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Chapter 1

Introduction

This thesis consists of three theoretical essays in Microeconomics. The first two essays analyze
the properties of a particular class of prize sharing rules groups may employ in a situation of a
collective contest with another group, over a private good. The third essay studies a situation
of multi-lateral bargaining, where a buyer wants to successfully bargain with multiple sellers,
who own an input each, so that he can implement a grand project. The main focus of the
thesis is to theorize about and generate hypotheses of the situations summarized above.

In the first chapter, we consider a situation of a collective contest between two groups
of different sizes and pick for analysis a prize sharing rule groups may employ to share the
prize within the group in case of success. The rule being analyzed was introduced in Nitzan
(1991) and subsequently became the standard in the collective contests literature. Despite its
popularity the rule is ad hoc. In this chapter, we provide a robust strategic basis to these
prize sharing rules.

In the second chapter once again we deal with the same context as the first chapter, i.e.,
a collective contest over a private prize between two differently sized groups. We analyze
in depth the prize sharing rules introduced in Nitzan (1991). We posit a restriction on the
rule which can be interpreted as a group specific norm of competitiveness. We then go on to
analyze how the posited social norms affect the outcomes of the contest. In particular, we
analyze how these social norms affect the welfare of the groups participating in the contest.

In the third chapter we consider a situation of multi-lateral bargaining between a buyer
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and multiple sellers, who own and input each. The buyer needs to successfully bargain with
multiple sellers in order to implement a project. We embed the sellers in a graph and study
how the underlying structure of the graph, which determines the locations of the sellers,
affects the outcomes of the ensuing bargaining game. Specifically, we show how the presence
of indispensable sellers turns out to be crucial to the way the surplus is divided in equilibrium.

In the following sections we take up one chapter at a time and provide a brief description

outlining the research questions, the theoretical approach taken and the main findings.

CHAPTER 1

Prize Sharing Rules in Collective Contests: Towards Strategic Foundations

In this chapter, we consider a situation where two differently sized groups engage in a contest
over a private prize. In such situations the assumption made is contracts cannot be written
between groups and any conflict has to be solved via a contest. But, within groups contracts
are possible. The main issue a group confronts in such situations is to decide how to divide
the prize within the group if the group succeeds. Given that the amount of promised rewards
affects the effort choice of an individual member of a group, the group has to carefully choose
a sharing scheme, as that will affect the chances of its success. To that end, Nitzan (1991)
proposed a sharing scheme, which has non-cooperative features.

The sharing scheme introduced in Nitzan (1991) is a weighted average of an egalitarian
sharing scheme, which discourages individual effort and a competitive sharing scheme, which
boosts individual effort. The problem with boosting efforts is that it eats into the prize. So
a leader essentially faces a trade-off. If he tries to boost efforts then his group will win the
contest more often but the size of the prize which can be enjoyed ex post is low. If the group
chooses to be more egalitarian then prize dissipation is low but the group does not win the
contest often. Given this trade-off inherent in the rule, it has been subject to substantial

analysis.
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Despite its intuitive properties, the rule is ad hoc. Why choose this rule and not some
other rule? That is the question we pose. To answer this, we introduce a rule which represents
intra-group cooperation and ask the following question: Will the prize sharing rule of Nitzan
(1991) ever be chosen given that cooperative options are also available? We construct a two
stage game where group leaders choose between the cooperative rule and prize sharing rules
simultaneously in the first stage, followed by individuals putting in efforts in the second stage.
We analyze the subgame perfect Nash equilibrium of the game .

We find that the prize sharing rules may be chosen in equilibrium by both groups under
certain conditions. But, the game is a Coordination game where both groups choosing the
cooperative option is a also a Nash equilibrium. Moreover, the equilibrium with the coopera-
tive option is Pareto superior, thereby satisfying the payoff dominance criterion of equilibrium
selection. However, when we subject the equilibria to the selection criterion of risk dominance
and the security principle, we find that the equilibrium involving the non-cooperative prize
sharing rules may indeed be selected. Based on these results we claim a robust strategic basis

to the prize sharing rules introduced by Nitzan (1991).

CHAPTER 2

Prize Sharing Rules in Collective Contests: When Does Group Size Matter?

In this chapter, we again consider a situation where two differently sized groups contest over a
private prize. Like the previous chapter, there is no possibility of a writing a contract between
groups. But a group needs to decide how to share the prize among group members in case
of success. To that end, we take up the prize sharing rule introduced by Nitzan (1991). The
rule is a weighted average of an egalitarian component, which commits to divide the prize
equally among group members in case of success and a competitive component, in which an
individual’s reward depends on the amount of effort he has put in relation to the aggregate

group effort.



Chapter 1: Introduction 4

The egalitarian component discourages individuals from putting in effort, which lowers the
chances of the group winning the contest but leaves behind a lot of surplus to be consumed
in the case of success. The competitive component, on the other hand, encourages individual
efforts, thereby increasing chances of the group winning the contest. However, most of the
surplus is dissipated in effort provision. The literature on strategic choice of sharing rules
focuses on how to resolve this trade off by optimally choosing the weight to be be put on
each component. The main takeaway of this literature is that smaller groups generally put
all the wight on the competitive component to incentivize efforts given the disadvantages of
a smaller size in a collective contest. The larger group, however, chooses to put some weight
on the egalitarian component, compromising on chances of winning to save some surplus for
consumption in case of success.

But, the result critically depends on the restrictions which are imposed on the rule. One
strand of the literature assumes that the leader can reward effort at most proportionally, i.e.,
there cannot be any transfers between individual members of the group. Another part of the
literature does away with the assumption of proportional rewards by allowing such transfers
between members. The two strands agree on the fact that at least one group will choose
to put a positive weight on the egalitarian component. But practically, this seems to be
unlikely behavior in the situation of a contest. So we impose restrictions on the rule which
generalize the above literature, i.e., both strands of literature are special cases of our model.
The restriction limits the amount competition that can be induced within a particular group.
We treat it as a group specific norm of competition and consider it as a parameter in the model.
Besides the generality such an assumption allows us, we are able to find precise conditions
under which both groups try to maximize their chances of winning the contest by putting
all the weight on the competitive component. We show that the result critically depends on
the norm of the larger group. If the larger group has sufficiently egalitarian norms then cases
arises, where both groups focus exclusively on winning the contest by putting all the weight on

the competitive component. This is an important observation as trying to maximize chances



Chapter 1: Introduction 5

of winning is the natural thing to do in a situation of conflict.

We also take up the question of welfare of the groups in the contest in the presence of
such group specific norms. Specifically, we take up the question of when a larger group will
fare worse, a phenomenon called Group Size Paradox (GSP) in the literature. We are able to

provide precise conditions on the norms, which will lead to GSP.

Remark: We focus exclusively on analyzing the Nitzan rule in the first two chapters because
the literature on general sharing schemes in collective contests is sparse. There are a few
recent studies on general sharing schemes like Nitzan and Ueda (2014b), Trevisan (2020) and
Kobayashi and Konishi (2020), but they all assume that the sharing scheme of a particular
group is its private information, whereas we assume complete information about sharing rules.
In fact, characterization of general sharing schemes when information is complete is still an

open question.

CHAPTER 3

Bargaining for Assembly

In this chapter, we consider a situation where a single buyer has to bargain successfully with
multiple sellers to implement a project. Examples of such situations include land assembly,
production of new drugs etc. The inherent problem is such situations is that once the buyer
reaches an agreement with all sellers except one, the remaining seller gets too much bargaining
power and may demand too much. FEz ante all sellers have that power. Therefore, it may
turn out to be the case that agreements involve significant delay or bargaining may simply not
take off ,i.e., either efficient projects are not implemented or are implemented with significant
delay. This problem is recognized as the problem of hold out in the bargaining literature.

In an important contribution to the literature on the hold out problem, Roy Chowdhury
and Sengupta (2012) showed that such situations may lead to the buyer getting approximately

zero surplus in equilibrium in absence of outside options. What underlies their stark result is
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the assumption of perfect complementarity between the inputs, that need to be acquired. We
were skeptical of the assumption of perfect complementarity and try to weaken it.

In order to model different degrees of complementarity between inputs we propose special
production processes. We assume sellers are located on a graph. The nodes are the sellers and
an edge exits between two sellers if they own complementary inputs. The buyer needs to pick
up a path of a certain size in the graph to implement the project. The existence of multiple
such paths allows the possibility of input substitutability.

Using the same bargaining protocol as Roy Chowdhury and Sengupta (2012), we are able
to show the importance of the assumption of perfect complementarity that was made in their
paper. We show that unless there exist sellers who belong to every path, i.e., an indispensable

seller, the buyer can extract full surplus from the sellers with minimal delay in equilibrium.



Chapter 2

Prize Sharing Rule in Collective Contests:

Towards Strategic Foundations

2.1 INTRODUCTION

Collective contests are situations where agents organize into groups to compete over a given
prize. Such situations are quite common: funds to be allocated among different departments
of an organization, team sports, projects to be allocated among different divisions of a firm,
regions within a country vying for shares in national grants, party members participating in
pre-electoral campaigns, disputes between tribes over scarce resources.

Prizes in such contests may be purely private, e.g. money. Or the prizes may have some
public characteristic like reputation or glory for the winning team. In this chapter we focus
on purely private prizes. For prizes with public characteristics the reader may refer to Baik
(2008), Balart et al. (2016).

One essential feature of collective contests is that a groups’ performance depends on the
individual contribution of its members. Departments in universities usually receive funds de-
pending on the publication record of the department, which in turn depends on the individual
publication of its members. So the group needs to coordinate and establish some rules re-
garding its internal organization, in particular how to share the prize in case of success in a

contest. In this study we focus on two such important sharing rules. One such prize sharing
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rule, which was proposed by Nitzan (1991) suggests the following way of sharing the prize
within the group in case of success:

(1_%)Z+O‘in_i’ (2.1)

where zy; is the effort put in by the k" member of group i, X is the total effort of group i and
n; is the size of group ¢. Further, «; is weight put on egalitarian sharing of the prize within
the group and 1 — «; is the weight put on a sharing rule, which rewards higher efforts within
the group, thereby inducing intra-group competition. We call this scheme prize sharing rule
N. Rule N introduces intra-group externalities by making each member’s reward depend on
efforts of all other members of the group.

This prize sharing rule has been extensively studied in the literature on collective contests,
see e.g. Flamand et al. (2015). The popularity of this rule lies in its intuitive appeal. It
combines two extreme forms of internal organization, capturing the tension between intra-
group competition and the tendency to free ride on efforts of other group members. Despite
its popularity the rule is ad hoc. In this chapter we try to provide strategic foundations to
these prize sharing rules N.

In order to do that, we introduce another rule E, which represents cooperative behavior
within a group. According to this rule, the net expected group payoft is divided equally among
all group members, thereby aligning individual and group interests. In other words, using rule
E helps to internalize all intra-group externalities. It is defined as follows:

1
—(P(Xi, X;) — Xi), (2.2)

n;
where P;(X;, X;) is the probability with which group ¢ wins the prize and X; is aggregate
effort of the group 1.
We consider a situation in which a group has access to these two prize sharing rules £ and

N. We construct a two stage game where the groups choose between the rules simultaneously
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in the first stage. The rules having been chosen, the individual group members simultaneously
put in efforts in the second stage. The question we ask is whether this game has any subgame
perfect Nash equilibrium in which rule N is chosen by any group.

We find that both groups choosing F always constitutes a subgame perfect Nash equilib-
rium in pure strategies. However, we also uncover a class of games, that we call Coordination
games, in which both groups choosing N is also a subgame perfect Nash equilibrium in pure
strategies.

The reason why such Coordination games arise is that, when the weight on intra-group
competition is high enough in both groups, a situation of strategic uncertainty is created
between the groups. In these cases rule N is a powerful instrument to increase chances of
winning the contest. If a particular group chooses N, it generates high efforts and helps win
the contest with a high probability. The other group should, in that case, choose /N to increase
its own efforts to counter the first group and keep its probability of winning from falling too
much. The upward spiral in efforts comes at the cost of a vastly reduced net surplus !, which
harms both groups in terms of net payoffs.

In fact, we go on to show that the Nash equilibrium in which E is chosen payoff dominates
the one in which both groups choose N. So it does not survive the equilibrium selection
criterion of payoff dominance, as suggested in Harsanyi et al. (1988).

However, when we consider criteria of equilibrium selection, which are based on the “risk-
iness” of the equilibrium point, the results change. First, we consider the notion of risk
dominance, as suggested in Harsanyi (1995). We are able to provide necessary and sufficient
conditions for equilibrium profile NN to risk dominate EE. We go on to show the exis-
tence of such games by considering a special subclass of coordination games we call symmetric
coordination games.

We also consider a equilibrium selection criterion called the Security Principle. According

to it the players choose the strategy that maximizes their minimum possible payoff, see e.g.

!Surplus minus total efforts put in the contest
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Van Huyck et al. (1990). We show that equilibrium profile NN is always selected by this
criterion.

Even though different equilibrium selection criterion make different prescriptions, the fact
that equilibrium NN is selected by some of them helps us establish that there exists a strategic
basis to the prize sharing rules N introduced by Nitzan (1991).

The chapter is structured as follows. In Section 2 we discuss the relevant literature. In
Section 3 we describe the model. In Section 4 we analyze the second stage of the game, where
individuals make effort choices. In Section 5 we analyze the first stage of the game where
the group leaders make their choice between E and N. In Section 6 we study the robustness
of the equilibria to equilibrium refinement criteria of Payoff Dominance and Risk Dominance
and the Security Principle. Section 7 contains a discussion of the results and things left out of
the main body. Section 8 provides a few extensions of the basic model. Section 9 concludes.

All proofs can be found in the Appendix 1.

2.2 LITERATURE

The literature on prize sharing rules in collective contests started with an influential paper by
Nitzan (1991). Thereafter, this class of rules have been widely applied to the analysis of group
competition. The popularity of this class of rules owes to the fact that it very nicely captures
effects of intra-group competition on the welfare of the groups in the collective contest. For
an extensive survey the reader can look at Flamand et al. (2015).

These rules have been used to study two very important features of collective contests, (a)
Monopolization and (b) Group Size Paradoz (GSP).

In two group contests Davis and Reilly (1999) uses the term monopolization to refer to a
situation where one group withdraws from the competition. Ueda (2002) extended the idea of
monopolization to multi-group contests. In our analysis monopolization is possible but plays

a supplementary role with regard to the main aim of this chapter.
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Group Size Paradox (GSP) is a situation where a smaller group outperforms a larger one
in terms of payoffs. The notion dates back to the seminal work by Olson (1965), who focused
on the detrimental effects of free riding within large groups. Our focus not being on GSP, the
interested reader is referred to Flamand et al. (2015).

There is an extensive literature on strategic choice of sharing rules under different restric-
tions on publicness of the prize and the sharing rule itself. One part of the literature (Baik
(1994), Lee (1995), Noh (1999), Ueda (2002)) focuses on the case where the prize can be shared
at most proportionally to individual contributions. Another part of the literature weakens this
assumption (Baik and Shogren (1995), Lee and Kang (1998), Baik and Lee (1997), Baik and
Lee (2001), Lee and Kang (1998), Giirtler (2005)) and allows transfers from worse performing
group members to better performing group members. A recent strand of literature, (Nitzan
and Ueda (2014a), Vazquez-Sedano (2014)) has studied cost sharing schemes with purely
public prizes, where prize sharing is not possible.

There are a few other papers, which study the effect of publicness of the prize on group
welfare. The purely public prizes case, where the prize sharing rules do not apply, has been
analyzed by (Baik (1993), Baik (2008), Bag and Mondal (2014)). Esteban and Ray (2001)
considers the case of a mixed private-pubic goods, with exogenous and fully egalitarian sharing
rules, which was later endogenized in a private information framework in Nitzan and Ueda
(2011). Balart et al. (2016) analyze the case of a mixed public-private prize with strategic
choice of sharing rules in a complete information setting.

This chapter differs in focus from all the strands of literature cited above, in that it attempts
to provide non-cooperative foundations to these prize sharing rules N instead of studying its
effects on group welfare. We assume the prize to be fully private. Moreover, we do not allow
any group the freedom to choose what weight to assign to different components of rule N.
Instead, we provide the groups a strategic choice between an exogenous and intra-group non-
cooperative prize sharing rule N and an intra-group cooperative prize sharing rule £ and ask

whether a group chooses rule N in any subgame perfect Nash equilibrium of an appropriately
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defined two stage game.

There are two papers, which analyze the choice between £ and N, when both options are
available. Cheikbossian (2012) questions the validity of GSP, by giving individual members of
the groups a choice between N with a; = 1, which captures maximal internal non-cooperation
and cooperative rule E. He goes on to show that it is easier to sustain F as a subgame perfect
Nash equilibrium within the larger group, where the punishment used for a group member
deviating from E is that other group members deviate to N thenceforth.

The focus of our chapter is different. We focus on how the presence of different options
creates strategic uncertainty between the groups and why that may lead to N being chosen
by both groups in equilibrium. In our model, individuals cannot deviate from the sharing rule
chosen by their leaders. Cheikbossian (2012), on the other hand, focuses on the question of
the ease of maintaining cooperation within a group, given that non-cooperative options are
present for each individual member.

To the best of our knowledge, the only other paper that seeks to develop a strategic
foundation for rule N is Ursprung (2012). He considers two groups of the same size. He gives
the groups a choice among E, and the two extreme points of rule N, i.e. a; =0 and o; = 1.
He goes onto show that in an evolutionary game, N with «; = 0 crowds out £ in the long run.
In our model, there is no choice between different points of rule N. Also, groups can be of
different sizes. Besides, our study does not take the evolutionary game route. Instead, we try
to characterize which parts of rule N can arise in equilibrium of an appropriately constructed
two stage game. As our study differs on important features from Ursprung (2012), our analysis

can be considered to be complementary to theirs.

2.3 MODEL

There are two groups A and B, of size n; , i = {A, B}, where n; € {2,3,....}. We assume

without loss of generality that group B is at least as large as A, i.e. ng > ns. We denote the
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total number of agents as IV, so that N = np+n,4. All agents are assumed to be risk neutral.

Both groups compete for a purely private prize, the size of which we normalize to 1. The
groups cannot write binding contracts among themselves regarding sharing the prize. Instead
they indulge in a rent-seeking Tullock contest spending efforts trying to win the contest. The
outcome of this contest depends on the aggregate effort spent by the two groups. Let xy;
denote the effort level of individual k belonging to group i, where effort costs are C(z;). In
particular C(xy;) = ;. The aggregate effort of group ¢ is X; = > ", xy. The aggregate
effort of the groups in the contest is denoted X, i.e., X = X; + Xo.

Efforts do not add to productivity, and only determine the probability P;(X;, X;) that
group ¢ wins the contest. We assume that P;(X;, X;) takes the ratio form, i.e.

X; -
4% it X;>0 orX; >0,

(X, X;) = (2.3)

% , otherwise.

Every group has a leader, who has the authority to enforce a sharing rule that specifies
how the spoils are to be shared within the group. Both leaders are benevolent, maximizing
the expected group payoff while making their decisions.

The leaders can choose between two alternative sharing rules, either a cooperative sharing
rule denoted £, or a non-cooperative sharing rule denoted N. We next turn to discussing

these two rules.

B Cooperative Sharing Rule E: The cooperative sharing rule E, introduced in (2.2),
involves the group leader committing to share the net expected group payoff equally among
all its members. Given P;(X;, X,) takes the ratio form in (2.3), that is equivalent to the
leader committing to divide the surplus net of aggregate efforts, i.e., 1 — X, equally among
all members in case of success?. It is important to note that rule £ implies that group effort

levels X; are contractible, i.e., verifiable. The expected net utility of member k of group ¢ is

P(Xi XG) = X = xi — X = 1y (1= X = X) = RB(X, X5)(1 - X)




Chapter 2: Strategic Foundations of Prize Sharing Rules 14

as follows:

BUG(E) = (P, X;) - X)) = P(X, X,)(

n;

) (2.4)

n;
Individual & in group ¢ chooses effort z;; to maximize equation (2.4).

As this scheme gives each member a fixed share in the net group payoff, each individual’s
interest gets aligned with group interest. Therefore, rule E allows the leader to implement the
first best effort levels within the group. That is why we call the rule E cooperative. The equal
sharing assumption is of course not necessary for perfect alignment of individual and group
interests. Any asymmetric sharing scheme which gives all members a fixed positive share in
the net group payoff will also work. We fix it at equal shares because it has natural appeal
in a setting where all agents are symmetric. More importantly, the equal sharing assumption
makes the leader a representative agent of his group, which makes concerns about his identity

irrelevant.

B Non-cooperative Rule N: The group leader can instead opt for the prize sharing rules

introduced by Nitzan (1991). We denote this prize sharing rule by N. If group i leader chooses

Rule N, then in case of success, the share of the k' member of group i (si;) is as follows:
Tki | Q

Ski(Tis Xis g, m) = (1 — O‘i)? + o (2.5)

where ; € [0,1]. «; is fixed for a group and cannot be manipulated by the leaders *. N is

feasible as Zk@” sg; = 1. It is important to note that rule N implies that only the ratio of

individual to group efforts, i.e., 5, needs to be verifiable 4,

Note that this rule is a weighted average of an egalitarian component ni and a competitive

component %, The egalitarian part tends to reduce group effort because individual members

of a group free ride on effort provision, given that his share is independent of his efforts. The

3We endogenize the choice of a; in Chapter 2
4One way to look at our problem is when the leader makes a choice between £ and N he cannot see
anything. If he chooses £ then X; becomes verifiable and if he chooses N then Z becomes verifiable. He

cannot see both X; and Z. So the problem can be imagined to be one of endogenohs verifiability.
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competitive component, on the other hand, tends to increase group efforts because individual
members compete internally to get a larger share of the prize in case of success.

It should be noted that a change in group efforts has two countervailing effects. On the one
hand, an increase in groups efforts increases the chances that the group wins the contest. On
the other hand, higher group efforts also dissipates the prize leaving a lower ex post surplus.

This is the trade off, which the literature on strategic choice of prize sharing rules focuses
on, see e.g. Flamand et al. (2015). While abstracting from this trade-off in this chapter by
fixing the weights «;, we focus on a qualitatively similar trade-off which is generated when the
groups choose between E and N.

When group i leader chooses N, individual k£ in group ¢ chooses efforts xy; to maximize his

expected utility, which is as follows:

(

Ski(Tri, Xis o, i) Pi( X5, Xj) — g if X3 >0,X; 20,

0 if X;=0,X;>0.

B Leader’s Objective: Recall that the leader of both groups are benevolent social planners.
The strategy of the leader of group i is denoted o; € {E, N}, i € {A, B}. The leader chooses
0;, i.e., either the cooperative rule E or non-cooperative rule N, to maximize the net group

payoffs. The maximization problem of leader of group ¢ is as follows:

oig{l%fv}}ji (Xi(gi; a;), X;(oi, Uj)> <1 — X(o, O'j)) (2.7)

where X (0;,0;) = X;(04,05) + X;(0:,0;).
The payoff representation in equation (2.7) is intuitive, and captures the trade-off inherent
in the group leader’s maximization problem. X measures the amount of prize dissipated in

the competition between the two groups. Therefore, 1 — X is the surplus net of efforts, which
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remains for ex post consumption. The probability with which group ¢ wins this net surplus
is P;(X;, X;). If leader of group ¢ wants to win the contest with a higher probability she has
to take measures, which increase group efforts X;. But when X, goes up so does X, which

reduces the size of the net surplus.

B Description of the Game: Our game consists of two stages. In the first stage the two
leaders simultaneously choose between F and N. Having observed the choice of the sharing
rules, in stage two all agents simultaneously decide on their own effort levels.

We denote an equilibrium strategy profile of the game o* = (o7, 0}).

We solve for the Subgame Perfect Nash equilibrium (SPNE) of the game described above.

2.4 CHOICE OF INDIVIDUAL EFFORTS

In this section we characterize the Nash equilibrium effort choices of individual members
of the groups taking as given the sharing rules, which are chosen by the group leaders in the
first stage.

Before stating the results we define the phenomenon of Monopolization of a group in the

contest, which is well recognized in the collective contest literature, see e.g. Davis and Reilly

(1999).

DEFINITION 1 Monopolization

A SPNE (0%, 0%) is said to involve monopolization of group i, if group i does not put in any

effort in the contest.

Convention: In what follows we denote generic efforts as X4 and Xp. But when we talk
about equilibrium efforts, surpluses and probabilities of winning we use superscripts. We fix
the first component of the superscripts to be the strategy chosen by group A and the second

component to be the strategy chosen by group B in the first stage.
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2.4.1 Equilibrium Net Surplus and Probabilities of Success

In the following proposition we report only the surplus net of effort S, which remains for
consumption, i.e. S = 1 — X, and the probabilities with which each group wins the net
surplus, P; and P;. Such a choice was made to keep the discussion in line with the basic
trade-off in the model. In the Appendix 1 we provide all the details. Before proceeding we
introduce the following notation:

For i,j € {A, B} and j # i we define

Xi = n; +ni(n; — Daj —n;(n; — 1)oy. (2.8)

X; can be interpreted as a measure of the competitiveness of group i relative to group j. In
fact, when both groups choose N, the probability that group ¢ wins the contest P; is directly
proportional to x;. Note that x; is increasing in «; and decreasing in «;. When «; is large
relative to «;, group j is relatively less competitive, which gives group ¢ an advantage in the
contest. On the other hand when «; large relative to «;, group j wins the contest more often.
In Proposition 1 we report the net surplus and probabilities of winning in an equilibrium
of the second stage of our game. For features of the best response functions the readers are
encouraged to go to Appendix 2. There we do a detailed analysis of individual and aggregate
best response functions and analyze when aggregate efforts are strategic substitutes and when
they are strategic complements.
PROPOSITION 1
(A) If both groups choose E then in any Nash equilibrium of the effort subgame
(a) The net surplus in the contest is SE¥ = 1.

(b) The probabilities of winning are (PF®, PFF) = (3,3).

(B) If group i chooses E and group j chooses N, i,7 € {A, B} and j # i, then in any Nash

equilibrium of the effort subgame
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1— 1+(1—a;)(n;—1) .

(a) The net surplus in the contest is S7475 = 1

T s TAT ocaopy _ (1+aj(n;—1) 14+aj(n;—1)
(b) The probabilities of winning are (P77, P7*7%) = ( sy 1 — D ).

(C) If both groups choose N then

(1) If x; <0 ,4,5 € {A,B} and j # i °, then group i is monopolized by group j. In

the unique intra-group symmetric Nash Equilibrium of the effort subgame

(a) The net surplus in the contest is SVN =1 — %

(b) The probabilities of winning are (PNY, PNN) = (0,1).

(2) If x; > 0 and x; > 0, i,j € {A, B} and j # i, then neither group is monopolized

and in the unique intra-group symmetric Nash equilibrium of the effort subgame

(a) The net surplus in the contest is SN =1 — 1+(1_ai)("i_lj)\[’L(l_O‘j)("j_l).

(b) The probabilities of winning are (PNN, PNN) = (%,1 — X).

We next discuss the results summarized in Proposition 1.

B Both groups choose E: When both groups choose E in the first stage, there exists a

continuum of Nash equilibria in individual efforts in all of which X¥¥ = £ and so the net

5. Both groups win with equal probabilities P”* = PF¥ = 3. Therefore,

EE _
S o 2

surplus is
XFEE = X jEE = %, but the individual effort choices can be asymmetric. Given the fact that
aggregate effort choices are all that matters, we find that the equilibrium levels of aggregate

efforts are independent of group sizes. We will treat this case as our benchmark for comparison

as it represents full cooperation within both the groups.

B Group i chooses E, group j chooses N: Here we analyze the individual effort choices of
group members when group ¢ has chosen E and group j has chosen N in the first stage. For
ease of exposition, let us assume that group i = A and j = B. Just as in the benchmark case,
the individual effort choices in the Nash equilibrium is not unique but the aggregate efforts

XEN and XEN are. The Nash equilibrium levels of net surplus S¥V and the probability of

°If x; <Othen x; >0as xy; +x; =N
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group A winning, PEY are stated in Proposition 1. In Figure 2.1, we make a comparison to
the benchmark case.

SEN

The total effort X*" monotonically decreases and net surplus monotonically increases

in ap, equaling the benchmark level of 1 at ap = 3. For ap >  aggregate effort costs X =V

is lower compared to the benchmark case, and hence the net surplus, SEV

is higher.
On the other hand, the probability that group A wins the contest, P{Y, monotonically
increases in apg, equaling the benchmark level at ag = % As agp rises, free riding increases

within group B, thereby not only creating a larger net surplus but also reducing the probability

that group B wins the contest.

B Both groups choose N: When both groups choose N in the first stage, we may have
Monopolization of one group by the other, in that the equilibrium effort level of the other
group is zero,(see Figure 2.2). It is clear that the probability with which group ¢ wins the
contest is zero when yx; < 0, which happens when «; is large relative to «;.

We now focus on the more interesting case, where neither group is Monopolized, which
happens when y; > 0. From Proposition 1,

The net surplus SV > % if:

(ni —1)(1 —204) + (n; = 1)(1 — 2a;) <0 (2.9)

whereas probability that group i wins PNV > % if:

N
Xi > 5 (2.10)

The equations are represented in Figure 2.3. For relatively low levels of both a4 and ap
the effort expended in the contest is more than the benchmark level of %, which makes the net
surplus less than % . The probability of group ¢ winning is lower the closer we are to the line
where it is monopolized.

The total effort XV is monotonically decreasing and the net surplus SV is monotonically
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increasing in both a4 and ag. When a4 goes up free riding goes up within group A reducing
the total effort put in the contest, thereby increasing the net surplus. Similarly for ap.
The probability that group i wins, PNV, goes up as o rises as free riding goes up within

7

group j. But, PV falls with «;, as now there is more free riding among its own members.

oR
1
SEN>%=SEE
EN 1 EFE
1
2
SEN<%:SEE
EN 1 EE
Pyt <5 =Py
0 ! 1 as

Figure 2.1: Comparison of EN to EE

ap

B Monopolized

PYN =1, PYN =
—» x5=0

0<PYN <1
2 0< PN <1

xa=0
)

PYN =0,PN =1
A Monopolized

v

0 ! 104,4

Figure 2.2: Probabilities of winning under NN
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B,
1 .
PN —q PYY > PYP
A GNN - QEE
xg =10 CARES
\ / PAVN<PEE
: GNN - QEE
O N A
2V pyN > prE i
SNN  QEE \PNN 1
CA T2
: > xa=0
PYN < pEE
SNN < SEE PAVN — O
0 1 Qg

N[

Figure 2.3: Comparison of NN to EE

2.4.2  Group Payoff Functions

In the previous subsection we analyzed properties of the equilibrium in the second stage of our
game, specifically focusing on the associated net surplus and the probabilities of winning. But
given that we are primarily interested in group payoffs instead of its individual components,
we next we analyze what happens to the group payoffs when the parameters in the model are
changed.

As mentioned at the beginning under any strategy profile the payoff of group ¢ can be

expressed as follows:

I, = P.S (2.11)

where P; is the probability with which group ¢ wins the contest and S is the surplus net of

efforts of the groups.
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So, the growth rate of group payoffs with respect to a particular parameter, will just be the
sum of the growth rate of the probability of winning and the growth rate of the net surplus
with respect to that parameter. Suppose we change parameter K, then the following will be

true

9K = 9K + 9% (2.12)

1dY

where g¥. = v iz, for any variable Y.

js_. Here we analyze the composition of
QU

7

In the previous subsection we analyzed % and
the two effects when «; is changed. Given that there exists a trade-off between P; and S,

analyzing the composition of the two separate growth rates helps us pin down the growth rate

dll,
doy °

of group payoffs. Obviously, the growth rate of group payoffs will be of the same sign as

Changing o;

Here we will change a4 and ag and see how it affects group payoffs. The following Proposition
contains the information.

Before stating the proposition we introduce the following notation:

(nB — nA)(l + aA(nA — 1))
2na(ng — 1)

ol = (2.13)

a% is the value of ap, which maximizes the payoff of group B, TI5Y.

PROPOSITION 2

(A) If group i chooses E and group j chooses N, i,j € {A, B} and j # i, then

(a) TITA7% s strictly increasing (decreasing) in oy iff a; < (>)3 and achieves global

mazximum at o; = %

(b) TI7475 s strictly increasing in o;.

(B) If both groups choose N and neither group is monopolized, then
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(a) TIYN is strictly decreasing in a.
(b) TINY s strictly increasing in ap.
(c) XN s strictly increasing in a4.

(d) TIEN is strictly increasing (decreasing) in ap iff ap < (>)a% and achieves global

y J— o
mazximum alt g = .

B Group A chooses E, Group B chooses N:
» Case 1: ap < 3.

In this case the payoffs of the groups depend only on ag. When ap < %, we have PEN >
SEN 5o that the base probability of winning for group B is higher than the base net surplus.

It is also true that X4 and Xp are strategic substitutes in this case ®. An increase in ap
reduces XEV as free riding increases within group B. But, X%V increases as the strategies
are substitutes. This causes X5 to fall farther. The net surplus SE rises as XE¥ falls more
than X T rises, thereby reducing aggregate efforts X V.

As XEN increases so does the probability of winning for group A, P{N. As the growth
rates of both SEV and PV are positive, IT5Y is increasing with ag.

The payoff of group B, I15YN, also rises in this case as the base probability of winning PEY

SEN

is quite high and is low to start with. So, the growth in S¥V dominates the deceleration

in probability of success PFY, causing group B payoffs to increase with ag.

» Case 2: ap > %

In this case, we have PEY < SPN o that the base net surplus higher than the base
probability of winning for group B.

As ap rises, XEN falls due to increased free riding in group B. But, X5V also declines
as X, is a strategic complement to Xp. But, XEV falls more than X%V, so that PFN is
still increasing. Again, as the growth rates of both SEY and P¥N are positive, ITY keeps on

increasing with apg

6See Appendix 2
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For group B, on the other hand, the deceleration in PE% is now more than positive growth
the in net surplus S¥¥, by the base effect. So, the payoff of group B declines as ap increases.

B Both groups choose N: In this case it is easier to clarify part (b) and (c) of the proposition.

SNV rises and so does PYY. The growth rates of both are positive and so T4V

As ap rises,
also grows with ap. Similarly, as a4 goes up, II§? is increasing.

To understand part (a) of the proposition, notice that as ay goes up so does SNV, There-
fore, the growth rate of the net surplus, SV, is positive. But, the growth rate of Py is
negative when a4 rises. Given that group A is the smaller group, when a4 increases, a small
number of agents reduce their efforts, causing a minute growth of net surplus. However, de-
creased efforts contribute more to a reduction of the group’s chances of victory. So, the growth
rate in net surplus is always outdone by the slowdown in winning probabilities for group A.
So, TIYY is decreasing in a.

To understand part (d), notice that when ag goes up, SV goes up but PYV falls. When,
ap < a%, the growth rate of net surplus dominates the deceleration in chances of winning
for group B. This happens because, at such a low level of ag the larger group B is also very
competitive. It generates a lot of effort X3 causing a lot of the rent to be dissipated. This
makes the base net surplus S™V lower than the base PYY in this case. When ap rises, the
growth rate in net surplus dominates the deceleration in probability of winning due to a lower
base. So, the payoffs of group B is rising here.

When, ap > af, the bases switch and therefore the deceleration in probabilities of winning

dominates the growth in net surplus and the payoffs of group B start to fall.

2.5 (CHOICE OF SHARING RULES BY GROUP LEADERS

In this section we consider the choice made by the group leaders in the first stage. Given the
effort choices made by individual group members in the second stage, the group leaders play

a normal form game in the first stage. A strategy profile is a Nash equilibrium of the normal
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Group B
E N
5P 15 | 15, 15

NE NE NN NN
HA 7HB HA 7HB

Group A

Table 2.1: Game I'

form game, if both leaders choose strategies, which maximize (2.7), taking the other groups
strategy choice as fixed.

Given any configuration of parameters (a4, g, n4,np), we have a normal form game we
denote I'(aa, ap,na,np). We denote the set of all such normal form games I'. Games in I’

are bi-matrix games as represented in Table 2.1.

PROPOSITION 3

Consider any game G € I'. EFE 1s a pure strategy Nash equilibrium of G.

This result is quite convenient and serves as a benchmark for us. The fact that E constitutes
mutual best responses means that the only way we can generate N as a part of a Nash
Equilibrium of any G € T' is when both groups choose N, which takes the structure of a

Coordination Game. To prove that EF'E is a Nash Equilibrium we have to show that

Fori,j € {A,B} and j #i and VG € I’

17478 (0; = N,0; = E) < IIP

Using Proposition 1 the inequality can be written as follows:

Lt (o) = 1)\ [ 1+ —e)m—1)) _ (1) (1) _1 914
n; +1 B n; +1 S 2 2) 4 210

where the first term in brackets is the probability that group ¢ wins the contest P; and the

second term in brackets is the net surplus 1 — X. But (2.14) follows directly from part (A) of

Proposition 2 and the fact that IIF¥ = IIF¥ = 1.
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When group j chooses E, group ¢ can guarantee a payoft of i by responding with E. At
profile EE, the net surplus is SE¥ = % and each group wins it with PFF = PJEE = % On the
other hand, if group 7 responds with /N it can get a maximum of % when a; = % Otherwise,
it gets a lower payoff. Therefore E is always a best response for group ¢ when group j plays

E. Look at Figure 2.4, where we plot I[1¥¥ and I[174°% (0; = N, 0, = E).

EFE OAOB
Hi ) Hz

[N

Figure 2.4: Payoff Comparison of EE and EN

» Case 1: a; < 3

Consider i = A and j = B. In this case, we know that PY* > SNE. We also know that

PYE > PPE = £ and SVF < SFF = 1 so that group A gets a larger share of a smaller net

surplus. As, X, and Xp are strategic substitutes in this case, as a4 increases, X4 falls and

SNE

Xp increases. increases but PYF falls. This means that the incremental net surplus,

which is a public good created by a reduction in efforts by group A, is mostly captured by

SNE

group B. Even, though the payoff of group A is increasing due to a lower base , choosing
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N cannot be an optimal response because group A could switch to E, where both groups

contribute equally to the net surplus and take away an equal share of it.

» Case 2: o; > 5

Consider i = A and j = B. In this case, we know that PY® < SN Tt is also true that
PYE < PYE =1 and SMF > SFE = 1 Here, as a4 increases X, falls but so does Xp as it
is strategic complement to X 4. But X4 falls more and P{'F keeps on decreasing. So, again
group A gets a smaller share of the public good it largely creates. It would be better for group
A to switch to F, and get an equal share in a lower net surplus, which both groups have
contributed to equally.

Given that F'E is a Nash equilibrium of any G € I', we need to check when games in I’

also have as Nash equilibrium the strategy profile NN.

DEFINITION 2 Coordination game

Consider any game G € T'. G will be called a Coordination game iff IEF > TIYF TIYN > TIEN

EE > TIEN and IEN > IYE. The set of Coordination games is denoted I'°.

For i = A, B and j # i, we introduce the following notations:

. = 1+ozj(nj—1)
n]+1

, (2.15)

and
(T4 aj(n; —1))(n; — nj)
&= n;(n; +1)(n; —1) (2.16)

where @; is the larger and «; is the smaller root of the following quadratic equation *

7475 (0, = E,0; = N) = TINV

We are now in a position to state and analyze the main result of the chapter. Proposition

4 confirms the existence and helps us clearly identify the Coordination games we are looking

2
7@1)@-. So the roots are multiples of each other, i.e., a;, = C@;, where C < 1.

"Notice that a; = nn(’n_
J 7
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for. This result helps us establish strategic foundations of the prize sharing rules N, which
have been subjected to extensive analysis in the collective contests literature, see e.g. Flamand

et al. (2015).

ProrosITION 4

Consider any game G € T’

(A) EE and NN are pure strategy Nash equilibria of G iff aa € [0, 4] and ap € [max{0,az},ap].

(B) Otherwise, G is dominance solvable and E'E is its unique pure strategy Nash equilibrium.

This is the main result of this chapter. We have been able to show, that there exist games
G € I' such that NN is a Nash equilibrium outcome, thereby providing strategic foundations
to the prize sharing rules N.

G belongs to the set of Coordination games I'C when as € [0,a@4) and ap € (ag,ag) if
ap = 0. On the other hand, when ap < 0 then G belongs to the set of Coordination games
Y if ax € [0,@4) and ap € [0,ap). Under the conditions specified above N is a strict best
response to N for both the groups and hence satisfies the requirements for any G € I" to be a
Coordination game.

If ay = @y, then N is a weak best response to N for group A. The cooperative strategy E
weakly dominates the non-cooperative strategy N for group A. This follows from Proposition
3. Similarly, F weakly dominates N for group B, when ap = ap or ap = ap, in case ag is
positive &. Even though we can see in Part (A) of Proposition 4 that both EE and NN are

9 we ignore them while considering Coordination games I'C as

Nash equilibria in such cases
they are defined to have N as a strict best response to N for both groups.
To check when N is a best response to N for group ¢ we need to check the following

inequality:

80f course in these cases equilibrium NN will be lost if we apply Iterated Elimination of Weakly Dominated
Strategies (IEWDS)

9Tt can also be easily verified that @4 and @p intersect at (aa,ap) = (3,3). At (aa,ap) = (3.1) all
strategy profiles, i.e., EE, NN, EN and NE are Nash equilibria of T'.
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Fori,j € {A,B} and j #i
PNNGNN > [pra7s §9495] (g, = E,0; = N) (2.17)

It can be easily verified that SV > §9495(g; = E,0; = N) iff o > @;. Similarly, it can
be verified that PNN > P74°%(g; = F 0; = N) iff a; < @;. At, oy = @;, the strategies N
and F are equivalent for group ¢ both in terms of net surplus and probabilities of winning the
contest.

Let us first consider group A and refer to Figure 2.5. Let us start from a4 = @4, where
AN = IEN. Now from Proposition 2 we know that ITY¥ is strictly decreasing in ay4. So,
starting from, a4 = @y, if we reduce a4, then ITYY will strictly increase, while TIY | being
independent of a4, will remain unchanged. Given that the smaller root a, is negative, it
follows that for all ay € [0,@4), N is a strict best response to N for group A.

The story for group B is slightly different and can be seen in Figures 2.6 and 2.7. If
ap = ap, then [IYY = IIXF. From Proposition 2 we know that II5% is decreasing in ap if
ap > a%. So, starting from ap = ok, if we reduce ap, IINY first increases upto a% and then
decreases. I3, being independent of ap is unchanged. Given that II§" decreases when we
reduce ap below a%, gives rise to the possibility that the smaller root of II§Y = II§¥, which
we denote oy, is positive.

It can be easily verified that ap is negative when np < n?%. So in this case N is a strict
best response to N for group B when ap € [0,a@p) (see Figure 2.6).

In the other case, when np > n%, the smaller root ay is non negative and N is a strict
best response to for group B when ap € (ag,ap). This is captured in Figure 2.7.

In Figures 2.8 and 2.9 we represent the Coordination games for the two different cases in
the ayarp plane. The case, where ay is negative is captured in Figure 2.8. The case where

ap is non-negative is captured in Figure 2.9. The Coordination games are marked in blue.

B Intuition: To see why NN turns out to be a Nash equilibrium when G € I'Y, we have

to understand how presence of the non-cooperative rule N creates a situation of strategic
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uncertainty for the groups. The main feature of this rule N is that it allows the groups a
chance to enhance its probability of winning at the expense of the other group, when G € I'C.
Even, though the net surplus is lower a group wins with a higher chance by choosing N. If
both groups believe that the other is going to choose N to increase its chances of winning the
contest, both end up choosing N, so as not to give up a substantial winning advantage to the
other group. Of course, coordinating on NN comes at the cost of a substantially reduced net
surplus.

For example, consider the case where group B chooses N. If group A were to choose E,
then it gives up the option of increasing its chances of winning the contest. If ap is sufficiently
low, then group B puts in a lot of effort and wins with a very high probability a net surplus,
which is lower. But, group A has no way to counter group B. However, if group A were
to respond with N, then it would be able to stop its probability of winning from falling too
much. The result is similar in flavor to the results in Baliga and Sjostrom (2004) and Baliga
and Sjostrom (2008).

Therefore, in the race to keep its probability of winning high, a group may choose N if it
believes the other group will also do so. These kind of perverse incentives of groups results
from the fact the net surplus behaves exactly like a public good between the groups, leading
to free riding on its maintenance by both groups. Instead, both groups have an incentive to
increase their winning chances by putting in more effort. Therefore, if one group believes that
the other is trying to enhance its chances of winning by choosing N, it should respond by
doing the same to maintain parity. Given efforts eat into the prize, none of the groups ideally
want to end up in this spiral of higher efforts. But, given the strategic uncertainty embodied
in the normal form game G € I'®, NN turns out to be an equilibrium outcome. This result

essentially has the flavor of a failure to coordinate on the Pareto efficient outcome FF.
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2.6 EQUILIBRIUM SELECTION

We have been able to generate NN as a subgame perfect Nash equilibrium of an appropriately
constructed two stage game, thereby providing a strategic foundations to the non-cooperative
prize sharing rule N, which has been so extensively analyzed in the collective contests litera-
ture. But, given that it is an equilibrium of a Coordination game, where FFE is also a Nash
equilibrium, the natural next step is to consider the question of equilibrium selection, i.e.,
which of the equilibria are the groups likely to coordinate on? To tackle this we introduce the
three refinement criteria of the Nash equilibrium solution concept, namely payoff dominance,
risk dominance and the security principle!".

If a game has multiple Nash equilibria and there is one Nash equilibrium which is Pareto
superior to all other Nash equilibria then it is called payoff dominant. The notion of payoff
dominance is based on the idea of collective rationality, which leads to a coordination on
the Pareto superior equilibrium. The readers may refer to Harsanyi et al. (1988) for the first
discussions of this refinement concept. Readers may also refer to (Schelling, 1980), who argues
that efficiency based considerations may make decision makers to focus on and select a payoff
dominant equilibrium point if it is unique.

A Nash equilibrium is said to be risk dominant if the losses from deviation from it is the
largest among all other Nash equilibria. In the presence of high degree of uncertainty about
other player’s actions, this criterion seems to be more natural as players have an incentive to
coordinate on it to minimize losses. A risk dominant equilibrium is defined to be one which
generates the highest product of losses for the players, when there is a deviation from it.
Harsanyi (1995) first made a case for risk dominance as an equilibrium selection criterion.

Interestingly, there can be a tension between the criteria of risk dominance and payoff
dominance in the sense that they may make conflicting prescriptions. A Nash equilibrium can

be payoff dominant but not risk dominant and vice versa. This leads to the obvious concern

0As an aside, readers are referred to Ray et al. (2005) to understand how existence multiple equilibria
proves to be a problem for implementation of correlated equilibrium distributions.
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about the relative appropriateness of the criteria? Researches have built evolutionary game
theory models in an attempt to justify one or the other of the refinements, see e.g. Samuelson
(1997). As it turns out, the tension between the two criterion is also a feature of our model
under certain circumstances.

There also exists a substantial experimental literature, which studies how real subjects
actually select between payoff dominance and risk dominance, when the two criteria make
conflicting prescriptions. For a guide to that literature, the readers may look at Keser et al.
(2000) and the references therein. The major takeaways from this literature is that the number
of players, time horizon, pre-play communication and the structure of interactions matter.
Interestingly, Keser et al. (2000) report an experiment where despite the two criteria making
the same equilibrium prescription, subjects systematically deviate from playing it. Based on
their conclusions, the authors claim that it is important to look for new criteria that may play
an important role in equilibrium selection.

Therefore, we also consider the Security principle, see e.g. Van Huyck et al. (1990), as an
additional selection criteria in this chapter. The security principle suggests players to select a
course of action that maximizes their minimum payoffs over all possible actions. The idea is
based on the notion of maximin introduced by Von Neumann and Morgenstern (1944). This
criterion, like risk dominance, is based on the “riskiness” of the equilibrium point. Therefore,
it will be salient when there is sufficient uncertainty regarding the other player’s actions.

We now take up the equilibrium selection criteria one at a time. We first formally define
a criterion tailored to our game I'C. Then we state the corresponding result.

First, we take up the equilibrium selection criteria based on “riskiness”of the equilibrium
point, i.e., risk dominance and the security principle. Then, we consider the selection criterion

of payoff dominance.

DEFINITION 3 Risk Dominance

Consider any game G € T'°. NN s said to risk dominate EE in G iff (IIYN — IIEN)(IFN —

IY7) > (TIEF — Y E)(IEE — TIEN). If the inequality holds strictly NN is said to strictly risk
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dominate EFE.

For ease of stating the result we start by introducing some notations.

For i,5 € {A, B} and j # i we define

A = ny(n; + 12| (@ — @) - )] (2.18)

where @; and q; are the roots of IIJ472(0; = E,0; = N) = [IM" as defined in (2.15) and
(2.16). A; is a measure of [INN —TI747%(g; = E,0; = N). As we consider only Coordination
games, it is true that a; € (o;,@;) and therefore the right hand side of (2.18) is positive. We

are now in a position to state a condition which is necessary and sufficient for equilibrium

profile NN to risk dominate FFE.

PROPOSITION 5

Consider any game G € T°. NN risk dominates EE in G iff N*(1 — 2a.4)*(1 — 2ap)? <
16A4AR.

The Proposition provides us a very easy to check condition for NN to risk dominate F'E.

It can be written out as follows:

N*Y(1—=204)*(1 —2ap)?* < 16nanp(na +1)*(np +1)*(@a — aa)(aa — ay)(@s — ap)(ap —ag)
(2.19)
The left hand side of (2.19) is a measure of (ITE¥ — ITYE)(ITEE —TIEN). Tt is close to zero if
either a4 or ag is close to % But it is clear from Figures 2.8 and 2.9, that I' is a Coordination
game when ay and ap are relatively symmetric, i.e., not too far from each other. So if the
left hand side has to be small when I' is a Coordination game, we must have a4 ~ ap and
close to %
The the right hand side of (2.19) is a measure of (TIYN —TIEV) (IIEN —TIXE). Tts size depends

on the product A4Apg. The product will be close to zero if either a4 or aug approaches any of
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its respective roots. But, it is clear from Figures 2.8 and 2.9, that when a4 ~ ap and close to
%, both a4 and ap are at some distance from its roots, which may make the product AjAp
large enough to dominate left hand side of (2.19), which is close to zero.

Therefore, Coordination games in which NN risk dominates FFE, if they exist, are likely
to be located around oy = ag. To show that the set of games in which equilibrium profile
NN risk dominates FE is non-empty, we consider a subclass of Coordination games of I we

call Symmetric Coordination games.

DEFINITION 4 Symmetric Cordination games

Consider any game G € I'C. G is said to be a Symmetric Coordination game iff ny = ng =n

and ay = ap = a. The set of all Symmetric Coordination games is denoted T'5C.

COROLLARY 1

Consider any game G € I'°. NN risk dominates EE in G iff a € [ — =, 1) '*.

i~

This result can be obtained by replacing ny = ng = n and ay = ag = a in (2.19) 2
13 This corollary of Proposition 5 establishes that when groups participating in the collective
contest are symmetric in all respects, there is a robust strategic basis of N based on the
equilibrium selection criterion of risk dominance. In order to understand why these games
arise, first note that at oy = ap = 3, both the right hand side and left had side of (2.19) are
zero. As we approach a4 = ap = % from below, along ay = ag, the right hand side falls at
faster rate than the left hand side and therefore has to dominate it along the path, given that
both have to be zero at a4 = ag = %

If we introduce asymmetries between groups it is unlikely that NN will pass the test of
risk dominance as it becomes harder to satisfy (2.19).

Next, we consider the equilibrium selection criterion called the Security Principle, see e.g.

Van Huyck et al. (1990). A secure strategy for a player is one in which the smallest payoff is

"These games are in fact Stag Hunt games, see e.g. Skyrms (2004)
121t is easiest to see if we use the form of A; in (2.59).
13This case corresponds to Figure 2.8, with ngy = ng = n.
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at least as large as the smallest payoff to any other feasible strategy. Security principle selects
equilibrium points implemented by secure strategies. The Security Principle, as we will see,

always selects NN unlike the criterion of payoff dominance, never selects it (Proposition 7).

DEFINITION 5 Secure Strategy

A strategqy @; of group i is said to be secure iff G; = arg (maxaie{E,N} Ming,e(e,ny11i(0i, aj)>,

i,7 € {A, B} and j # 1.
The strategy @; guarantees group ¢ the best out of the worst of its outcomes.

DEFINITION 6 Security Principle

Consider any game G € . NN will be said to satisfy the Security Principle in G iff N is a

secure strategy for both groups A and B.

PROPOSITION 6

Consider any game G € T¢. NN satisfies the Security Principle in G.

Proof:

We do the proof assuming i = A.

We know that TN > IT4Y when I' is a Coordination game. We also know from Proposition
7 that TIEF > TIYY when T is a Coordination game. Therefore it follows that we must have
IEE > TN > 4N when I is a Coordination game.

We can also see in proof of Proposition 3, that II§# > IIJ¥ when oy < 3. And, it can
also be easily verified from Proposition 1 and 4, that TI{# > TIY" when T is a Coordination
game. This is true because both PY¥ > PYN and SN > SNV ‘je. not only is the net surplus
higher in this case, but group A also wins the contest with a higher probability. Therefore,
when T is a Coordination game, we have TI5# > TIYF > TIYY > TIEN.

As TIYY > TIEN | ie., the minimum payoff from choosing N is strictly larger than the
minimum payoff from choosing E for group A, N is a secure strategy for group A. The

argument is similar for group B. |
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Finally, we consider the equilibrium selection criterion of payoff dominance.

DEFINITION 7 Payoff Dominance

Consider any game G € T. EE is said to payoff dominate NN in G iff I > TIYN and
MEE > TIRN with one inequality holding strictly. If both inequalities hold strictly we will say
that EE strictly payoff dominates NN in G.

PROPOSITION 7

Consider any game G € T¢. EE strictly payoff dominates NN in G.

To prove this result we need to show that, for G € I'“ and i = A, B

PNNGNN -, pBEgEE (2.20)

We proceed by identifying games G € I'; such that strategy profile EE is Pareto superior
to strategy profile NN, i.e., PNNSNN > pPEEGEE i — A B. We denote such games 'S,
Then we go on to show that the set of Coordination games I'C is a proper subset of I'"% | i.e.,
re cres.

The following equation represents the bigger root 4 of the quadratic equation of (2.20)

+ (nj—mng)(n; — oy + N+/((n; — 1)a;)? +n; — 2n;
4G = 2n;(n; — 1) (2:21)

For instance, when ap = aj;, we have I}V = TI5F = %. If ap < a}, group B is more

competitive and generates more effort, which leads to a lower S¥V and PY" and hence a
lower I/ compared to IT5¥ = 1. Similarly, when oy < af, we have II§Y < IIE¥. For the
shapes of aj and o}, look at Figure 2.10.

When both ap < af and oy < aff with one inequality holding strictly, EF is Pareto
superior to NN. This can be observed in Figure 2.10. It is clear from the diagram that EF

1

Pareto superior to NN, when both a4 and ap are substantially less than 3

4We do not report the smaller root «; as it is negative and can be ignored. See proof of Proposition 7 in
Appendix 1
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To understand why this must be the case we refer to Figure 2.3. We start from ay = ap =
%, where strategy profiles FE and NN are equivalent. Now, if either ay or ap falls then

SNN 1

5 and decreasing. For example, if a4 falls substantially but ap falls infinitesimally,

then Py rises and PY? falls and we approach Py = 1. Here, group A captures almost the
whole of the reduced net surplus, thereby getting a payoff [N > T1£F = i. For this case not
to arise we need ap to fall sufficiently as well.

It can also be observed in Figures 2.11 and 2.12, that @4 supports af from below and ap
supports o, from above at (%, %) in the ayap plane. This fact helps us establish our result.
If (a4, ) < (3,3), then af, > @p and aj > @4. Therefore, the set of Coordination games

I'®, is a proper subset of the games in which EE is Pareto superior to NN.

B Intuition: To understand the result, it is best to begin by noticing that the issue is only
relevant in Coordination games. Further note that the Coordination games are clustered
around PYYN = PN = % (see Figures 2.3 and 2.8). The difference in probabilities of winning
between the groups cannot be too large if I has to be a Coordination game.

We know from Proposition 1 that P{¥ = PE¥ = 1. Given that the disparity in probabili-

NN

ties of winning between the groups cannot be large, i.e., PYY ~ PV, and SMV < % = SFE

when I' is Coordination game, it will be the case that each group achieves a payoff strictly

less than 1, i.e., FE Payoff dominates NN. In Coordination games, both groups essentially

1
cancel out the gain in winning probabilities each wishes to have by choosing N. But, as both
groups efforts are higher under NN, the net surplus is lower compared to EE. The net effect
is that both groups lose by choosing N.

In this section we introduced several equilibrium selection criterion to check whether equi-
librium NN is prescribed by any of them. When we consider the criterion of risk dominance
we are able to show that there exist Coordination games in which NN risk dominates E'E.
We provide a necessary and sufficient conditions for NN to risk dominate EF'E in Proposition

5 and then go onto show existence of such games using a symmetric subclass of Coordination

games in Corollary 1.
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When we consider equilibrium selection criterion called the Security Principle, we are able
to show that NN is always prescribed over EE. However, when we consider the principle
of payoff dominance, equilibrium profile NN is never selected as is shown in Proposition 7.
The results are therefore mixed. However, given that there exist equilibrium criteria which
prescribe selection of equilibrium NN, allows us to claim that there exists a robust strategic

basis of prize sharing rules NV, first introduced in Nitzan (1991).

2.7 DISCUSSION

In this section we discuss a few assumptions we made and some other properties, which we

have skipped in the main body.

B Coordination Devices: Given that in our model selecting equilibrium NN is essentially
a failure to coordinate on a Pareto efficient equilibrium point EFE, we discuss a couple of

coordination devices, which may help the groups circumvent the problem.

(1) Timing of the Game: In our game we assume that in the first stage the group leaders
move simultaneously to choose between E and N and having observed those choices the agents
make their effort decisions simultaneously. But, it is clear that if one leader moves first, then
the groups will coordinate on EE. Given the FE payoff dominates NN (Proposition 7), if one
of the group leaders could choose the rule first, he would choose E and coordination failure
on N will be avoided. But, the assumption of simultaneous choice of the rules is justified
because in our framework of direct conflict and no communication between the groups, there

is no reason to assume otherwise.

(2) Strategic Choice of Sharing Rules: In our game we have kept the «;’s fixed and
provided the leader a choice between E' and N. Another part of the literature considers the
case, where the leaders do not have access to E. The only rule available is N but the leaders
can choose «; € [0,1]. This part of the literature mostly focuses on the phenomenon of Group

Size Paradox (GSP), whereby a larger group wins the contest less often due to free riding.



Chapter 2: Strategic Foundations of Prize Sharing Rules 45

If we allow the leaders to choose «; € [0, 1] in our model, then all equilibria will be payoff
equivalent to FE. Given that the group leaders have some adjustment room with N, they
will adjust N in such a manner that both groups will get fully cooperative payoffs. In fact
it can shown that FE, NE ,EN will all be equilibrium profiles, with the leader of group 1,
choosing a; = % under N. Only NN will not be an equilibrium profile. So, allowing strategic
choice of sharing rules essentially gives the leaders an extra degree of freedom and help them

avoid coordination failures.

B Prisoner’s Dilemma Games: There also exists a class of Prisoner’s Dilemma games in
our model. We primarily focused on the case where (a4, ap) < (3, 3), because the focus of the
chapter was on providing strategic foundations to N. But if (aa, ap) > (3, %), and as > o
and ap > a} (o} and o, defined in (2.21)), then I turns out to be Prisoner’s Dilemma games.
Both groups have a dominant strategy F, but the strategy profile NN payoff dominates F'E.
So the use of grim trigger strategies, would allow us to generate NN as a subgame perfect
Nash equilibrium if the first stage game is infinitely repeated . The Prisoners Dilemma
games can be seen in Figures 2.11 and 2.12.

When, (a4, ap) > (%, 5), rule N makes both groups less competitive in the contest for
the prize. The benefit is that a lot of net surplus gets saved and both groups benefit. But of
course, given that rule NV is not competitive enough, both groups have unilateral incentives
of deviating to E. If the groups could write enforceable agreements they would have chosen
X = 0. In this case mutually beneficial agreements are the ones in which (aa, ap) > (3, 3),
as > o and ag > a}. But in absence of the possibility of explicit agreements between groups,
one way to sustain NN as an equilibrium outcome is to repeat our stage game infinitely and
use reverting to the Nash equilibrium EE forever as a punishment strategy for deviation from

strategy N by any group at any stage.
15Ursprung (2012) recognizes that if a4 = 1 and ap = 1 then I' is a Prisoner’s Dilemma game.
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2.8 EXTENSIONS

In this section we provide two extensions of the main model. The first extension is to consider
a general Tullock Contest Success Function and verify whether the main results of the chapter
go through or not under it. The second extension is one in which we consider a situation in
which the group leaders are maximizing the probabilities of winning instead of expected group
payoffs. The aim again is to verify whether there are games in which rule N is chosen by the

leaders in any equilibrium.

2.8.1 Generalized Tullock Contest Success Function

In this section we consider the Generalized Tullock Contest Success Function and try to
replicate the main results of the paper under it. The Generalized Tullock Contest Success

Function which is as follows:

XU .
ﬁ, lel>O OI'X'>0,
Pi(X;, X)) = 5 ’ (222)
%, otherwise.

We will be assuming that r € (0, 1] throughout to rule out the possibility of Increasing
Returns to Scale (IRS)'°.

Second Stage Choices

First, we study the second stage choice of individual efforts by group members taking as fixed
the first stage choices made by the group leaders. There are four regimes to consider, .i.e.,

EE, EN, NE, NN.

16We consider the generalized Tullock form instead of the winner take all contest success function because
only mixed strategy equilibria exist when we consider the the winner take all function.
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Regime EE

Here we analyze the individual effort choices when both groups choose strategy E in the firsts

stage of the game. The following result summarizes the essential features of this regime.

PROPOSITION 8

In any Nash equilibrium of the effort subgame

(1) The efforts of the groups are (XEE,X]?E) = (ﬁ,

).

(2) The probabilities of winning are (PEE,P]?E) = (%, %)

=13

(3) The group payoffs are (IIFF TIEF) = (22, £2).

This result extends Proposition 1 to the generalized Tullock CSF for the case, where both
leaders have chosen strategy F in the first stage of the game. One can easily make comparisons
between the two results to verify that they coincide at r = 1. When, r < 1 | the efforts made

in the contest are lower and hence the group payoffs are higher.

Regime EN

Here we analyze the case where the leader of group A chooses E and leader of group B chooses
N. The following Proposition summarizes the essential features of this regime.

As has been defined previously 6 = (1 — ag)(ng — 1).

PROPOSITION 9

Along the Nash equilibrium path in the effort subgame the following equation needs to be
satisfied
‘93 XB " XB 93
—|—=| —np— 1+—1])=0 2.23
r {XA} nBXA+( i ) (22)

There exists a unique z* = [);—ir, which satisfies (2.23)
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Unlike when r» = 1, we cannot explicitly solve for individual efforts when r < 1. But this
result proves that in any Nash equilibrium the ratios of the aggregate efforts of the two groups
must be fixed. Even though we cannot explicitly solve for the ratio, we are able to prove that
it exists and must be unique. Therefore, we are able to characterize all results in terms of this
fixed ratio z*.

The following result summarizes the efforts, probabilities of winning, and group payoffs in

terms of z*.

PROPOSITION 10

In any Nash equilibrium of the effort subgame

r(z*)" r(z* r+1
(1) The efforts of the groups are (XEN,XgN) = ([l-i-((z*))TP’ [1i(z)*)r]2)'

(2) The probabilities of winning are (P§N, PEN) = (W, %)

1 1—r)(2*)" 2V (2*)2T (¥ )Tt
(9 The group pays ore (57 115%) = (A, Lo,

This result is an extension of Proposition 1 for the Generalized Tullock CSF, when group

A chooses E and group B chooses N.

Regime NE

Here we analyze the case where group A chooses N and group B chooses E. The following
Proposition summarizes the essential features of the regime.

As has been defined previously 64 = (1 — a4)(na — 1).

ProrosiTiON 11

Along the Nash equilibrium path in the effort subgame the following equation needs to be

satisfied
HA XA " XA HA
— | = —na— 1+—) = 2.24
r |:XB:| nAXB + ( + r ) 0 ( )

There exists a unique y* = [%]*, which satisfies (2.24)
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This result helps pin down the unique ratio of efforts y*, that the two groups put in when

group Ais choosing N and group B is choosing F.

ProprosITION 12

In any Nash equilibrium of the effort subgame

r(y* r+1 r(y*)"
(1) The efforts of the groups are (X3¥ XN¥) = ([1%@)*)@2, [H((‘l;*)mz).

(2) The probabilities of winning are (PY?, PNF) = (%, ﬁ)

*\7T * 2r_r *\r+1 1 1—r *\T
(8) The group payoffs are (HXE,HgE) = ((y ) +[(1y+gy*)qu ) ) J[rl(Jr(y*))(f«/]z) )

This result extends Proposition 1 for the Generalized Tullock CSF, where group A is

choosing N and group B is choosing F.

Regime NN

In this section we consider the case where both group leaders have chosen N in the first stage of
the game. We specifically restrict ourselves to the cases where there is no monopolization,.i.e.
X
0<% < oo
As before we define §; = (1 —;)(n; —1) , i = A, B. The following Proposition summarizes

the essential features of this regime.

PROPOSITION 13

Along the Nash equilibrium path of the effort subgame, where neither group is monopolized,

the following equation needs to be satisfied

X r X 1—r X
nafp (X_j> — npba (X—j) —np(r+04) (X_i) +na(r+05) =0 (2.25)

There exists a unique r* = [%] , which solves equation (2.25).
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Group B
E N
5P 15 | 15, 15

NE NE NN NN
HA 7HB HA 7HB

Group A

Table 2.2: Game ¥

This result again helps pin down a unique ratio of efforts the groups must put in when
both groups are choosing N. But it has to be noted that we have restricted the analyses
to parameters, such that neither group is monopolized in equilibrium. Such a restriction is
without any loss, given that we are only interested in verifying whether there are Coordination
games like the case whre r = 1. Recall that groups cannot be monopolized in a Coordination

game.

PRrRoOPOSITION 14

In any Nash equilibrium of the effort subgame, where neither group is monopolized

r(z*)" ¥\ r * r+1 T*
(1) The efforts of the groups are (X3, XFN) = ( ( TEAJ[EQ:;(*)T%Q)QA, ( wfi\([ll(gﬁ*;?f( ))-

(2) The probabilities of winning are (PIQVN, PéVN) L ()" )

(7t Ty )

na—0 14 (2 ) = ()" na(14+(z*)") (z*)" = (r+04) (x*)™ 1 =0 4 (z*
(3) The group payoffs are (IY™, TIYN) = (a=talleeanmrles malrned cittas =il

This results extends Proposition 1 for the Generalized Tullock CSF for the case, where

both groups choose N and neither is monopolized.

First Stage Choices

In this section we analyze the first stage choices between F and N made by the group leaders
when they maximize group payoffs. The game they play is represented in Table 2.2. We

denote as 1 the games in Table 2.2 . In what follows we compute the Nash equilibria of games

in 1.
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PROPOSITION 15

Consider any game G € (. For allr € (0,1, EE is a Nash equilibrium of G.

This result is the counterpart of Proposition 3 for the Generalized Tullock CSF case. It
clarifies that the form of contest success function is irrelevant, i.e., » does not matter. The
strategy profile EF is always a Nash equilibrium. It is not surprising given rule F allows the

groups to internalize all within group externalities.

PROPOSITION 16

Consider any game G € . There ezists r* such that for all r € (r*,1], G is a Coordination

game if TN (r =1) > TEN(r = 1) and TIEN(r =1) > IIEF(r =1).

This result helps extend Proposition 4. It verifies that the Coordination problem between
groups we illustrated in the main model is quite general. It says that if the parameters are
such that a game is a Coordination game in the main model, i.e., » = 1, there exists a whole
range of values of r for which it is a Coordination game. Only for low values of r do the

problems of coordination between the groups get solved.



Chapter 2: Strategic Foundations of Prize Sharing Rules 52

Group B
E N
PEF,PEF | PRV, PR

NE NE NN NN
PA 7PB PA 7PB

Group A

Table 2.3: Game [

2.8.2 Group Leader Maximizes Probabilities of Winning

In what follows group leaders have a choice between cooperative rule £ and N. The objective
is to check whether there is an equilibrium with prize sharing rules N, when group leaders
maximize probabilities of winning instead of expected group payoffs. Given any configuration
of parameters (a4, ap,na,ng), we denote the game group leaders play in the first stage as
B(aa, ap,na,np). We denote the set of all such normal form games simply as §. Games in (3
are bi-matrix games as represented in Table 2.3.

The following proposition characterizes the equilibria of game in .

PROPOSITION 17

Consider any game G € 3.
(A) EE is a pure strategy Nash equilibrium of G iff as € [%, 1] and a € [3,1].
(B) NN is a pure strateqgy Nash equilibrium of G iff as € [0,@4] and ap € [0,@p].
(C) NE is a pure strategy Nash equilibrium of G iff s € [0, 3] and ap € [ap, 1].

(D) EN is a pure strategy Nash equilibrium of G iff aa € [@a, 1] and ap € [0, 3].
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ap
1
E'E Nash Equilibrium
1
2
NN Nash Equilibrium
0 1
2
Figure 2.13: Probabilites of Winning
ap §
1

E is dominant
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groups
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not for A

E'is a dominant strategy for A
not for B

D=

0 v
1
np+1

Figure 2.14: Group Payoffs
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It can be seen from Figure 2.13 the games in [ are no longer Coordination Games. But, we
still have Nash equilibria in which N is chosen by both groups. In fact, the conditions under
which NN is an equilibrium, are the same irrespective of the objective of the leader. The
reason why the coordination problems arise, when leaders are maximizing group payoffs, is
that even though N is useful in increasing probabilities of winning the contest, it dissipates
most of the prize in unproductive effort. So, leaders would only choose N under the belief that
the other group is also doing so. In fact, when leaders care about group payoffs, equilibrium
NN is payoff dominated by equilibrium FFE, so that selecting equilibrium NN is an instance
of coordination failure between the groups.

However, when the objective of the leader is to maximize the chances of winning, the
leaders are not concerned about how much prize is dissipated due to excessive efforts. In such
a case, the best option for group ¢ is to choose N when «; is low because in such cases N is a

more potent tool that E in terms of generating efforts.

2.9 (CONCLUSION

The explicit aim of the chapter was to provide strategic foundations to the prize sharing rules
introduced by Nitzan (1991), which has subsequently become the standard in the collective
contests literature. To that end, we were able to uncover a class of Coordination games, where
in fact the groups may end up coordinating on the Nitzan rule N, even though a cooperative
option F is present. The games we study have transparency of choice and commitment to the
choice by the group leaders as in Bagwell (1995). Coordinating on rule N looks like a case of
coordination failure, because the equilibrium with mutual cooperation FE payoff dominates
the one in which both groups choose the prize sharing rules N V.

However, when we introduce equilibrium selection criterion of risk dominance and security
principle, which are based on the “riskiness” of the equilibrium point, we find that NN does

indeed survive both these criterion. We provide a necessary and sufficient condition for NN
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to risk dominate E'F and show existence of such a class of coordination games. When we use
the security principle, we find that the prescription is always to select NNV. In light of these
selection criterion, which prescribe selection of equilibrium profile NN, we claim that there
exists a robust strategic basis to the prize sharing rules N.

We also uncover a class of Prisoner’s Dilemma games where, the prize sharing rule N
has a robust basis if the game is repeated infinitely and the leaders can use grim-trigger like
punishment strategies.

Previously Ursprung (2012) showed in an evolutionary game theoretic model, that the
extreme point a; = 0 of the prize sharing rule N crowds out F in the long run. We considered
the whole class of rules in a 2 stage game and showed that there exist games, where the prize
sharing rules may arise in equilibrium. Our analysis is complementary to theirs. It seems a
worthwhile exercise to check, which parts of the rule NV can actually crowd out E in the long
run, given that we have been able to compute precise the conditions under which NV is a Nash
equilibrium in the static context.

Given, the complexity of the analysis we also did not consider what would happen if there
are more than two groups. Another question which deserves attention is whether these prize
sharing rules N will ever be chosen in equilibrium if efforts also had a productive component.
All these issues and more, are beyond the aims and scope of the current analysis and warrant

future research.
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2.10 APPENDIX 1

2.10.1 Individual Effort Choice Problem

Proof of Proposition 1

Proposition 1 will be proved with the help of a few Lemmas, which we prove next.

LEMMA 1

If both group A and B choose Rule E, then in any Nash Equilibrium

o Group effort levels are (XP, XFP) = (3, 7).

o The net surplus in the contest is SF¥ = %

e The probabilities of winning are (PF¥ PFF) = (3,1)
e The payoffs of the groups are (IIFF TIFF) = (1, 7).

Proof:

The payoft of member k of Group 1 is as follows:

1 X;

EF = —(——— — X, 2.26
=g X (2:26)
The individual members of the groups choose efforts z; to maximize (2.26).
The following equation represents the F.O.C of any member £ in group :
X
=1 2.27
(Xi + X;)? (227)
Similarly, the following equation represents the F.O.C. of any member & in group j:
Xi
=1 2.28
(X + X;)? (228)

Adding (2.27) and (2.28) and we find that
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1

Using (2.29) back in (2.27) and (2.28) we obtain that in any Nash equilibrium we must

have:

Again using (2.29) we get that the net surplus S¥¥ =1 - X, - X; =1— 1 =

N

The probabilities can be obtained by dividing the equilibrium efforts by (2.29) and we get
(PiEE? P]EE) = (%’ %)
Using the equilibrium effort levels in (2.26) we obtain the payoffs of the groups in equilib-

rium are as follows:

11
HEE HEE‘ —(Z =
( 2 ’ 7] ) (474)

LEMMA 2

If Group i chooses E and j chooses N, then in the intra-group symmetric Nash Equilibrium

o Group effort levels are (X;, X;) = (H(l(_niﬁzg?j_l) — (1+(1(_ni{257;§_1))2, (1+(1(_n6;j+)§7;§_1))2).

e The net surplus in the contest is S°4°8 =1 — H(l_n#l(ln’_l)
J

e The probabilities of winning are (P77, P747") = (1+(O:,(Zj1)_1), 1- 1+€‘;Fﬁi;l)).
J J

e The payoffs of the groups are:

oAC oaopy _ ((A+aj(n;—1))? 14+(1—a;)(n;—1) (A+(1—ay)(n;—1))?
(I 7oL 7)=( (7"53‘4-]1)2 ’ (njj-i-l)J (”jj‘H)g )

Proof:

The payoft of member k in group ¢ is as follows:
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Xi

My = —— — X; 2.30
6T XX, (2.30)
The payoff of member k of Group j (which chooses N) is as follows:
X Trpi O
M, = —2 (1 —a;)== + L] — 2, 2.31
o= -+ = (231)
The following equation represents the F.O.C. of member k of group i:
X
——— =1 2.32
(X; + X;)? (2:32)
The following equation represents the F.O.C. of member k of group j:
X; Trj  Q X; (1= a)(X; —xgg)
1 — )2k 2d J I 21=1 2.33
Adding (2.33) over members in group j we reach the following condition:
Xi (1 —aj)(n; — 1)
=n, 2.34
(Xi + X;)? Xi+ X; " (2:34)

Adding (2.32) and (2.34) we find the total effort expended in the contest in equilibrium to

be :

14+ (1—ay)(n; —1)

Xit &= n; +1
J

(2.35)

The net surplus can obtained from (2.35) and is as follows

1+ (1 —aj)(nj — 1)
nj—i—l

SUAUle—Xi—ijl—

Using (2.35) in (2.32) we find that in equilibrium group j puts in
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(1+ (1 —ay)(n; — 1))

X; = 2.36

J (n; + 17 (230
Replacing X in (2.36) in (2.35) we solve for X; in equilibrium to be
— o - — v - 2

X, = 1+ (1 —aj)(n; — 1) _ (1+ (1 —ay)(n; —1)) (2.37)

(nj +1) (nj +1)?
To figure out the payoff of Group i we divide (2.37) by (2.35) we get the probability of
group ¢ winning the contest to be

P-UAJB — — 1 _ 238

Subtracting X; in (2.37) from (2.38) gives us group i’s payoff in equilibrium to be

(14 a(n; — 1))?
(n; +1)?

OAOB __

Similarly dividing (2.36) by (2.35) we obtain the probability that group j wins the contest

and subtracting X; from the result we get the payoft of group j.

LEMMA 3

If both groups choose N and a;nj(n; — 1) — ayni(n; — 1) = n; then group i is monopolized by

group j. In the unique intra-group symmetric Nash Equilibrium

e Group efforts are (X;, X;) = (0, %)

5

(1=ay)(m=1)

o The net surplus in the contest is SNV =1 — o~
J

o The probabilities of winning are (PNY, PjNN) =(0,1).

o The payoffs of the groups are (I1:M, H;M) = (0, W)

J
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Proof:

If both groups choose rule N, then the payoff of member £ in group i is as follows

X+ X

(1 ai)% + 3 (2.39)

n;

I,

The following is the F.O.C. for member k of group i

X; i i
Ll = a5

(Xl + Xj)2 )(2 n;

<1 2.40
X1+Xj[ X? (240)

|+

If both groups choose rule N, then the payoff of member k in group j is as follows

X Tpi O
M, = —2 [(1—a;)—2 + 2] — a2, 2.41
b= gl )+ =, (241
The F.O.C. for member k in group j is
X; Ty X, (1= o) (X; — )
7 1 — o “K) -J J J J J <1 2.49

For all members of group i to choose zy; = 0, the F.O.C. of group i members in (2.40)

satisfied at xy; = 0, which boils down to the following condition after we sum the F.O.C s

1+9¢
X;  X; o

N

And summing the F.O.C.s of group j members in (2.42) ,at X; = 0 we get the following
condition
anj = 0]‘ (244)

For i to be monopolized in a Nash equilibrium both (2.43) and (2.44) have to be satisfied.

Replacing X; from (2.44) into (2.43) and simplifying we find that group ¢ is monopolized if
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ozinj(ni — ].) — O./j’l’Li(TLj — 1) 2 n;

Using (2.44) we get X; = % — (=e)(my—1)

J nj

Therefore, net surplus is SMV =1 - X; =1 — % Group j wins the contest with

probability 1. The payoff of group 7 is 0, because it is monopolized. The payoft of group j is

the net surplus SV, which it wins with probability 1.

LEMMA 4

If both groups choose N and none of the groups is monopolized then in the unique intra-group

symmetric Nash Equilibrium

e Group efforts are (X;, X;) = (nj(XVV)2 —(1—a;)(n; — 1) XV n;(XVV)2— (1—ay)(n;—

XYY where XNN = IH(1—ai)(ni—1)+(1-a;)(n;—1)
v .

1+(1—0y) (ni—1)+(1—ay)(n;—1)

o The net surplus in the contest is SNN =1 — v .

e The probabilities of winning are (PN, PNN) = (X1 — X) where x; = n; + ni(n; —

1)(1]‘ — nj(ni — 1)()41

e The payoffs of the groups are:

i 1+(1—a;)(n;—1 l1—a;)(n;—1 i 1+(1—a;)(n;—1 1—a;)(n;—1
(H;NN,H;VN) _ ((XN)(]__ +( )( ])V+( )1 ))’<1_x )(1_ +( )( J)V+( )1 )))

Proof:
As none of the groups is monopolized the F.O.C. (2.40) and (2.42) hold with equality at
some xg; > 0, Vk € {2,3..n;} and xy; > 0, VEk € {2,3..n;}.
Using (2.40) which the F.O.C. for Group ¢ members and summing it over all the members
in 7 we get the following condition
X; 6
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Summing (2.42) over members of group j , we get the following condition

X, b
<zt }J =n, (2.46)

Adding (2.45) and (2.46) and simplifying we can solve for total effort X to be

NN _ 1—|—91+9J _ 1+(1—al)(nl—1)—|—(1—04])(n]—1)
TLZ‘+TLJ' N

X

(2.47)

From (2.47) it follows that the net surplus is

I1+(1—-a;)(ni—1)+ (1 —ay)(n; — 1)
N

SN =1 - XM =1-

From (2.45) and (2.46) and using 6, = (1 — a,.)(n, — 1), r =4, j we can deduce that

and

From these equations it is clear that the probability that group ¢ wins the contest is

X
P = ~ =X — (1 —ay)(n; —1) (2.48)

Replacing XM from (2.47) in (2.48) and simplifying we get that PV = X where x; =

n; +n;(nj — 1)a; —nj(n; — 1)ay. Of course, the chances that group j wins the contest is just
NN _ i
PYY =1- %

Note that [IVY = PNV SNN - Replacing values of P and SMV we get our result. Similarly

we can obtain the payoff of group j.

Proposition 1 is just sub-parts of Lemma 5, 6, 7, 8.
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Proof of Proposition 2
B Part A of the Proposition
Notice in Lemma 6 that both II747% and II7*?" are independent of «;.

Again from Lemma 6
(14 ay(n; — 1))?
(nj +1)?

H?’AUB —

This is clearly a strictly increasing function of «;.

ooy LT (A —aj)(n;—1) (14 (1 —ay)(n; —1))?
S 7R | R R 249

Define C = % It is easy to see that 4< < 0.
Replacing value of C' in (2.49) we simplify it to H?A"B =C - (C?

Differentiating with respect to o; we get

dI1s+» dcC
J 1-2C
do; = >dozj
Ho'Ao'B d TA°B
As - < 0, the sign of depends on the sign of 1 -2C". If 1-2C" < 0 then —J o > 0.
TA°B
But1—2C’<0Whenaj < 5. Ifaj 1 , then 1 —2C > 0 and then we have dd < 0.
B Part (B) of the Proposition
Using Lemma 8 we can write the payoff of group i as follows
v — (nz—l—nl( —l)N nj(n Z-—1)ai><1+ai(n,~—1j)v+aj(nj—1)) (2.50)

Notice that in both the terms within the brackets Oéj enters with a positive sign. Therefore,

it is the case that ¢ > 0. So we have H > 0 an

HNN

Differentiating (2.50) with respect to «; we get

dI™ (i — D[ — ny) (1 + (ny — 1oy) — 2n5(ni — 1)ay]
ks e (2.51)
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dINy
dai

The sign of is the same as the sign of (n; —n;)(1+ (n; —1)a;) — 2nj(n; — 1)y, which
is the second term in brackets in the numerator.
Consider i = A. The term then is (ng — np)(1 + (np — 1)ag) — 2np(na — 1)as. It is

. driy N
negative as we have assumed ng > n4. Therefore, ﬁ < 0.

Consider ¢ = B. The term (ng — na)(l + (na — )as) — 2na(ng — 1)agp > 0 when

dI¥ N
dap

na)(l+(na—1)ay)
2na(np—1)

< 0if ap > af.

(np— dIg
ap < P

B

= a%. Therefore, > 0if ap < a%. And

2.10.2 Leader’s Choice Problem

Proof of Proposition 3
Strategy profile EE will be a pure strategy Nash equilibrium of ' if TI£¥ > TTIYF and
MEE > TIEN.
From Lemma 5 we know that IT5F = 411‘ And from Lemma 6 we know that
1+(1—CYA)(TZA—1) (1+(1—OZA)(’IIA—1))2

HNE — _
4 (ng+1) (ng+1)2

FE is a best response to E for group A if the following inequality is satisfied

I 1+l —ag)(na—1) (141 —aas)(na—1))?
T N CRE 22

To see why (2.52) holds we define x = % Then (2.52) can be written as

But this is true irrespective of the values of the parameters. Playing strategy FE is a best

response for group A to group B playing F.
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When ay = %, then x = % and we have

So in this case F is a weak best response to E for group A. In all other cases E is a strong
best response for group A to E.
Similarly we can show that II5E > TI5Y which means group B playing E is a best response

to group A playing E.

Proof of Proposition 4
For strategy profile NN to be a Nash equilibrium we must have TN > IV and TI¥Y >
ye.

In general it must be true that for : = A, B

Y > 17478 (0; = E,0; = N) (2.53)

Replacing the payoffs from Lemma 6 and 8 in (2.53) we get

(ni + ni(n; — 1oy — nj(n; — 1)0@) (1 + (ni — Doy + (nj — 1)aj> . <1 + aj(n; — 1)>
N2 (n; +1)2

(2.54)
We solve (2.54) as a quadratic equation using the Sridharacharya formula and get the
following two roots:
The smaller root is
(ni —n3)(1 4 a;(n; — 1))

&= nj(n; +1)(n; — 1) (2.55)

The larger root is
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q = 1 —i—ozj(nj — 1)
Z (n; +1)

(2.56)

It can be easily shown using Proposition 2 that IINY > T4°%(0; = E,0; = N) iff
a; € [a;, @;]. ' In other words, if o; € [a;,@;] for i = A, B, then NN is a Nash equilibrium
profile.

Now consider ¢ = A. Given the assumption that ng > ny it is clear from (2.55) that
ay < 0. Therefore the lower root can be ignored and the relevant range is ay € [0, @4].

Consider ¢ = B. From equation (2.55) it is clear that az < 0 iff ng < n%. Otherwise it is
positive. If ap < 0, then the relevant range for NN to be a Nash equilibrium is ag € [0, a@p].
If ap > 0, then the relevant range is ap € [ap, ap]. We can write this range in a concise
manner as ag € [max{0,az},@p).

Therefore, NN is a Nash equilibrium profile of I' iff a4 € [0, @4] and ap € [maz{0,az}, @p).
If the condition is not satisfied then in light of Proposition 3 it follows that strategy F is a
strictly dominant strategy for at least one of the groups in I'. Given that there are only two
groups, I' will be dominance solvable with the unique Nash equilibrium strategy profile E'E.
See Figures 2.8 and 2.9.

Proof of Proposition 5

Let us first consider the terms IIYY — TN and TINY — TIXE. In general, for i = A, B we
are have to consider TIVN — TI747%  where group i is the one which chooses E when the two
group choose different strategies.

From Lemma 6 and 8 we can write the difference as follows

[IVN _[peacs  — (n¢+“z‘("j*1)%*”]‘(”1'*1)%) <1+Oti(m*1)+aj(nj*1)) _ (ta;(n;—1))?
Lo v v @ (257)

17 For instance, consider group A. Starting from @4 where (2.54) holds with equality, if we decrease a4
slightly, the LHS of (2.54) increases by Proposition 2 but the RHS being independent of a4 is unaffected.
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Simplifying we get the following condition

HZNN — H;TAUB = % ((TLJQ — nl)(l + ij(nj — 1))2 + (nj + 1)2(711 — Tl])(l + ozj(nj — 1))0&Z
—n;(n; +1)*(n; — 1)04?)
(2.58)

Let us define

(nF —ni) (14 a;(n; — 1))* + (nj + 1)*(ns — ny)(1 + a;(ny — 1)) —ny(ny + 1)*(n; — 1)af

B = (n; — 1)

(2.59)
Using the definition of @; and ¢, in (2.15) and (2.16) we can simplify and rewrite the above

condition as follows

Ay = nyn; + 12| (@ — o) (i — @) (2.60)

Using this definition of A; in (2.59) we can write equation (2.58) as

VN _ppoaos — (= 1)

-\ A .61
N2, + 12 (2.61)

Now let us consider I15F — TTIYF and TTEF —TIEN . In general for i = A, B we are interested
in [T¥F — 117475 where group i is the one which chooses N when the two groups choose
different strategies.

From Lemma 5 and 6 we can write the difference as
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EE oA 1 1+(1—a;)(n;—1) (1+(1—a;)(n;—1))2
I = I 1 (ni+1) N (ni+1)? (2.62)
o (l i 1+(1—ai)(ni—1))2
This can be simplified and written as
TAC (nl - 1>2
PP — 17478 = M T 1) (1 —2a;)? (2.63)

For NN to risk dominate FE we must have

(Y — ) (Y — I") > (IFF — %) (5" — 157 (2.64)

Using equations (2.61) and (2.63) for groups i = A, B, we can immediately conclude that

inequality (2.64) is satisfied iff

N1 — 204)%(1 — 2ap)? < 16A4Ap

Proof of Proposition 7
For EFE to strictly payoff dominate NN we find when is it that IIYV < II5% and IIHY <
TIEE.

In general for i = A, B we must have

Y <1 (2.65)

Using Lemma 5 and 8 in (2.65) we get the following inequality which needs to hold

(ni +n;(n; — 1)a; — nj(n; — 1)0[¢>(1 + (n; — 1oy + (n; — 1)Oéj> -

1
- 2.
N? 4 (2:66)
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Solving (2.66) as a quadratic equation using the Sridharacharya formula we get the follow-
ing two roots

The larger root is

ot — (nj —ni)(ni — Dy + Ny/((n; — D)2 +ny — 20, (2.67)
J 2n;(n; — 1)

The smaller root is

oﬁ:(nj_ni)( — N/((n; = Dei)> 4+ n; — 2n; (2.68)
J 2n1(n3 1)

Using Proposition 2 we can easily verify that FE will payoff dominate NN iff a; €
(aj,af), j=A,B.

NN _ 171EFE
HA - HA

We first consider group ¢ = A. The roots of are ajy and az. We now state a

few important properties which these roots satisfy.

PROPERTY 1

In the apap plane ag lies completely above the oy axis and oy lies completely below the as

axis and can therefore be ignored %.

This can be verified by trying to solve either aj; = 0 or a = 0, which gives us values of a4
at which these roots cut the a4 axis. Neither equation has a real solution as the discriminant
for both these problems is Nv/1 — ng, which is a complex number. Therefore, there does not
exist a real s such that afy = 0 or az = 0. Therefore, neither o}, = 0 nor az = 0 cut the
4 axis.

Replacing, a4 = 0 in af; we find that it cuts the ap axis at % > (. This combined

with the observation made above helps us conclude that aj; lies completely above the a4 axis

“Nyna—2na Therefore,

Replacing, ay = 0 in aj we find that it cuts the ap axis at — Sralnp=1)

oy lies completely below the a4 axis and can be ignored.

18This means that the relevant zone for payoff dominance will be ap € [0, ag)
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PROPERTY 2

o}, is increasing and convez in the aq 9.

To prove this we just look at the first and the second derivatives of o}, with respect to aa

N(na—1)%aa
V/nat(aa(na—1))2

ng—mna)(ng — 1)+
doh (np —na)(na—1)

daA - 2nA(nB—1) =0
dap _ N(na—1)? ( na ) >0
dody  2na(np = 1) \(ny + (aa(na — 1)2)2

PROPERTY 3
of; passes through (aa, ap) = (3,1). At aa = 5 it is supported from below by the line ap.

1

The first part is easily shown by replacing a4 = 1 in off;. We get oy = 3

To prove the second part we note from (2.56) that the slope of ap is 998 = na—l

da g na+l’
The slope of o}, is
B B N(na—1)2a4
dag (nB TLA)(”A 1) + \/nA-‘r(DtA(nA_l))Q
daA - 2”A(nB - 1)
At ay = %, the slope is
N o -1 N(na-1)?
daf,  (np—na)(na—1)+ =5 ny—1
o = na(ng —1) Cnat1
Therefore, Slope of @ = Slope of OzE at ay = % Also at ay = % we have op = % and

af, = % So, the curve o}, and line @p have a common point and same slope at ay = % Given

that o}, is convex and increasing and @p is increasing and linear in a4, it follows that ap

supports o from below at oy = %

Now we consider i = B and state similar properties for o} and a;,

9For clear visualization note that in the aq4ap plane ag plots as an increasing and convex function
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PROPERTY 4

In the asap plane oy lies completely to the right of the ap azxis and oy lies completely to the

left of aa axis and can therefore be ignored.
We skip the proof as it follows exactly the same steps as Property 1.

PROPERTY 5

+ o ~ ~ - - np—nu + : 20
ay in increasing (decreasing) in ap if ag > (<)2\/ﬁ(n3—1)' oy 1S convex in ap”.

To prove this we just look at the first and the second derivatives of o’y with respect to ap

N(nB—l)QaB _ N .
do‘j; o Ve (ns—1)2+np <nB nA)(nB 1)
dOéB N 2713(71,4—1)
+
Therefore, ZZ—;‘ > 0 iff
N(TLB — 1)20./3

> (ng —mna)(ng — 1)

\/azB(nB —1)2+npg

Simplifying we get that this happens iff ap > %

For convexity of aj we look at the second derivative, which is

d*a’y _ N(ng — 1) ( ng ) =0
day,  2np(na—1)\((ng —1)202 + np)

N

PROPERTY 6

o} passes through (o, ap) = (3,1). At ap =1 it is supported from below by the line @ .

We skip the proof as it follows exactly the same steps as Property 3.

Properties 1 to 6 are captured in Figure 2.10.

20Tn the aqarp plane it plots as a concave function when o is increasing and convex function when o is

decreasing. This happens because the domain of the function ozjg. ie., ap € [0,1] is the vertical axis
21Tn the diagram in the asap plane it seems that @4 supports ajg from above not below. But it has to be

noted that that the domain ap € [0,1] is the vertical axis and not the horizontal axis
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We now proceed to show that the set of games I' with Nash equilibria EE ad NN, i.e.,
ayg € [0,a4] and ap € [max{0,az},apl, is a proper subset of the set of games where EFFE
payoff dominates NN, i.e., aa € [0, ) and ap € [0, a}).

This fact directly follows from Property 3 and 6. Given for i = A, B, @; supports «; from
below it is true that @; < o except at (a4, ap) = (3, 3) *%, where they are equal. But we can
remove (a4, ap) = (3, %) as at that point all strategy profiles are Nash equilibria. In the set of
games we are interested in we have a4 < off and @p < aj;. A look at the parametric ranges
in the previous paragraph immediately confirms that the games which have Nash equilibria
EFE and NN are a proper subset of the games in which FFE strictly payoff dominates NN.
Look at Figures 2.11 and 2.12.

2.11 APPENDIX 2

2.11.1  Best Response Functions

Here we study the properties of the best response functions of the individual’s in the two
groups. To do that we start with a few notations.

We denote the best response function of the k' member of group i € {A, B}, when the
group chooses 0; € {E, N} as R}i(X;). For example, if group A chooses E, then the best
response function of the &k member of group A will be denoted R%, (Xp), and if it chooses
N, then R, (X3).

When group i chooses E, the best response Function of member k , R (X;) can be obtained

by maximizing (2.4). It is implicitly characterized by the following first order condition:

X;

XX =

Similarly, when group i chooses N, its best response function of member k, RY(X;) is

obtained by maximizing (2.3). It is implicitly characterized by the following first order condi-

2(ap,ap) = (3, %) is the point at which the lines @; s support the curves
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tion:

— 4 (1 - )— —_—
(Xi + X;)? (1 =) X m] TN Xj[ X7 |

=1 (2.70)

Because group members are symmetric in all respects, the best response functions are the
same. We can therefore apply symmetry and obtain the best response function of a repre-
sentative agent of the group, which we denote R;(X;). This is the same notation introduced
above but without the subscript k.
In the Proposition that follows, we use the following notation:

For i € {A, B}

0; = (1 —a;)(n; —1)

0; is a measure of competitiveness of group i weighted by group size. If «; is low 6; is high, so
that more competitive groups will tend to have a higher ;. If such a group is also large, then
the competitive nature of the group gets accentuated by its size. Therefore, larger groups with
lower «;’s have higher #;’s and are the most competitive ones.

Next, we state a general result about best response functions of the groups. We state the

result without proof ?* but do a detailed diagrammatic analysis.

PROPOSITION 18

Fori,je {A,B} and j #i
(A) If group i chooses E, then the slope of the best response function is as follows:

J

RF(X;) Xi—X;

dX; 2X;

J

Therefore, X; is a strategic complement to X; iff X; > X;.

23 Available on request
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(B) If group i chooses N, then the slope of the best response function is as follows:

RNX;) (X — X)) —0:(Xi + X))

dX; — 2X; +20,(X; + X;)

14-6;
1-6; "

Therefore, X; is a strategic complement to X; iff % >
J
We next discuss the results summarized in Proposition 18.

B Both groups choose E: The best Response Functions in this case are represented in
Figure 21. Both R5(Xp) and RE5(X4) are strictly increasing when X4 < 1 and Xp < 1.
Here, X4 and Xp are strategic complements.

The Best Response functions are well defined except at (X4, X5) = (0,0) and they intersect
at (X5F XEE) = (i, ?D’ which is the unique Nash equilibrium in group efforts. At the equi-
librium point, X4 and Xp are strategically independent, i.e., neither strategic complements
nor strategic substitutes.

It is also important to notice that the Best Response Functions are independent of the

parameters in the model.

B Group i chooses E, Group j chooses N: Here, we will analyze the Best response
functions of group ¢, which chooses E and group j, which chooses N. For ease of exposition
we will assume that ¢ = A and j = B. The Best Response Functions in this case are
represented in Figure 2.16. The Best Response function for group A, RE(Xp), is the same as
in the previous case.

The Best Response Function of group B, RY¥(X,), is increasing when §—’j > %. The

term on the right hand side is positive only when ap € (Zg:f, 1]. In all other cases, the

condition is trivially satisfied.

To see this clearly, in Figure 2.16, we have plotted the Best Response Function of group B

1

for ap =0, 5,1. When we increase ap, RY(X 4), shifts inwards, because free riding increases

within group B, which causes Xpg to fall for the same group size ng.
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The Best Response Functions have a unique intersection and it is always at a point, where
RY(X ) is strictly decreasing. So, Xp is a strategic substitute of X4 in the neighborhood of

any Nash equilibrium in group efforts .

X4, on the other hand, is a strategic substitute to Xpg as, long as Xg > 411. So, when

Xp > }1, X4 and Xp are strategic substitutes. The Nash equilibrium in group effort levels, is

stable.

1

However, when Xp < 7, X, is a strategic complement to Xp, while Xp is a strategic

substitute of X 4. The Nash equilibrium in group effort levels, is unstable.

B Both groups choose N: The Best Response Functions in this case are represented in

Figure 2.17. As in the previous case the Best Response Function of group B, RY¥(X,), is

strictly increasing when );—i > %. However, now the Best Response function of group A,
RY(Xp), is also increasing when §—;} > ﬁgﬁ The functions intersect uniquely to yield the

Nash equilibrium in group efforts.
The functions intersect at a point, where RY (X 4) is decreasing. Therefore, Xp is a strate-

gic substitute for X4 in the neighborhood of any Nash equilibrium. If, additionally at the

1+9A

1-g.> so that RY(Xp) is also decreasing, then X4 is also a

equilibrium we have that g((—g <

strategic substitute for Xp and the Nash equilibrium is stable.

na—2 na(2—N) 2na(np—1)
na—1’ (np—na)(na—1) ' (np—ma)(na—1

If, however, a4 € ( jQ B), the functions intersect at a point
where RY (Xp) is increasing. Here, X 4 is a strategic complement to Xp. In this case the Nash
equilibrium is unstable.

For this case to arise, we need both ay and apg to be sufficiently high and close to 1. One
example of such a case is where a4 = 1 and ag = 1. This is shown in Figure 2.17. When
; rises, i € {A, B}, RY(X;) shifts in as free riding increases within group i but Rj»v (X;) is
unaffected.

One interesting phenomenon, which arises in this case, is Monopolization of a group from

the contest. If Z—]‘; > %, then the Best Response Function of group A is contained within

the Best Response Function of group B, so that they do not intersect at any point in the



Chapter 2: Strategic Foundations of Prize Sharing Rules 76

interior, where both X, > 0 and X > 0. Then in the Nash equilibrium in efforts, group
B puts in an aggregate effort of X5V = % and group A members best respond with zero
effort, so that XN = 0. So, we say that group A has been monopolized by group B. This
phenomenon is captured in Figure 20. In a similar manner, group B is monopolized by group

A when, %4 > 498
na np
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X3

DO =

XBA

DO =

Figure 2.15: Best Responses with FE

RE
VT — Elap=1)

X4

Figure 2.16: Best Responses with EN
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XB A
1
E—— R]X(OJA = 0)
Hklas =1) = Fp3(aa=1) =1
i ,,,,,,,,,,, —> Rl\g(OéB = 0)
Ri(aa=1) ! _ » RY(as=1)
| RY(ap=13)
= RE(ag=1)
1 Xa
1
Figure 2.17: Best Responses with NN
XB A
1
9B
np
Group A Monopolized
IZiA » Nash equilibrium efforts
@7A 1+0p )(V
ny npg A

Figure 2.18: Group A Monopolized
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2.12 APPENDIX 3

In this Appendix we provide the complete proofs of the Propositions stated in the Extensions

of the chapter.

2.12.1 Generalized Tullock Contest Success Function

Proof of Proposition 8
Proof:

The expected payoff of individual k& of group A is as follows

1 X
EUga(E) = — (22— - X 2.71
alB) = = (g — %) (27)
The expected payoff of individual & of group B is as follows
1 X
EU(E)= — (-2 - X 2.72
(B = o (s — ) (272)
The following equation is the F.O.C. of members of group A
r XXy
—a = =1 2.73
(X + X5 27
The following equation is the F.O.C. of members of group B
XX
2B A _ 4 (2.74)

(X4 + Xp)?

Equating (2.73) and (2.74) it follows that in equilibrium we muct have X§¥¥ = XEF = X.
Replacing this fact in (2.73) we obtain X = %.

Of course, given that both groups put in equal amount of effort in equilibrium, we have

PP — pEF — 1

The payoffs can be easily obtained by replacing the efforts and probabilities of winning in

the payoff function of the groups in (2.71) and (2.72). [ |
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Proof of Proposition 9
Proof:

The expected payoff of member k of group A is

1, X

EFUA(E)= —(—"—— - X 2.75
B = (g X (275)
The expected payoft of member & of group B is
TrB ap Xg
EUs(N) = [(1 - ap) =8 4 98] _2B__ 40 (2.76)

XB np X£+XE

The following equation represents the F.O.C. of the members of group A

r—1yr
rX,  Xp

| (2.77)
(X, + X5)?

The following equation represents the F.O.C. of member k of group B

TXE_IX:‘ TLB ap XE (1 —OéB)(XB —JZkB)
(1 — LA A =1 2.78
Imposing symmetry on equation (2.78) we get
XpX, X5 'o
"B A B U5 _ (2.79)

(X + X5)?2 X+ X5
Henceforth, we will work with equations (2.77) and (2.79). Define z = X, and y = X}.

Using this definition we can rewrite equation (2.77) as

T’CL’y
e —— 2.80
Xa(z +y)? (2.80)

Similarly equation (2.79) can be rewritten as
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ry yOp

Xp(z +y)? * Xp(z +y) — e (2.81)

Dividing equation (2.81) by (2.80) we obtain the following equation

Xa , Xabp ]
AL AP 12 = 2.82
XB + XB r + T "o ( )
Noticing that ¢ = ())g—i)r and realigning (2.82) we get the desired result.
To prove that there exists a unique solution to equation (2.23) we define z = ig—’j and study
the properties of the following function
0 0
y=-"22"—npz+ (1 + —B> (2.83)
r r
The function is continuous. At z = 0, y = 1 + 973 > 0. Also % = f0pz" ' — np and
3272 = (r—1)0pz"2 < 0asr e (0,1]. So the function is concave. The function is increasing

1

1
1—r 1—r
and decreasing and concave if z > [0—3} .

and concave when z < [G—B}
npg np

To prove that y = 0 has a solution we study the limiting properties of y as z — oc.

0 0
lim 22" — npz + (1+ —B) = —00
z— oo T r

O 1
T 21=r

This follows as (1+973) is a positive constant and lim,_, GTBzT—n gz = lim,_, z(
nB) = —o00. This is true as the terms within the brackets is by bounded below by —ng. The

idea of the proof is captured in Figure 2.19.



Chapter 2: Strategic Foundations of Prize Sharing Rules 82

0 (Ez‘z)% z*\ z

npg

Figure 2.19: Uniqueness of z*

Proof of Proposition 10
Proof:

From the previous proposition we know that Xp = 2* X4 in equilibrium. Replacing this
in (2.77) we get that X4 = % in equilibrium. And Xp is obtained from Xp = 2* X 4.

Replacing Xp = 2" X4 in Pa(Xa, Xp) = we get that the equilibrium probability

X2
X+ Xy

1

of winning as P{N = And the probability of winning for group B is just PFN =

1+(z*)" "
The equilibrium payoffs can be obtained from the fact that TN = PFN — XE¥N and

EN _ pEN EN

The proofs of Proposition 11 and 12 are skipped because are same as the proofs of Propo-
sitions 9 and 10.
Proof of Proposition 13
Proof:

The expected payoff of member & of group A is as follows:
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EUA(N) = [(1 - a4 24)__Xa

Xy naoXi+Xxy M
The expected payoft of member k of group B is as follows:
Tk | gy  Xp
EU, =(l-ag)—F—+—|—==—"—=
kB(M [< B>XB nB]Xg—i-Xg wB

The following equation represents the F.O.C. of member k of group A.

rXnolXT TrA ap X" (1—04A)(XA—IBkA)
Db (1B 0y K Lm0 )
(X7 + X5) Xa na X3+ Xp X3
The following equation represents the F.O.C. of member k of group B.
rXntX x Q X7 1—ap)(Xp—2x
TB—TAQ[(l_O‘B)ﬁ_F_B]_F _ B T[( B)( 2B kB)]:l
(X3 +X5) Xp  np Xj+Xp X5
Imposing symmetry on (2.86) we get
r X Xp o X4 -
(X +Xp)? XL+ Xp
Imposing symmetry on (2.86) we get
rXp XY X505 B
=npg

(X4 +Xp)? Xi+Xp

83

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)

(2.89)

Henceforth we will work with equations (2.88)and (2.89). Define p = X7, ¢ = X} and

z = ))g—i Using these definitions and dividing (2.89) by (2.88) we get

rpg+ap+a)fs _ np

rpg+p(p+q)fa  na

(2.90)

Because neither group is monopolized p > 0 and ¢ > 0 and we can divide the numerator

and denominator of LHS of (2.90) by pgq to get the following equation
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6 "0
w:n—Bz (2.91)
T-'-@A-i-z—‘ﬁ na

Rearranging (2.91) we get that (2.25) must be satisfied along the Nash equilibrium path
where neither group is monopolized.
Now we will show that a solution to (2.25) exists and is unique. To proceed we define

Xp

r=%E and study the properties of the following function

Yy =nasblpx” — nBQAl'liT — nB(’r’ + GA)x + TlA<7’ + (93) (2.92)

Because neither group is monopolized x € (0, 00). It is clear that the function is continuous
over its domain.

First, notice that lim, , gy = na(r +0p) > 0. Also lim,_, y = lim,_, Ooa:(nAQB# —
nBHAx—lr —np(r+64) + na(r + 03)%) = —o00. This follows as the term within the bracket is
bounded below by —ng(r + 64).

These two observations immediately imply that at least one solution to y = 0 exists. To
prove uniqueness we need some more properties of the function in (3.49).

The slope of the function (3.49) is as follows:

d
d—y = rnglpr™ — (1 —r)ngbax™" —ng(r +04) (2.93)
x
It can be easily seen from (2.93) that lim,, % = —np(r+6a).

To study the properties of the slope as x — 0 we write the slope as follows:

dy

Iy = 7 (rnabpz® " — (1 = r)npba — np(r 4+ 04)z") (2.94)
x

There are three separate cases which we have to consider now. We will show that in all

three cases there will exist a unique x* which solves y = 0.
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Case 1: 2r—1>0

In this case it can be seen from (2.94) that lim,_, ¢ Z—Z = —o0. The term outside the bracket
goes to oo and the term within the bracket is bounded below by —(1 — r)ngf4. Also recall
from (2.93) that lim,_, j—x = —ng(r+604). So the function y is negatively sloped at the end
points of the domain. The question to be answered is whether it can ever be positively sloped
or not. We prove by contradiction that % # 0.

d

Suppose 3 > 0. From (2.94) it is clear that it will happen when rn fpz* ' > (1 —

r)ngla + np(r + 04)x".

The LHS is an increasing concave function with intercept 0. The
RHS is an increasing concave function with positive intercept (1 — r)npfa. Let us assume
that they intersect at z*. Given that they cross at z* and both are increasing and concave,
it immediately follows that for all z > 2* we have % > (. But this contradicts the fact that
lim,_, % = —ng(r + 04). Therefore, % # 0.

Therefore, j—g < 0 over the whole domain and y = 0 has a unique solution z* in this case.

Look at Figure 2.20.

'flA(T + 93)

Figure 2.20: Case: 2r —1 >0
Case 2: 2r—1<0

In this case note in (2.94) that lim,_, o % = 00. Also recall from (2.93) that lim,, « % =
—nB(T + HA)
Notice that even though the slope is positive initially, i.e., rnafpz* =t > (1 — r)npla +

np(r + 04)x” when x — 0, the LHS is a decreasing convex function and the RHS is an
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increasing concave function with intercept (1 —r)ngf4. Therefore, they will intersect at some
x1 and g—z < 0 for all z > x;. Hence, y will be a decreasing function beyond x; and y = 0 will

therefore have an unique solution x*. Look at Figure 2.21.

ﬂA(T + 93)

Figure 2.21: Case: 2r — 1 <0
Case 3: 2r—1=0

In this case (2.94) becomes

dy 1 /1 1 1

— = —(=nablp — —nghs — —+40 2.95

da \/5(27“ 5 = gnsfa = np(5 +04)Vr) (2.95)
Now lim,_, ¢ % = o0 if nAOB > nBHA. And lim,_, ¢ Z—ay; = —o0o if HAHB < nBQA.

When n46p < ngba, the function y is negatively sloped throughout as %nAHB < %7139,4 +
np(2 + 04)y/x. The LHS is a constant. The RHS is an increasing concave function which
starts above %n 40p. Therefore % < 0 over the whole domain and y = 0 has unique solution.
This case looks the same as Figure in 2.20.

When n,0p > ngf4, The function y is positively sloped initially. But, eventually becomes
negatively sloped. This follows by noting that there exists some s such that %n A0p < %n Bla+
np(3+04)y/s. This is a consequence of the fact that the LHS is a constant and the RHS is an
increasing and concave function, which is unbounded above. Therefore, % < 0 for all z > s.
From this it follows that y = 0 will have a unique solution in this case as well. This case looks

the same as in Figure 2.21.
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Proof of Proposition 14
Proof:

From the previous Proposition we know that there exists a unique (z*) = _)f{—f in equilibrium.
Therefore, we have Xp = (*)X 4 in equilibrium.

Replacing this fact in the F.O.C. of group A in equation (2.88 ) we get the following

equation

r(z*)" 04
0+ @2 1+ @)

Solving for X4 from (2.96) we get XN, We get X5V by solving XYV = (z*) XV,
Replacing Xp = (2%) X4, in Py = % we get that PYN = 1+(+)T And PJY is obtained
by solving PN =1 — PYV.

The group payoffs can be obtained by using the computed X4V and PYV in IV =

PYN _ XN Similarly, I¥N = PYN — XN,

Proof of Proposition 15
Proof:

To prove the results we need to show that TI5F > TIYF and 115 > TIEN for all r € (0, 1].
We will show the second inequality IT5F > TIEN. The proof for the other will follow exactly

the same steps and is skipped. There we need to show

2—1r _ (29 + (%) —r(z*) !
T 1t ()P

(2.97)

Consider the function of the LHS of (2.97). It is a strictly decreasing linear function of r.
It takes the value % at r = 0 and the value i at r = 1.

The function on the RHS of (2.97) takes the value % at r = 0. At r = 1 and the value it
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takes is —Z)" 5. But it can be easily verified that }l > [

z* (z*)r %
TF G2 o for all z*. Therefore at the

1+(z*)
endpoints the function on the RHS lies below the function on the LHS.
If we can show that the function on the RHS is strictly decreasing in r then we can claim
that (2.97) holds for all . That is what we do next.
Applying the Envelope Theorem we get that
digh (z*)r !

pr e Ty e A (2.98)

We know IMEF = TIEN at r = 0, TTEF > TIEYN at r = 1. TEP is linearly decreasing in r
and TIEN is also strictly decreasing in r. In light of these observations we can conclude that
Vr € (0,1], we must have IIEF > TIEN. We can show IT5% > TIYF in a similar manner. The

result is represented in Figure 2.22.

EE EN A
1_[B 7HB

e

Figure 2.22: EE equilibrium

Proof of Proposition 16
Proof:

We provide sufficient conditions under which NN is a Nash equilibrium in G. So we will
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try to figure out the conditions under which IIY" > TIEN and IIFY > TI¥F. To keep the proof

short we will only find the conditions under which TI{N > TTFN. We use the same method for
the other inequality and therefore skip it in the proof.

To show when T4V > ITFY we have to show the following inequality.

(na—04)(1+ (%)) —r(z*)" 14+ (1—=r)(z9)"
nall + (z%)2 > 1+ (z)]? (2.99)

Notice by using Envelope Theorem we can easily show that the function on the LHS is
strictly decreasing in r as

dITN (x*)"
= — <0 2.100
dr nall + (z*)7]? ( )
Similarly, the function on the RHS is also strictly decreasing in r as
dIIEN (z*)"
= — 2.101
dr 14 (z%)]? <0 (2.101)

Also notice that at » = 0 The function on the RHS is strictly greater than LHS, i.e.,
YN (r = 0) < IIEN (r = 0) as 22a=04) 1

Now when IV (r

= 1) > &Y (r = 1) the functions will cross at some r; such that for
all 7 € (ry,1] we have II4N > TN, Similarly, we can find 7o when considering IIFY > TINE.

Define , r* = max{ry, 2} and our result follows.

For example the sufficient condition is satisfied for group A when

(na—04) + (na—0a—1)(z")
nall + (x*)]?

T ()P (2.102)
Similarly the sufficient condition is satisfied for group B when

(na —0a4)(2*) + (na — 1 = 04) (%)

- 1
nall + (z9))?

2.103
T+ P (2109
Recall from the analysis in the main chapter with r = 1, that inequalities (2.102) and
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(2.103) are satisfied when a4 € [ay, @a] and ap € [ag, ap|. These inequalities above give us

similar restrictions on a4 and ap for the general case where r € (0, 1]. Look at Figure 2.23.

NN ENA
HA ) HA

NN
1_[A

N[

=

EN
HA

=V

0 7”‘1 1

Figure 2.23: NN equilibrium

2.12.2  Group Leaders Maximize Probabilities of Winning

Proof of Proposition 17
Proof:

From Proposition 1 in the chapter we get the probabilities of winning for the groups.

To prove part (A) of the proposition notice that strategy E will be a best response to E
for both groups if PYE > PYF and PEF¥ > PEN. That will be the case when the following

two inequalities are satisfied

21_1—#0@4(7@4—1)

1
= 2.104

and
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1+OéB(TLB — 1)
TLB—|—1

1
5>1- (2.105)

Inequality (2.104) is satisfied as long as as4 > 5. Inequality (2.105) is satisfied as long as

1
5.
ap } %

To prove Part (B) notice that NN will be a Nash equilibrium as long as P’V > P¥Y and

PYN > PYE. That will be the case when the following two equations are satisfied

na+nalng — ag —ng(ng — 1oy < 1+ ag(ng —1)
N - ng+ 1

(2.106)

ng +ng(nas— aag —na(ng — ag < 1+ aa(ng—1)

> 2.1
N na+1 (2.107)

Inequality (2.106) is satisfied as long as auy < @4 and inequality (2.107) is satisfied as long
as ap < ap.

To prove Part (C) notice that NE will be a Nash equilibrium if PY¥ > PP and PY* >

PYN. The first inequality is satisfied as long as a4 < % It can be seen from proof of Part

(A). The second inequality is satisfied as long as ap > @p. This can be seen from proof of
Part (B).

The proof of Part (D) is similar to proof of Part (C). |



Chapter 3

Prize Sharing Rules in Collective Contests:

When Does Group Size Matter?

3.1 INTRODUCTION

Collective contests are situations where agents organize into groups to compete over a given
prize. Such situations are quite common: funds to be allocated among different departments
of an organization, team sports, projects to be allocated among different divisions of a firm,
regions within a country vying for shares in national grants, party members participating in
pre-electoral campaigns,disputes between tribes over scarce resources.

Prizes in such contests may be purely private, e.g. money. Or the prizes may have some
public characteristic like reputation or glory for the winning team. In this chapter we focus
on purely private prizes. For prizes with public characteristics the reader may refer to Baik
(2008), Balart et al. (2016).

One essential feature of collective contests is that a groups’ performance depends on the
individual contribution of its members. Departments in universities usually receive funds de-
pending on the publication record of the department, which in turn depends on the individual
publication of its members. So the group needs to coordinate and establish some rules re-
garding its internal organization, in particular how to share the prize in case of success. In

this study we focus the prize sharing rule proposed by Nitzan (1991). The rule suggests the

92
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following way of sharing the prize within the group, if the group wins the collective contest:

1— o)==+ a— 3.1
(1= )5 +ai (3.1)

where zj; is the effort put in by the & member of group i, X; is the total effort of group
1 and n; is the size of group 7. «; is weight put on egalitarian sharing of the prize within
the group and 1 — «; is the weight put on a sharing rule, which rewards higher efforts within
the group, thereby inducing intra-group competition, i.e. an outlay-based incentive scheme.
An increase in the weight on the egalitarian component increases free riding incentives in the
group members. Whereas, an increased weight on the outlay-based component incentivizes
efforts by making each members reward depend on efforts of all other members of the group.

This prize sharing rule has been extensively studied in the literature on collective contests,
see e.g. Flamand et al. (2015). The popularity of this rule lies in its intuitive appeal. It com-
bines two extreme forms of internal organization, capturing the tension between intra-group
competition and the tendency to free ride on the efforts of other group members. In the situa-
tion of a collective contest, a larger weight on the outlay-based scheme helps a group generate
higher efforts, thereby increasing their chances of winning the contest. But, higher efforts also
eat into the surplus the groups are competing for, thereby making internal competition costly.
A larger weight on the egalitarian component increases internal free riding making a group
less competitive in the contest but leaves a larger surplus to be consumed in case of success.
This is the trade-off, which the group leaders face when choosing its organizational form i.e.,
the weight he wants to put on the respective components of the prize sharing rule.

The literature on strategic choice of sharing rules see e.g. Flamand et al. (2015), allows
the leader exactly this choice. A group leader can optimally choose the weight «; for his own
group. But there are two separate strands in this literature, which differ on the restrictions
which are placed on that choice.

In one strand, the choice of shares «; is restricted to the interval [0, 1], so that the leader

can choose to reward individual efforts at most proportionally. This situation is referred to as
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the case of “bounded meritocracy” in Balart et al. (2016). In an alternate strand, the leader
is allowed to reward efforts more than proportionally by fining members, who put in lower
effort and transferring that amount to the hard working ones. In such a case the interval over
which q; is chosen is (—oo, 1] 1. This case is called “unbounded meritocracy” in Balart et al.
(2016). The literature finds that when the leaders choose the rules simultaneously, at least
one of the groups chooses not to all the weight on the outlay-based component of the prize
sharing rule in equilibrium i.e., the leader of at least one group chooses not to make the group
maximally competitive in the contest. This is irrespective of whether the rule is “boundedly
meritocratic” or “unboundedly meritocratic”.

We generalize the above literature by fixing the choice of a; to the interval [o;, 1], where o, €
(—00, 1] is a parameter in the model. It can be interpreted as a social norm of competitiveness
within the groups. This social norm, just like group sizes, is taken as an exogenous property
of the groups and denotes the maximum possible competitiveness of a group. So, we can have
smaller groups with very competitive norms i.e., “small aggressive groups” or large groups with
egalitarian norms i.e., “large docile groups” etc. One can imagine such group specific social
norms to have developed through intra-group interactions in times of peace but which acts as
constraints on the group leader in times of conflict. We assume that when competing with
the other group, a leader has to respect this group specific norm while choosing how to share
the prize in case of success in the contest. In our study we make necessary adjustments and
call group 7 “boundedly meritocratic” if a; > 0. Otherwise, group ¢ is called “unboundedly
meritocratic”.

The above modeling innovation allows us to unify the different strands of the literature,
so that both strands emerge as special cases in our model 2. Moreover, we are able to iden-
tify situations in which both groups choose to make their groups maximally competitive in

equilibrium of the contest game between the groups, i.e., both groups put maximal weight on

!Readers can look at Hillman and Riley (1989) for a paper where such transfers between individuals is
possible.
2Both “bounded meritocracy” and “unbounded meritocracy” are special cases in our model
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the outlay-based incentive scheme by choosing o; = «,. We call a group “hawkish” when
it chooses to put all the weight on the outlay-based scheme. Otherwise, we call a group
“dovish”.

We assume throughout that group B is at least as large as group A. We find that the
smaller group A generally chooses to be hawkish. It counters the disadvantage of having
smaller numbers in the contest by putting all the weight on the outlay-based component of
the rule, thereby generating maximum possible efforts by its group members. In other words,
the smaller group focuses exclusively on winning the contest. The larger group B, on the
other hand, is usually not hawkish. In a sense, the onus of maintenance of a larger net
surplus falls on the larger group, when aj is low enough. If it chooses to be hawkish, then it
would win the contest more often, but most of the prize would have dissipated due to large
efforts by its large numbers. It is only when ajp is really high i.e., group B is sufficiently
“boundedly meritocratic”, that it too shifts to being hawkish in order to increase its chances
of winning the contest. When ap is high, free riding becomes the overriding force in group
B and larger size actually becomes a handicap. The best a larger group can do to counter
the disadvantage, is take a hawkish stance. In Proposition 20 and Corollary 2, we precisely
identify the conditions under which both groups choose to be hawkish in equilibrium. This
is an important observation as taking a hawkish stance, which increases a group’s chance of
success in the contest, seems to be a natural path for a group leader to take in a collective
contest.

Next, we focus on the welfare of the groups in the contest, specifically focusing on the
following question: When does the larger group fare worse in the contest in terms of chances
of success? The fact that larger groups may fare worse in competition with smaller ones was
first identified by (Olson, 1965) and it was named The Group Size Paradox (GSP). We find that
if smaller group A is “unboundedly meritocratic” then GSP cannot be avoided. This result
is independent of the nature of meritocracy in the larger group B. Therefore, a necessary

condition for Group B to fare better in the contest is for smaller group to be “boundedly
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meritocratic”, i.e, the smaller group should not be in a position to undo the disadvantage of
smaller numbers by being “hawkish”. The situation where the larger group fares better is
called Group Size Advantage (GSA) in this chapter.

A sufficient condition for group B to fare better in the contest is for group A to be
“boundedly meritocratic” and group B to be “unboundedly meritocratic”. In this case group
A cannot undo the disadvantage of smaller numbers by using the prize sharing rule, while the
rule imposes no constraint on the leader of the larger group B.

The most interesting case arises when both groups are “boundedly meritocratic”. Whether
group B fares better or not entirely depends on the asymmetry between the norms of comep-
titiveness across groups. If the norms are too asymmetric i.e., o, very high and ag very low,
or vice versa, then whichever group is less comeptitive does worse due to excessive free riding.
In cases of extreme asymmetry, egalitarian groups may end up getting monopolized (Ueda
(2002)).

If the norms of competitiveness are symmetric across groups, i.e.,a, and a g are very close
to each other, then whether GSP arises or not depends on whether both groups egalitarian
or both are competitive. If both groups are egalitarian i.e., (o, > % and ap > %), then GSP
occurs because free riding is the dominant force for both groups in this case and it affects
the larger group more adversely. In fact, this case corresponds precisely to the type of groups
(Olson, 1965) studied in The Logic of Collective Action. We call this class of groups Olson’s
Groups.

On the other hand, if both groups are competitive i.e., (ay < % and ap < %), then intra-
group competition is the dominant force for both groups. In such a case, having a larger group
size is an advantage and we have GSA. This class of groups are a mirror image of the type of
groups (Olson, 1965) studied 3. We call this class of groups Neo-Olson Groups.

The chapter is structured as follows. In Section 2 we discuss the relevant literature. In

Section 3 we describe the model. In Section 4 we analyze the second stage of the game, where

3(Olson, 1965), however, did not study a collective contest but focused on collective action problems within
a single group and related it to its size. But, his insight generalizes to a situation of collective contests.
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individuals make effort choices. In Section 5 we analyze the first stage of the game where
the group leaders make their choice of the sharing rule. In Section 6 we discuss when the
phenomenon of Group Size Paradox arises and when it does not. In Section 7 we provide
a few extensions of the basic model. Section 8 concludes. All proofs can be found in the

Appendix in Section 3.10.

3.2 LITERATURE

The literature on the prize sharing rules in collective contests owes its genesis to the influential
paper by Nitzan (1991). Following its introduction the rule has become the gold standard in
the field due to the simple manner it combines two extreme forms of internal organization of
groups i.e. one form, which encourages intra-group competition and another which promotes
egalitarinism thereby reducing internal competition. To be clear, the prize sharing rule was
first analyzed in Sen (1966). But their analysis focused on the optimality of the rule in a
labour cooperative (a single group of workers). Throughout this chapter we focus on collective
contests, where two groups compete for a rent and the influence that has on how the groups
internally organize themselves.

The literature on strategic choice of sharing rules focuses on the endogenous choice of
internal organization of groups i.e. the group leaders have an option to optimally choose the
weight he wants to place on the outlay based incentive scheme, which encourages higher group
efforts by promoting internal competition. Two strands have emerged in the literature, which
differ on the restriction placed on the leaders choice parameter. In the first strand ((Baik,
1994), (Lee, 1995), (Noh, 1999), Ueda (2002)), the leaders of the groups are allowed to choose
a; on the interval [0, 1]. So the outlay-based incentive can be at most proportional to efforts,
i.e. the leaders cannot fine members who slack. The second strand (Baik and Shogren (1995),
Baik and Lee (1997), Baik and Lee (2001), Lee and Kang (1998), Giirtler (2005)), makes the

choice unrestricted , so that a; € (—o0, 1].
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In both cases the larger group chooses a less outlay-based incentive scheme than the smaller
group i.e. the larger group takes a dovish stance. The reason is that there exists a trade-off
between the chances of winning the contest and the size of the surplus net of efforts, which
remains for ez post consumption. If the larger group implements maximum competition within
its group, then given the advantage of size it wins the collective contest more often but the
surplus that is left over is too small. As it turns out, the larger group optimally chooses a
dovish stance to preserve a larger portion of the surplus.

We extend the above literature by proposing the restriction on the leaders choice of «; to
be over the [q;, 1], where a; € (—o0,1] is a parameter in the model. Both strands emerge
as special cases in our model. Our analysis generalizes the literature cited above and in the
process allows us to analyze the conditions under which both groups choose to be hawkish ,
focusing just on winning the contest by putting maximal weight on the outlay-based scheme.

Additionally, we discuss conditions under which the larger group loses the contest more
often, so that Group Size Paradox (GSP) applies. Even though it is not central to the main
question addressed in this chapter, we still report the results given that this has been a primary
focus of the literature on collective contests. For example, look at (Nitzan and Ueda, 2011),

(Balart et al., 2016) and (Esteban and Ray, 2001).

3.3 MODEL

There are two groups A and B, of size n;, i = {A, B}, where n; € {2,3,....}. We assume
without loss of generality that group B is at least as large as A, i.e. ng > n4. We denote the
total number of agents as N, so that N = ng+mn,. All agents are assumed to be risk neutral.

Both groups compete for a purely private prize, the size of which we normalize to 1. The
groups cannot write binding contracts among themselves regarding sharing the prize. Instead
they indulge in a rent-seeking Tullock contest spending effort trying to win the contest. The

outcome of this contest depends on the aggregate effort spent by the two groups. Let zy;
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denote the effort level of individual k belonging to group i, where effort costs are C'(xy;). For
simplicity we take C'(xy;) = xy;. The aggregate effort of group ¢ is X; = ;" | x.
The efforts do not add to productivity, and only determine the probability P;(X;, X;) that

group ¢ wins the contest. We assume that P;(X;, X;) takes the ratio form, i.e.

X; :
X4 it X;>0 orX; >0,

(X, X;) = (3.2)

% , otherwise.

Every group has a leader, who has the authority to enforce a sharing rule that specifies how
the groups payoffs are to be shared within the group in case the groups wins the contest. Both
leaders are benevolent, maximizing the expected group payoff while making their decisions.

We assume that the group leader has access to the prize sharing rules introduced by Nitzan

(1991), which is described follows:

We also assume that, a group leader can choose the level of «; for his group. Given the
choice of q;, the share of the prize the k' member of group i gets is s;. It should be noted
that this prize sharing rule is feasible as Zk@u Sk = 1.

The rule is a weighted average of an egalitarian component ni and a competitive compo-
nent %“Z The egalitarian component is an incentive scheme, which makes individual rewards
independent of efforts. Therefore, a positive weight on it causes individual members of a group
to free ride in effort provision. This reduces aggregate group efforts, leading to lower prize
dissipation. The result is that a larger ex post surplus can be enjoyed by the group in case of
success at the cost of lower chances of winning the contest itself.

The competitive component, on the other hand, is an outlay based incentive scheme, which

rewards more those individuals, who have put in higher efforts within the group. The resultant

competition within the group raises individual efforts, which in turn increases aggregate group
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effort. As a consequence, the chances of success in the contest increases for the group but now
most of the prize gets dissipated in costly effort provision, which reduces the ex post surplus
to be enjoyed in case of success.

In line with the literature on strategic choice of prize sharing rules, e.g. Flamand et al.
(2015), this chapter explicitly focuses on how this trade-off influences the choice of «; by the
group leader.

We assume that when choosing the weights to put on the different components of the prize
sharing rule, a leader is subject to group specific norms of competitiveness. In particular,
the leader of group i, i € {A, B}, is assumed to choose a; € [a;,1], where a; € (—o0, 1] *.
In other words, the “lower bound” «; corresponds to the maximum amount of competition
that a group leader can generate within his group, i.e., the maximum weight he can place on
the outlay-based incentive component. This limit on the competitiveness, which is a feature
specific to a group, may be imagined to have developed out of long term interactions among
group members. To be clear, the restriction implies that the leader can lower competition
within the group with respect to the group norm, by choosing «; > «,. He, however, cannot
increase internal competition beyond a certain limit given by ;. In this chapter we do not
go into the sources of such group specific norms and take them as fixed. For a study on the
emergence of social norms in an experimental setting, readers may look at Grimalda et al.
(2008).

It should also be made clear at this point that these restrictions generate an interplay of
the two main forces in our model. If o, is high enough then free riding is a dominant force
within group ¢ and a larger group size is then a disadvantage as far as chances of winning the
contest is concerned. On the other hand if o, is low enough then the force of competition is
dominates and a larger group size would be an advantage . How these different intra-group
forces play out , where two groups of different sizes and different social norms are matched in

a collective contest, is the meat of this chapter.

4In the existing literature the cases considered are a; = 0 and a; = —00
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After group ¢ leader chooses «;, individual k in group ¢ chooses efforts x; to maximize his

expected utility, which is as follows:

/

Ski(@hi, Xoy i) Py(X5, Xj) — g if X3 >0,X; 20,

0 if XZ‘ZO,X]‘>O.

It should be noted that in this case only the ratio of the individual to the total group effort

needs to be verifiable.

B Leader’s Objective: Recall that the leaders of both groups are benevolent social
planners who choose «; € [, 1], where a; € (—o0, 1], to maximize net group payoffs.

The maximization problem of leader of group 7 can be written as follows:

aie[givl}
Given that P;(X;, X;) takes the ratio form it is straight forward to check that leader i’s
maximization problem can be re-written as follows °:

max P;(X;, X;)(1 — X) (3.6)

o;€lay,1]

where X = X; + Xj.

The payoff representation in (3.6) is intuitive, and captures the trade-off inherent in the
group leader’s maximization problem. X measures the amount of prize dissipated in the
competition between the two groups. Therefore 1 — X is the surplus net of efforts, which
remains for ezr post consumption in case of success. The probability with which group i wins

this net surplus is (X, X;). If leader of group ¢ wants to win the contest with a higher

PRI(Xi, X)) — Xi = % — X = xx (L= Xi - X)) = Pi(Xi, X5)(1 - X)
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probability he has to take measures, which increase group efforts X;. But when X; goes up so

does X, which reduces the size of the net surplus.

B Description of the Game: Our game consists of two stages. In the first stage the
leaders simultaneously choose their respective sharing rule o; € [a;,1], i = A, B. Having
observed the choice of the sharing rules, in stage 2 all agents simultaneously decide on their
own effort levels.

We denote the equilibrium of the game o* = (¢, 0%).

We solve for the Subgame Perfect Nash equilibrium (SPNE) of the game described above.

3.4 (CHOICE OF INDIVIDUAL EFFORTS

In this section we characterize the Nash equilibrium effort choices of individual members
of the groups taking as given the sharing rules a4 and ap, which are chosen by the group
leaders in the first stage.

Before stating the results we need to state a few definitions, which we will use throughout
the chapter.

First, we define the phenomenon of Monopolization of a group in the contest, which is well

recognized in the collective contest literature, see e.g. Davis and Reilly (1999), Ueda (2002).

DEFINITION 8 Monopolization

A SPNE (o, o) is said to involve monopolization of group i, if in equilibrium group i does

not put in any effort in the contest.

Equilibrium Net Surplus and Probabilities of Success

In the following proposition we report the surplus net of effort, which remains for consumption,
i.e. 1—X, which we denote S. We also report the probabilities with which each group wins the

net surplus, P; and P;. Such a choice was made to keep the discussion in line with the basic
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trade-off in the model. In the Appendix we provide the relevant details. Before proceeding
we introduce the following notations:

Henceforth, we denote the surplus net of efforts as S, so that S =1 — X.
For i,j € {A, B} and i # j we define

X; can be interpreted as a measure of the competitiveness of group ¢ relative to group j. Note
that x; is increasing in «; and decreasing in «;. When «; is large relative to a;, group j is
relatively less competitive, which gives group 7 an advantage in the contest. On the other
hand when «; is large relative to «;, group j wins the contest more often. In fact, as we see
in the following Proposition, the probability with which group ¢ wins the contest is directly

proportional to ;.

PRrROPOSITION 19
Consideri,j € {A, B} and j #i.

(A) If x; <07 then group i is monopolized by group j. In the unique intra-group symmetric

Nash equilibrium of the effort subgame

(a) The net surplus in the contest is S™M = —1+af757j_1) 8
J

(b) The probabilities of winning are (P, PiM) = (0,1).

(B) If xi > 0 and x; > 0 then neither group is monopolized. In the unique intra-group

symmetric Nash equilibrium of the effort subgame

- o QNM _ 1taj(nj—D+ai(ni—1) 9
(a) The net surplus in the contest is S™ = ——1-—¢ :

6This stands for the effective prize over which the contest takes place. See (3.6).

"When x; <0 then x; >0as x; +x; =N

8The first component in the superscript stands for the group which is monopolized and the second stands
for the word “monopolized”

9The first component in the superscript stands for the word “neither” and the second stands for the word
“monopolized”
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(b) The probabilities of winning are (PN, PNM)

(%71_

).

=z

We next discuss the results summarized in Proposition 19

B Group i is Monopolized: When y; < 0 group ¢ retires from the contest. This is exactly
the same monopolization condition found by Ueda (2002). Furthermore, x; < 0 when we have
a low o; and a high a;. Therefore, group j members are extremely active due to individual
incentives to exert effort, whereas free riding is such a dominant force in group ¢ that individual

(nj—1)(1-qa;

efforts fall to zero. The effort group j exerts in this case is X ;M = ), which leaves a

nj

1+o;(n;—

; 1 ; . . .
net surplus of S™M = ) SiM jncreases in a; because the effort necessary to monopolize

J

group 7 decreases with o, which leaves more surplus more consumption of group j.

B Neither group is Monopolized: This case arises when y; > 0 and x; > 0, which
immediately implies o; and «; cannot be too asymmetric. Notice that the probability that
group ¢ wins is directly proportional to y;. For x; to be high we need a «; to be low relative
to a;, i.e., members of group ¢ are relatively more active than members of group j.

It can be seen that the net surplus SVM

is increasing in both «; and «;. This follows
from the fact that an increase in «a; or «; exacerbates free riding within the groups, causing
aggregate efforts in the contest to fall.

Proposition 19 helps us set up the optimization problems that the leaders face in the first

stage. We now move to the first stage and characterize the Nash equilibrium.

3.5 CHOICE OF SHARING RULES BY GROUP LEADERS

In this section we analyze the Nash equilibrium choice of the group leaders in the first stage.
This leads us to the main result of this chapter.

First, we define the stances taken by the group leaders in equilibrium. Group ¢ is called
hawkish if in equilibrium its leader chooses to implement maximal competition by putting all
the weight on the outlay-based component of the prize sharing rule, i.e., a; = o, . A group ¢

is called dowish if in equilibrium its leader puts some weight on the egalitarian component of
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the prize sharing rule, thereby not implementing maximum group efforts, i.e. o; > a;.

It should be made clear that in this chapter the terms hawkish and dovish are not meant in
the usual sense of extremes on a uni-dimensional scale. Hawkish and dovish behavior are with
respect to group specific norms of competitiveness. A “hawk” focuses entirely on winning the
contest by choosing a; = ;. A “dove”, on the other hand, does not entirely focus on winning

the contest. It puts some attention on maintaining a larger net surplus by choosing o; > q;.

DEFINITION 9

We call group © hawkish iff its leader chooses a; = a; in equilibrium. Otherwise, we call group

i dovish.

3.5.1 Leader’s Optimization Problem

In view of Proposition 19, we can set up the optimization problem of the group leaders noted
in (3.6). We look at how the leader of group i optimally chooses «;, given a fixed «;.

If leader of group 7 wants to monopolize group j then he has to choose a; such that y; < 0.
This observation follows from part (A) in Proposition 19. In that case we can write down his
optimization problem as follows:

1+ ai(n; — 1)

-7 1. . <0 3.8
B T— St (3:8)

The solution to this problem is simple. As both the objective function and x; are increasing

M

in «; the leader will just set a; such that y; = 0 for given «;. We now define a cutoff ozg and

call it the Monopolization cutoff. o?™ solves x; = 0 at a; = Q.

DEFINITION 10 Monopolization Cutoff (a{M)

Fori,5 € {A, B} and j # i, the Monopolization Cutoff ong 1s defined as follows:

n; — 1 (nl — 1)’”] J
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The cutoff ong is such that if group j chooses a; = a;, then the best choice of group i if
it wants to monopolize group j is aZM

Now we consider the case where neither group is monopolized, i.e., x; > 0 and x; > 0. In
that case using part (B) of Proposition 19 and (3.6) we can write the optimization problem of

the leader of group i as follows:

Xi 1+ aj(n; — 1)+ a;(n; — 1) ‘ ‘
aime[ixl] <N> ( N st. xi>0 and x; >0 (3.9)

The solution to problem (3.9) is non- trivial as y; is decreasing in a; but the second term in

SNM

brackets, which is the net surplus , is increasing in ;. So to solve it we set up the Kuhn

Tucker problem. The Lagrangian of group ¢ given i,j € {A, B} and j # i, can be written as

L;, = <%> (1 i aj(nj — i\)/.—f_ ai(ni — 1)> + A <Oéz‘ - Qi> (3.10)

Notice that we ignore the constraints ; < 1 and x; > 0 and x; > 0 while setting up the

follows:

Lagrangian. We check later that they are satisfied. Maximizing the function in (3.10) leads
to a few cutoffs we need to define. These cutoffs help us delineate the parametric space by

which group’s constraint binds and which group’s does not in equilibrium.

DEFINITION 11 Group i-Binding Cutoff (a}”)

Fori,j5 € {A, B} and j # i, Group i-the Binding Cutoff oz;B 10°4s defined as follows:

o'B Ny~

i = m(l +a,(ni — 1))

The Group i-Binding Cutoft oz;B arises from the Kuhn-Tucker conditions associated with

L; and L; in (3.10). It arises when we assume that o; > Q; and a; = q;, so that \; = 0 and

10T he first component of the superscript represents the group whose constraint binds and the second denotes
the word binds
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A; =2 0. The cutoff helps us identify the parametric region where groups #’s constraint will

bind but group j’s will not in equilibrium®!.

DEFINITION 12 Non-Binding Cutoffs(al¥")

Fori,j € {A, B} and j # i the Non-Binding cutoffs are defined as follows:

The Non-Binding cutoffs, o;"" and o™, are obtained from the Kuhn-Tucker conditions
associated with L; and L; in (3.10). The cutoff arises when we assume that group ¢ chooses
a; > a,; and group j chooses a; > a;, so that A\; = 0 and A; = 0 This cutoff helps us identify

the parametric zone where neither groups constraints bind in equilibrium?!2.

PRrRoOPOSITION 20
Vi,je{A B} and j#i

(a) Group i is monopolized in a Nash equilibrium iff a; € [ﬁ, 1] and a; € (—oo,aM].

In this case any combination of prize sharing rules (af, ), such that of > a; and

« 1 (ni=Dnj _x Tibri
aj = = + (n,—Dm Y 15 @ Nash equilibrium.

(b) In the unique Nash equilibrium group i is hawkish and group j is dovish iff a; €

[V, ﬁ) and o; € (=00, aiP). The equilibrium prize sharing rules are (o, of )=(a, &P).

(¢) In the unique Nash equilibrium both groups are dovish iff a; € (—oo,af™N) and a; €

(=00, a;'Y). The equilibrium prize sharing rules are (o, o )=(a;"", o' ).

(d) In all other cases in the unique Nash equilibrium both groups are hawkish. The equilib-

rium prize sharing rules are (o, o )=(a;, ;).

HUDerived in Lemma 10 and 11
2Derived in Lemma 9
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Next we discuss the results summarized in Proposition 20

B Group i Monopolized: It is clear from the bounds stated in part (a) of the result that for
group ¢ to be monopolized in equilibrium, a; has to be sufficiently high and «; sufficiently low
(see Figure 3.1). Furthermore, 0433 and a;'-M intersect at a;; = ﬁ, so that for all o, < ﬁ we
have o < P, Here group j has the option to monopolize group i by choosing a; = oM.
But group j chooses not to do that because by choosing «; = oz;B , which is higher, it can
maintain more of the net surplus and give up only a tiny chance of winning upto group A.
The choice a; > a;, implies group j chooses more free riding within its group, which allows
group A to survive in the contest. Of course, the benefits of a larger net surplus dominates
the cost of decreased chances of winning for group j in this case.

In case Oz;M > aéB , it is again optimal for group j to choose the higher of the two in
equilibrium, in order to save net surplus. But at a; = oc;'-M , group ¢ is monopolized. Given
iM

that group ¢ will be monopolized at «; = o

77, any a; > a; is best response for group 4, as

at all such choices it gets zero payoff. For group j on the other hand, the best response is to

choose a «a;, which is consistent with oz;'-M , given whatever choice group 7 makes.

B Group A is hawkish, Group B is dovish: From part (b) of the proposition it is clear
that this case arises when both a4 and ap are low, so that both groups are potentially very
competitive (see Figures 3.1 and 3.2). Because both groups are sufficiently competitive, having
a larger size is an advantage in the contest. But again, because both groups are competitive,
it is more difficult for group A to compete against the larger group B. So the optimal choice
of group A is to be maximally competitive by choosing a hawkish stance. In other words,
group A focuses entirely on its chances of winning instead of saving net surplus.

The larger group B , on the other hand, chooses to save some surplus by choosing ap =
o > ap. It has the competitive advantage of a larger size. But the larger size also means
a lot of surplus will be dissipated if it focuses primarily on winning the contest by choosing a
hawkish stance. So, group B leader compromises on its chances of winning by choosing to be

dovish in order to save some net surplus.
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Similarly, we can analyze the case, where group B is hawkish and group A is dovish.
This case arises when group B is “boundedly meritocratic” but group A is “unboundedly
meritocratic”. This being the case, free riding is the dominant force within group B, which
makes its larger size a disadvantage. On the other hand, the smaller hand has very competitive
norms. Given the larger group is not much of a competition for it, group A shifts focus to

saving some net surplus by taking a dovish stance.

B Both groups are dovish: As can be seen in part (c¢) of the result, this case arises when
both a4 and ap are extremely low, so that both groups have extremely competitive norms.
If either group focuses entirely on chances of winning by taking a hawkish stance, then a lot
of surplus will be lost in costly efforts. Hence, both groups compromise on chances of winning
by shifting some attention to saving net surplus.

B Both groups are hawkish: This is the main result of the chapter and is succinctly
summarized in Corollary 2. Look at Figure 3.2.

In this case both groups choose to be hawkish, i.e. both focus on winning the contest instead
of trying to save net surplus. This case arises when group B is “boundedly meritocratic”. The
smaller group A could be “boundedly meritocratic” or “unboundedly meritocratic”.

This case arises when social norms are such that a larger group size is a disadvantage
for group B, as free riding is the dominant force within it. Group B tries to counter that
disadvantage by choosing the lowest possible «; and making its group maximally competitive
in the contest.

For the smaller group on the other hand, the numbers are still a disadvantage. So, ir-
respective of the degree of meritocracy in its norms it tries to counter the disadvantage of
smaller numbers by choosing hawkish stance.

This situation arises, when social norms of both groups are such that group sizes are
a disadvantage. Hence both groups exclusively try to maximize their winning chances by
choosing a; = q;.

This is main observation of this chapter. We have clearly identified the circumstances
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under which both groups will be hawkish, which seems to be a natural stance to take in a
situation of pure conflict. This has not been identified in the literature til now. It is succinctly

summarized in the following corollary of Proposition 20.
COROLLARY 2

In the unique Nash equilibrium both group A and group B are hawkish iff ap > maz{as™, a4P}

and o, = max{af™, ofP}

Corollary 2 provides a lower bounds on egalitarianism, which ensure that both groups will
choose to be hawkish in equilibrium. As mentioned before, it is an important observation
because in the context of group conflicts, the natural path for a group leader to follow would
be to try and maximize chances of winning by generating maximal efforts. In other words, it
precisely captures the circumstances under which social norms have a bite for both groups.

The result can be seen clearly in Figures 3.1 and 3.2.

Intuition: This result points to the fact that for the larger group B to entirely focus on
winning the contest by taking a hawkish stance, it needs to have sufficiently egalitarian norms,
which makes free riding the dominant force within it. In that case, having larger numbers is a
disadvantage, which can only be countered by taking a hawkish stance. If it had competitive
norms, larger numbers would be an advantage in terms of winning the contest but would
dissipate a lot of the surplus if it tried to generate maximal efforts. So, in such a case, the
larger group leader takes a dovish stance, which reduce its efforts and chances of winning
below maximum but retains a larger amount of surplus, which can be had in case of success.
For the smaller group, on the other hand, numbers are a disadvantage. So it generally takes
a hawkish stance to counter that disadvantage by taking a hawkish stance.

Before concluding this section, let us take a closer look at Figure 3.2. In Figure 3.2 let us
consider the polygon ABC DEF'. This is the polygon of Nash equilibrium choices made by the
leaders. If (o, ap) lies inside or on the boundary of the polygon then the Nash equilibrium
is (o, afy) = (ay,ap). If (ay, ap) lies outside the polygon then the Nash equilibrium is the

nearest point on the boundary closest to it.
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We conclude this section by summarizing the main takeaways. Firstly, we find that the
smaller group generally takes a “hawkish” stance in the contest. The larger group, however,
chooses a “hawkish” stance only in cases where it has sufficiently egalitarian norms, i.e.,
the incentive to free ride is so high within the group that larger numbers are actually a
disadvantage. When it has sufficiently competitive internal norms, the larger group chooses
a “dovish” stance to reduce its efforts and save surplus, which can be consumed ex post in
case of success. But, the main observation is made in Corollary 2, which precisely identifies
conditions under which both groups take a “hawkish” stance. Even though adoption of a
“hawkish” stance by all participating groups seems to be the most natural thing to do in a
purely competitive situation like ours, the conditions required for it to happen had not been

identified in the previous literature.

3.6 EQUILIBRIUM CHARACTERIZATION

In this section we characterize the subgame perfect Nash equilibrium (SPNE) of the whole
game. In Propositions 19 and 20, we characterized the Nash equilibrium of stage two and one
of the game respectively. Now, we use the two propositions to characterize the (SPNE) of the

game. We denote x; at (a4, ) as x..

PrRopPOSITION 21
(A) If group i is monopolized, then in the SPNE

ai(n;—1) 13

g

(a) The net surplus in the contest is S™ =

(b) The probabilities of winning are (P/M, PIM) = (0, 1).
(B) If neither group is monopolized, then in the SPNE

(1) If both groups are dovish then

13The first component in the superscript is the group which is monopolized and the second is the the word
monopolized
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NN _ 1
SNV — L.

(a) The net surplus in the contest is
(b) The probabilities of winning are (PN, PNY) = (£, 24).

(2) If group i is hawkish but group j is dovish then

(a) The net surplus in the contest is SP = Ty

(b) The probabilities of winning are (P/?, P/P) = (17%(2"“1), HQ"(;FI)).

(3) If both groups are hawkish then

(a) The net surplus in the contest is S =

(b) The probabilities of winning are (PP, PP) = (%, ).

We next discuss the results summarized in Proposition 21.
B Group i is Monopolized: This case arises when x; < 0 as can be seen from Proposition

19. Group j’s best response to any c«; is to choose a; which solves x; = 0. The effort

a;(n;—1) .

(3

is XM =1- %, which leaves a net surplus S™™ = The effort required to
monopolize group ¢ is decreasing in «; as it easier for group j to crowd out group ¢, when free
riding has increased within it. Therefore, the net surplus is increasing in «;.

Given that «; is high enough in this case, means that free riding is the dominant force in
group ¢ in this case. If now group i gets larger still, it becomes easier to monopolize group

as free riding will increase. Therefore, net surplus is rising in n; as well.

Next, we focus on cases, where neither group is monopolized.

B Both groups are dovish: Both groups are dovish means that in equilibrium o; > o
and a; > «a;. When both groups take a dovish stance, the total effort in equilibrium is
XN =1 -~ %, which leaves a net surplus SV = % Because neither constraint binds, the
probabilities of winning and net surplus are independent of a; and only depends on group
sizes. In this case only groups sizes matter, i.e. social norms have no bite.

Given that both groups get to choose the globally best rules in this case, the only difference

which applies between groups is one due to sizes. Increasing the size of group ¢ decreases the

effort of group 7 due to increased free riding. Efforts are strategic substitutes here and so the
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effort of group j goes up. But aggregate effort increases, thereby lowering net surplus SVV.
However, as the effort of group i falls, the probability of group ¢ winning the contest goes

down.

B Group i is hawkish, Group j is dovish: This case arises when in equilibrium «o; = o,

(ni—1)(1-g;)

and ; > a;. In this case the aggregate effort in the Nash equilibrium is X*# = %—i— T ,

% When q; rises, the effort of group ¢ decreases

which leaves a net surplus S = £ —
due to increased free riding. The effort of group j rises as efforts are strategic substitutes.
Aggregate efforts decline and so the net surplus rises as q; rises. As effort of group ¢ decreases,
the probability that group ¢ wins goes down with q;.

When n; increases, aggregate effort increases, thereby reducing the net surplus. When
a, < 0, effort of group ¢ rises with n; increasing its chances of winning. «, = 0 denotes
the cutoff above which the force of free riding dominates the force of competition in group .

Therefore, in terms of payoffs, larger numbers are a disadvantage for group ¢« when o, > 0 and

is an advantage otherwise.

B Both groups are hawkish: This case arises when in equilibrium «o; = ¢, and «o; =

a;. The aggregate effort level X? is declining in a4 and ap due to increased free riding.

-
Therefore, the net surplus S? increases in o, and ap. As q; rises free riding in group i
rises and so effort of group ¢ falls. Unless both a4 and ap are close to 1, efforts are strategic
substitutes, so that when X7 rises, X JB falls. However, irrespective of whether X is a strategic
complement or substitute to X;, it can be easily verified that the aggregate efforts decline with
a;. Furthermore, the probability of group ¢ winning decreases in a; and increases in «;.

It should be noted that the efforts are higher when both groups are “doves” than when both
groups are “hawks”. This happens due to the way we have defined hawkish and dovish behavior
in this chapter. A group chooses a hawkish stance in equilibrium when it has egalitarian norms
and a dovish stance when it has competitive norms. If a group is egalitarian then free riding

is the dominant force within it. On the other hand, if a group has competitive norms then the

dominant force is that of internal competition. Even though the groups choose dovish stances
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under competitive norms, the reduction in efforts is not to the extent that it falls below the

efforts chosen by hawkish groups, which have egalitarian norms.

3.7 WHEN DOES GSP oCCUuR?

In this section we turn to the question of welfare of the groups in the collective contest. We
focus on the phenomenon of Group Size Paradox (GSP), which denotes situations in which
the bigger group fares worse than the smaller group in the contest. In particular we link
the incidence of GSP to whether the groups are “boundedly meritocratic” or “unboundedly
meritocratic”. Even though GSP has been a primary focus of the literature on collective
contests, e.g. (Nitzan and Ueda, 2011), (Balart et al., 2016), there is no paper we know of

which analyzes how group specific social norms affect the welfare of the groups.

DEFINITION 13

The group size paradox (GSP) occurs in equilibrium if the bigger group wins the contest with
a lower probability i1.e. Pg < Py4. If the bigger group has at least as much chance to win the
contest as the smaller group i.e., Pg > Pya, then we say group size advantage (GSA) occurs

m equiltbrium.

There is no loss in defining GSP in terms of probabilities of success. We could have
alternatively defined it in terms of group efforts or payoffs, as all of them are equivalent in
this framework.

Next we define a cutoff, which we will need in the next proposition.

DEFINITION 14 GSP Cutoff (a§°7)

The GSP cutoff a$5F is defined as follows:

QGSP _ B~ A (na — )np
B 2na(ng —1)  (np—1)na

Qy.
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This cutoff is obtained by checking when PEFZ > PPP ie. when it the case that group B

wins the contest with a higher probability, where both groups are hawkish (Proposition 21).

PRroproOsITION 22

GSP occurs iff a, <0 or ag > a85F.

We next discuss the result summarized in Proposition 22 by breaking it up into three

different cases.

B Smaller group is “unboundedly meritocratic” (a4 < 0):

In this case the smaller group can choose to put a larger than proportional weight on the
competitive component of the rule. Allowing the smaller group this freedom allows it to counter
the disadvantage of having smaller numbers in the collective contest. This is irrespective of
whether the larger group is “boundedly meritocratic” or “unboundedly meritocratic”.

If oz > 0 then group B is “boundedly meritocratic”. Being larger and “boundedly merito-
cratic” is doubly disadvantageous for group B. Essentially, group B contains a large number
of free riders. Moreover, it does not have enough freedom to counter the force of free riding by
choosing a rule, which rewards efforts more than proportionally. Therefore, the larger group
always fares worse in this case.

If, on the other hand, group B is also “unboundedly meritocratic”, so that az < 0, it faces
the trade off between winning the contest and saving net surplus because it is larger. Group
A being smaller does not face this trade off. It is optimal for group B to try and save net
surplus by taking a dovish stance. In the process, group B ends up doing worse than group
A, as the dovish stance increases free riding in it.

Therefore, a4, = 0 captures the cutoff level of competitiveness, such that below it group A
is competitive enough to outdo the bigger group. In other, words group A being “boundedly

meritocratic” is a sufficient condition for GSP to occur.
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B Smaller group is “boundedly meritocratic” (a, > 0) and larger group is “un-
boundedly meritocratic” (a; < 0):

In this case the larger group has the advantage of rewarding efforts in its group more
than proportionally, thereby being in a position to generate substantial efforts from its larger
numbers. So it is in an advantageous position vis a vis the smaller group both with respect
to size and potential level of competitiveness and hence efforts. Therefore, in equilibrium it
fares better than the smaller group. We call this situation Group Size Advantage (GSA). Even
though group B is dovish, the fact that group A is “boundedly meritocratic”, allows it to fare

better than group A in equilibrium.

B Both groups are “boundedly meritocratic” (a, > 0 and ay > 0) :

This case, where both groups are “boundedly meritocratic” turns out to be the most
interesting one. What turns out to be important is the degree of asymmetry of the norms of
competitiveness across the groups. If the asymmetry is substantial, then the group with more
egalitarian norms does worse unequivocally.

If the norms of competitiveness are relatively symmetric across groups, i.e. a4 and ag
are close to each other '*, then what determines the occurrence of GSP is whether both
groups have egalitarian norms or both groups have competitive norms. Given that norms of
competitiveness are symmetric across groups, what creates the difference between the groups
is their relative sizes. But, the difference in sizes operate differently depending on whether
both groups have competitive norms or both have egalitarian norms. Look at Figure 3.3.

If both groups are egalitarian i.e., ap > % and oy > %, then the dominant force is one
of free riding in both groups. Therefore, having a larger group is a disadvantage in this case.
So, group B does worse than group A and GSP operates. Incidentally, this case perfectly
characterizes the type of groups Olson (1965) talked about in The Logic of Collective Action

. Olson (1965) % studied the case where the norms of competitiveness were symmetric across

14Tn Figure 3.3 the idea of relative symmetry is captured by drawing the 45° line and looking at clusters of
a, and ap around it

15To be preciseOlson (1965) studied the issue of free riding in collective action with only one group. But his
conclusions generalize to the collective contest scenario.
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groups. Specifically, he focused on the case of full egalitarianism, i.e., a4 = 1 and az = 1,
making the force of free riding maximal within both groups. With that situation in mind, he
reached the conclusion that larger numbers are not ideal for successful collective action. We
show that the force of free riding dominates as long as o > % and oy > %, thereby providing
a precise characterization of the types of groups, which were the focus of Olson (1965). We
call this collection of groups Olson’s Groups.

On the other hand, if both groups are sufficiently competitive i.e., 0 < ap < 5 and

2
0<ay < %, then the competitive force dominates. In such a case having larger numbers
is an advantage and group B fares better, so that GSA operates. Olson (1965) spoke at
length about how “selective incentives” could be used to outdo the force of free riding, making
collective action possible in larger groups. This case provides a perfect characterization of
such a situation. The norms being symmetric across groups, only group sizes matter. Here
the “selective incentives”, allows the larger group to overcome the force of free riding and fare

better than the smaller group. We call the collection of groups with equally competitive norms

Le., 0 <ap < % and 0 < ay < %, the Neo-Olson Groups. Look at Figure 3.3.
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3.8 EXTENSIONS

In what follows we extend the basic model in two directions. First, we consider the Generalized
Tullock Contest Success Function and verify whether the basic results of the main model go
through or not. Secondly, we consider the case where the group leaders are actually maximizing

the probability of winning the contest instead of group payoffs.

3.8.1 Generalized Tullock Contest Success Function

In this section we consider the Generalized Tullock Contest Success Function and try to
replicate the main results of the paper under it. The Generalized Tullock Contest Success
Function which is as follows:

T

X .
)(Z_TlX;, leZ>O OI"X'j>07

P(X:, X;) = (3.11)

% , otherwise.

We will be assuming that r € (0, 1] throughout to rule out the possibility of Increasing
Returns to Scale (IRS).

Second Stage Choices

The stage 2 choice of efforts is exactly the same as the NN regime of in Chapter 2 and
the equation which needs to be satisfied in equilibrium is provided in Proposition 13. In
the following result we state the efforts, probabilities and payoffs in a form that makes our

subsequent calculations easier.

ProrosIiTION 23

In any Nash equilibrium of the effort subgame, where neither group is monopolized

(1) The efforts of the groups are (XY, XJV) = (r(xa;?;fﬁ?;(f)a;w“‘, (x*);gaiz;(f;%;w’g)).

(2) The probabilities of winning are (PAVN, PéVN) = (w, %)
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(na—0 —7")PNN—|—7‘PNN2 (np—6 —7")PNN—|—7"PNN2
(3) The group payoffs are (IIYV TIHY) = (24=4 " A BB o E—).

This result extends Proposition 19 to the case, where r < 1.
The next result shows that the probabilities of winning PVY decreases with a;. Therefore if
group leaders were maximizing probabilities of winning we would have oy = a, and ap = ap

in a Nash equilibrium of the first stage choice by group leaders.

ProrosITION 24

dPNN
do;

<0 fori=A,B.

Like in the main model, where » = 1 the probability of winning for group ¢ is decreasing
in a; when r < 1. The reason is and increase in «; only increases incentives to free ride within

group %, which reduces its chances of winning the contest.

First Stage Choices

In this section we study the problem where group leaders maximize their expected group

payoffs subject to the constraint a; > oy, i = A, B.

PROPOSITION 25

In a SPNE

(1) If a; < —M, then group i will be dovish.

ni—l

ES

1—r42rPNN dPNN i—1)PNN
2) If o, > 2B gpg —2B = 5 (DR

il dor; (ni—0;—r)+2rPNN at ¥ = x

, then group i will be

hawkish.

This result provides sufficient conditions for the groups to behave in a hawkish or dovish
manner in equilibrium. Even though they are not necessary conditions, the result does help

us put bounds on q;, which will make the groups behave in a particular manner.
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3.8.2  Group Leaders Maximize Probabilities of Winning

In what follows we analyze whether group leaders behave in a hawkish or dovish manner in
equilibrium, when their objective is to maximize the probability of winning the contest rather
than group payoffs.

We know from Proposition 9 that when neither group is monopolized the probability of

winning for group i is as follows

PNM _ ni +n;(nj —1)oy —nj(n; — 1)ay
b N

(3.12)

It can be observed in equation (3.12) that the probability of group ¢ winning is strictly
decreasing in «;. Therefore, if the objective of group ¢ leader is to maximize the probability
of his group winning the contest then he should always choose «; = q;, i.e., he should always
behave in a “hawkish” manner in equilibrium. This is not surprising as “ hawkish” behavior
increases probability of winning at the expense of surplus. Therefore, if the primary objective
is to win the contest there is no reason for any group leader to take a “dovish” stance.

In case group ¢ is monopolized the probability of winning of group ¢ is 0 and group j is 1.
pNM

The choice of a; is immaterial to the outcome. Group j will choose a; such that =01in

equation (3.12).

3.9 (CONCLUSION

In this chapter we generalized the prize sharing rule proposed by Nitzan (1991) in the context
of collective contests. We propose a way to model group specific norms of competitiveness
and then analyze how such internal norms affect a group’s chances in external conflict. The
modeling innovation allowed us to characterize situations in which both groups would choose
focus entirely on winning an external conflict i.e. both group take the hawkish stance. This
feature despite being the most natural thing to expect in a situation of conflict, had been

overlooked in literature till now.
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We find that the smaller group A generally chooses to be hawkish. For group B to also
behave in a hawkish manner, it has to be the case that it is sufficiently “boundedly merito-
cratic” i.e., ap = 0 and high enough. This allows us to identify types of group conflicts, where
both groups take the extremest stance possible in order to maximize the likelihood of success
in the contest.

We also provide the conditions under, which GSP occurs. We find that group A being “un-
boundedly meritocratic” is a sufficient condition for GSP to occur. If group A is “boundedly
meritocratic” and group B is “unboundedly meritocratic” then larger group size is an advan-
tage for group B and it fares better than the smaller group. If both groups are “boundedly
meritocratic”, then whether GSA applies or GSP depends critically on whether the norms are
symmetric across groups or not. If both group’s norms are symmetric and competitive, then
having a larger group is an advantage and GSA applies. If both group’s norms are sufficiently
egalitarian then free riding is the dominant force in both groups. In that case, being larger in
size is a disadvantage and therefore GSP applies.

Even though the modeling innovation of imposing restrictions on the prize sharing rule
allows us to clarify when group sizes matter and when social norms matter, what remains to
be understood is where such social norms themselves come from. Given that these restrictions
are interpreted as norms of competitiveness in surplus division within a group, modeling how
such norms arise as a function of economic conditions a group faces in times of peace or how

such norms relate to group sizes, are interesting questions that are left for future research.
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3.10 APPENDIX 1

To prove Proposition 21 we have to first set up the individual effort choice problem of group
members in stage two of the game. Then we propose and prove a set of Lemmas which help

us prove the result.

3.10.1 Individual Effort Choice Problem

Taking as given (a4, ap) chosen by the group leaders in stage one of the game, the payoff of
the k' member in Group A is given as follows:
Xa Tka | QA

"X, Xp) = (1 - — +— - 3.13
T(Xa Xp) = o (1= a) 5+ M (3.13)

Similarly the payoff of the £* member of Group B is as follows:

AXB X «
kB kB B

Both (3.13) and (3.14) are continuous except at (X4, Xp) = (0,0). The functions are
concave in x;. for i = A, B.

We can compute the Nash Equilibrium in individual efforts by examining the First Order
Conditions of (3.13) and (3.14).

We ignore the constraint 0 < xy; < 1 while solving the problem and check later that
they are indeed satisfied. We characterize within group symmetric Nash Equilibrium in our
analysis.

Before proceeding we define the sets N; = {1,2...n;} for i = A, B.

First, we examine the First Order Conditions of the individual effort choice problem for

members of both the groups. The F.O.C of (3.13) w.r.t. zga , Vk € N4 is as follows:
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Similarly, the F.O.C of (3.14) w.r.t xxp , Vk € Np is as follows:

X X
: ot - an)

Xp — xiB
— (1 — — | <1 3.16
TS P R o s gury o ] (3.16)

X% -

If (3.15) holds strictly then zx4 = 0, VE € N,y. Similarly in (3.16). Both inequalities
cannot hold strictly at (zga,zrs) = (0,0), because it does not constitute a Nash Equilibrium.
Given the Tullock Contest Success Function at (zxa,zxs) = (0,0), a member in one of the
groups will deviate because then his group will win the contest for sure and he will get a
share of the incremental group payoff. It can also be easily verified that the Second Order
Conditions hold.

Therefore, there are 3 mutually exclusive cases to take care of.

» CASE 1:
Inequality (3.15) holds weakly at zx4 = 0, Inequality (3.16) holds with equality at some

zrg > 0.

LEMMA 5

If aanp(ng — 1) — apna(ng — 1) = na then Group A is Monopolized by Group B.In the

symmetric within group Nash Equilibrium , 2 =0, Vk € Na and a3} = W ,
B

Vk € Ng. The aggregate effort of group B is XM = (np=—b{1-ap)

np

Proof: If zi}y = 0, Vk € Ny, then X4 = nari, = 0. But notice that at X4 = 0 the L.H.S
of (3.15) is not well defined. So we will consider the limit of of L.H.S. of (3.15) as X4 — 0.

Define 21, = € > 0, Vk € Ns. Then X4 = nar{y = nae. As ny is finite X4 — 0 as
e — 0.

We need L.H.S. of (3.15) to be well defined and (3.15) to be satisfied as a weak inequality
at 7, = e and X4 = nae as ¢ — 0.

We replace 74, = € and X4 = nae in (3.15) and sum it over all k € N, to arrive at the

following condition:



Chapter 3: Prize Sharing Rules and Group Sizes 127

r Xp (na —1)(1 — aa)
11 AN2 A ~
e—0 (nAe—i-XB) (nA€+XB)

na (3.17)

As this limit is well-defined we need the following condition to be satisfied if Group A is

to be Monopolized.

naXp =14 (na—1)(1 —ay) (3.18)

At X4 =0, the L.H.S. of (3.16) is well defined. We sum (3.16) over all k € N, to arrive

at the following condition:

npXn = (ng —1)(1 — agp) (3.19)

For i =0 and 2 = ("B_Qw to be mutual best responses, both (3.18) and (3.19)
B

need to be satisfied. Replacing X# from (3.19) in (3.18) we arrive at the following condition:

asng(na —1) —apna(ng —1) > ny (3.20)

Equation (3.20) needs to be satisfied if group A is to be monopolized.

» CASE 2:
Inequality (3.16) holds weakly at xxp = 0, Inequality 3.15 holds with equality at some

Tpa > 0.

LEMMA 6

If agna(ng — 1) — aang(na — 1) = np then Group B is Monopolized by Group A. In the

(na—1)(1—a4)

symmetric within group Nash Equilibrium , 2, = 0 , Vk € Ny and 22, = =
A

Vk € N4. The aggregate effort of group A is X5M = ("A_Qw

A

Proof: The proof follows exactly the same lines as Lemma 5, but with the roles of the Groups
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reversed. Now A Monopolizes B so XE5M = (. We skip this proof. |

» CASE 3:
Both (3.15) and (3.16) hold with equality at some (x4, zxg5) > (0,0)

LEMMA 7

If —ma > apna(ng — 1) — aanp(na — 1) < ng, then neither group is Monopolized. In the
symmetric within group Nash Equilibrium , zp™ = L(n;(XVM)?2 — (n; — 1)(1 — a;) XVM)

Vk € N;,i,j = A, B and i # j, where the combined contest effort of the groups is XM =

XM 4 XEM — 1+("A_1)(1_‘)‘A])V+("A_l)(l_o“‘). The probability of winning for the groups is
).

(¥, PYM) = (3,1 -

'

Proof: Firstly, if none of the Groups is to be Monopolized neither Lemma 5 nor Lemma 6
can apply. The antecedent of Lemma 7 follows directly by negation of Lemma 5 and Lemma
6 .

In this case all the F.O.C.’s in (3.15) and (3.16) hold with equality.

To figure out the individual efforts in the within group symmetric Nash Equilibrium we

sum (3.15) over k € N4 to arrive at the following condition:

X (1 - aa)(na—1)
(XAM+ X2 XM+ XY

— ny (3.21)

We sum (3.16) over k € Np to arrive at the following condition:

XM (1—ag)(ng —1)
(XM + X2 XA+ X

= np (3.22)

Defining total effort in the collective contest as XV¥ = X¥M + X¥M and simplifying

equations (3.21) and (3.22) we obtain:

1
TR = a(mr;(XNM)2 — (1 —ag)(ng — )XM) Vk € N4 (3.23)

and
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1
TR = E(nA(XNM)2 — (1= aa)(na — 1)XVM) VE € Np (3.24)

Equations (3.23) and (3.24) are the Nash equilibrium effort levels in a within group sym-
metric equilibrium when both groups put in positive efforts in the collective contest.

Adding equations (3.21) and (3.22) we obtain:

VM _ 1+(1—aA)(nA—1]3[4-(1—043)(713—1) (3.25)

NM
— XA

Note (323) that P}{VM = XNM — nAXNM — (1 — OéB)(TLB — 1)

Replacing value of X from (3.25) we get

pNM _ A +na(ng — 1)ap —np(na —1)aa  xa
NM _ x4

N N

Similarly we can find the winning chances for group B.

Proposition 19 follows from Lemma 5, 6 and 7.

3.10.2 Leader’s Choice Problem

The last sub-section dealt with the individual effort choice problem, taking as given the choices
made by the respective group leaders. In this section, we focus on the choice problem of
the leaders in the first stage. The leaders are assumed to choose the prize sharing rules
simultaneously to maximize group payoffs. The sharing rules are subject to restrictions on
competitiveness. So the problem faced by leader of group ¢ is as follows:

maximize II;(a;, o)

Qg

subject to o, < a; <1,1=A4A,B.
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Here II;(cy, ;) denotes the payoff of group i. Leader of Group i takes «; as given. The
group payoffs are also a function of the group sizes n; and n;, but they are suppressed for
notational convenience.

To solve the above problem we set up the Kuhn-Tucker problem for the groups. To set-up

the Lagrangian, however, we need to figure out the group payofts first.

LEMMA 8
Fori,j=AB ji#]j
a)If Group i is Monopolized then,
M =0 ,and ITM =1 - XM
b) If neither group is monopolized then

I = (1 = X (n; XYM — (n; — 1)(1 — o))

where 1 — XM s the total rent ex-post and n; X — (n; — 1)(1 — ay) is group i’s chance of

wWINNINg.
Proof: The payoff function of group i can be written as follows:

Xi
i J

If Group i is monopolized then from Lemma 5 and Lemma 6 we have, X! = 0 and
X ;M > (. Replacing in equation (3.26) we get part (a) of the Lemma.
If neither group is monopolized the from Lemma 7

XM = ny (XM — (ny — 1)1 — o) XM

(2

Replacing in equation (3.26) we get the expression for the group payoffs in part (b) of the

Lemma.
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Now we can set-up the Optimization Problem that the leaders of the groups face. While
setting up the Lagrangian we ignore the Monopolization cases. We ignore the constraints
a; < 1,1 = A, B. We verify later that they are indeed satisfied in equilibrium.

The Lagrangian of the leader of Group A is as follows:

La=[1—X"npgX" — (ng —1)(1 — ag)] + Aafaa — ay] (3.27)

The Lagrangian of the leader of Group B is as follows:

Lp = [1 — XMy X M — (ny — 1)(1 — a4)] + Aplas — ap] (3.28)

A; is the Lagrangian multiplier of Group i. For ease of notation let us define 6; = (n; —
(1 —«y), i €{A, B}.

The Kuhn -Tucker conditions are as follows:

Lz (np — 2np XM 4 QB)dXNM +Aa=0 (3.29)

doy QA

f;i_i  (na— 204 XM gA)ddO:M +Ap=0 (3.30)
A =0, aa>ay,, Aafaa—ay]=0 (3.31)
Ap =20, ap>ap, Aglap—ap]=0 (3.32)

We can use the Kuhn-Tucker conditions to break up the problem into four mutually ex-
clusive cases. Each case is stated as Lemmas. These set of Lemmas help us prove Proposition

20
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Neither Group’s Constraints Bind

In this case we have A4, = 0 and Ag = 0.

LEMMA 9
If neither Group’s constraint binds then in Nash Equilibrium (o, o) = (oY, o) =
(]\7&;7131), 1\7@732)) The net surplus in the contest in equilibrium is S™N = % The prob-

abilities of winning are (PN, PFN) = (52, 54).

Proof:
Set Ay =0 and Ag =0 in (3.29) and (3.30)

It can be easily verified that = — =D 9 = A B. Therefore, (3.29) and (3.30)

da; N
reduce to the following conditions:
ng —2npX "M + 05 =0 (3.33)
and
na—2na X" +0,=0 (3.34)

If (3.29) and (3.30) are to hold simultaneously then the following equation must hold:

nAHB == RBQA (335)

From Lemma 7 we know that
1464+ 06p
XNM —
N

Using this fact and (3.35) in (3.33), and solving we get :

Oy = % (3.36)
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Replacing g from (3.36) in (3.35) we get:

(N - 2)7’LA

04 = N

(3.37)

Using the definition of 6; in (3.36) and (3.37), we get that in a Nash Equilibrium

NN _ NNy _ nga —nNpg np —na
(aA 7aB ) (N(TZA _ 1)7 N(nB _ 1))

The net surplus and probabilities of winning can be obtained by replacing the Nash equi-

librium values of (4, ap) in part (B) of Proposition 19

Group A’s Constraint Binds, Group B’s Constraint does not Bind

This is the case which corresponds to Ay > 0 and A\g =0

LEMMA 10

If Group A’s constraint binds but Groups B’s does not then in Nash Equilibrium (o, o) =

(@48, a4P) = (ay, ("37712‘:3&:51‘41;1)%)). The net surplus in the contest in equilibrium is S4B =

1+a 4 (na—1 - . . l-a,(na—1) 14+a,(na—1
—*Q;AA ). The probabilities of winning are (P{B P4P) = ( *A(2 azl) *A(Q - )).

Proof:
Set Ap = 0 in (3.30) and noting that dil(a];M = 7("]671) < 0, the following condition is the
relevant one
ny—2na XM 10, =0 (3.38)

Replacing XV from Lemma 7 in (3.38) simplifying we get

N?’LA—FNQA:QRA(l—{-QA—i-@B) (339)
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Solving for g from (3.39)

nA(N — 2) + (TLB - nA)HA
= 4
05 ot (3.40)

By definition 65 = (np — 1)(1 — ap). Applying this definition and the fact that ay = ay

and simplifying the above equation we get

WAB (np —na)(1+ (na—1)ay)
B ZHA(HB — 1)

(3.41)

Therefore in this case the in a Nash equilibrium we have

(np —na)(1 + (na — Day)
QTZA(HB — 1)

- (QA7

(aa”, a3”)

)

We, however, need to verify that A4 > 0. To do that we use (3.29). We know that dil(JAM =

w < 0. Therefore to show that A4 > 0, we need to show that (np —2ng X™ +60z) > 0.

This is satisfied as long as

ng —nNp
> _ NB

MZNna—1) M
This is the choice made by group A when none of the constraints bind in Lemma 9. This
condition delineates the zone where groups A’s constraint binds and where it does not in
equilibrium.
The net surplus and probabilities of winning can be obtained by replacing the Nash equi-

librium values of (a4, ap) in part (B) of Proposition 19

Group B’s Constraint Binds, Group A’s Constraint does not Bind

This is the case where we have A, =0 and \g > 0

LEMMA 11
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If Group B’s constraint binds but Groups A’s does not then in Nash Equilibrium (o, af) =

(aBP aBB) = (("Afn;)]il(;(ﬁﬁ)fl)g’g) ,ap). The net surplus in the contest in equilibrium is SBP =

1+ap(ng—1 . . 1+ag(ng—1) l1l—ag(np—1
%. The probabilities of winning are (PP5, PEB) = ( B(z 2=l 3(2 5=y

Proof:
The proof follows exactly the same line as the proof of Lemma 10, but now the relevant

first order condition being (3.29). Therefore, we skip the proof.

Both Groups Constraint Binds
This is the case where we must have A4 > 0 and Ag > 0

LEMMA 12

If both Group A and Group B’s constraint binds then in Nash Equilibrium (o, o) = (a4, @p)-

1+(nA_1)QA+(TbB_1)QB

The net surplus in the contest in equilibrium is S? = i

. The probabilities

of winning are (P¥, PF) = (

Proof:
In this case o’y = a4 and af = ap.
However, for this case to be valid we need to verify that Ay > 0 and A > 0. In light of

XNN

the fact that < = _("]i,_l) < 0, we can immediately conclude from (3.29) and (3.30) that

A\ > 0 as long as ( —2n; X" 4+0,)>0,i,j=A, B and i # j, where X" is given in (?7).
We work with the expression (n; — 2n; X" + 6,) to find conditions under which it is

non-negative. Replacing X7 in the expression we get

1+0,+0;
n.

= Nn; —2n; — 2n;0, — 2nj0 +N9 0
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= (N =2)n; + (n; —ny)(1 —a;)(n; — 1) = 2n5(1 — ;) (i — 1) > 0

= 2n;(n; — )a; — (n; — nj)(nj — 1)gj > n; —n,
Simplifying we get that A4 > 0 and Ag > 0 as long as
(np —na)(1+ (na—Daa)  ap
=B 27’LA(77,B — 1) “B ( )
and
(na —np)(1+ (np — 1)ag) BB
> = 3.43
=4 2np(ng — 1) %4 (343)
where a4? is the equilibrium choice of group B in the case where the constraint of group A

binds but group B does not ( Lemma 9) and 5P is the equilibrium choice of group A in
the case where group B’s constraint binds but group A’s does not (Lemma 10). So, these
conditions cleanly delineate the zones of equilibria characterized in Lemma 9, 10 and 11.

The net surplus and probabilities of winning can be obtained by replacing the Nash equi-
librium values of (a4, ap) in part (B) of Proposition 19

Having exhaustively analyzed the cases where neither group is monopolized, now we bring

in monopolization to check when a group is monopolized in equilibrium.

LEMMA 13

Group 1 is monopolized in a Nash equilibrium iff o, € [ﬁ, 1] and a; € (—o0, ozéw]. In this case

any combination of prize sharing rules (o, Oc;-‘), such that of = «; and o = L e

’I’Lj—l (nj—l)ni 1

is a Nash equilibrium. The net surplus in the contest in equilibrium is S*™ = W The

7

probabilities of winning are (P/M, PIM) = (0,1).

Proof:

Let us consider the case where i = A. The proof for i = B will be analogous and is skipped.
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Now for group A to be monopolized we know from Lemma 5 that the following condition

needs to be satisfied

asng(na —1) —agna(ng —1) > ny (3.44)

So if group B were to monopolize group A, then given any choice of a4, group B’s best

response is to choose

1 (na— 1)ng
ng—1 (ng—1)na

ap = — a4 (3.45)

This is so because it is the most egalitarian and hence the least costly way in which group
B could monopolize group A. This is obtained by solving for ap from (3.44) with an equality.
As for choice of of group A we have the following two cases
Case 1:
Suppose in an equilibrium, group A behaves in a hawkish manner, so that oy = a,. To
monopolize A, group B will choose from (3.45).
M 1 (na— 1)ngp

= — 3.46
%5 ng —1 + (ng — 1)nAQA ( )

Now in this case, group B in equilibrium obtains a payoff of II4M = %(Z—j_l)) (see Propo-

sition 21).

[AB — (+a—Day)

" (see Lemma 10).

If instead it were to deviate to aa? it would get

But notice that 142 > TI4M. Therefore group B always wants to deviate to aa?. This

1
na—1

deviation is not possible if a4 > 16 because then 1147 < 0, so that group A is drops out.

Given that group A will drop out group B’s best response is to choose o, because o) > AP

in this case and choosing o is the less costly way to monopolize A.

As group A gets zero payoff when monopolized, a4 is a best response to af. Therefore,

when a4 > ﬁ, (ay, M) constitute a Nash equilibrium in which group A is monopolized.

16This is where a4? and o intersect
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If, however, oy < ﬁ, then IT14P > 0. Given that it is always optimal for group B to
deviate to a4, it will do so and group A will not be monopolized. Therefore, there does not
exist a Nash equilibrium in which A is monopolized when a4 < ﬁ
Case 2:

Group A acts in a dovish manner ay > a4 in equilibrium.

When a4 < ﬁ, the best response for group B is to choose ap such that group A is not

monopolized. Given that group B will not monopolize group A, the best response for group

A do deviate to a hawkish stance, as its payoff is decreasing in a4. Therefore, there does not

exist a Nash equilibrium in which group A is dovish when a4, < TSR
fa, > ﬁ, nothing which group A does can guarantee it a positive payoff. So group A
is indifferent and can choose any a4 > a4. In this case the best group B can do is to choose
the least costly way to monopolize A by choosing ap given in (3.45).
The fact that group A is indifferent between choices of sy when it is monopolized in
equilibrium, gives rise to multiple Nash equilibria. But, we can get around this issue by

assuming that when indifferent group A chooses aq = a4, because this choice is immune to

trembles in strategies of group B. [

Proposition 20 follows directly from Lemma 9, 10, 11, 12, 13. Also look at Figures 3.1 and
3.2.
The net surplus and probabilities of winning can be obtained by replacing the Nash equi-

librium values of (a4, ag) in part (B) of Proposition 19.

B Proof of Proposition 21
The proof directly follows from Proposition 20 noting that II; = P;S.
B Proof of Proposition 22.
Proof: To prove this Proposition we use Figures 3.1 and break up the proposition into four

mutually exclusive cases. 17

"Even though GSP has been defined in terms of winning probabilities in the chapter, we proceed by
comparing payoffs of the groups, as these are equivalent in our framework.
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» Case 1: oy > 0and a5 <0

From Figure 3.1 it is clear that in this case either group A is Monopolized or we are in the
case where Group A’s constraint binds but Group B’s does not.

If group A is monopolized then of course the larger group B wins the contest with proba-
bility 1 and GSA applies.

If group A is not monopolized then Lemma 10 applies. We can immediately verify that
[IAB > 1145, This inequality holds as long as a4, = 0. So again GSA applies.
» Case 2: ay > 0and ap >0

From Figure 3.1 it is clear that in this case we have many subcases, i.e., group A can be
monopolized, group B can be monopolized, both groups constraints may bind and we may
also be in situation where Group A’s constraint binds but Group B’s does not.

But just considering the case where both group’s constraint binds helps us to cleanly
delineate the parametric zone into zones where GSP or GSA applies. When both group’s

constraints bind then Lemma 12 applies. It can be easily verified that 1§ > 15 if and only

: GSP _ _np—na (na—1)np
if Qp > ap T 2na(np-1) + (nB—l)nAgA'
a5 intersects ap? at a, = 0 and lies above it at any a, > 0. Also, a&5" lies entirely

above apg™ at any a, > 0. So, these cases belong where ap < a$°F| and therefore GSA
should apply in these cases. It can be easily verified from Lemma 10 and Lemma 13, that it
is indeed the case. Look at Figure 3.4.

Also, a§5F lies completely below a5™. So, the cases in which group B is monopolized

GSP

belong where ap > a%”", and therefore GSP applies.

a%3F provides a clear delineation of this parametric zone, i.e., a4, > 0 and ag > 0, as far
as occurrence of GSP or GSA is concerned.
» Case 3: ay <0Oand ap <0

From Figure 3.1 it is clear that either we are in the case where Group A’s constraint binds

but Group B’s does not or we are in the case where neither groups constraint binds.
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In the case where neither groups constraint binds Lemma 9 applies. It can be immediately
verified from the Lemma that TI4" > IIEY. Therefore, GSP applies in such cases.

In the case where Group A’s constraint binds but Group B’s does not, Lemma 10 applies.
And again it is straightforward to check from the Lemma that I147 < II4# when a4, < 0. So,
again GSP applies.

» Case 4: ooy <O and az >0

From Figure 3.1 it is clear that this case has many subcases, i.e., neither group’s constraints
bind, group B is monopolized, Group A’s constraint binds but Group B’s does not and also
Group B’s constraint binds but Group A’s does not. In what follows we consider each case
one by one.

If we are in the case where group B is monopolized, then group A wins with probability 1
and GSP applies.

If neither groups constraint binds then Lemma 9 applies. It can be immediately verified
from the Lemma 9 that IT}Y > TI¥Y. Therefore, GSP applies in such cases.

If group A’s constraint binds but group B’s does not then, Lemma 10 applies. It can be
easily verified from Lemma 10 that T2 < 1148 when a4 < 0. Therefore, GSP applies in this
case.

If group B’s constraint binds but group A’s does not then, Lemma 11 applies. It can be
easily verified from Lemma 11 that TT1E% < TI5% when ay > 0. Therefore, GSP applies in this
case too.

The last case to consider is the one where both groups constraint binds. We saw that in
Case 2 that GSP applies when az > a%”. When both groups constraints bind in this case,

GSP

the condition for GSP to occur is still ap > o as Lemma 12 still applies. But, we also

GSP
B

noted in the proof of Case 2 that « intersects as? at a, = 0. In this particular case,

a%5F lies entirely below as?. For both groups constraints to bind it must be the case that

ap > aiP. But because ap? > a§5" in this case, it follows that ap > a§%F. Therefore, GSP

GSP
B

applies in this case as well. For visual clarity consider the dotted section of « in Figure
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3.4.
Proposition 22 directly follows from the above four cases and can be visualized in Figure

3.4

1]asp

GSP

oV
GSP GSP

,,’/ O 1 ;A
GSP GSP | GSA GSA

Figure 3.4: GSP-GSA
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3.11 APPENDIX 2

Proof of Proposition 23
Proof:

Using the fact that Xp = 2*X, in (2.88) we get X3V, We get XYV by replacing
XEN = (z) XYY in (2.89).

Replacing Xp = (2*) X4, in Py = % we get that PYN = ﬁ And PAV is obtained

by solving PN =1 — PYN.

The group payoffs can be obtained by using the computed X3V and P{N in YN =

NN NN _ pNN _ r(@)"+(1+(@*)" )04 _ pNN 1 r(@)"+(1+(=*)")0a\ _ pNN )
PN = XJ = PIY = e = P mer (e ) = PAT (L= -
r(z*)" __ PyN 1 _ (na—0 —r)PNN+rPNN2
maley]) = e (ra = 0a —r(l - o)) =
Similarly we can find TI5Y. |
Proof of Proposition 24
Proof:
To prove this we use equation (2.25).
nAHB(a:*)T — nBGA(x*)I*T — nB(r + 9,4)(1’*) + TLA(’/’ + 03) =0 (347)
Differentiating the equation with respect to s and rearranging we get
dz* —np(na — 1)[z* + ()77 (3.48)

doy — mnafp(x*)=1 — (1 —r)npla(a*) —ng(r +0,)
The numerator is clearly negative. As for the the denominator, we have to consider the

following function

Yy =na0px" —nglsr’™" —np(r+0,)x +ns(r +0p) (3.49)

Therefore slope of the function evaluated at x* is as follows:
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d
d—y =rnafpx™ " — (1 —r)nglax™ " —ng(r+ 64) (3.50)
€ r=x*
Notice that the right hand side of (3.50) is the denominator of (3.48). We can also see in
Figure 2.20 and 2.21 that j—i < 0. Therefore, we can conclude that ~ > 0.
NN _ 1
Now we know that Py~ = T
Differentiating with £t L Sl L )
ifferentiating with respect to aq we get Z4— = —G s aa, < 0.
Similarly we can show that Z2° < g,
[ |

Proof of Proposition 25

Proof:
To understand when group ¢ constraint will be binding, i.e., a; = a, in equilibrium we

need to find conditions whe

in equilibrium is

i — 0; — r)PNN 4 p pNN?
VN = (n NP Arh (3.51)

n;

Taking the derivative with respect to a; we get
(ni — D)PNN 4 (n; — 0; — r + 2r PNV ) 2L
: (3.52)

dIINN

dOéZ'
¥ <0 from Proposition 24. So to determine the sign of ¢

NN
we need to

d

NN
< 1—r+2rP; )
n;—1

We know that

—r+2r PMY . This will be non-positive as long as o

0; —

focus on the sign of n; —
> ( and the group leader will choose a;; > «; in equilibrium, which is

diivy

But in that case —*
a;

defined to be dovish behavior.
dItVN . dPNN
— < 0 we also require ———
6%

1—r4+2rPNN
If on the other hand a; > ————— then to have —

o (m_l))f%l ~~ to hold. In this case, we will have group 7 leader behaving in a hawkish manner
|




Chapter 4

Bargaining for Assembly

4.1 INTRODUCTION

In many real life situations a buyer needs to acquire multiple inputs to implement a project.
Examples include acquiring multiple plots of land to set up a factory, hiring faculty to set up
an academic department, acquiring different molecules to make a new drug, among others.
In most of these situations the inputs are owned by different individuals. Consequently, the
buyer needs to bargain successfully with multiple sellers owning distinct sets of inputs. We
refer to such situations as assembly problems.

For illustration, let us consider a buyer, who owns a production process, which can be
made operational with inputs viz., capital and labor. The buyer owns none of the inputs
and needs to acquire them from respective owners. The degree of complementarity between
different inputs turns out to be an important determinant of how bargaining between the
buyer and sellers unfolds. Roy Chowdhury and Sengupta (2012) show that when inputs are
perfectly complementary the buyer is subject to holdout by the sellers and therefore, realizes
little share of surplus in absence of an outside option.

We are skeptical about the assumption of perfect complementarity of inputs and want to
analyze whether holdout persists when we allow different degrees of complementarity. To do
that we introduce production processes modeled as graphs. Each node on the graph represents

an input and an edge between a pair of nodes represents the complementarity of these inputs
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in the production process. The buyer wants to purchase a path of a desired length, called a
feasible path. Inputs can be substitutes because we assume that the buyer may not need to
acquire inputs from all sellers to implement the project — this is the situation when there are
more than one feasible path in the graph representing the production process. Examples of
such production processes is provided in subsection 4.3.1.

Most of the existing literature on multilateral bargaining assumes perfect complementarity
of inputs and focuses on the effect of different bargaining protocols on the incidence of hold out.
In contrast, we focus on the importance of the features of the underlying production process
for holdout to occur using a standard extension of the Rubinstein protocol to multilateral
bargaining.

We are able to show that full surplus extraction by the buyer within two periods is a
subgame perfect equilibrium of our bargaining model if and only if (a) there are no critical
sellers and (b) there exist at least two feasible paths with minimum sum of seller valuations.

The equilibria we characterize have the following features:
e Suppose the underlying graph has no critical sellers and seller valuations are identical.

— If the graph contains a cycle of a minimal length, the buyer can extract full surplus
in the first period itself regardless of whether she or seller makes the first offer.

This represents the case of perfect substitutability between all individual inputs.

— If the graph contains two disjoint paths, the buyer can extract full surplus in the
second period if she is making the first offer. She extracts full surplus in the first
period if sellers are making the first offer. This is the case of path-path substi-

tutability.

— For any other graph without critical sellers, which do not fall into the previous two
classes, the buyer can extract full surplus in the second period if she is making the
first offer. She extracts full surplus in the first period if sellers are making the first

offer. This is the case of node-path substitutability.
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e Suppose the underlying graph has no critical sellers and seller valuations are unequal.

The buyer cannot extract full surplus except in a special case.

e Suppose there is exactly one critical seller in the graph. We show that the buyer cannot

earn more than 1%_5 of the maximum surplus in any equilibrium. If there are more than

one critical sellers, buyer cannot earn more than % of the maximum surplus in any

equilibrium.

Our results highlight the importance of indispensable inputs (critical sellers) to the inci-
dence of strategic delays and the buyer getting minimal share of the surplus. In the process,
we underscore the importance of studying underlying production processes in models of mul-
tilateral bargaining, as it affects how bargaining unfolds in critical ways. Even though the
production process we propose is not the most general one, it has wide applications. We con-
jecture that our basic insight about the importance critical sellers in multilateral bargaining
will carry over to more general production processes if a critical seller is appropriately defined
in such a context.

We structure our chapter as follows. In the next section we discuss the relevant literature.
Subsequently, we lay down the preliminary structure of our model and present two important
results from the literature. Then we present our main results for different cases of our model.
All proofs are presented in the Appendix. The next section offers detailed discussion of the

main results. The final sections offer concluding remarks.

4.2 LITERATURE

Situations where a buyer needs to buy complementary inputs from different sellers is quite
common. For example, the famous railroad example by Coase (1960) presents a situation
where the railroad has to acquire plots of land from several farmers. Given the complemen-
tarity inherent in such activities, the outcome is likely to exhibit hold out, allowing sellers

to extract a greater share of the surplus. In such scenarios hold out is expected to cause
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inefficiencies viz. strategic delays, implementation of sub optimal projects or complete break-
down of negotiations. This problem has been studied in the land assembly context (Asami,
1985; O’Flaherty, 1994; Cai, 2000b, 2003; Menezes and Pitchford; Miceli and Segerson, 2012;
Roy Chowdhury and Sengupta, 2012; Géller and Hewer, 2015).

In one of the earliest papers on the topic, Asami (1985) models a land market with mul-
tiple buyers and multiple sellers as a cooperative game. He finds that in a core allocation,
competition prevents agents from claiming surplus, but some agents, e.g. a critical seller or a
lonely buyer are able to extract positive surplus. In contrast, our approach is non-cooperative
and allows for general contiguity structures and valuations. However, it retains all the features
of Asami (1985) pertaining to the single buyer problem.

Strategic exchange is usually modeled in economics using bargaining games, where agents
on one side of the market propose prices (or, equivalently, shares of the surplus), and those
on the other side accept or reject. The legitimate range of price offers, the sequencing of the
offers and the possible length of the negotiation process are given by the bargaining protocol,
which is common knowledge (see Osborne and Rubinstein (1990) for a survey). The bargaining
protocol we follow is a natural extension of Rubinstein (1982) and is the same one used in
Roy Chowdhury and Sengupta (2012). We also assume complete information, i.e., all relevant
information pertaining to the game is common knowledge among players. So our model belongs
to the wider class of strategic bargaining models with complete information (e.g., Fernandez
and Glazer (1991)).

Closer to our setting, Menezes and Pitchford study a non-cooperative game of entry into
an efficient bargaining process. They show that there is inefficiency in the entry decision
and relate it to the degree of complementarity in production. Cai (2000b, 2003), shows how
inefficiency due to hold-out may arise by using a circular bargaining protocol, where the buyer
follows a fixed order of bargaining with sellers; sellers who reject an offer are pushed to the
end of the queue. In contrast, we do not study entry and we assume a simultaneous offers

game. Thus we are closest to Roy Chowdhury and Sengupta (2012). Also like most of the
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above papers (except Cai (2003)), we analyze the cash offers model, where payment is made
immediately upon agreement.

Roy Chowdhury and Sengupta (2012) have studied the problem of a buyer bargaining with
multiple sellers holding an item each, where all items are complementary. Either side of the
market can open the negotiations. Suppose the buyer begins by making simultaneous offers
to active sellers. A seller can accept or reject the offer he receives. On acceptance, the seller
surrenders his plot in lieu of the cash offer and leaves the market. Sellers rejecting buyer’s
offer make counteroffers in the next period that the buyer can accept or reject. Bargaining
continues till either the buyer quits to avail an outside option or realize an agreement with
all sellers. They focus on the role of transparent protocols and outside options: buyer can
extract higher surplus with transparent protocols if he has an outside option; holdout may be
unavoidable with less transparent protocols even in presence of an outside option.

We use the same bargaining protocol as Roy Chowdhury and Sengupta (2012) but assume
it to be transparent; we also assume that the buyer has no outside option, similar to their
benchmark model. We introduce competition among sellers in the model by allowing for
more sellers than the number of items required. Such competition has the familiar flavor
of Bertrand games covered in the applied game theoretic literature. Our graph theoretic
approach allows us to explore different degrees complementarity among inputs and relates
it to the phenomenon of holdout in an intuitive way. For a paper, which analyzes bilateral
bargaining between agents on a graph with complementary pieces of information, the reader
is referred to Jiménez Martinez and Dam (2011).

A number of contributions in the literature have applied protocols where the buyer engages
in a sequence of bilateral negotiations with sellers (Cai, 2000b; Suh and Wen, 2006, 2009; Li,
2010a). Delay is embedded in such protocols in the sense that at least k periods are required
for successful assembly if the buyer needs to assemble k units. Unless the buyer’s budget per
period is limited, or the application in question involves bargaining with agents in different

levels of supply chain (e.g., wholesaler, retailer etc.), a rational buyer would minimize such
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delay. Notice that our protocol effectively allows for bilateral negotiations: for example, if
the buyer has to assemble two items, she can choose to make a positive offer to seller 1 and
a negative offer to seller 2. This allows a bilateral negotiation with seller 1 in period 1 and
that with seller 2 in period 2. Alternatively, she can make simultaneous offers to both sellers.
Consequently, whether she chooses to bargain simultaneously or in a sequence is a choice to be
made as an equilibrium response. Readers interested in the equilibria in sequential protocols
may refer to the papers cited above.

We want to distinguish our contribution from two seemingly related strands of literature.
First, it is distinct from the literature on bilateral trade on networks (see the survey by Manea
(2016)): in this literature, bilateral trade takes place in each period between a random pair
of nodes on a network. In contrast, we use a network to model the complementarity of inputs
owned by sellers. The buyer is isolated from this network, but wants to purchase all nodes on
a feasible path. She can make an offer to any seller and vice versa, but no seller can make any
offer to another seller. Secondly, it is distinct from the literature on spectrum and package
auctions (see the survey by Bichler and Goeree (2017)): in such auctions, multiple buyers
have possibly different valuations over different “packages” of radio spectrum. In contrast,
our single-minded buyer has the same valuation over every feasible path.

Sarkar (2017) investigated the existence of direct mechanisms that are “successful” in
the sense of Myerson and Satterthwaite (1983)" when agents have private and independent
valuations and seller valuations are drawn from the same prior. Although a successful di-
rect mechanism may exist for certain priors, it is not easy to interpret the form of such a
mechanism?. In contrast, bargaining has a natural interpretation in a complete information
framework. It also enables us to study the equilibrium strategies of the agents in depth. It
remains to be investigated whether the generalized Rubinstein bargaining protocol that we

use can lead to efficient outcomes under asymmetric information.

LA mechanism is “successful” in this sense if it is ex-post efficient, interim incentive compatible, interim
individually rational and ex post budget balanced.
2See Krishna and Perry (2000) for the construction of a successful mechanism
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There is also a literature in multiagent contract theory that maybe of secondary interest
to our readership. Segal (1999) analyzes the problem of contracting with externalities. With
public commitment, inefficiency arises because of externalities in agents’ reservation utilities.
Genicot and Ray (2006) analyses a game where a principal offers contracts to a set of agents
whose outside option depends on the number of agents not contracted. In this game, compe-
tition among agents is exploited to force agents to inferior contractual terms.

A natural follow-up of our exercise is to investigate the impact of formation of seller
coalitions on equilibrium payoffs (see Ray (2007) for a survey of coalition formation). A
complete analysis of this question is beyond the scope of this chapter. In our discussion
section, we provide an example to show that if the sellers are allowed to form coalitions, the

buyer may not be able to extract full surplus even when sellers have identical valuations.

4.3 PRELIMINARIES

4.3.1 Graphs and assembly problems

Sellers of inputs are located on nodes of a graph. Two sellers are connected by an edge if
the corresponding inputs are complementary in buyer’s production process. In an application
like land acquisition, adjacency can be interpreted in the usual physical sense. A path is a
sequence of connected nodes. The buyer wants to purchase a path of desired length?, say k.
This implies that the buyer can combine any k& complementary inputs to produce output. We
will denote a path by P and the corresponding sum of seller valuations by S. An assembly
problem with complete information is a tuple: (I', k, v, d). Here I is a graph of order n; positive
integer k is the desired minimum length of the path buyer is interested in purchasing; if the
buyer cannot acquire a path of size k or more, the project is not feasible and the value he

gets is normalized to 0; the first component of v = (vg, vy, ..., v,) denotes the valuation of the

3This can be relaxed to include any special graph of a fixed size. Rights of passage directly motivates the
desire to purchase a path in our case.
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buyer for a path of length £ or more, and other components denote the valuation of the sellers
for their respective items; the real number § € [0, 1] denotes the common rate at which the
n+ 1 agents discount future payoffs. Note that efficiency would require the buyer to purchase
only paths of length k, unless some of the sellers have zero valuation. We assume that there
exists a path P € I, such that it results in a positive surplus: vy — > _..pv; > 0. Given such
a graph I', the expression maxpcr (vo — D iep vi) is referred to as “full surplus” or “efficient
surplus”.

The variety of possible graph structures can be large since a graph with n nodes can have
up to (g) edges. We group possible graphs into four mutually exclusive and exhaustive classes

and analyze them independently to reach our main result. The four classes are as follows:

Graphs with Critical Sellers: A seller is critical if he lies on every feasible path (see Figure
4.1). This implies that the corresponding input is complementary with respect to every feasible
production plan. If there is only one feasible path in I, all sellers in that path are critical. But
if there are multiple feasible paths, a seller must lie in their intersection in order to qualify as
critical. If there are multiple feasible paths, the number of critical sellers cannot exceed k — 1:
not all sellers on a single path can be critical. Paths of length less than k£ that do not have
an intersection with any feasible path can be excluded from the analysis, because the buyer’s

valuation over such paths is zero.

Figure 4.1: A feasible path in the star graph when k = 3; seller 1 is critical.

Consider graphs with critical sellers, referred to as I'* (see Figure 4.1 and Figure 4.2). In
this class, inputs belonging to critical sellers are not substitutable but those belonging to

non-critical sellers are substitutable in a limited sense.
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Figure 4.2: A line graph with two critical sellers marked red;k=3

Graphs with a k+ 1 Cycle: Consider graphs with cycles of order k + 1, referred to as I'*
(see Figure 4.3). Here, every input on a feasible path can be substituted by another input on

the graph. Note that when I' is a complete graph of order n, which we denote as an assembly

Figure 4.3: A cycle of length 4.

problem by (n, k,v,d), it belongs the the class I'* .

Graphs with Disjoint Paths: Next, we consider graphs with two disjoint paths, referred
to as I'P (see Figure 4.4). Here, no individual input is completely substitutable, but a feasible

path can be substituted by another feasible path.

O ®
» ©
® ©

Figure 4.4: Graph with disjoint feasible paths; k=3

Oddball Graphs: Finally, consider graphs where (i) there is no cycle of length k + 1, (ii)

no two paths are disjoint and (iii) the intersection of all feasible paths is empty, referred to as
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'Y (see Figure 4.5). For convenience, we will refer this class as oddball. In this class, inputs

in the intersection of two or more feasible paths cannot be substituted with respect to these

feasible paths, but they are substitutable with respect to inputs on other feasible paths.

@‘9

Figure 4.5: An oddball graph, n =5, k=3

Facts 1-5 below imply that single component graphs with (a) critical sellers, (b) k+ 1-cycle,
(c) disjoint paths, and (d) oddball are four mutually exclusive and exhaustive categories. A

graph may have multiple components from different classes.

e Fact 1: All sellers on a single path of length k£ are critical, regardless of whether this

path is a cycle.
e Fact 2: The number of critical sellers on a single path reduces with its length.
e Fact 3: No cycle of length more than k£ has a critical seller.

e Fact 4: Cycles of length 2k or more have at least two disjoint feasible paths and hence,

no critical seller.

e Fact 5: The oddball class covers all cycles of length larger than £+ 1 but smaller than
2k. Further, since every pair of feasible paths on an oddball graph intersect at least

once, it also covers graphs containing cycles of length less than or equal to k.

Applications

The following examples illustrate the natural appeal of using graph structures for modeling

assembly:.
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The government wants to build a flyover or a gas pipeline by combining three (k = 3) plots
out of 6 available plots (n = 6) numbered 1 through 6. Every combination of three plots may
not be feasible because of practical reasons, say, the route between some pair of plots may
have protected forest cover. Each plot can be represented by a node on a graph; nodes that
do not have any forest cover between them are connected by an edge. The government then
needs to pick a path of length 3 on the resulting graph. Let us now interpret alternative graph
structures in this context.

Consider Figure 4.1. There is no forest cover between plot 1 and any other node, but the
path between every pair of other nodes have forest cover. Plot 1 must be a part of every path
— it is perfectly complementary to other plots in any production plan to construct the bridge.
We refer to such a plot as a critical plot and the corresponding seller as a critical seller. Note
that there can be more than one critical seller (Figure 4.2). If there were only three plots
without forest cover between any pair of plots, then all three of them would be critical.

Consider any pair of plots in Figure 4.3: either there is no forest cover between them,
or there exist an uninterrupted access from one plot to the other via some other plot. This
case represents perfect substitutability between any pair of nodes. If a particular plot in a
combination is replaced with some other plot, the resulting combination remains feasible.

Consider plots 1, 2 and 3 in Figure 4.4: there is no forest cover between 1 and 2 or 2 and
3, and consequently, there is an uninterrupted access between 1 and 3 via 2. Similarly for the
set consisting plots 4, 5 and 6. The government can substitute path 456 with path 123 but
cannot substitute a node within a path with a node outside a path. In this sense, nodes on a
particular path are perfect complements but the paths are perfect substitutes.

Consider Figure 4.5 containing a graph we call oddball. There is no critical seller, no pair
of paths is disjoint and not every node on a feasible path can be replaced by another node.
There is a cycle but it is unlike Figure 4.3. This is a case where a plot on a path can be
substituted by a set of plots to maintain feasibility. For instance, consider the path 123 — 1

or 3 can be replaced by 4 but 2 can be replaced by 4 and 5, while plot 3 is going to be wasted.
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Notice that the congruence of inputs matter in our model. This idea of congruence has
natural appeal in land assembly because the buyer needs rights of passage from one plot to the
other to implement the project. Another natural example is that of a mobile service provider
trying to purchase spectrum in multiple districts. The buyer values contiguity of districts
where spectrum is acquired because it ensures seamless connectivity across the coverage area.
A rather unconventional example in this context is a situation where a music composer wants
to assemble different parts from other songs to compile a new score. But these songs are
owned by different copyright holders. Portions of songs have to be harmonically close enough
to each other to be combined to yield a meaningful score.

Certain production processes may use a different idea of congruence that may not imme-
diately be amenable to our graph-theoretic treatment. Consider a pharmaceutical company
which wants to create a drug by assembling molecules owned by different companies. Let us
use Figure 4.1 to illustrate this case, renaming plots as molecules. Let us say that the only
combinations of molecules that work are 1, 2 and 3 or 1, 4 and 5. But now 2, 1 and 4 may not
always make a feasible combination because of their chemical properties. In a similar vein,
suppose 1 represents a factory, 2 and 4 are wholesalers while 3 and 5 are retailers; a brand
wants to create a complete supply chain by signing agreements with the factory, a wholesaler
and a retailer. Notice that now 214 no longer remains feasible as it contains two wholesalers
and no retailer. In this case, it makes more sense to use graphs like Figure 4.4, repeating 1
in both paths, or keep 1 out of the situation completely and consider disjoint paths with a

retailer and a wholesaler each.

4.3.2 Bargaining protocol

We apply a variant of the Rubinstein bargaining protocol which is due to Roy Chowdhury and
Sengupta (2012). In each period, either the sellers propose individual offers of surplus shares
to the buyer or the buyer proposes a vector of offers of surplus shares to active sellers. Suppose

the buyer proposes surplus shares. The sellers can individually accept or reject the offer. The
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sellers who reject buyer’s offer propose individual shares to the buyer in the next period that
the buyer may accept or reject. If the buyer reaches an agreement with any of the sellers in
some period, she immediately purchases his plot and the seller leaves the market. The buyer
and the remaining seller then resumes bargaining. The game continues till the buyer is able
to purchase at least one feasible path.

We allow the buyer to utilize negative surplus offers to exclude particular sellers from the
bargaining process — such offers translate into prices that are less than seller’s valuation and
therefore, rejected. This facilitates the buyer avoid the commitment involved in a cash offers
bargaining protocol. Also, such negative offers enable the buyer to choose sequences of sellers
to bargain with in each period as discussed in our introduction. Notice that a seller cannot
possibly make a negative offer to the buyer in our setting, since it delays trade with the buyer
or eliminates the prospect of trade*. Bilateral bargaining models, like that by Rubinstein
(1982) do not use this feature, while multilateral models like Roy Chowdhury and Sengupta
(2012) do.

4.3.3 Existing results

Two special cases of bargaining for assembly in our sense have been studied in the literature
and these are given below for completeness.

The bilateral game studied by Rubinstein (1982) is a special assembly problem with n =
k = 1. Here the only seller present is critical. The Subgame Perfect Nash Equilibrium of this

game, which is now a standard result, is presented below without a proof.

THEOREM 1 (Rubinstein (1982)) Consider the model where the buyer bargains with one
seller for one input: (n =1,k = 1,v9 > v1,9). There is a unique SPNE of the model described
as follows:

Agent i proposes a share 1%6 of the surplus to j whenever she has to propose, and

5

715 Whenever j has to propose.

accept any share at least equal to

4Allowing negative offers to sellers makes more sense when there are multiple buyers.
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The game ends in the first period itself, with buyer proposing % to the seller and the seller

accepting it.

The model studied by Roy Chowdhury and Sengupta (2012) is a special assembly problem
with n = k > 2 and all seller valuations are identical. Since the buyer wants all n plots, all

sellers are critical here.

THEOREM 2 (Roy Chowdhury and Sengupta (2012)) Consider the model (n > 2,k =
vy <o < w9 > Yo v, 0). The buyer’s equilibrium payoff cannot be more than % of

the full surplus for any § > 0.

In terms of our model this situation pertains to the case with only one feasible path in a

nd

115, the buyer offers 2 to

graph. Two types of equilibrium outcomes are identified: if 1 > T

every seller in the first period and all of them accept. Otherwise, the buyer would offer zero
in the first period, all but r» > 2 sellers would accept, and in the second period these r sellers
would demand P such that 1 —rP =9 (1 — %). Here, r is the highest positive integer such

that 1 > 1—4555

4.3.4 'Two examples

We are interested in assembly problems where not all sellers are critical — this corresponds
to the cases where I' contains at least two feasible paths. Also, we allow for arbitrary seller
valuations. Subsection 4.4.1 discusses the case where no seller is critical, while Subsection
4.4.2 discusses the case with 1 or more critical sellers.

The essential arguments of our main results presented in the next section are illustrated
below using the simplest such cases: Example 1 presents the case of one buyer bargaining for
one item from two sellers holding an item each and having the same valuation; Example 2
deals with the case of one buyer bargaining for one item from two sellers holding an item each

and having different valuations.
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ExXAMPLE 1 Consider the model (n = 2,k = 1,u9 > v; = vy,d). Suppose the buyer makes
offers of zero surplus to seller 1 and negative surplus to seller 2. If seller 1 rejects the buyer’s
offer, he would compete with seller 2 in the next period and offer the entire surplus to the
buyer. If sellers 1 and 2 are making offers in the first period, they cannot make equal positive
claims: one of the sellers have the incentive to reduce her claim and increase payoff. On the
other hand, if their claims are unequal, the seller with the lowest claim has the incentive to
increase her claim slightly and increase his payoff. Consequently, none of the sellers 1 and 2
can extract any surplus. The game ends immediately with the buyer extracting full surplus.

The equilibrium outcome is identical even when the sellers are proposing first.

The situation described in Example 1 is identical to the well-known Bertrand model of
price competition between firms producing the same product at identical marginal costs. In
this model, competition between the sellers drives prices down to the marginal cost. The
buyer is able to extract full surplus. Note that in our model the competition is among feasible
paths. Consequently, the richness of the underlying graph structure allows for results that
are richer than simple Bertrand competition. However, the spirit of the argument applied for
richer graph structures is in the nature of Bertrand competition.

The simple example below illustrates that the buyer may not be able to extract efficient
surplus when seller valuations are not identical. This example is in the lines of Blume (2003)
who characterizes a class of equilibria in the Bertrand model of price competition when firms

have asymmetric marginal costs.

ExXAMPLE 2 Consider the land acquisition problem (n, k,v,d) such that n = 2;k = 1,0 <
vy < vg. We claim that the buyer cannot extract the efficient surplus in equilibrium. Consider
the following strategies of the sellers: in any continuation game where the two sellers are
making offers, seller 1 offers to sell at a price of vy and seller 2 mixes prices in (vy, ve + 7),
~v > 0, with uniform probability. In any continuation game where the buyer is making an
offer, seller 1 accepts a surplus of at least d(ve — v1) and seller 2 accepts any positive surplus.

Given these strategies, following is a best response for the buyer: in any continuation game
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where the buyer is making an offer, she offers a surplus of §(vy — v1) to seller 1 and a negative
surplus to seller 2. In any continuation game where the sellers are making an offer, she accepts
any surplus offer which is less than or equal to vy — vy. If the buyer proposes first, trade takes
place in the first period itself with seller 1; seller 1 is able to extract a surplus of §(vy —vq). If
the sellers propose first, trade takes place in the first period, where seller 1 is able to extract
a surplus of (vy —v;1). To check that this is an equilibrium, note that when making an offer,
buyer cannot offer any higher surplus to seller 1 as it would be accepted. The buyer cannot
offer positive surplus to seller 2, since he would accept it. Any lower surplus offer would
be rejected by seller 1. When sellers are making offers, the buyer cannot reject the offer of
seller 1 either because that would reduce her share of surplus. Seller 1 cannot reduce his offer
because it would be accepted. Any higher offer by seller 1 would be rejected, thus leading
to a lower surplus for him. If v; < vy < vy, only the trade with seller 1 is feasible. In this
circumstance, we are back to the equilibrium outcome of the familiar bilateral bargaining

model by Rubinstein (1982).

4.4 RESULTS

In this section, we consider subgame perfect equilibrium outcomes of our simultaneous-offer
protocol in assembly problems (I', k,v,d) where I" has at least two different feasible paths
and v is any arbitrary valuation profile. The results given in this section characterize buyer’s
prospects of full surplus extraction in such equilibria. In the next subsection, we show that
the buyer extracts full surplus within two periods if the underlying graph does not contain a
critical seller and at least two feasible paths have the minimum sum of seller valuations. The
following subsection characterizes the highest share of the surplus the buyer can achieve in

the presence of critical sellers.
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4.4.1 Possibility of full surplus extraction

The following result characterizes when it is possible for the buyer to extract full surplus in

an equilibrium of our protocol.

THEOREM 3 There exists 6 € [0,1) such that for all § > & the buyer extracts full surplus in

at most two periods in an equilibrium if and only if
o [' AT i.e., there does not exist a critical seller in the underlying graph, and

e 51 =38y, i.e., there exist at least two paths with the minimum sum of valuations.

REMARK 1 The two conditions for full surplus extraction are independent of each other. For
illustration, consider Figure 4.1: this graph contains a critical seller and multiple feasible paths
when k& = 3. The existence of the critical seller on the graph is independent of the sum of

seller valuations on feasible paths and vice-versa.

In what follows, we break down this result into several Propositions — Propositions 1-3
correspond to the “if part” of this result, while Propositions 4 and 5 correspond to the “only
if” part of the result. Propositions 1-3 apply to problems where the valuations of sellers are
equal and the underlying graph does not contain a critical seller, i.e., either the graph has
a k + 1-cycle, or it has at least a pair of disjoint paths, or it is an oddball graph. We show
that there exist equilibria where the buyer extracts full surplus in the first period for any
d € [0,1] if either the underlying graph is a k + 1l-cycle, or sellers are making first offers.
If the underlying graph is not a k + 1-cycle, the buyer can extract full surplus only in the
second period while making the first offers provided ¢ is sufficiently large. Proposition 4 shows
that there is no equilibrium with full surplus extraction when there is a critical seller in the
assembly problem. Proposition 5 shows the impossibility of full surplus extraction when seller
valuations are unequal. We present a set of examples after each result to illustrate the essential

argument. Detailed proofs are presented in the appendix.



Chapter 4: Bargaining For Assembly 161

Equal seller valuations and no critical sellers

Here we consider assembly problems without critical sellers where seller valuations are equal.
Propositions 2628 claim existence of equilibria with full surplus extraction in these problems

within at most two periods.

PROPOSITION 26 Consider an assembly problem (I'>, k,v,8) such that vy = -+ = v,,v9 >

kvi. The buyer extracting full surplus is an equilibrium outcome.

REMARK 2 Notice that in this case the existence of equilibrium with full surplus extraction

is not dependent on the magnitude of the discount factor J.

EXAMPLE 3 (A 4-cycle) Consider a cycle of length 4 (see Figure 4.3) . Note that there are
4 feasible paths of length 3. Every pair of feasible paths has a non-empty intersection. But
the intersection of all 4 feasible paths is empty. We argue that there exists an equilibrium
where the buyer extracts full surplus. First note that bargaining continues if and only if
there are at least two active sellers. Consider the following strategy of the buyer: She picks
a feasible path. Whenever she is proposing, she offers sellers from the picked path their
valuations (equivalently, zero surplus), and the remaining seller strictly less than his valuation
(equivalently, negative surplus). Whenever the sellers are proposing, she accepts the required
number of offers from the lowest seller claims, provided she can afford. Consequently, all active
sellers claiming zero surplus whenever they are required to make an offer is a best response.
To check this, note that no active seller can gain by deviating for one stage when all of them
claim zero surplus. If active sellers make identical positive surplus claims, one of them can
reduce his claim by a small amount and make a gain. If active sellers make unequal claims,
then a seller with lower claim can increase his claim by a small amount and make a gain.
Now consider a stage where the buyer is making an offer. Active sellers who are made zero

surplus offers would immediately accept: if any such seller rejects, he reaches a continuation
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game where the maximum he can gain is zero. Hence this is an equilibrium. Agreement takes
place in the first period itself with 3 sellers who are made zero surplus offers.The equilibrium

outcome does not change whether the buyer moves first, or the sellers.

ave
6‘9

Figure 4.6: A complete graph of order 4; a cycle of order 4 is a subgraph.

Note that any complete graph of order n > k contains a cycle of length £+ 1. This results

in the following Corollary.

COROLLARY 3 Consider an assembly problem (n,k,v,d) such that vy = -+ = v,,v9 > kuvy.

The buyer extracting full surplus is an equilibrium outcome.

REMARK 3 In the special case when k = 2, then the above result is also true for any graph
containing a cycle of length more than 3. But it is not true for £ > 2. For instance, consider
the cycle of length 5 when k = 3 (see Figure 4.7). Suppose the buyer wants to make offers
that are acceptable to sellers 1,2 and 3 in the first period itself. Sellers 1 and 3 will accept
a zero surplus offer since if they reject, they have to compete with sellers 5 or 4. Seller 3,
on the other hand, will not accept a surplus of less than dvq, since if he rejects an offer, he
has to compete with sellers 4 and 5 together. Therefore, the buyer has two ways to complete
the transaction in the first period: either (i) she makes zero surplus offers to 4 sellers on the
graph and makes a negative offer to the remaining seller, or (ii) she makes zero surplus offers
to sellers 1 and 3, make a surplus offer of dv; to seller 2, and negative offers to the remaining

sellers. In this particular case, she would prefer (ii) over (i).
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Figure 4.7: A cycle of length 5; I'? in blue

PROPOSITION 27 Consider an assembly problem (I'P k,v,68) such that vy = -+ = v,,v9 >
kvy. (a) If the sellers move first, the buyer extracts full surplus in the first period. (b) If
the buyer moves first, there exists 6 such that ¥§ > & there is an equilibrium where the buyer

extracts full surplus in the second period

REMARK 4 If § < ¢ then full surplus extraction is not possible in the equilibrium: either
buyer purchases items from all sellers on a single path by paying positive surplus shares; or,

she purchases 2k items by offering zero surplus shares to all sellers on two disjoint paths.

ExAMPLE 4 (Two disjoint feasible paths) Consider a graph with two disjoint paths of
length 3 (see Figure 4.4). We will show that if the sellers move first, the buyer achieves full
surplus in the first period itself.If the buyer moves first and ¢ is large, there is an equilibrium
where buyer extracts full surplus in the second period.Consider the following strategy of the
buyer: whenever the buyer is proposing, she makes negative offers to all sellers. Whenever the
sellers are proposing, the buyer accepts the claims of sellers on a path with the lowest sum of
claims provided her share of surplus is non-negative and rejects all other claims. In case the
sum of claims on two feasible paths are same, she accepts claims from one of the paths chosen
with equal probability. We claim that, given the above strategy, sellers in the two disjoint
feasible paths claiming zero surplus whenever they are required to make an offer is a best
response. No seller can gain by deviating for one stage when the sum of surplus claims on
either path is zero. If the sum of surplus claims on both paths are equal and positive, a seller

on either path can reduce his claim by a small amount and make a gain. If the sum of surplus
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claims on two paths are unequal, then any seller on the path corresponding to the lower sum
can increase his claim by a small amount and make a gain. Hence these are not equilibrium
claims. To rule out other possible deviations, note that buyer can make zero surplus offers
to sellers on both paths; sellers on both paths would accept these offers. To ensure that this
deviation in the first stage is not profitable for the buyer, we require § > %. The buyer
can also make acceptable offers of surplus shares, 20v, to each seller on one path and negative
offers to all other sellers, provided vy — 3v; — 66v; > 0. This is because, by rejecting a first
period offer from the buyer, a seller on the chosen path competes with sellers on the other path;

the highest surplus he can claim in a continuation game where he and the other sellers are

making offers is 3v; — vy = 2v;. To ensure that this deviation in the first stage is not profitable

for the buyer, we require (5 > vo—3v1 —60vy 66U1. Thus rovided (5 > max vo—6v1 vo—3uv1 —6dv, the
3 )
vo—3v1 vo—3v1’ vo—3v1 ’

buyer extracting full surplus in the second period is an equilibrium outcome in the strategies

described above for large 9.

PROPOSITION 28 Consider an assembly problem (I'°,k,v,68) such that v; = --- = v,,vy >
kvy. (a) If the sellers move first, the buyer extracts full surplus in the first period. (b) If
the buyer moves first, there exists 6 such that ¥§ > & there is an equilibrium where the buyer

extracts full surplus in the second period.

REMARK 5 If § < § then full surplus extraction is not possible in the equilibrium: either
buyer purchases items from all sellers on a single path by paying positive surplus shares; or,

she purchases more than k items by offering zero surplus shares to corresponding sellers.

EXAMPLE 5 (An oddball graph) Consider the graph in Figure 4.5 below with k£ = 3. We
will show that if the sellers move first, the buyer extracts full surplus in the first period itself.If
the buyer moves first and 0 is large, there is an equilibrium where buyer extracts full surplus
in the second period. Consider feasible path {125}.For each node x on this feasible path there
exists another node outside this path and a corresponding edge such that exclusion of x from

the path leaves at least one feasible path of length 3. For instance, exclusion of node 2, would
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leave the graph with feasible paths {134}. For each node z on a feasible path, let s(z) be the
order of the smallest subgraph such that the union of the graph excluding = and the subgraph
contains a feasible path. For example, in Figure 4.5, s(1) = s(5) = 1 and s(2) = 2.

Consider the following strategy of the buyer: In any continuation game where the buyer has
the first move , the buyer makes negative offers to all sellers. In any continuation game where
sellers have the first move, the buyer accepts the claims of sellers on a path with the lowest
sum of claims provided her share of surplus is non-negative, and reject all other claims. In
case the sum of claims on the two feasible paths are same, she accepts claims from one of the
paths chosen with equal probability. We claim that given the above strategy, sellers claiming
zero surplus at any subgame they are required to make an offer is a best response. To check
this, note that no seller can gain by deviating for one stage when the sum of seller claims
across paths is zero. This is because, for each node, there is always a feasible path in the
graph that excludes it. If sums across feasible paths are positive, a seller on one of the paths
can reduce his claim by a small amount and make a gain. If sums across paths are unequal,
then a seller on a path with lower sum of claims can increase his claim by a small amount
and make a gain. Hence these are not best responses. To disallow possible deviations, note
that buyer can make zero surplus offers to all sellers on the path picked, and negative surplus

offers to all other sellers; sellers on the path picked would accept these offers. To ensure

vo—4vy
vo—3v1 °

that this deviation in the first stage is not profitable for the buyer, we require § >
The buyer can also make acceptable offers of surplus shares to sellers on a path and negative
offers to all other sellers. Seller corresponding to node x; on the path picked accepts any
surplus share at least equal to 0(s(z;) — 1)vy. This is because, by rejecting a first period
offer from the buyer, a seller on the chosen path competes with sellers on the other path; the
highest surplus he can claim in a continuation game where he and the other sellers are making

offers is (s(z;) — 1)v.To ensure that this deviation in the first stage is not profitable for the

vo—3v1 vo—3vy’ vo—3v1

buyer, we require § > Ziep((@) vt Thus, provided § > max{“°_4”1 Liep(s(@:) "1u1 }, the

buyer extracting full surplus in the second period is an equilibrium outcome in the strategies
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described above.

REMARK 6 Observe that in Propositions 1-3 the underlying graph does not contain a critical
seller. If the graph has only one component, then the corresponding bargaining game has an
equilibrium where the buyer extracts full surplus in at most two periods. Suppose the graph
has multiple components. When seller valuations are identical, there exists an equilibrium
where the buyer extracts full surplus in the first period itself if and only if the graph contains
a k+1-cycle. Otherwise, (a)competing paths lie in different components or (b) form an oddball
graph. In these cases, there exist an equilibrium where the buyer extracts full surplus in the
second period if she is making the first set of offers, or in the first period itself if sellers are

making the first set of offers.

Critical sellers

Here we consider assembly problems where the underlying graph contains at least one critical

seller. This result is obtained without any assumption on valuations.
PROPOSITION 29 Suppose I' = T"*. The buyer cannot extract full surplus in an equilibrium.

REMARK 7 The above result implies that in any equilibrium of I' = I'* a critical seller always
earns a positive surplus share. In fact, if there is more than one critical seller, each will take
away some positive share of the surplus. The buyers share of the surplus is decreasing in
the number of critical sellers till it reaches zero. The non-critical sellers may or may not get

positive shares.

EXAMPLE 6 (Graph with critical sellers) Consider the situation in Figure 4.2 where the
numbers marking the nodes represent valuations. Suppose the buyer makes zero surplus

offers in the first period. By Theorems 1 and 2, at least one critical seller , say, seller 2,

rejects this offer and claims I—Jlﬂs of the efficient surplus in the next period which buyer must

accept. Consequently, the buyer cannot extract full surplus within the first two periods in

an equilibrium. Suppose sellers make the first offers. As argued, critical seller 2 can claim
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strictly positive surplus. So full surplus extraction cannot take place in the first period. But if
the buyer rejects all seller offers in the first period, then she is on a continuation game where
she is proposing to all sellers. By the previous argument cannot extract full surplus in such a

continuation game.

Unequal seller valuations and no critical sellers

In this subsection, we consider the case where seller valuations are not equal. In this case,
the sum of seller valuations may differ over paths. The path corresponding to the least sum
of seller valuations is efficient in the sense that it corresponds to highest potential surplus. It
follows that if possible, the buyer would prefer to purchase the efficient path.

Let P; denote the path corresponding to the i-th smallest sum of valuations on a path in
I'. We will refer to a set of assembly problems as rich if there does not exist two disjoint paths
P, and P, such that & = S5. Suppose the richness condition is not satisfied. The buyer, if
offering first, can offer negative surplus shares to all sellers who reject such offers. In the next
period, sellers on P; and P, cannot claim any surplus: the buyer extracts full surplus in the

second period. If the sellers are making offers first, sellers on these two paths cannot claim

any surplus share.

PROPOSITION 30 Consider the rich class of assembly problems (I', k, v, ) such that vy < --- <
v, with at least one strict inequality. There does not exist any equilibrium where the buyer

extracts full surplus.

Note that extracting full surplus implies trade taking place with only the k sellers on P;.
There may exist equilibria where the buyer offers zero surplus to more than k sellers who
accept. But this reduces the buyer’s surplus strictly below vy — Sy.

For the formal proof of Proposition 30, see Appendix 4.9.We apply the method of contra-
diction showing that at least one seller getting zero surplus share has a profitable deviation.

Thus, full surplus extraction is not an equilibrium outcome. Here we present four examples
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pertaining to the varieties of graph structures discussed in Section 4.3. In all these examples,

we have k = 3.

EXAMPLE 7 (A 4-cycle) Consider the cycle in Figure 4.3 where the numbers marking the
nodes represent valuations. Suppose the buyer makes zero surplus offers to sellers on the
efficient path {123} in the first period and negative surplus offers to seller 4. At least one
seller, say, seller 1, would reject this offer and claim a price of 4, the valuation of the seller
outside this path, in the next period. The buyer must accept, provided the surplus on the
path excluding seller 1, vy — 7 > 0. If this inequality does not hold, the buyer must offer 1%
times the efficient surplus, i.e., vy — 6 to this seller. So, suppose buyer makes negative offers
to all sellers in the first period. Note that the sum of valuations on the four paths {123},
{234}, {341} and {412} are 6, 9, 8 and 7 respectively. Seller 1, being in the intersection of
{123} and {412} can raise his price claim to 2: thus the sum of claims over the four paths
become 7, 9, 9 and 8. Either the buyer accepts this claim, or she rejects and offers 1%6 times
the efficient surplus to this seller. Not all sellers would claim zero surplus when proposing
first: for example, seller 1 can claim a price of 4, or if vg — 7 < 0, she can claim 11? times
the efficient surplus. If the buyer rejects all seller offers in the first period, then she is on

a continuation game where she is proposing to all sellers. We have already argued that she

cannot extract full surplus in such a continuation game.

ExampLE 8 (Two disjoint feasible paths) Consider Figure 4.4 where the numbers mark-
ing the nodes represent valuations. Suppose the buyer makes zero surplus offers to all sellers
on {123} in the first period and negative surplus offers to the remaining sellers. Seller 1 can
reject this offer and claim a price equivalent to the sum of valuations on {456}, i.e., 15 in

the next period which buyer must accept, provided the corresponding surplus is positive, i.e.,

vg — 20 > 0. If this inequality does not hold, the buyer must offer % times the efficient

surplus to this seller. So, suppose buyer makes negative offers to all sellers in the first period.

If vg > 15, sellers on {123} can make claims summing up to 15 in the second period. Either

5

T3 times the efficient surplus, vy — 6 to

the buyer accepts this claim, or she rejects and offers
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sellers on {123}. Not all sellers would claim zero surplus when proposing first: at least one

1

5 times the efficient surplus

seller can claim a price of 15, or, if vg — 20 < 0, she can claim
vg — 6. If the buyer rejects all seller offers in the first period, then she is on a continuation
game where she is proposing to all sellers. We have already argued that she cannot extract

full surplus in such a continuation game.

EXAMPLE 9 (An oddball graph) Consider the assembly problem in Figure 4.5 where the
numbers marking the nodes represent valuations. Suppose the buyer makes zero surplus offers
to sellers on the efficient path {123} in the first period. Seller 1 would reject this offer and
claim a price of 4 in the next period which buyer must accept, provided vy — 9 > 0. If this
inequality does not hold, the buyer must offer 1% times the efficient surplus vy — 6 to this
seller. So, suppose buyer makes negative offers to all sellers in the first period. Note that
seller 1 lies in the intersection of multiple paths. He can raise his claim by at least 1. Either
the buyer accepts this claim, or she rejects and offers % times the efficient surplus vy — 6.
Not all sellers would claim zero surplus when proposing first: as argued before, seller 1 can

claim a price of 4, or if vg — 9 < 0, she can claim ﬁ times the efficient surplus vy — 6. If the
buyer rejects all seller offers in the first period, then she is on a continuation game where she
is proposing to all sellers. We have already argued that she cannot extract full surplus in such

a continuation game.

4.4.2 Buyer’s surplus share in presence of critical sellers

Consider an assembly problem with critical sellers. We provide bounds on buyer’s surplus

share in such a problem when she purchases an efficient path in the equilibrium.

REMARK 8 In equilibria where the buyer purchases an inefficient path or purchases more than
k items, she cannot realize the efficient surplus or the full surplus. We cannot characterize
bounds on the buyer’s realized surplus share in these equilibria since these are dependent on

valuation profiles and the value of 4.
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By Proposition 4 the buyer cannot extract full surplus in the equilibria of the class of
problems considered here. Hence her maximum surplus share is bounded above by 1, but it is

not the least upper bound. We will show that buyer’s equilibrium surplus share cannot exceed

1-6

53 with more than one critical sellers.

1%5 with one critical seller, and
Note that there exist assembly problems where these bounds are exactly achieved: for
example, when n = k = 1, the bound given by Theorem 4 is exactly achieved if the buyer is
making the first offer (recall Theorem 1). It is also exactly achieved when T is a single line
graph with three nodes, £ = 2 and the buyer is making the first offer. When n = k = 2, the
bound given by Theorem 5 is exactly achieved if the buyer is making the first offer (recall

Theorem 2). It is also exactly achieved when I' is a single line graph with four nodes, k = 3

and the buyer is making the first offer.

THEOREM 4 Consider an assembly problem (I, k,v,0) with exactly one critical seller. In any

equilibrium where the buyer purchases an efficient path, her share of surplus cannot exceed

1+6°

THEOREM 5 Consider an assembly problem (I', k, v, ) with m critical sellers, where 2 < m <
k. In any equilibrium where the buyer purchases an efficient path, her share of surplus cannot

1-3
exceed 55

4.5 DISCUSSION

Our first result claims that if valuations of the sellers are identical and the underlying graph
structure does not have a critical seller, there exist equilibria where the buyer extracts full
surplus within two periods. Here we have considered the simple advantages of position that
certain sellers exact in a graph, and abstracted from advantages due to differences in seller
valuations.

We have considered four mutually exclusive and exhaustive categories of graphs, viz., (a)

graphs containing cycles of order k + 1, (b) graphs with two disjoint paths, (c¢) graphs with
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critical sellers, and (d) oddball graphs where (i) there is no cycle of length &k + 1, (ii) no two
paths are disjoint and (iii) the intersection of all feasible paths is empty. These categories
can be easily interpreted in terms of complementarity and substitutability as we have done
in Section 4.3. Of particular interest is the k£ + 1 cycle, where every item on a feasible path
can be completely substituted by another item on the graph: only in this case, the buyer
is able to extract full surplus in the first period, regardless of whether the buyer makes the
first offer or the sellers. In other words, in this case, no seller has any positional advantage.
Thus, it is comparable to the pure Bertrand competition visible in Example 1. At the other
extreme is the graph with critical sellers: such critical sellers exhibit full positional advantage
and prevent the buyer from extracting surplus beyond a point, regardless of whoever makes
the first offer. Such sellers exhibit full complementarity with respect to any feasible path on
the graph.

The cases of graphs with disjoint feasible paths and oddball graphs lie between these
two extremes. If the buyer picks a feasible path on any of these graphs, its nodes have
limited substitutability. Note that our bargaining protocol only permits cash offers with full
commitment. Consequently, once the buyer commits to a seller on a feasible path, she tends
to commit to all sellers on that feasible path. Thus, the buyer has to cough up positive shares
of the surplus if she is making the first offer. However, the buyer can avoid this commitment
problem by making negative offers to all sellers and to push the outcome towards Bertrand
competition in the second period. For a patient buyer, the loss of surplus by shifting the onus
of bargaining to the sellers is not very significant.

The interpretation of these graphs in the context of anti-commons applications like land
acquisition is immediate. The notions of complements and substitutes also arise naturally in
contexts like acquiring patent rights for drug manufacturing or obtaining rights for musical
scores for a documentary.

Proposition 30 shows that full surplus extraction is not robust with respect to changes in

the valuation structure. In fact, the buyer cannot extract full surplus whenever the valuation



Chapter 4: Bargaining For Assembly 172

profile of the sellers shows slightest degree of asymmetry. The positional advantages that
certain sellers hold become more pronounced when their valuations are asymmetric. In this
sense, asymmetric valuations enable sellers in the efficient feasible path exercise monopoly
power of a nature we had seen in Example 2.

It must be noted that earlier inefficiency results in the literature, like Theorem 2, focused
on the extreme case where all sellers are critical. Our generalized model, in contrast, shows
that the inefficiency result pertains to the rather extreme case of graphs with critical sellers
or when seller valuations are asymmetric.

In Propositions 4 and 5, we show that the bounds provided by Roy Chowdhury and Sen-
gupta on the surplus share the buyer can extract in an assembly with critical sellers carries
over to our generalized structure. The bounds are tight because the non-critical sellers can
be made to compete by buyers making unacceptable offers when it is their turn to offer. This
strategy however does not work in case of critical sellers, some of whom must be given a
positive share. The importance of the timing of the offers in the bargaining protocol is also
highlighted in the proofs of the results.

Recall that we are using subgame perfection in an infinite horizon sequential game of
complete information. In each period the surplus remains the same because payments made
by buyers in previous periods are sunk. An agreement in a period is followed by a continuation
game that has a smaller number of sellers and a reduced demand from the buyer. These
continuation games include as subgames (a) Rubinstein games with one critical seller, b)
games with multiple critical sellers studied in Roy Chowdhury and Sengupta (2012) and (c)
games which have only non-critical sellers which correspond to Theorem 1. If the game has
only non-critical sellers the buyer can walk away with the entire surplus. But if the game has
critical sellers we show that in any equilibrium where the buyer gets more than the bound
provided, some critical seller has incentive to deviate and force more out of the buyer. The
minimum the buyer has to give up to get agreements from all critical sellers provides us the

bound proposed in the results.
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An obvious extension of this exercise is to investigate the impact of coalition formation
among sellers on the surplus shares. For example, consider the problem where one item is
required and two sellers are present. First, notice that by making alternate offers to one of the
sellers according to the equilibrium strategy specified by Rubinstein (1982) and by excluding
the other seller using negative offers, the buyer can assure herself ;7= + 715 share of full surplus. If
we allow sellers to use trigger strategies, there exists an equilibrium where both sellers collude
to claim m of the full surplus and the buyer picks one of them with equal probability provided

o> f This equilibrium is sustained by the following trigger strategy: if any seller deviates

by charging less than ——, the other seller charges zero surplus share in the subsequent period.

1+6>
The buyer then rejects the deviating seller’s offer and chooses to purchase from the other

seller. The collusive payoff is greater than the non-collusive payoff 1 — ¢ if § > \/Li In

1+5)

this equilibrium, both sellers gets positive expected payoff. If § < \%, sellers compete and

earn zero surplus shares in the equilibrium. A complete investigation of seller coalitions is

beyond the scope of current chapter®.

4.6 PuBLiCc PoLicy IMPLICATIONS

The main policy prescription of our paper would relate to examination of the contiguity
structure of plots before entering bargaining with landowners to implement a project. It is a
direct implication of our results that bargaining is likely to enter delays and hold-out if there
are critical sellers. So in order to implement a project without costly delays it would make
sense to first study the plot structure in the area. If the number of critical sellers is reasonably
high it makes sense to implement the project at an alternative location. The basic trade-off,
that needs to be solved is balancing the benefits of implementing a project at a productive
location versus the costs, which arise due to delays and critical sellers holding out.
Additionally, this paper also makes a case for application of eminent domain in particular

cases. If a location is particularly productive for a project but there are a few critical sellers

®The interested reader may refer to Gupta and Sarkar (2019).
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who hold out, it makes sense for the government to apply eminent domain and shift the

ownership of such land to more productive users.

4.7 CONCLUSION

In this chapter, we modeled the assembly problem as a bargaining game between one buyer
and multiple sellers located on the nodes of a graph. In our simple bargaining problem with-
out transaction costs, the buyer, using competition between sellers, is able to implement an
efficient project without significant delay when valuations are identical. Positional advantages,
or equivalently complementarities, can be exercised only under cases, when sellers are critical.
The second result states that asymmetry of seller valuations is an additional source of ineffi-
ciency: such asymmetry provides additional monopoly power to efficient sellers even if they
are not critical and prevent the buyer from efficient assembly. Thus, our results qualify the
claim by Coase (1960) when sellers are not “monopolistic” in terms of positional advantage

or due to valuations.

4.8 APPENDIX

4.8.1 Proof of Proposition 26

We will first prove the case of a graph which is a cycle of length k£ + 1.

LEMMA 14 Consider an assembly problem (I'> k,v,8) such that vy = -+ = vpy1,v9 > kvy.

The buyer extracting full surplus is an equilibrium outcome.

Proof: Consider the following strategy of the buyer: She picks a feasible path. In any con-
tinuation game where m < k plots have already been acquired and the buyer has the first
move , the buyer offers & — m sellers zero surplus and make negative offers to the remaining

seller. In any continuation game where m < k plots have already been acquired and sellers
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make the first, the buyer accepts the lowest & — m claims provided her share of the surplus
is non-negative and reject all other claims. If more than k& — m sellers are making identical
lowest offers, she accepts k — m offers with equal probability.

We claim that given the above strategy, all active sellers claiming zero surplus at any
continuation game they are required to make an offer is a best response. Let x; be the surplus
claim of active seller . No seller can gain by deviating for one stage when z; = x; = 0,7 # j.
Hence it is an equilibrium. If x; = z; > 0,7 # j, either seller 7 or j can reduce his claim by a
small amount and make a gain. If z; > x; > 0,7 # j, then seller j can increase his claim by a
small amount and make a gain. Hence these are not equilibrium claims.

At any subgame where the buyer is making an offer and m plots have already been ac-
quired, the active seller who is made a negative offer rejects it. Simultaneously, k& —m would
immediately accept corresponding zero offers, since if any of these sellers reject such offers,
they reach a continuation game where the maximum he can gain by rejecting buyer’s offers is
zero. Hence this is an equilibrium. Trade takes place in the first period itself when m = 0,

with £ sellers who are made zero surplus offers. [ |

Note that by Lemma 14 equilibrium outcome does not change whether the buyer moves
first, or the sellers.
It follows immediately that such an equilibrium can be obtained for any graph containing

a cycle of length k£ + 1 as a subgraph.

4.8.2 Proof of Proposition 27

Consider the following strategy of the buyer: In any continuation game where the buyer makes
the first , she makes negative offers to all sellers. In any continuation game where sellers have
the first move, the buyer accepts the claims of sellers on a path with the lowest sum of claims
provided her share of surplus is non-negative and reject all other claims. In case the sum of

claims on the two feasible paths are same, she accepts claims from one of the paths chosen
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with equal probability.

We claim that, given the above strategy, sellers in the two disjoint feasible paths claiming
zero surplus at any subgame they are required to make an offer is a best response. Let P; and
P, be the two feasible paths in I'”. Let x; be the surplus claim of active seller 7. No seller can
gain by deviating for one stage when ZiePl T = Zie% x; = 0. Hence it is an equilibrium. If
Ziepl T; = Zie% x; > 0, a seller on one of the paths can reduce his claim by a small amount
and make a gain. If Y ., x; > >, p ¥, then any seller on P, can increase his claim by a
small amount and make a gain. Hence these are not equilibrium claims.

Part (a) of the claim follows immediately. For part (b), note that buyer can make zero
surplus offers to sellers on both paths, and negative surplus offers to all other sellers; sellers

on both paths would accept these offers. To ensure that this deviation in the first stage is

vo—2kv1
vo—kv1 °

not profitable for the buyer, we require § > The buyer can also make acceptable
offers of surplus shares, §(k — 1)vy, to each seller on one path and negative offers to all other
sellers, provided vy — kvy — 0k(k — 1)vy > 0. This is because, by rejecting a first period
offer from the buyer, a seller on the chosen path competes with sellers on the other path; the

highest surplus he can claim in a continuation game where he and the other sellers are making

offers is (k — 1)v;.To ensure that this deviation in the first stage is not profitable for the

vo—kv1—0k(k—1)v1

oy . Thus, provided § > max{e=2kv vo—kvi—dk(k=ljoy "4y,

vo—kvy ? vo—kv1

buyer, we require § >

buyer extracting full surplus in the second period is an equilibrium outcome in the strategies

described above.

4.8.3 Proof of Proposition 28

We introduce some notation in the next two paragraphs that would be useful in proving the
next result.

We note that each graph I'C has a subgraph I'C such that (i) it contains a feasible path
P, (ii) for each node z € P there exists a node y € '’ —T"°? and an edge e(y, 2), z € I'°° such

that ' — x + 2 contains a feasible path of length k. For instance, in Figure 4.7, the path
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{1234} qualifies as T'9¢. Figure 4.5 shows one more example. Observe that the order of any
'Y would vary from k to n — 1. For any given I'C, let I'*°* be the smallest of all "¢ c I'©
with order m*.

Further, pick any feasible path P of length k on I'C. For each x on P, let s(x) be the order
of the smallest subgraph I's of ' such that (P — ) UT'® is a feasible path of length k. For
example, in Figure 4.5, s(1) = s(5) = 1 and s(2) = 2.

Consider the following strategy of the buyer: In any continuation game where the buyer
has the first move , the buyer makes negative offers to all sellers. In any continuation game
where sellers have the first move, the buyer accepts the claims of sellers on a path with the
lowest sum of claims provided her share of surplus is non-negative and reject all other claims.
In case the sum of claims on the two feasible paths are same, she accepts claims from one of
the paths chosen with equal probability.

We claim that given the above strategy, sellers claiming zero surplus at any subgame they
are required to make an offer is a best response. Let P, ... P,, be the feasible paths in I'C. Let
x; be the surplus claim of active seller i. No seller can gain by deviating for one stage when
Ziepl Ti= -+ = Zie?’m x; = 0. This is because, for each z;, there is always a feasible path in
'O that does not contain z;. Hence it is an equilibrium. If Doiep Ti == D ep T >0, a
seller on either path can reduce his claim by a small amount and make a gain. If } ., x; >
Zie% x;, then any seller on Py can increase his claim by a small amount and make a gain.
Hence these are not equilibrium claims.

Part (a) of the claim follows immediately. For part (b), note that buyer can make zero
surplus offers to all sellers on I'*?*, and negative surplus offers to all other sellers; sellers on

I'9* would accept these offers. To ensure that this deviation in the first stage is not profitable

vg—m* vy

pwat The buyer can also make acceptable offers of surplus

for the buyer, we require § >
shares to sellers on a path and negative offers to all other sellers. If P is the picked path
and z; is the node corresponding to seller ¢, he accepts any surplus share at least equal to

0(s(z;) — 1)vy. This is possible when vy — kvy — Y. p(s(z;) — 1)vy > 0. This is because,
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by rejecting a first period offer from the buyer, a seller on the chosen path competes with
sellers on the other path; the highest surplus he can claim in a continuation game where

he and the other sellers are making offers is (s(z;) — 1)v;.To ensure that this deviation in

vo—kvi—4 Ziep(s(xi)—l)m ' ThUS,
vo—kvy

the first stage is not profitable for the buyer, we require § >

vo—m*vy Vo—kvi—63,cp(s(wi
vg—kvy vo—kv1

provided § > max{ )71)01}, the buyer extracting full surplus in the

second period is an equilibrium outcome in the strategies described above.

4.8.4 Proof of Proposition 29

Suppose there is an equilibrium where the buyer obtains full surplus. Such an equilibrium
entails a strategy profile, where the buyer always make zero surplus offers and the sellers
accept such offers at some period. Alternatively, if the sellers are to make an offer they ask
for zero surplus at some period and the buyer accepts it. We will show by contradiction, that
in any such equilibrium a critical seller has profitable deviation.

Suppose, if possible, that the buyer obtains full surplus in an equilibrium at period ¢. This
implies that all sellers on an efficient path are selling their items at period ¢ or some period
before ¢t. Consider a critical seller with whom trade takes place at period t. Now let us consider
the following deviation by the critical seller at £: If he is offering at ¢ he asks for something
positive and if the buyer offers according to the equilibrium strategy he rejects it. In either
case, the critical seller moves to a continuation game in period ¢+ 1 where he is the only active
seller. By Theorem 1 the critical seller obtains a positive surplus share in the continuation

game. This constitutes a profitable deviation for the critical seller.

4.9 PROOF OF PROPOSITION 30

Again the idea of the proof is to use the method of contradiction. Let us suppose that there is
an equilibrium where the buyer extracts full surplus. This entails a a strategy profile, where

the buyer always make zero surplus offers and the sellers accept such offers at some period.
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Alternatively, if the sellers are to make an offer they ask for zero surplus at some period and
the buyer accepts it. We find a contradiction to it.

Case 1 (I' = I'®): Suppose the buyer obtains full surplus in an equilibrium at period t. This
implies that all sellers on the efficient path sell their items at t or prior to t. Let us pick a
seller i on the efficient path and suppose he is last active at period ¢ < t. Since buyer extracts
full surplus in the proposed equilibrium either i proposes zero surplus share at ¢ or accepts
a zero surplus share offer at . Now pick the seller j who is on P, but not on P;. Since by

assumption &1 < Si, v; < v;. Consider the following deviation for seller ¢ at t: 7 makes a

1

surplus offer of

(v — &) if vg < Sy and v; — v; — € if vg > Sy and accepts offer greater
than %(vo — &) if g < Sy and 6(v; — v; — €) if vy > S,. Here € is a small positive quantity.
If the buyer keeps rejecting ¢ offer and keeps offering less than the claim of ¢ then we reach a
continuation game where 7 is the only active seller on the efficient path. Note that for small
€, buyer would never agree to trade with seller j. In this continuation game 7 can ensure a
positive surplus. This leads us to a contradiction.

Case 2 (I' = I'”): Suppose the buyer obtains full surplus in an equilibrium at period ¢. This
implies that all sellers on the efficient path sell their items at t or prior to . Let us pick a
seller 7 on the efficient path and suppose he is last active at period ¢ < t. Since buyer extracts
full surplus in the proposed equilibrium either i proposes zero surplus share at t or accepts a
zero surplus share offer at ¢.

Now consider the deviation strategy of i where he makes an offer of 5 (v — &1) if vg < S,
and Sy —v; — e if vg > Sy and accept offers of at least l‘sﬁ(vo — &) if vy < Sy and §(Sy —v; —€)
if vg > Sy. Then there exists a continuation game at period ¢+ 1 where i is the only remaining
active seller on the efficient path and can guarantee himself a positive payoff.

Case 3 (I' = I'): Suppose the buyer obtains full surplus in an equilibrium at period t. This
implies that all sellers on the efficient path sell their items at ¢ or prior to . Let us pick a

seller 7 at the intersection of P; and P, and suppose he is last active at period ¢ < t.Since

buyer extracts full surplus in the proposed equilibrium either ¢ proposes zero surplus share at
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{ or accepts a zero surplus share offer at .
Now consider a deviation strategy for seller i: suppose the cheapest path on the subgraph
excluding i is Pg. If vg > Sg, i claims Sg — S; — € and accepts no less than §(Sg — S; — €).

If vyg < Sg, i claims vo — &1) and accepts no less than — &p). In this case there

1
5 ( 115 (Vo

is a continuation game at ¢t 4+ 1 where ¢ is the only active seller on the efficient path and can

guarantee himself a positive surplus.

REMARK 9 See Example 2 for an equilibrium in the simple model where the buyer agrees to

trade with sellers on the efficient path.

4.10 PROOF OF THEOREM 4

By contradiction: Suppose there exists an equilibrium where the buyer purchases the efficient

feasible path and gets a surplus share strictly higher than +~. This implies that in equilibrium

+6

the critical seller gets a surplus share strictly less than 1%6. Since in equilibrium the buyer

purchases an efficient feasible path and realizes a strictly positive surplus, the game terminates
at some finite period t. There are three mutually exclusive and exhaustive cases with respect
to the sellers who agree in period t.

Case (a): Suppose only the critical seller agrees to trade at t. By Theorem 1, in the

continuation game beginning at ¢, he gets a surplus share equal to + 715 if the buyer is making

1
an offer and 1~ + 115 if himself making an offer. Consequently, buyer’s surplus share cannot exceed
1+6°

Case (b): Suppose the critical seller and at least one non-critical seller agree to trade in
period t. If the buyer is making an offer in period ¢, she must offer the critical seller m of
full surplus, otherwise this seller can reject the offer and move to period t 4+ 1, where he can
earn a surplus share of = + T3

Suppose the sellers are making offers, the critical seller claims z < 5 + 75 and the buyer gets

the maximum possible surplus share X > Suppose the critical seller offers to sell at x + ¢

1+6
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surplus share instead. If the buyer accepts the offer, her surplus share is X — €. If she rejects

only this offer, her surplus share in the continuation game is ;+. If she rejects some other offers

+5
too, her surplus share in the continuation game cannot exceed X. Consequently, she would
accept the increment claimed by the critical seller in period t — 1 if X —e > 6 max{#é, X} =
5X. Hence the critical seller claiming strictly less than il + 715 at t cannot be an equilibrium.
Case (c): Suppose only non-critical sellers agree to trade in period ¢ and agreement takes
place with the critical seller in period ¢ — 1. Suppose the buyer gets the maximum possible

surplus share X > Suppose sellers are making offers at ¢ — 1. The critical seller claiming

1+6

T < % can successfully claim a small increment as shown above. Suppose the buyer is

making offers in period ¢ — 1 and realizes the highest possible surplus share X > T + Buyer’s

43
maximum surplus share in the continuation game beginning at period t —1 is X = § — 2 which
is strictly positive since it is greater than + 715 by the contradiction hypothesis; therefore, z < .
Now suppose the critical seller rejects buyer’s offer of z and charges a surplus share of £ + ¢
in the next period. Since sellers are offering in this period, all non-critical sellers agree to
trade at their valuations. It follows that if the buyer accepts the critical seller’s new offer,
she realizes a surplus of 1 — £ — € in the continuation game beginning period ¢, whereas if she
rejects, the surplus share she gets is at most 6X = 62 —dz. For e < (1—67) (1 — %), the buyer
would accept the critical seller’s new offer. Note that the buyer cannot be making offers in
any period prior to t — 1 where the critical seller agrees to trade: the non-critical sellers would
agree to trade in the very next period ending the game. The critical seller is always able to

claim a small increment if he is proposing anything below in any period prior to t — 1.

1+6

4.11 PROOF OF THEOREM b

We will apply an induction argument on the number of critical sellers in the problem. Consider
an equilibrium in an assembly problem with two critical sellers. Suppose the final agreement

takes place at period ¢. There are three mutually exclusive and exhaustive cases with respect
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to the sellers who agree at ¢.
Case (a): If only two critical sellers and no non-critical sellers agree to trade at ¢, then

by Roy Chowdhury and Sengupta (2012), buyer’s surplus share cannot exceed i +§ Suppose

there are some non-critical sellers who also agree to trade at ¢. If buyer is making an offer at ¢,

she must offer 1—+6 of full surplus to both critical sellers, otherwise one of them can reject the

offer and claim m of the full surplus at ¢t + 1. If the sellers are making an offer, any critical

seller receiving less than + 715 of full surplus can reject such an offer and claim  at ¢ + 1.

1 1+5

Case (b): If only one critical seller agrees to trade at ¢, then this critical seller earns at

)

745+ ouppose not. If the buyer is making offers at ¢, then this seller can reject offers less

least

1

5 at t + 1. If sellers are making offers, this critical seller

than 1%5 and successfully claim

is claiming x < Suppose the buyer gets a surplus share of X in the continuation game

1+5

beginning at t. If this critical seller claims an increment € over x, the buyer would accept as
long as X —e > §X. Consider the other critical seller and suppose he agrees to trade at ¢t — 1.
Suppose sellers are making offers in period ¢ — 1, this critical seller claims a surplus share of

T < m and the buyer’s maximum surplus share in the continuation game beginning at period

t—1is X > 1—+5 If this seller claims € increment on his claim, the buyer would accept as long

as X —e > 0X because if she rejects this offer, the surplus share she can earn at ¢ where both

critical sellers are active is X. Suppose the buyer is making offers at t — 1, offers z < 1_+5 to
the critical seller and earns the maximum possible surplus share X > 1 T 5 Note that in the
next period only one critical seller would claim m Consequently, X = 1 5 %> 1 i 5 > 0.

Therefore, z < Suppose the critical seller rejects this offer and makes a counteroffer of

1+6

% — § — € by accepting

£ + € next period: the buyer can guarantee herself a surplus share
the deviating seller’s offer and making a fresh offer to the other critical seller next period.
If she rejects this offer, in the continuation game beginning period ¢, both critical sellers are
present, and the buyer’s surplus share can be at most 6.X = m — dx. For small €, the buyer
would accept the deviating critical seller’s offer. Similar arguments work if a critical seller is

agreeing to trade in a period prior to ¢ — 1.
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Case (c): Suppose only non-critical sellers agree to trade at ¢. If agreement takes place
with both critical sellers at ¢ — 1, then it cannot be that sellers are making offers at ¢ — 1 and

the buyer’s equilibrium surplus share is more than 3=2: like above, it implies that at least one

1+§

of the critical sellers is claiming z < 5 + 115+ He can claim a sufficiently small increment € over x
which the buyer cannot reject. Suppose the buyer is making an offer at ¢t — 1 and realizes the

maximum possible surplus share of X > Then she must be making an offer of z <

1+6 1+6

to some critical seller. Notice in this case, X = § — x1 — x5, where x; is the surplus share

1-6

1+6 > 0, x1,79 < 0. Now a critical seller who is getting less

of critical seller 7. Since X >

1

than 2= 2

say 1, can reject this offer and claim %+ + €. If the buyer accepts this offer, she gets

1+5’

1 -2y — % +eattand at most 0X if she rejects. For small ¢, the buyer would accept this
offer. Recall that it cannot be that some critical seller agrees to trade prior to ¢ — 1 since
non-critical sellers agree to trade in at most two periods. Similar arguments work if a critical
seller is agreeing to trade in a period prior to ¢ — 1.

Suppose the claim is true for ¢ = 2,...,m — 1 critical sellers. We will show that it is true
for ¢ = m. Note that by the induction hypothesis, the claim holds whenever the number of
sellers agreeing to trade at ¢ is between 2 and m — 1. Suppose m critical sellers agree to trade
in period t. If the buyer is making offers at ¢, she cannot offer any critical seller less than

because such a seller can reject and claim - in period ¢ + 1. If sellers are making offers

1+5 1+

at t and the buyer is getting a surplus share of X > one of the critical sellers must be

1+5’

claiming =z < Such a seller can successfully claim a small increment € over x because if

1+5

the buyer rejects this offer, her maximum possible surplus share is 0.X. If only one critical

seller agrees to trade at ¢, he cannot be receiving less than 1— If buyer is making offers at

+4

he can reject and claim —= in period t 4+ 1. If sellers are

t and he is getting less than 1+5

1+5’
1-6

e this critical seller

making offers at ¢ and the buyer is getting a surplus share of X >

must be claiming x < He can successfully claim a small increment € over x because if

1+6

the buyer rejects this offer, her maximum possible surplus share is 6 X. Now consider m — 1

critical sellers agreeing to trade at period ¢t — 1. Note that it implies all m sellers were present
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at period t — 1, otherwise the induction hypothesis would apply. If the sellers are making
offers at period ¢ — 1, it cannot be that a critical seller claims z < m and the buyer gets a

surplus of X > such a seller can always claim a small increment that the buyer cannot

1+6

reject. Suppose the buyer is making offers zq,...,x,, at t — 1 to m sellers and if possible,

realizing the highest possible surplus share X > Since one of these sellers, say 1, would

1+6

reject this offer and make a counteroffer in period ¢, buyer’s equilibrium surplus share in the

continuation game beginning period t — 1 is X = - > 41 %; which is greater than 1= by

1+6 1+5

the contradiction hypothesis. Therefore, for each seller i # 1, z; < 4 — =2

1+5 174 since z; > 0

for all . By refusing an offer any seller i # 1 can make a counteroffer m in period t. Note

that then the continuation game beginning at period ¢ has exactly two active sellers, and the

buyer’s equilibrium surplus share cannot be more than 1= in this continuation game and the

1+5
deviating critical seller has a guaranteed surplus share of %= + Tr5 in period ¢ + 1. This deviation

52

05— 1 - 5 Note that it cannot be the case that critical

therefore earns the critical seller -~ >

1+5
sellers agree to trade in three or more different periods and the buyer gets a surplus share more
than } +g, because then there are at least three critical sellers and the induction hypothesis
applies.

Finally, consider the case where only non-critical sellers agree to trade at t. This implies all
m critical sellers must have agreed to trade at period ¢t — 1. If the sellers are making offers at

t—1, it cannot be that any seller is claiming x < and the buyer is getting a surplus share of

1+5
X > 1—+5 Such a seller can successfully claim an increment in surplus share over x. Suppose the
buyer is making offers xy,...,z, at t — 1 and gets the highest possible surplus share X > 1—_‘5

Since only non-critical sellers make offers in period ¢, X =0 — ). x; > > 0. Therefore,

1+5
x; < 0 for all 4. A critical seller, say 1, can reject the buyer’s offer at ¢ — 1 and claim % + ¢
at t. If the buyer accepts this claim, buyer’s equilibrium surplus share is 1 — ", LT — G €
at t; if she rejects, her equilibrium surplus share is at most 6X = 6* —§ > @; — O —eatt.

Therefore, for small €, the buyer would accept the claim % + € at . Similar arguments work

if a critical seller is agreeing to trade in a period prior to t — 1.
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Conclusion

In this chapter, I take up the questions addressed in the thesis, discuss in brief the main
findings and suggest tentative ways forward. Some of the ideas discussed are projects currently
underway.

In the first chapter, we considered the situation of a collective contest between two dif-
ferently sized groups over a private prize. The aim of the chapter was to provide strategic
foundations to certain prize sharing rules, which may be used by groups in such a situation.
In particular, we considered the prize sharing rule introduced in Nitzan (1991). Even though
this rule is considered a standard in the literature, it was ad hoc in the sense that there was
nothing but an intuitive basis to it.

In order to provide the rules microfoundations, we proposed another rule which can be
considered to be the first best rule in our set up. We asked whether the prize sharing rule
will ever be chosen by any group when the first best rule is also present. We found that
under certain circumstances, the prize sharing rule being chosen by both groups may indeed
be an equilibrium of an appropriately constructed two stage game. But, it is an equilibrium
of a Coordination game where both groups choosing the first best rule is also a Nash equilib-
rium. It essentially captures a situation of failure by the groups to coordinate on the Pareto
superior equilibrium involving the first best rules. But, the equilibrium with prize sharing
rules survives the selection criterion of risk dominance under certain circumstances. And the

equilibrium always survives the criterion called the security principle. Given that there exist
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Nash equilibrium refinement criteria which select the equilibrium with the prize sharing rules,
we claim that there indeed exists a strategic basis to the prize sharing rules.

Besides the obvious extensions of considering larger number of groups, or testing the prize
sharing rules against other intuitive rules, an intriguing possibility is to test the model using
an appropriately constructed experiment. It is not hard to imagine group leaders choosing
inefficient institutions within his group, given it is in conflict with some other group. The best
way to construct an experiment would be to create two differently sized groups in a laboratory
setting and choose a leader from each group. Then just follow the exact approach taken in the
chapter and play our game (maybe a simplified version), with the constructed groups. If the
group leaders systematically choose the inefficient prize sharing rule in equilibrium at a rate
significantly greater than zero, then it would support the theoretical results of our model.

In the second chapter we tried to model social norms of competitiveness within groups and
how that affected their performance in a situation of conflict with other groups. We showed
that large egalitarian groups are the worst performing ones. It will be very difficult to test
the predictions of our model empirically or experimentally in a laboratory. But, it would be a
worthwhile exercise to find anecdotal evidence which either supports or refutes the predictions
of the model.

For instance, our model has an application to the theory of organizations. Given a world
where organizations of different sizes are always in conflict over some scarce resource, our
model predicts that large dispersed organizations will always fare worse than smaller, close
knit and more competitive organizations. For example, consider the wide, dispersed and the
larger identity, we call the Hindu identity. Our model would predict that such an identity
will more often than not lose out in competition to the much smaller, more coherent and
competitive identities, we can call the caste identities. Looking for evidence along such lines
to test our model is something we wish to do in future.

Moving away from the theme of collective contests, our final chapter considers a situation

of multilateral bargaining between a buyer and several sellers. Each seller owns an input
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each and the buyer needs to bargain successfully with a subset of sellers to implement a
grand project. The common theme in this literature is the problem of hold-out, whereby
sellers delay agreeing to accept offers in order to hold the buyer hostage, once the buyer has
already made agreements with some of them. The problem of hold out may lead to delay or
non-implementation of efficient projects.

What lies behind the phenomenon of hold out, is the extreme complemetaririties assumed
between inputs. We contend that such extreme degrees of complementarity between inputs is
not realistic. We try to model different degrees of complementarities between inputs using a
graph theoretic model, where each seller is a node on the graph and an edge exists between two
sellers in case they own complementary inputs. The buyer needs to pick a path of a particular
size to implement his project. The possibility of multiple such paths nicely builds in the idea
of substitutability between inputs.

We go on to show that the problem of hold-out more or less vanishes unless there exist
sellers, who belong to every path, i.e., a seller who is perfectly complementary to the production
process. This helps us show that the phenomenon of hold out critically depends on the
assumption of perfect complementarity and its incidence may thus been overstated in the
literature. Currently we are working on a project, the aim of which is to compute the coalition
proof Nash equilibria of the model in the chapter. Also, given the graph theoretic approach
does not give rise to the most general production processes, an interesting idea is to generalize
our model using the coalitional bargaining approach and verify whether our results hold in
that general model or not.

All the extensions and possible experiments suggested here are worthwhile future projects

but are much beyond the scope of this thesis.



Bibliography

Albers, W. (1997). Foundations of a theory of prominence in the decimal system, part iv

(imw working papers no. 265, 266, 269, 270, 271). University of Bielefeld, Institute of

Mathematical Economics.

Asami, Y. (1985). A game-theoretic approach to the division of profits from economic land

development. Regional Science and Urban Economics, 18(2):233-246.

Bag, P. K. and Mondal, D. (2014). Group size paradox and public goods. Economics Letters,

125(2):215-218.

Bagwell, K. (1995). Commitment and observability in games. Games and Economic Behavior,

8(2):271-280.

Baik, K. H. (1993). Effort levels in contests: The public-good prize case. Economics Letters,

41(4):363-367.

Baik, K. H. (1994). Winner-help-loser group formation in rent-seeking contests. Economics &

Politics, 6(2):147-162.

Baik, K. H. (2008). Contests with group-specific public-good prizes. Social Choice and Welfare,

30(1):103-117.

Baik, K. H. and Lee, S. (1997). Collective rent seeking with endogenous group sizes. European

Journal of Political Economy, 13(1):121-130.

188



Chapter 5: Conclusion 189

Baik, K. H. and Lee, S. (2001). Strategic groups and rent dissipation. Economic Inquiry,

39(4):672-684.

Baik, K. H. and Shogren, J. F. (1995). Competitive-share group formation in rent-seeking

contests. Public choice, 83(1-2):113-126.

Balart, P., Flamand, S., and Troumpounis, O. (2016). Strategic choice of sharing rules in

collective contests. Social Choice and Welfare, 46(2):239-262.

Baliga, S. and Sjostrom, T. (2004). Arms races and negotiations. The Review of Economic

Studies, 71(2):351-369.

Baliga, S. and Sjostrom, T. (2008). Strategic ambiguity and arms proliferation. Journal of
political Economy, 116(6):1023-1057.

Bichler, M. and Goeree, J. K. (2017). Handbook of spectrum auction design. Cambridge

University Press.

Blume, A. (2003). Bertrand without fudge. Economics Letters, 78(2):167-168.

Cai, H. (2000a). Bargaining on behalf of a constituency. Journal of Economic Theory,

92(2):234-273.

Cai, H. (2000b). Delay in multilateral bargaining under complete information. Journal of

Economic Theory, 93(2):260-276.

Cai, H. (2003). Inefficient markov perfect equilibria in multilateral bargaining. Economic

Theory.

Carlsson, H. and Van Damme, E. (1993). Global games and equilibrium selection.

Econometrica: Journal of the Econometric Society, pages 989-1018.

Chakravorty, S. (2013). The Price of Land: Acquisition, Conflict, Consequence. Oxford

University Press, New Delhi.



Chapter 5: Conclusion 190

Cheikbossian, G. (2012). The collective action problem: Within-group cooperation and

between-group competition in a repeated rent-seeking game. Games and Economic Behavior,

74(1):68-82.

Coase, R. H. (1960). The problem of social cost. Journal of Law and Economics, 3:1-44.

Corominas-Bosch, M. (2004). Bargaining in a network of buyers and sellers. Journal of

Economic Theory, 115(1):35-77.

Damme, E. v. and Carlsson, E. (1993). Equilibrium selection in stag hunt games.

Davis, D. D. and Reilly, R. J. (1999). Rent-seeking with non-identical sharing rules: An
equilibrium rescued. Public Choice, 100(1-2):31-38.

Eckart, W. (1985). On the land assembly problem. Journal of Urban Economics, 18(3):364—

378.

Esteban, J. and Ray, D. (2001). Collective action and the group size paradox. American

political science review, 95(3):663-672.

Fernandez, R. and Glazer, J. (1991). Striking for a bargain between two completely informed

agents. The American Economic Review, pages 240-252.

Flamand, S., Troumpounis, O., et al. (2015). Prize-sharing rules in collective rent seeking.

Companion to political economy of rent seeking, London: Edward Elgar, pages 92-112.

Fudenberg, D. and Tirole, J. (1991). Game Theory. MIT Press.

Genicot, G. and Ray, D. (2006). Contracts and externalities: How things fall apart. Journal
of Economic Theory, 131(1):71-100.

Ghatak, M. and Ghosh, P. (2011). The land acquisition bill: A critique and a proposal.
Economic & Political Weekly, 46(41):65.




Chapter 5: Conclusion 191

Ghatak, M., Mitra, S., Mookherjee, D., and Nath, A. (2013). Land acquisition and compen-

sation: What really happened in singur? Economic and Political Weekly.

Goller, D. and Hewer, M. (2015). Breakdown in multilateral negotiations. Journal of Economic

Theory, 157:478-484.

Government of India, M. o. L. and Justice (2013). The right to fair compensation and trans-
parency in land acquisition, rehabilitation and resettlement act, 2013. http://indiacode.

nic.in/acts-in-pdf/302013.pdf.

Grimalda, G., Kar, A., and Proto, E. (2008). On the value of participation: Endogenous
emergence of social norms in a three-player ultimatum game experiment. International

Review of Economics, 55(1-2):127-147.

Gupta, D. and Sarkar, S. (2019). Assembly problems: coalition formation in seller networks.

Working paper.

Giirtler, O. (2005). Collective contests with externalities: corrigendum. European Journal of

Political Economy, 21(2):533-536.

Hardin, G. (1968). The tragedy of the commons by garrett hardin. Science, 162(3859):1243

1248.

Harsanyi, J. C. (1995). A new theory of equilibrium selection for games with complete infor-

mation. Games and Economic Behavior, 8(1):91-122.

Harsanyi, J. C., Selten, R., et al. (1988). A general theory of equilibrium selection in games.
MIT Press Books, 1.

Heller, M. (2008). The Gridlock Economy: How Too Much Ownership Wrecks Markets Stops

Innovation, and Costs Lives. Basic Books.

Hillman, A. L. and Riley, J. G. (1989). Politically contestable rents and transfers. Economics
& Politics, 1(1):17-39.


http://indiacode.nic.in/acts-in-pdf/302013.pdf
http://indiacode.nic.in/acts-in-pdf/302013.pdf

Chapter 5: Conclusion 192

Jiménez Martinez, A. and Dam, K. (2011). A note on bargaining over complementary pieces

of information in networks.

Kartik, N. (2011). A note on undominated bertrand equilibria. Economics Letters, 111(2):125-

126.

Katz, E., Nitzan, S., and Rosenberg, J. (1990). Rent-seeking for pure public goods. Public
Choice, 65(1):49-60.

Keser, C., Vogt, B., et al. (2000). Why do experimental subjects choose an equilibrium which

is neither Payoff nor Risk dominant? CIRANO.

Kobayashi, K. and Konishi, H. (2020). Effort complementarity and sharing rules in group

contests. Social Choice and Welfare, pages 1-17.

Krasteva, S. and Yildirim, H. (2012a). On the role of confidentiality and deadlines in bilateral

negotiations. Games and Economic Behavior, 75(2):714-730.

Krasteva, S. and Yildirim, H. (2012b). Payoff uncertainty, bargaining power, and the strategic

sequencing of bilateral negotiations. The RAND Journal of Economics, 43(3):514-536.

Krishna, V. and Perry, M. (2000). Efficient mechanism design. Working Paper.

Krishna, V. and Serrano, R. (1996). Multilateral bargaining. The Review of Economic Studies,

63(1):61-80.

Lee, S. (1995). Endogenous sharing rules in collective-group rent-seeking. Public Choice,

85(1-2):31-44.

Lee, S. and Kang, J. H. (1998). Collective contests with externalities. European Journal of

Political Economy, 14(4):727-738.

Li, D. (2010a). A multilateral telephone bargaining game. Economics Letters, 108(1):43-45.




Chapter 5: Conclusion 193

Li, D. (2010b). Omne-to-many bargaining with endogenous protocol. Proc. Working Paper,

pages 1-32.

Lichtman, D. G. (2006). Patent holdouts and the standard-setting process. u chicago law and

economics. Technical report, Olin Working Paper.

Manea, M. (2016). Models of bilateral trade in networks. In Bramoullé, Y., Galeotti, A., and

Rogers, B., editors, The Oxford Handbook of the Economics of Networks. Oxford University

Press.

Menezes, F. and Pitchford, R. A model of seller holdout. Economic Theory.

Miceli, T. J. (2011). The economic theory of eminent domain: private property, public use.

Cambridge University Press.

Miceli, T. J. and Segerson, K. (2007). A bargaining model of holdouts and takings. American

Law and Economics Review, 9(1):160-174.

Miceli, T. J. and Segerson, K. (2012). Land assembly and the holdout problem under sequential

bargaining. American Law and Economics Review, 14(2):372-390.

Muthoo, A. (1999). Bargaining theory with applications. Cambridge University Press.

Myerson, R. and Satterthwaite, M. (1983). Efficient mechanisms for bilateral trading. Journal

of Economic Theory, 29(2):265-281.

Nitzan, S. (1991). Collective rent dissipation. The Economic Journal, 101(409):1522-1534.

Nitzan, S. and Ueda, K. (2011). Prize sharing in collective contests. European Economic

Review, 55(5):678 687
Nitzan, S. and Ueda, K. (2014a). Cost sharing in collective contests.

Nitzan, S. and Ueda, K. (2014b). Intra-group heterogeneity in collective contests. Social choice
and Welfare, 43(1):219-238.



Chapter 5: Conclusion 194

Noe, T. H. and Wang, J. (2004). Fooling all of the people some of the time: a theory

of endogenous sequencing in confidential negotiations. The Review of Economic Studies,

71(3):855-881.

Noh, S. J. (1999). A general equilibrium model of two group conflict with endogenous intra-
group sharing rules. Public Choice, 98(3-4):251-267.

O’Flaherty, B. (1994). Land assembly and urban renewal. Regional Science and Urban

Economics, 24(3):287-300.

Olson, M. (1965). The logic of collective action, cambridge, mass. Harvard Univ. Pr.

Osborne, M. J. and Rubinstein, A. (1990). Bargaining and markets. Academic press.

Osborne, M. J. and Rubinstein, A. (1994). A course in game theory. MIT press.

Ray, D. (2007). A game-theoretic perspective on coalition formation. Oxford University Press.

Ray, 1., Serrano, R., and Kar, A. (2005). Multiple equilibria as a difficulty in understanding
correlated distributions. Available at SSRN 869052.

Roy Chowdhury, P. and Sengupta, K. (2012). Transparency, complementarity and holdout.
Games and Economic Behavior, 75(2):598-612.

Rubinstein, A. (1982). Perfect equilibrium in a bargaining model. Econometrica, pages 97-109.

Rudin, W. (1976). Principles of Mathematical Analysis. McGraw Hill Book Company, 3rd

edition.

Samuelson, L. (1997). Evolutionary games and equilibrium selection, volume 1. MIT press.

Sarkar, S. (2014). Mechanism design for land acquisition. Unpublished PhD thesis submitted

to Indian Statistical Institute.

Sarkar, S. (2017). Mechanism design for land acquisition. International Journal of Game

Theory, 46(3):783-812.



Chapter 5: Conclusion 195

Sarkar, S. (2018). Convergence of vcg mechanism to ex-post budget balance in a model of

land acquisition. Mathematical Social Sciences, 93:37-46.

Schelling, T. C. (1980). The strategy of conflict. Harvard university press.

Segal, I. (1999). Contracting with externalities. Quarterly Journal of Economics, pages 337—

388.

Sen, A. K. (1966). Labour allocation in a cooperative enterprise. The Review of Economic

Studies, 33(4):361-371.

Singh, R. (2012). Inefficiency and abuse of compulsory land acquisition: An enquiry into the
way forward. CDE Working Paper No. 209.

Skyrms, B. (2004). The stag hunt and the evolution of social structure. Cambridge University

Press.

Suh, S.-C. and Wen, Q. (2006). Multi-agent bilateral bargaining and the nash bargaining

solution. Journal of Mathematical Economics, 42(1):61-73.

Suh, S.-C. and Wen, Q. (2009). A multi-agent bilateral bargaining model with endogenous
protocol. Economic Theory, 40(2):203-226.

Trevisan, F. (2020). Optimal prize allocations in group contests. Social Choice and Welfare,

pages 1-21.

Ueda, K. (2002). Oligopolization in collective rent-seeking. Social Choice and Welfare,

19(3):613-626.

Ursprung, H. W. (2012). The evolution of sharing rules in rent seeking contests: incentives

crowd out cooperation. Public Choice, 153(1-2):149-161.

Van Huyck, J. B., Battalio, R. C.,; and Beil, R. O. (1990). Tacit coordination games, strategic

uncertainty, and coordination failure. The American Economic Review, 80(1):234-248.




Chapter 5: Conclusion 196

Van Huyck, J. B., Battalio, R. C., and Beil, R. O. (1991). Strategic uncertainty, equilibrium

selection, and coordination failure in average opinion games. The Quarterly Journal of

Economics, 106(3):885-910.

Véazquez-Sedano, A. (2014). Sharing the effort costs in group contests. The BE Journal of

Theoretical Economics, 18(1).

Vogt, B. and Albers, W. (1997). Equilibrium selection in 2 x 2 bimatrix games with preplay

communication.
Von Neumann, J. and Morgenstern, O. (1944). Theory of games and economic behavior.
Wikipedia (2014a). Nandigram violence — wikipedia, the free encyclopedia.
Wikipedia (2014b). Singur tata nano controversy — wikipedia, the free encyclopedia.

Xiao, J. (2018). Bargaining orders in a multi-person bargaining game. Games and Economic

Behavior, 108:364-379.



	Introduction
	Prize Sharing Rule in Collective Contests: Towards Strategic Foundations
	Introduction
	Literature
	Model
	Choice of Individual Efforts 
	Equilibrium Net Surplus and Probabilities of Success
	Group Payoff Functions

	Choice of Sharing Rules by Group Leaders
	Equilibrium Selection
	Discussion
	Extensions
	Generalized Tullock Contest Success Function
	Group Leader Maximizes Probabilities of Winning

	Conclusion
	Appendix 1
	Individual Effort Choice Problem
	Leader's Choice Problem

	Appendix 2
	 Best Response Functions

	Appendix 3
	Generalized Tullock Contest Success Function
	Group Leaders Maximize Probabilities of Winning


	Prize Sharing Rules in Collective Contests: When Does Group Size Matter?
	Introduction
	Literature
	Model
	Choice of Individual Efforts 
	Choice of Sharing Rules by Group Leaders
	Leader's Optimization Problem

	Equilibrium Characterization
	When does GSP occur?
	Extensions
	Generalized Tullock Contest Success Function
	Group Leaders Maximize Probabilities of Winning

	Conclusion
	Appendix 1
	Individual Effort Choice Problem
	Leader's Choice Problem

	Appendix 2

	Bargaining for Assembly
	Introduction
	Literature
	Preliminaries
	Graphs and assembly problems
	Bargaining protocol
	Existing results
	Two examples

	Results
	Possibility of full surplus extraction
	Buyer's surplus share in presence of critical sellers

	Discussion
	Public Policy Implications
	Conclusion
	Appendix
	Proof of Proposition 26
	Proof of Proposition 27
	Proof of Proposition 28
	Proof of Proposition 29

	Proof of Proposition 30
	Proof of Theorem 4
	Proof of Theorem 5

	Conclusion

