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Chapter 1

Introduction

The following formula, usually called Beilinson’s formula — though independently due
to Deligne as well — describes the motivic cohomology group of a smooth projective
variety X over a number field as the group of extensions in a conjectured abelian category

of mixed motives, MMgq. If i and n are two integers then [Sch93],

. . CH' (X)®Q ifi+1=2n
Extpyug (Q(=n), h'(X)) = '
HENX,Q(n)  ifi+1+#2n

Hence, if one had a way of constructing extensions in the category of mixed motives by

some other method, this would provide a way of constructing motivic cycles.

One way of doing so is by considering the group ring of the fundamental group of an
algebraic variety Z[m1(X, P)]. If Jp is its the augmentation ideal, the kernel of the map
from Z[m1 (X, P)] — Z, then the graded pieces J%/J% with a < b are expected to have a
motivic structure. These give rise to natural extensions of motives. So one could hope

that these extensions could be used to construct natural motivic cycles.

Understanding the motivic structure on the fundamental group is appears difficult.
However, the Hodge structure on the fundamental group is well understood [Hai87].
The regulator of a motivic cohomology cycle can be thought of as the realisation of
the corresponding extension of motives as an extension in the category of mixed Hodge

structures. So while we may not be able to construct motivic cycles as extensions of
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motives coming from the fundamental group - we can hope to construct their regulators

as extensions of mized Hodge structures (MHS) coming from the fundamental group.

The aim of this thesis is to describe this construction in the case of the motivic co-
homology group of the Jacobian of a curve. The first work in this direction is due to
Harris [Har83|] and Pulte [Pul88], [Hai87]. They showed that the Abel-Jacobi image of
the modified diagonal cycle on the triple product of a pointed curve (C, P), or alterna-
tively the Ceresa cycle in the Jacobian Jac(C') of the curve, is the same as an extension
class coming from Jp/J 133, where Jp is the augmentation ideal in the group ring of the

fundamental group of C based at P.

In [Col02], Colombo extended this theorem to show that the regulator of a cycle in the
motivic cohomology of a Jacobian of a hyperelliptic curve, discovered by Collino [Col97],
can be realised as an extension class coming from Jp/ pr, where Jp is the augmentation

ideal of a related curve. In this thesis we extend Colombo’s result to more general curves.

Let C be a smooth projective curve of genus ¢ with a function f on it whose divisor
is of the form div(f) = NQ — NR for some points ) and R and some integer N and
f(P) = 1 for some other point P. Then there is a motivic cohomology cycle Zggr p
in Hiﬂfl(Jac(C),Z(g)) discovered by Bloch [Blo00]. We show that the regulator of
this cycle can be expressed in terms of an extensions coming from Jp/ Jj‘;. When C
is hyperelliptic and @ and R are ramification points of the canonical map to P!, this

recovers Colombo’s result.

A crucial step in Colombo’s work is the fact that the modified diagonal cycle is
torsion in the Chow group CHﬁom(C?’) when C' is a hyperelliptic curve. This means the
extension coming from Jp/ J]:); splits and hence does not depend on the base point P.
This allows her to consider the extension for Jp/ Jj‘f—,. For general curves modified diagonal
cycle is not torsion. In fact the known examples of non-torsion modified diagonal cycles
come from the curves we consider - namely modular and Fermat curves. Our main
contribution is to use an idea of Rabi [Rab01] to show that Colombo’s arguments can
be extended to work in our case as well. As a result we have a more general situation

— which has some arithmetical applications.

Colombo’s paper had some errors in Propositions 3.2 and 3.3 which was pointed out

by a referee of an earlier version of this thesis. Hence we had to make some revisions.
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As it turns out the statement of the main result continues to hold under some restricted

conditions.

1.0.1 Main Theorem

We have the following theorem (Theorem (4.2.13)):

Theorem 1.0.1. Let C' be a smooth projective curve of genus g over C. Let P, Q and
R be three distinct points such that there is a function for with div(for) = NQ — NR
for some integer N and for(P) = 1. Let Zgr = Zqr,p be the element of the motivic
cohomology group H/Q\ﬂ_l(Jac(C),Z(g)) constructed by Bloch [Blo00]. There exists an
extension class €é2R,P in Extl;o(Z(—2), N2 HY(C)) constructed from the mived Hodge

structures associated to the fundamental groups m1(C\Q, P) and m1(C\R, P) such that

€or.p = (29 + 1) N regz(Zor)
in Bxtl, yo(Z(—2), N2HY(C)).

In other words the regulator of a natural cycle in the motivic cohomology group of
a Jacobian of a curve, being thought of as an extension class, is same as the extension
class of a natural extension of mixed Hodge structures coming from the fundamental

group of the curve.

Our primary motivation are the conjectures relating regulators of the motivic cycles
to special values of L-functions. One application we have is to the case of modular
curves. Beilinson [Bei84] constructed a cycle in the group H3,(Xo(N) x Xo(N),Q(2))
and showed that its regulator is related to a special value of the L-function. We construct
the extension of M HS coming from the fundamental group which corresponds to the
regulator of the image of this cycle in the Jacobian of Xy(V). In other words, this is
the projection on to the sub-motive A2H*(C) of ®@2H(C).

Since the mixed Hodge structure associated to the fundamental group is related to
iterated integrals we also get an expression for the regulator as an iterated integral. In a
subsequent paper we apply this in the case of Fermat curves to get an explicit expression
for the regulator in terms of hypergeometric functions analogous to the works of Otsubo

[Ots12],[Ots11].
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Darmon-Rotger-Sols [DRS12] have used the modified diagonal cycle to construct
points on Jacobians of the curves and used the iterated integral approach to find a
formula for the Abel-Jacobi image of these points. Starting with Bloch [Blo84] and later
Collino [Col97] and Colombo [Col02] it has been known that these null homologous cycles
degenerate to higher Chow cycles on related varieties. Recently Iyer and Miiller-Stach
[IMS14] have shown that the modified diagonal cycle degenerates to the kind of cycles
we consider in some special cases. This degeneration can be understood from the point

of view of extensions and we make a few remarks on that.

The thesis is organised as follows. In §2, we begin by recalling the definition of motivic
cohomology, Deligne cohomology groups and the regulator map for a graded part of K.
In §3, we discuss mixed Hodge structures (MHS). The main theme of this section is to
understand certain interesting extensions in the category of MHS. Here we discuss the
result of Pulte which explains the Abel-Jacobi image of the Ceresa cycles as an extension
class coming from fundamental group of C'. In §4, we discuss the generalisation of the
result of Pulte by Colombo [Col02] which expresses the regulator image of Collino cycle
as an extension coming from fundamental group of an open curve. In the Appendix we
describe the Baer sum which is the addition in the Ext-group and a generalisation due

to Rabi [Rab01].



Notations and Abbreviations

e X := X (C), the set of C valued points of an algebraic variety X.

e H(X) := The singular cohomology with Z coefficients.

e ( := a smooth projective curve of genus g.

e Jac(C) := The Jacobian of C.

e MHS := category of integral mized Hodge structures.

e H(X) := The cohomology group of forms with compact support on X.

e Jp := Ker(Zm(C,P) — 7Z) and J, p := Ker(Zm(C \ {o},P) — Z), where
e c (C\{P}.

e HL(X,A(n)) := the Deligne cohomology group with coefficients in a Z module A
e H',(X,Z(n)) := the integral Motivic cohomology group of X.

e U\ v :=C\U(y) be the manifold with boundary C'\ v, where U(7) is an open

tubular neighborhood of v in C.






Chapter 2

Motivic cohomology, Deligne

cohomology and Regulator map

Beilinson formulated a set of conjectures relating the values at integers of L-functions
of an algebraic variety defined over a number field to algebraic invariants coming from
motivic cohomology groups of the variety. He defined a regulator map from motivic
cohomology groups to certain real vector spaces called Real Deligne cohomology groups.
He then conjectured that the image of the regulator map is a full sub-lattice of this space.
Further, he conjectured that the covolume of this lattice is related to the first non-zero
value of the Taylor expansion of the L-function. Beilinson conjectures on special values
of L-function are discussed in the first chapter of the book [Sch88]. However, as we are
not going to address the conjectures directly we will describe the objects only over C,
though much of what we do can be done over number field. In this section we introduce

the objects involved especially in the particular case of curves and related objects.

2.1 Motivic cohomology

Let X be a smooth projective variety defined over € and K;(X) be the i*" higher
algebraic K-group introduced by Quillen [Quil0]. The motivic cohomology groups of X

are defined to be, for integer n > 0,

H¥ Y (X, Z(n)) == K1(X)™,
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where K;(X)™ is the Adams eigenspace of weight n [Sch88]. This has the following
alternative description. Let Z/(X) be the free abelian group generated by irreducible
subvarieties of X of codimension ¢. Let Z be an irreducible subvariety of codimension
n—1in X. Let j : Z — Z be a normalization of Z. Let kz be the field of rational
functions on Z and k7 be the set of all nonzero elements of k. Let us denote divz(f) :=
Jxdivy(f) € Z™(X). Then one has

Bdivg

@ & TEY) zx)
ZeZn—1(X)

Ker(
HUNX,Z(n)) = :
Tm (KZ(X)L o) k:Z>
(X)

Zezn—1

where T is the Tame symbol map. An element of the above group can be represented by

Z =3"_(Z, f;) such that Z; € Z"(X) and f; € k(Z;)* such that S°¢_, divz,(f;) = 0.

Beilinson defined motivic cohomology groups as a group of extensions in the conjec-

tured category MMgq of mixed motives [Bei87]. In particular one expects

ExtMMQ(Q(—n), hifl(X)) :H}VI(X,Q(n)) for 2n # i

~ CHY,,,(X)q for 2n =i.

There are various categories of mixed motives constructed by Levine [Lev13], Deligne-
Jannsen. Thus an element in the motivic cohomology group can be interpreted as an
extension class in those respective categories. The regulator map which we discuss here

is the realisation of that extension class in the category of Mixed Hodge Structures.

2.1.1 Elements in the motivic cohomology group H/Q\f’fl(X7 Z(g))

Let C be a smooth projective curve of genus g over C. Let X = Jac(C) be its Jacobian.
In this section we will construct an element Zgpr p € Hf\f’fl(X ,Z(g)) under the added

assumption that there exist two distinct points @}, R € C' and a function fgr with

div(for) = N(Q — R)

for some integer N. To determine the function precisely we have to choose another

distinct point P € C and require that for(P) = 1.
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The first examples of such curves and functions are hyperelliptic curves. In this case
the element was constructed by Collino [Col97]. Other examples of curves and functions
are modular curves with the points being cusps ([Man72]) and Fermat curves with the

points being the ‘trivial solutions’ of Fermats Last Theorem.

Let Cg be the image of the map ig : C — Jac(C) defined by z — x — Q and CF be
the image of the map i : C' — Jac(C) defined by z — R — z. Let fg, ff denote the

function fogr considered as a function on Cg and CT respectively.

Consider the cycle in Jac(C') given by
ZQR,P = (CQv fQ) + (CR’ fR) (211)

dive, (fo) + diver(f) = N(0) = N(R— Q) — N(0) + N(R— Q) =0 (2.1.2)

This implies that Zgr p gives an element of HJQ\Z_I(JaC(C), Z(g)). Consider the natural

map

n:C x C — Jac(C)

(2,y) = (z —y). (2.1.3)
It induces a functorial homomorphism
et Hag(C x C,Z(2)) — H ' (Jac(C), Z(g)).
Let us define the element
Znanp = (CxQ,1/f?) + (A, f2) + (R x C, 1/ fT), (2.1.4)

in H3,(C x C,Z(2)). Bloch studied Zyor p when C' = X(37), with Q, R cusps. In fact

Zpqr p maps to Collino cycle —

1(Zaor p) = Zor,p € Hyj ' (Jac(C), Z(g)).
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2.2 Deligne cohomology

Let X = Jac(C). The Deligne cohomology group of X with Z coefficients is defined
to be the hypercohomology of certain complex, known as Deligne complex (Page 7, in
[Sch88]). In the case, one has the following identification

H?972(X,C)
FIH?72(X,C) + H*72(X, Z(g))

(FIH?*(X,C))*
Hy(X,Z(2)) ’

Hy "' (X, Z(g)) =

o~

where second isomorphism is induced by Poincaré duality.

The Deligne cohomology with Z coefficients is thus a generalised complex torus.
In other words it is the C-vector space of linear functionals on the cohomology group
F1H?(X) modulo the lattice Ha(X,Z(2)). In next chapter we identify the Deligne co-
homology group with the group of Extensions of Mixed Hodge structures. The Deligne
cohomology with R coefficients is obtained by considering R — M HSs. Deligne coho-
mology with R coefficients is

(F'H%*(X,C))*
Hy(X,R(2))

12

HY ™ (X, R(g)) = (F'H2(X,R(1)))".

2.3 Regulator Maps

The Regulator map is a map from motivic cohomology group to Deligne cohomology
group. Conjecturally an element 7 € Hif’[_l(X ,Z(g)) corresponds to an extension in
MMgq. The Regulator map is the realisation of such extensions in the category of MHSs.
In other words for any Z one obtains an extension of MHS. By the Carlson isomorphism
(see Theorem 3.2.1) such an extension class can be evaluated as a functional on the
cohomology group F' A2 HY(C). An example of such extension class was discussed in

§6 in [KLMS06).

Beilinson defined a regulator map

regy, : Hy/ (X, Z(n)) — HE (X, Z(n)).
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In the particular case when n = g, the motivic cohomology group is Hifl_l(X ,2.(g)).

One has the following explicit formula: Let
i

be an element of the motivic cohomology group, where C; and f; satisfy the conditions
(2.1.2). Let [0, 00] be the path from 0 to oo along the real axis in P*(C). Let u; : C; — C;

be a resolution of singularities. We can think of f; as a map from C; to P!. Let

%i = pis(f7[0, 00)).

From the co-cycle condition and the fact that Ha(X) does not have torsion, we have

i=t
=1

for some 2-cycle D on X. The regulator map is defined to be

regy (Z)(w) = <§ /C 1- log(f;)w + 2mi /D w). (2.3.1)

\Vi

where w € FYH?(X,C). Here C; \ 7; is the Riemann surface with boundary obtained by
removing an open tubular neighbourhood of ~; from Cj. It is a closed subset of C; with
the structure of a manifold with boundary. The boundary 9(C; \ 7;) is made up of two

copies of v; with opposite orientation.

When C' is a hyperelliptic curve and Z is Collino’s element constructed above,
Colombo [Col02] constructed an extension of mixed Hodge structures coming from the
fundamental group of C' which corresponds to the regulator of Z. In this thesis we
generalise her construction to get an extension class corresponding to the more general

elements we have discussed above.






Chapter 3

Extensions of Mixed Hodge
Structures and the Regulator

map

Let X be a smooth projective variety defined over C. Its cohomology group H'(X)
with complex coefficients has a bidegree decomposition known as Hodge decomposition.
More generally Deligne showed in [Del71] that cohomology groups (modulo the torsion
elements) of a variety possess a Mized Hodge structure and natural maps between them
are example of morphisms of MHS. Mixed Hodge Structures form an abelian category
with tensor product which contains the category of pure Hodge structures as a full
subcategory. Certain extensions in the category of MHS are of our interest. The image
of a null homologous cycle under the Abel Jacobi maps gives an example of such an
extension. More generally the image of an element of a motivic cohomology group
under the regulator map gives examples of such extensions. The Carlson representative

can be used to understand such extensions. In this chapter we discuss such objects.

3.1 Mixed Hodge Structures

We recall some definitions and constructions due to Griffiths and Deligne. The book of

Voisin is a good reference [Voi02].

13
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Definition 3.1.1. A integral pure Hodge structure of weight [ is a pair V = (Vz, F'*)
where Vz is a Z-module and F*® is a decreasing filtration on Vg = Vz ® C, called the

Hodge filtration, such that for all p,q € Z with p+q¢=101+1,

FPVe @ FaVg = Vg,
FPVeNFaVg = 0,
where — indicates complex conjugation.

An integral mized Hodge structure (MHS) is a triple V = (Vz, W,, F'*) where o € Z
such that

Vz is an integral lattice.

W, is an increasing filtration on Vg called the weight filtration.

e F'* is a decreasing filtration on V¢ called the Hodge filtration.

The weight and Hodge filtration are compatible in the sense that F'® induces a pure

Hodge structure of weight [ on each of the graded pieces Ger =W, /W1 ®C.

Let V' = (V,, W,, F*) be another object in the category of MHS. Then a morphism

of weight 2m of mixed Hodge structures is a map ¢ : V. — V' such that

e ¢:Vyz — V/ is a group homomorphism.
o (FPVp) C Fptm Vé.

° ¢(WnV) C Wn+2mV’.
Let us formulate few properties of the category of MHS.

e MHS on Hom: For two MHS Vj,V,, Hom(Vy,V,) has a natural Mixed Hodge
structure. The Hodge filtration F'® is defined by

FPHom(Vi, Va)¢ = {f € Hom(V1, Va)¢ : f(F'Vig) C FPTVaq,i > 0}.
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Weight filtration W, is defined by

W, Hom(V1, Va)q = {f € Hom(V1, Va)q : f(WiViq) C WptVaq, for all i > 0}.
e Direct Sum: Let V; and V5 be two MHS. Their direct sum V = V; & V5 is a MHS
with W,V = W;,,V1 @ W,,,V5 and F™(Vg) = F"Vig ® F™Vag.

e Tensor product: For two MHS V; and V5, Hodge and weight filtration the tensor
product V7 ® V5 is defined by

FP(V1 @ Va)o = @ F'Vig @ FP Vg
Wp (Vl & V2) - @iWile & Wp_iVQQ.

e If f is a morphism of MHS, then Ker f and Coker f are also have a mixed Hodge
structure as sub and quotient groups with induced filtrations. Deligne has shown
in [Del74] that MHS on the cokernel of the kernel coincides with the MHS on the

kernel of the cokernel. Hence MHS form an abelian category.

3.1.1 Examples of MHS

Let X be a variety defined over C. The i** cohomology group of X, H*(X), is endowed
with a functorial mized Hodge structure. That has weight filtration of length 2i

{O} =W_1CWyC..CWy = HZ<X>

where Gr,gv is a pure Hodge structure of weight k. When X is smooth and projective
then W; = 0 for [ # i and W; = H*(X). In other words H*(X) has a pure Hodge
structure of weight 4. If X is smooth but not necessarily projective then W; = 0 for [ < ¢

and for X projective but not necessarily smooth then W; = H*(X) for [ > i.

Another source of MHS are the homotopy groups of a complex algebraic variety
[Hai87]. A first non trivial case in this direction is MHS on the subquotients of Zm (X, P)

by its augmentation ideals where P be a fixed closed point in X (C). Let

Jp = Ker [Zm (X, P) — Z]
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be the augmentation ideal of the group-ring Zm;(X(C),P). Let v : [0,1] — X be
piecewise smooth path on X and w; are smooth C-valued 1-form on X. The iterated

integral of length n of wiws..w, is defined by

oy = 1) Fi(8) o fn () dtrdto. ..dty,
L‘”“’“’ / / Fr(02) fi (1) Fo(t)dirdiy

0<t1<t2<...<tp=1

where v*(w;) = fi(t;)dt;. An iterated integral of length < n is linear combination of
iterated integrals of length [ < n. It is a functional on the space of paths on X (C). An
iterated integral is said to be a homotopy functional if it depends only on the homotopy

class of a path. Let us recall a few properties of iterated integrals.
Lemma 3.1.2. Let wy and we be smooth 1-forms on X and a, B be two piecewise smooth
paths on X with a(1) = B(0). Then

1. faﬂ wiwe = [ wiwa + fﬁ wiwe + [ wi. fﬂ Wy

2. fa wi.wo + fa wo.wW1 = fa w1. fa w2

3. [ dfwi = [, fwr — f(a(0)) [, w1

4. [Lwdf = fla(1)) [Lw— [, fwr

Proof. Proposition 1.3 in [Hai87]. O

Let H(Bs(X, P)) be the C vector space generated by iterated integrals which are
homotopy functionals of length less than or equal to s. Chen’s m-de Rham theorem

states the following-

Theorem 3.1.3. [Hai87] For s > 0, there is an isomorphism
mpr : HY(Bs(X), P)) — Homg(Zm (X, P)/J5™, €).
Proof. Theorem 4.1 in [Hai87]. O

In [Hai87] Hain defined a canonical mixed Hodge structure on H°(B,(X), P). Hence

from the above isomorphism, one has.
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Theorem 3.1.4. If X is an algebraic variety over C and P € X, there is a MHS on
Zm (X, P)/J5H.

Proof. Theorem (5.1) in [Hai87]. O

3.2 Group of extensions of Mixed Hodge Structures

An extension H of B by A in the category MHS is represented by a short exact sequence
0—+A—H—B—0,

where A, B and H are Mixed Hodge structures. An extension is called separated if
the highest weight of A is less than the lowest weight of B. Let Ext},;¢(B, A) be the
set of congruence classes of separated extensions of B by A. It is an abelian group,
where addition is defined by Baer Sum, discussed in the Appendix. In [Car80], Carlson
showed that Ext},;;5(B, A) has an alternative description which is more amenable to

computation.

For a mixed Hodge structure V' of negative weight, let

v
0 ._ C
J (V) D m.

When A and B are separated extensions of MHS, Hom(B, A) is of negative weight.

Carlson showed

Theorem 3.2.1. [Car80] Let A and B be two MHS such that the highest weight of A

is less than the lowest weight of B. Then the group
Extl; (B, A) = J'Hom(B, A),

Proof. See Proposition 2 in [Car80]. O

12

From this one can see that the Deligne cohomology group H%gfl(Jac(C),Z(g))
Exthy s (Z(=2), A2H1(C)).
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3.3 Examples from Geometry

In this section we discuss the regulator map in two situations. The first is the Abel-Jacobi

map from Ko(Jac(C))9~! and the second is the higher regulator map from Ki(Jac(C)9.

3.3.1 Abel-Jacobi map as an extension of MHS

Let P € C. Consider the map ip : C — Jac(C), defined by z — = — P. Let Cp be
the image of C. Let CT be the image of Cp under the involution (—1)* induced by
multiplication by —1 on Jac(C). (—1)* acts by the identity on H?¥(Jac(C)). Hence, for
two distinct points P and @, the cycle Cp — C¥ is a codimension (g — 1) homologically

trivial cycle. If P = @ such cycles are called Ceresa cycles.

Let Jp be the augmentation ideal as in Section 3.1.1. Consider the extension
3 . 2 \* 3\ * 2 3 \*

One knows (Jp/J3) = H1(C,Z). Let K = Ker(2?H'(C) = H?(C)). It turns out
(Section 6 in [Hai87]) (J3/J3)* = K as MHS. Both H!(C) and K do not depend on
the base point P. Hence the extension e, determines a class m% € Extj, yq(K, H(O)).
Generalising a result of Harris, Pulte obtained an expression for the Abel-Jacobi image

of the Ceresa cycle in terms of the class m?l’;.

Theorem 3.3.1. [Pul88] Let C be a smooth projective curve of genus g. Let P and Q be
points on C and Cp — C9 be null homologous cycles defined above. Then the extension

class corresponding to the image of Cp — C% under the Abel-Jacobi map is given by

m‘?g + m%
CHY ! (Jac C) 25 JOHy(Jac(C)) 2 Extlyys(K, H(C))
Cp—C?% — Aj(Cp — C?) — mb +m.
Proof. See Theorem 3.9 and 4.9 in [Pul88]. O

In particular, if P = @ the Ceresa cycle Cp — CF corresponds to the extension

class 2m%,. As an application, if C is a Fermat curve of degree > 5, Otsubo used this
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theorem to express the Abel-Jacobi image of certain Ceresa cycles in terms of values of

hypergeometric series (Theorem 4.8, 5.3 [Ots12]).

3.3.2 Beilinson Regulators as Extensions of Mixed Hodge Structures

Collino [Col97] constructed a related cycle in the group Hif’l_l(J ac(C),Z(g)), where C'is
a hyper-elliptic curve of genus g. Colombo [Col02] extended Pulte’s result to this cycle
as follows. Collino’s cycle depends on a choice of Weierstrass points () and R on the

hyper-elliptic curve.

Let us consider C \ o, where o € {Q, R} and J, p := ker{Z[m(C \ {o}, P)] — 7Z}.

For » > 3 one has extensions,
Cep 0= (Jop/Jp) = (Jop/Jip) = (I3 /I p)" = 0.

Let

mip € Exthyps ((J07/0p) ) (Jor ) T5))

be the extension class associated to the extension e],. One knows (J:}l [Jep) =
®""LH'(C) so it does not depend on the base point P or the points QQ and R. However,
(Jo,p/Je p)* could. In the case r = 4 when C is hyperelliptic, since (J.7p/Jf’7P)* is
related to the class of the Ceresa cycle. We know from [Col02] Proposition 2.1 that this
class is 2 — torsion. Hence the extension splits rationally. Hence it turns out that the
classes mgp and mpp lie in Extl;pg(@3HY(C), 2H'(C) @ H'(C)). Colombo shows

that the class of the Collino cycle is given by the extension

€4QP SB €Rp
where ©p denotes the Baer difference of the two extensions.

In general, the class of the Ceresa cycle need not be torsion. For instance, if C' is a
modular curve or a Fermat curve, one has examples when it is known to be non-torsion.
Under some conditions one can still construct a cycle similar to Collino’s cycle and we

extend the result of Colombo to this more general case. In order to do this, we need
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to use the work of Kaenders in which he describes the extension class corresponding to

(Jo.p/J3p)"

Consider the extension 2. From Hain, one has that (J.27P/Jf’7p)* = Ker(®?H(C'\
{o}) = H2(C \ {o})). One has H'(C \ {8}) = H'(C). Since C \ {} is non-compact,
H?(C\ {e}) = 0, so0 (J.27P/Jf7p)* = ®?H'(C). Hence the extension class m3, lies in
Exthy s (@2H1(C), H'(C)).

As above K is the kernel of the cup product map ®*H1(C) — H?(C) = Z(—1). The
exact sequence of Hodge structures
0o K — @HY(C) 3 Z(-1) = 0
splits over Q but not over Z. This happens as follows: There is a bilinear form [Kae01]
b: @?HY(C) x @*HY(C) — Z
defined by
b(z1 ® w2, y1 @ y2) = (21 Uy2) - (w2 U 1)

Let S denote the orthogonal complement of K in ®?H'(C) with respect to this bilinear
form. Then, under the cup product S projects to 2gZ(—1) where g is the genus of C
and ®?HY(C)q = Kq ® Sq as Q-Hodge structures.

It is well known that Extl,;¢(S, H(C)) = Extl;zs(Z(—1), H(C)) = Pic’(C).
From the work of Hain and Pulte described in the previous section, the other term in

Extl; ys(K, H(C)) is the class m3 of the Ceresa cycle or the extension e3. Kaenders

. . . o . . . 3
and independently Rabi, have the following explicit description of the class myp.

Proposition 3.3.2. The image of the class mfp corresponding to the extension efp

with respect to the above splitting is given by

Extjys(®°H'(C), H'(C)) 4 Extjps(Kq, H'(C)) X Extyys(Q(—1), H'(C))

mip — (m,2g ¢ —2P — k),
where ko 18 the Canonical divisor of C.

Proof. See [Kae01] Theorem 1.2. O
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Let C, Q, R, P and fggr p as in the section 2.1.1. Then one has mSQP — m?j%P =
0,29(Q — R)). As Q — R is torsion in Jac(C'), this is torsion. It means the mixed Hodge
(0,29 , g

structure m% p— m?j%P splits rationally. Hence
(m&p —m¥p) = H'(C)q @ @"H' (C)q,
Suppose we are able to construct an extension in MHS
eorp: 0= (Jop/Jdp)* © (Jrp/Jhp)" — A— @®H'(C) — 0.

Then projecting eéRJD to H(C) will give a class in Ext};;¢(®3H(C), H'(C)). Then
a standard pull back and push forward argument along the lines of Colombo ([Col02])

will produce a class

€or.p € Extyrps(Q(—2), N> H'(C)).

It turns out that this class is related to the regulator of the cycle Zggr p. In the next

chapter we explain how one can do this.






Chapter 4

An Explicit Formula for the

Regulator map

Let C, Q, R, P, for and Zgrp be as in § 2.1.1. In this chapter we prove our main
theorem which relates the regulator of Zgg p with an extension class coming from the

fundamental groups of the curves C'\ @ and C'\ R. We have the following theorem.

Theorem 4.0.1. Let C be a smooth projective curve of genus g over C. Let P, (Q and R
be three distinct points such that there is a function for with div(for) = NQ — NR for
some integer N and for(P) = 1. Let Zgg,p be the element of the motivic cohomology
group Hiﬂ_l(Jac(C),Z(g)) constructed in § 2.1.1 ([Blo00]). There exists an extension
class 64QR’P in Extl;yo(Z(—2), N2H(C)) constructed from the mized Hodge structures

associated to the fundamental groups w1 (C\Q, P) and w1 (C\R, P) such that

corp = (29 + 1)N regz(Zor)

in Bxt}, yo(Z(-2), N2HY(C)).

4.1 The regulator of Zpg p

Let Zgg,p be the element of Hf\fl_l(Jac(C), Z(g)) constructed in § 2.1.1. In this section

we obtain a more explicit description of the regulator map (2.3.1) which will allow us to

23
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relate it to an extension class. To that end we obtain a more explicit description of the

2-cycle D.

Recall that for : C — P! is a finite map of degree N. Let [0, o0] be the positive real
line in P! and v = fé}%[o, oc0]. Thus + is the union of N paths 4* which lie in different
sheets having ) and R in common, where 1 <7 < N. Let fq, f be asin §2.1.1. Let YQ
and gr7y be the corresponding paths on Cg and C* respectively. From co-cycle condition
(2.1.2) one has v5.py~ = 9(D), where ™ (t) is the inverse of the path a : [0,1] — C.
It is defined by a~(t) := a(l —t). We parametrize v : [0,1] — [0,00] C C so that
for(v(t) = 14

t(1—s)

Lemma 4.1.1. Let a(s,t) = ¢ and b(s,t) = T—s(i-1t)
J— S —

F; :[0,1] x [0,1] — Jac(C) by

where s,t € [0,1]. Define

for 1 <i< N and let D; = Im(F;).

Then O(D;) = 75.37"*. In particular if D = UY. | D; then d(D) = YQ-RY -
Proof. The oriented boundary of D; is
8(DZ) = F(O, t) U Fi(S, 1) @] Fi(l, 1-— t) U Fi(l - S, 0)

Restricting F; to the boundary

Fi(0,4) ={y'(t) =~'()} = 0

Fils, 1) ={7(1) (1 = )} = ()
Fi(1,1-0) =(71(1 = ) =10} =y
Fi(1-5,0) ={7'(0) =+'(0)} = 0.

Therefore,

Hence the proof follows. O
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Lemma 4.1.2. Let ¢ and ¢ be harmonic 1-forms on Jac(C') and D; be a disc as in the

/Diww:[/gcw—/miwcb,

where the right hand side is an iterated integral.

above lemma. Then

Proof. Proof is similar to Lemma 1.3, [Col02]. O

Combining Lemma 4.1.1 and 4.1.2, expression (2.3.1) reduces to the following theo-

rem.

Theorem 4.1.3. Let Zgr p be the element of Hiﬂfl(Jac(C),Z(g)) and ¢, 1 are two

harmonic 1-forms in Jac(C) with 1 holomorphic and for = f. Then

regz (Zorp)(é A1) = 2 /

C\v

log(f)¢ A ¢ + 2ri / (0 — )
Y

Proof. Since ¢ and 1 are harmonic forms on Jac(C), they are translation invariant.

Further, (—1)* acts by (—1) on 1-forms. Hence ¢ A 9 is invariant.

Since 7q is a translate of v and ~p is a translate followed by the action of (—1), the

integral in Lemma 4.1.2 becomes

/Di‘“w:/vi¢‘/’—/Izvi¢¢=/xé:/¢<¢w—w¢>.

Q

Taking sum over all D;, we obtain the following iterated integral expression

/wa:/W(w—W)

Recall that (2.3.1) states

res(Zan p) (6 A ) = ( | ostronw+ [ os(forons+2mi [ on w) .
Q

Since ¢ A 1) is also invariant under translation and (—1)*, this expression becomes

regz(Zqr.p)(@ NY) = (2/ log(f)o Ay + 2mi /(@/1 - 1/%15)-)
v

C\v
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O]

4.1.1 Elements in Exty,,¢(Z(-2), A2H(C))

As we observed, in order to get an extension class similar to Colombo, the main ob-
struction is one cannot add extensions lying in different Ext groups. In order to do
this we will use a homological algebra lemma which can be found in [Rab01]. Then a
standard pushforward and pullback argument will produce the desired extension class

cor.p € Extygg(Z(=2), >H'(O)).
Recall that for e € {Q, R}, we have extension of MHS
eap 1 0= (Jop/Jip)" = (Jop/Jip)* = @*H'(C) — 0,

etp 0= (Jop/J2p)" = (Jup/J2p)* = @3H(C) — 0.

Let us consider the following diagram constructed from above extensions with all the

rows and columns are exact and o € {Q, R}.

0 ——= (Jop/J3p)* —= (Jop/Jsp)* —= & H'(C) —=0

0— 22H'(C) Uerf o)~ @B HN(C) — 0
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Now using Lemma (5.1.1) in the appendix we obtain the following diagram with exact

rows and columns.

where

B =(Jor/Jop) B (Jrr/JEp)*,
By =(Jor/Jop) SB(JrP/Thp)"
and
F =(Jor/Jop) ©8(Jrr/Trp)* | (Jor/Jop)" ©8 (Jrp/Jhp)*

_Uopr/Jgp)*  (Jrp/Thp)*
T HY(C) TP HY(O)

and Op is generalised Baer sum defined in the Appendix.

Let me € Exth;yg(®2HY(C),®2H(C)) be the extension class obtained from the
push foroward of the extension e2 p by me. From Corollary 5.1.2 in Appendix the exten-

sion class mgg corresponds to the extension
0— @?HYC) = F = @*HYC) — 0.

where

MQRr = Mg — MRp,

Lemma 4.1.4. mgg is N-torsion in Ext(2*H'(C),®?H(C)). Namely,

N.-F=2’HY (C)ee*HY(C) as MHS.



28 Chapter 4. An Explicit Formula for the Regulator map

Proof. From Rabi [Rab01], Corollary 3.3, one has that the class mg and mp € Ext(@*H'(C), ®*H(C))

are represented by extension whose middle term are
HEp=H'(C)®ehp ®pehp @ H'(C)

and

Hip=H'(C)®epp ©p ehp @ H'(O).
Taking their difference gives
HEpop HYp=H'(C)® (¢ p Op €, p) OB (¢hp Op ehp) © H' (C)

From Lemma 3.3.2 we have e?j{f Op 6%713 = (0,29(Q—R)) € Extyps(2?HY(C), HY(C)).

As Q — R is N-torsion, we have

N-F=N-(HppopHEp) = H'(C)®®°H'(C).

The middle term B; corresponds to the extension €3Q RP = e% ©B e3R which is N

torsion by Proposition 3.3.2. Thus we have the following extension
Nebpp 10— @ HY(C)® HHC) = By —» @*H'(C) & @ HY(C) — 0.
In other words, the extension class corresponding to the N e‘é Rp 18

[Nebr,p) € Extins (9°H' (C) ® @*H'(C),@*H' (C) & H'(C))

=[] Extlns(@'HY(C), & HY(C)),
i

where ¢ € {2,3} and j € {1,2}. Projecting to the Kunneth component we have

[Negr.pl € Bxtyrgs (9°HY(C),HY(C)).
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We use the same notation 64QR p for the projection. Let Q € ®2H!(C) be a polariazation

which induces a monomorphism

Jo : HY(C)(-1) = @*H(C).
Pulling back the extension under the morphism Jg we get

N[Jaeqr pl € Extyug(H' (C)(=1), H'(C)).
Tensoring with H'(C) we get the class
NIH'(C) ® Jhegrp) € Extirys(0?H' (C)(-1),@°H'(C)).
Let 8 be the section of the cup product map
B:7(-1) —» @*HY(0),

and i : A2HY(C) — ®2H'(C) be the inclusion map. Pulling back by the map i and

pushing forward by 5 we get
eonp = i B([INJsegr p ® H'(C))) € Extiyprs(Z(—2), N*H' (C)).

In the following section we will compute the Carlson representative of this extension
class e‘é r,p- We will conclude by comparing the expression for the regulator of Zgg, p

and and the Carlson representative of the class e‘é) R.P

4.2 Carlson representative of the extension eéR’ p

This section is an application of the Theorem 3.2.1. It identifies an extension group in
the category of mixed Hodge structures with a generalised torus. In order to relate our
extension class with the regulator of the motivic cycle we need to compute its image
under this isomorphism. This is similar to the case of the Abel-Jacobi image of the

Ceresa cycle.
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We first describe the Carlson representative of the extension
4 3771 1
eor.p € Extyms(®@°H (C), H (C)).

From the Theorem 3.1.2, this is an element of

Hom(®*H'(C)¢, H(C)c)

T (Hom(@HHC) HNC) = o fom (@ 1 (C)e, H1(C)e) & Hom(@P H(C), HC))

Thus, given an element of ®3H!(C)¢ we get an element of H'(C)¢ which we can think

of as a functional on H;(C)¢.

Let Cgor denote the open curve C'\ {Q, R}. In fact we will describe the functional as
an iterated integral made up of forms in H'(Cgr)c and will naturally be a functional

on Hi(Cgr). We have a natural inclusion
1 CQR — C

which induces i, on homology and ¢* on cohomology. In order to consider the iterated
integral as a functional on H;(C') we have to make a choice of an embedding H;(C) <
H,(Cgqr) which splits the map 4,. There are many ways of doing this, but for our formula
to work, we need to make a particular choice. In this section we first construct a ‘natural’
splitting of the map i, — namely a subgroup of H(Cqr) which maps isomorphically to
Hy(C) under i,.

Consider the group m(Cgg; P). This is a free group on 2¢g + 1 generators. The
generators have the following description. The fundamental polygon of C' is a 4g sided
polygon with the edges e; and e;, 4 identified. The end points of the edges are identified
and so they give 2¢g loops o} in Cgr which we consider as loops based at P. Let [g
be a small simple loop around @ based at P. Then m(Cggr; P) =< o, ... ,O/QQ,BQ >.

Without loss of generality we assume that f is unramified at P.

The map f : C — P! restricts to give f : Cgr — P! — {0, 00} and this induces
fe 1 m1(Cor; P) — m (P — {0,00}; 1).

One knows 71 (P! — {0,00}) ~ Z. Let By denote the generator. Let H = Ker(f,).

f«(m1(Cgr; P)) is a subgroup of Z. In a deleted neighbourhood of 0 the map looks like
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z — 2N where N is the degree. Hence the loop 8¢ is taken to Nf3y. Let fi(al) = m;fo
for some m; € Z. Then «; = a;Nﬁémi satisfies fi(a;) = 0. Let G denote the subgroup
of H = ker(f«) generated by the {«;}.

The inclusion map ¢ also induces i, on the fundamental groups. Since i.(8g) = 0,
ix(a;) = ix(c4)N. The fundamental group of C is m (C; P) = {< i.(c}), . .. yix(ahy) >/
[1[i<(a}),ix(eiy,)] = 0}. Hence one has a map G — m1(C; P) whose image is the

subgroup generated by the N*'-powers of al.

Lemma 4.2.1. The abelianization of G is isomorphic to the subgroup of index N9 of

the abelianization of w1 (C; P).
G/IG,G] = N - m(C)/[m(C), m(C)],
where N- denotes multiplication by N.

Proof. Let o =] agii be a word in G. For a generator «; of G define

ordg, () = Z b;

a; =1

namely, the number of times «; appears in the word. Define
UG — 7%

U(a) = (Ordai (a),... ,0rda,, (a))
Let K = ker(V). Clearly [G,G] C K. Further, the map ¥ factors through i, and is
surjective. We claim K = [G, G]. To see this, observe that if a,b € G

ab = ba (mod|G, G)).

Repeatedly applying this one can see that any word

29
a= H azii = H a?rda"(a) mod(|G, G)).

=1
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In particular, if ord,, (o) = 0 for all ¢, a € [G,G]. Hence K = [G,G]. Hence
G/|G,G) ~ 7%

The map i, takes «; to O/ZN. One has a similar map ¥’ : 71(C; P) — Z29 using o
instead of ; which shows that the abelianization of 71 (C; P) is Z?9 as well. However,
under this map ¥/(a;) = N and hence G/[G,G] is carried to the subgroup N - Z29.
Multiplication by NV is an isomorphism so the map

iy = % oy : GJ[G,G] — m1(C)/[r1(C), m(C)

is an isomorphism between the two abelianizations.

Let V = Vz = G/[G,G]. The abelianization of the fundamental group of Cgg is
Hi(Cgr) and so V is a subgroup of Hi(Cgr). The abelianization of m1(C) is H,(C).
Hence the map iy is an isomorphism between V' and H;(C). Let jn : H1(C) — V be
the inverse isomorphism. This gives an embedding of H;(C) in Hi(Cgg). As discussed
above, the Carlson representative is a functional on H;(C'). However, we will obtain a
functional on H;(Cgpr) which will be the Carlson representative of the extension when

considered as a functional on V.

Let [a] denote the homology class of a loop a. The collection {[a}]} has the property
that their images {[ix(a})]} in Hi(C) form a symplectic basis. Since i.([Sg]) = 0,
i+([ai]) = Niw([af]). Hence under the isomorphism, in([a;]) = [ix(cf)]. Let {dz;} be
the dual basis of harmonic form in H'(C, C) satisfying f[i*(a;)] dx; = 6;5, where d;; is the

Kronecker Delta function. With this choice of {[a}]}s and {dz;}s, the volume form on

H?(C) can be expressed as follows. Let

1 ifi<yg
c(i) =

-1 ifi>g

and o(i7) =i+ c(i)g. The volume form is

Z c(i)dx; N dl‘a(i).

=1
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From that one gets that a Poincaré dual of [a;] is c(i)dz ;).

The cohomology group H'(Cgr, C) is generated by the i*(dz;) = dx; along with the

logarithmic form % = f*(%) where % generates the cohomology group of H!(CP! —

{0, 00}).

Since we are dealing with the non-compact manifold Cgr, recall that Poincaré duality

states that
H}(Cqr) ~ Hi(Cqr),

where H!(Cgr) is the compactly supported cohomology of Cgr. This group has
mixed Hodge structure determined by identifying it with relative cohomology group
HY(Cgr,{Q, R}). Unlike H!(Cgr) which has non trivial weight 1 and weight 2 pieces,
cohomology with compact support has weight 0 and weight 1 pieces and is covariant.
However

Gri"H, (Cor)q ~ Gr" H'(Cgr)q ~ H'(C)q
Here the first isomorphism is induced by identity and the second by #*.

The space V' determines a splitting of the Hodge structure on H;(Cgr). The space
V* of Poincaré duals of element of V is a subspace of H!(Cor) which determines a
splitting of the Hodge structure on H!(Cgr). Further, V* is isomorphic to H*(C).
Hence if 7 is a form in H!(C) it is cohomologous in Cgg to a compactly supported form

in V* C H(Cgg). One has
H:(Vor)o =V © Q- wq

where wq is a Poincaré dual of 8g. Q - wg ~ Q(0). Note that

/ wQ = / i*(c(j)dxa(j)) ANwg =
)] Cor

. / wo N i (c(j) () = / P (e(f) o) = — / c(j)dap ;) = 0
Cor Bq i+ ([Bo])

since i, (8g) = 0.

Further

[vi] ix([ov] Ni«([ef])
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Hence the dual of [oy] is % and under the dual map dz; is taken to % in V* =

Hom(V,Z). Further, note that
df
_— 0
/[ai] f

since [oy] € Ker(fs).

From the calculation of €2, a Poincaré dual of de’“ is c(k)ag k). Finally

day  df df dz
CQR N f c(k)a(,(k) f f*(c(k)ad(k)) <
af

Hence dx; A ¥ is exact.

We now construct a cover of Cgr which has the property that its homology group is
G/|G, G] and the form % is exact. Further, the loops «; lift to loops on this cover. We
do that as follows. Let v : X — Cggr denote the universal cover of Cgr. The group G
acts on X as a group of deck transformations. Let C=X /G denote the quotient and

qg:C — Cgr denote the covering map. This is a cover
q:(C,P) — (Cqr, P) (4.2.1)

such that 771(6'; ]5) = G, where P is a point in ¢ *(P). Now by homotopy lifting
([Hat02], Proposition 1.31), loops based at P whose homotopy class lie in G C m1(Cgr)
will lift to loops in C based at P. Thus «; € G will lift to a unique, upto homotopy loop

@; based at P such that ¢«(@;) = a;. The covering space C is not an algebraic variety.

Proposition 4.2.2. q*(%) = 0 in H'(C). Hence there is a function, which we call

log(q*(f)), defined on C such that dlog(q*(f)) = q*(@)
Proof. From Lemma 4.2.1,
H,(C) = G/[G,G] =V = N -m(C)/[m(C; P),m1(C; P)| = N - Hi(C) =~ H,(C)

By the de Rham isomorphism, H'(C) ~ H'(C).

The maps ¢* and g, are adjoint with respect to the de Rham isomorphism. If ¢ €

H(C) and w € H(Cgr, C) then

/q*(g)w = /Uq*(w)-
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Further, ¢*(w) is 0 in H'(C) if and only if fq yw=0forallo e H,(C). Applying this

*(O'
to w = % and using the fact that [d;],1 <4 < 2g give a basis for H;(C), we have

q*(ﬁ):OeHl(é)@ q*(c‘i}cf)zofor all i & gzOfor all i.

f (] (]

The map f induces
fi: Hi(Cgr) — H1(CP' —{0,00}).

The form 4 = f*(%) Hence, one has

f
df L dz dz
[ G=[ r&=] =
] f Jag” 2 Fe(le]) #

However, since o; € G and by choice G C ker(f,), we have f.(a;) = 0 so fi([a;]) =0

J—
Fellai]) #

Hence q*(%) =0 € H'(C). Therefore integration of % is path independent and we have

and finally

a well defined function

log(¢*(f))(z) = /x q*(ﬁ)

on C. Note that log(¢*(f)(P)) = 0.

O]

Hence the space V' can be understood as the homology of the space C and the map

g« gives a rational splitting of the map i,. We also have the following description of V.

Lemma 4.2.3. Let f : Cor — CP! — {0,00} be the map with divisor div(f) =
NQ—-NR and f(P) =1 andV = G/[G, G| as above. Let W = Ker(f, : H(Cor)q —
HY(P! - {0,00})). Then Vg = Wyq.

Proof. Since V' C Ker(f.), V¢ € Weg. However, both Vg and Wg are subspaces of

codimension 1 in H*(Cgr)¢. Hence they are isomorphic. O

Note that it does not appear to be true that V' = Ker( f,) as Z-modules. Intrinsically,

the reason why there is such a V' is the following. If C' and Cggr are as above, there is
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an exact sequence of mixed Hodge structures
0 — Z(1) — Hi(Cor) — H1(C) — 0

induced by the inclusion map. Hence H;(Cgr) determines a class in Ext(H(C),Z(1)).

From the Carlson isomorphism one knows
Extars(Hi(C), Z(1)) ~ Extyps(Z(—1), H(C)) ~ CHj.,,,(C)

and the class determined by Hq(Cgp) is nothing but the class of @ — R in CH} (C).
Since there exists a function f with div(f) = NQ — NR it implies that this sequence

splits rationally. Hence there is a map
p: Hi(Cor)q — Q1)
which splits the exact sequence. This map can be seen to be

p(a):/oci{:/*(a)d;

and if Vg is the kernel, then Vg ~ H;(C)q. Clearly 0 € Ker(p) < o € Ker(f.). Hence
Ker(f,) is isomorphic to H1(C)gq. The V defined above is only contained in Ker(f,) but

is a subgroup of the integral homology H;(C') — so has a little more information.

4.2.1 The Carlson representative of ef,; p
The Carlson representative of 64Q r.p 1s given by
p10770SF 013,

where

e p1 is the projection of N - By ~ H(C) & ®@2H(C) 2 HY(C).

e i3 is the inclusion map ®*H!(C) & @3HYC) @ @?H(C).
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To describe sp we need a little more. Let us consider C' \ {e} for @ € {Q, R}. The
inclusion map

ie:C\ {o} = C

induces isomorphisms on the first homology and cohomology groups and in we will
identify elements of H;(C \ {e}) with their images in H;(C) and similarly elements of
H!(C) with their images in H'(C'\ {e}).

Recall ©p denotes the generalised Baer difference. Let
spoiz: ®@®HYC) — N-Bo~ N - ((Jo,p/Jbp)EB(Jrpr/ Tk p))
be the section preserving the Hodge filtration given by

sp(de; ® dry @ dxy) = (ng, ng)

Here IV € (J.,p/J:{P)* for @ € {Q, R} are iterated integrals with

Iﬁjk =N (/ dridzrjdry + dwvipijr,e + fijedTy + /~Lijk:,o> . (4.2.2)

where fiij.e, [tjke and fi;j; e are smooth, logarithmic 1-forms on C'\ {e} such that

L. dpjp,e + dxj Adxy =0
2. d/,Lij, + dx; A dl’j =0

3. dx; N ke + Hije N dxy + ditijre = 0.

There are inclusion maps of Cop into C'\ Q and C'\ R and we can pull back the forms
dx;, pije and fi;;, o to Copr and consider all the forms as forms on Cggr. To compute the
element of Hom(®@3H(C)¢, H'(C)¢) obtained as the projection under p1, we describe
it as an element of H;(C)§ = Hom(H;(C),C) = H'(C,C). The integrands I9% are
made up of forms on Cgg and so to compute it on elements of H;(C') we have to choose
an embedding of H(C) in Hi(Cggr). This is precisely what the subgroup V' gives us.
Hence from now on if « is a homology class in H;(C) we think of it as an element of

H,(Cgqr) by identifying it with its image under the map jy.
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The map from

H'(C) — (HY(C)® H'(C)) /A (c)

is given by

r — (z,—x).

Further, if o is a loop based at P on Cgg, the class in H{(C) = J.7p/J.27P corresponding
to it is 1 — . So one has p; o7z 0 sp 0 i3 € Hom(®@3H'(C)¢, H'(C)¢). As an integral,
it is

p1o7rz0spoiz(de; ®dr; ® dry)(a) :/ ng—/ ng
l—a -«

where the first 1 — o is the class in H{(Cg) and the second is the class in H;(CRg).
They are both carried to the same class in V' under the isomorphism, so we can take
the difference of the integrals when we consider « as a loop in Cgr whose corresponding

homology class lies in V. This resulting expression is

/1 13 _/1 Ig =N </1 dzi (Hjk,Q — Hjk.R) + (Hij,Q — Hij,R) ATk + (Hijk,Q — Nz’jk,R)) .
-« - -«

We can choose the logarithmic forms p;je and pjie, for e € {Q, R}, satisfying the

following

® [ije = —Hji,e-

e For |i—j| # g, lije is smooth on C\e, as du;je = dzjAdz; = 0. As H*(Cgg,Z) =0

and 14,5 is smooth, it is orthogonal to all closed forms, that is, j1;;e A dzy, is exact.
® [lis(i),e has a logarithmic singularity at e with residue c(i).
o 11ijQ — ij,r = 0if |[i — j| # g as forms on Cgpg.

® Lio(i),Q — Mio(i),R = %%, where f = for is a function such that div(fgr) =

NQ@ — NR. We can normalise fgr once again by requiring that for(P) = 1.

In terms of the basis of forms of H(C), Q € @2H'(C) is

g 29
Q= Z dr; @ dr(ipg) — dv(iyg) @ dr; = Z c(i)dr; @ dry ).
i=1 i=1

With these choices of p;5e and ji;j1 e, we have the following theorem:
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Theorem 4.2.4. Let Gorp € Hom(H(C)(—1)¢, HY(C)¢) be the Carlson representa-

tive corresponding to the extension class Jé(e‘éR,P). It is given by
. daf
GQR,p(dxk)(aj) =pP1OoTryzOoS8SFoO Zg(d.ilik & Q)(a]) = (29 + 1) le‘k - N W(dl:k)
@ o

in JY(Hom(H'(C)(-1), HY(C)), where

29
W (dxg) = Z C(i)(ﬂkia(i),Q - Mkia(i),R)
i=1
is a 1-form on Cggr which satisfies
_ dxp df

Proof. Let S denote the map Sp = spoizoJg : H(C)(-1) — N - Hé)R,P' This is

given by
29
Sp(dap) = c(i)sp(day, @ dr; @ day))
i=1
From (4.2.2) one has
29 % -
SF(dgjk) = (Z C(Z’)/Iéza(l),zc(i)/Ijk%zg(l)>
i=1 i=1

Evaluating on a loop «; based at P using the maps described above, this is
Z/ C(Z) (Igza(z) . I}kga(z))
i=1 7179

29
>N (/1 c()drr(Kio(i),Q — Mio@),R) T (ki@ — ki, R) AT ) + (Bhio(i),Q — Mm(@,z%))
i=1 %

From the choice of the forms 454 and Lijk,e above, the leading terms and several of the
lower order terms cancel out and

1 df
Pki,@ — Mki,R = C(k)(ska(i)N?

and
e — (')ig
Hio(i),Q — Hic(i),R = C? N f .
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Since ¢(i)? = 1 what remains is

df el
2/1 dx k— — 7d$k + NZ C(i)/1 (Hkia(z’),Q - ,ukio(z‘),R) .
i=1

Let

W(dwr) = c(i) (Hhio(i),Q — Hhioti).R) -
i=1
Since integration over a point, which corresponds to the constant loop 1, is 0 and f Tf

0 by choice of o, using Lemma 3.1.2 (2) the integral becomes

d d
Gonpdr)e) =2 [ dnT— [ Lam e [ wian)
l—ocj f 1—04] f 1— a;

—(29—1—1)/ d:):ka;{—N/.W(dxk).

J

Now consider )
g

dW (dxy) = Z c(i)d (Lio(i),0 — Mhio(i).R) -
i—1

From the choice of ;i e, one has
Aftijie = —dx; N [Ljk.e — [ije N dT}.

So the sum becomes

29
AW (d) = —c(i) ((dok A frio(y,o + 1ri@ N dTogy) — (dze A pigy,r + ki A dTog))
=1
29
= Z —c(i) (dzp A (io(i),Q — Hio(i),r) T (BkiQ — Hki,R) A dZo(y) -
-1

In the second sum, only one term survives and one has

= —c(o(k))(lro(k),Q — Pro(k),rR) N dTk + Z ( C;\?‘?)

:_c(a(k))(c(](vk))f A dx —i—Z—c < ‘/’f@ff)

— _(29]\7—'_1)6? Adxy = @gjv_{—l)dxk A d}f
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We have computed the Carlson representative Gqr p of our class in Ext(H!(C)(—1), H'(C)).
We now tensor with H'(C) and pull back using the map ®Q : Z(—1) — ®2H!(C).
This gives us an element of Ext(Z(—2), 2H!(C)). We denote its Carlson representative

by FQR,p.

Lemma 4.2.5. The Carlson representative of the class in Ext(Z(—2),@?H(C)) is

given by

Forpr = (Gor,p ® Id) o @Q

in (R2H(C)¢)*. On an element o ® ay, it is given by

Forp(Q)(oj @ ag) = c(a(k))N ( / (29+ 1)§fd:cg(k) —~ NW(dmo(k))> (4.2.3)

Proof. Recall that
29

Q= Z C(Z)dl’z ® dl'g(i).
1

From above we have

29
(Gorp @ Id)(Q)(a; ® ar) = Y _ c(i)Gor,p(dai)(ay) - Td(daq))(ox)-
1

From the choice of oy, one has
Td(dz () (k) = Nopoi)-
Hence, in the sum above, precisely one term survives, at i = o(k). Therefore
(Ger.p @ 1d)(Q)(a; @ ar) = Ne(o(k))Gor,p(drar)(@;)-
In particular

Forp(Q)(a; @ ap) =Nc(o(k))Gar,p(dzyw) (@)

:NC(U(]C)) </ .(2g + 1)?d$0(k) - NW(dIa(k))>
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O]

We now use Proposition 4.2.2 to convert the iterated integral in to an ordinary

integral. The iterated integral term in (4.2.3) is

dxy,

Ne(o(k))(2g+ 1) /
(e 2]

~|&

J

which we can evaluate using Lemma 3.1.2(3) if % is exact. However, % is mot exact

on Cgg but it is exact on C using Proposition 4.2.2. So we do the integration on C.

Precisely, we do that as follows.

Let a be a loop such that [a] € ¢.(Hy(C)), where ¢ : C — Cgg is the cover. Let
o = ¢4 (&), where @ is a loop based at P lying over the basepoint P of «. In other words

a be a lift of a. Let ¢ be another compactly supported 1 form on Cgr whose Poincare

dual lies in g,(H;(C)). We have
oA
fw—/aq (Fla (@)

From Proposition 4.2.2, q*(%) is exact on &. In other words ¢ (f) dlog(q*(f)).
Choose a primitive log(qg*(f)) such that log(q*(f)(P)) = 0. Using Lemma 3.1.2(3) and
the fact that we have chosen log(¢*(f)) with log(¢*(f)(P)) = 0,

[ = [osta e w

/a% _ / log(q"(f))a" (/)

Applying this to the case at hand we have

Hence we have

Forp(Q)(a;j®@ar) = Ne(o(k)) </ (29 + 1) log(q*(f))q" (dzo (k) — Nq*(W(d%(k)))> :

(4.2.4)

J

We have made a choice of a;. If we chose a different basepoint, the value of log(¢*(f))
will change by 2wiM for some M € Z. This will change the integral by 27wi M faj drs(p)-

This does not affect the class in the intermediate Jacobian.
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We would like to connect the expression above which is the Carlson representative of
the extension class e‘é g p — to the regulator of an explicit cycle on the Jacobian of the

curve. To that end, we have the following lemma.

Proposition 4.2.6 (Colombo Proposition 3.3). Let f = for be as before and ¢ a
closed 1-form Cgr. Let W (v) be a 1-form such that dW () = % A such that © =
log(f)v + w(v) closed 1-form on the manifold with boundary C' \ 7. Let o be a loop in
Cor such that [a] € V and n, € H}(Cgr) be the Poincaré dual of [a] constructed below.

Then we have

[Tt [ mnorvam [ (i [ 2)

" where o is one of

Proof. The subgroup V is generated by the classes of a; = o fV 663
the ‘standard’ generators of 71(C) coming from the edges of the fundamental polygon

and (g is a small simple loop around ). These loops satisfy f,(ca;) = 0.

It suffices to prove the theorem for the a; and extend linearly, so from this point on
we let @ = o, &' = of. Let 1, be the compactly supported 1-form which is the Poincaré
dual of [a] constructed as in [FK80] as follows: Suppose § is a simple closed curve in
Cgr. Let D = D; be a tubular neighbourhood of 6. We can write D5 — 6 = D; U Dy
with Dy to the left and D; to the right of 4. Let Dy be a sub-tubular neighbourhood
of § in D and Da[ = DynN D(Si. Let Gs be a function such that is smooth on Cgr — 0

and
1 onDjuUé
Gs =
0 outside Dg
Define
dGs on Ds—§
ns =

0 elsewhere

so the support Supp(n;) C Dy . One can then see that if ¢ is a closed 1-form on Cgpg

/ nasz/ dGa/\¢=/ dGswz/ Gsvo= [ o
CQR Dg Dg B(DE) 1]

since G5 = 1 on § and with this choice of orientation d(Dj ) = 6.
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. N r—m; - .
In our case, in general o = a; = o/} /3sz7 is not a simple closed curve. However, o/

and Bg are. Let D, = D, U D[;Q. Define

Na = Nnjor — minp,-

7N is supported in D and is the Poincaré dual of [a] as, for a 1-form 1,

/ Na A= N na/w—mi/ Mg N = w=/¢
Con Con Con Nlo']-mi(8q] o

Let © = ¢*(0) = log(¢*(f))¢* (¥) + ¢* (w(v))). From the discussion after Lemma 4.2.5

[Goruw - [@

where & is a lifting of « to a loop in C' such that it is based at P and log(q*(f)) is
chosen such that log(¢*(f)(P) = 0. We would like to compute this integral. However, ©
is a form on the manifold with boundary C® = C — ¢~ (U(%)) so we cannot simply use

Poincaré duality.

We have o = o'V 65””. Let & be the lift of o/ and BQ the lift of B¢ such that

The restriction o'|cy, = U]Ai 0 @7 is a union of paths /7. The covering map ¢ induces
a homeomorphism from each aV to a path &7 such that |Ja” = &@'|55. Let D,; denote
the restriction of the tubular neighbourhood of o’ to a tubular neighbourhood of the

path o//. We have

D, -v=JD,,
j

Hence we have

/ Nt N O = na’/\@:Z/ Nor N\ ©
Cor\Y D& i 7D,

The boundary of the restricted tubular neighbourhood D_,; is

(D) =a" ULJU~[UmND,)U(-2ND,)
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Here Ig and I{ are the half intervals at the endpoints. By construction I = —Ig“

except at the final stage when I} = —I§. Applying Stokes’ Theorem we get

/ Nt N O = dGy0O = / Gy 0
old Do oD ;)

/ O+ Gy O — G ®+/ Ga/(%/ ~ Gyu®
1 nnD_,; ¥2ND_,;

Summing up over j we have 3, [,; Gor© + [j;41 G»© =0 as = —Ig“ and the terms
0 1

> / Ga/@—/ ___Gu® :/ Ga/@—/ Ga®
nnb_,; ¥2ND_,; it Y2

as G is supported in D_,. Similar to the case of dg, as G/(Q) = 0, this simplifies to

cancel.

GO — G0 = —27T’i/Ga’w = _27Ti/77a/w
Y v

71 72

So we get

No N O = / @—27ri/77a/w
/CQR\'Y ; o' v

We can make a similar argument for Sg.

Finally combining these two we get

N / © —m; / @:/ 77a/\@+2m'/77a1/)
zj: ald ZS: 55 Cor\Y Y

Since the support 7, is outside @ and R, thus we can replace Cgg \ v with C'\ 7. In

particular one has

NZ/ @—miZ/ @:/ naA®+2m'/nw
G Ja s /8o C\y gl

To link this to the integral over & we observe the following. The loop o’V lifts to a path
in o'V in C which is made up of copies of &'. Let &), denote the lift of the k& copy of o/
so &, (1) = &}, ;(0). We can choose the homeomorphisms between o’/ and &7 such that

the k' copy of o/ is homeomorphic to a path &g in &),. So we have homeomorphisms

N . N . _— ~
UUe? ~JUaf =¥ —a(C\ g ()

k=1 j k=1 j
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A similar situation holds for 8g. Via these homeomorphisms

N?Lﬁw?éf=i2¢f>§2:~@

k=1 j r=1 s YBor

which is

. é:/ ~ é:/é
aN g™ —0(C—q~1U (7)) a—9(C—q=H(U()) &

as the @ NA(C — ¢~ (7)) is a set of measure 0. Therefore

/@:/ na/\@—zm/naw
a C\v v

We have made a choice of a lifting & of .. A different choice of basepoint P’ would change
the value of log(¢*(f)) by 2miM for some M € Z. This would change the integral by
2miM fa 1. Hence this equality holds only up to 27 fa Y.

We have the following useful corollary to the above proposition, which says that in
fact, we can replace 7, by any form on Cgp which is cohomologous to i.[n.] € HX(Cor)

and compactly supported in C'\ 7.

Corollary 4.2.7. Let f, ¢, and W(¢) be as above and ¢ = ¢ a closed 1-form on C
which is compactly supported in the manifold with boundary C \ v and is cohomologous
in HY(C) to ix[na] for some o in V. Then

df

i ?1# + W) = "~ Go N O + 270 L Do) <m0d 27 /a ¢Z>

Proof. Any closed form ¢ on C' is compactly supported in manifold with boundary C'\ v
as manifold with boundary C'\ 7 is a closed subset of C. Hence we can apply the
Corollary to i*(¢) in H'(Cgg), which, by abuse of notation, we will continue to denote
by ¢. Further, by choice of V' it will be cohomologous to 7, for some o € V. In particular

is cohomologous to a Poincaré dual of [a;] in H'(Cgg).

we know that C(i)%
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Let ¢, denote the form above. Then ¢, — 7o = dg. One has

Ga NO = dg/\@+/ Na N O
C\y C\v C\y

So it suffices to compute the two terms separately.

Since both ¢,, and 7, are compactly supported on the manifold with boundary C'\ v,
so is dg and hence g and dg A © are compactly supported as well. From Stokes” Theorem

we get

/ dgN© = d@@)z/ﬁ 90
C\y C\y a(C\)

d(C'\ 7v) = 71 U2, where 1 and 7 are two copies of v oriented oppositely. So

/ g(log(f)b + W (1)) = / g(08(f)6 + W (1)) - / g(log(f) + W (1)
8(0\7) Y1 Y2

The value of log(f) on the 7; differ by 27i. The values of gW () agree on v; and
vz, since both g and W (1) are defined on C. Further gW (1) has compact support.
Therefore f,h gW () — f,m gW (¢) = 0. Hence, keeping track of the orientation, the

/ go = —27m'/g¢
a(C\) v

Finally, note that f7 dgyp = f,y(g —g(Q))y. Since dg is compactly supported on C'\ 7,

integral simplifies to

g can not have singualarity at Q or R. As © is a closed 1-form on C'\ 7, using Stokes

theorem one obtains

/ O = de = 0.
a(C\Y) C\vy

As above the left hand side simplifies to

/ @_Jm/w_o
A(C\y) y

Hence the integral deos not depend on the choice of primitive dg and we have fﬁ/ dgy =
fv g. Thus

/ dg N @ = —27Ti/dgzp.
C\y gl

From Proposition 4.2.6 we have
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/adijpjuww) :/C\Vna/\®+27ri/7na¢ (monwiLaﬁZ).

Since the integral of dg A © cancels the iterated integral term, we have

¢a/\@+2m'/¢oﬂ/1=/c\ (naA@+dgA@)+2m/(na¢+dg¢)
Y il

C\y ¥

:/C\vna/\®+2m'[yna¢:/ac!l}f¢+W(w) <mod2m’/awZ>

O

Remark 4.2.8. We will apply this to compute the Carlson representative of an extension
class. This is an element of the intermediate Jacobian associated to the extension, hence
the two expressions, while they possibly differ by and element of (27 fa V)7, will have
the same class in Homy,(Z(—2), 2H'(C)) keeping in mind isomorphism of H;(C) with

¢«(H1(C)) € H1(Cgr). We will use = to keep in mind the fact that all equalities hold

only in the intermediate jacobian.

We now apply this in the case of interest to us.

Corollary 4.2.9. Let a; be as above. Then modulo 2mi faj Az, (1) Z

N

Forp(Q)(o; ® ax) =N (29 + 1)c(j)c(o(k)) (/C (29+1)

+ QWi/dLEU(j)dl'a(k)>
Y

Proof. 1t is a straightforward application of Corollary 4.2.7 to the expression in Lemma

4.2.5.

dzg(jy A (log(f)d%(k) - W@%(k)))

\v

For, () determines an element of the intermediate Jacobian of (®2H!(C),)

1 2717l *
IOV = * gt 0
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so to determine Fop p(9) it suffices to evaluate it on elements of F}(®?H'(C)f,). We

can choose the basis dz; of the space of holomorphic 1-forms on C such that

/de:Néij 1§i§g,

where {o;} is the basis of V. We have
2 1
*[dz;] = [dx; Ajildx; here Aj; = — dz;,
i*[dz] [$J]+; jildTitg) where A; N/awg Zj
obtained from the fact that c(j )dxX,J is dual to a;. Then
g
de = dl’j + Z Ajid$i+g,

i=1

when we think of it as form on Cgg. Let ¢; = c(0(j))ay(j) + D o1<i<y Ajic(i)ai, where
Jj < g. Then dz; is cohomologous to the Poincaré dual of (; in Cggr. Thus we can apply

Corollary 4.2.10. We then have the following proposition.

Proposition 4.2.10. The map Fgr p(§?) evaluated on elements of the form (; ® o is

Forp(Q)(G @ c(a()))aq)) = 29 +1)N (/C log(f)dz A dxj + QWi/dzid:cj>
y

\y

In other words

dz; N W(dx]) =0.
Proof. See Proposition 3.4 in [Col02]. O

In fact, the theorem holds for the other term as well.

Proposition 4.2.11. For a suitable choice of pjr.qo and pijx,r one has

W (dzi) =W (dz;) + > AW (dwiyg) =0
k

Proof. [Col02] Lemma 3.1. O

Hence we have
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Proposition 4.2.12.

Fqorp(Q)(c(o(f))as;) @ ¢) = (29 +1)N (/C\ log(f)dz; A dz + 27ri/dxjdzi) .
g v

Comparing this with the regulator term in Theorem 4.1.3 we get

Theorem 4.2.13. Let Zgr,p be the motivic cohomology cycle constructed above and
%R,P the extension in Extyrps(Z(—2), A2H*(C)). We use eéR’P to denote its Carlson

representative as well. Then one has
GégR,P(W) = (29 + 1)Nregz(Zgr,p)(w)
where w € F1 A2 HY(C).

Proof. It suffices to check this on dz; A doj = dz; ® dorj — drj ® dz;. The result then
follows by comparing the formula for the Carlson representative Fgr p in Lemma 4.2.5

with the expression for the regulator in Theorem 4.1.3 using Proposition 4.2.10.

d.l‘dej)
ol

From Theorem 4.2.12 and Lemma 4.2.5 we have

For.p(Q)(c(o(j))aqi) @ G) =29 + 1)N (/C log(f)dz; A dz; + 2m’/

\v

On the other hand, from Propostion 4.2.12 one has

Forpr(Q2)(G®@c(o(f))agy) = (29 +1)N (/C log(f)dz; A dxj + 2mi / dzl-dxj>

\Y

=(29+1)N (—/ log(f)dxj A dz; + 2mi / dzl-d:cj>
C\y gl

Therefore we get

Forp(Q)(clo(f)) sy A G) =Fqr p(Q)(c(o(f))as) @ G) — Forp(2)(G ® c((d))aa,;,)

=29+ 1)N (2 /C\ Iog(f)dxj/\dzi+27ri/
g

(dxjdzi — dzld:v])>
v
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On the other hand, from Theorem 4.1.3

(294+1)N regy(Zgr)(dzjNdz) = (29+1)N (2/ log(f)dxz; N dz; + 2mi /(dacjdzi - dzid:cj)>
C\y gl
O

Recall that we have assumed in both cases that for(P) = 1. If we do not make that
assumption, then one has a term corresponding to a decomposable element that one has
to account for. However, if we work modulo the decomposable cycles we can ignore that

term.

As a result of this theorem, we get the following expression of the regulator as an

integral over a loop - which is more amenable to computation.

Corollary 4.2.14. Let Zgg p be the element of Hiﬂ_l(Jac(C),Z(g)) and let n and w
be two closed, 1-forms on C with w holomorphic. Let o be a loop in Cgr based at P,

such that o € V and a Poincare dual of (o] is homologous to 1 in H(Cor). Let & be a
lift of o to a loop in C based at P where P is chosen so that log(¢*(f))((P)) = 0. Then

vegz (Zonp)(n Aw) = 229 + )N / log(q" (for))q* (@)

Proof. Tt suffices to check this for n = dz; and w = dz;. From Theorem 4.2.13, one has

Forp(Q2)(c(o(j))as;yNG) = (2g+1)N (2 /C\ log(f)dxz; A dz; + 27Ti/(da:jdzi — dz,-da:j)) .
g g

From Lemma 3.1.2 we have

/dxjdzi—i—/dzidxj :/dxj/dzi.
¥ v ¥ ¥

From Corollary 4.2.7 f7 dz; = 0. Thus we have fﬁ/ drjdz; = — f,y dzdz;.

Therefore we have

regy(Zgr,p)(dxj Ndz) =229+ 1)N </ log(f)dxzj A dz; + 27Ti/dxjdzi>
C ol

\y
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Using Corollary 4.2.7 this becomes

regz(Zqr,p)(dx; A dzi) = 2(2g + 1)c(§)N log(q*(f))q*(dz:)

Qo (5)
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Appendix

5.1 Extensions in an Abelian category

Let A and B be elements in an abelian category C of R-modules over a commutative

ring R. An extension of B by A is an exact sequence

F: 0—-A—-H—-B—0.

Two extensions are said to be congruent if there is an isomorphism A such that the

following diagram commutes.

1

0 A" B 0
RO E O
0 A2, ™, B 0

The set of congruence classes of extensions in C is denoted by Exte¢(B,A). It can be

given an abelian group structure using the Baer sum.

In this Appendix we recall the Baer sum and describe a generalisation due to Rabi

which we need for our purposes.
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5.1.1 Baer Sum and its Generalisation

For an extension E let [E] denote its extension class. Given two extensions F; and
E,, we will define a third extension E such that [E] defines an addition structure on
Extc(B, A). One defines the Baer sum [E1] ®@p [E»] = [E]. Let Ej;, where j € {1,2} be
extensions

O—>AQ>H]- A B—o.
Let E denote the extension
0—-A—H—B—0,

where H is defined as follows. Let Y = {(hi,he) € Hy @ Ha, m1(h1) = ma(ha)} and
D = (i1(a), —iz(a)). Let H =Y/D. The class [E] is defined to be the Baer sum of [F/]
and [E2]. We will use @p to denote the Baer sum. Using D’ = (i1(a),i2(a)) in the place

of D gives an extension congruent to the Baer difference [E1] ©p [Es].

We now define the generalised Baer sum which exists under certain circumstances.

Now suppose we have diagrams of the following type:

0

where the vertical and horizontal sequences are exact for j € {1,2}. Let E; denote the

horizontal exact sequences:

i, g ", B, 0.

EjZO B{
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We would like to take the Baer difference of the E; — but since they do not lie in the

same Ext group we cannot quite do that. However, we can still salvage something.

One gets two types of extension classes in Ext groups which do not depend on j. The
vertical exact sequences give classes in Ext(C1, A1). We can form their Baer difference

to get an exact sequence

0 Al Bl 7 Cl 0.

The horizontal exact sequences give extensions in Ext(Bs, B{ ). These depend on j but

their push forward under m; give classes f,, in Ext(B3, C1).
2

Define By as follows: Let Hy = Ker(1)), where 1) is the ‘difference’ map
¢ : BY® B — Bs

»((03,03)) = (p1(b3) — p2(b3))

Let Do be the image of the map
A; — B ® B} — H,

a — (f1(i1(a)), fa(iz(a)))

Define By = Hy/Ds. We call this the generalised Baer difference of F; and E3 and
denote it by ©p. Observe that this is almost the Baer difference of E; and Es in the
sense that if By = B = B2, then we could take the difference in Ext(Bs, By). Since that

is not the case, we do the best we can — we take the difference of the inexact sequences

0 A B} Bs 0.
As a result of this one has a complex

f1®f2 p1(or p2)

0 B, By B3 0

However, this complex is not exact since Ker(p;) is larger than (f1 @ f2)(B1). The next

lemma describes this difference.
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Lemma 5.1.1 (Rabi[Rab01]). Let F = Fpissp: = By/Bi. Then one has the following

diagram, in which the horizontal and vertical sequences are exact.

0

Proof. [Rab01], Appendix B. We repeat the proof here as that is unpublished. The
horizontal sequence is exact by definition. To show the vertical sequence is exact we
have to first describe be map ¢. It is defined as follows. One has maps 7; : B{ — (.

Consider the natural map

(;1016901 — (B%@B%)/AAl M By = Hy/Dy

d(c1,c2) = (7' (0),m3 1 (0) = (fa(my (c1)), falmy (c2)))

where Ay, = {(i1(a),i2(a))|a € A1}. ¢ gives a well defined map
(C1®C1)/Acy — Ba/d(Acy)

where Ac, = {(¢, —c)|c € C1} is the anti-diagonal. This is well defined as if (b1, b2) and

(b}, bh) are in (77 (c1), 75 ' (c2)) we have to show

(f1(b1), f2(b2)) = (f1(bh), f2(bh)) mod S(Ac,)

or

(fi(br — b)), fa(ba — b)) € G(Acy).
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From exactness, we have by — b} = i1(a1) and by — b, = i2(az) with a; € A;. The image
of A, under (771,75 !) consists of (b, V') such that 7 (b) = mo (V). (i1(a1),i2(az)) lie in

this image, hence

(fi(i1(ar)), fa(iz(az))) = (f1(by — b)), fa(ba — b3)) € (Acy).

Note that the pre-image (77 %, 751 )(A¢,) in B} @ B?)/Ay, is the Baer difference Bj.
Further, (C; & C1)/A¢,) ~ Cy. Hence one has a map ¢ : C; — F = By/B; and we get
a exact sequence

P _
0—)01 _>FB%éBB§ L)Bg—)()

This sequence is exact as if b = (b},b3) is in Fpiz,p2 and p(b) = 0, then pi(bd) =
p2(b3) = 0. So bl and b3 lie in the image of Bf & B} — say by = f1(b}) and b3 = f2(b?).
Let ¢; = m1(bl) and ¢y = m2(b?). Then

b= ¢(c1,c2)

so it lies in the image of ¢.

In general, for any Z-linear combination m - BiOp n - B3 of B} and B3 we get an
extension class fm,B%éB n-B2 in Ext(Bs, C1) corresponding to Fm~B§éB n-B2- The relation

between this and the extension classes constructed above is given as follows:

Corollary 5.1.2. Let fB%- and £, g5, .pz be the extensions in Ext(Bs, C1) described

above. Then,

foBi6p np2 =m 51 OB n-fp.

Proof. This follows from the construction of the map ¢. O
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