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Notations & Abbreviations

N Set of all Natural numbers.

Zy Nu{0}.

YAl {t=(t1,...,tp): t; EZy,i=1,...,n}.

z (21,...,2n) € C™.

=k z]fl gk

k| ki + ...+ kp.

(Th,...,T,) n-tuple of commuting operators on Hilbert spaces.
T* TF ... Tk

D" {z:|z] < 1,i=1,...,n}.

B" f=: 0 |l < 1),

E & Hilbert spaces.

B(€) Set of all bounded linear operators on &.
B(&,Ey) Set of all bounded linear operators from &£ to ..

Pt =T1—P Where P is a orthogonal projection on a Hilbert space.






Introduction

The subject of linear operators evolved rapidly since the work of Riesz and von Neumann
and their coauthors starting from 1916. Evidently, function theory profoundly impacts
the development of operator theory, operator algebras, mathematical physics, and many
other subjects of linear analysis. For instance, the theory of essentially bounded functions
(following the Lebesgue measure theory) plays a crucial role in unifying the theory of
normal operators, whereas the theory of bounded analytic functions plays a decisive role

in formulating and solving several problems related to non-normal operators.

The principal goal of this thesis is to provide a further insight into the underlying
connection between several variables analytic function theory and the structure of com-
muting tuples of bounded linear operators on Hilbert spaces. The broader approach is
in line with the earlier studies of shift invariant subspaces of Beurling [29], Lax [81], and
Halmos [63], the Sz.-Nagy and Foias [90] model theory, the de Branges’ point of view
of [37, 38] invariant subspaces that are contractively contained in the Hardy space, etc.
Our contribution also follows Agler’s modern approach to Schur functions [1, 2], and the
line of research of Sarason in the generalization of Beurling theorem [101]. Some of our
results again bring out the known contrast between the theory of single operators and

the theory of multivariable operator theory.

More specifically, we study factorizations of Schur functions and Schur-Agler func-
tions of various kinds. We relate the structure of inner functions with isometric colli-
gations and Cj. operators. We also characterize Beurling quotient modules on Hardy
space over polydisc in terms of model operators. We present several results concerning
de Branges-Rovnyak kernels and Agler kernels. The main contributions of this thesis

are:

1. Factorizations of Schur-Agler functions: We present algorithms to factorize Schur
functions and Schur-Agler class functions in terms of colligation matrices. More
precisely, we isolate checkable conditions on colligation matrices that ensure the
existence of Schur (Schur-Agler class) factors of a Schur (Schur-Agler class) func-
tion and vice versa. This study also seeks to contribute to the understanding of

the delicate structure of bounded analytic functions in several complex variables.

2. Schur functions and inner functions on the bidisc: We study representations of

inner functions on the bidisc from a fractional linear transformation point of view.

3



4 Introduction

We provide sufficient conditions, in terms of colligation matrices, for the existence
of two-variable inner functions, and we present classification results of de Branges-
Rovnyak kernels on the polydisc and on the open unit ball of C", n > 1. We also
classify, in terms of Agler kernels, two-variable Schur functions that admit a one

variable factor.

3. Beurling quotient modules on the polydisc: We present a complete characteriza-
tion of Beurling quotient modules of H2(D") in terms of model operators. We
provide two applications, first, we obtain a dilation theorem for Brehmer n-tuples
of commuting contractions, and, second, we relate joint invariant subspaces with

factorizations of inner functions.

Let us now elaborate on the above content chapter-wise. Our thesis comprises three
chapters, excluding a preliminary chapter. Here is the detailed outline of the main

chapters:
Chapter 2: Factorizations of Schur-Agler functions

The goal of this chapter is to clarify the link between isometric colligations and factors
of Schur functions. Let 2 be an open connected set in C*, n > 1. By definition, the
Schur class S(§2) consists of complex-valued analytic functions mapping from €2 into the
closed unit disk D, that is

S(Q) ={¢: Q2 — C:pis analytic and |¢]lc <1},

where || - ||oo denotes the supremum norm over €. In other words, S(f2) is the closed
unit ball of the commutative Banach algebra H>(2), the set of all bounded analytic
functions on  under the supremum norm. The elements in the set S(€2) are called
Schur functions [104, 105]. In this thesis, we will only focus on 2 as the open unit disc
D™ and the open unit ball B" in C™.

Now we formulate the necessary set of notations for the main results of this chapter.

Given 1 < m < p < n and Hilbert spaces H1, ..., Hy, we set

HP = Hpp @ a1 @ - ® Hp.-

n
In particular, H} = € H;. Moreover, with respect to the orthogonal decomposition
i=1
T =H"®H), , we represent an operator D € B(HY) as

€ B(HT" & Hpppn)-

D D
po |Pun Do
Ds1 Do
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Similarly, if £ and &, are Hilbert spaces, B € B(H},£) and C € B(E., H}), then we

write

Cq

B:[B1 Bg}eB(HT@anH,e’) and C= |}

We are ready to introduce the relevant isometric colligations:

Definition 0.0.1. Let 1 < m < n. We say that an isometry V € B(H) satisfies property
Fm(n) if there exist Hilbert spaces Hi, ..., Hy such that H = C @ HY, and representing
V as

a Bl B2
V=1|C1 Dii Dio| € BICOH ®Hyp 1),
Cy D1 Do

one has Dy = 0 and aD19 = C1Bs.

The Schur-Agler class SA(D™) [2] consists of scalar-valued analytic functions ¢ on

D™ such that ¢ satisfies the n-variables von Neumann inequality, that is

H(:D(Tl’ s 7Tn)”B(H) <1,

for any m-tuples of commuting strict contractions on a Hilbert space . The elements
of SA(D") are called Schur-Agler class functions. If ¢ € SA(D"), then we also say that
¢ is a function in the Schur-Agler class SA(D™). The following theorem of Jim Agler
[2] then obtains:

Theorem 0.0.2 (Agler). Let ¢ be a function on D™. Then ¢ € SA(D") if and only if

there exist Hilbert spaces Hi, ..., Hyn and an isometric colligation
a B
V= € B(Co HY),
.| eseen

such that ¢ = Ty where

v (2) = a+ By — Euy(2)D) ™ Eyey (2)C,

1

n n
= @’Hz and Eyn(z) = @Zi[%i for all z € D".
i=1 i=1

Our first main result concerns factorizations of Schur-Agler class functions in SA(D"),

n > 1, into Schur-Agler class factors with fewer variables.

Theorem 0.0.3. Let 1 <m < n, and let § € SAD"™). If 6(0) # 0, then

0(z) = (21, oy 2m)(Zms1y - -+ 2Zn) (z € D"),
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for some ¢ € SA(D™) and v € SAD™™™) if and only if
0(z) =mv(z) (ze€D"),
for some isometric colligation V' satisfying property Fm(n).

Next we investigate general n-variables (n € N) Schur-Agler class factors of Schur-
Agler class functions in SA(D™). More specifically, for a given 6 € SA(D"), we give a
set of necessary and sufficient conditions on isometric colligations ensuring the existence
of p and ¥ in SA(D") such that § = p1p. Our classification is related to the following

class of isometric colligations:

Definition 0.0.4. We say that an isometry V € B(H) satisfies property F(n) if there
exist Hilbert spaces {M;}1'_, and {N;}I, such that

H=Co (Do),

i=1

and representing V' as

a| B - B,
Ci|Du -+ Dy i
V= | o EB(C@(ZG?(Mi@M)))v

and B;, C; and D;; as

Bi=[B(1) Bi2)| € BMiaN;,0), Ci=

and

D;;(21)  Dy;(2)

one has
D,L](Ql) = 0, (md (ZDZ']'(12) = Cl(l)BJ(Q),

foralli,j=1,...,n.

The second factorization result of this chapter states:

Theorem 0.0.5. Suppose § € SA(D"), and suppose that 0(0) # 0. Then 0 = ¢ for
some ¢, € SAD™) if and only if 0 = Ty for some isometric colligation V satisfying
property F(n).

Now we consider factorizations of contractive multipliers (denoted by M;j(H2)) on

the Drury-Arveson space H?2. Recall that H? is the reproducing kernel Hilbert space
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corresponding to the kernel

1

B" x B" 5 (z,w) — ————.
8 (Zw) 1_<z7w>

Theorem 0.0.6. Suppose § € M1(H2) and 0(0) # 0. Then the following are equivalent:
(1) There exist multipliers ¢ € My(H2) and 1 € My(H?2_,,) such that

0(z) = (21, oy 2m)(Zmsty - -+ 2Zn) (z € D").

(2) There exist Hilbert spaces Hi and Hao and isometric colligation

B
- g LCB(H1®Hs) = Ca (Hy & Ha)",
Cq Dy
such that writing B = [B(l) B(Q)], C=1|:|land D=1 : |, one has
C D,
_C. ) ;
W icj<m
0
C; =
0
fm+1<j<n,
1C5(2)
and _
D;(1
i(1) Dj(2) iF1<j<m
D;={
0 0 ,
fm+1<j<n,
0 Dj(3)
and
aD;(2) = C;(1)B(2),
foralli=1,...,m, and

9(2) =a+ B(IH1€BH2 - E(H1®H2)" (Z)D)_lE('Hl@'HQ)" (Z)C (Z € Dn)'
In the setting of the Drury-Arveson space, we prove the following analog of Theorem
2.3.4.

Theorem 0.0.7. Suppose € My(H?2) and 0(0) # 0. Then the following are equivalent:
(1) There exist ¢ and 1 in My(H2) such that 0 = ¢ip.
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(2) There exist Hilbert spaces Hy and Ha and isometric colligation

a B
C D

V= Ch(H1DHa) > Ch (H1H)™,

such that

H(Z) =a-+ B(IH1GBH2 - E(H1G§H2)" (Z)D)_lE(H1€BH2)” (Z)C (z S Bn)v

Ch Dy
and writing B = [B(l) B(Q)], C=|:|,D=]|":1| and
Ch D,
o |Gl b [Dm Dz-<12>]7
Ci(2) Di(21)  Di(2)

one has
D;(21) =0 and aD;(12) = C;(1)B(2),

foralli=1,....,n.

Finally, we present a complete description of Schur-Agler class factors of Schur-Agler
class functions on D™ vanishing at the origin.
Theorem 0.0.8. Suppose § € AS(D") and 0(0) = 0. Then

(1) 6 = ¢p for some ¢, € SAD™) and ¥(0) # 0 if and only if there exist Hilbert
spaces {H; 11, {Mi}l, and {N;}_, and an isometric colligation

0| B - B,
0 B Ci|Du -+ Dy "
oD ‘ : o ( (iEZBl )
Cn Dnl Dnn

such that 0 = 1y and Hy = My ® Ny, k=1,...,n, and representing B;, C; an D;; as

B; =[B;(1),B;(2)] € BIM; & N;,C), C;= gzg; € B(C,M; & N;),
D;;(1) D;;(12)
and D;; = J J € B(M;®N;, M;®N;), one has B;(2) =0, D;;(21) = 0,
j [Dij(m) | € B, 2) =0, Dy(21)
and

C(1H)C(1)*D(12) =C()*C(1)D(12) and C(1)*C(1) >0,
C1(1)

where i,j =1,...,n, and C(1) = : and D(12) = [Dij(12)}
Cn(1)

n

Q=1
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(2) 0 = ¢p for some ¢, € SAD™) and ¢(0) = 0 = (0) if and only if there exist
Hilbert spaces {H;}1 1, {Mi}—, and {N;}I_,, an isometry X € B(C, @ M;), a bounded
i=1

n
linear operator Y € B(@ N;, C) and an isometric colligation

=1
0| B - B,
0 B Ci| D -+ Dy -
V= c pl= : o EB((C@(iG?Hi)),

such that @ = Tv and Hy = My ® Ny, k=1,...,n, and representing B;, C; an D;j as

BB N _ |G N
Bi_[BZ(l),BZ(Q)]eB(Mz@Nz,C), €= EB((C,MZEBNZ),
Di;(1)  Dy;(12)
and D;; = J J € BIM; aN;, M; ®N;), one has B;(2) =0, C;(1) =0,
; [DU@D Dij(g)] (M &N ) 2) =0, Ci(1)
and

D;(21) =0, D(12)=XY and X*D(1) =0,

where
D) = [Dy (), € B(EDMy),
p=1
and . .
D(12) = [Dij(m)]jjzl e B(PN, PM,).
’ p=1 p=1

Similar results also hold for contractive multipliers on the Drury-Arveson space.
Chapter 3: Schur functions and inner functions on the bidisc

In this chapter, we study representations of inner functions on the bidisc from a
fractional linear transformation point of view. We provide sufficient conditions, in terms
of colligation matrices, for the existence of two-variable inner functions. Our sufficient
conditions are not necessary in general, and we prove a weak converse for rational inner
functions that admit a one variable factorization. We also present a classification of de
Branges-Rovnyak kernels on the bidisc (which equally works in the setting of D™ and
B™ n > 1), and classify, in terms of Agler kernels, two-variable Schur functions that

admit a one variable factor.

Recall that Cy. denotes the set of all contractions T on Hilbert spaces such that
T™ — 0 in the strong operator topology (that is, |T™h| — 0 as m — oo for all h € H).

The first main theorem of this chapter states:
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Theorem 0.0.9. Let ¢ € S(D?). If ¢ = 1y for some isometric colligation

a Bl BQ
V=|C, D Dy| :CH(H1DH2) = CD(H1DH2),
Cy 0 Dg

with Dy, D3 € Cy., then ¢ is an inner function.

Now we turn to de Branges-Rovnyak kernels on D". Let © € SA(D"™, B(&,&,)). Then
Mg is a contraction from HZ(D") into HZ (D™). It is now easy to check that Kg > 0,
where

Ko(z,w) = S,(z,w) (I — 0(2)0(w)*) (z,w e D").

We say that Kg is a (B(E,)-valued) de Branges-Rovnyak kernel on D™. In the following,

we do not assume a priori that K is analytic in {z1,...,2,}.

Theorem 0.0.10. Let K : D" x D" — B(&,) be a kernel on D"™. Then K = Kg for
some Schur-Agler function © € SAD™, B(E,E)) and a Hilbert space € if and only if
there exist B(Ex)-valued kernels Ky, ..., K, on D" such that

n

im1 [1(1- ZJwJ)
J#i

Ki(Z,’lU),

for all z,w € D", and I¢, —S,;' - K > 0.

In the last part of this chapter we study factorizations of two-variable Schur functions

in terms of Agler kernels. We prove:

Theorem 0.0.11. Let ¢ € S(D?) and suppose ©(0) # 0. The following assertions are

equivalent:

(1) There ezist p1 and 2 in S(D) such that

p(z) = p1(z1)pa(z2) (2 €D?).

(2) There exist Agler kernels {K1, Ka} of ¢ such that Ki depends only on z1 and w1,
and

©(0) Ka(-, (w1,0)) = p(w1,0) K2(-,0) (w1 € D).

(3) There exist Agler kernels {Li, Lo} of ¢ such that all the functions in Hr, depends

only on z1, and

p(0)f(-,0) = ¢(-0) f(0)  (f € HL,)-

#(0) Bi By
V=|C D Dy| €BC&HidMa)),
02 0 D4
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with ¢(0)Dy = C1Bs.

Chapter 4: Beurling quotient modules on the polydisc

In this chapter, we present a complete characterization of Beurling quotient modules
of vector-valued Hardy space over D". We present two applications: first, we obtain
a dilation theorem for Brehmer n-tuples of commuting contractions, and, second, we

relate joint invariant subspaces with factorizations of inner functions.

Let n > 1 and let £ be a Hilbert space. The £-valued Hardy space over the polydisc
D", denoted by HE(D”), is the Hilbert space of all £-valued analytic functions f on D"
such that

1

190 (s [ 15 [Bdm()) < o
0<r<1JTn

where dm(z) is the normalized Lebesgue measure on the n-torus T". Given another
Hilbert space &, we denote by Hie (D™) the Banach space of all B(&,, £)-valued
bounded analytic functions on D". A function © € He. & (D™) is called inner if
[+ ©f defines an isometry Mg : HZ (D") — HZ(D"). Finally, recall that a closed
subspace @ C HZ(D") is said to be a Beurling quotient module (and Q' is a Beurling
submodule) if

Q= H}(D") & OHE, (D") = HA(D")/6HE (D",

o0

for some Hilbert space £, and inner function © € Hg ¢ (D™). In the context of Beurling
theorem and the classical Sz.-Nagy and Foias dilation theory, it appears natural to raise

the following question:

QUESTION 1. Which quotient modules of Hg(]D)”) admit Beurling representations?

Given a quotient module Q@ C H g (D™), define the n-tuple of compression operators
C,=(Cy,...,C,,) on Q by

C,, = PoM.,|o (i=1,...,n),

where Pg € B(H2(D")) is the orthogonal projection onto Q. In the following theorem,

we give the answer to Question 1:

Theorem 0.0.12. Let & be a Hilbert space and let Q be a quotient module of HZ(D").
Then Q is a Beurling quotient module if and only if

(Ig = CLC) (I = C;C) =0 (i 7).

Now we turn to the analytic model theory in several variables. Let T = (11, ...,T,)
be a commuting tuple of contractions on a Hilbert space H. We say that T is a Brehmer
tuple (cf. [9], [39], [79]) if

> (-)\FlTpTy > 0,
FCG
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for every G C {1,...,n} where |F| denotes the cardinality of I and Tp = [[,;cp T} for
all FF C {1,...,n}. We set, by convention, that Tj = Iy and |@] = 0. A contraction X
on H is called pure if X** — 0 as n — oo in the strong operator topology. A Brehmer

tuple T is called a pure Brehmer tuple if T; is pure for allt =1,...,n.

We define model operators T3, 9 = Po,M.,|g, for all i =1,...,n, and set

To=(T:0,---,1%,0)-

It is a natural question to ask which n-tuples of commuting contractions are unitarily
equivalent to T on Beurling quotient modules Qg. The following result (a refinement

of Theorem 4.1.1) gives a complete answer to this question.
Theorem 0.0.13. Let T = (T1,...,T,) be an n-tuple of commuting contractions on H.
The following are equivalent.

(a) T = To for some Beurling quotient module Qg.

(b) T is a pure Brehmer tuple and (I — T;T;)(Iy — T;T;) =0 for alli# j.

In the final section of this chapter we classify factorizations of inner functions in

terms of existence of certain invariant subspaces.

Theorem 0.0.14. Let © € Hg(’g*’g)(]D") be an inner function. The following are

equivalent.

1. There exist a Hilbert space F and inner functions ¥ and ® in ng& ) (D™) and

Hg?]_.,g) (D™), respectively, such that © = ®W.

2. There exists a To-invariant subspace M C Qg such that M & Seg is a Beurling
submodule of HZ(D").

3. There exists a To-invariant subspace M C Qg such that
(I =CiC)I = CjC;) =0 (i#)),

where Cs = PogomTs, 0losom foralls=1,... n.



Chapter 1
Preliminaries

In this chapter, we recall the necessary definitions and basic facts from classical operator
theory and function theory. We also present the background ideas of Schur functions,
Schur-Agler functions, and reproducing kernel Hilbert spaces. For more about Schur
functions and Schur-Agler functions we refer the reader to the book by Agler and Mec-
Carthy (see [6]) and the lecture notes by W.J. Helton (see [65]). We refer the reader
to the book by Paulsen and Raghupathi [92] and Aronszajn [14] on reproducing kernel
Hilbert spaces, and the classic by Sz.-Nagy and Foias (see [90]) on the theory of dilations

and structure of contractions.

1.1 Reproducing Kernel Hilbert spaces

We begin by recalling the definition of kernel functions.

Definition 1.1.1. Let £ be a Hilbert space, and let Q) be a non-empty set. A function
K :QxQ — B(E) is called a positive kernel if

m

> (K (zi, z)nj,m)e > 0,

ij=1
forall{z1,....,zn} CQ, {n,...,nm} CE and m > 1.

We often say that K is a kernel and denote it by K > 0.

Let K be a B(E)-valued kernel function, and let H be the closure of the linear space
{Z K(,z)ni:z€Q, ne& and m € N} with respect to the inner product
i=1

<K('7 w)na K(-, Z)C> = <K(z7 w)77> <>5’7

for all z,w € Q and n,( € £. Then H forms a Hilbert space of £-valued functions on
Q) and
Hi =span{K(-,w)n:n €& and w € N}.

13



14 Chapter 1. Preliminaries

The following equality, follows from the above inner product, is known as the reproducing
property:
<f7 K(? Z)77> = <f(z)a 77>5>

forall z € Q, f € Hix and n € €. Let Hi be E-valued reproducing kernel Hilbert space
corresponding to a B(E)-valued kernel function K. Suppose w € Q and ev(w) : Hxg — €

is the evaluation, that is

ev(w)(f) = fw)  (f € Hr).

Then
K(z,w) = ev(z)ev(w)”* (z,w € Q).

Now let 2 C C" be a domain and let Hx be a reproducing kernel Hilbert space of
analytic functions on 2. In this case, K is analytic in the first variables and we call it
as an analytic kernel. We also call Hx as an analytic reproducing kernel Hilbert space.
Suppose H is an analytic reproducing kernel Hilbert space, and let z;H g C Hx for all
i=1,...,n. Then

foralli =1,...,n, defines a commuting tuple of bounded linear operators (M, ,--- , M)

on Hy. It is easy to verify that
MZ (K (- w)n) = wiK (-, w)n,

forallw e Q,n € & andi=1,...,n. The following is a list of examples for analytic

reproducing kernel Hilbert spaces:

Example 1.1.2. 1. Let n € N. The Hardy space H*(D") on the unit polydisc D" is

a reproducing kernel Hilbert space with the Szegd kernel
Sn(z,w) =[[(1—zw) ™" (z,weD).
2. Let n € N. The Drury-Arveson space H? on the unit ball B" is a reproducing
kernel Hilbert space with the Drury-Arveson kernel
kn(z,w) = (1 — (z,w)cn) ! (z,w € B").

3. Let n € N and let « > n. The weighted Bergman space Lg’a(IB%") on the unit ball

B" s a reproducing kernel Hilbert space with the weighted Bergman kernel
Ky @) (z,w)=(1-(z,w)cn)™*  (z,w €B").

when o =n , L2 (B") is the usual Hardy space H*(B").
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4. Let n € N. The Dirichlet space D(B™) on the unit ball B" is a reproducing kernel
Hilbert space with the Dirichlet kernel

Kpgny(z,w) =1+ log (z,w € B").

1-(z,w)

5. Let X = (A1,...,\n), where \; > —1 and i = 1,...,n. The weighted Bergman
space Li)\(D”) on the unit polydisc D™ is a reproducing kernel Hilbert space with

kernel

n
KLz (D) H l—zw, BaY (z,w € D").
z:l

Now we turn to multipliers on reproducing kernel Hilbert spaces. Let & and & be
two Hilbert spaces. Let Hy, and Hg, be two reproducing kernel Hilbert spaces where
K;: QxQ — B(&;). A function © : Q — B(&1, &) is said to be a multiplier if © f € Hg,
for all f € Hg,. The set of all multipliers is denoted by M(Hp,, Hg,), that is

M(HK1aHK2) = {@ : Q) —)B(El,gg) : @HK1 - HKQ}.

By an application of the closed graph theorem, a multiplier © in M(Hg,, Hg,) defines
a bounded multiplication operator Mg : Hyx, — Hg, as

(Mo f)(w) = (Bf)(w) = f(w)O(w),

for all f € Hi, and w € . The multiplication operator Mg has the following property
Mg (Ks(+,w)n) = Ka(,w)O(w)™n,

for all w € Q2 and n € €. Indeed, for f € Hg,, we have

<f7Mé(K2('v ) )> @f7K2( ) >
O(w)f(w), n)
fw), Ow)™n)

f, K (,w)O(w)™n).

{
{
=
=

Moreover, M(Hp,, Hg,) is a Banach space with respect to the norm

1Ol Mtk Hiey) = [IMellB(Hy, Hi,)

forall® € M(Hg,, Hg,). If K = Ko, we denote M(Hg,, Hg, ) simply by M(Hg, ) is a
Banach algebra with the norm [|-{| s1(sr,)- The following result characterizes multipliers

in terms of reproducing kernels.

Theorem 1.1.3. Let K; : Q x Q — B(&;), j = 1,2, be analytic kernels. Suppose Hp,

and Hy, are the corresponding analytic reproducing kernel Hilbert spaces, and suppose
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©:Q — B(&1,&) is a function. Then the following are equivalent:

(i) © € M(Hg,,Hg,).
(i9) There exists a constant ¢ > 0 such that

(11, v) = K (i, v) = O(u) K1(p,v)O()" (n,v € Q),

is a kernel.

An analytic kernel K : Q x Q — B(&) is said to be quasi-scalar kernel if
K(z,w) = k(z,w)lg (z,w € ),

for some scalar kernel k£ on ). In this case, we have Hx = Hr ® &.

Theorem 1.1.4 ([6]). Let Hy, be a reproducing kernel Hilbert space with quasi-scalar
kernel k on Q. Let © : Q — B(&1,&2) be a function. Then the following are equivalent

(Z) O c M(Hk ® &1, Hy, ®52).

(i) The operator
Tk(w)@n) =k(,w) @O(w)'n (wef, ne &),
defines a bounded linear operator T : H, ® E1 — Hi ® &Es.

In this case, T is the adjoint of Mg. Below we give a list of examples of multiplier

algebras:

Example 1.1.5. 1. Let H3(D") be the E-valued Hardy space on D™. Then
M(HZ(D")) = Hg‘gg)(]D"), the Banach algebra of B(E)-valued bounded analytic

functions on D™.

2. Let L2(D", &) be the E-valued Bergman space on D". Then M(L2(D" E)) =
Hgo(g)(ﬂ)").

3. Let HX(B") be the E-valued Hardy space on B™. Then M(HZ(B")) = Hie (B™),

the Banach algebra of B(E)-valued bounded analytic functions on B".

4. Let LZ(B™, &) be the E-valued Bergman space on B™. Then M(L3(B",E)) =
He) (B).

5. Let H2(E) be the €-valued Drury-Arveson space on B™. Then
M(HZ(E)) = {® : B" — B(E) analytic and sup ||®(rT)| < oo},

where the supremum is taken overr € (0,1) and commuting n-tuples T = (T, ..., Ty)

n
on some Hilbert space H such that 3 T;T; < Iy (see [16]).
j=1
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It is worthwhile to note that the multiplier algebra M(D(ID)) of the Dirichlet space
D(D) is a proper subalgebra of H°°(ID). Also, note that if n > 2, than M(H2) C H>(B")
the inclusion is contractive, and the multiplier norm and the supremum norm on the

ball are not equivalent (see [64]).

1.2 Schur functions

We begin with the definition of Schur functions. Let n € N, 2 = D" or B”, and let £ and
&« be Hilbert spaces. Let Hye o (D™) denote the Banach space of all B(E,, £)-valued

bounded analytic functions on D" with the supremum norm
[®floo := sup{[[®(2)] : z € D"} (@ € Hy, £)(D")).

A function ® € Hye o (D™) is said to be Schur function if ||®|| < 1. We denote by
S(D"™, B(Ex,E)) the set of all Schur functions defined on D", that is

S(D", B(&,E)) ={P : D" — C: ® is analytic and |||/ < 1}.

When &, = £ = C, we will simply denote the set of all scalar valued Schur functions on
D by S(D), that is,

S(D) ={¢:D— C: ¢ is analytic and ||¢|lec := sup{|ep(z)|: z € D} < 1}.

We introduce the Schur functions on 2 = B"™ in subsection 1.2.6. The structure of Schur

functions is closely related to operators, namely, colligation operators, on Hilbert spaces.

1.2.1 Colligation operators and transfer functions

A colligation (or scattering operator matrix) [40] is any bounded linear operator V' of

the form
A B

C D

V = EPH - EPH,

where H, £ and &, are Hilbert spaces. The colligation is said to be isometric colligation

(unitary colligation) if V' is isometry (unitary). Now, let  be a Hilbert space and let

a B
C D

V= CaH—>CaH, (1.2.1)

be an isometry. The transfer function realization of the isometric colligation V' is defined
by
v(2) = a+ 2B(Iy — 2D)"'C (z € D).

Since V' is an isometry, it is easy to see that D is a contraction, and hence ||zD|| =
|z|||D]| < 1 for all z € D. It follows that 7y defined above is analytic on D). Since
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:[(1) I?J-

1 —7mv(2)rv(2) =1 —|a|* = zaB(I — 2zD)'C — azC*(I — ZD*)"' B*
— |z)*C*(I —zD*)"'B*B(I — 2D)"'C
= C*C +20*D(I — zD)~'C +zC*(I — zD*)"'D*C
— |2|*(I =zD*)"Y(I — D*D)(I — zD)~*C
= C*(I —zD*) (I —zD*)(I — z2D) + z(I — ZD*)D
+2D*(I — 2D) — |2|*I + |2|*D*D](I — zD)~'C
= C*(I —zD*)7 M1 — |2 I(I — zD)~*C.

V*V =1, we have
la? +C*C @B+ C*D
aB*+ D*C B*B+ D*D

Using this, we calculate

In particular, |7y (z)] < 1 for all z € D, and hence 7y € S(D). Now we prove the

converse:

Theorem 1.2.1 (I. Schur). Let ¢ be a function on D. Then ¢ € S(D) if and only if

there exist a Hilbert space H and an isometric colligation

a B
cC D

V= e B(CaH),

such that ¢ = Ty .

Proof. (=) This part follows from the above discussion.

(<) Suppose ¢ € S(D). Then M,, defines a contraction on H?*(D). That is,
I — M,M7 > 0, and hence, a simple calculation shows that

(1 = MoMS( ). 5( ) = 2D (4 et ).

Therefore, (1—(2)p(w))S(z,w) is a kernel on D (see Lemma 1.2.2 ). Since a kernel can
always be realized as a Grammian, it follows that there exists a Hilbert space H and a
function f : D — H such that

(1= @(2)p(w))S(z,w) = (f(2), f(w))y-
Since S(z,w) = (1 — zw) !, it follows that

L+ (2f(2), wf(w))y = @(2)p(w) + {f(2), f(w))y- (1.2.2)

v ( ! ) — <¢(2)>’ (1.2.3)
2f(z) f(2)

Therefore, the map
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extends linearly to an isometry on

S

Adding an infinite dimensional summand to H, if necessary, V' can then be extended to
an isometry from C @ H to C @& H. We again denote the extension by V. Set

a B
C

e B(CaoH).

Note that (1.2.2) implies in particular that

a+zBf(z) = ¢(z), and
C+z2Df(z) = f(z).

By the second equality, we have
f(z) =1 —-=zD)"'C,
and then, by the first equality above, we have

©(2) =a+ zB(I —zD)"'C (z e D).

1.2.2 Two variables Schur functions

We continue the discussion by presenting a transfer function realization of two variables
Schur functions (see [5] and also page 171, [6]). We begin with a lemma (which is also

valid for Schur functions on B").

Lemma 1.2.2. If p € S(D"), then

- 1 — o(z)p(w)

K,(z,w) = =—F—7—"—=
ol [T, (1 — zw7)

(z,weD"),
1s a kernel on D".

Proof. Let ¢ € S(D"). Then M, € B(H*(D")) is a contraction, or, equivalently,
I —M,M%>0on H*(D"). A simple calculation shows that
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where
n

1 n
Sn(Z,'LU):Hm (Z,'LUGD ),
i—1 1YW

1=

is the Szego kernel on D™, Let {z1,..., 2} C D" {c1,...,¢n} € C" and m € N. Then

m m m

SN eitiKo(zjzi) = > > eiti{(I — MpMp)Sn(-, 2i),Sn(- 7))
=1 1=1 =1 =1
= ((I - MQDM;) Z CiSn('v Zi)v Z Can('a Zj)>
i=1 j=1
= || — MpM2)2 Y ciSal-, 2)|2 > 0.
=1
Therefore, K, is a kernel on D". O

The following is one of the most influential and useful results in multivariable operator
theory and we refer the reader to [2, 19, 20, 21, 22, 23, 31, 33, 34, 73, 80] and the references

therein for a wide application and several connecting results.

Theorem 1.2.3. Let ¢ : D?> — C be a function. The following are equivalent:
(1) ¢ € S(D?).
(2) Then there exist kernels K1, Ko : D? x D? — C (known as Agler kernels) such that

1 —o(z)p(w) = (1 — 217w7) K1 (z,w) + (1 — 20m3) Ko (2, w) (z,w € D?).

(3) There exist Hilbert spaces H1 and Ha and a unitary/isometric/co-isometric/contractive

colligation operator
a B

C D

€ B(Ca (H1 @ H2)),

such that ¢ = Ty, where
TV('Z) =a+ B(IH1®H2 - EHl@HQ (Z)D)ilEHléB’Hz (Z)C,
and By am,(2) = 2113, ® 2013, for all z € D2

Proof. (1) = (2) First we assume that ¢ is an inner function. Let S; be the maximal
M., invariant subspace of Q, (where Q, = H?(D) © ¢H?*(D)), that is,

Si={feQ,:21feQy, YneZi}.

Set So = Q,0© 8. Since &1 and S; are closed subspace of Q,, then they are reproducing

kernel Hilbert spaces with kernels

KS]- (Za w) = PS]‘ (KQLP(Ww))(Z)?
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where L
1 — p(z)p(w)
(1 — zw7)(1 — 20w32)’

ng(z,w):

for all z,w € D?. From the definition of S;, it is clear that 2;S; C S;. Since
M7, Q, € Q, and {M,,,M,,} are doubly commuting, it follows that M7, 81 C S,
and consequently, 28> C Sy. Note that S; C Q, € H?*(D?), hence, || M,,]|s,|ls, =1 for
j=1,2. It follows that

Kj(zaw) = (1 - szj)KSj (Za w)
is a kernel for j = 1,2. Now

1 — p(2)p(w)
(1 = z1wr)(1 — z0w3)

= KQcp (’z? w)

= Ks, (z,w) + K52(z,w)
Ki(z,w) Kj(z,w)
1—z1w7 1 — zows

For the general case, assume that ¢ is a non-inner function. Then by a well known
result of Rudin [97, Theorem 5.5.1], there exists a sequence of inner functions {¢y }n>1
such that ¢,, — ¢ uniformly on compact subsets of D?. Let {K} K2} be Agler kernels
associated with ¢, for each n € N. Since H ., is contractively contained in H 2(D?), we

have

1 1

Ki(z,w)| < Kfl LW K% 5 2)|| £ )
K5, (2, w)| < [|KG,( w) [ K5( 2) NN EE D)

for all z,w € D?, n € N and j = 1,2. Since K is locally uniformly bounded, then it
forms a normal family for each j = 1,2. Therefore by Montel’s theorem there exists
a subsequence {¢p, } of {¢,} such that {K},} converges to kernel KJ uniformly on

compact subsets of D? for each j = 1,2. And finally, we have

Lppw]  Kzw) | Kzw)
(1 — zw7)(1 — 20w3) 1—2zw7 1 — 2w

(2) = (3) Let {K1, K2} be Agler kernels such that
L= p(2)p(w) = (1 — 2T K (2, w) + (1 - w0 Ka(z,w) (2w € D),
By the reproducing property, we have

1- @(z)m = (1 - le1)<K1('7w)7 Kl("z)>7‘[}(l + (1 - ZQF?)<K2('7w)7 KZ(" Z)>7{K27
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and hence, by rearranging terms

L+ (WK (- w), 21K (4 2))nye, + (02K ( w), 22K (4, 2)) e, = o(2)p(w)
+ <K1(-,’w),K1(‘,Z)>’HK1 + <K2('7w)7K2('7z)>HK27

for all z, w € D?. Therefore

1 p(w)
Vil wmKi(w) | = | Ki(-,w) (w € D?), (1.2.4)
Wy Ko (-, w) Ko (-, w)
defines an isometry from D onto R, where
1
D =span{ | wiKi(,w) | :weD?y CCaHy, & Hi,,
WQKQ(‘,'IU)
and
p(w)
R = Span Ki(-,w) cweD? ) CCOHy, @ Hr,.
KQ(-,’LU)

Clearly V' extends to a contractive map on C @ Hg, ® Hg,. By adding an infinite
dimensional Hilbert space H, if necessary, V extends to an isometry (unitary) from
CoHr, ® (Hr, ®H) into itself. Let

a

C

V= €eEBCoHK, & (Hr, ®H)).

From (1.2.4) we get

A+BE;<'[1@H2(U)) <§;§7:;> :W7

and hence
QO(Z) =A"+ C*(I — Eryons (Z)D*)ilEHﬁBHz (Z)B*
The proof of (3) = (1) is similar to the above computation (or see the proof of Theorem

1.2.1). O

1.2.3 Schur-Agler functions

Let & and &, be Hilbert spaces. The Schur-Agler class SA(D™, B(E,E)) consists of

B(E,E,)-valued analytic functions ¢ on D™ such that ¢ satisfies the n-variables von



1.2. Schur functions 23

Neumann inequality
HSO(TD s 7TN)HB(H) <1,

for arbitrary m-tuples of commuting strict contractions 7" = (71,...,T,) on Hilbert

spaces arbitrary H. Here

@(Tla"'aTn) = Z @k@Tk,
keZi

where p = > ¢rpzF, or € B(E, &), and TF = lel < Thn for all k = (ky,...,ky) €
keZn

7% . The elements of SA(D", B(E,&,)) are called Schur-Agler functions. We denote by
SA(D™) the scalar valued Schur-Agler functions on D".

Following the classical (one variable) von Neumann inequality, Ando [12] proved that
the von Neumann inequality also holds for commuting pairs of contractions. On the
other hand, the von Neumann inequality does not hold in general for n-tuples, n > 2,

of commuting contractions [45, 111]. It follows then that
S(D) =SAD) and S(D?) =SAD?),

but S(D") 2 SA(D") for all n > 2.

Example 1.2.4 (Kaijser—Varopoulos polynomial). Consider the following degree (2,2, 2)

homogeneous polynomial in z1, zo and z3 variables

1
p(z1, 22, 23) = 5('2% + 23+ 25 — 22129 — 22923 — 22321).

It can be easily show that ||p||lecc = 1. However, there exist commuting contractions Ty, To
and Ty such that ||p(Ty, T, T5)|| = £ > 1. Hence p € S(D?), but p ¢ SA(D?).

The following result is due to Agler [2]:

Theorem 1.2.5 (Agler). Let ¢ be a function on D". Then ¢ € SA(D") if and only if

there exist Hilbert spaces Hi, ..., Hn, and an isometric colligation
a n
= c e B(CaHT),

such that ¢ = Ty where

7v(2) = a+ B(Iyy — Eyy(2)D) ™ Eyy (2)C,

1

n n
T = @HZ and Eyp(z) = @ zily, for all z € D".
i=1 i=1

We also have the following analog of Theorem 1.2.3:
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Theorem 1.2.6. Given a function 0 : D™ — C, the following are equivalent:
(1) 6 € SAD™).
(2) There exist kernels Ky, ..., K, (known as Agler kernels) on D™ such that

1-0(2)0(w) = > (1 - zw)Ki(z,w),  (z,weD").
=1

We now define the Schur-Agler norm of a function f € SA(D", B(E,&y)):

[fllsa = sup [[f(T)]],
T

where the supremum is taken over all n-tuples T' = (T1,...,T,) of commuting strict
contractions on some Hilbert space H. Clearly, supremum norm is dominated by Schur-
Agler norm, that is || f|jco < ||f]]sq for all f € SAD™, B(E,Ey)).

Theorem 1.2.7 (see [61] and [67]). Let p € S(D™, B(E,Ex)). Thenp € SAD™, B(E,Ey))
if and only if
1fllsa = IIflloo-

In general, the condition z1 f € SA(D™), n > 3, for an analytic function f on D™ does
not force f € SA(D"™) (see [60]).

1.2.4 Inner functions

Let £ be a Hilbert space. Recall that the £-valued Hardy space over the polydisc D",
denoted by HZ(D"), is the Hilbert space of all £-valued analytic functions f on D" such
that

1

Il == ( sup /Tn Hf(rzl,...,7",2'71)H?gdm(z))5 < 00,

0<r<1

where z = (21,...,2,) and dm(z) is the normalized Lebesgue measure on the n-torus
T™. A function © € H gc(’g* ) (D™) is called inner if f — Of defines an isometry Mg :
HZ (D™) — HZ(D"™) or equivalently ©(2)*©(z) = Ig, a.e. z € T". The simplest example
is ©(z) = zilg,i=1,...,n, whenever & = &. Therefore, (M,,,...,M,,) is a commuting

tuple of isometries on HZ(D").
In the scalar case, a function ¢ € S(ID") is said to be inner if
lim fp(re™, - re)] = p(e, - )| =1,
r 1

almost everywhere on the distinguished boundary T™ of D™. Now it can be easily proved
that a function ¢ € S(D") is inner if and only if M, on H?(D") is an isometry (in fact,

if ¢ is non-constant then M, on H?(D") is a pure isometry if and only if ¢ is inner).
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For example, a function ¢ € S(D") is rational inner function if and only if

1 1
Pz, .oy =)
kl kn Z1 Zn
z)=2{" 2
90( ) 1 n p(z) ’
where p is a polynomial with no zeros in D™ and (kq,...,k,) is the multi-degree of p

(see Rudin [97, Theorem 5.2.5]). Some useful references on rational inner functions are
33, 35, 74, 75, 76]

1.2.5 Inner functions and isometric colligations

A function ¢ : D — B(C") is called matrix valued rational inner function if ¢ is an inner
function and entries of the matrix ¢ are rational functions with poles off D. Let ¢ be a

n x n matrix valued rational inner function. Now consider the following subset of D?
V= {(z,w) € D? : det(p(z) — wl) = 0}.
Then
YNnod?) =VnT? (1.2.5)

where AD? is the topological boundary of D? and the closure of V is taken in D2. That
is, V exits the bidisc through the distinguished boundary T? of D?. A non-empty set
VY C C is called a distinguished variety if there is a polynomial p € C[z,w] such that
V = {(z,w) € D? : p(z,w) = 0} and V exits the bidisc through the distinguished
boundary.

Theorem 1.2.8. Let V be a distinguished variety of D?. Then there is a matriz valued

rational inner function @ such that

V= {(z,w) € D?: det(p(z) — wl) = 0}.
We refer [3, 4, 47, 72, 98] for details on this. The following result is a characterization
of rational inner functions in terms of dimensions of state spaces.

Theorem 1.2.9. Let ¢ : D — B(C") be a function. Then ¢ is rational inner if and
only if there exists a Hilbert space H with dim(H) < oo and a unitary colligation

A B
C

U= eB(C"aH),

such that
©(2) = A+ 2B(I —2D)7'C, (z€D).

A similar result exists for rational inner functions on D? (see [21]). Now we turn

to characterizations of inner Schur functions. Recall that Cy. denotes the set of all
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contractions T on Hilbert spaces such that T — 0 as m — oo in the strong operator

topology.

Theorem 1.2.10. Let ¢ € S(D) be a Schur function. Then ¢ is inner if and only if

p = Ty for some isometric colligation

a

C

e B(CaH),

with D € Cy..

Proof. Let ¢ € S(D) be an inner function, and suppose

o0
© = Zamzm (z € D),
m=0

is the power series representation of ¢ on ID. We clearly have
am = PeM;™ Molc (m > 0),

where Pr denotes the orthogonal projection onto the space of constant functions in
H?*(D). Note that M,1 = ¢. Note that M, is an isometry on H?(D). Then for the
model space Q, = H?(D) © ¢H?*(D), we have M:Q, C Q, and M}y € Q, (indeed,
(Mo, of) = (M1, f) =0 for all f € H?(D)). Therefore

o(w) = PcMy|c + wPc|o, (Ig, — wM;\Q¢)*1M;M¢yC (w € D). (1.2.6)

Clearly

)

v | ¢0  Felo,
M;Mﬂ(} M:|Q¢

defines a unitary colligation operator on C ® Q,,. And, of course, we have M}|o, € Co.

and ¢ = 1. For the converse part we refer [57, Theorem 10.1, page 122]. ]
Note that the representation of ¢ in (1.2.6) reduces to a more compact form as

p(w) = P(C(IHQ(]D)) — wM;)fle\C (w e D).

1.2.6 Realizations of Drury-Arveson multipliers

The Drury-Arveson space, denoted by H2, is the Hilbert space of holomorphic functions
on B” corresponding to the reproducing kernel (cf. [16], [108])

(z,w € B"),
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where (z,w) is the usual scalar product in C*. We denote by M (H?2) the commutative
Banach algebra of multipliers of H2 equipped with the operator norm ||| := || M, || B(H2)-
Also we define

My(H?) = {p € M(Hy) : |lo < 1}

Set M (H?) is called the Schur class on B”. Given a Hilbert space H, we denote by H"
the n-copies of H, that is
H'=H&---BH,
—_———

n

and Eyn : B™ — B(H"™, H) the row operator
Eyn (z) = (21]7.[, ey anq.,g) (Z S Bn)

The following characterization of multipliers parallel to the transfer function realizations

of Schur-Agler class functions on D" is our starting point:

Theorem 1.2.11 ([16, 56]). Suppose p is a complex-valued function on B™. Then the

following are equivalent:
(1) € My(I).
(2) There exist a Hilbert space H and an isometric colligation

a B
C D

V= CoH—->CoH",

such that ¢ = T where

v (2) = a+ B(Iy — Eyn(2)D) L Eyn(2)C (z € B").

1.2.7 de Branges-Rovnyak kernels

In this section, we briefly discuss the basics of contractively contained shift invariant
(and not necessarily closed) subspaces of the Hardy space. We refer to the survey article
by Ball and Bolotnikov [18] for a detailed discussion about de Branges-Rovnyak spaces.
Also see [24, 25, 37, 38, 54, 55, 99, 110].

Let T be a bounded operator on a Hilbert space H. We define the range space ran

with the inner product
(Th,Tk) ,an3 = (P, k)gy, (R k € H O ker(T)).

The space ran’H is a Hilbert space with respect to the inner product (-, -) Moreover,

ranH "
T is a partial isometry on H with respect to the range space norm.
Let ¢ € S(D) be Schur function. The de Branges-Rovnyak space H,, corresponding

to ¢ is the range space
My = (I — M,M)? HX(D).



28 Chapter 1. Preliminaries

which is a reproducing kernel Hilbert space with kernel (we call it de Branges-Rovnyak
kernel)

1 — o(2)p(w)

Ko(z,w) = 1—zw

(z,w € D).

Observe that H,, is the model space Q, = H*(D) © ¢ H*(D) whenever ¢ is inner.

We now present the definition of the de Branges-Rovnyak space associated with an

operator-valued Schur function. Given a Schur function ® € S(D, B(£,&,)), the space

Ho = {f € HED) < |f13, = sup {17+ Bgl% o)~ ol -9 € HEAD)} < oo}

is called the de Branges-Rovnyak space associated with ®. The space Hg is invariant

under the backward shift operator

Let Hgi, and Hg, be reproducing kernels on a set X. Then Hg, is said to be

contractively contained in H,, if Hg, is a vector subspace of Hx, and

1Pllrge, <MPllng,  (h €M)

Notice that H, is contractively contained in H, if and only if
Ky — K1 >0.

Now it is easy to observe that Hg is contractively contained in HZ (D).

We now turn to de Branges-Rovnyak kernels corresponding to Schur-Agler functions
on D™. Suppose © € SAD™, B(E,E,)). Since Mg : HF(D™) — HZ (D") is a contraction,
we have Kg > 0, where

Ko(z,w) = S,(z,w) (I — 0(2)0(w)*) (z,w e D").

In this case, we say that Kg is a (B(E,)-valued) de Branges-Rovnyak kernel on D", and
the corresponding reproducing kernel Hilbert space as the de Branges-Rovnyak space

associate with ©.

Similarly, in the setting of the Drury-Arveson space, for a B(E, £,)-valued contractive
0 € M(H2® E,H? ® &), the de Branges-Rovnyak kernel Kg corresponding to © is

defined by
I—-0(z)0(w)*

1—(z,w)

Ko(z,w) = (z,w € B").

The reproducing kernel Hilbert space corresponding to Kg is called the de Branges-

Rovnyak space on B”.
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1.3 Structure of contractions

In this section, we briefly discuss some basic dilation theory in both one and severable
variables. Along the way, we recall the classical Beurling-Lax-Halmos theorem and in

the final part of this section, we review dilations of Brehmer tuples.

1.3.1 Isometries and von Neumann and Wold decomposition

Let ‘H be a Hilbert space. An operator V on H is called an isometry if ||[V'h|| = ||h| for
all hin H. An isometry V is called a pure isometry or a shift if V™ — 0 in the strong

operator topology. The following classical result is due to von Neumann and Wold (cf
[90]):

Theorem 1.3.1 (von Neumann and Wold decomposition). Let V' be an isometry on H.

Then there exist unique reducing subspaces Ho and Hi of H such that
1. H=HyD Hi,
2. V], is a unitary, and
3. V], is a pure isometry.

In the above case, Hi = @py>oV™W, where W = ker V* is the cyclic wandering

subspace of V|, , and Ho = N>V H. The following result is now immediate:

Corollary 1.3.2. Let V' be a pure isometry on H. Then V is unitary equivalent to M,
on the Hardy space Hi,(D), where W = ker V*.

As already pointed out, Mg (M, ® Ig) = (M, ® Ig,)Mg for all © € Hye 5*)(}1])). In

fact the converse is also true (see [102] for a more general result):

Theorem 1.3.3. Let X € B(H*(D) ® £, H*(D) ® &) such that
XM, ®I¢)= (M, ®Ig,)X.
Then there exists © € Hg?&g*)(ID)) such that X = Meg.
Proof. Let w € D and n € &,. Then
(M. ® Ie)" (X" (S(,w) @ 1)) = X" (M. @ Ig)"(S(-,w) @ n) = wX*(S(-,w) @),

implies that

X*(S(-,w) ®n) € ker(M} @ I¢ —wl).
Since ker(M; — wl) = CS(-,w), where CS(-,w) = {AS(-,w) : A € C}, there exists a
linear map Y (w) : & — &£ such that

XS, w) @n) =S(w) @Y (w)n,
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for all n € & and w € D. Note that

_ IXESGw) @)

< [1XTlinll;

and hence, Y (w) is a bounded operator for all w € D. Set ©(w) = Y (w)*. Then
X*(S(w) @n) =S, w) ® O(w)™).
By the reproducing property
(©(w)n1, n2) = (X(S(-,0) @ m), S(-, w) @ n2),

for all ny,m2 € & and w € D. Since w — S(-,w) is a co-analytic, the above equality
implies that w — ©O(w) is an analytic on D. O

Now we turn to analytic representations of shift invariant subspaces of vector-valued
Hardy spaces. This is due to Beurling [29], Lax [81], and Halmos [63].

Theorem 1.3.4 (Beurling-Lax-Halmos). Let € be a Hilbert space and let S be a non-
zero closed subspace of Hf«(D) Then S is invariant under M, if and only if there exist

a Hilbert space &, and an inner function © € Hl%(f*vg) (D) such that
S =0HZ (D).
Moreover, © is unique up to a constant unitary right factor.
Proof. Let W =8 & 28. Consider the operator V : H,(D) — H2(D) defined by
V(") = M (neW,n=0).

Then V extends to an isometry. Since M, is a pure isometry, M,|s is also a pure

isometry. Applying Wold decomposition to M,|s, we get
o0
S=EPMrw =nr(V),
n=0

where R (V) is the range of V. Thus VV* = Ps. Also it is easy to observe that
VMY = MEV.

Now from Theorem 1.3.3, we get
V = Mo,

for some ©® € H I%?W,S) (D). Since V is an isometry, it follows that © is an inner function,

and hence S = ©HY,(D) for some inner function ©.
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For the uniqueness part, suppose
OHZ (D) = ®HZ (D),

for some inner function ® € Hyir o (D). Then by Douglas lemma, there exists a
contraction X such that
Mo = MpX.

We now observe that
Mo XM, = MM, = M, Mg = M, MsX = MaM_X.
Since Mg is an isometry, we get
XM, =M,X.

Thus from Theorem 1.3.3 we obtain X' = My for some ¥ € Hyy . ]_.*)(}D)). Since Mg and
Mg are isometries, it follows that My is an isometry and consequently W is an inner

function. Again we observe that
QUHE (D) = OHE (D).

This implies that WHZ (D) = H% (D), and hence ¥ is a unitary constant (cf. Lemma
1.3.9). O

It is worthwhile to note that the wandering subspace W := S & zS has the following
expression:

W = O&,.

As a corollary to the above theorem, we have the classical Beurling theorem:

Corollary 1.3.5 (Beurling). Let S be a nonzero closed subspace of H*(D). Then S is
invariant under M, if and only if there exists an inner function 6§ € H*(D) such that

S = OH?*(D). Moreover, 8 is unique up to a unimodular constant.

However, Beurling type representations of shift invariant subspaces of H2(D"), n > 2,

fails in general:

Example 1.3.6. Consider the M, invariant subspace
S ={f € H*(D*): f(0,0) = 0}

of H*(D?). Since S = z1(H?*(D) ® C) @ 20(C ® H?(D)) ® z120H*(D?), and S is a
reproducing kernel Hilbert space, the kernel function k of S is given by

Z1w1 ZoW3

k(z,w) =

= 212959 (2, W)W W z,w € D?),
1— 2z 1—22w2+ 1=2 2( ) 12 ( )
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where
So(z,w) = (1 — zy1) " (1 — zowg) ~? (z,w € D?),

is the Szegé kernel of D?. A simple calculation shows that
k(z,w) = (21(1 — z9w2)w1 + 22w2)Sa(z, w) (z,w € D?).

If possible, suppose that S is a Beurling type invariant subspace, that is, S = 0H?(D?)
for some inner function € H*®(D?). Then k(z,w) = 0(2)0(w)Sz(z,w), from which it

immediately follows that

0(2)0(w) = z1(1 — z9wo)wy + 22w2 (z,w € D?).

Clearly, the left side is a positive definite function while the right side is not. This proves

that S is not a Beurling type invariant subspace.

In fact, the following result characterizes Beurling type invariant subspaces of vector-

valued Hardy spaces. A closed subspace S of Hg(ID)") is said to be of Beurling type

o0

if there exist a Hilbert space & and an inner function © € H B(E..£) (D™) such that
S = OHZ (D).

Theorem 1.3.7 ([85], [103]). Let S be a non-zero closed subspace of H3(D™). Then S
is of Beurling type if and only if
RZiRZj - RZ]RZz (Z # .7)’

where R,, = M,,|s fori=1,...,n.

A subspace S of HZ(D") is called reducing if S is invariant under (M., ..., M., )
and (M},..., M} ). The following result characterizes all reducing subspaces of vector-

valued Hardy spaces:

Theorem 1.3.8 ([103]). Let S be a non-zero closed subspace of HZ(D™). Then S is a

reducing subspace if and only if there exists a subspace F of £ such that

S = H%(D").

In particular, (M,,,...,M,,) on H?(D) is irreducible.
We will identify as usual M, on HZ(D") with M, ® I¢ on H*(D")® &, i=1,...,n,

and write
M, ®Ic = (le ®Ig,...,Mzn ®Ig).

We know, for each i = 1,...,n, that

M (S(, w) ®@n) = wi(S(, w) @),
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and hence M, M7 (S(-, w)®n) = z;w;(S(-, w)®n) for all w € D™ and n € &. It is now easy
to see that DJQW® = Fc®le (for the definition of defect operator see 1.3.13), where
Pc denotes the orthogonal projection of H?(D") onto the one-dimensional subspace of

constant functions.

Lemma 1.3.9. Let © € Hy 5)(]1))”) be an inner function. If ©HZ (D") = HZ(D"),

then © is an unitary constant.

Proof. Since, by hypothesis, Mg : HZ (D") — HZ(D") is unitary and (M., ® I¢)Me =
Me (M., ®I¢,), it follows that (M} @ Ig¢)Me = Me(M}, ®I¢,) foralli =1,...,n. Then

2 _ 2
Dyr.g1:Me = Me Dy, o1, »

and hence
(Pc ® Ig)Me = Mg (Pc ® I¢,).

Thus, for any n € &, we have ©(z)n = O(0)n, z € D", that is, © = O(0) is a constant

function. This completes the proof of the lemma. ]

The n = 1 case of the above lemma can be found in [28, Chapter 5, Proposition 1.17].

Moreover, the present proof is slightly simpler.

1.3.2 Dilations

We begin with the definition of dilations:

Definition 1.3.10. Let T' = (T1,...,T,) and V = (V4,...,V,,) be commuting tuples of
contractions and isometries on Hilbert spaces H and IC, respectively. We say that V' is
an isometric dilation of T if there exists an isometry 11 : H — K such that 11T} = V*11
foralli=1,... . n.

It is easy to observe that IIH is invariant under (V{*,...,V.*) and (T%,...,T),) is
jointly unitary equivalent to (P Vilmw, - - - Py Valnx). The existence and uniqueness
of isometric (or unitary) dilation of a Hilbert space contraction was first proved by
Sz.-Nagy (see [89], [90]). Also, see [106] for the alternative proof of Sz.-Nagy dilation

theorem using infinite matrix representation due to Schéffer.

Theorem 1.3.11 (Sz.-Nagy). A contraction always dilates to an isometry (and hence,

to a unitary).

We refer to the recent survey article by Shalit [107] for the introduction to dilation
theory and its applications. Sz.-Nagy dilation was extended for pairs of commuting

contractions by Ando (see [12]):

Theorem 1.3.12 (Ando). Any pair of commuting contractions can be dilated to a pair

of commuting isometries (and hence, unitaries).
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In the above case, unlike dilations of single contractions, minimal isometric dilations
are not necessarily unique. Also one can easily prove that the existence of isometric
dilations of n-tuples of commuting contractions implies the n-variable von-Neumann
inequality. However, in sharp contrast, for 3 or more than 3 variables, neither the von
Neumann inequality nor the existence of isometric dilations holds in general(see [93],
[111]). The fundamental result of Arveson[13] (also see [91], [95]) says that an n-tuple
of commuting contractions admits an isometric dilation if and only if it satisfies the
von Neumann inequality for matrix-valued polynomials of all matrix sizes. For more
information on several variables dilations and von-Neumann inequality, we refer the
reader to [9],[26], [27], [44], [53], [61],[68], [77], [78], [84] and the references therein.

On the other hand, if a commuting tuple satisfies the Brehmer positivity condition,

then it admits an isometric dilation. We recall:

Definition 1.3.13. Let T' = (Th,...,T,) be a commuting tuple of contractions on a
Hilbert space H. We say that T is Brehmer if

> (-)\FlTpTy > 0, (1.3.1)
FCa
for every G C{1,...,n}, where |F| denotes the cardinality of F' and Tp = [[;cpTj for
all F C{1,...,n}. We set, by convention, that Ty = Iy and |0] = 0.
A commuting tuple of isometries V' = (V1,...,V},,) is said to be doubly commuting if

ViVt = V;'V; for all i # j. Note that a commuting tuple of unitaries U = (U, ..., Uy) is
automatically doubly commuting (thanks to Fuglede-Putnam theorem). The following

theorem concerns isometric dilations of Brehmer tuples (see [10, 46, 86]).

Theorem 1.3.14. Let T = (Th,...,T,) be a commuting tuple of contractions on a

Hilbert space H. Then the following are equivalent:

1. T satisfies the Brehmer positivity.
2. T dilates to doubly commuting isometries V = (V1,...,Vy) on K.

Definition 1.3.15. Consider a commuting tuple T = (11,...,T,) on some Hilbert space
H. We say that T is a

(i) Szego tuple if T satisfy (1.3.1) for G = {1,...,n}, and

(ii) pure tuple if T; is pure for alli =1,... n.

Note that the compressed tuple PoM.|o = (PoM.,|o,- .., PoM.,|o) is a pure Szegd
tuple whenever Q is a joint (M}

3,..., M} ) invariant closed subspace of HZ(D"). The

converse is also true, which will be useful in our study.

Theorem 1.3.16. Let T = (Th,...,T,) be a commuting tuple of contractions on a

Hilbert space H. Then the following are equivalent:
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1. T is a pure Szegd tuple.

2. T dilates to M, = (M,,,. ..

,M,) on HZ(D™) for some Hilbert space .






Chapter 2

Factorizations of Schur-Agler

functions

2.1 Introduction

The primary goal of this chapter is to clarify the link between isometric colligations and

factors of Schur functions.

We state one of our main results specializing to the n = 1 case (see Theorem 2.3.4):
Suppose ¢ € S(D). If ¢ = p1p2 for some p; and 2 in S(D), then there exist Hilbert

spaces H1 and Hs and an (explicit) isometric colligation

B a By By
a
V= o pl = Dy Dip| :C@® (H1 @ He) = CP (H1 @ Ha), (2.1.1)
Co | Da1 Do
such that
D1 =0 and aDyo = C1Bo, (2.1.2)

and ¢ = 1, where 1y (2) = a + 2B(Iy,on, — 2D)71C, z € D.

The converse is true under an additional assumption that ¢(0) # 0 (see Theorem 2.5.1,
Section 2.5, for the case ¢(0) = 0): If ¢ = 7 for some isometric colligation V as in
(2.1.1) satisfying (2.1.2) and a := ¢(0) # 0, then ¢ = 192 for some p; and 3 in S(D).

Moreover, in this case, ¢ and v are explicitly given by ¢1 = 1, and @9 = 7y, where

« By

%01 Dy

1

=B
V1= eBCo®H;) and Vo= foab € B(C® Ha),
Cy Do

are isometric colligations and « and f are non-zero scalars which satisfy the following
conditions

B2 = |a|? + CFC1 and a = %

37
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We also remark that the above one-variable factorization of Schur functions also
relates to factorizations of Sz.-Nagy and Foias characteristic functions [66] as well as
Brodskii colligations [40] in terms of invariant subspaces of certain operators [40, The-
orem 2.6]. More specifically, see the idea of the product of colligations (as well as for
a similar result as above, but in one direction) in [8, Theorem 1.2.1] and [40, The-
orem 2.8]. However, here out results are different in the following sense: (i) we are
interested in scalar-valued (unlike operator-valued functions in [8, 40]) Schur functions,
(ii) our isometric colligations are explicit, (iii) our method is reversible (see Subsection
2.6.4), and (perhaps most importantly) (iv) our ideas works in the setting of n-variable

Schur(-Agler) functions.

Needless to say, transfer function realizations and isometric colligation matrices cor-
responding to Schur-Agler class functions in n-variables, n > 1, are among the most
frequently used techniques in problems in function theory, operator theory and interdis-
ciplinary subjects such as Nevanlinna-Pick interpolation [5], commutant lifting theorem
and analytic model theory [100, 57, 58], scattering theory [15], interpolation and Toeplitz
corona theorem [16], electrical network theory [65, 66], signal processing [71, 59], linear
systems [70, 50, 109], operator algebras [87, 88] and image processing [96] (just to name
a few). In this context and for deeper studies, we refer the reader to a number of classic
work such as Livsic [82, 83], Brodskii [40], Brodskii and M. Livsic [41] and Pavlov [94].
Also see [11], [42] and [61] and the references therein.

From this point of view, along with a question of interest in its own right, here we aim
at finding necessary and sufficient conditions on isometric colligations which guarantee
that a Schur-Agler class function factors into a product of Schur-Agler class functions.
More precisely, we aim to solve the following problem: Given 6 € SA(D™), find a set of

necessary and sufficient conditions on isometric colligations V' which ensures that

0 =1y =1,

for some (explicit) ¢ and ¢ in SA(D"™).

In this chapter we give a complete answer to this question by identifying checkable
conditions on isometric colligations. Our results and approach are new even in the
case of one variable and two-variable Schur functions. In this context, it is also worth
noting that the structure of bounded analytic functions in several variables is much more
complicated than the structure of Schur functions on the unit disc (for instance, consider
the existence of inner-outer factorizations of bounded analytic functions in one variable).
From this point of view, our approach is also focused on providing an understanding of
the complex area of bounded analytic functions of two or more variables (as the transfer
function realization technique has already proven to be extremely useful in proving
many classical results like Nevanlinna-Pick interpolation theorem and Carathéodory

interpolation theorem etc. in several variables).
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Our main results, specializing to the n = 2 case, yields the following: Suppose
6 € S(D?) and a := 6(0) # 0. Then:

1) Theorem 2.2.4 implies that: 0(z) = ©1(21)pa(z2), 2z € D?, for some ¢ and s in
2 ¥ 2 2

S(D) if and only if # = 7y for some isometric colligation

a ‘ Bl B2
V=10C Dy, %ClBQ S B(C D (Hl D 7‘[2))
Cy| O Doyo

(2) Theorem 2.3.4 implies that: § = i for some ¢ and v in S(D?) if and only if there
exist Hilbert spaces {M;}?_; and {N;}?_; and isometric colligation

D11 Dqo
D1 Do

S B(C ) ((./\/l1 @N1) © (M2 EBNQ)));

such that ¢ = 7y, and representing B;, C; and D;; as

Ci(1
B; = [Bi(l) Bi(2)} € B(M;®N;,C) and C;= o E2; € B(C,M; & \;),
D;; .
and D;; = [D 21 ] M BN, Mi®N;), respectively, one has D;;(21) =0
zJ
and aDZ-j(2) ]

Moreover, in the case of ( ) (see Theorem 2.2.3): ¢1(2) = 74, (2) and ¢2(2) = 74, (2),
z € D, where
« Bl

%01 Dy

8 1B,

Vi =
Cy Do

] and ‘72:

and « and 3 are non-zero scalars satisfying the conditions |5]? = 1 — C3C5 and a = %;
and in the case of (2) (see Theorem 2.3.3): ¢(z) = 71, (2) and ¥(z) = 7, (z), z € D?,

where

a B | B8 iB(2
"=licay pay| ™ 7o bo |
and
D)= [P DE) = [Du)] | B = [Bi) Ba9)] and €)= gg;

for all i = 1,2, and o and $ are non-zero scalars satisfying the conditions |3|? = |a|? +
C(1)*C(1) and o = §.

Remark 2.1.1. The assumption that 0(0) # 0 is not essential for the necessary parts of
the above results (and Theorems 2.2.4 and 2.3.4) and the case of §(0) = 0 will be treated
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separately in Section 2.5. As we will see there, functions vanishing at the origin reveals

more detailed properties of corresponding isometric colligations.

The rest of this chapter is organized as follows. Section 2.2 contains the definition of
Fm(n) class of isometric colligations, 1 < m < n, and a classification of factorizations
of functions in the Schur-Agler class SA(D"), n > 1, into Schur-Agler class factors
with fewer variables. Section 2.3 introduces the F(n) class of isometric colligations,
which connects the representation of a Schur-Agler class function to its Schur-Agler
class factors. Section 2.4 deals with similar factorization results in the setting of the unit
ball in C™. In Section 2.5, we will discuss factorizations of Schur-Agler class functions
vanishing at the origin. The concluding Section 2.6 outlines some concrete examples
and presents results concerning one variable factors of Schur-Agler class functions and

a remark on the reversibility of our method of factorizations.

This chapter is based on the published paper [48].

2.2 Factorizations and Property F,,(n)

In this section, we present results concerning factorizations of Schur-Agler class functions
in SA(D™), n > 1, into Schur-Agler class factors with fewer variables. More specifically,
our interest here is to identify (and then classify) isometric colligations V' such that
v € SAD") and

v(z) =d(21,- -y 2m)0(Zms1y - -+ 2Zn) (z € D),

for some (canonical, in terms of V) ¢ € SA(D™) and ¢ € SA(D"~™). Throughout this

section we will always assume that 1 < m < n.

Recall that, given 1 < m < p < n and Hilbert spaces H1, ..., Hn, we set

HP = Hpp @ Hyns1 @ - ® Hp.-

n
In particular, H} = € H;. Moreover, with respect to the orthogonal decomposition
i=1
T =H"®H),  , we represent an operator D € B(HY) as

D D
D:[ U e BHT @ HE L)

Ds1 Do

Similarly, if £ and &, are Hilbert spaces, B € B(H},£) and C € B(E., H}), then we

write

Cy

B = [Bl Bg} € BHY' & H;,6) and C=| !

€ BE, HI ®HE ).

Now we are ready to introduce the central object of this section.
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Definition 2.2.1. Let 1 < m < n. We say that an isometry V € B(H) satisfies property
Fm(n) if there exist Hilbert spaces Hi,. .., H, such that H = C @ HY, and representing
V as

a Bl BQ
V=|C, Di Dio| € BCOH ©Hpi),
Cy D1 Do

one has Dy = 0 and aD5 = C1Bs.

More specifically, an isometry V' € B(H) satisfies property F,,, (n) if there exist Hilbert
spaces Hi,...,Hn such that H =C S Hi; ®--- ® H,, and writing V as

a | B - B,
v le D‘11 D.ln |
Cn Dnl Dnn
onC® (H1@---®Hy), one has
D;; =0,
foralli=m+1,...,nand j=1,...,m, and
aDij:C,-Bj,
foralli =1,...,mand j = m+1,...,n. By way of example, we consider the two

variables situation. We say that an isometry V satisfies property Fi(2) if there exist
Hilbert spaces H1 and Ho such that

a By Bs
V=1|Ci D11 Dis| € B((C S HLD HQ)
Cy 0 Doy

and CLD12 = ClBg.

Let us introduce some more notation. Let 1 < m < p < n. We set
Eyp (2) = 2mlp,, © - © 2ply, (z e C).
Also for X € B(HE,), || X| < 1, define
RP (2,X) = (1ng - 147,{1;n(z)x)_1 (z € D).

Note that R},(z,X) is a function of {z,...,2,} variables. Moreover, we will denote
R} (z,X) simply by R(z,X).

Now we proceed to prove that a pair of isometric colligations is naturally associated

with an isometric colligation satisfying property F,,(n). More specifically, given 7y, €
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SAD™) and 1, € SAD" ™) for some isometric colligations V7 and V3, we aim to

construct an explicit isometric colligation V' such that V satisfies property F,,(n) and
v(z) =7, (21, 2m) TV (Zmt1, - -+ 5 2n) (z € D").
To this end, let H1,...,H, be Hilbert spaces. Suppose

az DBa
Cy Doy

a1 B

Vi =
Ci D;

eB(CaH™), and V= € B(CoHyypq),

are isometric colligations. Define V; and V5 in B(C & H* @ HZ,_ ;) by

ap B O az 0 DBy
‘71 = Cl D1 0 and ‘72 = 0 I 0 5
0 0 I Co 0 Do

and set V = ViVs. It is easy to check, by swapping rows and columns (of Vg), that V3

and V, are isometries and thus the isometric colligation

ai1ag ‘ Bl alBg
V=1aCi| Dy CiBy| € B(C@(HT@H%_H)),
Co 0 Dy

satisfies property F,,(n). Let z € D™. Clearly

D, C1B axC
mv(2) = ara2 + {31 a132} R(z, |70 7177 ) By (2) 2
D, Cy
where
D1 C1B2 -1 EHM(Z) 0 D1 ClB2
R(z, ) = IHn —_ 1
0 DQ ! 0 EH',;L+1(Z) 0 D2
_ Iq.t{n - E’HT(Z)DI —EHT(Z)C&BQ
0 Iyn = Eyp (2)D2

By the inverse formula of an invertible upper triangular matrix, it follows that

R<z, ) -

D, CiB;
0 Do

RT(Z, Dl) R{”(z, Dl)EH{” (Z)ClBQR%_H (Z, DQ)
0 RZ@—H(sz?)



2.2. Factorizations and Property F,,(n) 43

We now infer, in view of the above equality, that

Dy (OB C
Tv(2) = araz + {Bl alBg} R(z, ! 11) 2 )EH’;(Z) aé 1
2 2
R™ ’D R™ ’D Eqam CBR:Ln ’D
=ajaz + [31 a1Bz} 1z D) Rz D) qul (2)C1BaRy, 1 (2, Do)
0 Ry 1(2, D2)
agEym (2)Ch
EH:ZH (2)C2

= ajaz + a2 B1 R} (=, Dl)E’H’{n (2)C1 + a1 B2R;, (2, DQ)EH:IR+1 (2)Cq
+ B1RY" (2, D1) By (2)Ci Ba Ry, 1 (2, D2) Egn , (2)C2
- <a1 + ByR™(z, Dl)EHT(z)Cﬁ) (@ + ByR™ (2, D2)E%H(z)02)
=7y, (21, -+ 2m) TV, (Zmt1s - - -5 Zn),
for all z € D"™. We have therefore proved the following result:

Theorem 2.2.2. Let 1 < m < n, and let H1,...,H, be Hilbert spaces. Suppose

a1 B - az DBg T
Vi = e B(Cao Hi and Vo = e B(Co Hi)),
= o | €BCO @) =0 | <ECE (D W

are isometric colligations. Define Vi, Va and V in B((C @ ((é Hi) @ ( EnB HZ)))

=1 i=m+1
by
ap B1 0 az 0 By
‘71 = Cl D1 0 and ‘72 = 0 I 0 y
0 0 I Co 0 Dy

and V = Vi Vs, respectively. Then

a1as ‘ By a1Bs m n
V= |at | D GiB| eB(co(@m)e( P w))),
02 0 Dg i=1 i=m+1

is an isometric colligation, V' satisfies property Fn(n) and
v(z) =7y, (21, - 2m) TV (Zmt1y - -+ 5 2n) (z eD").

Now to prove the reverse direction, we assume in addition that T (0) # 0 (for the
case of transfer functions vanishing at the origin, see Section 2.5) : Suppose H1, ..., Hn

are Hilbert spaces and

a Bl B2
V=1C1 Du Di2| € BCOH ®&Hppn), (2.2.1)
Cy 0 Do
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is an isometric colligation satisfying property F,,(n). Thus
aDyy = C1By. (2.2.2)
Suppose a := 1y (0) # 0. Since V*V = I, we have
la|> + C{Cy + C3Cy = 1,

implies that
1—C3Cy = |af* + CFCy > 0,

as a # 0. Then there exists a scalar 8, 0 < |5| < 1, such that

B> =1 C3Cs.
It now follows that
CrCy = |BI* — |af?, (2.2.3)
and
o= % (2.2.4)
is a non-zero scalar. Define
a By 0 B 0 1B,
Vi=|4C1 Di 0] and Va=|0 I 0 [,
0 0 I Cy 0 Do
on CoH ®Hy, . It follows from (2.2.3) and (2.2.4) that
o + L cror=lal + (18P~ ) =1+ Jap - 19 =
182 Bk )2
that is .
’aP+W5FCﬁ01:1' (2.2.5)
Also, we see that By B; + D}, D11 = I, and
— 1 * 1 — N * 1 — *
abBy + Echn = E(OéﬁBl +Ci{Dn) = E(GBI +CiDn1) =0,

and hence V|*V; = I. We now proceed to prove that V3 is also an isometry. First, it
easy to see that aBs + C} D12 + C3 D2 = 0, and hence, by (2.2.2), we have

7 * * = 1 * * a 2 1
0= aBQ+ClD12+02D22 = aBz—i—aCl ClB2+02D22 = —(!a\ +—=

o |ﬁ‘20f01)Bz+C§D22.

Then (2.2.5) implies that ng + C5 Dy = 0. Finally, again from V*V = I we get

B;BQ + DI2D12 + DSQDQQ =1.
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Now again by (2.2.2) we have

* * * * 1 * *
B2BQ + D12D12 + D22D22 = Bg(l + WCI Cl)BQ + D22D22
1

B;(|O¢’2 + WCTC’I)BQ + D;2D227

1
ol

so that ﬁB;Bg + D3yDay = I, by (2.2.5), from which we conclude that V5Va = I.
Finally, notice that

af By By a B By
Wa=|C1 Du ﬁCﬁBz = |Ci Dun LGB,
CQ 0 D22 CQ 0 D22

and hence V = V1 V3, by (2.2.2). Then, by Theorem 2.2.2, we have

Tv(2) = 7, (21, - s 2m) T, (Zmt1s - 20),s
- B - iB
for all z € D" where V7 = 1 ! and V5 = b a2 Thus we have proved
301 D11 C(2 D22
the following statement:
Theorem 2.2.3. Suppose Hi, ..., Hy are Hilbert spaces and a be a non-zero scalar. If
a ‘ By By m n
V=|0|Du 0B eB(ca (@H)e( D M),
02 0 D22 =1 i=m-+1
is an isometric colligation, then
- B - ip
Vi = 1a ! and Vo = babe
501 D11 C'2 D22

are isometric colligations in B(C ) (@ 7-[@)) and B((C ® ( @ Hl)) , respectively, and
i=1 i=m+1

Tv(2) = 75, (215 -+, 2m) T, (Bmts -5 20) (z € D"),
where o and B are non-zero scalars and satisfies the following conditions

18]* = |a|* + C{C1  and a:%

Summing up the results of Theorems 2.2.2 and 2.2.3, we conclude the following

factorization theorem on Schur-Agler class functions in SA(D"), n > 2:
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Theorem 2.2.4. Let 1 <m < n, and let 0 € SAD"). If 6(0) # 0, then
0(2) = d(21s- ., 20 (Zmats - 2n) (2 € DY),
for some ¢ € SAD™) and ) € SAMD™™) if and only if
0(z) =1v(z) (2€D"),

for some isometric colligation V' satisfying property Fp(n).

2.3 Factorizations and Property F(n)

In this section we investigate general n-variables Schur-Agler class factors of Schur-Agler
class functions in SA(D™). More specifically, for a given § € SA(D"), we give a set of
necessary and sufficient conditions on isometric colligations ensuring the existence of ¢
and 7 in SA(D"™) such that 8 = ¢1p. We identify a new class of isometric colligations,
namely F(n), and prove that the (Schur-Agler class) factors of Schur-Agler class func-
tions are completely determined by isometric colligations satisfying property F(n). Here

we do not set any restriction on n, that is, we will assume that n > 1.

We first identify the relevant isometric colligations:

Definition 2.3.1. We say that an isometry V € B(H) satisfies property F(n) if there
exist Hilbert spaces {M;}1_ and {N;}_, such that

H=Co (Do),

i=1
and representing V as
a | By - B,
C, | D .-« Dy, n
v=| " es(ce (Bmion)),
: : . : i=1
and B;, C; and D;; as
C;(1
B; = [Bi(l) Bi(z)} € B(M; ® N;,C), C;= C'EQ) € B(C, M; & Ny),
and
D;i(1 D;:(12
D;;(21)  Dy;(2)
one has

Dij(21> = 0, and CLDZ‘j(lz) = Ci(l)Bj(Q),
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foralli,j=1,...,n.

As in Section 2.2, here we also first prove that a pair of isometric colligations is
naturally associated with an isometric colligation satisfying property F(n). Let {M;}" ,
and {N;}?; be Hilbert spaces, and let

o| B - B,
o B Ci|Du -+ Dy
= = € B(Cp M),
e o) (com
Cn Dnl Dnn
and
5| R - B
g F Gi | Hn -+ Hi,
Vo = e B(Ca N,
‘T le m 2 I (CON)

be isometric colligations. Given ¢ = 1,...,n, we define H; = M; ® N;, and bounded

linear operators B;, C; and D;; as

~ ~ C; ~ D;; 0
B, = |:Bz 0:| S B(Hz,C), CZ = c B((C,’Hl), and Dij = [ OJ 5T € B(Hj,%i),
ij
forall 7,5 =1,...,n. Set
[0 ‘ Bl Bn
~ C~Vl Dll o Dln n
n=| | T eBCany. (2.3.1)
én bnl Dnn
On the other hand, let
B ‘ Fl Fn
N G| Hi -+ Hi, "
=T T o, (23.2)
én I:Inl ﬁnn
where
- ~ 0 ~ 0;1 0
F; = [0 FZ] S B(’Hi,(C), G, = S B((C,Hi), and Hz'j = [ 0 I S B(Hj,'Hi),
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for all 4,5 = 1,...,n. Define V. = V;V,. It then follows that V € B(C @ HY) is an

isometry and

os| B - B,
_ |G| Pue D) e B , (2.3.3)
: Lo ¢ D
én ﬁnl bnn
where
5 A BC;
BZ-:[Bi an} € B(H;,C), C;= € B(C,H,), (2.3.4)
and
R D.: C.F;
Dii=|"" "7 e B(Hi, M), 2.3.5
j [0 o, (Hj, Hi) (2.3.5)

for alli,7 =1,...,n. Define X(2z):C — C, z € D", by
X(Z) = B(IH? — EH(Z)ZA)>71EH(Z)CA'

Then 7y (z) = aff + X(z), z € D". Next, define the flip operator n : H} — M} & N7,
by

(Do) =@ e @) (2:3.6)
=1 =1

=1

for all f; € M; and g; € N;, i = 1,...,n. Then 7 is a unitary operator and so

X(z) = (BU*)(IM?@N{I - (UEH’;(Z)??*)(UDU*))_I(UEH’;(Z)U*)(Ué)-

On the other hand, the definition of the flip operator 7 reveals that

e A .
, nDn” =
G]nn

Emp(z) 0 ]

D CF
0 H

I

Byt = [B aF} G =

and

Nk (2)n" =

In particular, this yields

I - EM?(Z)D —EM?(Z)CF

zcD").
0 I - Enp(2)H ( )

Ivpany — (MBwp (2)0")(nDn*) =

In order to further ease the notation, for Hilbert spaces {S;}7; and z € D", we set

Es(z) = @ zils,,
i=1
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n
-1
and, for Y € BE@DSy). IY]| < 1, define r(z,Y) = (IS? - Eg(z)Y> .
i=1
Continuing the above computation, for each z € D", we now have

<IM?®N1" - (nEH’f(Z)n*)(nﬁn*>>_l = [T(z’D) T(Z’D)EM?(z)OFT(Z’H)] .

0 r(z,H)
A Ern(2)C
Moreover, since (nEyn(2)n*)(nC) = FEm; (2) , it follows that

Br(z, D)Epmy(2)C + (2, D)Epp (2)CFr(z, H)Enp(2)G
r(z, H)Enp (2

X(z) = o
(2) =B oF| o
= BBr(z, D)Enmy (2)C + Br(z, D)Emy (2)CFr(z, H)Enp(2)G + aFr(z, H)Enp(2)G,

and so 1y (z) = 1, (2)11,(2), z € D". We have therefore proved:

B n
g D] e B(C@ (@Mi)) and Vi —

B(CEB (@ M)) are isometric colligations, and let V = V1 Va, where Vi and Vs are as in
=1

8 F
G H

Theorem 2.3.2. Suppose Vi = €

n

(2.3.1) and (2.3.2), respectively. Then the isometric colligation V € B(C ® (@(Mz ®
i=1
M))) as in (2.3.3) satisfies property F(n) and Tv = Ty, Ty, .

We have the following interpretations of the above theorem: Let 0, ¢, € SA(D"),

g
G
gations on C @ M7 and C & N7, respectively, and ¢ = 7y, and ¢ = 7y,. Then the

are isometric colli-

B
and suppose 8 = ¢. Suppose V; = g D and Vo =

isometric colligation V' = f/'lf/g, as constructed in Theorem 2.3.2, satisfies property F(n)
and 1y (z) = 1y, (2)7y,(2) for all z € D", that is, 0 = 7.

Now we proceed to treat the converse of Theorem 2.3.2. Let V' € B(#H) be an isometric
colligation, and let V' satisfies property F(n). As in Theorem 2.2.3, here also we assume
that a := 7/(0) # 0. Now

n

H=Co (PMie)).

=1

for some Hilbert spaces {M;}!" | and {N;}I,, and

= ! (2.3.7)
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where
Ci(1)

B; = [B;1) Bi(z)} € BIM; @ N;,C), C;= Cioy| € BEMi ®N;), (2338)

and .
i ~C; j
D;; = [D 0(1) @ l;jj)g)(z) € B(M; @ Nj, M; & N;), (2.3.9)

forall 7,7 =1,...,n. Set

D(1) [Diju)]:j:l e BE@M,). D) [Dzj(z)}zjzl eBE@N). (2310

D(12) = [Dij(m)]jjzl € B(éMi,éM),
§ =1 =1

and consider the flip operator 7 : (@:‘:1(/\/{1 ® M)) — (P, M) & (D, N;) (see
(2.3.6)). Then

n

._ |DP() D(12) N o ,
D = [ . D(2)] EB((iG:?Mz)EB(iGZ?M))-
10 1 0 a Bn*
nf 107 nC nDn*
etry on G_}l(./\/lz ® N;). Moreover, since Bn* = [B(l) B(Q)] and nC = [C(l) C’(2)} ,

we see that

Vv is an isom-

If we define V,, :=

] , it then follows that V, =

a B(1) B(2) n n
v,=|c) by temse)| es(ce @M @),
c@2) 0 D(2) i=1 i=1
where
) = | By(i ] and c@)= |90
B(i) = [Bi(i) Ba(i)] and C() el (2.3.11)

for all i = 1,2. We have now arrived at the setting of the proof of Theorem 2.2.4 (more
specifically, compare V;, with V' in (2.2.1)). Following the constructions of V; and V3 in
the proof of Theorem 2.2.4, we set

_%C(l) D(l)_ i=1
(2.3.12)
[ 5 1B@) "
= ¢ Ni) ),
"Tlew b | © B(ee (@A)
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where
2 2 *
B = lal* + C(1)"C(1) (2.3.13)
=1-C(2)"C(2),
and
o % (2.3.14)

Since a # 0, it follows that o (and 8 too) is a non-zero scalars. One may now proceed,
similarly as in the proof of Theorem 2.2.4, to see that V; and V5 are isometries. Then,
applying Theorem 2.3.2 to the pair of isometries V7 and Vs, we get the canonical pair
of isometries V; and Vs such that TV, = TViTv,- On the other hand, it follows directly
from the construction of V; and Va2 (see (2.3.3)) that V' = V115 and consequently,
TV = Tyny, = TviTv,- We have therefore proved the following counterpart of Theorem
2.2.3 for isometric colligations satisfying property F(n).

n

Theorem 2.3.3. Let V € B(C & (@(M@ ®N;))) be an isometric colligation, and let

i=1
V' satisfies property F(n). If 7v(0) # 0 and V' admits the representation as in (2.3.7)
with B, C and D as in (2.3.8) and (2.3.9), respectively, then

n

S B(C@(@/\/})>,

i=1

a Bl 8 iB(2)

C2) D(2)

e B(C@(é Mi)) and Vy =

are isometric colligations where B(i),C (i) and D(i) are as in (2.3.10) and (2.3.11) and

a and B are non-zero scalars and satisfies the following conditions
1812 = |af2 + C(1)*C(1) and a= %
Moreover, Ty = Ty, Tv, -

This along with Theorem 2.3.2 yields the following classification of Schur-Agler class
factors of Schur-Agler class functions in SA(D"), n > 1:

Theorem 2.3.4. Suppose 0 € SA(D™), and suppose that 0(0) # 0. Then 6 = ¢ for
some ¢, € SAD™) if and only if @ = 1y for some isometric colligation V satisfying
property F(n).

Given # = 1y for some isometric colligation V' satisfying property JF(n), as pre-
sented above, we now know that § = ¢ for some ¢, € SAD"™). If V admits the

representation as in (2.3.7), then it follows moreover from (2.3.12) that

B(1)(Imy — By (2)D(1) ™ Epgy (2)C(1)

(2.3.15)
B(2)(Iny — Enp(2)D(2)) ' Enp(2)C(2) (2 €D").
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The assumption that 6(0) # 0 in the proof of the sufficient part will be discussed in
Section 2.5. Also see Subsection 2.6.3 for a natural connection between F,(n) and
F(n),1<m<n.

2.4 Factorizations of multipliers on the ball

In this section, we continue with our study of factorizations of bounded analytic func-
tions. Here we are interested in factorizations of multipliers of the Drury-Arveson space
on the unit ball B" in C™ [16]. However (and curiously, if not surprisingly), the tech-
niques involved in representing multiplier factors of multipliers of the Drury-Arveson
space seems relatively simpler than that of the Schur-Agler class functions on D". More-
over, since the proofs of the following results are often similar (in spirit) to the case of
SA(D™), we will be rather sketchy.

The following simple observation on isometric colligations is quite useful: Suppose H

is a Hilbert space and
a B

C

V= CoH—-CaoH",

is a bounded linear operator. Then V' is an isometry (that is V*V = Icgy) if and only
if
la>+C*C =1
aB+C*D =0 (2.4.1)
B*B+ D*D = Iy.

Before proceeding we make a brief remark concerning notation: Given Hilbert spaces

‘H and K, in what follows, we represent an operator A € B(H,K"™) as
Ay
A= :
An
We now proceed to prove the first factorization result for contractive multipliers of

the Drury-Arveson space. Suppose 1 < m < n, § € M;y(H?2), p € My(H2) and
¥ € My(H2_,). Suppose that

0(z) = (21, 2m)P(Zmt1s .-y 2n) (z € B").
Then there exist Hilbert spaces M and N and isometric colligations

8 Y

€BCOM.CoM™)  and Vo= |

€ B(CaN,CaN™™).
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such that ¢ = 7y, and ¢ = 7y,. Define
H=MaN,
and
af B
V= eB(CaeH,CaH"), 2.4.2
ol eB ) (24
where B = [E aY} and
F.
PE; if1<j<m
0
C; =
ifm+1<j<n,
and ~
G Y| . .
if1<j7<m
0 0
D; = ]
0 0
ifm+1<j5<n.
0 Wi_m

By taking into account of isometric properties of V; and V5 and using property (2.4.1)

repeatedly, we conclude that V' is an isometry in B(C @& H,C @ H™). We now compute

(Ing — Eyn(2)D) ™' = (I, — Zzipi)*l

m n
= (In — zjDj — Z zDj) !
=1 j=m+1
Ivy O " G, FY -
(o] safe o 5
N1 =1 j=m+1
B m m -1
IM— ZZjGj —ZZJF]Y
_ =1 i=1
- n
0 In— > zWim
i j=mt1
_ m )
(Ipm = 22 2Gy) ™ T
_ j=1
- n
0 (v = X 2zWjmm)™!
I j=mt1

0 0
0 W

)
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where . . N
TZUM—E:%%V%ZPﬂQWMP-EIQW}MA~
j=1 j=1 j=m+1
Moreover, since

m

B> 2l
j=1

n

> Z%Zj-m
I=m-+1

Eq.[n (Z)C =

)

it follows that

Tv(z) = af + B(Iy — Eyr(2)D) "' Eyn(2)C
=aB+[E aY]| (I~ Exn(2)D) " Byn (2)C
—aB+ BE(Im — Y %G) " (D %) + BT > %Zm
=1 j=1

j=m+1
n

n
+05Y(IN— Z Zjofm)_l Z Zijfm
j=m+1 j=m+1

=1, (215 oy 2m) TV (Zmt1y - -+ 2n),

for all z € D™. Since § = Ty, Ty, it then follows that
0 =Ty,

where V' is the isometric colligation as in (2.4.2). We have thus proved part of the

following theorem.

Theorem 2.4.1. Suppose § € My(H?2) and 0(0) # 0. Then the following are equivalent:
(1) There exist multipliers ¢ € My(H2,) and 1 € My(H?2_,,) such that

0(z) = (21, 2m)V(Zma1s- - -5 2n) (z € B").

(2) There exist Hilbert spaces Hy and Ho and isometric colligation

B
v=| LCh(H1®Hs) = Ca (Hy @ Ha)",
C D
4 D,
such that writing B = [B(l) B(Z)] ,C=|:]and D= | : |, one has

Chp D,
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_C‘l_
W i<ism
0
C; =
0
ifm+1<j<n,
1C5(2)
and _
D;(1) D;(2
i(1) Dj;(2) F1<j<m
0
D; =
0 0 ] )
fm+1<j<n,
0 D;(3)
and
aD;(2) = Ci(1)B(2),
foralli=1,...,m, and

H(z) =a+ B(IH1€9H2 - E(H1®'H2)” (Z)D)_IE(H1€BH2)" (Z)C (z S Bn)'

Proof. We only need to show that (2) implies (1). Note that V*V = I implies, in

particular, that

al> + )" GG+ Y Ci2)Ci(2) = 1.
j=1 J=m+1
Let m
B = lal* + ) C;(1)°C5(1).
j=1

Since a = 0(0) # 0, it follows that 5 # 0. Set

ot
and define
! B(1) 6 1B(2)
B ol Cen@ Dune
10u(1) Do) C2)  Dul®)
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Clearly Vi € B(C® H1,C® (H1)") and Vo € B(C @ Ha,C @ (H2)™). Now in view of
(2.4.1), V1 is an isometry if and only if

(

\

Here the first equality is a simple consequence of the definitions of a and 3. The second
and the third equalities follows from the isometric property of V' applied to the equality
(2.4.1). The proof of the fact that V5 is an isometry is similar (but requires the fact that
aD;(2) = C;(2)B(2) for all 1 < j <'m) and left to the reader. Then

v, € Mu(Hy) and 7y, € My(H;_,,).
We set

(215 2m) =T (21, -y 2m)  and Y(Zma1y- -5 2n) = TV (Zmtdy -5 2n),

for all z € B™. Then

d(z1,y- -y Zm )*oz—i— B <1—sz >_1(2m:2j0j(1)>7
j=1

and

Vemz) =B+ B2 (1= 3 50,0) (X 50@).

j=m+1 j=m+1
for all z € B". It is now routine to check that this indeed defines the required factors of
0, that is

0(z) = @21,y 2m)V(Zmt1s - -y 2n) (z € B"),
which completes the proof that (1) and (2) are equivalent. O
The Drury-Arveson multipliers analog of Theorem 2.3.4, as stated below, also holds.

We leave the similar verification, following the line of the proof of Theorem 2.3.4, to the

reader.

Theorem 2.4.2. Suppose § € M1(H?2) and 0(0) # 0. Then the following are equivalent:
(1) There exist ¢ and b in My(H?2) such that 0 = ¢ip.
(2) There exist Hilbert spaces Hi and Ho and isometric colligation

a B
C D

V= :CP(H1@H2) = C® (H1 @ Ha)",
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such that

Q(z) =a-+ B(IH1@H2 - E(H1G§H2)” (Z)D)_IE(H1€BH2)" (Z)C (z S En)v

C1 Dy
and writing B = [B(l) B(Q)], C=\|:1,D=]:] and
Ch D,
o - |Gl b [Di(l) Di(12)]’
Ci(2) D;(21)  Di(2)

one has
D;(21) =0 and aD;(12) = C;(1)B(2),

foralli=1,... ,n.

2.5 Functions vanishing at the origin

As pointed out in Remark 2.1.1, factorizations of functions vanishing at the origin reveals
more detailed structural properties of associated colligation matrices. To this end, in
this section, we present a complete description of the connection between isometric
colligations and Schur-Agler factors of Schur-Agler class functions vanishing at the origin.
The case of one variable Schur functions will serve well to illustrate the notation scheme

for functions in several variables that we adopt.

Suppose 6 € S(D), #(0) = 0 and § = ¢y for some ¢ and ¢ in S(D). The following

two cases can arise:

Case (i) #(0) = 0 and ¥(0) # 0: Let ¢ = 1y, and ¢ = 7y, where

0 Q [z Y
i= eB(CopH and V5 = € B(Ca Ha).
1= e ( 1) and V5 z w ( 2)
Therefore -~
0|@ O z |0 Y
Vi=|R|S 0 and Vo= 1[0|I 0 |,
010 I Zl0o W

(2.5.1)
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where

0B 0 01Q o0
D1 DQ = |zR| S RY
Co| 0 Dy Z |0 W

We then have €1 = xR and D2 = RY, and consequently the condition R*R = 1 yields
C1CyDy = |22 RR*Dy = |z|>RR*RY = |z|?RY = |z|?Dy = C;C1 Do,

as C7Cy = |x|%(> 0). Moreover, with V as in (2.5.1), we compute 7y as:

v(z)= B o] (12 [l;l gj >_1z g:
—:[5 0] [(I _ zODl)‘1 (I - le(?r—izZD;gj 2Dy~ gl
=2 |Bi(I — 2D1)™" 2Bi(I — 2D1) "' Do(I — 2D) | g; ,
and so
mv(z) = (z31(1 - ZDI)—l) (01 t 2Dyl — zD4)_1Cg) (> € D). (2.5.2)

Substituting the values of By, C;, and Dj, i = 1,2 and j = 2,4, we have

Tv(2) = <zBl(I — le)_l) (Cl + 2Dy (I — zD4)_1C’2>
- (zQ(I - le)*l) (xR +2RY (I — ZW)*IZ)

= (U - 28)7'R) (2 + 21 W) 2),

for all z € D, which implies that § = 7y,. Thus, we have collected together all the

necessary properties of the isometric colligation V' as:
ClchQ = CTClDQ and C’ikCl > 0. (2.5.3)

Conversely, suppose V is an isometric colligation as in (2.5.1), let § = 7 and let V

satisfies the conditions in (2.5.3). Let x be a non-zero scalar such that
lz|? = CFCy.
Define V; € B(C @ H1) and Va € B(C @ Hz) by

0 B
Loy Dy

x

Vi = and Vo =

x 101D,
Co Dy
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Note that |z|> = 1—C;Cy = C;Cy. A simple computation, following (2.4.1), then shows

that V1 and V5 are isometric colligations. Now we compute
Tv(Z) = ZBl(l — le)_lCl + 2231(1 — ZDl)_lDQ(]_ — ZD4)_102,

and

1
v, (2)Tv,(2) = 2B1(1 — le)_lCl + z231(1 — le)_l{WCleDz}(l - ZD4)_102-

Thus, Ty = 7y, Ty, where 7v(0) = 7, (0) = 0 and 7y, (0) # 0.

Case (ii) ¢(0) = ¢(0) = 0: Suppose ¢ = 1y, and ¥ = Ty, where

0

€ B(C®H;1) and Vo= € B(C® Ha),

Vi =

0 Q
R S

are isometric colligations. We associate with V; and V5, the isometric colligation

0lQ o
0|S RY |,

(2.5.4)

Then, in view of (2.5.2), it follows that § = 7. Also we pick the essential properties of

the isometric colligation V as
X*X=1I1, X*D;=0, and Dy= XY, (2.5.5)

where X = R. Note that the first two equalities follows from the fact that V7 is an

isometry.

To prove the converse, suppose V' is an isometric colligation as in (2.5.4), 0 = 7y,
X € B(C,Hz) is an isometry, Y € B(Hz,C) and the conditions in (2.5.5) hold. Since
V*V =1, we have

C5C, 0 C5Dy
0 BlBik + DTDl DTDQ = I(CEB’H169H27
D;Cy D3 Dy D3Dy + DyDj
0 B ) . . . .
and hence V; = X D € B(C @ H;) is an isometric colligation. Since Dy = XY,
1

D5Dy = Y*Y, and hence D5D9 + DDy = I yields Y*Y + DyDy = I. Thus V, =
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0 Y

€ B(C & H2) is an isometric colligation. Notice that
Cy Dy

v, (2)Tv, (2) = 22B1(1 — 2D1) ' XY (1 — 2Dy4) 10y,
and, on the other hand, in view of (2.5.2), we have
1v(2) = 22B1(1 — 2D1) 1Dy(1 — 2Dy) 71Oy,

for all z € D. This and XY = Dy implies that 0 = 7y = 7y, 7y;.
Thus we have proved the following;:

Theorem 2.5.1. Suppose 0 € S(D) and 6(0) = 0. Then:

(1) 0 = ¢ for some ¢, € S(D) and (0) # 0 if and only if there exists an isometric
colligation

€ B(C® (H1 @ Ha)),

such that 8 = Ty and

ClcikDQ = CfchQ and C{Cl > 0.

(2) 0 = ¢ for some ¢, € S(D) and $(0) = 0 = (0) if and only if there exists an

isometric colligation

0| B 0
V=10 |Dy Dy | €BCD(HiDH2)),
Cy| 0 Dy

such that 0 = v and
X*D1 =0 and Dy=XY,

for some isometry X € B(C,Ha) and bounded linear operator Y € B(Ha, C).

The general case of functions vanishing at the origin in several variables (in SA(D")
or M1(H2)) can be studied using the technique developed in the proof of Theorem
2.5.1. In particular, similar arguments allow us to obtain also a similar classification of
factorizations for functions in S.A(D™) vanishing at the origin. We only state the result

in the setting of Section 2.3 and leave out the details to the reader.

Theorem 2.5.2. Suppose § € AS(D") and 0(0) = 0. Then:
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(1) 6 = ¢ for some ¢, € SAD™) and ¥(0) # 0 if and only if there exist Hilbert
spaces {H;}q, {M;}1y and {N;}_, and an isometric colligation

0| B B,
0 B Ch | D Dy, "
— — e B(Ca Hi)),
o B " e @
Cn Dnl Dnn

such that 0 = 1y and Hy = M ® Ny, k=1

B; = [B;(1), Bi(2)] € B(M; & N;, C)
and
[Dz‘j(l) Di;(12)
Di; =
D;j(21)  D;;(2)
one has
Bi(2) =0, Dy(21)=0, C(1)C(1)*D(12)
C1(1)
where i,j =1,...,n, and C(1) = :
Cn(1)

n

D(12) = [Dij(m)Lj:l e

; CZ

,- .., 1, and representing B;, C; an D;; as

Ci(1)
Ci(2)

€ B(C, M; & N;),

= C(1)*C(1)D(12) and C(1)*C(1) > 0,

B(é/\/p, é/\/lp).
p=1 p=1

(2) 6 = ¢ for some ¢, € SAD™) and ¢(0) = 0 = (0) if and only if there exist

Hilbert spaces {H;}1 1, {Mi}1, and {N;}I_,, an isometry X € B(C, @ M;
=1

), a bounded

)

n
linear operator' Y € B(@ N;, C) and an isometric colligation

=1
0 | B B,
0 B C1 | Di Dy, -
V= c pl= : : eB(C@(iEBI”Hi)),
Cn Dnl Dnn

such that 0 = 1y and Hy = M ® Ny, k=1

B, = [Bi(1), Bi(2)] B(Mi @M,C)

) CZ

,- .., 1, and representing B;, C; an D;j as

Ci(1)

o € B((C,Mi @M),
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and
D;i(1 D;:(12
Dy = | Do D20 gy an Moo AG),
D;;(21)  Dy;(2)
one has
Bi(2) =0, Cj(1)=0, D;(21)=0,
and
D(12) = XY and X*D(1)=0,
where .
D) = Dy, € B(DM,).
p=1
and

D(12) = [Dz-j(m)];:l € B(éNp,éMp).
p= p=

The case of contractive multipliers of the Drury-Arveson space vanishing at the origin

can be stated and proved in a similar way.

2.6 Examples and remarks

This section is devoted to some concrete examples, further results and general remarks

concerning Schur-Agler class functions in SA(D").

2.6.1 One variable factors

Our interest here is to analyze Schur-Agler class functions in SA(D™) which can be

factored as a product of n Schur functions. More specifically, let ¢ € SA(D") and let
©(0) # 0. Suppose

n

o(z) =] ei(z) (z€DM,

i=1
for some ¢; € S(D), i =1,...,n. Then there exist isometric colligations
ar B
= . .| eBCaH,),
"G Dy ( i)
such that
Y = Tv;,

foralli=1,...,n. Let

i=1
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and define . .
ar By O a, 0 B,
Vl = C’1 151 0 and Vn =10 I 0],
0 0 I C, 0 D,

in B(C @ Hy @ Hy) and B(C @ H' @ H,), respectively, and

a; 0 El 0
o1 0 0
TG 0 D ol

00 0 I

in BCoH 'aH; ®H",) forall 1 <i<n. Then
1 +1

V= ﬁf/;v
=1

is an isometry in B(C & H}'). Moreover, it follows that

a | B By
v=l® e .y (2.6.1)
C D : : :
Cn Dnl Dnn
where
i—1 n
Bi=([JanBi, Ci=(]] a)Cs,
k=1 k=i+1
and
D, ifi=j
Dij =40 if i > j
(CLH_l s aj_l)éiBj if i < J-
Hence

CLDZ'J‘ = CiBj,
for all 1 < ¢ < j < n. Then by repeated application of Theorem 2.2.2, we have
p="Ty.

The converse, as stated below, follows directly from repeated applications of Theorem

2.2.3. We have thus proved the following theorem.

Theorem 2.6.1. Suppose § € SA(D") and 0(0) # 0. Then

0(z) = Hei(zi) (z € D),
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for some Schur functions {6;}1, C S(D) if and only if there exist Hilbert spaces

Hi,...,Hn and an isometric colligation

a| B - B,
a B| |Ci|Du -+ D
C D : e
on(CEB(@Hl) such that
i=1
D; ifi=j
Dij =10 ifi>j

%CiBj ifi<j,
and .
9(2) =a+ B(IH{L — EH{L (Z)D) E’HEL (Z)C (Z S ]D)n).
2.6.2 Examples

Here we aim at applying our results to some concrete examples.

Example 1: First, we let ¢ € S(D) and ¢ = 7y, for some isometric colligation

a B

Vo —
°“lc b

eB(CHH).

Now we consider ¢(z) = 2™, z € D and m € N. One then shows that

_ Lo -
0
Vm= | :|: ¢ . 1| eBCaC™),
0[{0 O
i 00 0 ]
is an isometric colligation and
Y =1y,

Set 0 = ¢1p = Ty, 7y;,,. Then by Theorem 2.3.2 (or more specifically, by (2.3.3)) it follows
that

p(z)  (zeD),
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where V € B(C & H @ C™) is an isometric colligation with the following representation

0|B al|0 0 0
0|D C|0 0 0
0/0 01 0 0

V=|0/0 0|0 1 0| eBCae(HaC)pC™™M).
00 0 1
| 1/0 00 0 0 |

Example 2: Our second example concerns Blaschke factors: If A € D, then the Blaschke
factor by € Aut(D) is defined by

Now observe that, for each A € I, the matrix

-2 V1= |)\?
Vi = _| | e B(CaC),
V1—|A]? A

is an isometric colligation and
by = 1v,.

Now, suppose «, 3 € D and
0(z) = ba(21)bs(22) (z €D?).

Then Theorem 2.2.2 implies that
0=y,

where

af V1= |af? —ay/1 —|B?
V=1-py1-]a a V1-=la]2y/1- 82|,
V118 0 B

is an isometric colligation in M3(C).

2.6.3 On F,,(n) and F(n)

Let 1 <m < n. Suppose V € B(C®H" DH;, ) satisfies property F,,(n). On account

of Theorem 2.2.3, we have

v(z) =7y (21, - 2m) TV (Zmt1y - -+ 5 2n) (z e D),



66 Chapter 2. Factorizations of Schur-Agler functions

for some isometric colligations V1 € B(C © H") and V3 € B(C ® ;). Note that
v, € SAD™) and 1, € SAD" ™). The above factorization and Theorem 2.3.4
further implies that
TV = Ty,
~ n
for some isometric colligation V' € B(C & (@(Mz ® M))) satisfying property F(n).
i=1
It is then natural to ask to what extent one can recover V from V. To determine the

isometric colligation V, we proceed as follows: First, we let

a| B -~ B,
Ci|Du -+ Din "

v= | TR T T e oy, (2.6.2)
Cn Dnl T Dnn

where D;; =0fori=m+1,...,nand j=1,...,m; aD;; = C;B; for i = 1,...,m and
j=m+1,...,n. Let £ be a Hilbert space. Set

HipL if1<i<m
LOH;, ifm+1<i<n.

We now define

e -
Ci .
ifl1<i<m
{Bi 0} it1<i<m 0
Y, = Z =
[0 Bz} ifm+1<i<n, 0 ,
ifm+1<i<n,
Ci
and _ -
Di; 0 ) .
if1<i,j<m
0 (SijIL;
Wij—
0;il 0
gre ifm+1<ij<n,
ql 0 Dij_
and . _
0 Dij . .
ifl<i<m m+1<j<n
0 0
0 0 ) ]
ifm+1<i<n,1<j5<n.
D;; 0
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Then, after some manipulations, it follows that the isometric colligation

alvi - Y,
- Zy | Wi - Wiy "
= |7 T T eBeky, (2.63)
Zn Wnl T Wnn

satisfies property F(n) and 7y, = 7i,. More specifically, we have proved the following:

Theorem 2.6.2. Suppose 1 < m < n and let V satisfies property Fm(n). If the
representation of V' is given by (2.6.2), then

TV = Ty

where V is given by (2.6.3) and satisfies property F(n).

2.6.4 Reversibility of factorizations

A natural question to ask in connection with Theorem 2.3.4 is whether the canonical
constructions of the colligation V' (out of a pair of isometric colligations V; and V)
satisfying property F(n) as in (2.3.3) and V4 and V5 (out of an isometric colligation V'
satisfying property F(n)) as in (2.3.12) are reversible.

To answer this, we proceed as follows: Given n € N, we let C'(n) denote the set of all
B n
isometric colligations of the form g D € B(Ca (@ H,)) for some Hilbert spaces
i=1
{Hi}7,, and let F(n) denote the set of all isometric colligations satisfying property
F(n). Define 7 : C(n) x C(n) — F(n) by
T(V1,V2) =V (V1,V2 € C(n)),
where V' is as in (2.3.3) (or Theorem 2.3.2). Also define « : F(n) — C(n) x C(n) by
(V) =1, V2) (V€ F(n)),
where V; and V; are as in (2.3.12). Given V; and V5 in C'(n), the aim here is to compare
k(m(V1, Vo)) with (Vi, Va). Suppose

eB(ca (@PM)

=1

B

Vi =
G H

eB(C@(éMﬁ) and Vp =
=1

are isometric colligations and a = af # 0. Then by (2.3.3), it follows that

"V, 18) € B(Ca (@M 0 AD)).

i=1
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and . X
Oéﬁ Bl Bn
C’l Dll T Dln
7T(Vl> sz) = . . . s
C'n ﬁnl te Dnn

where B;, C; and ljij, i,j = 1,...,n, are given by as in (2.3.4) and (2.3.5). Since
w(V1, V) satisfies property F(n), in view of (2.3.12), it follows that

r(n(V1,12)) = (V1, Va),

where
a B B, B 2R o,
- %Cl Dll Dln - Gl Hu Hln
‘/1 = X and V2 = )
_%C’I’Z Dnl Dnn_ Gn Hnl HTZTL

and @ and 8 are non-zero scalars satisfying the following relations (see (2.3.13) and
(2.3.14))

B = o8P + 182( 3 CrC) and &=
=1 5
But we know from V;*V; = I that |a|? + C*C = 1, that is
a2+ CrCi =1
=1

So B = &8 and & = ea for some unimodular constant €. Hence

con )~

where ¢ is an unimodular constant.

a B
C D

ceae B
eC D

8 F
G H

g8 &F
G H

) )

).

One could equally consider the same question for Theorem 2.2.4. The answer is

similar.



Chapter 3

Schur functions and inner

functions on the bidisc

3.1 Introduction

The principle aim of this chapter is threefold: (1) Provide representations of inner
functions in S(D?) in terms of the isometric colligation operators (a certain class of 2 x 2
block operator matrices). (2) Establish a classification of de Branges-Rovnyak kernels
on D (which also works in the setting of D" and the open unit ball of C", n > 1). (3)
Provide a classification, in terms of Agler kernels, of Schur functions in S(D?) which

admit a one variable factorization.

Our first aim of this chapter is to provide sufficient (as well as necessary, for reducible
rational functions) conditions in terms of isometric colligation for a function in S(D?) to
be inner. Our presentation here, needless to say, is based on Agler’s realization formula
and Agler kernels for functions in S(D?) [2].

We now return to the topic of representations of inner functions in S(D?). Finding
an analog of Theorem 1.2.10 for inner functions in S(D?) seems to be a subtle and
unattended problem. Here the main difficulty is to deal with the 2 x 2 block operator
matrix D € B(H1®H2), or more specifically, with the resolvent part of 7y, which involves
the inverse of the 2 x 2 block operator matrix. Instead, in Theorem 3.2.1 we prove that

a function ¢ € S(D?) is inner whenever ¢ = 7, for some isometric colligation

a By DB
V=1|C Di Dy| €BC®(HidMs)),
Cy 0 Dsg

with Dy, D3 € Cy.. This is the main content of Section 3.2.

The converse of the above fact is not true in general (see Example 3.5.1). However, a

weak converse holds for rational inner functions that admit a one variable factorization

69
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(see Theorem 3.5.3). This is the main content of Section 3.5.

Now we turn to our second goal of this chapter: Classification of de Branges-Rovnyak
kernels on D™ and the open unit ball of C". Here we explain the idea in the setting of
operator-valued Schur functions on D. Let © € S(D, B(&,E,)). We call the kernel

I —-06(z2)0(w)*

Ko(z,w) := P (z,w € D).

the de Branges-Rovnyak kernel corresponding to ©. The classical de Branges-Rovnyak
theory says that the de Branges-Rovnyak space, Hp, is contractively contained (not
necessarily closed) subspace of the Hardy space Hg* (D) and invariant under backward

shift operator.

Section 3.3 focuses on the following question: How can we recognize when a kernel

admits a de Branges-Rovnyak kernel representation?

The following is our answer to this question (see Theorem 3.3.1): Let K > 0 be a B(&y)-
valued kernel (which is not a priori analytic in its first variable). Then K = Kg for
some © € S(D, B(€,€&,)) and Hilbert space £ if and only if

Ie. — (1 —zw)- K >0,

*

where - denotes the Hadamard product. This also covers a (variation of the) classical
result due to de Branges and Rovnyak (see Theorem 3.3.2 and the discussion preceding
it).

In the setting of Schur-Agler functions on D™ (see more details in Section 3.3), in The-
orem 3.3.3 we prove the following: Let K : D" x D™ — B(&,) be a kernel on D" (again,

K is not a priori analytic in zi1,...,2,). Then there exist a Hilbert space £ and a
B(&, Ex)-valued Schur-Agler function © (in notation, © € SA(D™, B(€,&,))) such that

K = Ko,

where

Ko(z,w) := (z,w e D"),

if and only if there exist B(&,)-valued kernels K7, ..., K, (called Agler kernels of ¢) on
D™ such that

©= X u gy e e

<.
BN

and

Ie. — (H(1 _ zm?,;)) K > 0.
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An analogous but somewhat simpler statement also holds in the setting of multipliers

of the Drury-Arveson space (see Theorem 3.3.4).

The final goal of this chapter is to describe those two-variable Schur functions that
admit a one variable Schur factor. This is the main content of Section 3.4. More
specifically (see Theorem 3.4.1): Let ¢ € S(D?) and suppose ¢(0) # 0, where 0 = (0,0)

(see Remark 3.4.1 on the assumption ¢(0) # 0). The following assertions are equivalent:
(1) There exist 1 and 9 in S(D) such that p(2) = ¢1(21)p2(22), 2z € D2.
(2) There exist Agler kernels {K7, Ko} of ¢ such that K; depends only on z; and wy,

and

©(0) Ka(+, (w1,0)) = p(w1,0) K2(-,0) (w1 € D).

(3) There exist Agler kernels {L1, Lo} of ¢ such that all the functions in #r, depend
Only on zi, and @(O)f(a O) = 80('7 0) f(0)7 f S HL2'

(4) ¢ = 1y for some co-isometric colligation

©(0) By B
V=|C D Dy| €BCo(H1&H2)),
CQ 0 D4

with (,D(O)DQ == ClBQ.

We remark that, given the importance of the rich structure, inner functions on the
bidisc have been considered in many occasions previously in different contexts. For

instance, see [41, 113] and the references therein.

It is worthwhile to point out that our main motivation for considering colligation
matrices, as in part (4) above and the one following Theorem 1.2.3, comes from the

recent paper [48].

This chapter is based on the published paper [49].

3.2 Inner Functions and Realizations

Our purpose here is to prove a statement analogous to the sufficient part of Theorem
1.2.10. We will again return to this topic in Section 3.5 with some counterexamples and

a weak converse.

It will be convenient, to begin with, to introduce some terminology and basic ob-
servations. The following construction also could be of some independent interest. We
write 1> =12 @ 1> @ ---, that is

®l* = {{%‘} = {{{GOj}jzoa{alj}jzoa{azj}jzov S i Jagj|* < OO}'

,5=0
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One can easily verify that

T({aij}) = Zzawzlzw

=0 j=0

defines a unitary 7 : ®I? — H?(D?), and M,, 7 = 7S, where S denotes the shift on ®I?,
that is

S({aij}> - {{0}7 {aoj}j>0,{a15}>0, - - }

oo 00 .
Here {0} € [? is the zero sequence. Now, let ¢ = Y (> ¢;529)2t € H*(D?). We define
i=0 j=0
the block Toeplitz operator with symbol ¢ to be the bounded linear operator T;, on ®l?

defined by

(Tcp({aij}>> ZZ% ke, j—10kl (i,5 >0),

k=0 [=0
which in matrix notation becomes

dy 0 0 O

d, &y 0 O

T, = ,

by Py Py O

where
v O 0 0
k1 Yo 0 0
o) — 2 2 7

Yk2 Pr1 Yk 0
is a Toeplitz operator on [ for all k£ > 0. More specifically, we have

My =1T, (p€ H®(D?),
where M, denotes the multiplication operator on H 2(D?) with analytic symbol ¢, that

is, Myf = of for all f € H*(D?). Indeed, if p = > (> gpijzg)zi and {a;;} € ®I?, then
i=0 j=0

o0
— k _ +k l+
M,m({ai}) = Z cp”zlzé Z agzizy | = Z Z PijaRZ] J

4,j=0 k,[=0 7,l=0 4,k=0
(o9 [eS)
Z i H-J } :E : § : +J %
Pi—k,j Akl = ©i— ,jaklzg 21
7,0=0 \i=0 \k=0 1=0 k=0 | j,/=0

o0 7

%) 7 00 7
J i_ i3
E E E Pi—k,j—1Qkl | Z5 ¢ 21 = E E Pi—k,j—10kl | 2123,

=0 k=0 | j=0 \I=0 1,7=0 \ k,lI=0

and hence M,7({a;j}) = 7T,({ai;}). In particular, we have
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S 0 0 0
, 0 Sz 0 0
2700 0 Sp 0 -’

where Sj2 denotes the shift on 2, that is, Sp2({ag,a1,...}) = {0,a0,a1,...} for all

{am}m>0 € [?. Continuing with the above notation, we set

Of)

Yy = , and Y; = S57Yp, (3.2.1)
D)

for all j > 1. Then T, — [YO Y, Ye ] Since TAT, = (Y;'Y;), it follows that M,
on H?(D?) is an isometry if and only if T, on &I? is an isometry, which is also equivalent
to

V7Y, = 651, (3.2.2)

We are now ready to present the main theorem of this section.

Theorem 3.2.1. Let ¢ € S(D?). If ¢ = 1y for some isometric colligation

a By By
V=|Ci D Dy|:C®(H1DHs) > CP(H1®Ha2),
Cy 0 D3

with Dy, D3 € Cy., then ¢ is an inner function.

Proof. Since ¢ = 1/, and

Dy Do
0 Ds

7-V('z) =a+ [Bl B2i| (IH1697-[2 - E’H1@H2 (Z) [
we have

p(z)=a+ Y BiD{'Cizi +) ByDY 1ozl +> > BiDIT Dy DY Chzt 2],
=1 7j=1 =1 j=1

for all z € D?. Using the same notation preceding the statement, we set

[« 0 0 0 -

BQCQ a 0 0
g = | BaD3C2  BaCy a 0 ,

ByD3Cy ByD3Cy ByChy a
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and
[ BDI'C 0 0 0 ]
B1D) ' Dy B.DI7'Cy 0 0
®; = |B1D{ 'DyD3Cy  BiD] 'DyCy  BiD{'Ch 0 :
BiD]'DyD3Cy BiDI'DyD3Cy BiD]T'DyCy BiDIT'Cy
0
081
for j > 1. We first claim that Yy = is an isometry. In fact, since Y'Yy =

D)

[ee]
> ®F @, there exists a sequence of scalars {y,, }m>0 such that
m=0

Yo Y1 Y2
Y Yo Y1

Y2 Y1 Yo
We need to show that yg = 1 and y;, = 0 for all £ > 1. Note that

yo=la>+C; | Y DYBiBD] | Cy
=0

o0
+C; ZD;k{B;BQ+D; > Di'BiB\Dj D2}D§ Cy.
k=0 >0

Since V*V =1, it follows that

]a\Z—i—CfC'l—i—C;Cg abB; —i—Cile dBQ—i-CfDQ—f—C;Dg

In particular

= BTBI + DT(BTBl + DTDl)Dl
= B{By + D{B;B,D, + D;?D3,



3.2. Inner Functions and Realizations 75

m . .

and hence I = > D}’ (BiB1)D] + DI(mH)(BfBl)DYn—H) for all m > 1. Using the fact
=0

that Dy € Cy., we have

o0
> DY(BiB)D] =1, (3.2.4)
j=0
in the strong operator topology. Similarly, B5By + D3Dy + D3D3 = I and D3 € Cj,.
implies that
> . .
> Dy (B3B, + D3Dy) D4 =1, (3.2.5)
j=0

in the strong operator topology. This with the condition |a|? + C7Cy + C3Cy = 1 in
(3.2.3) implies that
yo = |a|* + C;C1 + C3C; = 1.

Next we consider

o0
yi = aC3B; + C5D3 | Y. Dy BiBID] | O
j=0

> D;’“{B;Bg + D3 (Z DlefBlDll) DQ}DQ“] Cy.
k=0

=0

+ C5D5

Thus by (3.2.4) and (3.2.5), it follows that
y1 = aC5B5 + C5D5C, + C5D3Cy = C5(aB; + D3Cy + D3C3) = 0,
as aB3 + D3C + D5C5 = 0 follows from (3.2.3). Similarly
yj = C3 D3 (aBj + D3Cy 4+ D3Cy) =0,

for all j > 2. This proves that Y{ is an isometry.

Since the shift S on @I? is an isometry, Y; := S7Yp, j > 1, is also an isometry (see the
construction in (3.2.1)). Our final goal is to prove that T, := [YO Yi Y } is an
isometry, or equivalently, by virtue of (3.2.2) and Y'Y, = I for all m > 0,

Y, Y, =0 (p>q>0).

Since Y'Y, = Y S™PS5Yy = YO*S*(”_‘])YO for all p > g > 0, it actually suffices to check
that
Y35 Uty =0 (j > 0).

So we fix j > 0 and observe

Sijo: 0...0 (I)() (I)l (I)Q
(G+1)
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Hence
Y§§ Uty = PP + DTDj 0+

Therefore there exists a sequence {c¢;, }mez such that

Co C1 Co
. Cc_1 Co C1
Yy sx Uy, =

c_o C_1 C

It is suffices to prove that ¢, = 0 for all k € Z. A simple calculation shows that

o
co = (aBy+ CiD)D{TCL+C5 | > Dg‘m{B;B1 + D;Dl}D{HDng” Cs.

m=0

By (3.2.3), aB; + C{Dy = 0 and B5B; + D5;D; = 0, and hence ¢y = 0. Now let k& > 0.
Then

o, = 3D}V (Bs By+D3Dy) DI Cy+C3 D3 [Z ng{B;‘Bl + D;Dl}D{“DgD? Cs,
m=0

and hence ¢, = 0. Finally, since

o0
c_p = (@B1+Ci D)D" DD Cy+C | Y D;T"{B;B1 + D;DM}D{“DQDQL DECy,

m=0

it again follows that c_, = 0. This implies that T, or, equivalently, M, is an isometry,

and completes the proof. ]

Remark 3.2.1. Let V € B(C & H) be an isometric colligation, and let H = Hi & Ho
for Hilbert spaces Hi and Ha. Suppose D := Py V]y and suppose that DHy C Hy. Set

D1 D
D_[ VT2 e B(HL @ Ho).

0 Ds

It is easy to see that if D € Cy., then D1 and D3 are also in Cy.. Consequently, Theorem
3.2.1 also holds for those Schur functions ¢ such that ¢ = Ty with V as above. Of

course, if D1 and D3 are in Cy., then D is not necessarily in Cy..

3.3 de Branges-Rovnyak kernels

The goal of this section is to study de Branges-Rovnyak kernels on D™ and the open unit

ball of C™, n > 1. Specifically, we seek characterizations of analytic kernels that admit



3.3. de Branges-Rovnyak kernels 77

certain factorizations involving Schur(-Agler) functions. Our investigation is partly mo-
tivated by a classical result of de Branges and Rovnyak (see the Theorem 3.3.2 for more
details).

In the following, we characterize de Branges-Rovnyak kernels defined on the disc
D. The proof uses the standard and commonly used “lurking-isometry” techniques.
Therefore, our proof is fairly standard and, perhaps, it can also be achieved using existing
results about Schur(-Agler) functions([7]). Note also that the theorem below does not

assume a priori that K is analytic in its first variable.
Theorem 3.3.1. Let K : D x D — B(&s) be a kernel on D. Then K = Kg for some
© € S(D,B(E,&x)) and Hilbert space &, if and only if

Ie *(1*2’@)~K20.

*

Proof. If K = Kg, then
I, — (1 — z0)K(z,w) = O(2)0(w)* >0 (z,w € D).

Conversely, if I¢, — (1 — zw) - K > 0, then there exist a Hilbert space F and a function
(a priori not necessarily analytic) F': D — B(F, ,) such that

Is — (1 — zw)K(z,w) = F(2)F(w)* (z,w € D).

Clearly, F' is a contractive function on ID. Again, since K > 0, there exist a Hilbert
space G and a function G : D — B(G, &) such that K(z,w) = G(2)G(w)*, z,w € D.
Then

Ie, — G(2)G(w)* 4+ z0G(2)G(w)* = F(2)F(w)*,

and hence
Ie, + 20G(2)G(w)* = G(2)G(w)* + F(2)F(w)*,

for all z,w € D. Therefore

Ig,
wG(w)*

F(w)*
G(w)*

V: ne 7 (w € D,n € &),

defines an isometry from a subspace of £, ®& G to F @ G. Then, adding an infinite-
dimensional summand to G if necessary, V' can then be extended to an isometry, denoted
by V again, from &, & G to F ® G. Set

A B
= &G - Fag.
C
Then
A B no| _ |[Fw)n
C D| |wGw)*n| |Gw)*n|’
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for all n € £ and w € D, which implies that
A+ wBG(w)* = F(w)* and C + wDG(w)* = G(w)*,

for all w € D. The latter equality implies that G(w)* = (I — wD)~'C, and hence, the
first equality yields
F(w)* = A+wB(I —wD)™'C,

for all w € D. Hence
F(z) = A* 4+ 2C*(I — 2D*)™'B* (2 €D),
that is, F' = 7y« is analytic on D and bounded by 1, where

A* C*
B* D*

V=

i

is a co-isometric colligation. Consequently, © := F' € S(D, B(F,&,)), and hence

Ie, — (1 — z0)K(z,w) = O(2)O(w)",

that is, K(z,w) = fe. = 6(2)0(w)

1 - for all z,w € . This completes the proof. O
— ZW

We denote by S, the Szegd kernel on D™, that is

n
1

S =1]— D").

ew=Il— g (=weDn
Also we denote S; simply by S. The following is a variation of a result due to de Branges
and Rovnyak [36, 37]. Also, we refer the reader to the classic Sz.-Nagy and Foias [90,
Section 8, page 231] for a detailed proof and some historical notes. The proof below
follows the proof of the previous theorem. Again, a priori we do not assume (in contrast

to Sz.-Nagy and Foias) that K is analytic in its first variable.

Theorem 3.3.2. Let K : D x D — B(&,) be a kernel. Then
0<K<SandS' - K>0,

if and only if there exist a Hilbert space £ and an operator-valued Schur function © €
S(D,B(E,E,)) such that

O(2)0(w)"

Kz w) = 1—zw

(z,w € D).

Proof. Suppose 0 < K <S and STT.K>0. Now0< K <S implies that

1

1—zw

I—K(z,w)>0
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As in the proof of the previous theorem, there exist a Hilbert space F and a function
G :D — B(F,&,) such that

I—(1-z20)K(z,w) =(1—2w0)G(2)G(w)*.

Again, since S™' - K > 0, there exist a Hilbert space G and a function F : D — B(G, &)
such that
I-F)F(w)"=(1-20)G(2)G(w)*

The remaining argument is similar to that of the proof of the previous theorem. O

We now turn to de Branges-Rovnyak kernels on D™. Suppose © € SA(D", B(&E,Ey)).
Since Mg is a contraction from HZ(D") into HZ (D™), it is easy to check (as also pointed
out earlier) that Kg > 0, where

Ko(z,w) = S,(z,w) (I — O(2)0(w)*) (z,w e D").

Here we say that Kg is a (B(&s)-valued) de Branges-Rovnyak kernel on D". In the

following, we do not assume a priori that K is analytic in z1, ..., z,.

Theorem 3.3.3. Let K : D" x D" — B(E,) be a kernel on D™. Then K = Kg for some
Schur-Agler function © € SAD™, B(E,Ex)) and a Hilbert space & if and only if there
exist B(Ex)-valued kernels Ky, ..., K, on D" such that

n

i=1 Z]wj)
] i

or all z,w € D", and Is, —S7'- K > 0.
* n

Proof. The “only if” part of this statement is easy, and the proof of the “if” part is
similar to the proof of Theorem 3.3.1. We give only a sketch: Suppose K1, ..., K, are
B(E,)-valued kernels on D", z, w € D", and suppose

= Ki(z,w).

Z H 1—2310])

Then

Sz w) K (z,w) = (1 — 2z Ki(z,w).
i=1
Since I, — S, ! - K > 0, there exist a Hilbert space G and a function G : D* — B(G, &)
such that
Ie — S; Nz, w)K (2, w) = G(2)G(w)*.
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Again, since K; > 0, there exist Hilbert spaces Fi,...,F,, and functions F; : D" —
B(Fi, &), i =1,...,n, such that K;(z,w) = Fj(z)F;(w)* for all i = 1,...,n. Hence

Sz, w)K(z,w) = Z(l — zjw;) F;(2) F;(w)*,

i

which implies
Ie. + Y 2w Fy(2)Fi(w)* = G(2)G(w)" + > Fi(2)Fi(w)",
=1 i=1

for all z,w € D™. Now one can proceed with the lurking-isometry method, as in the

proof of Theorem 3.3.1, to complete the proof of the theorem. O

An analogous statement also holds in the case of multipliers of the Drury-Arveson
space H2. In this setting, the de Branges-Rovnyak kernel Kg corresponding to © €
My(E, &) is defined by

Ko(z,w) = = (2 w) (z,w e B").

The proof of the following theorem is completely analogous to the proof of Theorems
3.3.1 and 3.3.3. We leave details to the reader.

Theorem 3.3.4. Let &, be a Hilbert space and K : B" x B" — B(E) be a kernel. Then
K = Kg for some © € M, (E,E,) and Hilbert space & if and only if

Ie, — (1 — (z,w)) - K(z,w) > 0.

In the above theorem, we do not assume a priori that K is analytic in 21,..., 2.

3.4 Agler Kernels and Factorizations

In this section we investigate factorizations of two-variable Schur functions in terms of
Agler kernels. We shall be particularly interested in the case of one variable factors and

Agler kernels of functions in S(D?).

Here and in what follows, H g will denote the reproducing kernel Hilbert space cor-
responding to the kernel K. Moreover, if K : D? x D? — C, then K(-,w) € Hp will

denote the kernel function at w € D?, that is
(K(w))(z) = K(zw) (2D,

and

f(w) = <fa K('7w)>7—l}<7
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for all f € Hx and w € D?. For notational convenience we write 0 = (0,0).

We are now ready for the main result of this section (see Remark 3.4.1 on the as-
sumption ¢(0) # 0):
Theorem 3.4.1. Let p € S(D?) and suppose ¢(0) # 0. The following assertions are
equivalent:

(1) There ezist 1 and @o in S(D) such that

p(z) = p1(z1)p2(22) (2 € D?).

(2) There exist Agler kernels {K1, Ko} of ¢ such that Ki depends only on z1 and w1,

and

©(0) Ka(-, (w1,0)) = p(wy,0) Ka(-,0) (w1 € D).

(8) There exist Agler kernels {L1, Lo} of ¢ such that all the functions in Hy, depends

only on z1, and

©(0)f(-,0) = ¢(-0) f(0)  (f € HL,)-

(4) o = Ty for some co-isometric colligation

©(0) Bi B
V=|0C D Dy €eBCa&H aM)),
CQ 0 D4

with QO(O)DQ == ClBQ.

Proof. Suppose first that ¢(2) = p1(21)p2(22), 2 € D?, for some ¢; and ¢y in S(D).
Then

1 —p(z)p(w) =1 —p1(z1)p1(w1) + p1(21)(1 — p2(22)p2(w2)) 1(w1),

and hence
1—o(2)p(w) = (1 — 21w1) K1 (z,w) + (1 — 20w2) K2 (2, w),
where
Ki(z,w) = Lo i) (w) and Ko(z,w) = p1(21)(1 — 9"2(*’32)902(102))801(1111)7

1—z1w 1 — z0wo

and z,w € D?. Then {K1, K2} are Agler kernels of ¢ and satisfies the conditions of (2).
This proves (1)=-(2).

(2)= (3): Set L; = K;, i = 1,2, and suppose f € Hg,. Since

w = f(w) = <va1('7w)> = <fa Kl('?w»v
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and K; depends only on z; and wy, it follows that all the functions in Hy, depend only
on z;. On the other hand, if f € Hr,, then

0(0) f (w1, 0) = (f,©(0) La(-, (w1,0)))4,,
= (f,p(0)Ka(-, (w1,0)))2y,
= (f, o(w1,0)Ka2(-, (0))) 2,
= o(w1, 0)(f, K2(-, (0)))n,

and hence ¢(0)g(w1,0) = ¢(w1,0)f(0) for all w; € D.
(3)= (2): This is just the reverse of the argument in the above proof.

(2)= (4): Suppose {K7, K2} are Agler kernels of ¢, and suppose that K; depends only

on z; and w1, and

©(0) Ka(+, (w1,0)) = p(w1,0) K2(-,0) (w1 € D). (3.4.1)

Now

1- @(z)@(w) = (1 - le1)<K1('7w)7K1('7z)>7'lK1 + (1 - Z2w2)<K2('7'w)7KQ('7z)>HK2a
implies that

14+ 2101 (K1 (- w), K1 (-, 2)) a0, +22W2 (Ko (-, w), Ko (-, 2))a,, = (2)0(w)
+ <K1('7w>7K1('7z)>'HK1 + <K2('7w)7K2('7Z)>HK27

for all z,w € D?. Therefore

1 p(w)
Ve lel(-,w) — Kl(-,w) (w € D2),
W Ko (-, w) Ko (-, w)
defines an isometry from D onto R, where
1
D =span§ |wi Ky (-, w) cw e D? CCPHK, ©Hk,,
Wy Ko (-, w)
and
(w)
R =span{ |Ki(-,w) cweD? ) CCOHg, & Hy,
(
Note that

oK
Hi, ® Hr, = Span 11)1 15 w) rweD? ).
Wo Ko (-, w)
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Indeed, if
/ € [Hi, ® Hk,| © span 7{)1K1(~,w) cweD?y,
g w2K2(',w
then
] oK (s w) o i
0= < [g] ’ 7I)2K2(-’fw)] >HK169HK2 - <f’w1K1("w)>7-lK1 + <9,w2K2(-,w)>HK2,

that is, w1 f(w) + wag(w) = 0 for all w € D?. Since K7 depends only on z; and wy, all
the functions in Hy, depend only on z;. Therefore, if wy = 0, then the above equality
implies that w1 f((w1,0)) = 0, and hence f = 0. Consequently, wag(w) = 0, w € D?,
and hence g = 0, proves our claim. In particular, V € B(C®Hg, ® Hk,) is an isometry.

The above proof also implies that
Hi, = span{w; K;(-,w) : w € ]D)Q},

for i = 1,2. Now we consider the co-isometry V* and set

QO(O) Bl B2
._ |»(0) B
V= ¢ pl= Ci Dy Do| € BCh® (Hk, ®Hk,))-
Cy D3 Dy
Since
1 p(w)
0) C*
U_JQKQ(-,’w) KQ(-,’w)
it follows that
- . lel(',’w) -
¢(0)+C" | _ = p(w),
’U}QKQ(',’LU)]
and
B4 D" 1?1K1('a’w) _ K w) 7
’LUQKQ(‘,’U)) KQ(‘,’I.U)
for all w € D?. Now plug w = 0 into the identity above to see that
Kq(-,0
B* _ 1(a ) ,
K2('70)
and hence
D* lel( ,w) _ Kl( ,w) — Kl( ,0)
wQKQ( 7w) K2( 7w) - K2( 70)
D* D%
Since D* = |1 31, it follows that
D; Dj

w1 DT K (-, w) + we D3 Ko (-, w) = K1 (-, w) — K1(-,0),
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and
1D1D§K1(-,w) + TT}QDZKQ(-,U)) = KQ(-,’UJ) — KQ('7 0) (342)

Plugging wo = 0 into the first identity, we get
w1 DYK (- (w1, 0)) = Ki (-, (w1, 0)) — Ki(+,0),
for all wy € D. Again, noting that K7 depends only on z; and wy, we deduce
w1 D{ K (-, w) = K1(-,w) — K1(-,0)  (w € D?),

and consequently D} (ﬂ)gKQ(‘,’w)) = 0, w € D2 This, along with the fact that
{woKs(-,w) : w € D?} is dense in Hg,, implies D3 = 0. We next plug wy = 0
into (3.4.2) to get

Dy (01 Ky (-, (w1, 0))) = Kz, (w1, 0)) = Ka(:,0).

Now we turn to compute C7. Since C*

oG w) o o) we have
wK2<.,w>]—9"” #0), ve

O (W1 K1 (- w)) + C3 (w2 Ko (-, w)) = p(w) — 9(0)  (w € D?).

In particular, if we = 0, then

Cr(w1 K1 (- w)) = ((w1,0)) = (0) (w1 € D).
Finally, we compute By. Observe that
B; + Dy (w1 K1 (-, w)) + Di(w2 Ka (-, w)) = Ka(-, w),
for all w € D?. If wy = 0, then
Bj + D3 (w1 K1 (-, (w1,0))) = Ka(-, (wi,0)),

which implies that B} = K(-,0). Finally, if we let w € D?, then

By Cr (w1 K1 (-, w)) = (p(w1,0) — ¢(0))Ka(+,0) = ¢(0) Ka(-, (w1, 0)) — (0)K>(-, 0),
by assumption (3.4.1), and hence

ByCy (01 K1 (- w)) = ¢(0)(Ka(+, (w1, 0)) — Ka(+, 0)) = (0) Dy (w1 K (-, w)).

This proves that ¢(0)Ds = C} Bs.
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(4)= (1) is essentially along the lines of [48, Theorem 2.3]. However, for the sake of
completeness, we sketch the proof. Let a = ¢(0). Since VV* = I, it follows that

]a|2 + BIBT =+ BgBék aC’f —+ BIDT + BQD§ aC’;‘ + BQDZ
I = |aCi+ DIBT + D2B§< C’le + DIDT + DQDS C’lCé" + DQDZ
aCsy + D4B§ CzCik + D4D§ C’QCQ‘ + D4DZ

Then there exists y € C such that
ly* =laf* + B2B; =1~ BiBj >0,

as a # 0. Letxz%,and

y B
ey Dy

T

1
r =B
y b2

Vi=
Cy Dy

] and V=

Clearly, x # 0. We first claim that V7 and V5 are co-isometries. Indeed

j2* + zB2Bs  «C5 + | B2Dj
2Co + 5D4B5  CyC3 + DyDj

1 2G5 + ;B2 D}
20y + $D4B;  C2C3 + Dy D]

VQ V2* —

as |y|? = |a|?> + BaBj and a = xy. Also note that, since aC + Bo D} = 0, we have that
xC5 + %BgDZ = 0, which implies that V5 is a co-isometry. Next, we compute

vy =

Iy + BiBi  YCf+ BiDj
1Cy + Dy B; ﬁCICiH—DlD{

Since C1Cf + D1 D} + DaD5 =1, aDy = C1Bs, a = xy and |y|?> — |a|? = B2 B}, we have

b

’x‘chcik -+ DIDT =1.

Moreover, since aC} + B1 D} + B2 D3 = 0 implies that 2Cf + B1 D} = 0, we have that
Vj is also a co-isometry. Finally, set ¢1(2) = 7y, (21) and @2(2) = 7, (22), 2 € D%, Tt is
then easy to check that

p(z) = 1v(2) = v (21) 115 (22) = 1(2)p2(2),
for all z € D?. This completes the proof. O

In the setting of Theorem 3.4.1, one can also explicitly compute the entries of the
block operator matrix V in part (4). The technique involved in the computation is
standard and quite well known (cf. [17, Remark 3.6]). However, we outline some details

for the sake of making this chapter self-contained. We already know that

By = K»(-,0) and  Cy(w1Ki(,w)) = ¢((w1,0)) = ¢(0),
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and
D3 (w1 K1 (-, (w1,0))) = Ka(-, (w1,0)) — Ka(+,0),

for all w € D%, Now let g € Hg, and w € D?. Then

(21D29)(w) = (g, K2(:, (w1,0)) = K2(:,0)) = g((w1,0)) — 9(0),

and hence
9((w1,0)) — g(0)
w1

(D2g)(w) = (w € D?).
for all g € Hg,. Similarly, if w; = 0, then (3.4.2) implies that
W DK (-, (w1,0)) = Ka(-, w) — Ka(:, (w1,0)),

and hence, in a similar way we have

g(w) — g((w1,0))

(D4g)(w) = (g € Hipyw € ]D)Z)’

as well as
f(w) — f(0)

(f S HKl,w S DQ).
w1

(D1f)(w) =

Now we turn to compute Cy and Cs. Since C} (w1 K1(-,w)) = ¢((w1,0)) —¢(0), we have
(21C11)(w) = (C11, w1 Ka (- w)) = o((w1,0)) — ¢(0),

and hence

(C11)(w) = P, 0) = 2(0) g (Col)(w) = p(w) = ¢(w1,0)

w1 w2

)

for all w € D?. Finally, we note that (Byf)(w) = f(0) and (Bag)(w) = g(0) for all
feHk and g € Hg,.

In particular, if ¢ is inner, then we have the following:
Example 3.4.2. Given an inner function ¢ € S(D?) satisfying one of the equivalent

conditions of Theorem 3.4.1, we have p(z) = 1(21)p2(22), z € D?, for some p1 and @
in S(D). Then

1= lp(2)] = lpr(zn)lloa(z2)| < lpr(z1) <1 (2 € T ace.)

from which we see that 1, as well as Y2, are inner functions. Moreover, for z,w € D?,

we have

1 —p(z)p(w) =1—@1(z1)p1(w1) + p1(21) (1 — pa(22)p2(w2)) 1 (wr).
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Hence {K1, Ky} are Agler kernels of ¢, where

and Ky(z,w) = ¢1(z1)(1 - ¢2(Z2)m)m
2 1 — 20w9 )

1 — p1(21)p2(w1)

In this case the corresponding reproducing kernel Hilbert spaces are given by
Hi, = Qp, @®C and Hg, = p1C® Qy,y,

where Q,, = H*(D)/p1 H*(D) and Q,, = H*(D)/p2H?*(D) are model spaces. Moreover,
the co-isometric (unitary) colligation operator V with state space Hy, ® Hr, is given

by

©(0) Pelg,,  ¢(0)PcMy, ® Pclo,,
V=1 @20)MZMy,|c  MZlo, MMy PcM; ® Fclo,,
My, |c @ M My,|c 0 Ipic® Mg,

Finally, we comment on the assumption that ¢(0) # 0 in Theorem 3.4.1.

Remark 3.4.1. In the proof of Theorem 3.4.1, ©(0) # 0 has been used only for the
implication (4)= (1). In the ©(0) = 0 case, one can easily modify the argument of the

aforementioned case to prove a similar statement. Here is a sample statement:

Let ¢ € S(D?) be a non-zero function and suppose p(0) = 0. Then the following are

equivalent:

(1) p(z) = p1(21)p2(22) for some 1,2 € S(D) such that p2(0) # 0.

(2) p(z) = 2V p1(21)p2(z2) for some p > 1 and ¢1,p2 € S(D) such that ¢1(0) # 0
and ¢2(0) # 0.

(8) There exists p > 1 such that p(z) = z; Po(z) € S(D?), ¢(0) # 0, and there exist
Agler kernels {K1,Ka} of ¢ such that K1 depends only on z; and w1, and

P(0)Ka (-, (w1,0)) = p(wr,0)K2(-,0)  (wr € D).

(4) There exists p > 1 such that p(z) = z; Po(z) € S(D?), $(0) # 0, and ¢ = 1y for

some co-isometric colligation

¢(0) B1 By
V= 01 D1 D2 5
Co 0 Dy

such that $(0)Dg = C1 Bs.

3.5 Counterexamples and a converse

We now return to two-variable inner functions, which we encountered in Section 3.2.

The aim of this section is to further analyze Theorem 3.2.1. We begin by exhibiting
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counterexamples to the converse of Theorem 3.2.1. Then, in Theorem 3.5.3, we present

a weak converse to Theorem 3.2.1.

Example 3.5.1. Fizt € (0,1), and define

2129 — t

== D?).
olz) =1 — (€D

It is fairly easy to verify that
() =1 (2€T?),

and hence, vy is a rational inner function. Contrary to what we are proving, let us

assume that there are Hilbert spaces H1 and Ha, an operator Dy € Cy., and an isometric

colligation
—t B1 B
Vi=|Ci Dy Do € B((C@Hl @HQ),
Co 0 Dj
such that Ty, = @¢. Since
(1 —1t2)2122
=172
@t(Z) + 1-— tleQ

the preceding equality yields
1—¢2 C
e T < 1

1—tz129 Cs

1
I 0f |z 0| |D1 Do z1 0
0 I 0 Z9 0 D3 0 z9

(1 —t*)z129(1 + tz120 + 22325 + -+ +),

Now the left side is equal to

and the right side is equal to
ZlBl(I — lel)_lCl + ZQBQ(I — ZQD4)_102 + legBl (I — ZlDl)_lDQ(I — ZQDg)_ICQ.

Comparing the coefficients of z1, we see that B1DTCy =0, n > 0. Since V,;*V, = 1, we
have
-t Cf C5| |-t B1 B» 10
Bik DT 0 Cl D1 D2 = 1|0 I
B; D3 D3| [Co 0 Ds 0 0

~ O O

In particular BfB1 + DiD; = I and —tBy + C{ Dy = 0. The first equality implies (see
the proof of the equality in (3.2.4)) that

> Di{"B{BD} =1,
n=0



3.5. Counterexamples and a converse 89

in the strong operator topology as Dy € Cy.. Therefore

> IBiDYA|? = b))%,

n=0

for all h € Hy. In particular, if we choose h = C1(1), then
> IBDYC (D)) = [Cu(D)]*.
n=1

Since B1DVCy1 = 0 for alln > 0, we deduce C; = 0. Then —tB1+C{ Dy = 0 implies that
By =0, and hence DYD1 = 1. However, this and the fact that Dy € Cy. are mutually
contradictory. This shows that pi # Ty, for any isometric colligation Vi and Dy € C..

Now we turn to a weak converse of Theorem 3.2.1 in the setting of rational inner

functions. We need the following inverse formula for 2 x 2 block matrices [69, page 18]:

Q
S
Then X is invertible if and only if A := S — RP71Q is invertible. In this case, the

inverse of X is given by

Theorem 3.5.2. Let X = € B(C™ @ C™), and suppose that P is invertible.

P14+ PT1QATTRPTY —PTIQAT!

X '=
—A~'RP~! A1

We are now ready to establish the promised weak converse of Theorem 3.2.1.

Theorem 3.5.3. Let ¢ € S(D?) be a rational inner function and suppose ¢(0) # 0.

Then the following are equivalent:

(1) p = 1y for some isometric colligation

B a Bl BQ
a
Co 0 Ds

where Hi and Ho are finite-dimensional Hilbert spaces and D1, D3 € Cy..

(2) p(2) = p1(21)¢(22), z € D2, for some rational inner functions p1 and @2 (in
S(D)).

Proof. (1)= (2): Since V € B(C @ H1 @ Hz) is an isometry and dimH; < oo, i = 1,2,

V' is onto, that is, V is a unitary operator. In particular, V is invertible. Since

a=¢(0) # 0,



90 Chapter 3. Schur functions and inner functions on the bidisc

by the above theorem, we conclude that aD — CB is invertible and

vol=
—(aD — CB)~1C al(aD - CB)™!

a"'+a'BlaD — CB)"'C —BQJ%—CBV1

Since V* = V1, in particular, we have

-1
CLD1 — ClBl CLD2 — ClBQ

—C9yB; aDs — 9By

Dy 0] (I 0

D; Dj 0 Il

But then this implies (aDy —C1B2) D3 = 0. Note that the invertibility of D immediately
implies that Ds is also invertible. Then aDy — C1 B = 0, and hence, by Theorem 3.4.1,

there exist rational inner functions ¢; and @2 (here H; and Hs are finite dimensional
Hilbert spaces) such that ¢(z) = ¢1(21)p(22), 2 € D2,

D: 0
D3 D3

D* =

] =a'(aD-CB) '=qa"!

and hence
a aD1 - ClBl aDQ - ClBQ

—CQBl CLD3 — CQBQ

(2)= (1): Since ¢; (¢ S(D)) is a rational inner function, there exists an isometric
colligation
ai B;

€ B(CaH,),
C. D ( )

P =

such that dim(#;) < oo, D; € Cy., and ¢; = 7y, for all i = 1,2. We define

a1ag Bl CL1B2
V= CLQCl D1 ClBg
CQ 0 D2

Then a somewhat careful computation (or see the proof of [48, Theorem 2.2]) yields that

Y =Ty. O

In this connection, and also in the context of Remark 3.2.1, it is probably worth

D, D
mentioning that in the finite dimensional case we have the following: If [ 01 D2] €
3

B(CP & C?) for some p,q > 1, then

o [131 gj ) = (D) Ua(Dy).

Dy Do

] € Cy. if and only if Dq,D5 € Co..
3

and in particular, [

Finally, we point out that part (1) of Theorem 3.4.1 and part (2) of Theorem 3.5.3
are related (in a different direction) to essential normality of Beurling type quotient
modules of H?(D?) [62].



Chapter 4

Beurling quotient module on the

polydisc

4.1 Introduction

Let £ C HZ(D") be a closed subspace. Then L is said to be a quotient module if
ML C Lforalli=1,...,n. The subspace L is called a submodule if L1 is a quotient
module [52].

We pause for a brief aside to remark that if n = 1, then a closed subspace Q C HZ(D)
is a quotient module if and only if there exist a Hilbert space £, and an inner function

© € Hge ¢ (D) such that Q+ = ©HZ (D), or equivalently

Q = Hi(D) © ©H;, (D) = H(D)/OH;, (D).

This follows from the classical Beurling-Lax-Halmos theorem [90]. Therefore, the pre-
ceding statement gives a satisfactory description of quotient modules of Hg(D) It is also
worthwhile to emphasize that there is an inseparable alliance between quotient modules
and bounded linear operators on Hilbert spaces. For instance, if Q is a quotient module
of H3(D), then the module operator (also known as model operator) Mg := PoM,|o
is a pure contraction on Q. The classical Sz.-Nagy and Foias theory says that, up to

unitary equivalence, these are all pure contractions on Hilbert spaces.

Therefore, quotient modules of Hg(D”), n > 1, are of interest in operator theory,
function theory, and operator algebras. However, in sharp contrast, the situation changes
dramatically in the case when n > 1: In general, a quotient module of HZ(D") does
not necessarily admit a Beurling-type representation. In fact, concrete description of
quotient modules of H2(D") is commonly regarded as one of the most difficult and

important problems in modern operator theory and function theory [43, 52, 97, 112].

In this chapter, our interest is in comparing the variability of the classical Beurling

representations of quotient modules in several variables. For a Hilbert space £ and a

91



92 Chapter 4. Beurling quotient module on the polydisc

closed subspace Q C HZ(D"), we say that Q is a Beurling quotient module (and Q'+ is

a Beurling submodule) if
Q = H{(D") © ©HE (D") = HZ(D")/OHE, (D"),

for some Hilbert space &, and inner function © € H gc(’g* £) (D™). Since M,,Mg = MeM,,
for all i = 1,...,n, it follows, in particular, that Q (Q%) is also a quotient module
(submodule) of HZ(D™). In the context of the above discussion, it appears natural to

raise the following question:

QUESTION 2. Which quotient modules of Hg(]D)”) admit Beurling representations?

Curiously, despite its natural appeal and all possible applications, the above question
remained fairly untouched. It is also the one variable work of Beurling [29] which stirred
our interest in this question. Evidently, this has a lot to do with the module (or model)
operators associated with quotient modules. Given a quotient module Q C HZ(D"),
define the n-tuple of commuting contractions C, = (C,,,...,C,,) (we call it the tuple

of module operators or module operators in short) on Q by
C,, = PoM.,|o (i=1,...,n),

where Pg is the orthogonal projection from HZ(D") onto Q. Therefore, Q is a contractive

Hilbert module over Clz1, ..., 2y] in the following sense (see [43, 52]):
(p,h) € Clz1, ..., 2n] x Q — p(Csyy...,C,, )R € Q.

The following theorem provides the answer to Question 2:

Theorem 4.1.1. Let £ be a Hilbert space and let Q be a quotient module of Hg(]]])”)
Then Q is a Beurling quotient module if and only if

(Ig = CLC) (I = C;C) =0 (i # ).

The proof of Theorem 4.1.1 depends on several lemmas, some of which are of indepen-
dent interest and related to the delicate structure of submodules and quotient modules

of (vector-valued) Hardy space over D™. This is the content of Section 4.2.

In section 4.3, we apply the above framework to dilations of n-tuples of commuting
contractions. Let us explain this when n = 2. A pair of commuting contractions
T = (T1,Ts) on H is called Brehmer pair if D2. > 0, where

D3. .= Iy — TVT} — ToTy + TV TR Ty Ty .

It is known [46, 86] that a pure Brehmer pair dilates to (M,,, M,,) on a vector-valued
Hardy space, or, equivalently, (M., M,,) on vector-valued Hardy spaces are analytic

models of a pure Brehmer pair. More specifically, if (T1,7%) is a pure Brehmer pair,
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then there exist a Hilbert space D (which is actually tanDp-) and a quotient module
Q C H%(D?) such that

(11, Tz) = (PoM,|o, PoM.,|0)-

Since @Q is not necessarily a Beurling quotient module, this model is not completely
comparable with the classical Sz.-Nagy and Foias analytic models of pure contractions.
The missing piece is precisely a paraphrase of Theorem 4.1.1: Let (77,7%) be a pair of
commuting contractions on H, and let Dy« = ranDp~ . Then there exist a Hilbert space

£ and an inner function © € H B(e DT*)(]D)") such that

(TlvTQ) = (PQ@M21|Q97PQGMZ2|Q@)>

if and only if the pair (71,7%) is a pure Brehmer pair and
(I —T7T) Iy — T5T5) = 0.

Here Qg := H%T* (D")/©HZ(D") is the Beurling quotient module of H%T* (D?) corre-
sponding to the inner function © € Hy;

e DT*)(ID)"). This is the main content of Theorem
4.3.3.

Section 4.4 deals with factorizations of inner functions in Hye o (D™) and invariant
subspaces of tuples of module operators. We briefly explain the main content of Section
4.4 when £ = C and n = 2. The starting point is the following one variable result
(see Sz.-Nagy and Foias, and Bercovici [28, 90]), which connects invariant subspaces of

module operators with factorizations of the corresponding inner functions:

Let 8 € H>*(D) be an inner function. Then Ty := Pg,M.|g, has an invariant subspace
if and only if there exist inner functions ¢ and ¢ in H*°(D) such that

0 = .

However, in the case of H>(ID?), the existence of joint invariant subspaces is not sufficient
to ensure factorizations of inner functions (see Example 4.4.2). Theorem 4.4.3 deals with
this missing link: Let # € H>(D?) be an inner function, Qp = H?(D?)/0H?(D?), and
let Ty = (Po,M:,|0,,Po,M,|0,) denote the pair of module operators. The following

are equivalent.

1. 6§ = ¢ for some inner functions ¢, € H>®(D?).

2. There exists a joint Ty-invariant subspace M C Qp such that M @ 0H?(D?) is a
Beurling submodule of H?(D?).

3. There exists a joint Ty-invariant subspace M C Qy such that

(I - C{C)(I — C5Cy) = 0,
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where C; = Po,eom Mz, gpom and i = 1,2.

In Corollary 4.4.4, we prove that nontrivial factorizations is equivalent to the existence

of nontrivial invariant subspaces of tuples of module operators.

We say that two n-tuples T = (T4,...,7,) on H and R = (Ry,...,Ry,) on K are
unitarily equivalent (which we denote by 7' = R) if there exists a unitary U € B(H, K)
such that UT; = R;U foralli=1,...,n.

This chapter is based on the published paper [30].

4.2 Proof of Theorem 4.1.1

Throughout this section we fix a Hilbert space £ and a quotient module Q of H2(D").
We denote by S the submodule Q1 that is

S=HiD")6 Q= HF(D")/Q.

In order to shorten some of our computations, we will use the standard notation of cross-
commutators: [T1,T5] := T1T» — T>T; whenever T and T, are bounded linear operators

on some Hilbert space.

Now, by definition, Q is a Beurling quotient module if and only if there exist a Hilbert
space &, and an inner function © € Hg(’g* £) (D™) such that S = @Hg* (D™), which, by
85, 103], equivalent to the condition that [Rf , R,] = 0 for all i # j, where R, = M., |s,

and r = 1,...,n. Then we have the following interpretation of Theorem 4.1.1:

Lemma 4.2.1. For each i and j in {1,...,n}, define
Xij = PSMZ,L.PQM;;PS.
Then Q is a Beurling quotient module if and only if X;; =0 for all i # j.
Proof. Suppose i # j. Since M, M7 = MZ M., and Iz@ny — Ps = Pg, it follows that
[RZJ.,RZZ.] = R;J.RZZ. — Rzisz = PSM;Mzi\S — PSMZZ.PSM;"J_|3 = PSMZ,L.PQM;J_|S.

Therefore, [R; ,R.] = 0 if and only if (PsM.,PoM; )|s = 0, which is equivalent to
Xij = (PsM.,PoM,)Ps = 0. O

It is often convenient to work with PoM,, Pg € B(HZ(D™)), which we will denote by
C;, that is
C; = PoM,.Pg € B(HZ(D")  (i=1,...,n).
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Observe that C' = (PgoM,, Pg, ..., PoM,, Pg) is an n-tuple of commuting contractions
on Hg (D™) (or, equivalently, C' defines a contractive C[zy, ..., z,|-Hilbert module struc-
ture on H2(D")), and

Cilg = C,; and Cflg = C7,

for all i = 1,...,n. Finally, to shorten notation we set TF = le L... Tk whenever

T = (T1,...,T,) is a commuting tuple on some Hilbert space and k = (k1,...,k,) € Z.

For the rest of this section, we fix i and j from {1,...,n}, and assume that i # j. In
what follows, we will use k; (k;) to denote multi-indices in Z% whose i-th (j-th) slot has

zero entry. The following lemma will play a key role.
Lemma 4.2.2. [C;, C*%] = PoM** PsM.,Pg for all k; € Z \ {0}.

Proof. First notice that C*! = M Pg and C! = PoM! for all | € Z". Since [C, C’*’;i] =
C;C*ki — C*ki ;) it follows that

(Ci, O] = PoM., Mz Pg — PoM:% P, Po.

Then, writing Pg = Ipy2pn) — Ps into the middle of the second term on the right side
and using M7} ki 2 = My, M} fw’ we get the desired equality. O]

For each t =1,...,n, we set D¢, = (Pg — CZC})%. Since
C{Cy = PoM}, Po M, Pg = PQM:t(IHg(Dn) — Ps)M.,Pg = Pg — PoM, PsM., Pg,
that D¢, is well defined follows from the fact that

Po — CiCy = PoM} PsM.,, Po > 0. (4.2.1)

t

We now recall a classical result due to R. Douglas [51]. Let A and B be contractions on a
Hilbert space H. The Douglas’s range and inclusion theorem then says that AA* < BB*
if and only if there exists a contraction X such that A = BX. We are now ready for the

third key lemma of this section.

Lemma 4.2.3. Suppose k; € 71\ {0}. There exist contractions X; and Y; in B(Q)
such that
[Ci, C*] = X; De, and [C*,C}] = De,Y;, .

Proof. We already know that D%i = Pg — C{Cy = PgM} PsM,, Pg. Then, by Lemma
4.2.2, we have
D2, — [Cy, C™R)*[C;, C*M) = Po M Ps M., P — (Po M Ps M) Po(M:* Ps M., Pg)
= PoM;; Ps(I 2 — MY PoM™)PsM. Pg
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Since M fiPQ is a contraction, it follows that I m2on) — M fiPQM z*kl > 0, and hence
DZ, — [Ci, CR ) [Cy, ™M) > 0.

Then the first equality is an immediate consequence of the Douglas’s range and inclusion
theorem. Finally, since [C;, C**]* = [C*,C?], the second equality follows from the
first. O

The final ingredient is the following result. Again recall that X;; = PsM,, PoM :j Ps
(see Lemma 4.2.1).

Lemma 4.2.4. If Do, D¢, = 0, then, for each ks, fj ez \ {0},
1. PoMz*iX, ;MY Pg =0,
2. PoM: X;;MY Po =0, and
3. PoM:% X;;M,, Po = 0.

Proof. By Lemma 4.2.3, we have on one hand [C}, C*’;i][Cj, C’*ij]* =0, and on the other
hand, by Lemma 4.2.2,

sk sl 1% ke * I
[Ci, C[Cy, €M) = (PoMZ* PsM,) Po(Mz, Ps M Po)
= PoM;%i X, MY Pg.
This proves (1). To verify (2), first observe that (4.2.1) implies
(Pg — CCy)[CY, C5] = (PoM;, Ps M., Po)[Cy, C*H]".

By Lemma 4.2.2, we can write [C}, C*ii]* = PoM, PsMY Pg, where, on the other hand,
Lemma 4.2.3 implies that
(Pg — C;Cy)[Ch,C5] = 0.

Therefore
0 = (PoM;, PsM., Po)(PoM:, PsMY Po) = PoM:, (PsM., PoM;, Ps)MY Po,
which proves (2). The proof of (3) is similar to that of (2): We first observe that
(Ci, C*M](Pg — CC;) = PoM:% X M., Pg
whereas Lemma 4.2.3 implies that [C;, C’*i“i](PQ - C;C5) =0. O

We also need the following simple observation: Q reduces (M}, PsM.,,..., M} PsM.,),
that is

t t
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Indeed, for a fixed t in {1,...,n}, writing Pg = IHg(Dn) — Ps, we see that

Pg(M}, PsM,,)Pg = M, PsM,, Pg — PsM, Ps M., Pg,

t

and, on the other hand, PsM}, Ps = PsM, and M} M., = IHg(Dn) implies that
PsM? PsM.,Pg = PsM},M.,Pg = PsPg = 0.

That is, Po(M} PsM.,)Pg = (M}, PsM_.,)Pg. Then the claim follows from the fact that

t

M7 PsM,, is a self-adjoint operator.

t

Now we are ready to plunge into the main body of the proof of Theorem 4.1.1.

Proof of Theorem 4.1.1. Suppose Q is a Beurling quotient module. Then there exist a
Hilbert space &« and an inner function © € Hy¢ o (D") such that S = OHZ%(D") (see
the discussion preceding Lemma 4.2.1). Then Ps = MgMg. Now (4.2.1) and (4.2.2)
implies that

PQ_Ct*Ct:M;ZPSMthQ (t=1,...,n).

Therefore by applying (4.2.2) again we obtain
(Po — CiCy)(Po — C;Cj) = (M;Z,PSMZZ.)PQ(M;J,PSMZ].)PQ = MZPSMZI.M;],PSMZJ.PQ.
We know by Mg Me = Ty2pny and My Me = MeM, for all ¢ = 1,...,n, that
M§M; M., Me = M; M.,. Then Ps = Mg Mg implies that PsM?, M., Ps = Me M M., Mg =
M@MziM;‘jM(‘f), and hence

M PsM., M PsM., Po = M!, Mo M., M;, M§M., Po = MeMPo =0,
which yields (Pg — C;C;)(Pg — C;Cj) = 0. Thus we obtain

(Ig — C%,C) g — C7 C) = (Po — C7C;)(Pg — C5Cj)|g = 0.

Now we turn to the converse. By taking into account Lemma 4.2.1, what we have to
show is that X;; = 0. We now describe a multi-step reduction process that reduces
this claim to Lemma 4.2.4. First observe that span{z*Q : k € Z7} reduces M,, for all
t=1,...,n. Then there exists a closed subspace & of £ such that

span{z"Q: k€ Z"} = Hgl (D™).
By setting & = £ © &1, it follows that

HZ(D") =span{z"Q: k € Z'}} & HE (D).
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Since Q+ =S8 D Hgo(]D)”), for each f € Hgo(]D)”), we have PoM} Psf = PoM; f = 0,
as H go (D™) reduces M,,. This proves that

Xij’HgO(Dn) =0.
So we only need to check that Xij\spm{zkgkezi} = 0, or, equivalently
XijM!Pog=0 (1€Z?).

Since X;; = PgMZiPQij Ps (see the definition of X;; in Lemma 4.2.1), we only need
to consider I € Z7 \ {0}. Moreover, for each fo € Hg (D"), since M} fo € S, it follows
that

(XiMLf, fo) = (PsM., PoM PsM.f, fo) = (PoM}, PsMLf, M, fo) =0,
for all f € Q and [ € Z} \ {0}. Therefore, it suffices to prove that
XyMlQ 1L MFQ  (1ezi\ {0}, keZ?).

Note that the case k = 0 is trivial since ranX;; C §. Hence, we are reduced to showing
that
PoM*X;iM!Pog =0  (k,1€Z7\{0}). (4.2.3)

To prove this in full generality, we start with k = e; and | = e;, where ¢; and e; are the
multiindices with 1 in the i- th and j-th slot, respectively, and zero elsewhere. In this

case, we prove a little bit more, namely
M XM, = 0.
We proceed as follows: By applying (4.2.1) twice we obtain

(Pg — C;Cy)(Pg — C;C;) = (PoM;, Ps M., Po)(PoM;, Ps M., Po)
= Po(M, PsM:,)Po(M;, PsM;)Po

Since (Pg — G C;)(Pg — C;C5) = 0, by assumption, (4.2.2) implies that
0 = Po(M, PsM.,)Po(M;, PsM;;)Pg = (M, FPsM.,)Po(M;, PsM.;) = M; Xi; M.,

which proves the desired identity. In particular, (4.2.3) holds whenever k,1 € Z7} \ {0}
and k;,l; # 0. Now let us consider the remaining cases: k,l1 € Z% \ {0}, where

Case 1: k; = 1; =0,

Case 2: k; # 0 and [; = 0, and

Case 3: k; =0 and [; # 0.
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The first case simply follows from part (1) of Lemma 4.2.4. For the remaining cases, we
fix k,1 € Z7 \ {0}. By (4.2.2) we have

PoM;* M (PsM.,Pg) = PoM;*(M; PsM.,)Pg = PoM;* Po(M; PsM.,)Pq.

Therefore, PoM;* M (PsM.,Pg) = (PoM;*)PoM; (PsM.,Pg), from which it imme-
diately follows that

PoM;* M} XijM.LPg = (PoM;*)(Po M} X;; M. Pg),
and similarly
PoM;*Xi;M,, M. Pg = (PoM;* X;; M., Po)(M.Pg).

Then Case 2 and Case 3 follows from part (2) and part (3), respectively, of Lemma 4.2.4.
This completes the proof that Q is a Beurling quotient module. O

4.3 Isometric dilations

This section is meant to complement the dilation theory of (a concrete class of) n-tuples

of commuting contractions.

We begin with the definition of isometric dilations. Let T = (T3,...,T,) and V =
(Vi,...,V,) be commuting tuples of contractions and isometries on Hilbert spaces H
and K, respectively. We say that V' is an isometric dilation of T (or T dilates to V') if
there exists an isometry Il : H — K such that II7) = V,*II for all i = 1,...,n.

We will mostly restrict attention here to the case when V' is (M, , ..., M) on H(D")
for some Hilbert space €. In fact, if n = 1, then T = (T') dilates to M, on H2(D) for
some Hilbert space £ if and only if T" is a pure contraction (recall again that an operator
X is pure if the sequence {X*™},,>0 converges to 0 in the strong operator topology).
This deep result is due to Sz.-Nagy and C. Foias [90]. However, in sharp contrast, if
n = 2 (n > 2), then general n-tuples of pure commuting contractions do not dilate to
(M,,, M.,) on vector-valued Hardy space over D? (commuting tuples of isometries) (see
[46, 86]).

However, the multivariable situation is completely favorable in the case of Brehmer
tuples (see 1.3.13 for definition).

Theorem 4.3.1. Every commuting n-tuple (n > 2) of contractions satisfying Brehmer

positivity co-extends to an n-tuple of doubly commuting isometries.
We also refer [46, 86] for proof of above dilation results. In particular, the pure case
is the following:

Theorem 4.3.2. Every commuting n-tuple (n > 2) of pure contractions satisfying Szegé
positivity co-extends to M, = (M,,, ..., M,,) on H3(D"), for some Hilbert space D.
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In particular, there exists an isometry II : H — HZ3(D™) such that IIT;" = M} II for
alli=1,...,n. Then Q := I is a quotient module of H2(D"), and hence

T= (PQM21|Q" . 'aPQMZn|Q)>

on Q. Note again that, if n = 1, then Q is a Beurling quotient module, and hence

T = Peonz_ m)-M:lenz, o)+

for some Hilbert space &, and inner function © € H go(g* ) (D). This inner function ©

and the Beurling quotient module
Qo = (GHg* (D))La

are popularly known as the characteristic function of T and the model space correspond-
ing to T, respectively [90]. In summary, pure contractions are unitarily equivalent to

compressions of M, to model spaces.

We now study an analog of the above analytic model theorem for n-tuples of com-
muting contractions. First we set up some notation. Let £ and &, be Hilbert spaces, and
let © € He ¢ (D™) be an inner function. Let us denote by Qe = HZ(D") © ©HZ (D)
and Sg = @Hg* (D™) the Beurling quotient module and the Beurling submodule, respec-
tively, corresponding to ©. We also define T,, @ = Po,M.,|o, for all i =1,...,n, and

set
To = (TZh@, - ,Tzn’@).

One can now ask which n-tuples of commuting contractions are unitarily equivalent
to Te on Beurling quotient modules (or, model spaces) Qg. The following result (a

refinement of Theorem 4.1.1) yields a complete answer to this question.

Theorem 4.3.3. Let T = (T4,...,T,) be an n-tuple of commuting contractions on H.
The following are equivalent.

(a) T'= Tg for some Beurling quotient module Qg.

(b) T is a pure Brehmer tuple and (Iy — T;T;) (I3 — T;T;) = 0 for all i # j.

The proof directly follows from Theorem 4.1.1 and Theorem 4.3.2.

4.4 Factorizations and invariant subspaces

The main goal of this section is to classify factorizations of inner functions in terms of
invariant subspaces of tuples of module operators. Our observation will also bring out

a key difference between n-tuples of operators, n > 1, and single operators.

The structure of invariant subspaces of bounded linear operators has been tradition-

ally related to the theory of (nontrivial) factorizations of one variable inner functions.



4.4. Factorizations and invariant subspaces 101

For instance, the following result (see [90, Chapter VI|, and more specifically [28, Chap-
ter 5, Proposition 1.21]) connects invariant subspaces of module (or model) operators
with factorizations of the corresponding inner functions. Here we follow the same nota-

tion as in the discussion preceding Theorem 4.3.3.

Theorem 4.4.1 (Sz.-Nagy and Foias, and Bercovici). Let © € Hile, £ (D) be an inner
function. Then Tg has an invariant subspace if and only if there exist a Hilbert space
F and inner functions ® € HIOSC()F,S)(D) and W € Hp o ) (D) such that

O =oU.

In the above, the corresponding Tg-invariant subspace is given by M = Sg © Sy
[28, Chapter 5, Proposition 1.21]. Here we are interested in the polydisc version of the
above theorem. However, the following example shows that in the case when n > 1 the
existence of joint invariant subspaces is not sufficient to ensure factorizations of inner

functions.

Example 4.4.2. Consider the submodule S = {f € H?(D?) : f(0,0) = 0} of H?(D?).
Since
S =2(H?*D)®C) @ 2(C® H*(D)) ® 220H*(D?),

and S is a reproducing kernel Hilbert space, the kernel function k of S is given by

k(2 w) = Z1W1 ZoW2

= So(z, w)w @ ,w e D?),
T p—— + 212952 (2, w) Wy Wwe (z,w )

where
SQ(Z,UJ) = (1 — lel)il(l — ZQ'LDQ)il (Z, w e ]D)Q),

is the Szegé kernel of D?. From Ezample 1.8.6, it is clear that S is not a Beurling

submodule. Now observe

22122 — 21 — 29

p(z) = (z € D?),

2 — zZ1 — k9
defines an inner function in H>®(D?). We have ©(0,0) = 0, and ¢H?*(D?) & S &
H?(D?). Set M =S © @H*(D?). Then M is a non-trivial (Pg,M.,|o,,Pa,M:,|0,)-

invariant subspace of Q,, but ¢ is not factorable.

The missing component in the polydisc analog of Theorem 4.4.1 will be determined
in Theorem 4.4.3.

We are now ready for the polydisc analog of Theorem 4.4.1. We will use the same

notation as in the discussion preceding Theorem 4.3.3.

Theorem 4.4.3. Let © € ng&,f)(Dn) be an inner function. The following are equiva-

lent.
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1. There exist a Hilbert space F and inner functions ¥ and ® in Hl‘;‘(’& 7) (D™) and

Hgo(}-’g) (D™), respectively, such that © = ®W.

2. There exists a To-invariant subspace M C Qg such that M ® So is a Beurling
submodule of H3(D").

3. There exists a Tg-invariant subspace M C Qg such that
([—CiC)I-CiC)=0 (i #j),
where Cs = PogomTs, 0|l0eom for alls=1,... n.
Proof. (1) = (2): Since Mg = Mg My, we have ©HZ (D") C ®H%(D"). Define
M :=oH2(D") © OHZ (D") = Sp © Se.
Clearly, M is a closed subspace of Qg. Also note that
Qo & M = (HA(D") & OHZ (D")) & (DHA(D") & O HZ, (D)),

and hence, Qo & M = Qg. Since Tz*i,@ = M;’L‘Q@ and Q¢ C Qp, it follows that Qg is
T}, o-invariant for all i = 1,...,n. Consequently, M is a Te-invariant subspace. For the
second part, observe that

M@ Se = Ss,

is a Beurling submodule of HZ(D").

(2) = (1): Let M is a Te-invariant subspace of Qg and suppose M @ Sg is a Beurling
submodule of HZ(D"). Then (see the discussion preceding Lemma 4.2.1) there exist a
Hilbert space F and an inner function ® € Hyr (D™) such that

M@ S = PHZ(D™).

In particular, ©HZ(D") C ®H%(D"), and hence, by Douglas’s range and inclusion the-
orem, there exists a contraction X : HZ (D") — Hz(D") such that Mg = MsX. But

now, since Mg is an isometry and
MeXM,, = MegM,, = M, Mo = M, MsX = MgM,, X,

we find XM, = M., X for all i = 1,...,n. Then there exists ¥ € Hy, f)(]D)”) such
that X = My. Finally, since Mg and Mg are isometries, we obtain

17 = 1Mo fll = |Ma My fl| = [Muf]|  (f € HFD")),

and hence, My is an isometry.
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(1) = (3): As in the proof of (1) = (2), if we set M = ®PH%(D") © ©HZ (D"), then
Qo © M = Qg, which implies Cs = Pg,M,, |g, for all s =1,...,n. Then the desired
equality immediately follows from Theorem 4.1.1 applied to (Cy, ..., Cy) on the Beurling
quotient module Qg.

(3) = (2): Since T} o = M|ge, i = 1,...,n, it follows that Qg © M is a quotient
module of H g (D™). This says Qe ©.M is a Beurling quotient module, taking into account
the hypothesis and Theorem 4.1.1. Finally, we observe

HD") o (M ®Se) = Qo O M,

which implies that M & Sg is a Beurling submodule. This completes the proof of the

theorem. O

It is now worthwhile to observe that the subspace M @ pH?(D?) in Example 4.4.2 is

not a Beurling submodule.

Finally, let us concentrate on the trivial cases of the above theorem, namely, M = {0}
and M = Qg. Recall that M = ®H2(D") © OHZ (D"). Then M = {0} if and only
if DH%(D") = ©HZ (D"), which, since © = ®¥, equivalent to H%(D") = WHZ (D").
By Lemma 1.3.9, the latter condition is equivalent to the condition that ¥ is a unitary

constant. For the second case, we note that M = Qg if and only if
PHZ(D") © ©HZ (D") = HZ(D") © ©HZ, (D),

which is equivalent to HZ(D") = ®H%(D"). Therefore, we note, again by Lemma 1.3.9,
that M = Qg if and only if ® is a unitary constant. This proves that M is a nontrivial
Toe-invariant subspace of Qg if and only if the inner functions ® and ¥ are not unitary

constant.

In fact, something more can be said. We continue to use the setting and conclusion
of Theorem 4.4.3.

Corollary 4.4.4. Let © € Hp, g)(ID)") be a nonconstant inner function. Then the

inner functions ® and ¥ are nonconstant if and only if the following holds:

1. M is a nontrivial Tg-invariant subspace of Qg,
2. M is not a Beurling submodule of H3(D"), and

3. Qg © M does not reduce M, ® I¢.

Proof. We have already seen that M is a nontrivial subspace of Qg if and only if both
the inner functions ® and ¥ are not unitary constant. In particular, if ® and ¥ are
nonconstant, then M is a nontrivial subspace of Qg. Now suppose that M is a Beurling
submodule. Then there exist a Hilbert space /1 and an inner function ®; € Hyr, ) (D™)
such that ®HZ(D") © ©HZ (D") = ®1H% (D"). In particular, ®; H% (D") C ®HZ(D"),
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which implies that ®; = ®®5 for some inner function &5 € H g,‘(’]_.l 7 (D™). This yields
<I>1H%1 (™) = @@2H§_—1 (D™), and hence

P, HF (D) = ®HZ(D") © ®VHZ (D") = ®Qy,
from which we obtain Qg = ®2H ]2;1 (D™). Thus Qy, or equivalently, Sy reduces M, ® I¢,

which implies that ¥ is a constant. This is a contradiction.

Finally, suppose towards a contradiction that Qg & M reduces M, ® Ig. Then
M@ Se = HE(D") & (Qe & M),

also reduces M, ® I¢. On the other hand, since M @ Sg = @H%(}D)”), it follows that
®HZ(D") = HZ,(D"), and hence that @ is a constant, which is a contradiction.

Now we turn to the converse part. Suppose M is a nontrivial Tg-invariant subspace of
Qp. Since ©® = &V and O is nonconstant, both ® and ¥ cannot be constant. Moreover,
since M is nontrivial, ® and ¥ cannot be unitary constants (see the discussion preceding
the statement of the corollary). It remains to show that ® and ¥ cannot be constant
isometry operators. First, let us assume that ® = V; for some non-unitary isometry V;

and that ¥ is nonconstant. Then
M@ OHZ (D") = BHE(D") = Vi HX(D") = H}, (D),

and hence M@®©HZ (D") reduces M, ® I¢, which is a contradiction. On the other hand,

if U = V5 and @ is nonconstant, where V5 is a non-unitary isometry, then
M = SHE(D") & QUHZ, (D) = B(HE(D") & VoHE, (D")) = ®H ;- (D),

is a Beurling submodule of Hg(ID)"), which is a contradiction. This completes the proof

of the corollary. O

We refer the reader to the papers [32, 62, 113] and the survey [112] for other results

(mostly in two variables) on Beurling quotient modules.
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