 3 the interpolated field can be defined in the same

way as above. We use tetrahedrons to define the interpolated field as

K

t + {Nt; e —
Y (t) \/N[SOLNtJ {Nt:} (0| Nt)+e; — PINY)
+ {Nt]} (@LNtJ#»eri»ej - QOLNtJ+€Z)

ANt} (Pwt)sertester — PNt sere )]s NG} 2 [Nt} = (V)

where t = (t1, ta, t3) € D and i, j, k € {1, 2, 3} are pairwise different.
Note that in both d = 2,3 we have

_ 1
N(t) =k dT4gDNt, te — .
" N NZd

From the above construction it follows that, for each IV, ¥y is a continuous function
on D. This shows that ¥y can be considered as a random variable taking values in
(C(D),C(D)) where C(D) is the space of continuous functions on D and C(D) is its
Borel g-algebra. Also recall the definition of Green’s function: the Green’s function for
the biharmonic operator is Gp : D x D — R such that for every fixed x € D, it solves
the equation

AEGD(ZE,y) :5$(y)7 y€D7
in the space HZ(D), the completion of C2°(D) with respect to the norm
£y = IV2£ 22 y-

In the above equations Ag, the continuum bilaplacian, acts on the y component, and V%

is the Hessian. The detailed properties of such spaces are needed in d > 4 so we defer



2.2. Convergence ind = 2, 3 31

the discussions on them to Section 2.3. We denote the continuum Green’s function by

G p to indicate the dependence on the domain D.

We are now ready to state our main result for the case d = 2, 3. It shows that the

convergence of the above described process occurs in the space of continuous functions.

Theorem 2.2.1 (Scaling limit in d = 2, 3). Consider the interpolated membrane model
(YN (t))ep in d =2 and 3 as above. Then there exists a centered continuous Gaussian
process w]%Q with covariance Gp(-, -) on D such that 1y converges in distribution to %%2
in the space of all continuous functions on D. Furthermore the process ¢%2 s almost
surely Hélder continuous with exponent n, for every n € (0, 1) resp. n € (0, 1/2) in
d=2 resp. d=3.

An immediate consequence of the continuous mapping theorem is that, as N — oo,

d 2
sup Y () = suB¢lA) (z).
xzeD reD

It is easy to see that for any square or a cube A in the % 7% lattice,

d—4
sup ¥y (x) = KN 2 max{pn, : T is a vertex of A}.
T€EA
d—4
Hence sup, 5 Yy (x) = kN 2 maxzep, pz. S0 combining these observations we obtain

the scaling limit of the maximum of the discrete membrane model in lower dimensions.

Corollary 2.2.2. Let d € {2, 3} and let My = max,epy @z Then as N 1 oo

d—
kNT My % sup w%Q(x).
zeD

2.2.2 Proof of the scaling limit (Theorem 2.2.1)

The proof follows the general methodology of a functional CLT, namely, we first show
the tightness of the interpolated field and secondly we show that the finite dimensional
distributions converge. As a by-product of the proof, the limiting Gaussian process
will be well-defined, that is, its covariance function will be positive definite. The finite
dimensional convergence follows easily from the very recent work of Miiller and Schweiger

[54] where the convergence of the discrete Green’s function to the continuum one is
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shown. Tightness also requires the crucial bounds on gradients which were derived in
the same article. Since we have interpolated the field continuously and not piece-wise in
boxes or cubes one of the main efforts is to deduce moment bounds from integer lattice

points.

Tightness and Holder continuity

To derive the tightness we need the following ingredients. The first one consists in the
following bounds for the discrete Green’s function and its gradients which follow from

[54]. We define the directional derivative of a function u : Z¢ — R as
Diju(z) :=u(x + ¢;) — u(x),
and hence the discrete gradient becomes
Vu(z) = (Diu(@))L;.

For functions of several variables we use a subscript to indicate the variable with respect
to which a derivative is taken, for example in D; 1D;j ou(z, y) we take the discrete
derivative in the direction 7 in the variable x and in j in the variable y, and V,G(z, y)
means we are taking the gradient in the x variable. We now state some bounds on the
covariance function and its gradient from [54], where they appear in a more general

version.

Lemma 2.2.3 ([54, Theorem 1.1]). Let d € {2, 3}.

(i) For any x,y € Z2
G (,y)] < CN*T4

(ii) For any x,y € Z°
IVeG(z,y)l| < N

(iii) For any x,y € Z2

N2 g
C ifd=3

V2V, G (z,y)|| < (2.2.1)
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Now from the estimate (2.2.1) and the fact that
E |(pore, = ¢:)°| = Di2Din Gz, 2)

one can observe the following Fact.

Fact 2.2.4. For z € 7¢

ClogN  ifd=2

E (Soz-i-ei - 902)2} < .
C ifd=3

Next we want to show that the sequence {¢)n}nen is tight in C(D). We use the

following theorem, whose proof follows from that of Theorem 14.9 in [45].

Theorem 2.2.5. Let X', X2, ... be continuous processes on D with values in a complete
separable metric space (S,p). Assume that (X{) is tight in S and that for constants
a,8>0

E[p(X", XM < C||s —t|¥*?, s, teD (2.2.2)

uniformly in n. Then (X™) is tight in C(D,S) and for every ¢ € (0,3/a) the limiting

processes are almost surely Holder continuous with exponent c.

Observe that the process (1n(t)),.p is Gaussian, and since from Lemma 2.2.3 it
follows that Gy_1(0,0) < N*9 it is easy to see that (¢ (0)) is tight. Again, using
the properties of Gaussian laws, to show (2.2.2) it is enough to show the following the

lemma.

Lemma 2.2.6. Letbe€ (0,1) ind=2 and b =0 in d = 3. Then there exists a constant
C > 0 (which depends on b in d = 2) such that

E [[in(t) = o ()] < Cllt = 5 (2:2.3)
for all t,s € D, uniformly in N.

This lemma will immediately give (2.2.2) and hence the Holder continuity of the

limiting field.

Corollary 2.2.7. The field ¢%2 18 almost surely Holder continuous with exponent n,

where n € (0, 1) ind =2 and n € (0, 1/2) in d = 3.
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Proof. We note that for ¢, s € D, the random variable ¥y (t) — ¥y(s) is Gaussian.
Therefore using Lemma 2.2.6 we have, for any « such that (1 4+ b)a/2 > d, that there is
a constant C' such that the following holds uniformly in N with 8 := (1 +b)a/2 — d :

E[j¢n(t) — ¥n(s)*] < Cllt — 51", s, teD.
The conclusion follows then from Theorem 2.2.5. O
Now we show the proof of the lemma.

Proof of Lemma 2.2.6. First we consider d = 2. We fix a b € (0, 1) and let ¢, s € D.

We split the proof into a few cases.

Case 1: Suppose t, s belong to the same smallest square box in the lattice % Z2.
First assume | Nt| = | Ns], that is, the points are in the interior and not touching the
top and right boundaries. In this case if we have {Nt1} > {Nto} and {Ns1} > {Nss}.

Then by definition of the interpolation we have

ONn () — PN (s) = K[(t1 — s1) (L[ Ne)+er — ©1Ne))

+ (t2 — s2) (SO\_NtJ—i—el—i-ez - ‘p\_th—l—el)]'
So from the above expression we have
E |(¥n() = ¥ (5)’] < 2625 — 1) El(e nusrer — #130)’]
2
+ (tQ - 82)2E[(¢LNH+61+62 - QOLNtJ—&-el) H

Now from Fact 2.2.4 and |t; — 51|, [t2 — s2] < N~! we obtain (2.2.3). The argument is
similar if one has {Nt;} < {Nt2} and {Ns;} < {Nso}.

Again if {Nt;} > {Nto} and {Ns1} < {Nsa}, or if {Nt;} < {Nt2} and {Ns;} >
{Ns2} then we consider the point u on the line segment joining ¢ and s such that Nu
is the point of intersection of the line segment joining Nt, Ns and the diagonal joining

|Nt], |Nt| + e1 + ea. Then we have using the above computations

E |[¥n(®) — n ()] < 2B [low() = ow(P] + 2B [[in () — v ()]
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< C [l =ul ™+ flu = 5] < CJlt = s||™*.

Now the other case, that is, when | Nt| # | N's| follows from above by continuity.

Case 2: Suppose t,s do not belong to the same smallest square box in the lattice
+ Z*. In this case if ||t — s|| < 1/N then one can obtain (2.2.3) by the above case and
a suitable point in between. So we assume ||t — s|| > 1/N. Depending on whether Nt
and Ns belong to the discrete lattice we split the proof in two broad cases. We will
use bounds on mixed discrete derivatives for a better control of finite differences of the

Green’s function.
Sub-case 2 (a) Suppose t,s € & Z?. Then

2

E |[v (1) = n()°] = 15 [Gr-1 (N N) = Gy-1(Ns, NY)

—GN_1(Nt,Ns) + Gn_1(Ns,Ns)].
We assume without loss of generality Ns; < Nti1, Nso < Ntg. Also denote M :=

N(t1 — 81 +ty — s3) and let (u;)M, be such that u; = s +i/Ney for i < N(t; — s1) and
U; =8+ (tl — 81)61 + (Z/N — (tl — 81))62 for ¢ > N(tl — 81>. Then

M—

|_I

2
K
E[\ww)— ] el > [Gn-1(Nuit1, Nt) — Gy_1(Nu;, Nt)]
=0
— [GN-1(Nujt1,Ns) = Gy—1(Nu;, Ns)]
2 M-—1
=2 Z [GN-1(Nuiy1, Nuji1) — Gn-1(Nujy1, Nuy)
1, 7=0
N2
—Gn_1(Nu;, Nu; _(Nuj, N 1
GN 1( U u]+1)+GN ( U u] Z Og< ”NUZ NU]H+1)2)

1,7=0

where we have used (2.2.1) in the last inequality and we have absorbed the constant 2
in the generic constant C'. Now using the definition of u;, u; the right-hand side above

is bounded above by

M—-1 N2 CM N
Nzl;()log 1+( §'+1> ﬁz < z—j!—l—l))
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TM A% log< ]l!]il)> CM/ 10g<1+ )dx
()

N
[1 + log (1 + M)] < O||t — s||**P.

| /\

| /\

Sub-case 2 (b) Suppose at least one between ¢, s does not belong to % Z?. Then

E[[¢Yn(t)— wN(S)F} < 3E ‘le (t) — ¥y (LN”) ?

N

v o (30 o (L) o (52) - oo
ol

< O||t — s °.
Note that for the last inequality we have used our assumption ||t — s|| > 1/N.

Now we consider d = 3. Let t, s € D. We split the proof into cases similar to those of
d = 2. We give a brief description. For Case 1, suppose t, s belong to the same smallest
cube in the lattice 4 Z*. First assume |Nt] = [Ns]. In this case if {Nt1} > {Nto} >
{Nts} and {Ns1} > {Nsa} > {Ns3} then it follows from the definition of interpolation

E |(¢n(t) - ¢N(S))Q] < 3NK?[(t1 — 51)°El(@ |3t 4er — 2 ne)) ]
+ (t2 — 52)2E[(90Lth+e1+e2 - CPLNtHel)Q]

2
+ (t3 — 53)2E[(<PLth+e1+e2+e3 - SDLNtJ+el+e2) Il

Now from Fact 2.2.4 and the fact that [t; — s1],|t2 — s2|,|ts — s3] < 1/N we have
(2.2.3). Note that this is a particular case of t,s lying in the same tetrahedral por-
tion of the cube. Hence if ¢, s lie in the same tetrahedral portion of the cube then by
similar arguments (2.2.3) holds. If ¢,s do not lie in the same tetrahedral part then we
consider points (at most 3) on the line segment joining them such that two consecutive
between ¢, the selected points and s lie in the same tetrahedral part. Then applying
the previous argument we can obtain (2.2.3). Now the case when | Nt] # | Ns] follows
by continuity. For Case 2, we describe Sub-case 2(a) which turns out to be simpler in

d = 3. The rest of the argument is similar to that in d = 2. Suppose t,s € % 73 with
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|t —s|| >1/N. Then

E [[yn(t) — ¢N(s)\2] = ’;\j[GNl(Nt, Nt) — Gn_1(Ns, Nt) — Gy_1(Nt, Ns)

+ GN-1(Ns, Ns)]

Without loss of generality assume Ns; < Nty, Nso < Nto, Ns3 < Nt3. Then

N(tl sl)
Gn_1(Nt,Nt) — Gy_1(Ns, Nt) Z D1 1GN_1(Ns + (i — 1)ey, Nt)

N(tg—sg)
+ Z DQ’lGN_l(NS—i-N(tl—81)61+(j—1)€2,Nt)
j=1
N(t3783)
+ Z D3’1GN_1(NS + N(tl — 81)61 + N(tQ — 82)62 + (l — 1)63, Nt)
=1

< C(N(tl —51) —I—N(tg —Sz)—l—N(tg —83)) < CNHt—SH.

Hence (2.2.3) follows. O

Finite dimensional convergence

The content of this subsection is to show

Proposition 2.2.8. With the notation of Theorem 2.2.1, for all s, t € D,

lim Cov(vn () ¥n(s)) = Cov(yp (£). 45 (s))-

Proof. To show the finite dimensional convergence we use [54, Corollary 1.4] (there the
domain was (0, 1)¢ but the result works for D as well). We observe that for h := 1/N,
one has Gn_1(z,y) = 4d*h?=*G}, (hx, hy) where G}, satisfies for = € int(Dy,) with Dy, =

[—1,1]4 N h Z% the following boundary value problem

ALGh(x,y) = 20.(y) y € int(Dy)

Gp(z,y) =0 y ¢ int(Dp,)

where Ay, is defined by

d
A (@) hiz P+ hes) 4 flx — hey) — 2f () (2:2.4
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and f is any function on hZ% We call such a function a grid function. Let 1/11%2 be the
Gaussian process on D such that E[ IA)Q (t) %2 (s)] = Gpl(t,s) for all t, s € D, where
Gp is the Green’s function for the biharmonic equation with homogeneous Dirichlet
boundary conditions (it will be a by-product of this proof that such a process exists).

First we consider d = 2. For t € D we have

Yn(t) = Yna(t) +na(t),

where Yy 1(t) = §¥|ne) and
K
vnvat) =5 D TaneyzvenOUNE} (Pine e, — 91ve)
i.G€{1.2} i)

+ {NVt;} (SOLNtJ+ei+ej - §0|_Nt]+ei)]'

Then using Fact 2.2.4 we have Var(yn2(t)) < C(log N)N 2 and hence ¢y 2(t) con-
verges to zero in probability as N tends to infinity.
Again if t € D then
2

Var(na(t) = 15Gy-1(INE], [Nt]) = Gu(h|Nt] b Nt])

and Gp(h|Nt],h|Nt]) converges to Gp(t,t) by [54, Corollary 1.4]. Also if t € D then
Var(yn,1(t)) = 0= Gp(t,t). Hence ¥n(t) 4 ]%2 (t).

Similarly one can show using Lemma 2.2.3, Fact 2.2.4 and [54, Corollary 1.4] that
for any t,s € D,
2 2
Cov(¥n (1), v (s) = Cov(up (1), ¥ (5)).

Since these variables under consideration are Gaussian, the finite dimensional follows

from the convergence of the covariance.

In d = 3, for t € D we have

K K
Un(t) = NiRdLC R > Ltz ity (ve ) ()

1,4, k€{1,2, 3}, pairwise different
[{Nt;} (@LNtHei — (PLth) + {Nt;} ((pLNtJ+ei+ej - <PLNtJ+ei)

+ {Ntk} (SDLNtJJreiﬁLequek - QOLNtJ+ei+ej>}
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= YN1(t) + VYna(t).

By means of Fact 2.2.4 we have Var(yn2(t)) < C/N and hence 9y 2(t) converges to
zero in probability as N — oo. The rest of the proof is the same as d = 2 and follows

from [54, Corollary 1.4]. O

2.3 Convergence of finite volume measure in d > 4

In this section D denotes a bounded domain in R?, d > 4, with smooth boundary.

Remark 2.3.1 (Regularity of the boundary of the domain). The assumption of smooth-
ness of the boundary is required to obtain asymptotics of the eigenvalues of the bihar-

monic operator (cf. Proposition 2.3.9).

2.3.1 Description of the limiting field
Spectral theory for the biharmonic operator

Let C°(D) denote the space of infinitely differentiable functions v : D — R with
compact support contained in the interior of D. Recall that for a = (o, ..., ag) a

multi-index
o 0%

DY =— ... 2 _
ozt Oxy

u.

1
loc

Suppose f, g € L; (D). One says that g is the a-th weak partial derivative of f (written

Do = g) if
/ fD%udz = (—1)'0"/ gudz Vue C(D).
D D

The Sobolev space W¥? is defined in the usual way as
WHP = {f € Li,o(D) : D*f € LP(D), |o| < k}.

Denote by H*¥(D) := W*2(D), k =0, 1, ..., which is a Hilbert space with norm

1/2

Wl = | 3 / D f? da

laf<k” P
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It is true that if @ > b then H*(D) C H®(D). Let us define another Hilbert space,
HE(D) = Ce=(D)

and let H=*(D) = [H}(D)]* be its dual. In this section we will use round brackets (-, -)
to denote the action of a dual Hilbert space on the original space, and (-, -) for inner

products. We consider the inner product

(u, U>H§ :/DAcuAcvdx

which induces a norm on HZ(D) equivalent to the standard Sobolev norm [39, Corol-

lary 2.29]. We always consider H3(D) with this norm.

We review briefly the spectral theory for the biharmonic operator as it helps us to
give an explicit construction of the continuum bilaplacian field. We have the following
theorem, which basically says that we can construct an operator B being the inverse of

the bilaplacian (see also Remark 2.3.8).

Theorem 2.3.2. There exists a bounded linear isometry
By : H*(D) — HZ(D)
such that, for all f € H=2(D) and for allv € H3(D),
(f, ) = {v, Bof) gz

Moreover, the restriction B on L?(D) of the operator i o By : H-%(D) — L*(D) is a

compact and self-adjoint operator, where i : H3(D) < L?(D) is the inclusion map.

Proof. Fix f € H 2(D). By the Riesz representation theorem there exists a unique
ug € HZ(D) such that for all v € HZ(D)

(f ) = (o) gz

We define By f := uy. Then by definition By is a bounded linear isometry and for all
v € HE(D)
(f,v) = (0. Bof s
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We have HZ(D) < H(D) < L?(D) and the second embedding is compact. So i :
HZ(D) < L?*(D) is compact and hence the operator i o By : H2(D) — L*(D) is
compact. This implies that the restriction B is compact. B is self-adjoint as for any

f.9 € L*(D),

Consequently we can find now an orthonormal basis of elements of H3(D), as the

next theorem shows.

Theorem 2.3.3. There exist u1, us, ... in H3(D) and numbers
O< A< < -+ =

such that

{u;}jen is an orthonormal basis for L*(D),

Bu; = )\j_luj, where B is as in Theorem 2.5.2,

o (uj,v)Hg = \;j (uj,v) 2 for all v € HZ(D),

{

/2u]~} is an orthonormal basis for H3(D).

Proof. By the spectral theorem for compact self-adjoint operators we get an orthonormal
basis of L?(D) consisting of eigenvectors of B with Bu; = Xjuj and eigenvalues Xj — 0.

Note that for any f € L?(D), Bf = 0 implies that
(0, fgz = (v, Bf)yz =0 Yo € HA(D)
and hence (g, f);2 = 0 for all g € L?(D) (since HZ(D) is dense in L*(D)) and so f = 0.

Thus 0 is not an eigenvalue of B and we have for any j € N

] .
uj = = Bu; = BX € Range(B) C H3(D).
)\j )‘j
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Hence u; € HZ(D). Now observe that, for any j € N, Xj (uj, v)Hg = (Buj, v)Hg =
(uj, v) ;. for all v € HF(D). So this gives

Aj (uj, wj) e = llugllp> = 1.

But <“j’uj>H§ > 0 and hence A; > 0 for all j € N. We define \; := l/Xj. So we can
conclude

0<)\1§)\2§...—>OO.

Moreover Bu; = )\j_luj and
(uj, v>H§ =\ (uj,v),;, Vo€ HF(D). (2.3.1)

We now show that {)\;1/ 2Uj} jen is an orthonormal basis for H3(D). Indeed we have

1 1 1 1
T2, .\ 2 —NTZNT2 (.
<)\j Uj, A uk> 2—)\j Ak (u],uk>H3
H
0

Ak

N|=

A

Sl

<Uj, uk>L2 = 5jk~

So {)\;1/2%} is an orthonormal system. But for any v € HZ(D), (uj,v>H3 = 0 for all
j implies that (uj,v) 1, = 0 for all j which in turn implies v = 0. This completes the

proof. O

Corollary 2.3.4. For each j € N one has u; € C*°(D). Moreover u; is an eigenfunction

of A2 with eigenvalue \;.
Proof. We have for all v € HZ(D):
(A2uj,v) 2 & g, )y N (g o)
where “GI” stands for Green’s first identity
/ uAodV = / Veu - chdV+/ uVev-ndS.
D D aD

Thus u; is an eigenfunction of A2 with eigenvalue Aj in the weak sense. The smoothness

of u; follows from the fact that A2? is an elliptic operator with smooth coefficients and
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the elliptic regularity theorem [37, Theorem 9.26]. Hence u; is an eigenfunction of A2

with eigenvalue A;. O

Remark 2.3.5. As a consequence of the above, one easily has that

111 = DA (Fui) e

Jj=1
for any f € H3(D).
We conclude this subsection with some bounds for the derivatives of the eigenfunc-
tions u; of Theorem 2.3.3.

Lemma 2.3.6. The following bounds hold:

sup|u;(2)] < CAY, (2.3.2)
zeD
Z sgg|DO‘Uj(x)| < C)\?, (2.3.3)
loj<2”
> sup | D%uj(z)| < CA (2.3.4)
laf<5 ™

where

(g emeg] meves

Proof. Taking ly = [1/4(]|d/2] +1)] we obtain from [35, Chapter 5, Theorem 6 (ii)] that
supgeplu;(@)| < Clluj| gao py- Now a repeated application of [39, Corollary 2.21] gives
sup|u;(@)| < Clluj|l gao(py < CAjllujll gag-apy < -+ < C’)\é-o.

zeD

The other two bounds are obtained similarly. We make a passing remark that the

smoothness of the boundary is needed in the results quoted above. O

Definition of the limiting field via Wiener series

For any v € C2°(D) and for any s > 0 we define

2 2
1ol|2 a2 = SN2 (0,052
jeN
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We define H3, (D) to be the Hilbert space completion of C2°(D) with respect to the
norm || - [|5 a2. Then ( A2 olD), Il - H&Az) is a Hilbert space for all s > 0.

Remark 2.3.7.

e Note that for s = 2 we have "3, ,(D) = H§(D) by Remark 2.3.5.

o i: M5 ,(D) — L*(D) is a continuous embedding.

Dual spaces. For s > 0 we define H \5(D) = (H}\. (D))", the dual space of H}, (D).
Then we have

Hiz (D) C L*(D) € H3(D).

We denote the dual norm by || - ||_s 2. For any v € L*(D) we have

—s/2 2
[0l g e = DA (0, )3
JEN

Remark 2.3.8. By means of integration by parts we obtain, for every f € C°(D), that

the solution uy of the boundary value problem

AZu(z) = f(z), z€D (2.3.5)

D%u(x) =0, la] <1,z € OD.

where a = (aq,...,0q) is a multi-index with o;’s being non-negative integers, is such

that for all v € C°(D)

/ v(x)f(z)dz = / v(z)A2up(z)dz = (v, “f>Hg'
D D

Using the denseness of C2°(D) in HZ(D) we conclude from Theorem 2.3.2 that Byf =

ug. Thus we have

191200 = [ wp(o)f@)de = g3
D

Before we show the definition of the continuum membrane model, we need an analog

of Weyl’s law for the eigenvalues of the biharmonic operator.

Proposition 2.3.9 ([4, Theorem 5.1], [57]). There exists an explicit constant ¢ such
that, as j T 400,

A ~ A/
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The result we will prove now shows the well-posedness of the series expansion for

A2
ua’,

Proposition 2.3.10. Let (§;)jen be a collection of i.i.d. standard Gaussian random

variables. Set

2 —1/2
\IJZA) = Z)\] / fjuj.
JEN

Then \II%Q € H 5(D) a.s. for all s > (d —4)/2.

Proof. Fix s > (d—4)/2. Clearly u; € L*(D) C H,3(D). We need to show that
||\Il%2 |—s,a2 < +00 almost surely. Now this boils down to showing the finiteness of the

random series

2
AZ12 . —s/2 -1/2 . —2-1 9
5 ”—S,AQ_Z)‘]‘ ZAk ugék , uj _Z)\jz &;
j=1 k>1 i>1
where the last equality is true since (u;);>1 form an orthonormal basis of L?(D). Observe
that the assumptions of Kolmogorov’s two-series theorem are satisfied: indeed using

Proposition 2.3.9 one has
S (5 g) = ) < o
Jj=1 Jj=1

for s > (d —4)/2 and
ZVar ()\;5_15]2) = Zj_%(8+2) < 400
j>1 i>1

for s > (d — 8)/4. The result then follows. O

Definition of the limiting field via abstract Wiener spaces

We want now to connect the series representation given in Proposition 2.3.10 with an
equivalent characterisation of \I'%Q. This alternative definition can be given through the
theory of abstract Wiener space (AWS). For a comprehensive overview of the theory we
refer the readers to [68] for example. For our purposes it will suffice to recall that an

abstract Wiener space is a triple (0, H, W), where
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e O is a separable Banach space,

e H is a Hilbert space which is continuously embedded as a dense subspace of O,

equipped with the scalar product (-, -) ,

e W is a Gaussian probability measure on © defined as follows.

Let ©* be the dual space of ©. Given any z* € ©* there exists a unique hy« € H such
that for all h € H, (h,2*) = (h, hy=);; where (-, 2*) denotes the action of z* on ©. The
o-algebra B(©) on © is such that all the maps 6 — (6, z*) are measurable. W is a

probability measure such that, for all z* € ©*,

||hw*

2
Ey [exp (¢(+, 2%))] = exp <—2H> . (2.3.6)

In other words, the variable (-, z*) under W is a centered Gaussian with variance || hy+||%;.

Next, we introduce the Paley—Wiener map Z. T is viewed as a mapping

T:he € H = ZI(hg) € L*(W)

0 €0 [T(hy)](0) := (0, z*).

Since {hg : z* € ©*} is dense in H (see [68, Lemma 8.2.3]), the map hy« — I(hy+) can
be uniquely extended as a linear isometry from H to L?(W). [68, Theorem 8.2.6] yields
that the family of Paley—Wiener integrals {Z (h) : h € H} is Gaussian, where each Z(h)
has mean zero and variance || h[|%,. Given (2.3.6) the family {Z(u;) : {u;};en orthonormal basis of H}

is formed by i.i.d. standard Gaussians.

In our setting, by combining [68, §8.3.2] and the Wiener series given in Proposi-
tion 2.3.10, we can take H := HZ(D) and W to be the law of \11%2 on © :=H,5(D), for
an arbitrary s > (d — 4)/2. (the choice of © is not unique as explained in [68, Corol-
lary 8.3.2]). Also by theorem 2.3.2 we can index the Paley—Wiener integrals Z(u) over
u € ’HQM’O(D) or take the maps Z(By(f)) over f € ’Hgg(D)

2.3.2 Discretisation set-up

We will use the parameter h := 1/N for N € N. Let Dj, := D N hZ% Let us denote
by Ry, the set of points £ in Dy such that for every i, j € {1, ... d}, the points { +
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h(e; £ ej), & £ he; are all in Dy. Let Ay = %Rh C 7% be the “blow-up” of R;. In
other words, Ay € ND N Z% is the largest set satisfying d2Ay € ND N Z¢ where
Ay = {y € Z4\Ay : dist(y, Ax) < 2} is the double (outer) boundary of Ay of points
at ¢! distance at most 2 from it. Let (¢,).ca, be the membrane model on Ay whose

covariance is denoted by Gy, . It satisfies the following boundary value problem: for all

T € Ay,
A2Gp (z,y) = 02(y), eA
Ay (z,9) (y), y€AN 237)
GAN(J:?y):O? ygéAN
Define ¥, by
d+4 s
(T, )=k D 02 ouuf(@), feHian(D). (2.3.8)
TER

We first show that W, € H,5(D) for all s > d/2 + |d/2] + 1. Clearly ¥y is a linear

functional on H}» 0( ). Also we have for any f € H, ,(D)

d+4
(T, f ’ D E papn Y AF s ug)peu( )‘
TER) jz1
d+d -3 2
= [sh DN S @A )
j>1 TERy,

where in the first equality we have used the fact that f € LQ(D) and therefore f =
> i>1(f uj)p2uy. Thus

D=

\Ilh7 | < Z)\ \Ijh,uj 2
j>1

where (¥, u;) can be defined analogous to (2.3.8) as
d+4
(Yp,u;) =k Z h 2 g pug(z).
TER
To show Wy, is bounded, with the aid of Lemma 2.3.6 we observe that

2
Z A \Ilh,uj = g2pIte Z )\7% ( Z Sox/huj(x)>

7>1 7j>1 TER),

2
(2.3.2) _s
< m2hd+4< > m/m) DRV

IL’ERh .721
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Now using Proposition 2.3.9 we conclude that the sum in the right hand side in finite
whenever s > d/2 + |d/2] + 1. Thus we have shown that ¥; € H,5(D) for all s >
d/2+ |d/2] + 1 and we have

1942 A2 < Z)\;§<\I’h7uj)2- (2.3.9)
j>1
The result we want to show is

Theorem 2.3.11 (Scaling limit in d > 4). One has that, as h — 0, the field ¥}, converges
in distribution to \I’%Z of Proposition 2.5.10 in the topology of H 5(D) for s > sq, where

(GBI ]

Remark 2.3.12. An analogous result holds in d = 2, 3, but we will not discuss it here

as it is superseded by Theorem 2.2.1.

2.3.3 Proof of the scaling limit (Theorem 2.3.11)

Once again we need to prove tightness and “convergence of marginal laws”. In d > 4
however we are concerned with a field which is not defined pointwise, so that “marginal”
from now takes on the meaning of the law of (¥, f), namely the action of ¥j, seen
as a distribution, on the test function f. The results are built on the approximation
of the continuum Dirichlet problem for the bilaplacian by Thomée [69], combined with

classical embeddings for Sobolev spaces.

Convergence of the marginals

To prove that the scaling limit is indeed \11%2 we first have to find the marginal limiting
laws. The set C2°(D) is dense in H}, (D), so we can use only smooth and compactly

supported functions to test the convergence.

Proposition 2.3.13. (¥}, f) converges in law to (\II%Z, f) as h — 0 for any f smooth

and compactly supported in D.

Proof. Since the Gaussian field ¢ is centered, we shall focus on the convergence of the

variance only. Note that Var (\11%2, f) = || f|I* 5 n2- Remark 2.3.8 tells us that we can
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limit ourselves to showing that

lim Var(Ws. /) = [ u@)(o)d

where u is the solution of (2.3.5). We define

GRh(ZL',y) = E[pr/h()oy/h] , T,y € Dp.
By (2.3.7) we have, for all x € Ry,

A%GRh(xvy) = %12595(9)7 y € Ry
Gr,(z,y) =0, y ¢ Ry

We have

Var((Uy, f)] = &> > hGr, (z,9)f(2)f(y)

xvyeRh

= > h'Hy(z)f(x)

zERy

where Hp(z) = K2 > yeR), h'GR, (z,y)f(y), * € Dy. It is immediate that Hj, is the

solution of the following Dirichlet problem,

A?Hp(z) = f(x), x € Ry

Hh(x) :O, w@éRh.
It is known that the above discrete solution is close to the continuum solution. The
details of the result are described in Section 2.5; here we only recall that if we define

en(x) = u(z) — Hy(z) for x € Dy, and Ry, f is the restriction of a function f to the set

Ry, as in (2.5.2), then from Theorem 2.5.5 we have
| Rnenlln,gria < Ch'/2. (2.3.10)

We have defined ||f||i grid "= hd > cchzd f(€)%, where f is any grid function with finite

support. Hence we get that

Var (5, )] = = 3 en@)f@ht+ 3 ulw)fh

zeR), zeR),
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By Cauchy—Schwarz the first term in absolute value is bounded by ||Rpep||n, gridll f||n, gria

and it goes to zero by (2.3.10) as h — 0. For the second term we have

lim > u(x)f(z)h? = /D w(x) f(x)d. (2.3.11)

h—0

Tightness

We next prove the following lemma.

Lemma 2.3.14.

limsup E[|| Wy )|%, x2] <00 Vs> sq.
h—0 ’
Proof. From (2.3.9) we have
E [H\Ith?_S?AQ} <SR[, 02,
JjeN

Note that u = A;luj is the unique solution of (2.3.5) for f = u;. We therefore obtain

as in the proof of proposition 2.3.13 by defining e, ; to be the error corresponding to

[ =u;

E[(T,, uj)2] =— Z eh,j(x)uj(x)hd + Z /\j_luj(a:)uj(x)hd
TERy, zER)
1/2

2
< Csup u;(@)] [ b4 Y epj(@)? +ON <Sup |uj(x)\> .
€D 2€R), xzeD
Using Theorem 2.5.5 along with the bounds (2.3.2)-(2.3.3)-(2.3.4) we obtain
E[(W5, u;)2] < AP 2h2 4 (AB7200 4 \Z2 725 4 oo

< C)\lp+l5—1
_— ] .
Therefore we have

E [|’\Ph||%57A2] S CZA;§A§O+Z5_1'
jeN



2.3. Convergence of finite volume measure in d > 4 51

Thus

limsup B[y )%, o) <00 if Y AT oo
h—0 ’ jen

"5 Hlotls—1

And from proposition 2.3.9 we obtain that 3, A,

< oo whenever s > s4. [

To show tightness of ¥j;, we need the following theorem:

Theorem 2.3.15. For 0 < sy < s2, H 5" (D) is compactly embedded in H 5 (D).

Proof. 1t is enough to prove that H’J, 0( ) is compactly embedded in H7, 0( ). The

inclusion H2, (D) — HY, O( ) is linear and continuous. To prove the inclusion to

A20

be compact let B be the unit ball of H’% (D). Given ¢ > 0 we choose N € N large

A2
enough so that N*17%2 < ¢!, Now we consider the subspace Z of H52 A2 0( ) defined by

{fe A20( )= {f, uj>L2:0Vj<N}. Then for any f € BN Z we have

Hf”sl Az = Z)\Sl/2 f,uj 2= Z )\31/2 f,'LL] 2y = Z )\51/2 32/2 82/2 <f’ ]>L2

JjeN j>N j>N
< N2 NP\ g ), = N2 )12 | <
Jj=N
Also note that the dimension of 72, 0(D)/Z is finite, so the unit ball of H o(D)/Z is
compact and hence can be covered by finitely many balls of radius €. Hence B can be
covered by finitely many balls of radius 2e¢ in the [|-||;, a2-norm. Since e is arbitrary, B

is precompact in H%} A2 O(D). Therefore the inclusion map is compact. O

Corollary 2.3.16. The sequence (V),_1 ney 8 tight in H5(D) for all s > sq.
N?

Proof. Fix sg > sq and let sy < s1 < sg. By Theorem 2.3.15, for any R > 0,
B

LD )(O R) is compact in H,5°(D). By Lemma 2.3.14 we have for some M > 0
A2
E[[Us]2,, a2l <M Vh.

Given € > 0, we take R = vV2Me~! so that MR~2 < e. Now for all h

: E[0.?,, 2]
V¢ By )0, B ) =P (W2, g0 > R) € ——55 < c

Thus () is tight in H,5°(D). O
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Having obtained tightness and convergence of the marginals, all is left to do is to

combine these ideas together to show the scaling limit.

Proof of Theorem 2.3.11. As (¥},) is tight in H ,5(D), it is enough to prove that every
converging subsequence (V) converges in distribution to \Ifﬁz. Let (¥p,) be a subse-
quence of (V) converging in distribution to W in H,5(D). Then (¥, f) converges in
distribution to (¥, f) for any f € H}, 4(D). But since (¥y, f) converges in distribution
to (U4, f) for all f € C¥(D), we must have (U4, f) £ (U, ) for all f € CX(D).
Now let g € Hj (D). Since C°(D) is dense in Hy, ((D) we have a sequence (fx)

in C2°(D) such that f, — g in H}, 4(D). Therefore (\111%2,fk) and (W, fr) converge to
(\I/%Q,g) and (U, g) respectively. And hence (\I/%Q,fk) and (U, fi) converge in distri-
bution to (\IJ%Q,g) and (U, g) respectively. But since (\IJ%Q, fx) 4 (U, fr) for all k, we
have (\I’%Q,g) 4 (¥, g). Thus we have (\I’%Q,f) 4 (W, f) for all f € My, (D). Hence

2 d . . : .
\I/% = U, since the fields under considerations are linear. O

2.4 Convergence in infinite volume in d > 5

In this section we deal with the infinite volume membrane model defined on the whole
of Z* and show that the rescaled field converges to the continuum bilaplacian field on
R?. Let Py be the finite volume MM measure defined on Vi as mentioned in the
Introduction. From Proposition 1.2.2 it follows that in d > 5 there exists P on de such
that Py — P in the weak topology of probability measures. Under P, the canonical

coordinates (¢z),.za form a centered Gaussian process with covariance given by
Gla,y) = Az, y) = > AN (2,2)A7 (2, 9) = D T(w,2)T(z,y),
zez? zezd

where I' denotes the covariance of the DGFF. I' has an easy representation in terms of

the simple random walk (Sy,),>0 on Z% given by

F(:L“, y) = Z Px[Sm = y]

m>0
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(P4 is the law of S starting at x). This entails that

+o00o
Gle,y) =D (m+DPu[Sm =y =Eoy | D Lyg 5 (2.4.1)
m>0 £, m=0

where S and S are two independent simple random walks started at = and y respectively.
First one can note from this representation that G(-, -) is translation invariant. The
existence of the infinite volume measure in d > 5 gives that G(0,0) < +oco. It is
convenient to consider the convergence in the space of tempered distribution (dual of

the Schwartz space on Rd). For this we are giving some preliminary theoretical results.

2.4.1 Description of the limiting field

We consider S = S(R?) to be the Schwartz space that consists of infinitely differentiable
functions f : R? — R such that, for all m € NU {0} and o = (a1, ..., aq) € (NU{0})?,

[fllm,a = sup (L4 [|[|™)|D* f(z)] < oo
z€Rd

S is a linear vector space and it is equipped with the topology generated by the family
of semi-norms |-|lm.a, m € NU {0} and a € (NU {0})4. The topological dual S* of S
is called the space of tempered distributions. For F' € §* and f € S we denote F(f)
by (F, f). We shall work with two topologies on S*, the strong topology 7s and the
weak topology 7,. The strong topology 7, is generated by the family of semi-norms
{ep : B is a bounded subset of S} where ep(F') = sup;cp(F, f), F € §*. 7, is induced
by the family of semi-norms {|(-, f)|: f € S}. In particular F), converges to F' in S*
with respect to the weak topology when lim, (F,, f) = (F, f) for all f € S. It can be
shown that the Borel o-fields corresponding to both topologies coincide. Therefore we

shall talk about the Borel o-field B(S*) of §* without specifying the topology.

Let (2,.A, P) be a probability space. By a generalized random field defined on
(Q, A, P), we refer to a random variable X with values in (S*, B(S*)). For (X,,)n>1 and
X generalized random fields with laws (Px, ),>1 and Px respectively, we say that X,
converges in distribution to X (and write X, 4 x ) with respect to the strong topology
if

lim [ p(F)APx, (F) = [ o(F)Px(F) Yo € CyS"m)

n—oo S* *
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where Cy(S*,75) is the space of bounded continuous functions on S* given the strong
topology. The convergence in distribution with respect to the weak topology is defined
similarly with test functions in Cy(S*, 7). For a generalized random field X with law
P x, we define its characteristic functional by

Lx(f) =E(Xh) = / N APy (F)

*

for f € S. Note that Ly is positive definite, continuous, and Lx(0) = 1. The Bochner—
Minlos theorem says that the converse is also true: if a functional £ : S — C is positive
definite, continuous at 0 and satisfies £(0) = 1 then there exists a generalized random
field X defined on a probability space (€2,.A, P) such that Lx = L. For a proof of this
theorem see for instance [42, Appendix 1]. Another important feature of characteristic
functions is that their convergence determines convergence of generalised random fields.
This is classical result of Lévy which was generalized and proved in the nuclear space
setting first by Fernique [36]. We use the version for tempered distributions which was

recently proved in [6].

Fact 2.4.1 ([6, Corollary 2.4]). Let (X,,)n>1, X be generalized random fields. The fol-

lowing conditions are equivalent:

(i) X, % X in the strong topology.
(i) X, 4 X in the weak topology.
(iii) Lx, (f) = Lx(f) forall f € S.

(iv) (Xp, )2 (X, f) inR forall f € S.
For f € S we define ]?by
F0) = —— [ e f()du.
(2m)4/2 Jge
Let us define an operator (—A.)~!: S — L?(R?) as follows [1, Section 1.2.2]:

(807 @) i= s [ eI R O ae

(27) R4
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We use now the operator (—A.)~! to define the limiting field W2°. It is the fractional
Gaussian field of parameter s := 2 described in [51, Section 3.1], to which we refer for a

proof of the following fact, relying on the Bochner—Minlos theorem.
Lemma 2.4.2. There exists a generalized random field UA? on 8* whose characteristic

unctional L A2 1S given b
v g y

1
Lysalf) = o0 (~5 180 g ) F €S

Consider (¢z),cza to be the membrane model in d > 5. We define

— 1
YN () = KN ong, @€ NZd-

For f € S we define
(Un, f)i=N"" 3" dn(@)f(2). (24.2)

xe% 7.4
The above definition makes sense since, using Mill’s ratio and the uniform boundedness

of G(-, +), one can show that, as ||z| — oo,

[n(z)] = O(NT Vlog(1 + ) a.s.

via a Borell-Cantelli argument. This justifies (2.4.2) using the fast decay of f at infinity.

Also it follows that Uy € §* and the characteristic functional of Wy is given by

Ly, (f):=exp(—Var (¥y, f)/2).

The following theorem shows that the field U constructed above converges to g

defined in Lemma 2.4.2.

Theorem 2.4.3 (Scaling limit in d > 5). Let d > 5 and Wy be the field on S* defined
by (2.4.2). Then ¥y LA i the strong topology where TA? s defined in Lemma 2.4.2.

2.4.2 Proof of the scaling limit (Theorem 2.4.3)

The proof of our last theorem of this chapter relies on the result recalled in Fact 2.4.1,

therefore unlike the two previous theorems it is not divided into tightness and finite
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dimensional convergence. The argument is based on Fourier analysis, and will be a

consequence of two claims which we will show after the main proof.
Proof of Theorem 2.4.3. We first show that for any f € S(R?),
2 —1 12
E[(Un, /7] = (=207 22 m0
By our definition we have for f, g € S

Cov((Tn, ), (Un,g)) = 2NN G0, N(y — ) f(2)g(y).

x,ye% 72
Hence

E |(Tn, )] = N7 ST GON(y - 2) () f(y):

x,ye% z7®
From (1.2.3) we have

G0, 2) = (271r)d /{_md (1(0)) % =@ d g

where u(0) = éZle(l —cos(6;)) = %Z?:l sin2(%). Hence we have

E [(\I’Ny fﬂ = 75 d Z /[ ’ (M(Q))% efL<N(yfz),9>f($)f(y) d0
SC,yE%Zd -,
— M -2 _—u((y—z),N0)
T 2n) m%y /[ o (1(8)"e f(@)f(y)de
2

:*””(22]:); /[_NFVNW (u <;>>_2 N~ Y e f(a)] de. (2.4.3)

xe% Z4

We have used in the above Fubini’s theorem, justified by the following bound [26,
Lemma 7]: there exists C' > 0 such that for all N € N and w € [-N7/2, N7/2]*\ {0}

we have

d -2 2

We make two claims which will prove the convergence of variance.
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Claim 2.4.4.
K2N74 9 -2 d < 9) ?
lim / <u ()) N— e 1Y f(x)] do
N—+oo (27T)d [—NTr,Nﬂ]d N Z 4
IENZ
2
1
- o)~ N" N e f(z)] o] =o0.
el
( 7T) [-Nm,Nr]d xE%Zd

Next we claim the convergence of the following term:

Claim 2.4.5.
) 2
i o [ 811N 3" e pa)| o = (—a0) 1 f
N—+o0 (27T)d [-Nm,Nr]d Z d L2(RY)
xENZ
Claims 2.4.4-2.4.5 entail that
. 1 1
Jim Ly (F) = exp (518 2ge )
Thus we have for all f € S
['\IJN(f) — ‘C\I;AQ (f)

Hence the conclusion follows from Fact 2.4.1. O

To prove the above two claims we use crucially the following estimate for approxi-

mating Riemann sums for Schwartz functions. Since we could not find a reference we

provide a short proof of the following fact:

Lemma 2.4.6. For any N > 1 and s > 0 we have

(2m) /2 N Z o H%0) 1 (ﬁ) —f)| <CN® (2.4.5)

N

zez?

where C' may depend on f.

Proof. To show the above result we use the Poisson summation formula [67, Chapter 7].

Let us define g(x) := (2m)~%?e=4=0 f (x). Using the Poisson summation formula we
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get

N_ng<%> Z 70 + 272N,

zez? ezd

Hence we have

(27)~ 42 N4 Z o(%0) 1 (%) — o) < Z |F(6 + 2maN)|
zezZd 2#£0,zeZ?
C
< v
- z;éOZmEZd |0 + 2N ||,

where the last inequality holds for any s > 0 because f € S. But

12702 N]|o < 1|0 + 272 N]|oo + [|0]lcc < [0 + 272N o0 + N7

and hence, for s > 1, |2z N |5, < 2571 (|0 + 272 N||5, + (N7)*) . Thus for any s > dy >

d, we have

. ~ C
(2m) 2N Y e >f<%) ~-fol< Y ROECTEESY <CN*. O
zeZd z#£0,2€Z% >

where the constant C' depends on dy but not on s. Hence the result follows.

We can now begin with the proof of the two claims.

Proof of Claim 2.4.4. Recall that k = 1/(2d). Using the bound (2.4.4) for w; = 0;/2 we

have

/€2N74 0 d
v —u{x,0) 0
(2m)d /[—NW,NW]d (“ <N>> v Z © ‘ a0

zeL 74

1 — — —u{x
T e T st a0

xe% Z4

C C
< 2|6 2+) om) 42N~ e @0 r(z)| de.
L (201725 52 ) [2) 5 (@)

xe% 74
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Using (a + b)? < 2(a? + b?) after adding and subtracting f(&) in the modulus above we

have the bound

c C ~
-2 U o s )
[ (2161723 + 2 ) (©N* = [F@))?as

C C ~
< 2( 2110 + <5 | (OCN™% 0)%)do.
<[ o2 (G ) ev i)

Again the last term amounts to estimating

CN_2S_2O(Nd_2) + CN—28—40(Nd)

+CN™? 1617217 (8)d6+CN~* F(0)de
[-N7,Nr]d [-N7,Nx]d

which goes to 0 due to the fact that f € S. O
Proof of Claim 2.4.5. We have

-0 e, = [, 101717 O)R o

and

/ 10174 2m) 2Nt S et p () / 1014 7o) do
[~ N7, Nr]d R4

xe% A

S i D DI RV (T NN e T

:L"E%Zd [-N7,Nr]d

+

L ergerao= [ oiforas

Clearly the second term goes to zero as N tends to infinity. As for the first term we

have the following bound

[ D S CT

, 0[]~ £(6)]*d 6
xE%Zd [-N7,N7]

< / 1617 [2m) /2N e ()2 — |F0)2| a8
[-Nm,Nr]d

xeﬁ z4
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<@Ifl+0) [ el e N Y e w0 (1) - Fis)) ao

[-Nm,Nr)d —

= O(N479),

where the bound in the second inequality is obtained using the formula (a? — b%) =

(a+b)(a—b) and (2.4.5). Thus the first term also goes to zero as N tends to infinity. [

2.5 Quantitative estimate on the discrete approximation

in [69]

This section is devoted to obtaining quantitative estimates on approximation of solutions
of PDEs. The building block of our analysis is the paper [69]. Let D be any bounded do-
main in R? with C2 boundary. We denote L := A2 and consider the following continuum
Dirichlet problem:

Lu(z) = f(z), €D
(2.5.1)

D%u(z) =0, |a|<1,x€dD.
Let h > 0. We will call the points in hZ¢ the grid points in R?. We consider Lju := A%Lu

to be the discrete approximation of Lu. Thus we have, for z € hZ?,

d
1
Lyu(z =3 Z (Apu(z + he;) + Apu(x — he;) — 2Apu(x))
i=1

d d

= 2 [0 (a4 e+ ) + (e — hle: + ) + ule + hle: — e5))
i=1 j=1

d
+u(r — h(e; —ej))} — 4dz {u(z 4 he;) + u(z — hey)} + 4d%u(x)
i=1

Let Dy, be the set of grid points in D i.e. D, = DNhZ%. We say that ¢ is an interior
grid point in Dy, or £ € Ry, if for every 4, j, the points £ £h(e; £e;), E+he; are all in Dy,
We denote By, to be Dy, \ Ry,. We will denote by Dj, the set of grid functions vanishing

outside Rj. For a grid function f we define Ry f € Dy, by

R
Ry f(§) = O st (2.5.2)

0 ¢¢R,
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In [69] it is crucially used that the discrete approximation of the elliptic operator is

consistent. In our case it is easy to see this using Taylor’s expansion.

Lemma 2.5.1. The operator Ly is consistent with the operator L, that is, if W is a

neighborhood of the origin in R? and w € C*(W) then

Lpu(0) = Lu(0) + o(1) as h — 0.

We will divide Ry, further into R} and Bj where R} is the set of § in I, such that for
every 4, j, the points & £ h(e; = e;), £ = he; are all in Ry, and Bj is the set of remaining

points in Ry. Thus we have
Dy, = B, U Ry, :BhUBZUR;;.

We say that the domain D has property B3 if there is a natural number K such that
for all sufficiently small A, the following is valid: consider for any { € B; all half-rays
through &£. At least one of them contains within the distance Kh from £ two consecutive

grid-points in By,

The following proposition shows that if the boundary of the domain is regular enough
then the property B3 is true. Namely, recall the uniform exterior ball condition (UEBC)
for a domain D, which states that there exists § > 0 such that for any z € 0D there is a
ball Bs(c) of radius § with center at some point ¢ satisfying Bs(c) N D = {z} [41, page
27]. We show that the UEBC is a sufficient condition for B; to hold. In particular, any

domain with C? boundary satisfy the UEBC and hence possesses Bj.

Proposition 2.5.2. If a bounded domain D satisfies the UEBC' then the property B
holds.

Since the proof of this result is purely geometric and combinatorial in nature we
discuss it in Section 2.6. We would like to remark that property B3 is a crucial re-
quirement in the proof of Theorem 2.5.4. In fact, it allows us to use Thomée’s result
[69, Lemma 3.4] which compares the standard discrete Sobolev norm with a modified

Sobolev norm weighted on boundary points.
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We now define the finite difference analogue of the Dirichlet’s problem (2.5.1). For

given h, we look for a function u(§) defined on Dy, such that

Lhuh(f) = f(f), f € Ry, (253)

and
up(§) =0, &€ Bp. (2.5.4)

It follows from Lemma 2.5.1 and [69, Theorem 5.1] that the finite difference Dirichlet
problem (2.5.3) and (2.5.4) has exactly one solution for arbitrary f. Recall also the
norm HfH,%’g”-d = hd dechzd f(€)%. Before we prove the approximation theorem, let us
cite two results from [69] (stated, in the original article, in a slightly more general way).

The first lemma is the discrete analogue of the Poincaré inequality.

Lemma 2.5.3 ([69, Lemma 3.1]). There are constants C' > 0 independent of f and h

such that
Hf”h,grid S C”aijh,gT‘idv ] = 17 ceey d
and
1/2
1 £llm,gria < Cllflln2 = | D 10°FII7 gria
|B1<2

for any grid function f vanishing outside Ry, where

0if () = (Sl hej) = f(@), G =1,....d

and

Oﬁf :z@fl-“agdf, B:(Bla"'vﬁd)a 6120

Our aim is to estimate the error while approximating the solution of the boundary
value problem involving the continuum operator L by its discrete counter part. More
precisely, we want a bound of the |||, grig-norm of the error restricted to Ry,. If we denote
this restriction of the error by g, then by the above lemma we have ||g||4, gria < C||g]ln, 2-
Also one can show that [|g||n,2 < C||Lpgln, gria- To estimate ||Lpg||n, gria one can use
Taylor expansion for a point which is well inside the domain. But near the boundary

this is no longer possible and for those points the estimate obtained using the boundary
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condition is not useful. To overcome this obstacle we define a new operator Ly, o, where

we suitably truncate and modify the operator Lj near the boundary. Also we use the

result ||glln,2 < C|Ln2g

h,grid to estimate the error. We give the definition of the

operator Ly, o from [69] as follows:

Lnf(z)  z€ Ry
Lpaf(x) = § B2Lf(z) z € BE

0 .CE%R}L.

Theorem 2.5.4 ([69, Theorem 4.2]). There exists a constant C' > 0 such that for all

grid functions f vanishing outside Ry

Hf”h,Q < C||Lh,2f”h,gm'd7

where C' is independent of h as well.

We have now all the ingredients to show the following.

Theorem 2.5.5. Let u € C°(D) be the solution of the Dirichlet’s problem 2.5.1 and uy,
be the solution of the discrete problem (2.5.3)-(2.5.4). If e, := w — uy, then we have for

all sufficiently small h
1Bnenllf, gria < C [MZR? + h(MZh® + M3)]
where My = 37, <k SUPzep| D u(z)|.

Proof. We denote all constants by C' and they do not depend on u, f. First we use

Lemma 2.5.3 and Theorem 2.5.4 to obtain
IRnenllh, gria < ClILn,2Ruenlli, gria-

The proof now boils down to bounding ||Lh72RhehH%7 gria- Using Taylor’s expansion we

have for all x € Ry, and for small A

Lyu(z) = Lu(x) + h*Rs(x)
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where |Rs5(z)| < CMsh®. We obtain for £ € Ry,

Lyen(§) = Lyu(§) — Lpun(§)

= Lu(&) + h™*R5(€) — Lyun(§) = h™'R5(8).
For £ € R; we have
Ly aRuen(€) = LiRyen(€) = Lpen(€) = h*Rs(€).

For £ € B} at least one among & & h(e; = €;), £ & he; is in By. For any n € By, \ 0D
we consider a point b(n) on 0D of minimal distance to 1. Note that this distance is at
most 2h. Also note that up(n) = 0 by definition. Now using Taylor expansion and the

fact that the value of u and all its first order derivatives are zero at b(n) one sees that

u(n) = un(n) + Ra(n)

where |R2(n)| < CMah?. For £ € B denote by
Si’j(g) = {77 :n € By, \ (Bh N 6D) N {f + he;, €+ h(ei + €j)}}.
Therefore, for £ € By,

ththeh(g) = h2Lth€h (f)

d
=h{Lpen(O) -4 >

1,j=1nes; ;(§)

= h*R5(€) + h*CRy(€)
where C(7) is a constant depending on 7 and |R(£)| < CMyh?. Hence

ILn2Bhenllf gria = h* Y (Ln2Ruen(@))?
rERy

= hd Z (Lh 2Rh€h + Z Ly, 2Rh€h< ))2
_:JCER* z€B}

=ht| > + Y (W Rs(x) + h2CRy(x))?

zER] z€B};
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<hT | CMZRP+ Y (CMZRS 4+ CM3)

TER} zEB}

< C[MZh* + h(MZR® + M3)]

where in the last inequality we have used that the number of points in B} is O(h*(dfl))
following from [56, Lemma 5.4] and the assumption of a C? boundary. This concludes

the proof. ]

2.6 Proof of Proposition 2.5.2

We start with some heuristic explanation on the proof. The assumption of C? boundary
ensures that there is no cone like structure in the domain, that is, locally the boundary
surface is like sphere. So if we consider a grid point in the domain which is close to the
boundary and consider all the 2d half-rays through the point, then at least one of them
meets the boundary within a short distance depending on the closeness of the point to

the boundary. In the following proof we make this idea rigorous.

Proof of Proposition 2.5.2. If d = 1 then it is easy to see from the definition that B3
holds. So we assume d > 2. For any y € Dy, we denote by N(y) the neighbourhood of
y, that is,

N(y) :={y L hej,y+he;£he;:1<1,j<d}.

We consider in fact a second-nearest neighbourhood in the graph distance, due to the
interaction of the discrete bilaplacian and Thomée’s definition of neighbour. Let us now

recall the definitions:

D, =DnhZ4,
Rp={z € D : N(z) C Dy},
By, = Dp \ Ry,
Rj ={x € Ry : N(z) C Ry},

B = R, \ R].
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Thus Dy, = B, U Bj U R;. We want to show that for sufficiently small A the following
holds: for any = € B}, there exists i € {1,...,d} such that any two consecutive points of
either {z + he;, x + 2he;, x© + 3he;, © + 4he;} or {x — he;, © — 2he;, x — 3he;, x — 4he;}
belong to By. The proof is done on a case-by-case basis. We prove the existence of two

consecutive points by broadly considering the following two possibilities:

e suppose = € B} is such that dist(x, By) = 1, then we get an ig € {1, ..., d} so that

either « + he;,, © 4 2he;, € By, or « — he;,, * — 2he;, € By,

e Now suppose « € Bj is such that dist(x, B,) = 2. In this case if {x42he; : 1 <7 < d}N
By, is non-empty then we get an ig € {1, ..., d} so that either x+2he;,, x+3he;, € By,
or & — 2he;,, v — 3he;, € Bp. Otherwise, {x &+ 2he; : 1 < i < d} N By, is empty and
{x £ he; £ hej :1<14,j<d,i# j}N DBy is non-empty. And then we extract an iy so
that either x + 3he;,, x + 4he;, € By, or x — 3he;,,x — 4he;, € B,

In the process of obtaining these suitable points, we rule out some of the cases which do

not arise due to the regularity of the boundary.

Fix € Bf. Then N(z) C Dy and N(z) N By, # 0.

1. Suppose {x £ he; : 1 < i < d} N By # 0. We assume for simplicity that = + he; € By,
as the argument will be similar for other directions. If x + 2he; € By, then there is

nothing to prove. More elaborate is the case when = + 2he; € Rp. Then we have

N(z) € D,
N(z + her) ¢ D,

N(x + 2he;) C D.
Observe that from the preceding inclusions we must have
{z+het £ he;thej:2<4i,j<d}¢D. (2.6.1)

We now partition this set into 2 subsets and argue separately.

1.1. Suppose {x+hei£2he; :2 <i<d} ¢ D. Let us assume that x+hey +2hes ¢ D.
Then by definition of By, we have x+hey, x+2hey € By, and we are done. Similar

is the case for other points.
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1.2. We are left with the situation where {z + he; + 2he; : 2 < i < d} C D and
{z +hey £ he; £ hej:2<i,j <d,i+#j} ¢ D. Note that this situation is not
possible in d = 2 and hence from now we consider d > 3 for this subcase.
Again we continue with a particular choice x + hej + hea + hes ¢ D. The
other occurrences can be handled similarly. Note that with this choice we have
x+ hea, x+ heg € By. So if at least one between x + 2hes and = + 2hes belongs

to By then we are done. Otherwise we have the following situation:

{z, x + 2hey, = + 2hea, © + 2hes} C Ry,
{l’ + hey, z + hea, x + h€3} C By,

{x+ he; £2he;:2<i<d}CD

and x + hey + hea + hez ¢ D. Note here that the point z + hey + hes + hes,
which is at graph distance 3 from z, is not in D. However its nearby points
{x+2hey +hes+ hes, +hea+ hes, x+ hey +2hea+ hes, x+ hey +hes, x+hey +
hes + 2hes, x + hey + hea} stay inside D. We show that such a situation cannot
happen due to the UEBC. Indeed, since the domain satisfies UEBC, we can find
for small h a ball Bs(c) for some ¢ € R? such that = + hey + hey + hes € Bs(c)

and Bs(c) N D = {y} for some y € dD. Clearly, if z = (z1, ..., z4) and
c¢=(c1, ..., cq) then
d
> (ei—i)* > 6 (2.6.2)
i=1
and
3 d
Slei—ai—h)?+ > (e - @i)? < 6% (2.6.3)
i=1 i=4

Since = + 2hei + hes + hes, © + hey + hes € D we have
d
(1 —a1—2h)° + (ca — w2 — h)* + (c3 — w3 — h)> + > _(ci — 13)” > 6%, (2.6.4)
i=4

d
(1 —21)% + (c2 — w2 — h)? + (c3 — 23 — h)* + Z(C’ —z)2 > 6% (2.6.5)
i=4

Now subtracting (2.6.4), respectively (2.6.5), from (2.6.3) we get, respectively,

(2¢1 — 21 — 3h)h < 0,



68

Chapter 2. The scaling limit of the membrane model

(261 — 21‘1 — h)(—h) S 0.

Hence
9h?
(c1 — 961)2 < i

(2.6.6)

Similarly using the points x + he; + 2hes 4+ hes, x + h1 + hs, x + hey + hes +

2hes, x + he; + hes in D we obtain

9h?
(2 — 962)2 < I
9h?
(03 - 553)2 < T

We now observe that

x + hey + hey € N(z) C D.

Consequently

and

(2.6.7)

(2.6.8)

(2.6.9)

(2.6.10)

(2.6.11)

Subtracting (2.6.10) from (2.6.3) we derive, after a few simple manipulations,

11h
(C4 — $4) S T

Similarly subtracting (2.6.11) from (2.6.3) we obtain

11h
(C4 — ac4) Z —T.
Thus
121k
(cq — 964)2 < .

16
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Re-running the above argument considering z+hey £he; € D, 5 < i < d, in place
of © + hey £ hey in (2.6.9), and using equations similar to (2.6.10) and (2.6.11)

we obtain all in all that

121h2
(c;i —2:)* < TR (2.6.12)

Finally we observe that, for small enough h, (2.6.7), (2.6.8) and (2.6.12) together
contradict (2.6.2). This completes Case 1.

2. For this case we have {z £ he; : 1 <i < d}N By, =0 but {x £he; £ he;j:1<1,j<

d} N By, # (). Here also we consider two subcases.

2.1. First we consider the subcase when {x + 2he; : 1 < i < d} N By # (. For
simplicity we continue with a particular choice x + 2he; € By. In this case if

x + 3hey € By, then we are done. So we assume x + 3he; € Rj,. Observe that

N(z + 2he1) € D

N($ + hei), N(I + 3h61) - E
which imply that we must have
{x +2hey £ he; £ he; : 1 <i,j<d} ¢D. (2.6.13)

‘We consider two different situations.

2.1.1. Let us first consider the situation when {z +2he; £2he; : 1 <i < d} ¢ D.
In particular we consider without loss of generality = + 2he; + 2hes ¢ D.
Note that this implies x + 2hes € By. So if x 4+ 3hes € By, then we are
done. Otherwise we have x + 3hey € R;. But in this case we see that
x + 2hey + 2hes ¢ D and its nearby points {x + 3he1 + 2hey, x + hey +
2heg, x + 2hey + 3heg, x + 2he; + hey,x + 2he; + hega £ he; : 3 < i < d}
stay inside D. It can be shown that this case is impossible by UEBC with
a similar argument as in Case 1.2.

2.1.2. We now consider the other situation (note the such a situation does not
appear in d = 2) when {x+2he; £2he; : 1 <i < d} C D. So using (2.6.13)
without loss of generality we choose a particular element, say x + 2he; +

hes + hes ¢ D. One can show that this situation is not possible for
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small enough h by arguments similar to Case 1.2. with the observation
{z + 3hey + hea + hes,x + hey + hea + hes, x + 2hey + hes, x + hes, x +
hes + 2hes, x + hea,x + hy +hy + he; : 4 <i <d} C D.

2.2. We are left with the subcase when

{x £2he; : 1 <i<d}ynBy=10,

{xtheithe;:1<i,j<di#j}NBy#0. (2.6.14)

Now consider points which are of the form {x +3he; : 1 <i < d} and depending
on whether they have non-empty intersection with By, one can split the argument
into two further cases. We use points of the above form as their neighbourhoods

contain points which are at graph distance 5 from z in certain directions.

2.2.1. First we consider the case when {z + 3he; : 1 < i < d} N By # (). If say,
x + 3hey € By, then it must be that x 4+ 4hey € By, too. Indeed, were this

not true one would have

From these equations we observe that one would have {x+3he;+he;+he; :
1<ij<d}¢ D. Now this would give rise to a contradiction by similar

argument used in Case 1.2.

2.2.2. We now focus on the case when
{x £3he; : 1 <i<d}ynBy=0. (2.6.15)

We show that this situation can not arise. To keep the argument simple,
using (2.6.14), we assume without loss of generality = + he; + hey € By,
Then

{x + hey + hea & he;, © + hey + hea £ he;  hej : 1 <i,j <d} € D.
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Since we are in Case 2 and (2.6.14)-(2.6.15) hold we have
N(x & he;), N(z + 2he;), N(x + 3he;) C D for all i,
so it must be that
{x + he1 + hea £ he; £ he; : 3<i,j <d,i#j} < D. (2.6.16)

Notice that such a situation cannot arise in d = 3 and hence we concentrate

on d > 4. To analyse the situation arising out of (2.6.16), we suppose
x + hey + heg + hes + hey ¢ D.

Note that here we cannot follow the steps of Case 1.2. because we do not
know if any of the points x + 2hey + hes + heg + hey, x + hey + 2hes +
hes + heyq, x + hey + heo + 2heg + hey, x + hey + hes + heg + 2hey are in
D. So we argue in a slightly different way.

By UEBC for h small enough we can find a ball Bs(c) for some ¢ € R?

such that = + hej + hes + hes + hey € Bs(c) and Bs(c)N D = {y} for some

y € 0D. Clearly, if x = (x1, ..., 4) and ¢ = (c1, ..., ¢q) then
d
> (e —x)? > 62 (2.6.17)
i=1
and
4 d
S (e =i — )2+ > (e — i) < 62, (2.6.18)
=1 i=5

Also x + hey + hes + hey € D gives
4 d
(e1 —21)* + Z(C’ —x; —h)* + Z:(cZ — ;)% > 6% (2.6.19)

1=2 =5

Subtracting (2.6.19) from (2.6.18) we get

c1—x1 2>

po| >
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Similarly we obtain

Ci*$i>

>3, i=23.4

Now we impose a condition on the maximum value of {¢; — x; : i =
1, 2, 3, 4} and see that when it is bounded by a factor of h one gets a
contradiction. Let ¢ — xx = max{c; —x; : i = 1, 2, 3, 4}. First suppose

¢k — xp < 7h/2. Then we have

49h2

(Ci_xz')Q < 1

i=1,2 3,4
Now using {z + he; + hes £ hej : 5 < j < d} C D we deduce
(c;—x;)? <Ch?, 5<j<d.

where C is a constant depending on d. Thus we obtain

d
Z(Ci - SUZ')2 S Ch2
i=1
for some constant C. This contradicts (2.6.17) for small enough h. Now
suppose we are not in the above situation, that is, ¢y — xx > 7h/2. For
simplicity let £k = 4. Then we find a contradiction by observing that the

point = + hes + hes + 3hey can not lie in D. Indeed, we have

(61 — x1)2 + (CQ — T — h)2 + (63 — T3 — h)2 + (64 — T4 — 3h)2
d 4 d

) (e =) =) (ei—wi—h)? = (e — )’

i=5 i=1 i=5
=(c1 — xl)Q —(c1 — a1 — h)2 + (g4 — 24 — 3h)2 —(c4g — x4 — h)2

= —h[2(04 — .Z'4) —Th + 2((04 — x4) — (Cl - l’l))] < 0.
Thus

(c1 —x1)% 4 (c2 — 23 — h)* + (c3 — 23 — h)?> + (cq — 24 — 3)*
d

+ Z(Cl — IL‘i)Q < 62

1=5
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This implies that = + hey + hes + 3hey € Bs(c) which is impossible as
x + heg + hes + 3hes € N(x + 3hey) C D. This completes the proof. [






Chapter 3

The scaling limit of the
(V + A)-model

3.1 Introduction

The (V 4+ A)-model is another special instance of the more general class of random

interfaces. For this model the Hamiltonian is given by

H(p) =Y (sllVeul® + r2(Aps)?) (3.1.1)

zez?

where k1, k2 are two positive constants. Thus (V + A)-model is the field ¢ = (¢z)czd,
whose distribution is determined by a probability measure on RZd, d > 1. The proba-

bility measure is given by

1
P(dyp) := i Z (’11”V80x||2 + ’12(A¢’x)2) H dpg H do(dez), (3.1.2)
A zcz? zEA x€ZA\A

where A € Z¢ is a finite subset, dg, is the Lebesgue measure on R, & is the Dirac
measure at 0, and Z, is a normalizing constant. We are imposing zero boundary condi-
tions: almost surely ¢, = 0 for all z € Z%\ A, but the definition holds for more general
boundary conditions. In the physics literature, the above Hamiltonian is considered to
be the energy of a semiflexible membrane (or semiflexible polymer if d = 1) where the

parameters k1 and ko are the lateral tension and the bending rigidity, respectively. In

75
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the works of Borecki [14], Borecki and Caravenna [15] this model was studied in d = 1
under the influence of pinning in order to understand the localization behavior of the

polymer.

This model interpolates between two well-known random interfaces namely the dis-
crete Gaussian free field and the membrane model. In [15, Remark 9] it was conjectured
that, in the case of pinning for the one-dimensional (V 4+ A)-model, the behaviour of the
free energy should resemble the purely gradient case. In view of this remark it is natural
to ask if the scaling limit of the model is dominated by the gradient interaction, that is,
the limit is Gaussian free field (GFF). The main focus of this chapter is to show that
such a guess is true and indeed in any dimension the model approximates the Gaussian

free field.

We will consider the lattice approximation of both domains and R? and investigate
the behavior of the rescaled interface when the lattice size decreases to zero. We will
use techniques coming from discrete PDEs which were already employed in Chapter 2
to derive the scaling limit of the membrane model. We show that in d = 1 convergence
occurs in the space of continuous functions whilst in higher dimensions the limit is no
longer a function, but a random distribution, and convergence takes place in a Sobolev
space of negative index. In this sense one can also think of this model as a perturbation

of the discrete Gaussian free field.

3.2 Main results

3.2.1 The model

Let A be a finite subset of Z¢ and P and H(p) be as in (3.1.2) and (3.1.1) respectively. It
follows from Lemma 1.2.1 that the Gibbs measure (3.1.2) on R* with Hamiltonian (3.1.1)

exists. Note that (3.1.1) can be written as

1
H(p) = 5, (~4dmA + 2k20%)0) 2 (74 - (3.2.1)

We are interested in the “truly” mixed case, that is when x; and ko are strictly

positive. Therefore using the fact that the measure induced by (3.2.1) is Gaussian
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without any loss of generality we will work with the following Hamiltonian:
L 2
H(p) = 5o, (=rA + A%)0) 2 (z) (3.2.2)

where k > 0 is a constant. Thus if we write Ga(x, y) := Ea(pzpy), it follows from

Lemma 1.2.1 that G solves the following discrete boundary value problem: for z € A

(—kA + AYGp(2,y) = 6.(y) yEA

. (3.2.3)
Ga(z,y) =0 y & A

In the case A = [N, N]¢NZ? we will denote the measure (3.1.2) by Py. It follows from
Proposition 1.2.2 that in d > 3 there exists a thermodynamic limit P of the measures Py
as N 1 oo. Under P, the field (¢;),cz¢ is a centered Gaussian process with covariance
given by

G(x,y) = (kA + A%)"H(z, ).

Since k is a fixed constant, in order to simplify the exposition we will fix it to be 1

throughout. This would not change the nature of the limit except for a scaling constant.

3.2.2 Main results

Since the infinite volume measure of the mixed model exists in d > 3, we split the
scaling limit convergence into two parts: the infinite volume case, in which we study the
(V+ A)-model under P, and the finite volume case in which our object of interest is the
scaling limit of measures P, for some chosen Ay & Z%. We fix for the whole chapter

the constant k := 1/v/2d. The main results are as follows.

In d > 3 (Section 3.3) we consider the infinite volume model ¢ = (©g),c7¢ With law

P. We define for N ¢ N

d—
2

1
YN (T) = kNS ong, € NZd-

For f € S = S(R?) (the Schwartz space) we define

(TN, /) i=N"" D" ¢n(z)f(x). (3.2.4)

xe% 74
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This definition makes sense since, using Mill’s ratio and the uniform bound on G one

can show that as ||z| — oo

[N ()| = O(N% log(1+ ||z|])) a.s.

via a Borel-Cantelli argument. Also it follows that with this definition ¥ € S* and the

characteristic functional of Wy is given by

Ly, (f):=exp(—Var (¥y, f)/2).

As for the limiting field, we have by an application of the Bochner—Minlos theorem
that there exists a generalized random field ¥~ on S* whose characteristic functional

Ly-a is given by

Ly-a(f) =exp <—;H(—Ac)1/2f||§z(m)) , f€S, (3.2.5)

where the operator (—A.)"1/2: S — L2(RY) is defined by

1

(_Ac)_l/Qf(x) = (271.)d/2

/ e 11 Fle) de.
Rd

Here fis the Fourier transform of f. For properties of the field ¥~% see also [51, Section

3]. We are now ready to state our main result for the infinite volume case.

Theorem 3.2.1 (Scaling limit in d > 3). One has that Uy b gD iy the strong

topology of S*.

In the finite volume case in d > 2 (Section 3.4) we take D to be a bounded domain
in R? with smooth boundary. We discretise D appropriately and “blow it up”: this
discretisation will be called A = Ay (it will be defined properly in Section 3.4). On A
we define the mixed model ¢ with law (3.1.2) and Hamiltonian (3.2.2) and define ¥y
by

Uy =k Y N~F onids.

.Z’E%AN

One can show Uy is a distribution living in the negative Sobolev space H_\ (D) for

all s > d. To describe the limiting field, there are many equivalent ways to define the
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Gaussian free field \IJBA on a domain. One of them is to think of it as a collection
of centered Gaussian variables (¥ 57, f) indexed by C2°(D) with covariance structure

given by

E(U52, 1)V, g)] //DD y)Gp(r,y)dzdy, f, ge (D)

where Gp is the Green’s function of the continuum Dirichlet problem with zero boundary

conditions. We now state the main result for the finite volume (V + A)-interaction.

Theorem 3.2.2 (Scaling limit in d > 2 under finite volume). ¥y converges in distribu-
tion to the zero boundary Gaussian free field \IJBA as N — oo in the topology of H_\ (D)

for s > d.

A special case for finite volume measures is d = 1 (Subsection 3.4.4). In this example,
the GFF becomes a Brownian bridge, and the type of convergence we obtain is different
from all other dimensions (convergence occurs in the space of continuous functions). In
this case we consider the mixed model on the “blow up” A = Ay of an appropriate
discretisation of [0, 1]. We define a continuous interpolation ¢ of the rescaled interface

and obtain the following theorem:

Theorem 3.2.3 (Scaling limit in d = 1). ¥)n converges in distribution to the Brownian

bridge on [0,1] in the space C[0,1].

As a by-product of this theorem we obtain the convergence of the discrete maximum

ind=1.

3.2.3 Idea of the proofs

We begin by explaining the ideas behind the proofs of the infinite volume case (Sec-

tion 3.3). For the whole space GFF the variance of (\IIBA, f) can be expressed as

=202 sy = [ 16121 FO) . (3.2.6)

Given the appearance of the Fourier transforms in the limit, we write the discrete Green’s

function in terms of the inverse Fourier transform. We see that a scaling factor appears



80 Chapter 3. The scaling limit of the (V + A)-model

in such a way the contribution from the A? factor in the Hamiltonian vanishes, ensuring

convergence to a purely gradient model.

In the finite volume case we show first finite dimensional convergence and secondly
tightness. Since the measures are Gaussian the finite dimensional convergence follows
from the convergence of the covariance function. However, the behaviour of the covari-
ance of the mixed model is not known explicitly in finite volume (for example, it lacks
the classical random walk representation of Ginzburg-Landau models). So we use the
expedient of finite difference scheme in proving the convergence. The key fact which is
used is that the Green’s function satisfies the Dirichlet problem (3.2.3). We show that
the discrete solution is equal to that of the continuum Dirichlet problem with a negligi-
ble error. This approximation is obtained from the interesting approach of Thomée [69].
His idea, adapted to our setting, is the following: if we write the operator (—A + A?)
in the rescaled lattice hZ% for h small, then due to the scaling we end up dealing with
(—Ap + h%/(2d)A%). To quantify how negligible the presence of A? is, we use some
discrete Sobolev inequalities. In Section 3.5 we derive precise estimate of the error. This
section is of independent interest, as it concerns the approximation of PDEs. We remark
that our methodology seems to be robust enough to deal with different interface models

whenever the interaction is given in terms of a discrete elliptic operator.

3.3 Infinite volume case

In this section we prove Theorem 3.2.1.

3.3.1 Proof of Theorem 3.2.1

By Corollary 2.4.1 to prove the convergence in distribution it is enough to show that
Lyy(f) = Lg-a(f) for all f € S. Given the Gaussian nature of the variables we

consider, and the fact that they are centered, it suffices to show that for any f € S

B [(¥x, /)] = (=807 [2(g)
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By definition of the field and translation invariance we have that

E|(Uy, /)| = N7 N7 Blonaen )/ (@)

x,ye% 74

= NN G0, N (y — 2)) f(2) () (3.3.1)

x,yeﬁ VA
Now our goal is to shift these expression to Fourier coordinates. We have from (1.2.3)

G0.2) = gz [ (10) +07)

“letad) qg (3.3.2)

where p(0) = % Zgzl(l —cos(#;)). We estimate the integrand in (3.3.2) by the following

lemma, whose proof is deferred to page 82:

Lemma 3.3.1. There exists a constant C' > 0 such that for all € [-N7, N7]*\ {0}
Slerr et Tt L 0 o\2\"' 24 = Cd
<2dN2 TieNt) = “(N) +”<N) MR

Returning to the expression (3.3.1) and plugging in (3.3.2) we have

E [0, f)]
2 \7—(d+2) B
- [ )+ (@) e 0 g ) s
x,ye% 7.4 [—m,m]
2
2 AT—2 2 1
= k(;::)d /[_N el (u (;) + i (;) ) N4 Z e 0 ()| do

(3.3.3)

Here we exchange sum and integral due to Lemma 3.3.1. We make two claims which

will immediately prove the convergence of variance.

Claim 3.3.2.

0 AN
li N2 - - -2 -2
8 e () 10(5) ) o)

2
(27r)7d/2N7d Z efL<m,9)f(x)

X dé =0.
ze+ 74
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Next we claim the following convergence which is immediate from the estimates

(3.3.7) and (3.2.6).

Claim 3.3.3.

2

46 = (=802 f g

N—d Z e—L(Z,9>f(x)

cce% 74

1
lm / 6] ~2
N—+00 (277-) [-N7,Nx]d

Claims 3.3.2-3.3.3 entail that

1
lim Lo, (f) = exp (—2H<—Ac>” °f Hiz<Rd>) ~

N—oo

Thus we have for all f € S, Ly, (f) = Ly-a(f) and hence convergence in distribution

follows. O

This completes the proof of convergence in d > 3 modulo Lemma 3.3.1 and Claim 3.3.2

which we still owe the reader. We proceed to fill this gap.

Proof of Lemma 3.3.1. We know from [26, Lemma 7] that there exists C' > 0 such that
for all N € N and w € [-N7/2, N7/2]*\ {0}

1 d W; - 1 C\?
—4 -2 7
Tl =Y (Z s <N)> < <HwH2+N?> ' (3.34)

Therefore

2dN?  Cd\ ' 0 16]2
LON () < Ior

oz " 2 N/ = 24N?

and hence
-1 -1
A 1 s o (0 0\?
< _ _
N <2dN2 taeni) =V (e(E) e(y)
N <2dN2 N Cd> - . <2dN2 . Cd) 2\
- ey 2 ey 2

L2 cd
— el 2N
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Proof of Claim 3.3.2. By Lemma 3.3.1 we can sandwich the expression in the statement

of the Claim between two infinitesimal quantities. The lower bound is given by

2

el gI* \ " ~ o »
/[N o [N 2<2de&2+4!12’1’\74> 249 2] @) N T o0 ()| a6

xe%de
(3.3.5)
and the upper bound is given by
2
Cd —d/2 nj—d —i(z,0)
woiage 2N (2m)~ 4PN N el f(a)| do. (3.3.6)

mG%de

We show that both the limit of (3.3.5) and (3.3.6) are zero as N — co. Recall that

from (2.4.5) we have that for any N and s > 0 large enough

X

(2m) N3 o0 g (—) —J0)| < on—s. (3.3.7)

N
zez?

Using (3.3.7) it follows that (3.3.6) converges to zero. For (3.3.5) observe that the

integrand goes to zero and we can apply the dominated convergence theorem due to the

2

following integrable bound:
N2 ”9||2 + ”9||4 - _ 2dH9H—2 (27T)_d/2N_d Z e—L(x,9>f(x)

2dN?  4d?2N* T
xEN

g HN ( [ ) - 2d|,9”2]2 (eN=2+170)P) ‘
= 2dN? ' 4d2N*

< o0 (N 1 TO)P). =

19112

3.4 Finite volume case

3.4.1 Set-up

We begin by deriving a useful upper bound on the variance of the mixed model. Let

d > 1and for any A € Z% let PEF F denote the probability measure on RZ" of the discrete
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Gaussian free field with zero boundary conditions outside A. Then the following bound

holds:

Lemma 3.4.1. For all x € Z¢
Galz, z) < ESFF(L2). (3.4.1)
Proof. Note that we actually have

1
H(‘P)‘@EO on A¢ = 5(903 (_AA + A?\)()ONQ(A)

where A, and A?\ denote the restriction of the operators A and A? to functions which are
zero outside A, respectively. The bound is thus obtained for any = € A by applying [18,
Theorem 5.1] with F((¢z)zen) = exp[—3{p, AR@)e2(n)] on RA A := —1/2A, and
o := 2. Here we note that F is log-concave. The case for z € Z¢ \A follows easily by

the boundary conditions imposed on the interface. O

We must set up now the right discretisation of domains to be able to obtain an
interface converging to GFF. Let D be any bounded domain in R? with smooth boundary.
For N € N, let Dy = ND NZ%. Let us denote by Ay the set of points z in Dy such
that « & (e; £ e;), x £ e; are all in Dy for all 4, j = 1,..., d. Let us now consider the
mixed model with A = Ay and zero boundary conditions outside Ay. The key result of
this Subsection is to show that the variance of (Uy, f) converges to that of (\IIBA, f),

that is, to the norm of the solution of a suitable Dirichlet problem.

Remark 3.4.2. The reduction from smooth boundary to piece-wise smooth boundaries

can perhaps be achieved but we will not aim for such a generalization.

Proposition 3.4.3. Let f be a smooth and compactly supported function on D and

consider

(U, )=k Y N Fonfla).

xe%AN
Then
Jim Varl(¥y, )] = [ u(e)fa)da,
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where u s the solution of the Dirichlet problem

—Acu(z) = f(z) z€D (3.4.2)

u(z) =0 x € 0D.

Proof. We denote G%(x,y) = Eaylonapny] for o,y € N~'Dy. Note that if A%
(defined in (2.2.4)) is the discrete Laplacian on N~ Z% then by (3.2.3) we have, for all
S NﬁlAN,

(3.4.3)

We have

Var((Uy, /)l =k Y N 2GL(a,9)f(2)f(y)

x,ye%AN

= Y NHy(@)f(@)

JJG%AN

where Hy(x) = k2 ZyG%AN N*QG%(x,y)f(y) for + € N~'Dy. It is immediate from
(3.4.3) that Hy is the solution of the following Dirichlet problem:

(—A%+WA%)HN(:U) = f(z) z€ LAy o

Hy(z) =0 ¢ +AN.
Define the error between the solutions of (3.4.4) and (3.4.2) by en(z) := Hn(z) — u(x)

for z € N~'Dy. Then using Theorem 3.5.1 we have

N~ 3" en(@)?<CN (3.4.5)

LBG%AN

Rewriting the variance we deduce

Var[(Ty, = 3 en@f@N 1+ 3 u(@)f@)N "

IEG%AN .TE%AN

Note that by Cauchy-Schwarz inequality and (3.4.5) the first summand goes to zero as

N — oco. The second term is a Riemann sum and converges to [, u(z)f(x)dx. O
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3.4.2 The Gaussian free field

In this case we consider d > 2 and D and Ay as in the previous Subsection. First we
discuss briefly some definitions about the GFF. In d = 2 the results can be found already

in the literature, see for example [5, Section 1.3].

By the spectral theorem for compact self-adjoint operators we know that there exist
eigenfunctions (w;);jen of —A. corresponding to the eigenvalues 0 < v1 < vy < ... —= 00
such that (w;);>1 is an orthonormal basis of L?(D). By elliptic regularity, we have that

wj is smooth for all j. Let s > 0 and we define the following inner product on C2°(D):

<fa g>s,—A = Zyj<f7 wj>L2 <wj ; g>L2'

jEN

Then H? 5 ,(D) can be defined to be the completion of C2°(D) with respect to this inner
product and H”; (D) is defined to be its dual. We denote the dual norm by || - |5 —a
Here we note that H* , 4(D) C L*(D) c H=\(D) for any s > 0.

In case f € L?(D) then we have

LA ea =D v (f, wy)?

jEN

Also observe that (Vj_lmwj)jeN is an orthonormal basis of H! , (D). In the following
proposition we give the definition of the Gaussian free field \IIBA via its Wiener series,

generalising the two-dimensional result in [34, Subsection 4.2].

Proposition 3.4.4. Let (§)jen be a collection of i.i.d. standard Gaussian random

variables. Set the Gaussian free field to be

_ —1/2
‘I’DA = Z / §jw;.

Jj€EN

Then \IIE)A e H_\(D) a.s. for all s >d/2— 1.
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Proof. Fix s > d/2 — 1. Clearly w; € L*(D) C H_3\(D). We want to show that
W52 || —s,—A < oo with probability one. We have

—A i
H\IID H%S = ZV]‘ s§]2

jEN

The last sum is finite a.s. by Kolmogorov’s two series theorem as we have

ZE[Vj—l—sgj Z] 5(1+s) < 00

jEN JEN

and

ZVar[uj_l_S{?] = Zj_%(“rs) < 0.

JjeN JjeN

Here we have used the Weyl’s asymptotic v; ~ C' j% for some explicit constant C'. Thus

we have \I/l_)A € H_\(D) as. O

3.4.3 Proof of Theorem 3.2.2

We are now ready to show the main result on the scaling limit in the finite volume case.

All notations are borrowed from Subsections 3.4.1-3.4.2.

Proof of Theorem 3.2.2. We first show that for f € C2°(D)
(Tn, f) 5 (T2, 1), (3.4.6)

This follows from the following two observations: on the one hand by Proposition 3.4.3

and integration by parts we obtain

Var(@y. )l > [ u@ @) de = 2 s

On the other hand from the definition of GFF it follows that

Var[(U52, ] =D vt (wy, £ = 1121 -a
JEN

Consequently we obtain (3.4.6) since both (U, f) and (\IIE)A, f) are centered Gaussians.
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Next we want to show that the sequence (¥ )nen is tight in H—} (D) for all s > d.

It is enough to show that

lim sup EAN[H\IINHQ,&,A] <oo Vs>d. (3.4.7)

N—oo

The tightness of (V) nen would then follow immediately from (3.4.7) and the fact that,
for 0 < 51 < 59, H_X (D) is compactly embedded in H~ (D). In order to show (3.4.7)

we first observe that for any f € H? \ (D)

(@, )l = [k > N Fone S wihpawy(a)

TE AN j=1
_ds2 —s H
= vt > onawi(@)vE(f, wy) e

(NI

2
<I<:N77 ZV < Z cpwaj(ar)> ]

j>1 IG%AN

where in the first equality we have used the fact that f € L?(D) and therefore f =

> j>1(f, wj)r2w;. Thus we have, using the definition of dual norm,

2
TR e ( S e )

J>1 TE+ AN

Therefore

EnyOn[2, 5 < S0 RN ST G (o gy (e)u; )

j=1 x,yE%AN
B —
< ;V]‘ KNG L wll g2 w5l ez Ly (3.4.8)
>

where for any grid function f we define

HfH?2(%AN) =N Z f(z 2

Z‘G%AN

: : ) : 1 1 2
From (3.4.3) it follows that G% is the Green’s function for _WA% + WA%' Let

I/£ ) VSN), .. be the eigenvalues of G1. Define P; to be the projection on the i-th
N
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eigenspace. Then using orthogonality we have

N 2 2
1G L wiliZ s ngy = D2 (4) IPwil oy < (v00) NwsliEeny,  (349)

i

where V50, is the largest eigenvalue of G%. Using (3.4.9) in (3.4.8) we obtain

By On]2, s < 30 N 20 uslis 1

>
2
<C Z u;sk2N_21/7(n]\QC (sup wj (93)) .
i>1 zeD

From [70, Theorem 1.4] we know that for any z € D, |w;(z)| < 1/;.1/4. Theorem 3.5.3
on the other hand gives that N _2y7(n1\20 is bounded above (as v; is bounded away from

zero). Using these observations we have

. —s+4
hmsup EANHwN”Z—s,—A < CZV]- ’ 2.
N—oo i>1

The last sum is finite whenever s > d.

Thus we have proved (3.4.7). A standard uniqueness argument using the facts that
HZA(D) is the topological dual of H? 5 4(D) and Cg°(D) is dense in H? 5 ((D) (see
proof of Theorem 2.3.11) completes the proof of Theorem 3.2.2. O

3.4.4 One-dimensional case
Set-up

In this case for simplicity we consider D = (0,1) and the corresponding Dy and Ay as
defined in Subsection 3.4.1, in particular Ay = {2, ..., N — 2}. To study the scaling

limit we define a continuous interpolation ¢y for each N as follows:

Un(t) = kN3 [ nt) + (Nt — [Nt])) (| nej+1 — ©\ney)]» t€D.

In the proof of Theorem 3.2.3 we use Theorem 2.2.5. Another bound we will need is

the following:
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Lemma 3.4.5. There exists C > 0 such that for all x, y € Z
Eryl(px —¢y)%] < Cly — 2. (3.4.10)

Proof. Note that it is enough to show the inequality for x,y € {1, ..., N —1}. The

Brascamp-Lieb inequality as in the proof of Lemma 3.4.1 yields

Eay [(pz — ‘Py)Q] < EEEFF[(S% - ‘Py)2]-

Let (X,,)NZ3 be a collection of i.i.d. A'(0,2) random variables and let S = (S;)N*
be the simple random walk on Z with X,,’s as increments. We have that the field
(@15, oN—2,oN—1) under P/l\)gFF has the same law of S conditionally on S7 = Sy_1 =

0. Now we define the process (S’i, R S}V_l) by

, i—1
S, =8 — ——S5y_1.
i N —2"N !

AS a consequence
(S1,...,8nv-1]51 = Sn-1=0) 4 (S, s Sy_1)-

Then for 1 <i< j < N — 1 we have

j o 2
j—i
Z Xm — SN—l) ]
<m:i+1 N -2
(j —1i)?
N —2 N —2

= 2(j —1) [1 - ]‘é__;] .

E[(S; — 5)°] = E

=2(j — i) +2

This shows the statement. O

Proof of Theorem 3.2.3

To prove weak convergence we show tightness and finite dimensional convergence. It is
easy to see that (¢n(0))n>1 is tight. Therefore tightness will follow from Theorem 2.2.5

if we show that (2.2.2) is satisfied. Using the properties of Gaussian laws, to show (2.2.2)
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it is enough to prove the following: there exists C' > 0 such that

Eny [[on(t) — n(s)P] < CJt — (3.4.11)

for all ¢, s € D uniformly in N. To show (3.4.11) we consider the following two cases.
e Suppose t,s € [x,z + 1/N] for some € N~'Dy. Then we have

Yn(t) — Yn(s) = kN2 [(Nt — Ns)(onor1 — ona)]

Now using (3.4.10) and the fact that |t — s| < 1/N we get (3.4.11).

e Next suppose s € [z, + 1/N) and t € [y,y + 1/N) for some z,y € N~'Dy and
t >+ 1/N. In this case if [t — s| < 1/N then one can obtain (3.4.11) using the

above case and a suitable point in between. So we assume [t —s| > 1/N. We first

note that
Eny [[¥n(y) — ¥n(@)]?] = BN "Eay[(ony — ©na)’]
< CN_IEZS;FF[(‘PNy - ‘PN:E)Q]
(3.4.10)
< Cy—=x).
Now

Eny [[on(t) = Yn(9)]?] < C (Eay [[Un(t) —on®)?] + Bay [[¥n(y) — ¥n ()]
+Ea, [[¥n(z) — ¥n(s)]?]) < CJt — s

Thus the sequence (1) is tight in C[0, 1].

To conclude the finite dimensional convergence we first show the convergence of the

covariance matrix. Let Gp be the Green’s function for the problem

2

—&u(x) =f(z) z€D

u(z) =0 x € 0D.

We note here that

GD(:Uay) = min{x, y} - Y, T,y € b
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which also turns out to be the covariance function of the Brownian bridge, denoted by

(B :0<t<1). Forz,y € DN N~'Z we define

k?
G%(az,y) = NGAN(NQ:,Ny).

We now interpolate G 1 in a piece-wise constant fashion on small squares of D x D to
get a new function G, : we define the value of G in the square [z,2+1/N) X[y, y+1/N)
to be equal to G% (iL',A:I;) for all z, y in DNN~! Z. We show that G% converges uniformly
to Gp on D x D. Indeed, let Fy := G% — Gp. From the proof of Proposition 3.4.3 it

follows that, for any f, g € C°(D),

lim Z N_ZG%(:c,y)f(x)g(y) :/DxD Gp(z,y)f(x)g(y)dzdy.

N—oo T
z,y€n DN

Again from Riemann sum convergence we have

Jm oY NG //DD ple,y)f(@)gly) dedy.

)ye DN

Thus we get

Jim Y0 NT2E () f()g(y) = 0. (3.4.12)
:v,yE%DN

Note that Gp is bounded and

(3.4.1)
sup |Gay(Nz,Ny)| < C sup EGFF[SOE] < CN.
x,yE%DN z€DNn

These imply that

sup |F(z, )] < C.
z,yeD

Now using (3.4.10) one can prove similarly as the diagonalization argument for the
Arzelé-Ascoli theorem that Fiy has a subsequence converging uniformly to some function
F which is bounded by C. With abuse of notation we denote this subsequence by Fl.
We then have

lim N72Fy(z,y)f // F(z,y)f(x)g(y)dxdy.
N—oo Z DxD ( )

7y€ DN
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Uniqueness of the limit gives

//DXD F(z,y)f()g(y)dzdy =0

by (3.4.12). From this we obtain that F'(x,y) = 0 for almost every x and almost every

y. The definition by interpolation of Gi ensures that F' is pointwise equal to zero.
N

Finally, the fact that the original sequence Fy converges uniformly to zero follows using

the subsequence argument.

We now show the finite dimensional convergence. First let t € D. We write
YN (t) = Pna(t) + P 2(t)

where ¥y,1 (t) = kN 2| ny) and ¥y a(t) := kN~ 2 (Nt — [Nt])(@|nej+1 — ¢ |ne))- From
(3.4.10) it follows that En [ty 2(t)?] goes to zero as N tends to infinity. Therefore to
show that ¥y (t) 4 By it is enough to show that Var[yy 1(t)] = Gp(t,t). But we have

VarW}N,l(t)] = kZN_lGAN (LNtJv LNtJ) = G% (tvt) - GD(tvt)

since the sequence Fy converges to zero uniformly. Since the variables under considera-
tion are Gaussian, one can show the finite dimensional convergence using the convergence

of the Green’s functions. O
Remark 3.4.6. From (3.4.11) we have, for any o > 2, that there exists a constant C
such that the following holds uniformly in N with 8 := a/2 — d:

Eay[l¢n(s) = on(6)|*] < Cls = ™7, s, t € D.
Thus from Theorem 2.2.5 we recover the well-known Holder continuity of the Brownian
bridge with exponent n for any n € (0,1/2).
Remark 3.4.7. In d = 1, by the continuous mapping theorem together with Theo-

rem 3.2.3 we have

sup Yy (t) LN sup By
teD teD

which gives the scaling limit for My := maxzcp, @u
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. 1—e 2" ifz>0
lim Py, (EN"My < 2) =
Iinas 0 otherwise.

3.5 Error estimate in the discrete approximation of the

Dirichlet problem

This section is devoted to showing that the solution of the continuum Dirichlet problem
can be approximated well by the Green’s function of the mixed model, and we will give
a quantitative meaning to this statement. We shall use the ideas from [69], namely,
to employ a truncated operator with which the problems of approximation around the
boundary of the discretised domain can be ignored in a nice manner. We recall that
the quantitative version of the results derived in [69] was essential to the proof of The-

orem 3.2.2. We begin by introducing some definitions.

In this section we consider D to be any bounded domain in R? with boundary 6D

which is C2. We consider the following continuum Dirichlet problem

Lu(z) = f(z) z€D (35.1)

u(z) =0 x € 0D.
where L is the elliptic differential operator L := —A..

Let h > 0. We will call the points in hZ% as the grid-points in R¢. We consider
h?

=Ny + A7

" 5d

to be an approximation of L. We have, for z € hZ?, that

d
Lnf(x hiz F(@+ her) + fla — hes) — 27 ()
=1

d
% Z z+ hiei +€j)) + f(x — hei + €;)) + f(x + h(e; — €;))

+f(z — hlei —e;)) —2f(z + he;)

—2f(x — he;) —2f(x + hej) — 2f(x — hej) + 4f(z)].
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A concept crucially used in [69] is that the discrete approximation of an elliptic operator
must be consistent with its continuum counterpart. In our case it is possible to see,
using Taylor’s expansion, that the operator Ly, is consistent with the operator L, that is,
if W is a neighborhood of the origin in R? and u € C%(W) then L,u(0) = Lu(0) + o(1)
as h — 0. Also from the definition of ellipticity of a difference operator given in [69,

page 302] it follows that Ly, is elliptic.

Now let Dy, be the set of grid points in D i.e. Dy = D N hZ?. We say that £ is an
interior grid point in Dy, or £ € Ry, if £, £ = h(e; £ e;), £ £ he; are all in Dy, for every
i,j€{1, ..., d}. We denote By, to be Dy \ Ry,. For a grid function f we define by Ry, f

a new grid function vanishing outside Ry as

f(&) if§ e Ry
0 if¢&é Ry

Ruf(§) =

We will divide Ry, further into R} and B} where R} is the set of { in Rj, such that
£+ h(e; £ ej), £ £ he; are all in Ry, U (B, N 9D) for every i, j € {1, ..., d} and B} is

the set of remaining points in Rj. Thus we have

Dh:BhURh:BhUBZURz.

We now define the finite difference analogue of the Dirichlet’s problem (3.5.1). For

given h, we look for a function up(€) defined on Dy, such that

Lpup(§) = f(§), & € Rp. (3.5.2)

We consider furthermore the boundary conditions

up(§) =0, &€ By. (3.5.3)

One can argue that the finite difference Dirichlet problem (3.5.2) and (3.5.3) has exactly

one solution for arbitrary f [69, Theorem 5.1].
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For grid functions vanishing outside Dj, we define the norm || - ||, grid by

||f||}21791"id = hd Z f(§)2

€Dy,

Mind that we are using this norm only in the current section and thus there is no risk
of confusion with the norm defined in Subsection 3.4.2. We now prove the main result

of this section.

Theorem 3.5.1. Let u € C3(D) be a solution of the Dirichlet’s problem (3.5.1) and uy,
be the solution of the discrete problem (3.5.2) and (3.5.3). If ey, := u — uy, then for

sufficiently small h we have
1Bnenll, gria < C [MZh? + h(MZh* + M)
where My, = 375 < SUPzep | D u(z)].

Proof. We denote by C all constants which do not depend on u, f. A standard Taylor’s

expansion gives for all z € D and for small A
Lyu(z) = Lu(x) + h*R3(x)

where

|Rs(z)] < CM;3h3. (3.5.4)
So we obtain for £ € Ry,
Lpen(§) = Lpu(§) — Lpun(§)

= Lu(&) + h™*R3(€) — Lyup(€)

= h2R3(8).
The truncated operator Ly 1 is defined as follows:

Lpf(x) zeR;
Lnaf(x) == hLnf(z) =€ B:

0 :U%Rh.
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For £ € R; we have

Ly Ruen(€) = LipRuen(€) = Lyen(§) = h*Rs(§). (3.5.5)

For £ € B} at least one of £ & h(e; & €j), £ &+ he; is in By, \ (Bp, NdD). As the value of

the solution of (3.5.1) is known to be zero on the boundary 0D, we have for n € By,
u(n) = un(n) + Ra(n)
where |R1(n)| < CM;h. For £ € B;; denote by
Sij(§) ={n:m € By \ (BpNOD)N{{ £ he;,§ £ h(ei L ej)}}
Therefore, for & € B},

Lh,theh(g) = thRheh(g)

= h{Lheh —h™ Z Z C eh

1,j=1n€S; ;(§)

=h"'R3(6) + hT IR (6) (35.6)
where C'(n) is a constant depending on 7 and
R} (&) < CMyh. (3.5.7)
Hence

ILn1Brenllh gria = h° (LniRuen(r))?
7g

zER
= pd Z (Lh 1Rpep(x 24 Z Ly, 1Rpen(x ))
zER} zEBy

(3.5.5)

(3.5.6) pd |:Z( 2,R3 Z 1R3 )+ R~ lRl( ) :|

zER] z€B;
(3.5.4), (3.5.7)
< Ot YT MIRE+ > (MRt + MY

TERy z€B}

< C[M3h* + h(M3h* + M7))
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where the last inequality holds as the number of points in B} is O(h~4=1) which follows
from [56, Lemma 5.4] due to assumption of a C? boundary. Finally using Theorem 4.2

and Lemma 3.1 of [69] we obtain
1Rnenllf, gria < C [MZR* + h(MZR* + M7)] (3.5.8)

which completes the proof. O

Remark 3.5.2. Note that in the above proof we used Theorem 4.2 in [69] which requires
the domain to satisfy a property called By. In the same article it is pointed out that for

any domain B} holds by definition.

Theorem 3.5.3. Let Ay, be the matriz h>Ly, and let th) be the smallest eigenvalue of
Ayp. Then

— 1 h—2 (h)
V1 hli% H1 s

where v1 is the smallest eigenvalue of —A..

The proof of the above result follows by imitating the proof of Theorem 8.1 of Thomée
[69] which we skip here.



Chapter 4

Scaling limit of semiflexible

polymers: a phase transition

4.1 Introduction

In this chapter we study the model for which the Hamiltonian is given by

H(p) = > (k]| Val® + ra(Aip)?) (4.1.1)

zez?
K1, ko are two non-negative parameters. More specifically, we consider the model ¢ =
(¢z) zezd, Whose distribution is determined by a probability measure on RZd, d>1. The

probability measure is given by

1
P(dp) == -~ exp =Y (1llVeal? + r2(Ap2)?) | [T de= J] do(des), (4.1.2)
A zez? TEA TEZMNA

where A € Z¢ is a finite subset, dy, is the Lebesgue measure on R, dy is the Dirac
measure at 0, and Z, is a normalizing constant and the parameters 1, k9 depend on
A. We are imposing zero boundary conditions: almost surely ¢, = 0 for all z € Z%\ A,
but the definition holds for more general boundary conditions. The main aim of this
chapter is to show how the dependency on the size of the set A of k1 and k9 affects the

scaling limit of Py.

99
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In Chapter 3 the scaling limit of the (V + A)-model is studied. There it is shown
that if one takes the lattice size to go to zero, under a suitable scaling the Laplacian
term is dominated by the gradient and the limit becomes the Gaussian free field. A
very natural question, which we aim at investigating in this chapter, is whether one
can interpolate between the continuum Gaussian free field and the membrane model by
tuning ko /K1 suitably. To the best of our knowledge, the influence of the length on the
shape of the polymer through x; and ko has not been systematically addressed in the
literature. In [59] a phase transition on the surface tension for mixed polymers has been
investigated according to a suitable rescaling of m depending on the lattice size.
However the model studied in [59] is integer-valued, so it differs from the one studied in

the present chapter.

We now briefly describe the phase transition picture which appears in the scaling
limit. We restrict our focus to d = 1 for heuristic explanations. Let us consider the
Hamiltonian described in (4.1.1). We take A = {1, ..., N —1} for N e N, k; = 1/4
and k2 = k(N)/2. In d = 1 in the DGFF case (k2 = 0) it is well-known that the
finite volume measure can be given by a random walk bridge and in the membrane case
(k1 = 0) by an integrated random walk bridge ([20]). Therefore the scaling limit for the
DGFF and membrane turns out to be Brownian bridge and the integrated Brownian
bridge, respectively. In d = 1, a representation for the (V + A)—model using random

walks was obtained in [14]. The details of the representation are recalled in Section 4.6.

Let v and o be as in (4.6.3) and (4.6.4), respectively. Let (&;);c,+ be ii.d. normal
random variables with mean zero and variance 02/(1—+)2. Forn > 1, let W,, = S,, —U,,
where S, = >}, & and U, = "1 +y"" 183+ - +~&,. From [14, Proposition 1.10] it
is known that the finite volume measure of the model is given by the joint distribution of
(Wn)1<n<n—1 conditioned on Wy = Wyy; = 0. We look at the unconditional process
and see how the parameter (V) changes the variance. It follows from (4.6.3) and (4.6.4)
that

, 1 1

%li(N) and (1—7)~ )

So for the case when k(N) < N? we have

Var(Sy-_1) & N, Var(Uy_-1) = /&(N) and Cov(Sy_1,Un-1) = \/k(N)
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which together imply that Var(Wx_1) ~ N, thus the random walk dominates with its
scaling v/N.

When x(N) > N? the situation is a bit more complicated and one can compute that

(see Section 4.6)
N3
Var(Wy_1) = o)
It turns out that the Laplacian part dominates under this scaling. When x(N) ~ N?
then the contribution from Sy_1 and Uy_1 is similar and hence both the gradient and
Laplacian interaction come into picture. The reader can see a simulation of the free
boundary case that is, the trajectories of (W,,)i1<pn<n, in Figure 4.1 and Figure 4.2. We
plotted the two cases k < N2 and x > N? in different pictures as the height scalings

are different.

100

a0

A0

-100

-180 A

200 b -

-250

1 1 1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 B000 7000 8000 5000 10000

FIGURE 4.1: This is a simulation of some trajectories of (W, )1<,<x with N = 10%
and x = 0, ,k=2x10% k=2 x 106,

We stress that in the above description we did not consider boundary effects which can
cause considerable difficulty in understanding these processes explicitly. In Section 4.6 we
have pointed out the conditional representation of W _1. One can see that it is not easy
to determine whether the above transition can be pushed to the conditional processes
and hence the finite volume measure. The aim of this chapter is to go beyond such
representations and show the above transition holds true in general dimensions and get
the explicit limits in each of the cases. In this respect, we also record that the integrated

random walk representations of d = 1 cannot be extended to d > 1. In previous
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1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 8O0 900 1000

FIGURE 4.2: This is a simulation of some trajectories of (W, )1<,<n with N = 103
and k£ = 2 x 1063, k=2 x 108,

)

chapters we introduced a finite difference method to approximate solutions of PDEs to
successfully obtain the scaling limit of the membrane model and the (V + A)-model with
fixed coefficients. The idea was inspired by the work of Thomée [69]. Finite difference
methods was also employed in the works of Miiller and Schweiger [54], Schweiger et al.
[64] to obtain important estimates on the discrete Green’s function of the membrane

model.

The main results of the chapter are as follows. We consider the model on Ay &€ Z% for
a suitable Ay defined later in Section 4.2. Also, we assume k1 = 1/(4d), ko = k(N)/2

and distinguish three regimes for k = (V).

(a) Let x > N?2. In d > 1, we show that the appropriately rescaled field converges
to the continuum membrane model. The continuum membrane model is roughly
a centered Gaussian process whose covariance is given by the Green’s function
of the Bilaplacian Dirichlet problem. For d > 4, in Theorem 4.2.7 we show the
convergence takes place in a distributional space (more precisely a negatively-
indexed Sobolev space). In d = 1,2 and 3 we show in Theorem 4.2.1 that the

limiting Gaussian process has continuous paths.

(b) Let k ~ 2dN2. In d > 4 we show (Theorem 4.2.7) that the rescaled field converges

to a random distribution in an appropriate Sobolev space and the covariance of
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the limiting Gaussian field is given by the Dirichlet problem involving the elliptic
operator —A. + A2, In d = 1,2 and 3, again we show (in Theorem 4.2.1) the

convergence takes place in the space of continuous functions.

(c) Let k < N2. Ind > 2 we show (in Theorem 4.2.7) that the rescaled field converges
in distribution to the Gaussian free field. Again, since the Gaussian free field is a
random distribution the convergence takes place in a negatively-indexed Sobolev
space. In d = 1, we show (in Theorem 4.2.1) that the limiting process is the

Brownian bridge, confirming the heuristics presented above.

To derive the above results, the main technique we use is the approximation of
the solution of a continuum Dirichlet problem with its discrete counterpart. Using
Sobolev estimates it can be shown that the closeness of the solutions is related to the
approximation of the discrete elliptic operator to the continuum one. This idea has been

already employed in the previous two chapters.

But in the present scenario, the discrete elliptic operators have coefficients which
depend on N and hence the estimates in [69] are not applicable directly. In addition,
the rough behaviour around the boundary in the case of constant coefficients was dealt
with by considering a truncation of the discrete elliptic operator. The operators were
rescaled around the boundary and this helped in controlling their behaviour. The same
technique becomes a bit more involved in the present case. This helps us to tackle
with the cases k > N? and k ~ 2dN? but the method falls short when x < N2. In
this case we take care the boundary effects and discretization separately, adjusting the
boundary values with an appropriate cut-off function. We deal with these technical
issues in Section 4.2.3. Let us mention in passing that we believe that the result in
Section 4.2.3 is of independent interest and can be applied to discrete elliptic operators

where coefficients depend on the scaling of the lattice.

4.2 Set-up and main results

Let A be a finite subset of Z¢, d > 1, and P, and H(y) be as in (4.1.2) and (4.1.1)
respectively. It follows from Lemma 1.2.1 that the Gibbs measure (4.1.2) on R with
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Hamiltonian (4.1.1) exists. Note that (4.1.1) can be written as
1
H(p) = 5{p, (~Adri A + 2k20%)0) 2 (74 - (4.2.1)

Let d > 1. Let D be a bounded domain in R, For N € N, let Dy = ND N 72, Let
us denote by Ay the set of points x in Dy such that, for every direction i, j, also the
points = + e;, x & (e; + e;) are all in Dy. In other words, Ay C NDN Z% is the largest
set satisfying oAy € ND N Z?* where rAy = {y € Vi \Apy : dist(y, Ay) < 2} is the
double (outer) boundary of Ay of points at ¢! distance at most 2 from it. We consider
the model with A = Ay, k1 = 1/4d, ko = k(N)/2 and want to study what happens
when we tune suitably the parameter x(/N) as N tends to infinity. We assume k1 to be
constant as it is easy to state the results in this format. Also for simplicity we write
k for K(N). We just note here that if we write Gp, (2, y) := Eay(@zpy), it follows
from Lemma 1.2.1 that G, solves the following discrete boundary value problem: for

T € AN
(—A + kA%)Gpy (7,y) = 6:(y) y € An

. (4.2.2)
Gay(z,y) =0 y ¢ An

To describe the main results we need some elliptic operators. We first introduce them
and the corresponding Dirichlet problem. Let L denote one of the following three elliptic
operators:

_Am
L= A?”
—A.+ A2,

We consider the following continuum Dirichlet problem:

Lu(z) = f(z) z€D (42.3)
D%(z) =0 |a|<m—1,2€dD.

where m =1 if L = —A, and m = 2 in the other cases.
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4.2.1 Lower dimensional results

We first present the results in lower dimensions where we show that convergence takes
place in the space of continuous functions. In this case we consider D = (0,1)%. Also
here, according to the behaviour of kK as N — oo we have three different limits. To
verify the convergence in the space of continuous functions we shall need to continuously
interpolate the discrete model. In d = 1 the linear interpolation gives a continuous
process but for higher dimensions there might be many ways. We stick to the following
natural way. We will need this interpolation in d = 2 and 3 when x> N? or k ~ 2dN?.

We define the continuous interpolation {¢n}nen in the following fashion:

e Ford=1andte D

On(t) = en(1) o ney + (Nt = [Nt (0| ne) 11 — 2(ne))] - (4.2.4)

° Ford:2andt:(t1,t2)€D

YN (t) = en(2) [o vty + Nt} (O Ntj+es — P )

+ANGY (P rere, — Plvese )| HNGY 2 {NGY (425)

where i, j € {1, 2}, 1 # j.

e For d=3 and t = (t1,t2,t3) € D

YN (t) = en(3) [oiney + ANt} (0| Ntj+e; — PN
+ {Nt]} (@LNtJ+ei+6j - SOLNtJ+ei>

+ {Nty} (SDLNtJ+ei+ej+ek - SDLNtJ+e1-+ej)} . A {Nt} > {Nt;} > { Nt}

(4.2.6)
where 4, j, k € {1, 2, 3} and pairwise different. Here cy(d), d =1, 2, 3, are scaling
factors which are specified in the following result.

Theorem 4.2.1. We have the following convergence results.

(i) k> N2. Let 1 < d < 3. Define a continuously interpolated field 1n as in (4.2.4),
(4.2.5) and (4.2.6) with
en(d) = (2d) VRN
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(iii)

Then we have, as N — oo, that the field ¥ converges in distribution to ¢%2 m
the space of continuous functions on D, where w%Q is defined to be the centered
continuous Gaussian process on D with covariance Gp(-, -), the Green’s function

for the following biharmonic Dirichlet problem:

2’U,CU = X X
Aeu(@) = fle), =eD (4.2.7)

D%u(x) =0, Vie| <1,z €0dD.

k ~ 2dN?. Let 1 < d < 3. Define a continuously interpolated field n as in
(4.2.4), (4.2.5) and (4.2.6) with

en(d) = (2d) VRN

_ 2 . . = .
Define @Z)DA"'A to be the continuous Gaussian process in D with covariance Gp(-, -),

where Gp is the Green’s function for the problem

(A + A%)u(m) = f(x), €D

D%u(z) =0, V]| <1,z e€dD.

A+A2

Then N converges in distribution to the field ¢, in the space of continuous

functions on D.

k < N2. Let d = 1. Define the continuously interpolated field 1y as in (4.2.4)
with

Then as N — 00, Yy converges in distribution to the Brownian bridge, ¢BA, m

the space of continuous functions on D.

Remark 4.2.2. When k1 = 0 and k2 = 1 in (4.1.1) the d = 1 case was first studied

in [21], where they showed that the limiting distribution is given by an integrated Brown-

ian bridge (for a more precise definition see [21, Theorem 1.2]). The higher dimensional

case has been studied in Chapter 2. It is shown that for d = 2, 3 the discrete membrane

model converges to a Gaussian process with continuous paths and the methods in Chap-

ter 2 can be seen to be valid in d = 1 also. By uniqueness of the limit in C[0, 1] it follows

that the limiting Gaussian process in d = 1 for the case k > N? (Theorem 4.2.1 (1)) can
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be described using the integrated Brownian bridge, the limit matching that of Caravenna

and Deuschel [21].

4.2.2 Higher dimensional results

We present now the results in higher dimensions where we show convergence in the space
of distributions. We assume D to be any bounded domain with smooth boundary. In
order to make our statements precise, we need to introduce three (negative ordered)
Sobolev spaces denoted respectively as H,3(D), HZ\, r2(D) and HZ{ (D). We are

going to recall some basic notations on Sobolev spaces and also some facts about the

eigenvalues of the elliptic operators involved in our problem.

Continuum membrane model. We recall the definition of the Sobolev space H 5 (D)
and the continuum membrane model from Chapter 2. By the spectral theorem for com-
pact self-adjoint operators and elliptic regularity one can show that there exist smooth
eigenfunctions {u;} en of A2 corresponding to the eigenvalues 0 < A} < Ay < --+ — 00
such that {u;};en is an orthonormal basis for L?(D). Now for any s > 0 we define the

following inner product on C°(D):

Fra)sne =D N ug) o (g, 9o

jeN

Then H}, ,(D) is defined to be the Hilbert space completion of CZ°(D) with respect
to this inner product. We define H5(D) to be its dual and the dual norm is denoted
by || - ||-s a2. Recall Proposition 2.3.10 which provides a description of the continuum

2
membrane model \I/% .

Definition 4.2.3. Let (§;);jen be a collection of i.i.d. standard Gaussian random vari-

ables. Set

2 —1/2
vy =" APy
JEN

Then \I’%Z € H5(D) a.s. for all s > (d —4)/2 and is called the continuum membrane

model.
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—S

Continuum mixed model. We define the space HfAJFAQ

(D) analogously to H ,5(D).
One can find smooth eigenfunctions {v;};en of —A. + A2 corresponding to eigenvalues
0 < py < pg < -+ — oo such that {v;}jen is an orthonormal basis of L?(D). One can

define, for s > 0, the following inner product for functions from C2°(D):

2
() amarar = D15 (i) vy 0) s
JEN
Let ”HS_AJFAQ’O(D) be the completion of C°(D) with the above inner product and
“Ain2(D) be its dual. The dual norm is denoted by || - || -5 _Aya2. We describe
the details on this space in Section 4.6. The following definition is proved as Proposi-

tion 4.6.3 in Section 4.6.

Definition 4.2.4. Let (§;)jen be a collection of i.i.d. standard Gaussian random vari-

ables. Set

CA+A2 ~1/2
\I/D + = Z,U,j /§jvj.
jeN
Then ‘IIE)A+A2 € H A, n2(D) as. for all s > (d—4)/2 and is called the continuum

mixed model.

Gaussian free field. Here also we recall the definition of the Sobolev space H_} (D)
and the Gaussian free field from Chapter 3. By the spectral theorem for compact self-
adjoint operators and elliptic regularity we know that there exist smooth eigenfunctions
(wj)jeN of —A, corresponding to the eigenvalues 0 < v < vy < -+ — o0 such that
(w;)j>1 is an orthonormal basis of L?*(D). Now for any s > 0 we define the following

inner product on C2°(D):

<f7 g>s,—A = Zyj<f> wj>L2<wJ ) g>L2‘
jeN
Then H? 5 ,(D) can be defined to be the completion of C2°(D) with respect to this inner
product. We define H~ A (D) to be its dual and the dual norm is denoted by || - ||—s, —A.

We recall the definition of the Gaussian free field from Proposition 3.4.4.

Definition 4.2.5. Let ({;)jen be a collection of i.i.d. standard Gaussian random vari-

ables. Set

AL —1/2
\IJD = ZV]- fjwj.
JeN
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Then \IJBA € H_\(D) a.s. for all s > d/2 —1 and is called the Gaussian free field.

Remark 4.2.6. We define different spaces with respect to different eigenfunctions of
the operators. It is not clear to us if these spaces coincide for a general domain. We
are not aware of a result which gives the norm equivalence between the spaces 7—[2270(D),
HE A p2 (D) and HE 5 o(D). In this thesis we are not pursuing this line of research;
what is important for us are the specific norms that determine the limiting variance of

the discrete fields.

We are now ready to state our main results in the higher dimensional case.

Theorem 4.2.7. Assume that D has smooth boundary. Depending on the behaviour of

k as N — oo we have the following three convergence results.
(i) k> N2. Let d > 4. Define ¥y by

(U, f) = (2d) " aN~F Z onaf (@), | € Hrzg(D).

rTE AN

Then we have, as N — oo, that the field V converges in distribution to the

continuum membrane model \11%2 in the topology of H,5(D) for s > sq, where

o T TR I —

(ii) x ~ 2dN?. Let d > 4. Define ¥ by

(Un, f):=(2d)"'VEN™ Z onaf(x), fEM 5 n2o(D)

rTE~ AN

A+A2

Then, as N — oo, the field ¥y converges in distribution to ¥, in the topology

of H_\yn2(D) for s > sq where sq is as in (4.2.8).

(iii) k < N2. Let d > 2. Define ¥ by

(U, f) = (2d)"2N~% Z onef(x), fEHAD).

TE - AN

Then, as N — oo, the field U converges in distribution to the Gaussian free field

W2 in the topology of H™\(D) for s > d/2 + |d/2] + 2.
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4.2.3 Main ingredients in the proofs

We prove both Theorem 4.2.1 and Theorem 4.2.7 by first showing finite dimensional
convergence and secondly tightness. As the measures are Gaussian with mean zero, the
finite dimensional convergence follows from the convergence of the covariance. However
the behaviour of the covariance of the model is not known explicitly. Therefore we
use the expedient of boundary value problems to achieve both goals. The key fact
which allows us to employ PDE techniques is that the covariance satisfies the discrete
boundary value problem (4.2.2). For the proof of our main theorems we will compute
in Theorem 4.2.8 the magnitude of the error one commits in approximating the solution
of the Dirichlet problem (4.2.3) by its discrete counterpart. In the present section we
only state the error estimate leaving the proof for Section 4.5. Let D be any bounded
domain in R? satisfying the uniform exterior ball condition (UEBC), which states that
there exists 7 > 0 such that for any z € 9D there is a ball B, (c) of radius r with center

at some point ¢ satisfying B,.(c) N D = {z}. We mention here that any domain with C?
boundary satisfies the UEBC.

Let h > 0. We will call the points in hZ¢ the grid points in R%. We consider L;, to

be a discrete approximation of L given by

(—An+pr(R)A2)u  if L= —A,
Lyu=q (=pa(R)Ap +A2)u  if L=A2 (4.2.9)
(—An + p3()A2)u  if L= —A.+ A2

where p;(h) are functions of h taking values in the positive real line such that

i h) 0 1=1,2
im p;(h) =
h=0 1 i=3

Let Dy, be the set of grid points in D i.e. Dy = D N hZ®. For any grid point = we
define the points « & he;, x £ h(e; £ e;) with 1 <4, j < d to be its neighbours. We say
that x is an interior grid point in Dy, if all its neighbors are in Dy. Let R, be the set of
interior grid points in Dy, and By, := Dy, \ Ry, be the set of grid points near the boundary.

We divide Ry, further into R} and Bj, where Rj is the set of x in Ry, such that all its
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neighbors are in ), and B; is the set of remaining points in Rj. Thus we have
Dh:BhURh:BhUBZURZ.

Denote by Dy, the set of grid functions vanishing outside Rjp. For a grid function f we
define Ry f € Dy, by

Ruf(z) = fla) @€ By (4.2.10)

0 (L'¢Rh

Define for grid-functions vanishing outside a finite set

(u, v>h,gm’d = h? Z u(z)v(z),
zchzd

1/2
el gria = (u, u)y 2.

We now define the finite difference analogue of the Dirichlet problem (4.2.3). For given

h, we look for a function uy(-) defined on Dy, such that
Lyup(z) = f(z), =z € Ry (4.2.11)
and
un(z) =0, = € By, (4.2.12)

The uniqueness of the solution of (4.2.11) and (4.2.12) is shown in Lemma 4.5.5. We are

now ready to state the error estimate result which forms the core result of this chapter.

Theorem 4.2.8. Depending on L we have the following error bounds.

(i) L = A%, Let u € C3(D) be the solution of the Dirichlet problem (4.2.3). If

en = u — up, then we have for all sufficiently small h

|Renl3, gria < C [MER? + M3(pa(R))® + MZH] .
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(i) L =—A.+ A2 Let u € C°(D) be the solution of the Dirichlet problem (4.2.3). If

en = u — up, then we have for all sufficiently small h
| Renl? gria < C [MER? + M (pg(h) — 1) + MEh* + MEh] .

(iii) L = —A.. Let u € CXD) be a solution of the Dirichlet problem (4.2.3). If

en = u — uy, then for sufficiently small h we have
HRhethQL,grid <C [M4254 + M22:01(h)6 + M125] )
where 6 := max{h, \/p1(h)}.

In all the cases My := 3, <) SuPzep|Du(z)].

4.3 Proof of Theorem 4.2.7

We now give the proof of each of the three parts of Theorem 4.2.7.

4.3.1 Proof of finite dimensional convergence

We first show that for f € C2°(D)

(O3, f) k>N
(U f) =5 $ (WA f) ke~ 2dN? (4.3.1)
(U5, f) k< N2,

We begin by noting that (¥, f) is a centered Gaussian random variable. Hence to show
the above convergence it is enough to show that Var(¥ y, f) converges to the variance of
the Gaussian on the right hand side of (4.3.1). We denote G%(:):, y) = Epy [Nz @Nyl-
Note that by (4.2.2), we have for all z € Ay,

4d2N*4

— 1
1(w,y) = *50(y), v e yAN 432)

K

(—WQAL +A2 ) G
2 —_
k> N N N
G

1
N
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(—A% + M%A%) G%(x,y) =2dN2%5,(y), y¢€ %AN

Kk~ 2dN? : (4.3.3)
G1(z,y) = y & yAn.
_ K 2 — 2 1

e Ay +gfie Al ) Gy (e,y) = 24N%0(y). y € {AN o

Now considering all the three cases we can rewrite the variance as

Var[(Uy, f)] = N ¢ Z Hy(x)f(x)

CBE%AN
where for z € %DN,
(2d) 26N c1p Gol@y)fly) K> N?

Hy(z) = q (2d) 2N 4 Zye%AN Gi(z,y)fly) kK~ 2dN?

) f(y) k<< N2

It is immediate from (4.3.2), (4.3.3), (4.3.4) that Hy is the solution of the following

Dirichlet problem:

<_@Ai + Ai) Hy(z) = f(z), 2 € xAn
N N

k> N2 (4.3.5)
Hy(z) =0, z ¢ wAN
—AL + A% ) Hy(z) = f(z) =€ +AN

K~ 2dN? : ( v AN ) N (4.3.6)
Hy(x) = r ¢ AN
A1+ = A2 HN(J:) = f(:E), x € lAN

K< N?: ( v 2N %) N (4.3.7)
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Observe that we get the discrete Dirichlet problem involving the operator L; defined in
(4.2.9) with h = 1/N and

p1(h) := kh%/2d, po(h) :=2d/kh?, p3(h) := kh?/2d.

We now recall the continuum Dirichlet problem (4.2.3) with the elliptic operator L as
in (4.2):

Lu(x) = f(z) x€D

D%u(z)=0 |of<m—1,z¢€dD.

where m = 1 if L = —A, and m = 2 in the other two cases. We set L := A2 when
k> N2, L := —A, when Kk < N? and L := —A, + A% when k ~ 2dN2. Define

en(z) = Hy(z) — u(z) for € £Dy. Then from Theorem 4.2.8 we have

Cg+2 1 1) k> N2

52
N7 YL en@? <0 (R + (5 - 1)?) ko~ 20N (4.3.8)
$E%AN
Cmax{%,\/‘g]v} Kk < N2.

Hence we get that

Var[(Uy, f)l = > en(@)f@N %+ > u(@)f(z)N (4.3.9)

xG%AN IE%AN

Note that by Cauchy-Schwarz inequality and (4.3.8) the first term goes to zero as

N — o0o. The second term converges to

w(@) f(z)N~¢ —so0 u(x)f(xr)dx. 3.
S u(@) f@)N /D()f()d (4.3.10)

$E%AN

Notice that by integration by parts we have

[ull3 a2 = 1125, a2 L=A?
/Du@)f(x) dz = [ull3 5 e = 1F1%5 _asne L=—Ac+ A2

lull?_a = 17124, L— AL
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On the other hand from the definition it follows that

Var| \IJA , Z)\ (uj, f Lz = ||f||272,A2
jeN
_A4A2 - 2
Var[(UpS 0 1= st oy, £l = 112 aias
JjeEN
Var| \IfA z:l/_1 (wj, f L2 = Hfugl,fA'
JEN

Consequently we obtain (4.3.1).

4.3.2 Tightness

To show tightness we shall need the following bounds on the eigenfunctions (u;);en,
(v;)jen and (w;)jeny of AZ, —A. + AZ and —A, respectively. They can be obtained
from the general Sobolev inequality ([35, Chapter 5, Theorem 6 (ii)]) and a repeated
application of [39, Corollary 2.21].

S HER

(i) For the eigenfunctions (u;)jen of A2 corresponding to eigenvalues (\;)jen in Prob-

Lemma 4.3.1. Let

lem (4.2.3) there exists a constant C > 0 such that for k>0

> Sgg\Daw(m)\ < CNF. (4.3.11)
o<k

(ii) For the eigenfunctions (vj)jen of —Ac+ A2 corresponding to eigenvalues (u;)jen

in Problem (4.2.3) there exists a constant C' > 0 such that for k > 0

l
Z 2gp|D°‘vj(:E)| < Cpuj. (4.3.12)
la|<k

(iii) For the eigenfunctions (wj)jen of —A. corresponding to eigenvalues (v;)jen in
Problem (4.2.3) there exists a constant C' > 0 such that for k > 0
[€)+k+1

> sup|Dwy(x)| < Cw; (4.3.13)
laf<k®
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In each instance, the constant C' may depend on k.

We can now begin to show tightness.
Case 1: x> N2. Our target is to show that the sequence (V) yen is tight in H33(D)

for all s > s4, where s4 is as in (4.2.8). It is enough to show that

limsup Eo [[Wn]%, p2] <00 Vs> sa. (4.3.14)

N—oo

The tightness of (Un)nen would then follow immediately from (4.3.14) and the fact
that, for 0 < s1 < 53, H,5' (D) is compactly embedded in H,5*(D).

From the definition of dual norm it is immediate that we have

—5/2
Eny (19812, ae] <327 *Eayl(¥, ).
JEN

Note that u = A;luj is the unique solution of (4.2.3) with L = A2 for f := u;. Define
en,; to be the error between the solution of the discrete Dirichlet problem (4.3.5) and

the continuum one (4.2.3) with input datum f := u;. Now as in (4.3.9) we have

Ery[(Un, u)’] = > enj@u(@mN "4+ D A uy(a)uy(z) N1

IE%AN IE%AN
1/2
2
< C'sup |uj(z)] [ N9 Z enj(x)? + C'/\j_1 (sup \u](x)\> .
zeD 1 zeD
$€NAN
(4.3.15)
Using Theorem 4.2.8 (1) along with the bounds (4.3.11) we obtain
1
Epy (U, w))?] < CAO (NZB2N2 4 A2 242 N2 )\312’2N_1] F ot

< C)\lp+l5—1
_ j .
Therefore we have

Eay |[0n17, a0) <O A 2N
JEN
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Thus
. 2 . —5+lo+ls—1
lim sup Ep [ U N[5 A2] <00 if Z)\j 2 < 00
N—o0 ;
jEN
. 4/d . —5+lo+ls—1 . .
Now using A; ~ ¢(d)j*/¢ we obtain that > ;- A, is finite whenever s > sg4.

Thus we have proved (4.3.14).

Case 2: K ~ 2dN?. Due to the compact embedding of the spaces H ™5 | ro(D), to
—A+A

—S

show that the sequence (¥ y)nen is tight in H7A+A2(D) for all s > s4, it is enough to
show that

lim sup EAN[”‘I'N||2—S,—A+A2] < oo Vs> sg. (4.3.16)

N—oo

As in the previous case, by definition of dual norm we have

—5/2
Eny (19812, —araz] < 0 07 Bayl(n, v)?).
JEN
Note that u = u;lvj is the unique solution of (4.2.3) with L = —A, + A2 for f := u;.
Define ey ; to be the error between the solution of the discrete Dirichlet problem (4.3.6)

and the continuum one (4.2.3) with f := v;. Now as in (4.3.15) we have

1/2

2
Eay (U, 0)2) < Csup oy (@)] [ N0 S enj@? |+t (sup rvj<x>|) .
xeD mELAN xED
N

Using Theorem 4.2.8 (2) along with the bounds (4.3.12) we obtain

1

2 2
_ 1) 4 M?lgqu] + Cu?lofl

EAN[(\IJNv Uj)Q] < C:ué‘o |:/'L?l52N_2 + :u]zl572 <2dN2

<C 'u;o +l5-1 )
Therefore we have

=3 lo+ls—1
Eny (19812, _aras] S CDp; 2ultt,
jEN

Thus
— S lo+l5—1
.2 <

J
jeN

lim sup Ea  [[[Wn]1%, _a4a2] < 00 if
N—oo
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oy . . ) l=—1
From Proposition 4.6.2 we obtain that ZjeN I 20T o0 whenever s > sq- Thus

we have proved (4.3.16).

Case 3: k < N2. The arguments are similar to the previous two cases and hence we

just indicate the required bounds. To show tightness in H_\ (D) it is enough to show

limsup Eay [ On 12, Al €Y v "Bay[(Un, wy)’] <oo Vs >d/2+ [d/2] +2.
N—o00 JEN
(4.3.17)
Setting en, j to be the error between the solution of the discrete Dirichlet problem (4.3.7)

and the continuum one (4.2.3) with f := w; we obtain

1/2

2
Bayl(Un, i) < Coup (@) | N7 S ewy(e)? |+ (sup |wj<x>r> .
TE

xzeD
IEG%AN

Using Theorem 4.2.8 (3) along with the bounds (4.3.13) we can conclude the following

upper bound for Ex [(¥y, w;)?]:

. 14145 2 ) 14143\ 2 ) 14142 2
Csup lwj(@)| || v; v; ° + vy ? + vyt
zeD

2
+ C’l/j_1 (sup w](ac)o .

xeD

Now a consequence of the above and (4.3.13) is that

L§)+2

Eny[(Un, w))?] < Cv; (4.3.18)

Therefore we have

_s L5142
Eny [I0x]2, a] CY vy =
JeN

Thus
—s+[2]+2
J

limsupEAN[H\I/NH2_57_A] < 00 if

N—oo jeN

< oQ.

We now use the Weyl [72]’s asymptotic v; ~ C’jg (see [73, Lemma 4.2]) and the fact
that ZjeNj%(ﬂH%HQ) < oo whenever s > d/2 + |d/2] 4+ 2 to conclude (4.3.17).
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For all the cases we now have the tightness and the convergence of (¥, f) for all f €
C°(D). A standard uniqueness argument completes the proof of Theorem 4.2.7, using

the fact that C2°(D) is dense in H}, ((D), HZ \ a2 o(D) and H? 5 o(D) respectively.

4.4 Proof of Theorem 4.2.1

In this section we prove Theorem 4.2.1 by showing finite dimensional convergence and
tightness. The proof is similar to the proofs of the lower dimensional results in the
previous two chapters. First we will show tightness and then we will prove the finite di-
mensional convergence which is similar to the proof of Theorem 4.2.7. To show tightness

we use Theorem 2.2.5.

We shall elaborate on the case when x > N2. The argument for other case x ~ 2dN?
is exactly the same. For the case x < N2, the proof is similar and hence we shall indicate

only the crucial bounds which are required in the proof.

Case 1: x> N?

First we want to show that the sequence {tn}yen is tight in C(D). We need the
following bounds.

Lemma 4.4.1.

(1) For any x,y € 74
|Gy (z,9)] < Cr™INAD

(2) For x € Z°
Crk™IN d=1
Epy |(Pote, — 92)?| <4 Okl logN d=2 .
Cr1 d=3

Proof. To show the first inequality we bound Gj , (z, ). One can show using Theorem

5.1 in [18] that

GAN (.CI?, :B) < H_lE%NM((p?c)
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where P%NM denotes the law of the membrane model on Ay with zero boundary condi-
tions outside Apx. The bound for the d = 1 case can now be obtained using the random
walk representation of the model used in Lemma 4.6.1. For d = 2, 3 we obtain the

bound from [54, Theorem 1.1].
For the second part the Brascamp-Lieb inequality yields
EAy [(Pate; — 9096)2] < ’iilE%NM[(SOx-i-ez- - ‘Px)2]'

The bound now follows from Lemma 4.6.1 (for d = 1) and [54, Theorem 1.1] (for
d=2,3). O

Observe that the process (¢ (t)),cp is Gaussian. Using Lemma 4.4.1 (1) it is easy to
see that ()n(0)) is tight. Again, using the properties of Gaussian laws, to show (2.2.2)

it is enough to prove the following lemma.

Lemma 4.4.2. There exists C' > 0 such that
Exy |[Un(t) —vn(s)]?] < Cllt — s (4.4.1)

for all t,s € D, uniformly in N, whereb=1ind=1,b€ (0,1) ind=2 and b =0 in
d=3.

Proof of Lemma 4.4.2. First we consider d = 1. To show (4.4.1) we consider the follow-

ing two cases.
(I) Suppose t, s € [z,x + 1/N] for some x € N~ Dy. Then we have

Yn(t) — ¥ (s) = (2d) VRN [(Nt — Ns)(onas1 — ona)]

Now using Lemma 4.4.1 (2) we get (4.4.1).

(IT) Next suppose s € [z,7+1/N) and t € [y,y + 1/N) for some z, y € N~ Dy and
t >+ 1/N. In this case if |t —s| < 1/N then one can obtain (4.4.1) using (I)

and a suitable point in between. So we assume |t —s| > 1/N. We first note that

Eny [[Un(y) — ¥n ()] = (2d) *6N " Epy [(ony — on2)’]
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< C/iN_3/<c_1EAMNM[(<PNy - (PNQ:)Q]

< C(y - 1’)27

where we have used Lemma 4.6.1 to get the last inequality. Now using (I) we

obtain

Eny [[on(t) — ¥n(s)]?] < C (Bay [[Un(t) —¥n®)?] + Eay [[Un(y) — vn ()]
+EA, [[Un(z) —¥n(s)?]) < Ot — 5|

Next we consider d = 2. We fix b € (0, 1) and let ¢, s € D. We split the proof into a

few cases.

Case 1: Suppose t, s belong to the same smallest square box in the lattice % Z2. First
assume | Nt| = | Ns|, that is, the points are in the interior and not touching the top and
right boundaries. In this case if we have {Nt1} > {Nty} and {Ns;} > {Ns2}. Then by

definition of the interpolation we have

N (t) — PN (s) = (2d) " 'VE[(E = 51) ([Nt ter — O NE))

+ (tQ - 52) (SOLNtJ+61+62 - SOLNtJ+61)]‘

So from the above expression we have

Eny [(¥n(t) - ¢N(S))2] < 2(2d)%k[(t1 — 51)°Eay [ Nt)+er — ‘PLth)Z]

2
+ (tQ - 32)2EAN[(90|_NtJ+e1+62 - SDLNtJ+€1) ”

Now from Lemma 4.4.1 (2) and |t; — s1], |ta — s2| < N~! we obtain (4.4.1). The argu-
ment is similar if one has {Nt;} < {Nt2} and {Ns;} < {Nsa}.

Again if {Nt;} > {Nto} and {Ns1} < {Nsa}, or if {Nt1} < {Nta} and {Ns;} >
{N sy} then we consider the point u on the line segment joining ¢ and s such that Nu
is the point of intersection of the line segment joining Nt, Ns and the diagonal joining

|Nt],|Nt] + e1 + e2. Then we have using the above computations

Eny [[in(t) = on(s)?] < 2Bay [[on (1) = on(u)P] + 2Eny [[ow(u) = on(s)P]
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<Ot =l + flu = s|"P] < Ot — s

Now the other case, that is, when | Nt| # | Ns|, follows from above by continuity.

Case 2: Suppose t,s do not belong to the same smallest square box in the lattice
+ Z*. In this case if ||t — s|| < 1/N then one can obtain (4.4.1) by Case 1 and a suitable
point in between. So we assume ||t — s|| > 1/N. Depending on whether Nt and Ns

belong to the discrete lattice we split the proof in two broad cases.

Sub-case 2 (a) Supposet,s € % Z?. Then using Brascamp-Lieb inequality we obtain
Eny [[n(t) —un(s)P] < w ERY [lun(t) — vw(s)P]
Now from Sub-case 2(a) of the proof of Lemma 2.2.6 we obtain
Eay |[vn() = on(s)P| < Cllt - ™+

Sub-case 2 (b) Suppose at least one between ¢, s does not belong to % Z?. Then

SR

N
() () o[ (32 v

Nt| 14b N 14b
Ht (vt] +’L ]

Eny [| ¥n(t) = ¥w(s)’| < 3Ea,

2

+3EA, +3EA,

2]

<Ot — )"

| Ns|
< e ]
s¢ N

-

Note that for the last inequality we have used our assumption |t — s|| > 1/N.

Finally we consider d = 3. Let t, s € D. We split the proof into cases similar to
those of d = 2. We give a brief description. For Case 1, suppose t,s belong to the
same smallest cube in the lattice 4 Z*. First assume [Nt] = [Ns|. In this case if
{Nt1} > {Nta} > {Nt3} and {Nsi} > {Nsa} > {Ns3} then it follows from the

definition of interpolation

By [0 (1) — é(s))?] < 320) 2N ({11 — 50 By [(paeges — £150))
+ (t2 — 32)2EAN[(<PLNtJ+el+e2 - <PLNtJ+e1)2]

2
+ (t3 - 33)2EAN[(90|_NtJ+61+62+63 - QOLNtJJrGHrez) H
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Now from Lemma 4.4.1 (2) and the fact that |t; — s1|, [t2 — s2], [t3 — s3] < 1/N we have
(4.4.1). Note that this is a particular case of t, s lying in the same tetrahedral portion
of the cube. Hence if ¢, s lie in the same tetrahedral portion of the cube then by similar
arguments (4.4.1) holds. If ¢, s do not lie in the same tetrahedral part then we consider
points (at most 3) on the line segment joining them such that two consecutive between
t, the selected points and s lie in the same tetrahedral part. Then applying the previous
argument we can obtain (4.4.1). The case when | Nt| # | Ns| follows by continuity. For
Case 2, we describe Sub-case 2(a) which turns out to be simpler in d = 3. The rest of
the argument is similar to that in d = 2. Suppose t, s € & Z* with ||t —s|| > 1/N. Then

using Brascamp-Lieb inequality we obtain

By [l () = n(s)| < x B [low(t) - on(s)?] .
Now similarly as in the proof of Lemma 2.2.6 we obtain

Eay [[on(t) - on ()] < Cllt ]|

To conclude the finite dimensional convergence we first show the convergence of the

covariance matrix. For z,y € DN N1 Z% we define

G%(az,y) = (2d)2kN?1Gp, (Nz, Ny).

We now interpolate G'1 in a piece-wise constant fashion on small squares of D x D to
N
get a new function G, . We show that G/, converges uniformly to Gp on D x D. Indeed,
N N

let Fiy := Gi — Gp. Similarly as in the proof of the finite dimensional convergence in
N

Theorem 4.2.7 (1) it follows that, for any f, g € C°(D),

Again from Riemann sum convergence we have

N—o0 n
x,yENDN

i > N HGo)f@ow) = [[  Goaaf@amazdy
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Thus we get

Jdim Y NTHEy (@) f()g(y) = 0. (4.4.2)
r,yE%DN

Note that Gp is bounded and

sup |Gy (Nz,Ny)| < Cr™ N4,
w,yE%DN
These imply that

sup |Fn(z,y)| < C.
z,yéﬁ

Now one can show that Fjy has a subsequence converging uniformly to some function
F which is bounded by C. With abuse of notation we denote this subsequence by Fy.
We then have

im Y N Ey () f(2)e(y) = //D Plpf@ly) dady,

N—oo T
z,y€n DN

Uniqueness of the limit gives

//DXD F(z,y)f(x)g(y)dedy =0

by (4.4.2). From this we obtain that F(x,y) = 0 for almost every 2 and almost every y.

The definition by interpolation of G, ensures that F is pointwise equal to zero. Finally,
N

the fact that the original sequence Fy converges uniformly to zero follows using the

subsequence argument.

We now show the finite dimensional convergence. First let t € D. We write
N () = ¥n(t) + ()

where ¢ 1 (t) == (2d)*1\/ﬁN%g0LNtJ and Yy 2(t) := Yn(t)—Yn,1(t). From Lemma4.4.1 (2)
it follows that Ex  [t)n 2(¢)?] goes to zero as N tends to infinity. Therefore to show that
YN (t) KN 1/1%2 (t) it is enough to show that Var[Vy ()] = Gp(t,t). But we have

Var[yn 1 (t)] = (2d) 2. NGy, (| Nt], [Nt]) = G% (t,t) = Gp(t,t)
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since the sequence Fly converges to zero uniformly. Since the variables under considera-
tion are Gaussian, one can show the finite dimensional convergence using the convergence

of the Green’s functions. ]

Case 3: k< N?

In this case also we use Theorem 2.2.5 to show tightness. Using the Brascamp-Lieb
inequality and an argument similar to the proof of Lemma 3.4.5 we obtain the following

bounds in both cases.

Lemma 4.4.3. We have
Gay(z, x) < EfﬁF(goi) <CN foralzeZ. (4.4.3)
Also there exists C > 0 such that for all x, y € Z

EAN[(SOI - SOy)Q] < Ei{jF[(@z - SOy)Q] < Cly — z|. (4.4.4)

where P/Cng denote the law of the discrete Gaussian free field on An with zero boundary

conditions outside Ay .

Once we have these bounds, the rest of the proof is similar to that of the one-
dimensional result in the x > N? case. In the case of Kk < N? we need the following
additional information for the identification of the limit. The Green’s function Gp for

the problem

is given by

GD(l’,y) :min{:p,y}—x% J/‘,?/GE

which also turns out to be the covariance function of the Brownian bridge. To avoid

repetitions of the arguments, we skip the details of these cases.
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4.5 Proof of Theorem 4.2.8

This section is devoted to proof of the error estimation result in Theorem 4.2.8. To
estimate the error we need to develop some Sobolev inequalities in the general setting
which involves consistency between discrete and continuous operator. The content of this
section can be of independent interest and can possibly be applied to general interface
models. We would like to stress that although we follow the ideas involved in [69], we
cannot quote the results from there verbatim as the coefficients of the discrete operators
do not depend on the scaling of the lattice. Also another important remark is that
the discrete Dirichlet problem involving the operators Ly introduced in (4.2.9) requires
boundary conditions on points outside Ry which are within distance 2 from Ry but the
definition of the limiting operator —A. involves only one boundary condition. The ideas
from [69] work well when L = A% or L = —A. + A2, In the case when L = —A,, we
assign a cut-off which helps in controlling the error around the boundary. The proof of

Theorem 4.2.8 (3) should be applicable to many other models.

4.5.1 Sobolev-type norm inequalities

The main aim of this subsection is to have an estimate on the ¢? norm of a function on
the grid in terms of the operator Lj; (and its truncated version). Later this turns out
to be useful as we use the convergence of Ly to L. We continue with all the definitions

and notations from Section 4.2.3.

The notion of discrete forward and backward derivatives will be essential in the

following arguments.

Oju(z) == —(u(z + hej) — u(x)),

Oju(z) = +(u(x) — u(z - hej)),

|
S ==

9 = 9 - 95,
B = B B0,

where a = (a, ..., q) is a multi-index. It is easy to see that

<8ju’ U>h,grid = <u’ ajv>h,gm’d
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for grid-functions vanishing outside a finite set. We now define

[N

lallim = | D 10%l} gria

la]<m
and obtain the following lemma.

Lemma 4.5.1. There are constants C independent of u and h such that

||u] h, grid < C’||8ju||h,md, u € Dh, j e 1, . ,d, (4.5.1)

and for fixed m > 1,

[ulln, gria < Cllullnm, u € Dh. (4.5.2)
Proof. Since u = 0 outside Ry, we have for z € Ry,

u(z) = —h Z Oju(x + lhey).
=0
As D is bounded, the number of non-zero terms is O(h~!). Hence by Cauchy-Schwarz

inequality we have

u(z)? < Ch > (Bju(z))?.

z€{x+lhe;j:—oco<l<oo}
Summing over { +lhe; : —oo < [ < oo} and using the fact that the number of non-zero

terms is O(h™!) we obtain

> u(z)? < C > (Bju(z))?.

ze{x+lhej:—oco<l<oo} ze{x+lhej:—oco<l<oo}

Now we obtain (4.5.1) by summing over the remaining components of  and multiplying

by h?. Then (4.5.2) follows from (4.5.1). O

Our aim is to estimate the error while approximating the solution of the boundary
value problem involving the continuum operator L by its discrete counter part. In this
error estimation we face some obstacle near the boundary due to boundary condition
issues. To overcome this obstacle we define a new operator Ly, ,,,, where we suitably
truncate and modify the operator Lj; near the boundary. To use this operator we need

to prove that |u|lp,m < C|Lnmuln,gria for any function u vanishing outside Rj,. In
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order to prove this inequality we need the following norm which rescales the function

near the boundary:

D=

Nl o= [R5 Y u(@)® + > (R ™u(x))? . uw€EDy

TER} zeB};
We can relate the weighted Sobolev norm ||| - |||4,m to || - ||5m with this bound:

Lemma 4.5.2. Let m = 1 or 2. There is a constant C independent of u and h such

that

ulllnm < Cllullhm, w € D

Proof. For this lemma we use the following fact. There is a natural number K such that
for all sufficiently small h, the following is valid: consider for any x € Bj all half-rays
through x. At least one of them contains m consecutive grid-points outside Rj within
distance Kh from x. This fact is easy to observe when m = 1. For m = 2 it is proved
in Section 2.6. Let x € Bj. We first consider the case when the half-ray in the -
direction contains, within distance Kh from z, m consecutive grid-points outside Rp,.
Let x — (Ko + 1)he1, where Ky + m < K, be the first of the m consecutive points. It is

then easy to see that

;
So
Ko Ko
(hu(2))® < C(Ko+1) Y (B ule — jher))’ = C Y (Ou(z — (j + 2)her)).
j=0 Jj=0

Similar inequalities hold in the cases of the other half-rays where in the above 0; has to
be replaced by the derivative in the direction of the corresponding half-ray. With this

observation we obtain

hE S (W () < Cllull? -

zE€B}
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And by definition
WS u(@)? < ull}

zER}
This completes the proof. ]
We rewrite Ly, in (4.2.9) as
Lyu(x) = h=2™ chu(m +nh), z€hZd (4.5.3)
n
where n = (n1,...,14) with the 7;’s being integers, ¢,’s are real numbers which may

depend on h. In (4.5.3) m =1 when L = —A, and m = 2 when L = A2 or —A. + A2,

We now define the characteristic polynomial of Ly by
p(f) := cheL<’7’9>, (4.5.4)
n

where 0 = (61,...,04) and (n, ) = 2?21 nj0;. We have the following lemma:

Lemma 4.5.3.

(L, W)y g =220 [ p@)]a(0)00, € Dy
S

where
a(0) = Y u(Eh)e™ "
cezd

and S ={0:10;|<m, j=1,...,d}.
Proof. We expand

<Lhu7 u>h7grid = hd Z LhU(JT)U(ZL‘)
zeh 74

(45:3) 1 d—2m > ) equlz + nhju()

zeh 7% nez?

=112 N e u(@ulx).

h
z,E€h 2
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By inverting (4.5.4) we have

ey = (2m) 74 /S p(0)e™4m0q0.

Thus

(L, W)y g =230 (2m) 7 [ p(0)e (T D abu(©ule)

z,E€hZ? S

_ p=2m ()= /S p(0)[1(0) 240 0

We will also need

Lemma 4.5.4. There is a constant C independent of w and h such that

d
el < C YN0 ullh grigs € D
j=1

Proof. We first prove that if a is a multi-index with |a| = m then
<50¢30‘u’ u>h,gm’d < {(Qnu, u>h,gm‘d7 u € Dy, (4.5.5)

where @)}, is the difference operator
d —
Qnu:=Y_ 070} "u. (4.5.6)
j=1

Similar to (4.5.4) we can show the characteristic polynomial of 9*9 and @, are respec-

tively
d
= H (1 —cosb;)

and

q2 (0) 2m

(1 —cosf;)™

<
I
—

M-

Now by the inequality between arithmetic and geometric mean we have

d
@ (0) <27 ) Jm™ay(1 —cos ;)™ < ga(0).

Jj=1
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Using Lemma 4.5.3 we obtain (4.5.5), which implies
d
10%ll} gria < D 107 ullf grias  w € Dh.
j=1
For |a| < m, one can show using Lemma 4.5.1
d
10%ull} gria < C D _NOFullf grias  w € Dh.

J=1

Hence the proof is complete. ]

4.5.2 Errors in the Dirichlet problem

We have shown some discrete Sobolev inequalities till now. We now relate these directly
to our discrete operators. We start dealing with each of the operators separately. Before
we do so let us show here the existence and uniqueness of the solution of the discrete

boundary value problem (4.2.11)-(4.2.12).
Lemma 4.5.5. The finite difference Dirichlet problem (4.2.11)-(4.2.12) has exactly one

solution for arbitrary f.

Proof. We first show the following. There exists a constant C' > 0 independent of u and
h such that

lulln, gria < C||Lyulln, gria; u € Dp. (4.5.7)

In case L = A2 or —A.+ A2 (4.5.7) follows Lemma 4.5.1 and from the proof of Lem-

mas 4.5.6, 4.5.7 respectively. For L = —A_. the argument is similar once we observe
that
d
p(0) = = (2cos; — 2)
i=1
(h) +
+ pth Z [2cos (0; + 0;) + 2cos (0; — ;) — 4(cos 0; + cosb;) + 4]
i,7=1
d pi(h) &
= 2(2 —2cos0;) + 2 Z [4(1 — cosb;)(1 — cos 0;)]
i=1 i,7=1

d
> 22(1 — cos ;).
i=1
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Now since v = 0 in By, Equation (4.2.11) can be considered as a linear system of
equations with the same number of equations as of unknowns (the number of points in
Rp,). Therefore it is sufficient to prove that the corresponding homogeneous system has

only the trivial solution i.e. =0 in Ry,. This follows from (4.5.7). O

Bilaplacian case: proof of Theorem 4.2.8 (1)

In this subsection we consider L := A2, Recall p2(h) — 0 and we have for € hZ,

d

Lyu(z) = % —h2pa(h) S (ul + hes) + u( — hei) — 2u(z))
=1
d
+ Y {ule + hlei+ ;) + ul — hiei + €5)) + u(x + h(e; — ;) + u(z — h(e; — ¢;))
ij=1

—2(u(x + he;) — 2u(z — he;) — 2(u(x + hej) — 2u(z — hej;) + 4u(x))}].
We define the operator Ly, o as follows:

Lyf(x) r € Ry
Ly2f(x) = { W2Lyf(z) z € BE (4.5.8)

0 x ¢ Rh.
Then we have the following lemma involving Ly, o.

Lemma 4.5.6. There exists a constant C > 0 independent of u and h such that
[ulln,2 < CllLn,2ulln, gria, @ € Dh.

Proof. We consider the characteristic polynomial of L; and observe that

d
p(0) = Z (2cosB; —2)
=1
d
+ Z [2cos (0; +0;) +2cos (0; — ;) —4cosB; —4cosbj + 4]
i j=1

d

d
Z (2 —2cos¥b;) Z [4(1 — cos 0;)(1 — cos 6;)]
=1

i,j=1
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d
> 42(1 — cos 6;)?
i=1

Hence by Lemmas 4.5.4 and 4.5.3 we obtain for u € Dy,

jqu, grid — <Qhu u)h ,grid = <C (Lhu u>h ,grid >
j=1

where @y, is the difference operator defined in (4.5.6) with m = 2. Again we have

(Lnu, w)y grig = Z Ly, ou(x u(l‘)) + Z Ly, ou(x)u(z)

xEBy TER}

Therefore by Cauchy-Schwarz inequality we have

| (Lpu, u) ,

Thus from Lemma 4.5.2 we have

This completes the proof. O
We have now all the ingredients to show Theorem 4.2.8 (1).

Proof of Theorem 4.2.8 (1). We denote all constants by C' and they do not depend on

u, f. Using Taylor expansion we have for all x € R, and for small h
Lyu(z) = h™2pa(R)Ra(z) + Lu(z) + h™Rs(x)
where [Ry(z)] < CMah? and |Rs5(z)| < CMsh®. We thus obtain, for z € Ry,

Lypep(z) = Lpu(x) — Lpup(x)

= h2pa(h)Ra(x) + h*Rs(x). (4.5.9)
For x € R; we have

Ly 2Rpen(z) = Ly Ryen(z) = Lyep(z) = h=2py(h)Ra(z) + h*Rs(x).
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For x € B} at least one among x +h(e; £e;), x+he; isin By \ 0D. For any y € By \ 0D
we consider a point b(y) on 0D of minimal distance to y. Note that this distance is at
most 2h. Now using Taylor expansion and the fact that the value of u and all its first

order derivatives are zero at b(y) one sees that

u(y) = up(y) + Ry(y)

where |Ry(y)| < CMah?. For x € B denote by S(z) the neighbors of x which are in
B\ 9D ie.

S(x) ={y:y € B, \ODN{x +he;,x +h(e;Ee;):1<1i,j<d}t}
Therefore, for z € By,

Lh’theh (1‘) = ththeh(x)

=124 Lnen(x) —h= 3 (B2pa(h)Cw)enty) + C (wen(w))
yesS(x)

U2 12 (02 (h)Ra (@) + h T Rs(2)} + (Cpa(h) + C'h )R ()

where |Ry ()| < CMyh?. Hence

| Lh2Rnenllf, gria = b° Z (Ln2Ruen(z))?
TERy,

= p Z (ththeh(as))2 + Z (Lh,QRheh(CU))Q
| z€R;, zeB}
= | 37 (h 2 pa(h)Ra () + hRs(2))’

TER}

+ 3 ()Ra(e) + h*Rew) + (Cpalh) + C h2)R;(2))

z€B}

< Ot | 3 (ME(pa()? + MER2) + 3 (M3R*(pa(1))? + MRS + M3)

z€R} z€B};

< O [(MZ(p2(h))? + MER?) + h (M3 (p2(h))? + MZR® + M3)]
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where the last inequality holds as the number of points in Bj is O(h~@=1). Finally to

complete our proof we obtain

| Renll3 gria < C [ME(pa(1))? + MZR2 + MW (pa(h)? + M2RT + M3h]

< C [MZh* + M3 (p2(h))® + M3h] .

using Lemmas 4.5.1 and 4.5.6. O

Laplacian + Bilaplacian case: proof of Theorem 4.2.8 (2)

In this subsection we consider L = —A.+A2. Recall p3(h) — 1 and we have for € hZ?,

d
Lyu(z) = h14 k2> (u(x + hes) + ux — hes) — 2u(x))
=1
d
+p3(h) Y {u(z + hlei +¢))) +u(z — hlei + ¢)) + u(z + (e — ¢5))
i =1

+u(x — h(e; — e5)) — 2(u(x + he;) — 2u(x — he;) — 2(u(z + hej)
—2u(x — hej) +4u(z))}].
We define the operator Ly, 5 as in (4.5.8) and obtain

Lemma 4.5.7. There exists a constant C > 0 independent of uw and h such that
[ulln,2 < Cl|Ln,2ullp, gria; w € Dp.

Proof. We observe that
d
p(0) = —h? 2(2 cosb; — 2)

i=1

d
+ p3(h) Z [2cos (6; + 0;) + 2cos (0; — 6;) —4cosb; —4cosb; + 4]
i, j=1

d d
=h*) (2—2cosb;) + ps(h) > [4(1 — cosb;)(1 — cos0;)]
i=1 i,5=1
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Hence by Lemma 4.5.4 and 4.5.3 we obtain for v € Dy

d
||U”}212 < CZ H({)JZUH%,gm‘d = C{Qny, u>h,gm’d < C(ps(h) ™" (Lpu, U)h,gm‘d
j=1

<C <Lhu ) u>h,gm’d )

where Qp, is the difference operator defined in (4.5.6) with m = 2. The rest of the proof

is similar to Lemma 4.5.6 and hence omitted. O
We now prove the approximation result in this case.

Proof of Theorem 4.2.8 (2). As before the constant C' does not depend on w and f.

Using Taylor expansion we have for all x € R, and for small A
Lyu(e) = Lu(z) + (p3(h) — 1)AZu(z) + b *Ra(a) + p3(h)h~ ' Rs ()
where [Ry(z)| < CMyh?, |R5(z)| < CMsh®. We obtain for x € Ry,

Lpen(z) = Lpu(x) — Lpup(z)
= Lu(z) + (p3(h) — 1)A%u(z) + h*Ra(x) + p3(h)h *Rs(z) — Lyun(x)

— (ps(h) — 1)AZu(x) + h~2Ra(x) + pa(h)h~*Ra(2).
For x € R; we have

LiaRuen(x) = Ly Rpen(x) = Lyen(x) = (p3(h) — DAZu(z) + h™*Ra(z) + p3(h)h~*Rs(z).
(4.5.10)

As in the case of A? we have for any y € By, \ 0D

u(y) = up(y) + Ra(y)

where |Ra(y)| < CMah?. Therefore, for z € B,

Lh,theh (l’) = hQLtheh (.CE)

— 12 Lpen(a) Y (h?C(y)eh(y) +p3(R)C"
yeS(z)

(y)eh(y)>
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G20 2 (py(h) — 1)A2u(w) + Ra(w) + p3(h)h~>Rs(x)

+ CRy(z) + Ch™2p3(h) Ry (x) (4.5.11)

where S(z) is defined similarly as in A2 case, C(y), C' (y) are constants depending on ¥

and |Ry(z)| < CMyh?, |Ry(x)| < CMah?. We have

I Ln2Rnenllf gria = 2" Y (LnaRuen(x))?
zER

=h? | 3 (LigRuen(@)? + 3 (LnzRyen(x))?

zER} zEBy

which, using the bounds (4.5.10)-(4.5.11), turns into

ILn2Ruenllf gria < CA* D~ ((pa(h) — 1)> M7 + MEh* + (ps(h))* MZh?)

zER}

+ OB Y (W (ps(h) — 12M3 + MR + (pa(h)*MERS + M3 + M (ps(1))*)

zEBy
< Cl(pa(h) = 1)2MF + MEh* + (p3(h))>?MZh* + h>(ps(h) — 1)> M}

+ M2RO + (p3(h))2MERT + M2h + M2 (ps(h))2h’)

where in the last inequality we have used that the number of points in B} is O(h~(@=1).

Finally to complete our proof we obtain using Lemma 4.5.1 and Lemma 4.5.7

IRhenll, gria < Cl(ps(h) — 1)2M7 + M7h* + (ps(h))*MZh* + h*(ps(h) — 1)> M}
+ Mh? + (p3(h))>MER" + M3h + M3 (p3(h))*h°]

< O [M2h* + M (ps(h) — 1)* + MZh* + M3h) . O

Laplacian case: proof of Theorem 4.2.8 (3)

In this subsection we consider L = —A,. The continuum problem (4.2.3) is defined
with one boundary condition, whereas in the discrete Dirichlet problem involving Lj
two boundary conditions are needed. The contribution of A% is negligible in the limit
but for finite A it is not. It is the effect of pj(h) which makes Lj; vanish in the limit.
However, if we simply apply the same proof of Theorem 4.2.8 (1)-(2) in this case the

boundary condition effect and the discretisation effect are treated simultaneously. To



138 Chapter 4. Scaling limit of semiflexible polymers: a phase transition

take care of the different scales at which these effects are seen, we use a suitable cutoff
function instead of truncating the discrete operator Lj near the boundary. Let us first

define the cutoff function. Recall that § := max{h, \/p1(h)}. We define
DY .= {z e R?: dist(x,dD) < 16}, 1=1,2,...

where dist(xz,0D) = inf{||x — y|| : y € dD}. Then we have the following proposition
which follows from Theorem 1.4.1 and equation (1.4.2) of Hérmander [43].

Lemma 4.5.8. One can find ¢ € C° (W) with 0 < ¢ <1 so that ¢ =1 on D% and

sup [D*¢(x)] < Cad ™', (4.5.12)
zeR?

where Cy, depends on o and d.

We now define a function g : D — R so that g = ¢~>u where ¢~> is the restriction of ¢

to D. We will use the following bounds of ¢ and its derivatives.

Lemma 4.5.9. We have
(i)

sup |g(x)| < CM;0,
z€D

Z sgg |D%g(z)| < CM;y,
loj<1®

(iii)

Z sup |[D%g(z)| < C(M6~1 + My).

lal<2 xeD
Here we recall that My, = 3, <), SuPgep [ Du(z)|.

Proof. We first observe that g = 0 on D \W For any z in D N D™ we use Taylor’s
theorem and the fact that u = 0 on 9D to obtain |u(z)| < CM;é. The bounds now
follows from the definition of g and (4.5.12). O



4.5. Proof of Theorem 4.2.8 139

We are now ready to prove Theorem 4.2.8 (3).

Proof of Theorem 4.2.8 (3). For our convenience we denote by || - [|;2(4) the || - ||n, gria
norm of the projection of any grid-function onto the finite subset A of hZ?. More

precisely, for any finite subset A of hZ% and function v : hZ¢ — R we define

[Vl == 2" w(@)*. (4.5.13)
€A

We extend u and ¢ on R? by defining their values to be zero outside D. Also let us
extend wu, by defining it to be zero on hZ? \D;,. Note that B, C Dn D5, Thus by

definition we have e, = u = g on Bj,. Therefore from Lemma 4.5.1 we have

|Rnenl3 gria < 2len — gllacryy + 20192y

< C|Valen = 9ze(ryuomy) + 21912k, (4.5.14)

where

Vao(e) = (90(x))Ly,

d
Vol ay = D 105007y,
j=1

and ORy, := {x € hZ\Ry, : dist, ya(z, Ry,) = 1} with dist, ,« being the graph distance

in the lattice h Z%. We have for = € R,
Li(en — g)(x) = Lyu(z) — f(x) — Lpg(x).
Thus
(Lien = 9)sen = 9)p gria = (Lnt = fren = 9y gria + (—Lngsen — 9)p grig - (4-5.15)

Using summation by parts we obtain

(Ln(en —g)sen — g>h,gm'd = [|[Va(en — g)H?Q(RhUr?Rh) + p1(R)[|An(en — g)H§2(RhU8Rh)'
(4.5.16)

For the first term in equation (4.5.15) we have, using Lemma 4.5.1,

| {(Lnu— fren = ) p gria| < ILovw — flleer,)llen — gllery)
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< CllLnu = flleery)IValen = @)lle(ryuors)

1
< O|lLnu = fliz2(m,) + IValen = Di(ruoom,y-  (4-5.17)

For the second term of equation (4.5.15) we obtain using integration by parts

| <_th’ €h — g>h,g'rid| < | <_Ahg7 €h — g>h,g’rid | + pl(h)| <Al2zg7eh - g>h,gr‘id|

< | <th, Vh(€h - g)>h,g7’id | +p1 (h)| <Ahga Ah(eh - g)>h,g7‘id |
1
<IVralZryuom,) + 21Vnlen = D (r,uomm

+ pr (W Awgll 2 ryuom,) + PL N Anlen — 972 (r,u0m,)-
(4.5.18)

Combining (4.5.15), (4.5.16), (4.5.17) and (4.5.18) we get

IVa(en — g)”?2(RhU8Rh) < C|[Lpu — f||?2(Rh) + CthgH??(RhuaRh)

+ Cpr(W) | Angllr, o0m,)

Substituting this in (4.5.14) we obtain

[1Rnenllf, gria < ClLnu = fll72(r,) + ClIVagI (R, 00m)

+ Cp1(W) | Angllze(r,uom,) + 2191172y - (4.5.19)

We now bound each of the term in the right hand side of the inequality (4.5.19). Using

Taylor expansion we have for all x € Ry,
Lyu(z) = Lu(z) + h2Ry(z) + b4 p1 (W) Ry (z)
where [R4(z)] < CMyh* and [Ry(z)| < CM4h*. Now

1= flam, < B0 ST (MERE + M2y (1)?)
TER),

< CM3st
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For the second term of (4.5.19) we have the bound

d

IVhgllmoomy = D, B> (gl + hei) — g(x))?
IG(RhUaRh)ﬂW i=1

< Ch4 > M}
z€(Ry, u@Rh)ﬂW

< CMES

where in the first inequality we used Taylor expansion and Lemma 4.5.9 and in the
last inequality we used the fact that number of points in (R, UJRp) N D9 is O(6h™%).
Similarly, for the third term using Taylor expansion, Lemma 4.5.9 and the fact that
number of points in (Rj, UARy) N D% is O(6h~%) we have

WA omy = H S (Brg(@))?
xe(RhuaRh)ﬂﬁ

< Cpr(h)h4Sh= (M6~ + My)?

<C (Mf\/m(h) + Mzzm(h)5> :

Finally we obtain

[ D D Ok

xeR;ﬁD”
<cnt > M
xER,NDTS

< CM?E8.

Here in the first inequality we used Lemma 4.5.9 and in the last inequality we used the

fact that number of points in R, N D7 is O(6h~%). Combining all these bounds we
obtain from (4.5.19)

|Rnenllf gria < C (ME6* + MZ8 + MEV/pi(h) + Moy ()3 + MP6?)

< C (M{s* + M3p1(h)s + M{6) . O
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4.6 Some supplementary details

In this section we give some details which are supplementary to this Chapter.

4.6.1 Covariance bound for MM in d =1

In this section we consider d = 1 and the membrane model (¢4 )zev,y on Vy = {1,..., N—

1} with zero boundary conditions outside V. We want to show the following bound:

Lemma 4.6.1. There exists a constant C' > 0 such that
EVN[(QOQ; - 80x+1)2] <CN, =z€lZ.

Proof. Let {X;}ieny be a sequence of i.i.d. standard Gaussian random variables. We

define {Y;},c,+ to be the associated random walk starting at 0, that is,

n
Yo=0, Yo=) XineNl,
i=1

and {Z;},cz+ to be the integrated random walk starting at 0, that is, Zy = 0 and for

n €N
n
Zy=)_ Y.
i=1
Then one can show that Py, is the law of the vector (Z1,...,Zn_1) conditionally on

Zn = Zn+1 = 0 [20, Proposition 2.2]. So we have that
Ev, [(pis1 — 0)?] = E[(Zis1 — Z:)*|Zn = Zns1 =0 =E [Y2,|Zn = Zn41 = 0]

Hence it is enough to find a bound for E[Y?|Zy = Zy41 =0] fori =1,...,N — 1. The

covariance matrix ¥ for (Y1,...,Yn_1,Zn, Zn+1) can be partitioned as
A B
2 =
B D

where A is a (N — 1) x (N — 1) matrix with entries

A(i,j) = Cov(Y;,Y;) = min{i, j}.
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B(i,j) and C(i,4) are (N — 1) x 2 and 2 x (N — 1) matrices respectively, with C = BT
and
j+N-1

B(i,§) = Cov(Y;, Zjin-1) = > min{i, I},
=1

Finally, D is a 2 x 2 matrix with
D(i,j) = Cov(Zitn-1,Zj+N-1)-
It easily follows that

N(N+1)2N +1)  N(N +1)(2N +4)

1
D=-
6 IN(N+1)(2N +4) (N +1)(N +2)(2N +3)

(4.6.1)

It is well known that (Y1,...,Yn_1|Zn = Zn+1 = 0) is a Gaussian vector with mean

zero and covariance matrix given by A—BD~!C. The inverse of D is as follows. Observe

1
v = det(D) = = N(N +1) 2(8N? + 3N +6)

and

o 1 |De2) D2
W | —D(2,1) D(1,1)

Now the diagonal element of BD~'C can be determined:
N+1
(BD™C)(i,1) (Z min{4, l}) <Z min{, l}) (Z min{4, l}) D(1,2)
N N+1 N+1
- (Z min{4, l}) <Z min{4, l}) <Z min{i, l}) D(1,1)
=1

Plugging in the entries D(i, j) from (4.6.1) and simplifying we get

(N +1)

(BD7'0)(i,4) = 2Ty

[6N? — 12Ni + 6i* + 4N] > 0
This shows that for i =1,2,..., N — 1,

E[Y?Zy = Zny1 = 0] = A(i,i) — (BD™'C)(i,4) < i.
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Similar bound can be obtained for E[YZ|Zy = Zyi1 = 0] and this completes the

proof. O

4.6.2 Details on the space H™} , \.(D)

In this section we briefly describe few of the details regarding the space H” A2 (D)

and also about the spectral theory of —A. + A2. This is an elliptic operator, and the
spectral theory is similar to that of either —A. or A2. First recall the standard Sobolev

inner products on H{(D) and H3(D). They are
(u,v); = / Veu-Vevdz, wu,ve Hy(D)
D

and

(u,v)g = /D AwwAwvdz, u, v € HZ(D)

and they induce norms on H}(D) and H3(D) respectively which are equivalent to the
standard Sobolev norms [39, Corollary 2.29]. We now consider the following inner prod-

uct on HZ(D):
(U, V) ived = / Veu-Vevder +/ AuAvdz, u,v € HE(D).
D D

Clearly the norm induced by this inner product is equivalent to the norm || - ||z (by

integration by parts). We consider H~2(D) to be the dual of (HZ(D), || - ||mized)-

We now give some results whose proofs are similar to Theorem 2.3.2 and 2.3.3.
(i) There exists a bounded linear isometry
1o : Hiz(D) - (Hg(D), |+ llmized)
such that, for all f € H=2(D) and for all v € H3(D),
(fsv) =, Tof ) mizea-

Moreover, the restriction T on L?(D) of the operator i o Ty : H=2(D) — L?*(D) is
a compact and self-adjoint operator, where i : (H3(D), | * [lmizea) = L*(D) is the

inclusion map.



4.6. Some supplementary details 145

(ii) There exist vy, v, ... in (HZ(D), | - |lmized) and numbers 0 < py < pg < -+ — 0

such that

e {v;}jen is an orthonormal basis for L?(D),
o Tv; = u;lvj,
o (vj,v), . = p;(vj,v),. forall v e HZ(D),

. {uj_l/zvj} is an orthonormal basis for (H3(D), || - |lmized)-

For each j € N one has v; € C*°(D). Moreover v; is an eigenfunction of —A, + A2

with eigenvalue p;. Indeed, we have for all v € HZ(D)

GI
(=Ac+ A2)vj, v) 1o = (A, V) 2 + (A2)v), v) 12 = (0, V) prigea = M (Vs V) o

where “GI” stands for Green’s first identity

/uAcvdV:—/ch'chdvvt/ uVeo-ndS.
D D oD

Thus v; is an eigenfunction of —A. + A? with eigenvalue p; in the weak sense. The
smoothness of v; follows from the fact that —A.+A? is an elliptic operator with smooth
coefficients and the elliptic regularity theorem [37, Theorem 9.26]. Hence v; is an eigen-

function of —A, + AZ with eigenvalue p;.

As a consequence of the above, one easily has that

1A Piea = > 11 (f05) 7 (4.6.2)

i>1
for any f € H3(D).
For any v € C2°(D) and for any s > 0 we define

2 2
1l2 sz = D5 o, v) e
jeN
We define H? 1> ((D) to be the Hilbert space completion of CZ°(D) with respect to
the norm || - || _a4a2. Then <H5—A+A2 oD) I - ||S7,A+A2> is a Hilbert space for all

s > 0. Moreover, we also notice the following.

e Note that for s = 2 we have H%AJrAQ’O(D) = (HZ(D), || - llmizea) by 4.6.2.
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® it H' N a0o(D) = L?(D) is a continuous embedding.

For s > 0 we define H_} | \2(D) = (HZ o, a2 (D))", the dual space of H? , r» (D).
Then we have

He pyneo(D) C LX(D) S H7A, p(D).

One can show using the Riesz representation theorem that for s > 0, and v € L?(D) the

—S

norm of H"% | \»(D) is given by

—s/2
o2 _apnz =3 172 (0, 0)2
JjEN

Before we show the definition of the continuum mixed model, we need an analog of

Weyl’s law for the eigenvalues of the operator —A, + A2

Proposition 4.6.2 (|4, Theorem 5.1}, [57]). There exists an explicit constant ¢ such
that, as j 1T 400,
j ~ /4 j4/d

Proof. We want to apply [4, Theorem 5.1] for A := —A, + A2, First note that A is
an elliptic operator of order m = 4 defined on D having smooth coefficients. Let us
consider Ay := (—A. + A§)|H4(D)QH3(D). Clearly, Ay : HY(D) N HZ(D) — L?*(D) and
also C°(D) C D(A;) € H*(D), where D(A;) is the domain of A;. By elliptic regularity
we have D(A]) C H*,p = 1,2, ... We first show that A; is self-adjoint. Note that
as C°(D) C D(A;) and C°(D) is dense in L?(D), A; is densely defined. Again, by
Green’s identity we have for all u,v € H*(D) N HZ(D)

((=A¢ + A2)u, 1)>L2 = (Veu, Vev) 2 + (Acu, Acv) 2 = (u, (—Aq+ AE)U>L2 .

Thus A; is symmetric. Also by [39, Corollary 2.21] we observe that image of A; is
L?*(D). The self-adjointness of A; now follows from [58, Theorem 13.11]. Also we
conclude from [58, Theorem 13.9] that A; is closed. Now applying [4, Theorem 5.1] we
get the asymptotic. O

The result we will prove now shows the well-posedness of the series expansion for

—A+A?
v, .
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Proposition 4.6.3. Let (§j)jen be a collection of i.i.d. standard Gaussian random

variables. Set

— 2 —-1/2
pAA ::Z“J’ /éjvj.
jEN

Then WA € H75 2(D) as. for all s > (d — 4)/2.

Proof. Fix s > (d —4)/2. Clearly v; € L*(D) C “Apaz(D). We need to show that
||\1115A+A2 | —s,—Aa+a2 < +00 almost surely. Now this boils down to showing the finiteness

of the random series

2
—A+AZ 2 o —s/2 —-1/2 _ —-5-1 2
(R [SRNYCED Dom g | =Y w7
> =1 i1

where the last equality is true since (v;);>1 form an orthonormal basis of L?(D). Observe
that the assumptions of Kolmogorov’s two-series theorem are satisfied: indeed using

Proposition 4.6.2 one has
S (i) < ) <
Jj=1 Jj=1

for s > (d —4)/2 and
Y Vel ) L e
Jj=1 j=21

for s > (d — 8)/4. The result then follows. O

4.6.3 Random walk representation of the (V + A)-model in d = 1 and

estimates

In this section we recall some of the notations about the d = 1 case which were used in
the heuristic explanations in the introduction of this chapter. We take advantage of the
representation of the mixed model given in [14, Subsection 3.3.1] in our setting. To do

that we set By := 16k y.

Let

(4.6.3)

<1+n&v—\/1+25N>1”
1+ 8y +V1+28N
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and let (g;);c+ be i.i.d. N(0,0?) with

02 =4/(1+ By + 1+ 26N). (4.6.4)
Define
n
Y, =7""te1 +...+7%, = Z’y”*iai.
i=1

Let the integrated walk be denoted by

n n
W, = g Yi=rp_161+ ... +1r9e, = E Trn—i€i
i=1

i=1
where 7,—; = > 1 g V.

We consider the case when xy — co and note that then v = vy — 1 and 012\, =02 =
0. The following representation will give an idea on how the phase transition occurs in

the mixed model:

1
(e1+ - +en) — ——("e1 +7" a2 + -+ yen).

17—
[ 1—7

We recall the following proposition from [14, Proposition 1.10].

Proposition 4.6.4. Let Py(-) be the mized model with 0 boundary conditions. Then

PN(‘) = P((Wl,...,WN_l) S -‘WN =Wnt1 = 0)

Let (€5);cz+ be iid. N (O, ﬁ) Then W,, can be written as

where S, = > p_, & and U, = 7"&1 +v" " '&2 + -+ + v&,. The conditional integrated

random walk process has a representation, stated in [14, Proposition 3.7]. Let
P ((/Wl, .. -,WN—l) S ) =P ((Wl, ey WN—l) € '|WN = WN+1 = O)

Then
Wy, = Wi — Wyri (k) — Ws1ra(k)
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where 71 (k) = s1(k)/r(k) and ro(k) = s2(k)/r(k). The definitions of r(k) and s;(k) for

i =1,2 are as follows:

r(k) = (=147 (14" (=N +72+ N + V(=2 + (-1 +)N))),
s1(k) = (=k+v(1 ="+ k) + >V 4 ¥ (1 + (=1 + 7)k))

VA N A =k + N) + 72+ N =91+ N) +v(1+ N —v(2+ N))),

so(k) = v(Y"F + k= (14 k) + PV (14 (1 + k= k)

+ ANy AR (1 4+ 42) (k= N) = N + N + 4425 (=1 4 (=1 +~)N)).

Let us consider the unconditional process W,,. Note that

9 2n
Var(S,) = (1”_"7)2, Var(U,) = (f _77()1(1 - ))
and 5
o“(1—~"
Cov(S,,U,) = (17_ 7()2(17_ )’y)
So from here we have
no? o2y% (1 —y™)? 20%y(1 — V)

Var(W,,) = (4.6.5)

1-72 (1—9301+7) Q=731+

From the above expressions one can show that Var(Wy_1) ~ N when k = ky < N 2,

We now derive the variance estimate when s > N2. For ease of writing, denote

LJM/L L+2—>0
N By By '

Furthermore v = 1/(1 + ¢) and 02 = 2/8yx(1 + ¢). Rewriting (4.6.5) in terms of ¢ we

have

2N -1)(1+¢)* 20+ —(1+¢) V)

var(it) = BN (14¢) BNC3(2+ ()
LA+ 00— 1+~
BNCE(2+C)
= ,8]3((211_2-))3 [(N 1)(2 + C)C — (1 _ (1 + C)_(N_l))2
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~2(14+ (1 = (140~ )] (4.6.6)

Using a Taylor series expansion of the fourth order for the second and third summands

in (4.6.6) (since coefficients up to ¢? get cancelled) we obtain that

1+ NN -1)* N* N?
BN (2 + Q) T By kN

Var(Wy_1) =
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