NOTES
AN APPROXIMATION TO THE DISTRIBUTION OF SAMPLE
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SUMMARY. This papor prosonts aa spproximation to the distribution function of X =
3 (r41), whore r ia tho samplo coreolation coofloiont, in terms of an incomploto bota integral and

Jacobi polynomiula. Tho constants involved in 1ho oxprossion are obtsinod in torme of tho momeats
of r, which oro funotions of the bivari lunta of tho paront lution. This app i
coincidos with tho oxact oxprossion if tho ion ia bivariate normal with zaro correlation coollicient.

1. Anapproximation to tho sampling distribution of tho correlation coefficient {r) in
samples from any non-normal population when tho population correlation cocflicient (p)
is zero was given by Quensel,  Gayen (1951) obtained a moro general result when population
correlation flici is not ily zero. Ho obtained this approximation by atarting
with a bivariate Gram-Charlier cxpansion of tho joint probability density function of tho
population and ignoring all joint cumulants of tho population above tho fourth. An alter-
nativo approach is presented in this paper.  Tho probability density function of X = (r4-1)/2
is expanded in terma of a beta density function and Jacobi polynomials, Similar methods
weee used by Durbin and Watson (1051) in deriving an approximation for the distribution of
a statistio uscd for testing serial correlation in least square regression and by Roy (1065) in
approximating the power of Wilks' likelihood ratio test,

2, Let(z;, 9} ey (X0, y2) be n pairsof obscrsationsdrawn at random from a continuous
bivariato population with cumulants &y, ¢,7 = 1,2, ..., Let usdenoto by f(z) tho probability
Zx—2) (y—9) :
Vi =2 Vi Tho quotient f(z)}
Bz, a,b) whero f(z,a, ) = z+)(1—z)*~1/B(a,b), con formally bo cxpanded in on infinite
sorics o8

density funclion of X = »l—;'—' whero v =

s =piza0) £ adiz,ab) )

whero J,(x, a,b) is tho Jacobi polynomial of degreo . Theso polynomials are orthogonal
with respeet to tho beta density function f(z, a, b), 8o that

! J (%, a, 6)J,(x, @, b) Az, @, b)dx = dre ky(a, b) - @

whoro ke, 0) =1

b by = o, SO Dl =D AT (bbr—1)
i rigryatb=N){att)a+o+1) ... (a+b+r—2)
Tho polynomials are defined by (for a,b > 0)
Jofz,8,0)=1

forr=12,...

Jiz,a,b) = 'é {—1)" C,(r,a, b)z" forr=12,..
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whero
Cyfr,a,8) = a(a+1) ... (afr=1)/r!

C,(r,a,b) = (r+a$d=1)r+a+b) ... (r+atbtv=2)jv1
x{a+v){atv+]) ... (@+r=1)[r—y)t v =1,2, ... r—1
C/r,a,b) = (r+a+bdb—1)(r+a+D) ... (2r+a+b-2)/r!

Tho paremeters a, in (1) can bo compuled by multiplying both sides of (1) by J,(x, a,b) and
integraling over z from ¢ to 1, when wo get

a, = | Jo fe=lefts
°

formally, by virtuo of the orthogonality property (2).

Retaining only first five terms of the expansion wo get

Jx) = fz, a,b) 5-’ a,Jy(z;a,b) e (3)

and integrating (3) tho cunmulativo destribution function of # is oblained as

Fiz) = Biz, a, l)—fz, a+1,b+1) ﬁl atd,lz at1, b41) e )
X =f . a,-ab
whero B{z,a,b) g pit,a, )t and  a; TG TEET)

Let us writo g, for the r-th moment of r about origin, We now choose a and b to make
@, == a3 = 0 This gives

a = 204 =0+ A+2m ) L (I—pl—py)
2142+ 2014+ 200+ 2 ) =21
Writing 0 = a+b wo get
aj =0
a3 =0

o _C+8 a_ (C4+2)(C+3) (C+2)(C+3)(C+4
ay = ] [5 (C+2)m.+—a+l_ my— £3)(C+ )m,]

Fat e +2)
and
s (CHIOED [ oy gy, L HCLOLY)  (CHICLCLS
%= e a0+ L4 Tt m— CEERACA
{O+3)CHAC+ENCH0)
F o Da et ) - ®
whero m,=217“'é (:’)’: 0=1,23,4



APPROXIMATION TO THE SAMPLING DISTRIBUTION

The expressions for gtk = 1, 2,3, 4) are given by Cook (1951) in terms of the population
cumulanta to order n=? andd aro not reproduced here. Thus knowing the first four momenta
of 7 expressions for the density function ond cumulative distribution function can Le obtained
using (3) ond {4) respectively.

3. When parent population is bivarinte normal N(0,0, 1, 1, p), kg =k =0, k,a=1,
= 1 and &y, = p, all the other cumulants are zero.  Hero the fint four moments of r reduce

to (to onler u-?)

=r{img= g+ g ) )
m=p{1-245 40 (2- ,'f)+p,(—:+%,)+p‘ni',}
=G (5 ) ot o (5 )+ o)
e (RSBt 2 (- ) )

Wo present below a few values of the distribution function of r as given in David's (1933)
tablo and the corresponding approximate values using (4), when the parent population is
bivariate normal.

TABLE 1

prob (r < ylp)

n p v exact Jacubi % error
approximotion
10 0.2 0.2 4859 .5upt 4.8
10 0.2 08 R L8905 1.2
10 04 02 L2404 L2550 2.2
te 0.4 0.6 420 L1607 1.7
25 0.2 0.2 4917 5040 2.8
26 0.2 0. .pas2 L0820 K
25 0.4 0.2 L1380 1205 13.1
25 04 0.0 L8910 L8823 1.0
50 0.2 0.2 A%z R 1.7
o0 ae o4 L0005 .vUs0 0.1
100 0.2 0.2 L4959 5017 1.2

4. As tho explicit expression of the probability integral of Gayen'’s approximati
not available, the approximation developed here, is not compared numerieally with Gayen's
result.
the exact valuea, when the popnlation is bivariate normal—tho only case where the distri.
bution ia known cxactly, is quite goud.  Tha approximation coincides with the exact distri-
bution if tho population is normal with zero correlation coeflicient.

However, Table 1 shows that the agreement between the present approximation and
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