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Introduction

In this thesis we first study a stochastic heat equation driven by Lévy noise and understand the
well-posedness of the associated martingale problem. We use the method of duality to establish
the same. In the second part of the thesis we explore the method of Algebraic duality and establish
weak-uniqueness for a class of infinite dimensional interacting diffusions. We conclude the thesis
with some preliminary observations on how to construct path wise stochastic integrals under a
Poisson random measure.

Since the publication of Walsh’s monograph [Wal86] and the book of Da Prato and Zabczyk
[DPZ14] the field of stochastic partial differential equations (SPDE) has seen rapid evolution.
Studies of many types of SPDEs can be found in the vast literature accrued since then. How-
ever, most of these works consider equations whose forcing term is the Gaussian white noise.
The primary reasons for this is that equations driven by Gaussian noise display many appealing
characteristics such as finite second moment and continuity of solutions. On the other hand,
many physical systems can be modeled with greater accuracy if one assumes that the noise in-
volved is non-Gaussian.

In probability theory Lévy processes are a natural generalization of the most well-known of
Gaussian processes, viz. the Brownian motion. Like the latter, the former have independent and
stationary increments. But unlike the Brownian motion, Lévy processes are not assumed to be
continuous. This attribute makes them particularly well-suited for various naturally occurring
systems which display discontinuous behavior. In the area of SPDEs therefore, a two-parameter
version of Lévy processes, which may be called the Lévy noise, are sometimes considered as a
natural generalization of the (Gaussian) space-time white noise. In the first part of this thesis,
we focus on a special type of Lévy noise which are derived from a-stable processes. Let us now
briefly describe the precise objectives of this thesis.

In the first chapter we give a brief overview of the theory of martingale measures and the
stochastic heat equation with (Gaussian) space-time white noise. Martingale measures give the
mathematically rigorous formalism of two-parameter stochastic forcing and are therefore crucial
to any theory of SPDE.

Chapter 2 is devoted to the main question addressed in this thesis, viz. does the stochastic
heat equation driven by a stable noise have a unique solution? For us, this will involve showing
that any two solutions of the aforementioned SPDE are equal in distribution. This is called weak
uniqueness of the solution. See Theorem 2.2.3 for the precise statement. In Chapter 3 we complete
the proof of this theorem. These two chapters are based on the preprint [Mai21].

The technique we will use to prove the weak uniqueness result mentioned above is known
as duality, which is another point of focus for this thesis. Stochastic duality seeks to establish
a relationship between a given process, say X, with another, say Y, so that investigating some



attribute of Y helps to shed light on that of X. This is a well-known method and is regularly
used in statistical physics, population genetics and other areas of modern probability theory. But
due to the lack of any general theory of stochastic duality, it has been observed over the years
that, even though applying duality can yield remarkable results in certain situation, finding the
correct dual of a given process is not easy.

Using ideas from the theory of Lie algebras, a new and potentially unifying approach towards
this problem has recently been proposed. In a joint work with Aritra Mandal [MM22], we use
these ideas to obtain duality relations for some well-known Markov processes. This is the content
of Chapter 4. The main results are recorded in Theorems 4.2.1 and 4.3.1.

Lastly we return to martingale measures (described in Chapter 1) and the theory of integra-
tion against them. It is important to observe here that, as will be discussed in Section 1.2, like
Itd integrals, we can only construct integrals w.r.t. martingale measures only in a weak sense.
Therefore it makes sense to ask the following question: Do the stochastic integrals with respect
to martingale measures have a pathwise meaning? Undoubtedly, the class of all possible martin-
gale measures is vast and we do not expect to answer this question in the most general form. But
fortunately the Poisson random measures constitute a particularly well-understood subclass of
martingale measures.

In Chapter 5 we thus ask the same question restricted only to PRMs. We present some pre-
liminary observations from an ongoing joint work with Siva Athreya and Atul Shekhar [AMS22].
Using some ideas from rough path theory we show that, when integrands are simple enough, it is
indeed possible to interpret stochastic integrals w.r.t. PRMs in a pathwise manner (see Theorem
5.4.4). This chapter also contains the basics of Young and rough integration theories which are
required for our analysis.



Chapter 1

Overview of martingale measures and
SPDEs driven by Gaussian white noise

In the first part of this thesis we will investigate uniqueness of solutions to a certain SPDE. But
before this we give a brief overview of the subject of stochastic partial differential equations
(SPDE) for the benefit of the uninitiated reader. Those already familiar with this area of proba-
bility theory can start reading this thesis directly from Chapter 2.

At present there are two main approaches to this subject, the random field approach ini-
tiated by Walsh [Wal86] and the semigroup approach of Da Prato and Zabczyk [DPZ14]. Our
exposition follows the first one and we rely on the monographs of Walsh [Wal86] and Khosh-
nevisan [Kho09], [Kho14].

Many examples of interesting SPDEs arising out of a diverse range of disciplines can be found
in [DPZ14, Chapter 0], [Hai09, Chapter 2], [Wal86, Chapter 3]. Since our focus will be on the
stochastic heat equation on the real line, we start by considering the (ordinary) heat equation,

ou 1du
— =—-——, u(0,")=u 1.0.1
= 2o “0) = (1.0.1)
This describes diffusion of heat content over time in an infinite rod starting from some initial
condition uy. Now suppose that these systems are under the influence of some external force or
noise and the noise is not dependent on the current state of the observed quantity. We can model
such a phenomenon with the following equation.

ou 1%

— =—-——=+F(t,x), u(0,-)=u 1.0.2

2SR, (0 = (10.2)
Here F(t,x) stands for the influence of the forcing at time ¢t > 0 and space x € R. When F is
nice enough,’ we can apply the Duhamel’s principle (cf. [Eval0, Section 2.3]) to write down an
explicit solution for (1.0.2) as follows: for t > 0 and x € R,

t
wt) = [ pute =y dy+ [ [ piestr=y)FGs dsay (103)
0
Here p;(x) := \/24? exp (—’z‘—j) is the heat kernel.

For instance, F can be taken to be smooth and compactly supported.



Unfortunately, the random forcing terms that we shall consider in the sequel are rather irreg-
ular and thus, to obtain an expression such as the one above, we must first define them precisely.
This is done in the next section. In Section 1.2 we define integrals such as the second term in the
RH.S. of (1.0.3).

1.1 White noise and martingale measures

This section is devoted towards understanding and defining the noise term in (1.0.2). The most
common type of noise that appear in the SPDE literature is known as Gaussian white noise, often
denoted by W. To visualize such an object, it helps to consider a discrete grid inside our domain
[0, 00) X R, say the integer lattice N X Z. To each point (t,x) in the grid we assign a N(0, 1)-
distributed random variable, denoted by W; , and impose the property that the collection {W; , |
(t,x) € N x Z} be independent and identically distributed (i.i.d.). Formally we can write,

E[I/Vt,xvvs,y] = at—séx—y

where (s,y), (t,x) € N X Z and § denotes the Dirac delta function. In practice this means that,
at each point on the lattice, the observed quantity gets a random kick and the intensity of kicks
are ii.d.

Now we can ask how whether it is possible to implement the same idea in the continuous
setting, i.e. on the whole [0, c0) X R. This is indeed possible and we can think of this space-time
white noise on the real line as the derivative of Brownian motion. But due to Brownian motion’s
highly irregular nature, we must interpret its derivative in the sense of Schwartz distributions.
Although we shall work in standard Euclidean spaces, we define the white noise in the more
general setting of an abstract Polish space, a separable and completely metrizable topological
space.

Definition 1.1.1. Let (E, £) be a measurable space with a o-finite measure p. Let A = {A € & |
U(A) < oo}. A Gaussian white noise (or simply white noise) W on E is a collection of random
variables {W(A) | A € A} such that the following conditions hold.

« W(A) ~ N(0, u(A)) for each A € A.
« When A, B € A are disjoint, W(A) and W (B) independent and

W(A U B) = W(A) + W(B).

From this definition it is clear that {W(A)}aea is a Gaussian process, i.e. for every finite
collection of sets Ay, ..., Ax € A, the vector (W(A;), ..., W(Ax)) follows a multi-variate normal
distribution. If we define C to be the covariance functional, then for A,B € A

C(A,B) = E[W(A)W(B)] = E[W(A N B)?] = u(AN B)

using the definition above. C is clearly symmetric. It is a known consequence of the Kolmogorov
extension theorem that when C is non-negative definite, there is probability space (Q, F,P) on

10



which a Gaussian process W exists with covariance C. To see that C is indeed non-negative

definite we take real numbers a1, ..., ar and sets Ay, ..., Ar € A and observe that
kK Kk Kk k k 2
Z a;a;C(A;, Aj) = Z Z aiaju(A;NAj) = / (Z ailAi) dp > 0.
j=1 i=1 j=1 i=1 E\'i=n

From now on we shall assume that there exists a probability space (Q, F,P) on which W and all
other subsequent random objects are defined.

Some familiar processes can be recovered from the definition of the white noise. For example,
if W is a white noise on (R, B(R))? (with the Lebesgue measure), the function t — W([0,¢])
defines a standard Brownian motion. And if W is a white noise on (R? B(R?)) (again with the
Lebesgue measure), the function t — W ([0, '] x [0,e7*]) is an Ornstein-Uhlenbeck process.

Before going further we take note of an important feature of the white noise W. While W
is, by definition, a finitely additive measure, in general it is not countably additive almost surely.
Instead, if we take a countable collection of disjoint sets A;, Az, ... € Asuchthat A := U2 | A; € A,
as n — oo by Definition 1.1.1 we have

2

n (o] 2 (o) o0
E|w ZA,. ~W()| =EwW ZAi =y ZAi = Z 1(A;) = 0,
i=1 i=n+1 i=n+1 i=n+1
since p(A) < oo. This can be written concisely as
Z W(A;) =W UAi in L2(Q, F,P).
i=1 i=1

Thus W is a o-finite L?(Q)-valued measure. We now define this notion precisely. As usual, (E, €)
is a Polish space.

Let U : € X Q — R U {#00} be a random set-function® and let A C € be a set algebra, i.e. a
collection of sets that contains the empty set, complements of all its members and is closed under
finite unions and finite intersections. Assume that for all A € A, we have E[U(A)?] < o and
that U is almost surely finitely additive on A.

Definition 1.1.2. (a) The function U is called o-finite if there is an increasing sequence {E, },
of &-measurable such that,

.« E= U2 E,
o foreveryn>1,&,={ANE,|Ae &} C A, and
. foreveryn > 1, sup{E[U(A)?] | A € &,} < oo.

(b) Let U be a o-finite finitely additive random set-function. Suppose for every decreasing
sequence {A;}; in some fixed £, with A; | 0, we have

lim E[U(A;)*] = 0.
Jj—o

Then U will be called an L?(Q)-valued measure.

2B(S) will denote the Borel o-algebra on the non-empty set S.
3 A function that takes sets as its input.

11



Note that the last condition ensures that U is countably additive on E,, for every n.

We are ready to define one of the central objects in the theory of stochastic PDEs, namely a
martingale measure. This can easily be seen as a generalization of the space-time white noise on
[0, 00) x R4, Unlike the white noise however, we demand that in one special "time" co-ordinate
this new object behaves as a martingale. Recall that (Q, F, (F};),, P) is our underlying filtered
probability space.

Definition 1.1.3. The collection of processes {M;(A)};>¢, A € A, is called a martingale measure
if

(a) Foreach A € A, My(A) =0 a.s.

(b) For each t > 0, M, is a o-finite L?(Q)-valued measure.

(c) For each A € A, the process {M;(A)}+>¢ is an F;-martingale.

As mentioned before the space-time white noise on [0, co)xR? defined by W;(A) := W ([0, t]x
A), A € B(R?) is a martingale measure with respect to the natural filtration (F;); generated by
the processes W;(+). To check this first note that for 0 < s < t and a fixed A € R? with finite
Lebesgue measure, W; (A) — Ws(A) = W((s, t] X A) is independent of F;. Thus

E[Wi(A) | Fs] = We(A) + E [Wi(A) - Wi(A) | Ts] = Ws(A) +E [W,(A) - Ws(A)] = Ws(A).

Another important class of martingale measures comes from Poisson random measures. Al-
though they can be defined on any measure spaces, we shall define them on the Euclidean space
[0, 00) x R€.

Definition 1.1.4. Suppose y is a o-finite measure on (R%, B(R?)). On an appropriate probability
space let N be a random measure on [0, co) X R? having the following properties.

(i) Whenever E € B(RY) with u(E) < oo, t — N([0,t) x E) =: N;(E) is a Poisson process
with intensity u(E) = EN(1, E).
(i) IfAy,...,Ar € B([0,0) x R?) are disjoint, then the random variables N(A,), ..., N(Ax)

are independent.

Then N will be called a Poisson random measure (PRM) on [0, ) x R with intensity measure
dt X p (dt denotes the Lebesgue measure on R,).

It follows from the above that, for 0 < a < b < oo and u(E) < oo, then we have N([a, b) XE) ~
Poisson((b — a)p(E)). Now let us define the compensated PRM N as follows. If a, b and E are as
above,

N((a,b] XE) := N((a,b] X E) — (b — a)u(E).

We claim that this is a martingale measure in the sense of Definition 1.1.3. Clearly, a.s Ny (E) = 0.
As the Lebesgue measure on R, and y on R¢ are o-finite, the second condition also holds. Lastly,
as {N;(E)};o is a Poisson process, it has independent increments. Thus, for s < t and E € B(R%)
with p(E) < co,

E[N:(E) | Fs] = E[N:(E) = N5 (E)] = (¢ = )u(E) + E[N,(E) = su(E) | F5] = Ny(E),

showing that {N;(E) };>¢ is an F;-martingale.

12



1.2 Stochastic integration with respect martingale measures

Since the equations that are of interest to us are randomly forced, standard Lebesgue integration
theory is insufficient for giving meaning to their weak forms, such as the one in (1.0.3). The trick
to address this issue is to adapt the It6 integration in the setting of martingale measures. As with
It6 integrals, we start by first defining integration of elementary and simple functions.

Let (E, £) be a Polish space as usual and (Q, &, (F;);»0, P) be a filtered probability space. An
elementary function f : [0,T] X E X Q — R is one having the form

f(s,x,0) = X(0) - 1(gp)(s) - 1a(x)

where 0 <a <b <T,Ae€ €& and X is a bounded Fs-measurable random variable. Finite sums of
elementary functions are called simple functions. Let S be the collection of all simple functions
and P denote the o-algebra on [0, T] X E X Q generated by S. We refer to P-measurable functions
or stochastic processes as predictable.

Given a martingale measure M on E, we can now define the integral of an elementary function
f against M as follows.

Definition 1.2.1. Fort € [0,T] and B € &,

(f - M), (B,w) = ( /0 /B fdM) (©) = X(©) [Mins (A N B) () — Myna(A N B)(@)] . (1.2.1)

By linearity the same definition can be extended to simple functions.

We here observe that f - M is itself a martingale measure. This is because for elementary f,
Befands<t

E[(f-M):(B) | Fs] =X - E[Map(A N B) = Maa(A N B)|F]
=X [Mspp(ANB) = Mspa(AN B)].

f - M satisfies the other properties in Definition 1.1.3 trivially.
Before extending the integration defined above to a larger class of functions, we introduce
some concepts.

Definition 1.2.2. If M is a martingale measure on E, then we define its covariance functional.
For A,B € €,

Q:(A, B) := (M(A), M(B));, te]l0,T],
where (-, -) denotes the quadratic covariation. Also, for A, B€ £€and 0 <s <t < T, let
Q(A X Bx (s,t]) := O:(A B) — QOs(A, B).

By [Pro05, Theorem I1.22] we know that the process t — Q;(A, A) is increasing and that
O (-, -) isbilinear. Q is a measure-like functional on the collection of sets of the form AxBx (s, t],

4Linear in both coordinates
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called rectangles. If A; X B; X (s;,t;], i = 1,..., k are disjoint rectangles, we can define Q on their
union by linearity,

Q

k k
UAi X B X (s;, ti]) = Z Q(A; X B; X (s, ti]).
i=1 i=1

One can also check that the above is well-defined.

As demonstrated in [Wal86, Chapter 2, p. 305], not all martingale measures can serve as an
integrator for predictable functions. This lets us introduce the following special subclass. Recall
that in Definition 1.1.2 we have stipulated the existence of a nested collection {E, },>1 in (E, &)
satisfying certain properties.

Definition 1.2.3. A martingale measure M on E is called worthy if there is a random o-finite
measure K(ds, dy, dt,w) on (E X E X [0,T], € X &X B([0,T])) such that,

(i) K is symmetric in the first two "space" coordinates.

(ii) K is positive definite in the sense that, for any bounded measurable function f : E X
[0, 0) — R we have,

/E/E/o 0 (DK i, dy.d) 2 0,

whenever the above integral exists finitely.
(iii) For A,B € € and t > 0, the process {K(A X B X (0,t])};>¢ is predictable.
(iv) For eachn € N, E[K(E, X E,, X [0,T)] < o0.
(v) ForA,Be € andt > 0, we have
[Q(AXBx[0,t)] < K(AXBxXx[0,t)) a.s.
where Q is as in Definition 1.2.2
We call K the dominating measure of M.

Now we are in the position of extending Definition 1.2.1. We are going to assume that we
have a worthy martingale measure M dominated by K. For a predictable f and g, let

(f. g = /E /E /0 Fx )9y, DK (dx, dy, dt)
and

£l = ECIFL D)2, (1.2.2)

Let Py denote the collection of all predictable functions f with the property that || f||p < oo. It
is easy to check that that the above defines a norm on this space. We have the following results
whose proof can be found in [Wal86, Proposition 2.3].

14



Proposition 1.2.4. (i) (P ||-||m) is a Banach space.
(ii) The set S of all simple functions is dense in Py in the norm ||-||p.

Let us now define integrals f - M for all f € Py Fixa f € Ppy. Then the first part of the above
proposition says that there exists a sequence of simple functions { f,, },>1 such that || f,— flls — 0
asn — oo, Now, foreachn,m > 1andE € &,

B[((fy - M):(E) — (fn - M)o(E)Y?] =E[ /E /E /O fn,m<x,sm,m<y,s>Q(dx,dy,ds>]

== [/E /E /0 | (%, ) frum (3, 9)| K (dx, dy, ds)]
:”fn - fm||12\4

where we have used the notation f,, , = f; — fin. This shows that the sequence {(f; - M):(E) }n>1
is Cauchy in L?(Q). By completeness of the L%(Q), there exists a limit of this sequence. We
denote this by

(f - M(E) = / t /F F(s,) M(ds, dx),

and this is the required stochastic integral.
Finally, we state the a result which can be interpreted as a version of It6 isometry applied to
integrals against martingale measures.

Proposition 1.2.5. Suppose M is a worthy martingale measure with covariance Q and f € Py;.

(i) Then (f - M) is itself a worthy martingale measure. The covariance functional corresponding
to (f - M) is given by

Qr.m(dx, dy,dt) = f(x,1)f(y,t)Q(dx, dy, dt).
(ii) ForallE € & andt > 0,

E[((f - M)(E)’] < IIf I3
where || f||m is defined in (1.2.2).

1.3 The stochastic heat equation

Let us now consider the non-linear stochastic heat equation (SHE) with a multiplicative Gaus-
sian space-time white noise W defined on a filtered probability space (Q,F, {F;};>0, P). In the
following W will denote the distributional derivative of W. Let uy : R — R be a non-random
function. Our object of attention in this section is the equation,

d 1 .
a—’:(t, x) = Bu(t,x) + o (u(t. ) Wi, t20x€R
u(0, ) =uo, (1.3.1)

15



where A = ;—;2. We shall assume that ¢ : R — R is a bounded Lipschitz function, i.e. there exists
a finite constant K > 0 such that

lo(x)| < K and |o(x) - a(y)| < K|x -y, (1.3.2)

forall x,y € R.

The aim of this section is to prove the existence and uniqueness of the solution u = u(t, x) to
(1.3.1). Observe that (1.3.1) is purely formal. This is because, since we cannot a priori guarantee
the smoothness of u in either time or in space, the derivatives appearing in (1.3.1) make little
sense. Indeed, it is known that the u has a continuous modification which is only (i —€)-Holder
in time and (i — €)-Holder in space, for any small € > 0 (cf. [Kho09, Theorem 6.7]). Therefore
they must interpreted as (Schwartz) distributional derivatives. This gives rise to the so-called
mild formulation of (1.3.1), which we presently write down.

u(t.x) = ]R; pr(x = )uo(y) dy + /0 /R prs(x — y)o(u(s,y)W(ds.dy), t>0.x R, (133)

where as before p;(x) = \/z;ﬁ exp (— ’2‘—:) Note that W is the (Gaussian) space-time white noise on

R, + xR and that the stochastic integral in the r.h.s. of the above with respect to W was defined
in the previous section. We now state our main theorem precisely. Henceforth we shall treat
(1.3.3) as the main equation of interest. The proof follows that of [Kho09, Theorem 6.4].

Theorem 1.3.1. Assume that u is bounded and that o is a bounded Lipschitz with constant K (as
in (1.3.2)). Then the following holds.

(i) (1.3.3) has a solution.
(ii) Ifu and v are two solutions of (1.3.3) defined on the same probability space, then a.s.
u(t,x) =o(t,x)
forallt > 0 and x € R. This condition is sometimes called pathwise uniqueness.
(iii) The solution u has finite second moments. More precisely, for any T > 0 we have

sup supE (Ju(t,x)|?) < o (1.3.4)
te[0,T] xeR

The key tool for all these statements is the Gronwall lemma. This is the content of the next
result.

Lemma 1.3.2. Let T > 0 and f, g and h be non-negative integrable functions on [0, T| satisfying
the following inequality for allt € [0, T],

£ < gt)+ /0 h(s)f(s) ds. (135)

]henfor aet € [0,]] we have,
g g h exXp : h d ds. 3.6
f(t) < (t) + '/0 (S) (S) ('/0 (r) I") N (1 )

16



The proof is omitted as it is standard.

Proof of Theorem 1.3.1. Throughout the proof C will be used as a generic constant whose value
may change from one line to the next. We start our proof with the last statement, assuming that
a (1.3.3) has a solution u. By It6 isometry for stochastic integrals against martingale measures
(see Proposition 1.2.5(ii) for a similar result) we have,

2 t
E( )=/O /Rpt—s(x—y)zE [o(u(s,y))?] dsdy

t
SC/ /pt_s(x -y)°E [u(s, y)z]2 dsdy,
o Jr
by (1.3.2). Jensen’s inequality, on the other hand, gives,

‘/0 /R;Dt—s(x - y)o(u(s,y))W(ds,dy)

2
(/ pi(x = y)uo(y) dy) < /pt(x —y)ue(y)*dy < C,
R R

as uo is assumed to be bounded. Therefore we get from (1.3.3),

¢
E(u(t,x)*) <C+ C/ /pt_s(x -y)°E [u(s, y)z]2 dsdy. (1.3.7)
o Jr
If we define
Z; = sup supE(u(s,x)?),
se[0,t] xeR
from (1.3.7) we obtain,
t t 7
Z §C+C/ /pt_s(x—y)zstsdy:C+C/ *_ds (1.3.8)
o JR 0 t—s

Now let p € (1,2) and g > 1 be such that % + cl] = 1. By Holder’s inequality,

/Ot «/tZS—_sds < (/Ot(t—s)“z’ ds)‘l’ , (/Otzgds); gc(/otzs"ds)q. (1.3.9)

From (1.3.8) we thus have,

t
zZl < C+C/ zdds (1.3.10)
0

We are now in a position to apply Gronwall’s inequality from Lemma 1.3.2. This shows that
Z; < C for some constant C < oo and hence proves (1.3.4).

Now let us prove that (1.3.3) indeed has at least one solution. The key tool for proving ex-
istence is the Picard iteration scheme. We will define by induction a sequence {u,},>1 of two-
parameter random fields as follows. Let ug(x,t) = ug(x) for all x € R and ¢ > 0. Given u,,
let

Upy1(E,x) == ‘/Rpt(x —y)uo(y) dy +‘/0 ‘/Rpt_s(x —y)o(un(s,y))W(ds,dy), t=>0,x€cR.
(1.3.11)
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We will show that u,, converges to a limit in L?(Q, F,P). This limit will be the required solution.
Forn > 1, let

Hy(t) = sup supE (Juns1(s,x) = un(s, x)[?) .
se[0,t] xeR

From (1.3.11), It6 isometry and (1.3.2), we have

t 2
E [fter (£,) — tin (£, ) 2] sE( /0 /R pres (= ) [0 (ttn(5,9)) — 0 (ttn_1 (5, y)) | W (ds. dy) )

< /0 t /]R Drs(x = 1)%E (|0/(un(5,9)) — 0 (unr (5, )I?) ds dy,

and therefore,

H,(t) < C/Ot H\/”g) ds (1.3.12)

forall t > 0 and n > 1. We can use the same argument from (1.3.9) to show,

H,(t)? < CftHn_l(s)q ds (1.3.13)
0

where g > 1.
An easy calculation shows that, for all s € [0, t] and x € R, we have E (|u; (s, x) — uo(x) |2) <
C+/s and thus Hy(t) < CV/t. Using this as an initial condition, (1.3.12) gives us by induction,

Ctn—l
(n—1)!

for all t € [0,T] and n > 1. This also means that }},.; H,(t) < oo. Therefore, the sequence in
{tn(t,x) }n>1 is Cauchy in L?(Q). Call its limit point u(t, x) and this is our required solution.

We now turn to the question of uniqueness of solutions to (1.3.3). The argument is very
similar to what we did before. Suppose u and v both satisfy (1.3.3). Denote

Hn(t)q < Cl(T>

H(t) = sup supE (lu(s,x) —o(s,x)*), t=0.
se[0,t] xeR

Similarly as in (1.3.8) we use the conditions on ¢ and It6 isometry to obtain,
" H(®)
0o Vt-—s

From this we can also derive that, for some g > 1

H(t)<C ds.

t
H(t)? < C/ H(s)?ds.
0
Now Gronwall’s inequality shows that H(t) = 0. This shows that
P(u(s,x) =ov(s,x) foralls € [0,¢] and x € R) =1

which completes the proof. O
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As we have shown in the previous proof, when o is Lipschitz, proving existence, uniqueness
and various other properties of the solutions to (1.3.1) is not difficult. However, when ¢ is non-
Lipschitz, there is no standard technique for answering these questions. Our main focus in this
thesis will be the SHE where the noise is Lévy and o is only Holder continuous. We end this
chapter by stating a weak existence result due to Mueller and Perkins [MP92] for the Gaussian
white noise case with o being Holder.

Theorem 1.3.3. Let 0 < y < 1 and uy be a compactly supported function on R. Then on some
probability space the equation

ou(t,x 1 .
E?t ) :EAu(t, x)+u(t,x)*W;y, t>0,x€R

u(0, x) =up(x),

has a solution.

The authors show this result indirectly. They first construct a so-called historical process and
then show that the martingale problem associated with it has a solution. Lastly, they prove that
the density of the historical process satisfies the SHE displayed in the above theorem.
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Chapter 2

The stochastic heat equation driven
by stable noise

We now begin our study of the stochastic equation

Y, 1 .
;ix) = EAYt(x) +Y;_ (x)ﬁLffx, t>0,xeR (2.0.1)
where L“ is a stable noise of index @ without negative jumps. Here, as in the last chapter, A = ;—;Z.

Our aim is to show that its solutions are unique in law when 1 < & < 2,0 < f < (2 -1) A1
and 1 < aff (see Theorem 2.2.3). Proving uniqueness in law, also called weak uniqueness, is
an important step for establishing that a model of an underlying system of interacting particles
converges to the limit. This chapter contains an overview of the literature related to this problem
and various preliminary concepts.

2.1 Literature

When a = 2 the above equation is similar to the following SPDE

Y, 1 .
;ix) = SAY(x) + Y (x) Wi 2.1.1)

where W is the Gaussian space-time white noise. When f = 3 this describes evolution of the
density of the super-Brownian motion (SBM) in R. This measure-valued diffusion is obtained
as the scaling limit of interacting branching Brownian motions. The weak uniqueness of (2.1.1)
with = % follows from the martingale problem formulation of SBM using exponential duality
(see [Per02, Theorem IL5.1]). As mentioned before at the end of the previous chapter, in the
S (%, 1) case, the weak existence of (2.1.1) was proved by Mueller, Perkins [MP92]. Weak
uniqueness was established by Mytnik [Myt98]. The question of path-wise uniqueness of (2.1.1)
for f > 2 was settled by Mytnik and Perkins in 2011 [MP11]. Some negative results are also
known: [MMP14] proved path-wise non-uniqueness of solutions to (2.1.1) for § € (0, %) and
[BMP10] showed path-wise non-uniqueness for f € (0, 3) with an added non-trivial drift.

Let us now consider (2.0.1) where x € R%. For a # 2, Mueller [Mue98] proved a certain short

time (strong) existence of solution to (2.0.1) under the relations d < % a € (0,1). The
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weak existence was shown by [Myt02] under the relations 0 < aff < §+ 1,1 < o < min(2, §+ 1).
When d = 1 and af = 1 it is known that (2.0.1) describes the density of the super-Brownian
motion with a-stable branching mechanism; see [MP03] for more details. The weak uniqueness
for this case was proved in [Myt02] while the same for the general case was left open (see [Myt02,
Remark 5.9]). See Figure 2.2 for a graphical representation of the («, f)-parameter space.

As stated earlier in our main result we resolve the question for the cased = 1,1 < a < 2,
0 < f <1land1 < affi. We note that the weak uniqueness for (2.0.1) whend = 1,1 < a < 2,
af < 1 still remains open.

It is known that path-wise uniqueness implies weak uniqueness for (2.0.1). But as the coeffi-
cient of the noise term in (2.0.1) is not Lipschitz, standard techniques such as Gronwall’s inequal-
ity cannot be used to prove path-wise uniqueness of solutions. However, more recently Yang and
Zhou [YZ17] have established path-wise uniqueness for (2.0.1) in the regime ?éﬁ;;; <p< é+“7_1
and d = 1. This region partially overlaps with that stated in Theorem 2.2.3 when f > é

In the next subsection we precisely define our model and state the main theorem.

2.2 Model and main result

To define our model and state the main result we need to introduce the following notations. Let

1/p
lfllo = sup,er |f(x)] and || f||, = (/R Lf(x)|? dx) for p > 1 be the norms of the spaces L™ (R)

and L? (R) respectively. The norms on L®([0,T] X R) and L? ([0, T] X R) are defined similarly.

By Lfoc (Ry x R) we will mean the collection of (equivalence classes of) measurable functions

f :Ry xR — R such that fOT fR |f(s,x)|P dsdx < co forall T € (0, c0). We also define 8 = S(R)
to be the space

8(R) = {qo € C®(R) | forall m,n € N, sup |x'"(p(")(x)| < 00}
x€R
of all smooth rapidly-decreasing functions defined on R whose derivatives of all orders are also
rapidly-decreasing. In the above, €*(R) is the space of all infinitely differentiable real-valued
functions on R and ¢ ™ stands for the n-th order derivative of ¢. The subsets of L? (R) and $(R)
containing all non-negative functions are denoted by L (R), and 8, = S(R), respectively.

Let Mp = Mp(R) be the set of all non-negative finite measures on the real line, R, equipped
with the topology of weak convergence. We denote the space of all cadlag paths in Mp as D =
D([0, 00), MF). This space is equipped with the topology of weak convergence and B (D) denotes
the Borel o-algebra on D. Similarly, B(R) denotes the o-algebra of all Borel measurable subsets
of R and for E € B(R) we use |E| for the Lebesgue measure of A. For y € Mp and ¢ € 8 we
denote (y, @) = fR ¢ dy. We will often identify a measurable function f : (R, B(R)) — R with

f(x) dx, where dx denotes the Lebesgue measure. In this case, (f, ¢) = fRf(x)(p(x) dx.

Definition 2.2.1. Let @ € (0,2). Suppose for each E € B(R) with |[E| < oo, {LF(E)};>0 is a
martingale defined on some filtered probability space (Q, F, (F;);»0, P) and

Eexp (ALY (E)) = exp (A%t|E]), (2.2.1)

forallt > 0,4 > 0. Then we call L* an a-stable martingale measure on [0, o0) XR without negative
jumps.
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Observe that L*(E x [0, ¢t]) := LY (E) is indeed a martingale measure in the sense of Walsh
[Wal86, Chapter 2].

Definition 2.2.2. Let Y, € Mp. Given an a-stable martingale measure L* on (Q, F, (F;) >0, P)
without negative jumps, a two-parameter stochastic process {Y;(x)};>0xcr defined on the same
probability space is said to solve (2.0.1) if the following hold.

(i) Y is adapted to (F)o0.

(ii) Themapt +— Y;(x) dx defines an Mp-valued cadlag process. In other words, Y € D([0, o), MF)
a.s..

(iii) For all y € 8(R) and t > 0,
_ iy L By (x)LE
Y 9) = (Yo, ¥) +‘/0 (Ys, zAlﬁ) ds + [E[O,t] /XER(YS_ ()P (x)L*(dx, ds),  (2.2.2)

Recall that [Myt02, Theorem 1.5] guarantees the weak existence of such a solution ¥ =
(Y:):>0- Also, it was shown in [Myt02, Proposition 4.1] that

Y € D([0,00),Mp) NL} (Ry xR) (1<p<3).
We need to recall some notions of existence and uniqueness for solutions to (2.0.1) that will
be used in this article.

+ (2.0.1) is said to admit a weak solution with initial condition Y; if there exists a filtered
probability space (Q, F, {F; }1>0, P) and an {F, }-adapted pair (Y, L¥) such that L* satisfies
(2.2.1) and (2.2.2) holds.

« Weak uniqueness holds for (2.0.1) if whenever the pairs (Y, L%) and (Y, L%) satisfy (2.2.2)
with the same initial condition, they have the same finite dimensional distributions.

Our main result is the following.

Theorem 2.2.3 (Theorem 1.3 of [Mai21]). Assume that1 < a < 2 andé <p< (% —1) Aland

Yo € Mp. Then weak uniqueness holds for solutions to (2.2.2), i.e. if (Y,L*) and (Y,L%) are both
weak solutions of (2.2.2) and Yy = Yy, then Y and Y have the same finite dimensional distributions.

We will now describe our approach for proving this result.

2.3 Proof strategy

An approach for showing weak uniqueness of stochastic equations is the following. First, one
shows that solutions to (2.2.2) are equivalently also solutions of an appropriate martingale prob-
lem. Then it is enough to show that any two solutions to the martingale problem have the same
one-dimensional distributions (cf. [EK86, Theorem 4.4.2]). We may define the (local) martingale
problem as follows. For y € §; and t > 0 let

t

1 a

Mty(gb):e_<Y”"/’>—e_<Y°"/’>—/ e~ ¥t (—(Y_,§A¢)+(Ys_ﬁ,¢“> ds (2.3.1)
0
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Figure 2.1: Mytnik proved weak uniqueness for of (2.0.1) when =  (red line). Yang, Zhou
showed pathwise uniqueness of this equation when («, ) falls in the green region. Our main
result, Theorem 2.2.3, proves weak uniqueness for (2.0.1) when («a, ) is in the blue region.

where (Y;);»0 are the coordinate maps on D, i.e. Y;(w) = w(t) for w € D. A probability measure
Pon (D, B(D)) is said to be a solution of the (local) martingale problem for (2.3.1) if for all y € 8
we have that {M} (¢)}, is a (local) martingale under P. We know from [Myt02, Proposition 4.1]
that a solution to the local martingale problem (2.3.1) exists with stopping times

yY (k) := inf {s >0

/ ||Y,||Z§ dr > k}, k eN. (2.3.2)
0

where ||-|| o5 denotes the norm of the space L% (R). [Myt02, Proposition 4.1] also guarantees that,
when Yy € Mg, for all t > 0 we have Y; € Mp as well.

Since Yy € M is chosen arbitrarily, in light of the above discussion we can rephrase Theorem
2.2.3 into the equivalent result concerning the martingale problem (2.3.1).

Theorem 2.3.1. Under the assumptions of Theorem 2.2.3, any two solutions of (2.3.1) have same
one-dimensional distributions.

Remark 2.3.2. When « € (1,2), § € (%, 1) and Y, € 8,, the statement of Theorem 2.3.1 remains
valid. This can be shown by the same approximating duality idea discussed below and using
the improved moment bound (see Remark 3.1.2). In other words, under these conditions the
one-dimensional laws of (Y;);»¢ are uniquely determined. However, we cannot prove the more
general result of weak uniqueness (i.e. Theorem 2.2.3).

Motivated by [Myt98] we use an approximating duality argument and would like to show the
following.

Theorem 2.3.3. Lety € S, and Y be a solution to (2.3.1) where Yy is as in Theorem 2.2.3. Then
there exists a sequence of processes {Z™ },>1, independent of Y, with Zén) =1 foralln > 1 such
that for eacht > 0

Eexp(—(Ys,9)) = lim Eexp(—(%, zmYy). (2.3.3)
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By the virtue of [Myt96, Theorem 1.3] this will imply Theorem 2.3.1.
Now we shall discuss a formal strategy of how one would prove Theorem 2.3.3. Suppose Y
solves (2.3.1) and Z solves SPDE given below

oz 1 1.
% = EAZt(x) +Z ()L, Zy =y (2.3.4)

or equivalently the local martingale problem

t
1
M7 () = ™ (070 — =(020) _ /O e~ (0% (—<5A¢, Zo )+ (9,28 )| ds, g8, (235)
is an FZ-local martingale. Then one could try to establish the following exponential duality

relation
Eexp(—(Y;, §)) = Eexp(~(9, Z2)). (2.3.6)

Although this duality relationship holds, the required integrability conditions will fail to hold
(see [EK86, Theorem 4.4.11]). Thus one uses the approximate duality technique. In this approach
we construct an approximating sequence Z™ to Z using the framework of [Myt98] to prove the
Theorem 2.3.3.

However, there are two key difficulties to overcome. First, we require a moment estimate of
the solutions of (2.3.1) and the second difficulty is the fact that MY (), as defined above, are only
local martingales. A moment estimate was shown in [YZ17, Lemma 2.4] for very general initial
condition but we prove an improved estimate in Proposition 3.1.1 when Y, € 8(R), and for the
range of  and f in Theorem 2.2.3. From this we can show that MY (1) is indeed a martingale.

Remark 2.3.4. Note that the condition ¢f > 1 is crucial for our argument and the technique of
approximate duality. Consequently, the case when aff < 1 is not covered by this method.

Throughout this chapter and the next we shall use the notations c, ¢;, C, C; etc. to denote
constants whose value may change from one line to the next. They will usually depend on the
time horizon T and the initial condition Y;. Wherever necessary we will denote their dependence
on the relevant parameters.

2.4 Mild formulations of the SHE

This section contains notations that are used throughout the paper and some useful results re-
garding the mild forms of (2.2.2). Let p,(x) = \/2;? exp (—’Zc—i) for all t > 0,x € R. For any

function f : R — R and a measure p € Mg, we will denote
Pif() = [ pulx = 0)f () dyand Pnx) = [ =) i)
As in [YZ17], define a measure on R,

@1 1oy, 5 0} da, (2.4.1)

S e

We first show that the solution Y; in (2.2.2) of Definition 2.2.2 can be written in the following
equivalent mild forms.
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Proposition 2.4.1. Let Y be a solution as in Definition 2.2.2 and Yy € Mp. Then
(a) Fort > 0,x € R,

0 =0+ [ [ - P Ly ), (242)

(b) There exists a Poisson random measure (PRM) N on (0, 00)? X R with intensity ds mo(dz)dx
such that

Yi(x) = PrYo(x) + /O /O /]R P~ D) N(dy, dz ds),  (2.43)

where N(dy, dz, ds) = N(dy, dz, ds) — dymy(dz) ds.

(c) On an enlarged probability space there exists a PRM Ny on (0, 00)? X R X (0, 00) with intensity
ds my(dz) dy dv such that, for allt > 0 and a.e. x € R,

t 0 Ys(l/)aﬁ .
Y (x) = P;Yy(x) + / / / / z pr—s(x — y)No(do, dy, dz, ds), (2.4.4)
o Jo JrJo

where No(dv, dy, dz, ds) = No(dv, dy, dz, ds) — do dy m,(dz) ds.

Proof. (a) This can be shown by an argument similar to the one in the proof of Theorem 1.1(a)
in [MP03]. The only difference here is to show that for each t > 0,

t t
/ /(t — )2y ()P dy ds < (supanIIZﬁ)/ (t—s) % ds < o as. (2.4.5)
0 R s<t 0

This follows from the facts that fOtH YSHZ,@ ds <ooand s ||Ys|lap = (Ysaﬁ, 1)0%ﬁ' is a cadlag map.

The claim in part (b) follows from the above and [MP03, Theorem 1.1(a)]. Using a change
of variable type transformation as indicated in the proof of [YZ17, Proposition 2.1] we get part
(c). O

Remark 2.4.2. To show that the stochastic integral in (2.4.4) is well-defined Yang and Zhou

used the additional condition (see [YZ17, Assumption 1.4]) that there is a ¢ > % such that

fot fR Ys(x)?dx ds < oo for all t > 0 a.s.. We here observe that our proof of (2.4.4) above does not
require this assumption.

2.5 Construction of the approximating sequence

As mentioned before we need to construct an approximating sequence {Z™} 5, to Z described
in (2.3.4). We shall use the construction given in [Myt02, §3]. For completeness we only present
the sketch below.

Define Zé")(dx) = (x)dx and let b, = r(%/imn“ﬂ_l. We know from [Fle88, Proposition
A2] that given u € Mg, there is a unique non-negative solution to the partial differential equation
(PDE)

t
v =P — / P _s(bpoy) ds (2.5.1)
0
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where (P;p) (x) = prt(x —y)u(dy). Let us call this solution V*(y). See Section 2.6.2 for some
properties of the above PDE under nicer initial conditions.

The idea behind this Z(™ is as follows. Z™ evolves according to the PDE (2.5.1), jumps after
a random time given by Dirac measures at specified mass and location (denoted in the following
by y"(T?), S and U" respectively, see (2.5.3) for precise definition). More precisely, let

ieN,

be i.i.d. random variables and T;" := Z;c:l YN"k". The jump heights are given by i.i.d.random vari-
ables {S! | i € N} taking values in [%, 00). These are defined by

/bv(l/n) APt d)

P(S! > b) = — , >0
[ A-eb-14d)
1/n
We observe that E[S!] = #ﬁl) Let
Al= ) ST(TE < 1)
k=1

be the process that jumps by height S at time T;" for all i € N. By (F4") 150 we will denote the
filtration generated by A”. For 0 < t < T} define the time change

y"(t) = inf {s >0

S
V7 (% dr > t}.
0+

We can define the approximating sequence Z" on the (random) interval [0, y*(T}")) by
z" =vrzM), o<t <y (I, 25.2)

where V" is the solution of the PDE (2.5.1). For defining Z(™) at the time ¢ = y"(T"), we proceed
as follows. For each f € L*(R); let G(f, -) be a probability measure on (R, B(R)) such that for
all E € B(R),

fEf(x)“ dx
[Ral -

Lastly, let U" be a R-valued random variable defined by the relation

G(f, E) =

AN (n)
P(U" € E | EFTln) = G(Zyn(Tln)_,E), E € B(R).

Then we can define

(n) _ (n)
Zyn(rny = Zyn(rmy- + 510Uy (2.5.3)

Thus we have constructed Z™ on the interval [0, Y (TH].
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When t > y"(T}"), Z (n) is defined inductively: for integers k > 1,

(n)
S Vi i) LTV Ty,

i n - (2.5.4)
4 YT - +S¢,,0up, t=y"(Tg),
where
s=y" (1)
y"(t) = inf {s > 0|T" +/0 ||v"(z;§>)||gdr > t}, "<t <T",
+
and
A" N _ (n)
P(U.,, €E | ?T,:il) = G(Zy”(T,, ) E), E € B(R).

This completes the construction of Z(™. Tt is known that Z(™) solves a local martingale

problem as described by the following lemma. As usual, FZ2™ denotes the filtration generated
by Z(™.

Lemma 2.5.1. Letn := O;ﬁ(g‘iifﬂl)) and
-
g(r,y) = / (e — 1+ Ay)A~*F~14). (2.5.5)
0+
Forallp € 8, andn > 1
MZ(g) = 02" — gm0 (2.5.6)

Loz ™ 1 n N ),
- / e <4”Zs>(—<5A<p,Z§ D OP = ng (1/np()), (22 ()) >) ds
0
is an F2" -local martingale with stopping times

yZn(k) = y"(k) = inf {s >0

/ 1z 1% ar > k}, keN. (2.5.7)
0

Proof. See [Myt02, Lemma 3.7]. ]

We conclude the section with a result describing the behavior of the compensator of N "=
N" which is the counting measure tracking the jumps of Z(".

Lemma 2.5.2. The compensator of N" is, for By € B([0, 0)), B, € B(R)

zr@(x)
fN”(t Bi X By) = / dr/ d/l/ o 1(/1 > l/n)/r‘)‘ﬁ_1 (2.5.8)
B, Z ”a
where
o =inf{t > 0] y"(t) = oo} =inf{t > 0| A} — bt = 0}. (2.5.9)
Proof. See [Myt02, Lemma 3.5]. ]
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2.6 Some tools from analysis

2.6.1 A Gronwall-type lemma

We use the general Gronwall lemma (see Lemma 1.3.2) to prove the required estimate.

Lemma 2.6.1. Lety,0 € (0,1) and f : (0,T] — [0, 00) be an integrable function such that and for
allt € [0,T]

f(t) <et™P+c / t(t— r)7Y f(r)dr (2.6.1)
0

for some constant ¢ > 0. Then there exists an integrable function C; : (0,T] — [0,00) and a
constant C; > 0 such that, for a.e. t € [0,T],

f(t) < Ci(1) +‘/0 Ci(s) exp(Cys) ds. (2.6.2)

Moreover Cy, C, are independent of the function f.

Proof. Let k > 0 be the smallest integer such that y < ﬁ and t € [0, T]. We apply (2.6.1) and use
the substitutions w = 7 and v = 7= for the first and second integrals in the RHS of the following
computation.

-6 2 g _ -y —9d 2 ! " _ -y _ -y dud
f(t) <ct +c‘/0(t r) Yt Vdr+c /0 /0‘ (t-=r)Y(r—-uwYf(u)dudr
1 t t
—np—0 2,1-y-0 _ -y —9d 2 d d A A
ct™ +c°t ‘/0 (1-w)"w ' dw+c /0 uf(u)/u r(t—=r) Y(r—u)
t 1
=cl(t)+cZ/ f(u)(t—u)l_zydu/ do(1—-0) Yo7
0 0
:cl(t)+c1/tf(u)(t—u)1_2’/ du (2.6.3)
0

where ¢;(t) = ct % +c?B(1-y,1-0)t'7V"% and ¢| = ¢?’B(1 — y,1 — y) with B here denoting the
Beta function. Again applying (2.6.1) to (2.6.3) we have

f(t) <co(t) + ¢ /Otf(u)(t —u)27% du,

where ¢y (t) = ¢1(t) + cjcB(2 — 2y,1 - 0) t2-2r=9 and ¢, = ¢cB(1 - y,2 — 2y). Continuing this
process for k steps we get,

£0) sen(t)+¢), [ flae =0 a

t
<cx(t) +c, TRy / f(u) du. (2.6.4)
0
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where the last step is obtained by our assumption on k. Also note that f is non-negative and
integrable on [0, T] by hypothesis. Therefore we can apply the standard Gronwall’s inequality
from Lemma 1.3.2 and have,

f(t) <c(t)+ /t ck(s) eXp(c”CTk—(kH)Ys) ds
0

for a.e. t € [0,T]. We can thus define C;(t) = cx(t) and C, = c]'CTk_(k”)Y. Clearly these
are independent of f. To see that C; is integrable on (0,T] we only note that each t™~™r~¢
(m=0,...,k) is integrable. O

2.6.2 Norm estimates for solutions of the evolution equation (2.5.1)

This section contains some useful properties of the solutions to the PDE

) 1 0
—o(t,x) = =——o(t,x) = bo(t,x)% xeRte0,T],
Zo(t,3) = 5 —so(t,x) = byolt, ) [0.7]

2(0,) = . (2.6.5)

where T is arbitrary but finite. When ¢ € S(R),, [Isc86, Theorem A] guarantees that this equation
admits a unique solution.

Lemma 2.6.2. Ifv = v(t, x) solves the PDE (2.6.5) and ¢ € S(R),, then v satisfies all the hypotheses
of Proposition 3.2.2.

Proof. (a) It follows from [Fle88, Proposition A2] and proof of [Myt02, Lemma 2.1(c)] that s >
v(s) € L"(R) N LP(R) is continuous.

(b) We first prove that
aZ

ox2 ¢

62
a2

< 00, 2.6.6
- (26.6)

L ([0,T]xR)

sup
s<T

Note that as ¢ € 8., by [Isc86, Theorem A}, the solution v : [0,T] — Cyp(R4)+ (continuous,

non-negative functions vanishing at infinity) is a continuous map. Therefore by (2.6.5), to show
(2.6.6) it is enough to prove that

sup|[w(s)[leo < 00 (2.6.7)

s<t

where we have used the notation w(s) = d(s) = a%v(s).
From the proof of [Isc86, Theorem A] it follows that w must satisfy the PDE

t
w(t) = Pi(§) ~ aby [ Pres(o() w(s) ds (268)

0
where ¢ = %aa—;(p - %"(p“. This gives us,

lw(®)lleo < [[@lleo + abn/O [1(@()* Mloollw(s)lleo ds, (2.6.9)
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from which using Grénwall’s inequality (see [Eval0, Appendix B2]) we obtain

t
[w(®)lleo < ll@lleo exp (abn/ ||U(S)a_1”ood3) < o0, (2.6.10)
0

As v is continuously differentiable (see the proof of [Isc86, Theorem A]), s — w(s, -) is continu-
ous. This fact along with the above gives us (2.6.7).
2
Next we show that the map [0, T] — L*(R), t — %v(t) is continuous, i.e.

Similarly as above, since v € Cy(R)4, by (2.6.5) it is enough to show that

& &
—uo(s) — —o(t)|| — 0ass— tin[0,T]. (2.6.11)
dxc? dxc?

[e9)

lw(t) —w(s)llo — Oass —t (2.6.12)

and we use (2.6.8) for this purpose.
Let0 <s <t <T.Letf, =0(r)* 'w(r). Then from (2.6.8)

w(t) —w(s) =Pr(¢) — Ps(¢) — aby [) Prr(fr) dr_‘/o Ps_r(fr) dr]

:Pt(ﬁb) - Ps((i’) — aby, / Pt—r(fr) dr +£ (Pt—r(fr) - Ps—r(fr)) dr]

=Pt(¢) - Ps((p) - (an / Pt—r(fr) dr + ‘/0' (Pt—s(Ps—r(ﬁ)) - Ps—r(ﬁ)) di’]
’ (2.6.13)

using that fact P;_, f; = Py_s(Ps_rf;).
As ¢ € 8(R)4, by our definition ¢ € S(R). Therefore when s — ¢, ||P;p — Ps¢|lcc — 0. For
the second term in (2.6.13), note that if we can prove that

sup||Pr—r (fr)lleo < o0,

r<t

it will follow that fst Pi_r(fy)dr — 0in L*(R) as s — t. We have, for x € R

< felleo = oM * T w(r) [l < 0.

|Pr—r (fr) (x)] <

/ Drs (= ) () dr
R

since know 0(r) € Cyo(R) and we have already shown that sup, ,[|[w(r)||c < co. Similarly, the
third term in (2.6.13) can be shown to be converging to 0 in L*(R) as s — t. This proves (2.6.12)
and hence (2.6.11).

a

(c)Letp = a/ﬁr To show sup,,||o(s)||, < oo we again use (2.6.8). Note that

/|Pt(¢)|pdx+abn/
R R

p
/ lw(t,x)|”dx <C dx|. (2.6.14)
R

/ ey (0(5) () ds
0
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Using Jensen inequality,

p
dx

/R IP(§)17 dx = /R ‘ /R pe(x - 1) (y) dy

séépt<x—y>|¢<y>|pdydx

=l@lE < oo.

By definition of P;_g and using Jensen’s inequality once more we have,

J o

t
Stp_lfR/ /Rpt_s(x—y)lv(s,y)“‘lw(s,y)lpdydsdx.
0

Using Fubini’s theorem, as all terms are non-negative, integrating out x in the above we have

J

¢ t p
/ Py (0(s)™ wi(s) ds /0 /R pros(x = 9)o(s,9)w(s,y) dyds| dx

0

p t
dx < tp_I/ /lv(s, ) 'w(s,y)|” dyds
o Jr

/ Prey (0(5)™ w(s)) ds
0

<G /Otllv(S)llfo(a_l) w(s)ll, ds. (2.6.15)
Using (2.6.15) in (2.6.14) we have
lw®)lly < CllglIE + C/0t||u(s)||fo(“_1)||w(s)||§ ds. (2.6.16)
Again by Gronwall’s inequality
lw®)l; < Cll@IE exp (/OtIIU(S)IIfo(a_l) dS) < o0 (2.6.17)
and the required result follows as in part (b). O
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Chapter 3

Proof of Theorem 2.3.3

In this chapter we will prove several key technical tools and finish the proof of our main theorem.
The first section establishes the key moment result for solutions Y of (2.2.2). Section 3.2 shows
that MY (1) defined in (2.3.1) is a martingale for all i/ € 8,. In Section 3.3 we give an overview
of the proof of Theorem 2.3.3 and the last section finishes the argument. The last section of this
chapter contains a proof of Proposition 3.2.2.

3.1 The moment estimate

The following is an alternative proof of the estimate presented in [YZ17, Lemma 2.4]. Recall from
the statement of Theorem 2.2.3 that ¥, € Mg, the collection of all finite non-negative measures
on R.

Proposition 3.1.1. Let1 < g < a. Then for a.e. t € [0, T] we have

sup E(Y;(x)9) < Cti+C (3.1.1)

x€R
where C = C(T, Yo, a, f) > 0 is a constant.

Remark 3.1.2. We note in passing that when Y is a bounded function on R, the above estimate
can be improved further. In this situation we will have,

sup E(Y,(x)7) < C|(T, Yp)e“ Dt t e [0,T],

xeR

where C] and C} are positive constants.

Proof of Proposition 3.1.1. From (2.4.4) we have, for ¢t € [0,T],

t L Yr(y)aﬁ -
Y;(x) = P;Yy(x) +/ / // zpi—r(x — y)No(do, dy, dz, dr). (3.1.2)
0o Jo JrJo

Let us define

t
N :inf{t >0 | / ||Y,||Z§dr > N},
0
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when N € N and from [PZ07, Lemma 8.21] recall that the quadratic variation of

s pe Y, () i
[ L[ et oo ay dzan
o Jo JrJo
S B Yr(y)aﬁ
/ / // 22pi_r(x — y)®No(do, dy, dz, dr),
o Jo JrJo

for s € [0, T]. By the Burkholder-Davis-Gundy inequality and the fact that g < 2 we have

t o0 Yr(y)"‘ﬁ .
/ / / / 2pir (= y)No( do, dy, dz, dr)
0 0 R J0O

equals

I :=FE

q
1(t < TN)‘

|

t poo Y (y)*F B
=E / / // zpi—r(x —y)1(r < ™n)Ny(do, dy, dz, dr)
o Jo JrJo
[t poo Y, (y)*h q/2
<cE / / // 22pi—r(x — y)*1(r < ©5)No( do, dy, dz, dr)
o Jo JrJo
| pt o ¥, () a/2
<cE / / // 22pi_r(x — y)*1(r < 5)No(do, dy, dz, dr)
o Jo JrJo

q/2

+cE (3.1.3)

t ©0 Yr(y)aﬂ
/ / // 22pi_r(x = y)?1(r < ©5)No(do, dy, dz, dr)
0o J1 JrRJo

Fix p € (a, 2) such that 1%1 + % < 1. This is possible because of our assumption that f < % -1

Applying Jensen’s inequality to the above (noting that p/q > 1) we have

t pl Y (y)*#
/ / // 22pi . (x — y)*1(r < ©5)No( do, dy, dz, dr)
0o Jo JrJo
¢ poo Y, (y)of
/ / // zzpt,r(x - y)zl(r < n)No(do, dy, dz, dr)
o J1 JrJo

t p1 Y, (y)F 9P
/ / // 2o (x — y)P1(r < n)No(do, dy, dz, dr)
o Jo JrJo

t poo Y (y)*P
/ / // 29 (x — y)91(r < Ny)No(do, dy, dz, dr) |, (3.1.4)
o J1 JrJo

where the second inequality above is due a fact about random sums (see the proof of [PZ07,
Lemma 8.22]). Now we use the definition of the PRM N, integrate out z and use the inequality

/2 q/p
I <cE

q/2
+ cE

<cE

+ cE
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ul? <y +1foru>0.

t pl Y, (y)*F
/ / // 2 pi—r(x —y)P1(r < n)No(do, dy, dz, dr)
0 0 R JO
t o Yr(y)aﬁ
[ [ #tpertcmnme < ooNtdo dy da.
0 1 R JO

/ t /R Y, (9) ey (x - 9)P1(r < 1) dy dr]
0

I <c+cE

+cE

<c+cE

+cE

t
[ [ 1@ pesx-pme < oy dr]
o JR
t
<ot B [ [ (preslo= 0 4 piorr = D H )P < o) dy (3.5
o Jr
as /01 zZPmy(dz) < oo and fooo z9my(dz) < oo. From (3.1.2) and (3.1.5) we have
E [Y:(x)71(t < 7n)]
t
<P+ 4B [ [ (preyx= ) 4 pessx = V)P < o) dr dy
o Jr
t
=c(P; Yy (x)d+c+ c/ /(pt_r(x -y +prr(x —y))E [Yr(y)“ﬁl(r < TN)] drdy. (3.1.6)
o Jr
by applying Fubini’s theorem in the last line. Use the definition of p,(x) to get
E[Y:(x)71(t < v)]
¢ -1 -1
Sc(PtYo(x))q+c+c/ dr((t—r)~"F +(t - r)_qZ)/pt_r(x—y)E [Yr(y)“ﬁl(r < TN)] dy
R

0

<c(PYo(x))?+c+ c/ot dr(t - r)_PT_1 /Rpt_r(x -y)E [Y,(y)aﬁl(r < TN)] dy (3.1.7)

where in the last line we have used the fact that (¢ — r)_qT_1 <Cr(t- r)_pT_l.
When g = af this becomes

E [Yt(x)“ﬂl(t < TN)]

Sc(PtYo(x))“ﬁ+c+c/t dr(t—r)~ 7 ‘/pt_r(x—y)]E Y,()P1(r < ov)| dy.  (3.1.8)
0 R
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Let s € [0,T] be such that s > t. Apply Ps_; to both sides and use Fubini’s theorem,
E [Ps_t (Yf‘ﬂ) (0)1(t < TN)]

<P X () +ove [ Cart-nE [ petr=) [ pierty=28 1010 < )| dzdy

0

<c(PsYo(x)*F + ¢ + c/t dr(t - r)_PT_1 /ps_r(x -2)E [Yr(z)“ﬁl(r < TN)] dz
0 R

—¢(P,Yy(x))P +c+c/t dr(t—r)"7E [Ps_, (Yf‘ﬁ) ()1(r < TN)]
0

Sc(Yo)s_aTﬁ +c+ c/t dr (t - r)_l%lE [Ps_r (Yraﬁ) (x)1(r < TN)] (3.1.9)
0

where we have used the assumption on Y, to obtain the bound on (P;Y;(x))*?. The constants
appearing hereafter all depend on Y. Since the above holds for every t € [0, s], by Lemma 2.6.1
there exists a function C; on (0, T] and a constant C,(s) > 0 such that for a.e. t < s,

t
E [Ps_t (Yf‘ﬁ) (O1(t < TN)] <C(1) + / Ci(r)eC O dr. (3.1.10)
0
Observe from the proof of Lemma 2.6.1 that

Ci(t) =o(t~F)ast 0

and that the constant C,(s) is non-decreasing in s. So we have Cy(s) < C»(T) and (3.1.10) gives

t
E [Ps_t (Yf‘ﬂ) (x)1(t < rN)] <Ct 7 +C3/ r=F e gy (3.1.11)
0

forae t <s < T.Here C; = C5(T) > 0 is a constant. Now replace s by ¢ in the above. We get,

apf ¢ ap
E [(Yt(x))“ﬂ 1(t < TN)] < Cst™ +c3/ rmz QM g, (3.1.12)
0

forae. t € [0,T].
We now plug this into (3.1.7) to get,

E[Y:(x)?1(t < 7v)]

t —
<ct™? +c+c/ dr(t — r)_pTl ‘/pt_r(x -y)E [Yr(y)“ﬁl(r <1N)| dy
0 R

_aq ! et _ap ! et g _ap
<ct z+c+Cy dr(t—r)" zr z +C4 dr(t-r)"z rl" 2
0 0
_4 _p-1_ap _p-1_af
=ct z+c+Cst!T 7T T2 +Ct?T T 2 (3.1.13)

where Cqy = C4(T) > 0is a constant and Cs = C4 B(1 — 1%1, 1- O’Tﬁ), C¢ = C4B(1 - P%l, 2 - %)

with B denoting the Beta function. By our assumption on p, the second term in RHS of (3.1.13)
has non-negative exponent and clearly so does the third. Therefore, we can write,

E[Y,(x)1(t <tn)] < Ct™ %2 +C (3.1.14)
where C is constant depending on T, ¥, and the parameters «, f.

Take N — oo and we obtain the required result. m|
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We here observe that the previous moment estimate can be utilized to show that the stochastic
integrals appearing in (2.4.2), (2.4.3) and (2.4.4) are martingales. For this we recall the notion of
a class DL process (see [RY99, Definition IV.1.6]).

A real valued and adapted stochastic process X is said to be of class DL if for every ¢t > 0, the
set

{X; : 7 < tis a stopping time}
is uniformly integrable. And we know from [RY99, Proposition IV.1.7] that a local martingale X
is a martingale if and only if it is of class DL. For practical purposes it is enough to show that
there is an € > 0 such that
sup B(|X,|"*) < o

<t

where the supremum is taken over all stopping times 7 < ¢.

Lemma 3.1.3. Lett € [0,T] be fixed. Then fors € [0,t] the stochastic integrals

s s 00 Yr(y)“ﬁ .
[ [pec=vmwriea@wan= [ [ [ [77 o= pNatdo. dy dz. )
0 R 0 0 R J0O

(3.1.15)

are martingales with respect to FY, the filtration generated by Y.

Proof Since the integrals in (3.1.15) are stochastic integrals with respect to martingale measure
 and the compensated PRM Ny, they are clearly Y -local martingales. Therefore, we have to

show that
N 0 Yr(y)aﬁ .
/ / // Z pr—r(x — y)No( do, dy, dz, dr) (3.1.16)
0o Jo JRrRJo
is of class DL.

Let 7 < t be a stopping time. We omit some of the calculations since they are similar to the
ones found in the previous proof. Choose g and p suchthat1 < g < a < p < 2and 1%1 + %ﬂ > 1.
Proceeding as in (3.1.3) and (3.1.4) we obtain,

Yr(y)aﬁ
/ / L[ pete= oo, ay,a |

<c+ cE /0 /R (Pror (x = 1) + pror(x — )Y, (9) dy dr

seve [ [ (e =y 4 pees = DB )P dy dr

t _Lﬁ t
<cto / / (Pror(x = 9)P + poor(x — )7 dydr + ¢, / /R (Pros (x = )P + pror(x — )9 dy dr
0

t -1
<c+01/ (t—r) _fdr+01/ (t—r)_pTdr
0

p-1_ 1-p1
<C+Czt 2 2 + c3t 2

applying (3.1.1) at the end. The RHS of the above is finite on [0, T] by our assumptions on p. Also,
it is independent of the stopping times 7. This shows that (3.1.16) is in class DL and is therefore
a martingale with respect to FY. O
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3.2 The martingale problem

Next we observe that M} (1) defined in (2.3.1) is a martingale. This will be crucial for simplifying
our approximate duality argument in the proof of Proposition 3.3.1.

Proposition 3.2.1. For each { € 8., the local martingale MY () is in fact a martingale with
respect to FY .

Proof. Recall that

t
M) =) e [y as
0

is an J) -local martingale, where
1
(Yoo, ) = eV (—<Y_, S0y + (v, z//‘">)
To show that MY (1) is a martingale we show that it is in class DL, i.e. for each t > 0,

sup E (MY (1)]*¢) < o (321)

T<t

for some € > 0. The supremum ranges over all F¥-stopping times 7 that are bounded by t.
From the expression above it is enough to prove

[

0

1+e€
supE( ) < oo. (3.2.2)

T<t

Fix a stopping time 7 < ¢. By Jensen’s inequality

1+€ 1+e

/T =¥ (—(Y - %M/) +(v2, ¢“>) ds
0

‘/OTI(YS_, V) ds

1+e
1+e

el [T ey [y L af a
- / e ( Vs 300 + 02y >) ds

T

T
STE/
0

SCete/Ot (I(Ys—, %A¢>|“E+ (v, ¢“>|1+5) ds. (3.2.3)

1+e

(Vo8 + (g ds

Let0 < € < % —1 < a—-1 < 1. Again apply Jensen’s inequality, Fubini’s Theorem and
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Proposition 3.1.1.

t 1 1 T
= |
0 0

1+e

ds

/ Ys— (x) A (x) dx
R

<||A¢/||}+€E/f 1 /Y AUl ”ed
S X X X S
21+e o [IAYIL Jr
A € t
s” f/:”l/ /EYS_(x)1+6|A¢(x)|dxds
27 Jo Jr
A 1+e t e A 1+€
<C lAY Il / s_les+CT“ ylly
21+e 21+e
A 1+€ e
:CT—” 2@; (1+t775). (3.2.4)
Similarly,
t 1 t
E [t sapieds <iyels [ [ By deds
0 0 R
lPlli*e [t _apare (e
:CTle/ S 2 dS+CTW
af(1+e€)
=Cryape(t'” : +1) (3.2.5)

Note that 1 - 1;—6 >0and 1 - w > 0 by our conditions on «, f and €. Plugging (3.2.4)
and (3.2.5) in (3.2.3) we get,

T 1+e
af(1+e) +e
E / I1(Ys_,¢) ds ) < Cryape(l+ e $1775%) (3.2.6)
0
Taking supremum over all 7 < t gives (3.2.2). o

We now show the above result holds for ¢ : R, X R — R satisfying certain assumptions.

Proposition 3.2.2. Let T € (0,00) IfY is a solution to the martingale problem (2.3.1) and ¢ :
[0,T] xR — R is such that

(i) The map [0,T] o s — s € LT(R) N LP(R) is continuous, for some fixed n € (%,zx) and
p € (a, % A 2). (Note that, asé < fp <1landa <2, suchn and p exist.)

(ii) supy7 “%%“L%(R) -

iii e map |0, — L*® ,S —22 s IS continuous.
The map [0,T] — L*(R Z
Then,
t
M () = e bt — = Odo) / (Y, ) ds (3.2.7)
0

is an ) martingale, where

[(Yso, ths) = e Fs¥s) [—<Ys_, %aist + sy + (YP, w3>] : (3.2.8)

We present it in the last section of this chapter (Section 3.5).
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3.3 Overview of the proof

In this section we describe our plan for proving Theorem 2.3.3. Our proof follows the argument
in [Myt98] and will be split into various propositions which we state in the following. At the end
of this section we establish the theorem assuming these results.

The first proposition describes the behavior of Y when coupled with the solutions of the
evolution equations used to construct Z(™. In what follows we denote by Ey the expectation
with respect to Y. In particular, under Ey we treat all the random variables used to construct
Z™ in Section 2.5 as non-random owing to our assumption of independence.

Proposition 3.3.1. Let Y be a solution to the martingale problem (2.3.1). Then for eacht € [0,T],
n>1andpe Mg,

Ey €—<Yr_t,v;‘<u)>] = Ey [e—<YT,V0"(/1)>] +Ey

/0 5<Y<T_r>_,vr"<u>>dr] (33.1)
where
Iy, Vi) = =V Loqvel (V) ) + (Voo b (V(0) D)

and V" is the solution of the PDE (2.5.1).

In the next proposition we describe the relationship between Y and the jumps of Z(™. Define

t
(t) = / 1212 dr (3.3.2)
0

and observe from (2.5.7) that 7" is the inverse of y": 7" (y"*(¢)) = t and vice-versa.

Proposition 3.3.2. IfY is a solution to the martingale problem (2.3.1), independent of Z™’s, then
forallt € [0,T],

Ey [e_<YT_t’Zt(n)>:|

t T (t)
—Ey [e—<YT’ZO>+ / I(Yirory— Z\™) dr + / / / 0,,(s, x, YN™(d2, dx, ds)] (3.3.3)
0 0 R JR,

where
~(Yroyn () Z Y =AYy yne) (x)
0,(s,x,A) =e Y Eyn(s) -/ [ o= AYT—yn(s) () _ 1)

In the last proposition before we prove our main result we show that the previous result
holds at the stopping time Y’ (z) := y" (k) A t. Recall the definitions of 77 and g from Lemma 2.5.1.

Proposition 3.3.3. IfY is a solution to the martingale problem (2.3.1), independent of Z(™’s, then
foreachm € N andt € [0,T],

Elexp(=(Yr-yz,(1)> Zyz(1)))] =Elexp (=(Y1, Zo))]

n 1) —(y, Z(n)> (n)
g [ / -2 (41 n, Yrony (), (2% dr |
0

(3.3.4)
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We note that Propositions 3.3.1 and 3.3.2 are used to prove Proposition 3.3.3. Now we present
the proof of Theorem 2.3.3 assuming that the above propositions hold. We will prove them in
the next section.

Proof of Theorem 2.3.3. Let Y and Z(™ be as in the statement of Theorem 2.3.3. Let

k, =Inn.
We will show that for a.e. t € [0,T],
, (¥, Yﬁ>m> %eze)
lim |E[e | -E[e”V"**’]| = 0. (3.3.5)
n—oo

This will prove the theorem with the approximate dual processes being Z, 7 Z;Z) (1)

Towards this, we are first going to show that

< Capr((T - t)‘g + 1)n‘“_7“ﬁk,,, (3.3.6)

Eexp (_<YT_YI?,1 (t)> ZY(E)(t) >) - Ee_<YT,Zo>

when 0 < t < T. Note that, as k, = Inn, the RHS converges to 0 as n — co.
Note that forall1 < p < 2and A > 0,

NP
o1+ d< —.
p
Also by our assumptions on « and § we have 1 < @ < a < 2.So,

1 1/n
g (_a YT—s(x)) / (C_AYT_S(x) -1+ AYT—S(X)) /1_“/3—1 d)
n 0

.
1/n 51
< —af-14)
a(f+ 1)/
2 agr) UM apny
= ——Yr_s(x) 2 / Az ey
a(f+1) " or
2 a(p+1) 2 a-af
=—Yr_, T2, 3.3.7
aBrn) T T (3:3.7)

Eq. (3.3.4) and the above calculation gives us

Eexp (_<YT—Y]’:"(t), Z]((g)(t))) — Be~{Y1:20)
' (1) ., .
[/ _<Y(T—s)—,ZS( >><g(1/n, Yir—s)-()), (Zs(f)) )ds}
0
ng| [ [
=ZE [/ /Zs_ (x)%g(1/n, Yr_s(x)) dx ds]
0 R
<

2 (t) (n> N a('féﬂ)
_Ea(ﬁ+ 1) a— aﬂ [/ ,/ ()" ¥7-s(x
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using the fact that Zs(f) (+) = 0 and Y(r_5)-(+) > 0 for the second equality. Now use the estimate
from Proposition 3.1.1 with p = % We have by Fubini’s theorem

X, (@) ) a(p+1) X, (1) ™) _
E [/ /Zs_ (x)*Yr_s(x) ™ 2 dxds] =EzEy [/ /ZS_ (x)*Yr_s(x)? dxds}
0 R 0 R
X7, @ i
—E, [ / / 7" (x)*By (Yr_s(x)?) dxds}
0 R

ercln(t) ) p
/ /Zs('f (x)*(T —s)" zdxds
0 R

1 (1)
/ / ZzM (x)* dx ds}
1] R

5 e (£)
_P kn
(T =X (1)~ / ||Z§f>||zds]
0

n

R0
/ ||Z§f>||3ds]
0

n

/Yk
0

<CU(T =)~ F + k. (3.3.9)

<CEy,

+ CE»

<CEyz

+ CE»

P n(t) (n)
<C((T-1)"7 +1Ez 1Zs=" 115 ds

The third inequality is due to the fact that Y;'(¢) = y"(k) At < t and the last inequality follows
from the definition of y” (see (2.5.7)). Plugging this in (3.3.8) gives (3.3.6).
Next we turn our attention to (3.3.5). We can write,

B exp(—(Yo, Z%) 1)) = Eexp(—(Ys, Zo))|
17 (1)

<[Bexp(~(%0. 2y ) = Bexp(~(Y,yp (- ),Z;g>(t_%)>>|

kn

+[Eexp(~(Y, yp -, () 1)) = Eexp(~(Y:. 20))). (3.3.10)

n —
e, (%,

By (3.3.6) (with T and ¢ replaced by ¢ and t — é respectively) we can bound the second term in
the RHS of the above as follows,

a-aff

P
< Copr(kf +1)n~ "7 ky.

s (‘<Yf—r£n<t—,;>’2§§)(t_1)>) — Be~ (%)

kn

We note that the RHS of the above converges to 0 as n — oo.
Let us now consider the first term in the RHS of (3.3.10). By definition of Y” and T, (see
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(2.5.9)),
(n) (n)
|E exp(~(Y, _yn (t_L),ZYEH(Fﬁ)))—Eexp(—(Yo,Z el

n n 1
_|E [exp( ( . (t—i), Y(”")(t >) —eXp( <Y0,Z( )(t)>) Y (t) <t— kn}l

+|E

eXP(‘”t—Yg(r—ﬁ)’Z;g)(t_é)» — exp(=(Yo, Zyy ( DSV, () > £ - —]|

1 1
<P (1) <t= ) +[E exp(—<Y%,zfj;>) - eXp(—(YO,Z(" KX (D2 t-
n n n

n

(1) g

The second term above converges to 0 since Y is right-continuous and ;! (¢) = y"(kn) At — ¢
as n — oo. Also as P(T,; < o) =1 (see [Myt02, eq. (3.14)]), we have

1 1 .
P(Y,fn(t) <t- k—) =P(y"(ky) <t - k—) <P(T; > k) > 0asn — oo.

This proves (3.3.5). m]

3.4 Proof of key Propositions

We will prove the three propositions required for the proof of Theorem 2.3.3 in this section. For
Proposition 3.3.1 we start by verifying (3.3.1) for measures having densities and then prove it for
the case of general measures.

Proof of Proposition 3.3.1. Let ¢; € 8(R),, I € N, be such that y;(dx) := ¢;(x) dx = pu(dx) as
I — oo. Since n is fixed in this proof, let v;(-) = V*(y;) solve

dn(t) = 2 an(t) ~ byan(1)°
u1(0) = ¢@r. (3.4.1)

Fix I,k € N. Let ¥/(s,x) = v)(T —s,x) = V[ ()(x). Lemma 2.6.2 says that  satisfies the
conditions of Proposition 3.2.2.
From (3.2.8) recall that

~ _ 1 Jd
F(Yor ) = €50 | (Yo, ) + 57 90 = (Yo, ) |
Then by Proposition 3.2.2 for each k € Nand t € [0, T),

Ey [M¥_t(¢)] =Ey [M%/(lﬁ)]

which implies,

T
Ey exp (—(Yr—s, 7)) = Ey [e‘W”— /T f(Ys_,xﬁs)}. (3.4.2)
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From the above definition of I(Y, ¥) and (3.4.1) we get,

T
/ F(Ya_. gi) ds
T

-t

T 1 ad
_ / e~ (Yemsts) {—(Ys_, A + Yy - (v, —¢s>} s
- 2 s

T 1 o 3
= / e~ (Hemar(T=s)) {—<Ys_, Ao (T = 5)) + Y o) (T - $)%) = (Y., (T - s)>} ds
T S

-t

0
- 1 0
=- / e <Y<Tr>’W”{—<Y<T_r)_,5mz<r>>+<Y(';’*_,)_,m<r)“>+<Y<T_r)_,5m<r>>} dr,
t
I e Nt o @y 4y 9 1A d
==/ e YLy o)) + (Yron -, —0i(r) = Shoi(r)y dr

0
= —[ €_<Y(T—r)ﬂvl(7‘)> {(Y(o;ﬂ_r)_svl(r)a> _ <Y(T—r)—,bnvl(r)a>} dr, (343)

using the substitution r = T — s for the third equality.
By (3.4.2) and (3.4.3),

Ey exp (—(Yr_1 01(1))) = Ey exp (—(Yr,0(0))) + By / HYpu()dr  (344)
0
where
H(¥r—ryoon() = =00 L ()b (on()) Y, (@u())

We now have to check whether this holds when p := w — lim;_,, y.
Let o(r) = V7 (1),

t t
R = EY/ IY(r—r)— V" () dr = EY/ IX(r—r)-v1(r))) dr,
0 0
and
t L,
Ri=By [ 30n- P dr =By [ 30-- 00D dr.
0 0

We only have to prove R; — R as [ — oco. In R; — R adding and subtracting the term

e~ Yr-r)-0(r) (bn<Y(T—r)—’ o1(r)%) — <Y0!/3 Ul(r)“>)

(T-r)-’
we have
1
IR = Rl < (I + ),
where
t
I{ =Ey / (e_<Y(T—r)—,Ul(r)> _ €_<Y(T—r)7,v(r)>) (bn<Y(T—r)—,01(F)a) _ <Ygﬁ_r)_,01(”)a>) dr
0
t
I =Ey / e~ Yr—r-2(r) (bn(Y(T,r),,vl(r)“ —o(r)%) - (Y:(Tﬁ_r)_,vl(r)a - v(r)a>) dr|.
0
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To prove |R; — R| — 0 as I — oo we need to show
(i): I{ — 0; and
(ii): I — o,
asl — oo.

Proof of (i): Let1 < g < % and p > 1 be such that ’% + é = 1. Note that

t
I{ < / By '(e_<Y(T—r)—,UI(F)> _ e—(Y<T-r)—,v(r))) (bn<Y(T—r)—;Ul(r)a> _ <Y:Tﬁ_r)_avl(’“)a>)’ dr
0

t 1/
S/ E, (|e—<Y<T7r)7,vz(r>>_e—<Y<T7r>7,v(r>>") pEY(
0

= / t INGINGY (3.4.5)

0

Q)l/q i

bn(¥(r-)-01(r)®) = (Y o (r)®)

using Holder’s inequality in the second line. Here I{l(r) and I{z(r) denote the first and second
terms of the integrand in the above.
Now let us use a notation from Fleischmann [Fle88]:

lollLar = sup [[o(#)]lLe(r)-
0<t<T

By [Fle88, Proposition A2], we have v; — v in L*T as | — oo. Thus there is a subsequence of vy,
which we also denote as v; by a slight abuse of notation, such that v;(t,x) — v(t,x) as — o
forae. t € [0,T] and x € R. As the term inside the expectation of I{l(r) is dominated by 2,
dominated convergence theorem this gives us

llim =0
for each r € [0, t]. Since |I{ (r)] < 2forallland r, again by the dominated convergence theorem,

to prove (i) as above we only have to show that Ifz(r) < C < oo for some constant C = C;
independent of .

q)l/q

a\ |9 l/q af a !
< buBy (|(Vrr o)D) + By (L, (9]
= bull, (r) + I, (r) (3.4.6)

1) = By ([pu(Yir—r— o)) = (YG,) L on(1)®)

/q

using Minkowski’s inequality.
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Forallr < t,

/
(1) =By ([0 ()[7)

q11/q
(/ ”Ul(r)”L“(R) Tor ) gy ) V=) dX) ]

1/q
(M/Ul(r,x)aYT_,(x)quﬂ

1/q

_||Ul(r)||La(R)

<flor (M) ¢ s |Ev

=llor (P 5

/R 01(r, X) By (Yr_, (x)9) dx

1/q
SCTllvl(r)Hf;&/;] [‘/R o(r,x)*(T — r)_% dx+‘/va(r,x)“ dx]

1/q
<Crllor(MIIfa G (T - 1)~% + 1)/ [ / ol(r, x)“dx]
R
=Crllor (M) g (T = )72 + 1)1/9. (3.4.7)

Here we have used Jensen’s inequality and Proposition 3.1.1 (applicable by our assumption that
q < a) in the first and second inequalities respectively. [Fle88, Proposition A2] implies that for
large enough I € N, [|o;(r)|lLer) < |0l et + 1 for all r € [0, t]. Therefore (3.4.7) gives us

Ly (1) < Cr(flollger + DO (T = 1)~ 7 +1)1/9, (3.4.8)

when [ is large.
For the term I{zz we again proceed as in the calculation (3.4.7). Note that, as ¢fig < a by our
assumption, we can again apply Proposition 3.1.1 in the following. Let r < t.

1
1L, (r) —Ey(( & ()" >q) g

1/q
1
S”Ul(r)”fa(R) [Eé (m ‘/va(r, x)aYT_r(x)aﬁq dx)]

1/q
Iz | [ 0By -, 00

1/q
/01(7’ xX)(T—-r)" = dx+/vl(r,x)“dx]
R

<Crllon(n) ey (T = 7% + DY < Cr(flollper + (T = ) + )Y (3.49)

gCTIIUI(r)Hf;((TR/)q

for large I. We can observe that (3.4.8) and (3.4.9) together show that I{z < C; where C, 1 is
independent of I. Thus (i) is proved.

Proof of (ii): First note that v; — v in L*T implies the following almost everywhere con-
vergence along a sub-sequence: there exists a sequence (I;); of natural numbers such that

o, (r,x) = o(r,x) asi — o
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fora.e. (r,x) € [0, T] xR. We will abuse our notation again and use ! to denote this subsequence.
Also observe that since the stochastic integration part in (2.4.2) is a martingale (see Lemma
3.1.3) we have EY;(x) = P;Yy(x). By Proposition 3.1.1,

t
I, =By / e 020 (b (Yr_py 011 = 0(N) = (Y(L i = o() ) dr
0

t
S/ / loj(r, x)* —o(r,x)*| - Ey (bnY(T_r)_(x) + Y:[Tﬁ_r)_(x)) dr dx
0 JR

¢ p

SCT/ / [b,,PT_,YO(x) +(T-r) 72z + 1] log(r,x)* —o(r,x)%| drdx
0 R
¢
<Cr(b,(T - t)_% +(T - t)_Tﬁ +1) / / log(r,x)* —o(r,x)%| drdx (3.4.10)
o Jr

using the fact that Pr_, Yy (x) < C(T — r)~2 with C being independent of x and I. The right hand
side converges to 0 as [ — oo as v; — v in L*T. This proves (ii) .
O

Next we prove Proposition 3.3.2. For the proof we will need to understand how Y behaves
when Z(™ jumps. Since n is fixed in this proof, we drop it to simplify the notations introduced in
Section 2.5. We shall write Z = Z(", V = V", §=§" U =U" T =T" r=1" N=N", N=N",
y(s) =y"(s) and y; := y"(T}") for I € N. Also recall the notation

(n)
0(s, %, A) i= O, (5,x,2) = ¢ T Fynie ) (e"WT—yWs) () _ 1) .
Proof of Proposition 3.3.2. Fixt € [0,T) and let
0; =0(T;,U;,5;) = e YTrpZyy) g1y Zyi=) = o= Ny i) (e_szT*YJ(Uf) - 1) .

Suppose we show that on the event {y; < t < y;1} we have,

EY [e*<YT—taZt>] — EY

¢ 1
e<yT,zo>+/ j(Y(T_r)_,Zr_)dr+ZQi], (3.4.11)
0 i=1

then we can write

1 (1)
0; :/ // 0(s,x, )YN(dA, dx, ds),
= 0 R JR,

1

since for y; < t < y;41 by definition (see (2.5.7) and (3.3.2)) z(t) € [T}, T;4+1). Replace the above in
(3.4.11) and we obtain (3.3.3). So, to complete the proof of (3.3.3) we need to establish (3.4.11).

We will prove this by induction on ! = 0, 1,2, ... and use (3.3.1) repeatedly in the following.
Note that (3.4.11) for t = 0 is trivial. When 0 = yy < t < y1, by our convention [ = 0. In this case
(3.4.11) is

t
Ey [e‘<YT—t’Zt>] =Ey [e‘<YT’Z°> +/ I(Y(r—r)—r Zr-) dr (3.4.12)
0
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and this follows directly from (3.3.1).
Now assume that (3.4.11) holds on the event {y; < s < y;41}. We first show that

EY [e_ ( YT’YI+1 ’ZYI+1 ) ]

—Ey

Yiv1 I+
o~ (¥1.20) +/ (YirorZr)dr+ 61| (3.4.13)
0 i=1

By definition of 0;,; and induction hypothesis,

Ey [€_<YT‘”+1’Z”“>] =Ey[0111] +Ey [e‘<YT-Yl+1’ZYl+1->]

:EY[91+1] + ].lm Eye_<YT—s:Zs>
sTyra
YIS$<Yi+1

=Ey[0j11] + lim Ey
sy
Y1<8<Yi+1

Yi+1 l
e—<YT,ZO> +/ j(Y(T_r)—,Zr—)dr'FZei]
0 i=1

I+1

Yiv1
e‘<YT’Z°>+/ (Yr-n-Ze-)dr + ) 01
0

i=1

s 1
€_<YT’ZO> +/ j(Y(T—r)—>Zr—)dr+Zei]
0

i=1

=Ey[011] + Ey

—Ey

This proves (3.4.13).
The last step of the induction is to prove (3.4.11) when [ is replaced with [ + 1 and yj.; < £ <
Yi+2- We use (3.3.1) with T — yj4q, t — y141 instead of T, t and then apply (3.4.13) to get,

By [0 | = By [exp (~(¥r-1 Vi (Zy)))]

t=Yi+1 N
:EY [exp (_<YT_YI+1’ %(ZYI+1)>)] + EY / j(Y(T_Ylﬂ_r)_’ Vr (ZYI+1)) dr
0

Yiv1 +1
=Ey €_<YT’ZO> + / j(Y(T—r)—a Zr_) dr + Z 0;
0 i=1
t ~
+Ey / j(Y(T_r)_,Zr_) dr] , (3.4.14)
Yi+1

which is the required expression. This completes the induction argument and proves (3.4.11).
O

For the proof of our final proposition, we continue to suppress n and use the notations intro-
duced before the previous proof. Define

M; = / // 0(r,x, ) [N(dA, dx, dr) — N(dA, dx, dr)] (3.4.15)
o JrJo
and note that M is an % (n)—martingale.
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Proof of Proposition 3.3.3. We recall that

_aplap-1)
r(2-af)

Since for all y > 0,

andg(r,y) = [ (e —1+A~*Fd), ry>o0.
0+

y“ﬂ:n/ (e — 1+ A)A~*F1d)r = ng(1/n, y)+r7/ (e — DA 1A + by,
0+

we can write

t N t B 1
Ey [/ j(Y(T—r)—,Zr—)dr] =Ey [/ € <Y(T_r)_’Zr_>§<bnY(T—r)— Y(Tﬁ ry—> r >dr:|
0
t
- _ Z]Ey [/ e_<Y(T—r)7,Zr—><g(1/n’ Y(T—r)—(‘)),Z;XJ dr}
0
t 00
- gEy [ / e~ Ya-n-Zrd( [ (e7Mir-n-0) _))=eP=1g) 7% ) dr} . (3.4.16)
0 1/n

Let

h(r) :e_<YT—r’Zr—> M ‘/oo (e_)'YT_r(x) - 1) A_aﬁ_l d}. dx
R NZ-Nz Jin

pO) =512,

Then by definition y(¢) = inf{s > 0 | fos B(s)ds > t} and also recall from (3.3.2) that

y(z(s)) =s. Given Y, applying [EK86, Exercise 6.12], for any s > 0, we have

S
ﬂ/ e~ Yar-n-Zriy (e Ar-n-C) _)A=*P=1gp, 2% Y dr
2 Jo 1/n

s (z(s)) 7(s)
- / h(PB(r) dr =1 f S B dr = / h(y(r)) dr

7(s) a 00
=n / e~ Yr—y(nZy(r)-) / —(ZY(V)_ (x)) / (e—AYTfy(r) CO 1) APV d) dx dr
0 R HZy(r)—“g 1/n

7(s) S Zo(r)— a
=;7/ // 9(r,x,A)M1(A> 1/mA~%F=1d) dx dr
0 R JO ”Zy(r)—Ha

7(s) o0 R
2/ // O(r, x, )N(dA, dx, dr) (3.4.17)
0 R Jo

using Lemma 2.5.2 in the last line.
Combining (3.4.15) and the calculations in (3.4.16), (3.4.17) we get,

t 7(¢)
Ey [ / I(Yirr)—r Zr_) dr + / / / 0(s, x, )YN(dA, dx, ds)}
0 0 R JR,

t
=Ey [MTW -1 / e~ irn-Z)(g(1/n, Y<T_,)_<->),Zf‘_>dr] (3.4.18)
0
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We can now use (3.4.18) to rewrite (3.3.3).
EY [€_<YT—tsZt>]
t
=By [Mr()] - By [g / e~ YT-n-Zr-0(g(1/n, Yir_p)- (), Z&) dr (3.4.19)
0

Recall the notation Y, (t) = y(m) A t and observe that for any m € N, 7(Y,,(¢)) = 7(¢) A m. We
localize the above as follows.

Ey [e—(YT-rm(z),Zrm(t))]

:EY [e_<YT’ZO>] +EY [Mf(t)/\m]

Yo (2)
- Ig, [ [ et a1, 25 v (34.20)
0

Apply Ez to the above. As
EzEy (M2 (41)am) = ByEBz (M2 (4;)am) = 0
we have,
E e—<YT7r,,,<t),Zrm(t>>] —E [e—<Yr,Zo>]

Yo ()
—gE[ / e Ya-n-Zr0(g(1/n, Yir_p)- (), ZZ)dr|.  (3.4.21)
0

This is the required expression. o

3.5 Proof of Proposition 3.2.2

Since the proof is a little long, we carry it out in two steps. The first shows that a solution of
the weak form (2.2.2) also satisfies a time-dependent version as described in (3.5.1). The proof
follows the argument of [Shi94, Theorem 2.1].

Lemma 3.5.1. Let T > 0 be fixed and assume that Y satisfies (2.2.2) and the following conditions
hold for i : [0, T] X R — [0, c0).

(i) The map [0,T] o s — s € LT(R) N LP(R) is continuous, for some fixed n € (%,a) and
p € (a, % A 2).

(ii) SupssT”%‘//sH%ﬁl < o0, and
o

aZ

(iii) s — aa—xzzlﬁs is continuous in L™ (R), i.e. ||z Vs — ;—;z%”w —0as|s—t| — 0.

Then for eacht € [0,T], we have

1 0%

i) = o)+ [ (G + ) porass [ [ corponeian a9 @s
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Proof. Fix 0 <t < TandletA = {0 =1t <t <--- <ty =t} be a partition of [0, ¢]. For all
s € [ti—1, t;], denote ma(s) = t;—1 and 7 (s) = t;. Then we have

(Yo, ) = (Yo, ¥o)

N
Dot = Y1) = (Yo = Yoy Yr,,))
i=1

N t; i ti 182 t;
Y[ ndrase [ s [ [ V0P o ax as
i=1 ti-1 ti-1 X ti-1 JR

t 2 t
= [t + Ozt @t [ [ e ittan s 6s2)

To prove the lemma we have to show that, as |A| — 0
t ; ¢ ;
@ [ (Yay(s)Us) ds = [ (Yo s} ds as.
t 2 t 2
(b) fo (Ys, %%g&m(s)) ds — fo (Y, %%g&s) ds a.s.,and

() /Ot Je Yor (30)PYimy (6) (x)L%(ds, dx) — [] ! Joa(Yem (x))Pys (x)L*(dx, ds) in probability.

For (a) and (b), we need to show that the integrand converges pointwise (i.e. for each s) and
that the dominated convergence theorem (DCT) can be applied.

(a) Recall that s +— Y; is right continuous measure-valued a.s. and by the definition of weak
convergence we have, for each s € [0, t]

|<YﬁA(s) =Y, ¢s)| — 0, a.s.

as s is bounded and continuous (in the space variable).
By Holder’s inequality, as aff > 1, we have a.s.

|(Yaa(s) — Yoo Ys)| S/RIYs(x)Iltﬁs(x)ldx+A|YﬁA<s>(x)ll¢s(x)ldx
< . a 7an(s) lla .s ap -
< IIKIIaﬁll%IIWgHIYA()II plly IIW;E1

Therefore, a.s.

t t t
/ Yy (o) = Yoo )] ds < (supllyell s ) [ / 1Y,llap ds + / ||Ym<s)||aﬁds]
0 0 0

ap
s<t af-1

. : A &
= (supll¢sl_ap ) (/ s llap dS) + (/ ||YﬁA(s)||aﬁds)
s<t af—-1 0 0

< (supllfisll s ) t““/tnyn"‘ﬁd , taﬂlftny 0 )™
R AL o £y s ® ¢ ), O lap @

using Jensen in the last line. The quantity above is finite by assumption (ii) and the fact that
Y e LZ){(RJr x R). This implies that s = [(Yz,(s) — Y5, is)| is a.s. integrable on [0, t].

50



(b) Fix s € [0, t]. Then
& &
[(Ys, @(‘/js - ¢HA(S))>I < fclelg Iﬁ(‘/js - lﬁﬂ'A(S))(x)| (Y, 1), as.

We know that Y; is a finite measure, i.e. (¥;,1) < oo. Thus the RHS above converges to 0 by our
assumption (iii).
Let us introduce a new stopping time: for k € N,

or =inf{s > 0| (Y, 1) > k}.

For s < op At we have, a.s.

2

2
|<Ys 0 (lps - l//ﬂA(s)»l < (Sug |%(¢s - l//nA(s))(x)l) <Ys, 1>

" 9x?

aZ
<2k (sup |—2 ¢s(x)|) < 00
s<t OX
x€eR

by hypothesis. As o — o0 as k — oo the above is true for all s < t. Thus we can apply DCT to
obtain (b).

(c) Recall the notations introduced in the beginning of Section 2.5. We have
L%(dx, ds) = / zN(dx, dz, ds) (3.5.3)
0

where N (dx, dz, ds) is a PRM on R X (0, 00)? with intensity dx mq(dz) ds.
Note that

/0 /R Vo ()P (Y 0) () — () L% (d, ds)
= / / / You (X)P (Y1 6) (%) = Y5 (x))zN (dx, dz, ds)
0 0 R

+/0 [ ./RYS_ ()P (Ymy (5) (%) = s (x))2N (dx, dz, ds). (3.5.4)

Here we note that /01 z’my(dz) < o0 as p > a and flw Z"my(dz) < oo as p < a. Using the
Burkholder-Davis-Gundy inequality for the first term, Fubini’s theorem and Proposition 3.1.1
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we have

)

/0 t /0 | /RYS—(")M [V (5) (%) = Y (x)|*2* N (dx, dz, ds)

/Ot/OI/RYs—(X)ﬂ(%Ms)(X)—llfs(X))zN(dx, dz, ds)

d

scpE(

p/Z)

t 1
scpE( /0 /0 /R Vo ()P oy 5) () = Y (0) P2 N(d, dz, ds>)
<Cp [ [ Wasto (0 = ol Bt () s
P pt
<G, (supnwm(s)—wsnp) ( i s-Pﬁ/st)
s 0

P
=C, (SUP [ Yrn (s) = lﬁsllp) t'=PPI2 0 (3.5.5)
S

as |A| — 0. The second inequality again uses the fact about random sums described in [PZ07,
Lemma 8.22] as p/2 < 1. The last line follows from our assumption (i) of continuity of the map
s > g € LP(R), which implies uniform continuity of the same on [0, t]. For the second term in
(3.5.4) we proceed as in the previous calculation. Observe that 1 < nf < « by assumption and
thus Proposition 3.1.1 is applicable in the following.

)
/Otflw/RYs—(x)w(lﬁm(s)(X) - ¥s(x))?2°N (dx, dz, ds)
T

E /0 / ) /R Yo GO [y 0 () = 5 (O 2" dxmo(d2) dis

/ / / Yeu () (Y (5) (%) = Y5 (x)) 2N (dx, dz, ds)
0 1 R

d

E

A

U/Z)

IA

Voe (O (g 5) () = (0727 N, dz, d)

IA

C”/o /RE('YS-(")'W) s (o) () = ()" dxd
C”‘/O /RSW/2 |¢”A(S) (x) - ¢s(x)|'7 dx ds

IA

n
<C, (sup Wp(s) — r//sllq) t b, (3.5.6)
S

By assumption (i) the RHS above converges to 0 as |[A] — 0. The calculations (3.5.4), (3.5.5) and
(3.5.6) together prove (c). O

In the last lemma we show how to turn the time dependent weak form of our SPDE (3.5.1),
which was proved in the previous result, into a martingale. This will complete the proof of
Proposition 3.2.2.
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Lemma 3.5.2. If (3.5.1) holds for some smooth : [0,T] XR — Rand0 <t < T, then
t 1 9
MtY(i,D) = e YoV} _ o= (Noho) _ / e~ (Ys-o¥s) (‘(Ys—, §A¢s + a_¢s> + <Ys“_ﬁ, Y&y ds  (3.5.7)
0 S

is an FY -martingale.

Proof. The proof is an application of Ito’s formula. Using the representation (3.5.3) and some
algebraic manipulations we have,

Wy =g+ [ gover Sydse [ [ v oPynanan, dz ds
=0+ [ gogsr Zyass [ [ [ 0PpzN G de as)

/ / /Y (x)Pys(x)zN (dx, dz, ds) - / / /Y ()P (x)z dx mo(dz) ds

(Yo fo) + / [<Ys, Tt gy - / Yo (), ¢s>mo<dz>] ds

+ /0 t /0 1 /R Y, ()P (x)2N (dx, dz, dt) + /0 t /1 ) /R Yo (x)Pys(x)zN (dx, dz, dt)

(3.5.8)

Since floo zmgy(dz) = % the above can be written formally as

ey By Py p
(Y, V) —((Yt, 2¢t+ 8t¢t> (Y;_ :¢t>)

r(z )

+/01/RYt_(X)ﬁ¢t(X)ZJ\7( dt, dz, dX)+'/1m‘/RYt_(x)ﬂ¢t(x)zN( dt, dz, dx() |
3.59

Ito’s formula as given in [App09, Theorem 4.4.7] can now be applied with f(x) = e™ and
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G(t) = ((Yt: S+ 2y - ﬁ(Yﬁ_, gbt)). We have from (3.5.9),

e~ Yoye) _ o=(Nogo) = QY ¥e)) = (Yo, o))
_ / (e Ys))G(s) ds + / / /R | £t + Yo (0P (02) = F(Yoms 9) | N, dz, ds)

+

+

\c\

(=]

\\

/ F(ams) + Yo (Y5 (0)2) = (Yo o)) | N (i, dz )

[ ) Y5 P4 012) = (D) = Yo O (02 (Y, )| s o) i

(Yo ots) A L9 p
0 (1 G+ 2 oLy ds

r(2 )

+

” / (Yo ) (e—Ys—(x)ﬁ'/’s(x)Z—l)N(dx, dz, ds)
R

/ o (Yomr) (e Yo ()Y (x)z _ )N(dx, dz, ds)
R

J

t A 0
_<Y lﬁs Y — —_ —
e (< e s+ 5 U5

t
t
t

+

+
C\o\HH\

2]

e~ Yot (e Yo (0)PYs ()2 _ 4 Ys_(x)ﬁgbs(x)z) dx my(dz) ds

a B
m(Ys—:lﬁs)) ds

h / =) (¢ P02 _ 1) N (d, iz, do)
R

+

=
—

~

|

+

+
Nc\

/e_<Y5’ W) [ =Yoo (x)PYs (x)z _ )N( dx, dz, dS)]
R
/e—(Y Ys) —st(X)ﬁ¢s(x)Z_1) dx my(dz) ds
R

+/ / ‘/e_ws"%> e_Ys‘(x)ﬁ‘/’S(x)z—1+Ys_(x)ﬁ¢s(x)z) dx my(dz) ds (3.5.10)
o Jo Jr

adding and subtracting the term fot /100 /R e~ Ys-¥s) (e_YS*(")ﬂ‘ﬁs (x)z _ 1) ds my(dz) dx in the last
line. Note that the term in the square bracket above is

t o)
Ml‘(¢) = / / /e_<Ys—,¢s> (e—Ys—(X)ﬁ%(x)z _ 1) N( dx, dZ, dS)
0 0 R

and it is an F¥ -martingale. We consider the last term in the RHS of (3.5.10). Recall the definition
of mg from (2.4.1) and the fact that for y > 0,

ala—-1) [ (e_

Ay _ —a-1 — &
few 1+Ay)/1 ) =y

54



From these we can get,

/t/I/e_<YS"¢3> e_YS‘(x)ﬁ%(x)Z—1+YS_(x)ﬁl//s(x)z) dx my(dz) ds

B [ s )
/ / / ) (¢ P Y, ()P (x)2) dsm(dz) ds

/ / ~Yooys)y, ()P (x)* dx ds

/ / / ) (e V2 g, ()PP (x)2) dx mo(d2) ds. (3.5.11)

To finish the proof use the result of (3.5.11) in (3.5.10). By algebraic manipulations we have,
e~ Yuir) _ o=(Yo.t)

=_/ —(Yoets) ((Ys, A+ S¢s>

Iy
s

B
s ,¢s>) ds + M; ()

=) (¢ PO _ 1) s () d + / et (Y& yery ds

/ o~ (Yorsts) e—Yy(x)ﬂws(x)z 1+ Yo 0Py (0)2) diemo(dz) ds
[0 0y )z matd) ds,

s

(-, (<Y— _¢s + _I//s> + <Ya—ﬁ’ ¢sa>) ds + Mf(¢) (3'5'12)

of
_~/0 1
__ / L ((Y_ —ys+ ¢s>—r(2 )<Yf ,¢s>+<Y”i’3,¢:‘>) ds + M, ()
-/
-

again using the fact that flw zmo(dz) = 70 =

55



Chapter 4

Lie algebraic duality for some Markov
processes

Two Markov processes X and Y, taking values in state spaces E and F, are said to be dual to each
other if there exists a function D : E X F — R such that forall x € Eand y € F,

ExD(Xt, y) = ]EyD(x, Yt) (401)

for each t > 0. D is called the duality function. Here E, and EY denote the expectations taken
with respect to the law P, of the processes X starting at x € E and the law PY of Y starting at
y € F respectively.

This notion of stochastic duality between two Markov processes is a powerful tool used to
understand many of their properties. These processes arise from different branches of probability
theory including statistical physics, population genetics, stochastic partial differential equations
etc. However, given an arbitrary Markov process, there does not exist a general technique to
obtain its dual and an associated duality function. See the survey article of Jansen and Kurt [JK14]
for a more detailed overview of the various types of duality found in the literature.

Our aim is to use the techniques from the theory of Lie algebra to establish duality relations
for some infinite dimensional Markov processes. The papers [GKRV09], [CGGR15] of Giardina,
Redig and others have successfully used these ideas to obtain dual processes of the finite di-
mensional Wright-Fisher diffusion, the Brownian momentum process, the symmetric exclusion
process etc. Their approach is based on viewing Markov generators as sums and product of other,
simpler operators, such that the latter form a basis for a representation of a Lie algebra.

Following their initiative, in the present article we consider two models whose dual processes
have previously been obtained by classical methods, viz. the Feller diffusion process in dimension
one and the interacting Wright-Fisher diffusion in infinite dimensions.

This chapter is organized as follows. In Section 4.1 we have provided basic details related to
duality of Markov processes and the Lie algebraic method mentioned above. Section 4.2 contains
our result regarding the Feller diffusion and in Section 4.3 we discuss the interacting Wright-
Fisher diffusion. We end the chapter with some open questions in Section 4.4.
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4.1 Preliminaries

We start by giving a brief introduction to the classical duality theory of Markov processes and
the new algebraic method.

4.1.1 Duality of Markov processes

Let (Q, ¥) be a measurable space and E, F be Polish spaces endowed with their Borel o-algebra
B(E) and B(F) respectively. Let X = (Q,F, (X¢)z0, {Px}txep) and Y = (Q, F, (Ys)r»0. {PY}yeF)
be two Markov processes taking values in E and F. See [JK14, p. 61] for this notation and the
definition of a Markov process. Recall that, in (4.0.1) we have already defined the meaning of
duality between X and Y with respect to a function D.

Let (P;)s>0 and (Q;)s>0 denote the semi-groups of X and Y, i.e. for measurable functions
f:E—R,g:F—>Randt >0,

(P f)(x) = Ex[f(X;)] and (Q:9)(y) = E¥[g(Y))],

whenever the above exist. Assume now that X and Y have infinitesimal generators £X and £Y
with domains D(£X) and D(LY) respectively.

The following result connects (4.0.1) with a definition of duality expressed through the gen-
erators £X and £Y. Its proof can be found in [JK14, Proposition 1.2]. See also [SSV18, Lemma

1].

Proposition 4.1.1. Let X and Y be as defined above and D : E X F — R be a bounded and contin-
uous function. Moreover, assume that for each x € E,y € F and t > 0 we have D(x,-), P,D(x,-) €
D(LY) and D(-,y), P,D(-,y) € D(LX). Then X and Y are dual to each other with respect to D if
and only if,

LXD(-y)(x) = £YD(x, ) (y), (4.1.1)

forallx e Eandy € F.

In the following we give three well-known examples of stochastic processes and their duals.

Example 4.1.2. Let B = (B;);»0 be the Brownian motion in R starting from some x > 0. Let
T =inf{t > 0 | B; = 0} be the first hitting time of the Brownian motion at 0. Then

Xi =Bint, t20

is called the absorbing Brownian motion with absorption at the origin. Also let us define the
process,

Yt = |Bt|, t>0.

This is known as the reflected Brownian motion. See [Bre92, Section 16.3] for detailed discussions
regarding these processes. It is well-known that (cf. [Lig05, Section I1.3]) X and Y are dual to
each other with the following duality relation:

Py(X; <y) =PY(Y; < x) forallx > 0,y > 0,¢ > 0.
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Example 4.1.3. The one-dimensional Wright-Fisher diffusion is defined to be the solutions of
the following SDE:

dXt = \/Xt(l - Xt) dBt

where B, is a standard Brownian motion on R. Clearly, the infinitesimal generator of X is given
by

1 o
LXf(x) = 5x(1 - x)%, x € [0,1] (4.1.2)
where f € (i’i (R), the space of all real-valued twice continuously differentiable function on R
with bounded derivatives. Then X is dual to the process defined by the following generator,

LYg(n) = (Z) (g(n—1) —g(n)), neN, (4.1.3)

defined for any function g : N — R. The corresponding duality function is D(x, n) = x". This
generator represents the process known as Kingman’s coalescent (see [Eth11, Section 2.1]).

Example 4.1.4. Our final example comes from the theory of superprocesses. Let (Q, F, (F;);, P)
be a filtered probability space and MF be the collection of non-negative finite measures on R. For
a function ¢ on R and p € Mg, recall that (¢, u) = / @(x) p(dx).

We say that an a.s. continuous Mg-valued process X = (X;);», starting from some non-
random Xy € Mp, is a super-Brownian motion if

M) = (9. X0~ (0. X0) = [ (G Xy ds

is a F;-local martingale with (M(¢)); = fot Xs(p?) ds, for all ¢ € Gz(R)J,. Here A is the one-
dimensional Laplacian and (M(¢)). denotes the quadratic variation of M(¢).
Now suppose V = V(¢)s(x) is the unique non-negative solution of the PDE:

WVi(x) 1 1,
= -AV, - =V Vo=,
o 2 +(x) 2 0=9

fort > 0,x € R and some ¢ € Gi(R)J,. Then we know from [Per02, Eq. (IL5.7), p. 168] that X
and V are dual to each other with respect to the exponential function. More precisely,

Esy, exp (=(¢, X1)) = exp (=(Xo, V(9)1)),

forall p € GZ(RL.

4.1.2 Some Lie algebra preliminaries

Lie algebras and their representations are well studied and have vast literature. Here we give a
very brief exposition of the basics and direct the interested reader to the survey article of Sturm,
Swart and Vollering [SSV18] for a more detailed treatment of these topics. Let us first define a
Lie algebra and their homomorphism.
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Definition 4.1.5. A (complex) Lie algebra g is a finite dimensional vector space over C endowed
with a bilinear map [-,-] : g X ¢ — g satisfying the following relations. For all x,y, z € g,

(@) [x,y] =—[y, x] (skew-symmetry) and,

(i) [x, [y,z]] + [y, [z, x]] + [z [x,y]] = 0 (Jacobi identity).
The map [, -] is called a Lie bracket.

From every Lie algebra g we can obtain its conjugate Lie algebra § := {x | x € g} defined via
a conjugate linear bijection x + % from g onto g such that [%, §] = [y, x] holds for all x, y € g.

Definition 4.1.6. Given two Lie algebras g and b, a Lie algebra homomorphism is a linear map
¢ : @ — b that preserves the Lie algebra structure, i.e. for all x,y € g,

[o(x), 0(y)] = o([x, y])
where the Lie brackets in the Lh.s and the r.h.s. are associated with f) and g respectively.

A conjugate linear map g — g, x — x* will be called an adjoint if (x*)* = x and [x*, y*] =
[y, x]* for every x,y € g. When g has a basis {x1, x3, ..., x,}, the Lie bracket on g is completely
determined by the so-called commutation relations,
n
[xi, x;] = Zcijkxk, i<j. (4.1.4)
k=1
Note that when V is a finite dimensional complex vector space, the space of all linear maps
L(V,V) from V to itself is a Lie algebra with the Lie bracket given by

[A,B] =AB-BA, ABeL(V,V),

where AB denotes the composition of linear maps. We are now ready to define representations
of a Lie algebra g.

Definition 4.1.7. A representation of a complex Lie algebra g is (Lie algebra) homomorphism
7 :g — L(V,V) where V is a complex linear space.

Let V be a complex vector space with dim(V) > 1 and suppose Xj, ..., X, € L(V,V) satisfy
commutation relations

n
[Xi, X;] = Zciijk, i<j.
k=1

Then the map defined by x; — X;, i € N, defines a representation of g by virtue of (4.1.4).

As an example of a Lie algebra, we define the Heisenberg algebra, denoted by Y. This is a three
dimensional complex Lie algebra with basis {a’, a”, a*} and the following commutation relations
(see (4.1.4)),

[a”,a"] =a° [a7,a°]=0, [a"a’]=0. (4.1.5)
One can check easily that the operators on L?(R),
_ 0
ATFG) = (), ATF() = = f(0) and A1 () = £ (x) (4.16)
satisfy the commutation relations [A~, A*] = A?, [A%, A°] = 0. This is known as the Schrédinger

representation of f.
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4.1.3 Algebraic duality

For the purpose of studying duality between two processes, the notion of an intertwiner or ho-
momorphism between two representations of a Lie algebra is crucial.

Definition 4.1.8. Let V and W be two vector spaces and 7y : @ — L(V,V), myy : g — L(W, W)
be two representations of g. A linear map ® : W — V is called an intertwiner between these two
representations if

my(x) o ® = @ o my (x) (4.1.7)
for all x € g. When @ is an isomorphism, we say that the two representations are equivalent.

Suppose (Q, p), (Q, /i) are measure spaces and V, W are linear subspaces of L?(Q, 1) and
L3(Q, j1) respectively. V and W inherit the natural (real) L*-inner products (-, -), and (-, -); from
their parent spaces. Let g be a Lie algebra having basis {by | k € I} (I being a countable - finite
or infinite — index set). Also let Ty, k € I and Sg, k € I be operators on V and W such that the
correspondences by — Ty and by > S define representations of g and its conjugate Lie algebra
g. Note that the operators S; (adjoints of Sx with respect to the inner product (-, -); on W) define
a representation of g.

The idea behind algebraic duality is this: if we can express the generator L of a Markov pro-
cess using the basis {Tj }r<r of a representation of a Lie algebra g, roughly speaking, a dual of the
Markov process can be obtained by replacing {Ti }xe<; by those coming from the representation
{S;:} ke of g, provided that these two representations are related in a nice manner. The next result
makes this idea precise. This is the infinite dimensional version of [SSV18, Proposition 10] and
can be proved similarly. This will be used for calculating the duality function in the next section.

Proposition 4.1.9 (Intertwiners and duality functions). Let ® : W — V be a linear map having
the form

Dg(x) = /Q 9(y)D(x. y)i( dy) (4.1.8)

for some measurable function D : Q x Q — R. Then the following are equivalent:

(a) @ is an intertwiner between the representations {Ty | k € I} and {S, | k € I} of g; i.e. for all
kel

T® = DS (4.1.9)

(b) Forallx € Q,y € Q andk € I,
T D(-, y) (x) = Sk D(x, ) (y). (4.1.10)

Proof. Assume statement (a) and fix k € I. Note that, to prove (4.1.10), it is enough to show that
forall f € V and g € W, we have

/ u(dx) £ () / (dy) 9(y) SeD(x. ) () = /ﬁ(dy)g(y) / u(dx) F() TD(y) (). (4.1.11)
Q Q Q Q
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Fix f € V,g € W. Then, by definition of ® from (4.1.8) and Fubini’s theorem,
(> qu)g>,u =<T]jf’ q)g>p

_ /Q p(dx) T £ (x) () (x)
- [ i@ 9ty [ udn D Gy)
o) Q
- [ i@y 9w (1210w,
- /Q dy) g(y) . TD (s 1))y
:/ﬁ(dy)g(y)/y(dx)f(X) TeD(-, y) (x).
o) Q

This is the r.h.s. of (4.1.11). Similarly one can show that

(f. 9Sg), = /Q u(dx) f(x) /Q A(dy) 9() SkD(x, ) (u),

which is the Lh.s. of (4.1.11). Since (f, Tr®g), = (f, S;g), by our assumption, (4.1.11) holds and
we are done. The above computations also show that the converse is trivial. O

We show how to treat duality with this method in the simple instance of the Wright-Fisher
diffusion which was already introduced in Example 4.1.3.

Example 4.1.10. Recall the Schrédinger representations (4.1.6) of the three dimensional Heisen-
berg algebra . With these we can write down the generator £X of the Wright-Fisher diffusion
defined in (4.1.2) as

1
L£X = 5[A+ — (AMH?](A)2 (4.1.12)
Now consider the operators
B g(n) =ng(n—1), B'g(n)=g(n+1)and B'g(n) =g(n), x€N,

where g : N — R is any function. One can check easily that [B~,B*] = —B°. This there-
fore gives a representation of the conjugate Heisenberg algebra §). Thus their adjoints, B* :=
{(B7)*, (B*)*, (B%)*} is a representation of ). Assume that the intertwiner ® between the rep-
resentations A and B* has the integral form given in (4.1.8). Then we can apply Proposition
4.1.9.

We have the intertwiner relations A~® = ®(B~)* and A*® = ®(B*)*. Now composing £LX
with @ from the right (4.1.12) gives us,

LX0 =— ([A* - (AN (A7) @

@ ([(B")" = ((BH))’1((B7)")?)

@ ((B)?[B" - (BY)?])",

N[ RN =N =
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using the fact that T*S* = (ST)* for two operators S and T. The above definitions of B*, B and
some computations will show that

3 (BB = (871 900 = ) 900 = 1) = g

which equals the generator of the Kingman’s coalescent £¥ defined in (4.1.3).
In Section 4.3 we are going to consider an infinite dimensional generalization of this model.

4.2 The one-dimensional Feller diffusion

The Feller diffusion is a real-valued process defined by the stochastic differential equation (SDE)

t
X, = x+ / VX,dBs,  t>0, (4.2.1)
0

where x > 0 and B is the Brownian Motion in R. It arises naturally as the weak limit of the
rescaled critical Galton-Watson branching process (cf. [EK86, Theorem 9.1.3]). The existence and
uniqueness of solution to this SDE follows from Theorem 2.3 and Theorem 3.2 of [IW89, Chapter
V]

Theorem 4.2.1 (Theorem 3.1 of [MM22]). Supposey > 0 and letY be the solutionY : [0, 0] — R,
of the ordinary differential equation,

t
Y, =y— 2/ Y2 ds, t>0. (4.2.2)
0
Then X, defined according to (4.2.1), and Y are dual to each other with respect to the duality function
D(x,y) = exp(—2xy) defined on RZ.

By an application of Proposition 4.1.1, the above claim can be checked easily once we note
that

1 o*f ag
X _ Y _ 2
L7 f(x) = Exaxz and L' ¢g(y) = -2y P (4.2.3)

(defined for all f, g € C%(R)) are the generators of X and Y respectively. We give a proof of this
fact using only the algebraic method discussed in the last section.

Proof of Theorem 4.2.1. The three dimensional Heisenberg algebra b has the following (rescaled)
Schrédinger representation given by the operators

AF00 =~ D), A = VB (), AF() =~ )

defined on a suitable subspace of L?(R). In terms of this representation of h we can write £X as

L:=2L%= %A*(A‘)Z. (4.2.4)
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Now define
B =A%, B":=A", B’:=A" (4.2.5)

Clearly [B~,B*] = —B° and [B*, B°] = 0. Therefore {B*,B~, B’} defines a representation of
the conjugate Heisenberg algebra f). Thus {(B*)*(B7)*, (B%)*} defines a representation of the
Heisenberg algebra I). It can be seen by the Stone-von Neumann’s theorem (see [SSV18, Section
2.5]) that A and B* define equivalent representations of f). In other words, there exists a bijective
intertwiner ® such that

AT® = ®(B*)*, A" =®(B7)*, A’D = &(B°)*. (4.2.6)

First, let us derive the generator L of the dual Markov process. Applying ® to L (as defined
in (4.2.4)) from the right we get,

Lo=—~ [AT(A7)?]® = @(iz(B—)zBﬂ*. (4.2.7)

V2 2

Using the relations (4.1.6) and (4.2.5) we can explicitly write down the (differential) form of L=
\l@ (B7)?B*. We note that this matches with the generator £Y given in (4.2.3).

To obtain the duality function, let us assume that ® has an integral kernel denoted by D :
R2 — R,, i.e. it has the form given in (4.1.8), with j being the ordinary Lebesgue measure. By
Proposition 4.1.9 we can thus write

A*D(.,y)(x) = B*D(x,.)(y). (4.2.8)

By (4.1.6) and (4.2.5), the above is a system of ODEs from which we can compute D. Solving these
we find that, up to a multiplicative constant, the duality function is given by

D(x,y) = e XY, x,y > 0.

This completes our proof. O

4.3 Interacting Wright-Fisher diffusion on infinite sites

Let A be a countable set. Let X = (X.(i));ea be defined by the following systems of SDEs:

A () = Y qij (Xe(J) = Xe () dt + V22, (D) (1 = X, (0)) dBy (i), (43.1)

jeA

fort > 0,i € A, where {B(i) | i € A} are independent standard Brownian motions and g;; > 0
(i,j € Ai # j) denote the transition rates of a continuous time Markov process on A. g;;’s are
assumed to satisfy the following properties.

(i) g =0foralli e A.
(ii) sup;cp 2ijen qij < ©o. (Summability)

(iii) Q = (qij)ijen is irreducible in the following sense. For every non-empty A C A there exist
i€ Aandj€ A\ Asuchthat g;; >0org;; > 0.
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(iv) Xjea ji = Zjen qij for all i € A. (Weak-symmetry)

X describes a system of linearly interacting Wright-Fisher diffusions on A with resampling. In
the papers [AS05], [AS12] of Athreya and Swart, it was shown that the process X is a dual to the
system X of jumping and coalescing particle given by the generator

Gh(n) = Y quni(@(n+6;=8) = () + > miny = D($(n=8) = $(n),  (43.2)

i,jeA ieA

where n = (n;); € NA. The above is defined for every ¢ : N* — R ! for which the sums exist
finitely. In this section we prove this only with the help of Proposition 4.1.9.

First, we set up some notations. Let A (k > 1) be finite subsets of A such that Ay C Ay
and UrcnAx = A. We call a function f : [0,1]* — R cylindrical when it is determined by finitely
many co-ordinates. In other words, there exists a k > 1 and a function f : [0,1]* — R such
that f((x;)iep) = f((xi)ieAk) for all x = (x;)iea € [0,1]*. Define the space

C?yl = Cﬁyl([o, 1) = {f : [0,1]* = R|f is cylindrical andf is twice differentiable} . (43.3)

On nyl(
integer such that f and g can both be defined on Ag, then

[0,1]") we define the following inner product: if f,g € Cﬁyl and k > 1 is the smallest

(fo@)ce = frgaats

eyl [0,1]7

where A% = ®;¢ Akli is the product of one-dimensional Lebesgue measures on [0, 1]. The integral
above is always finite by the regularity conditions of f and § and the fact that [0, 1]** is compact.
The bilinearity is obvious.

Also, let us define

N(A) := {n = (n;)iea € N*|n; = 0 for all but finitely many i € A}.

For every ¢ : N(A) — R, define the support supp ¢ to be the collection of points n € N(A) such
that ¢(n) # 0. Let S¢i, (N (A)) be the set of all finitely supported functions on N(A).
We can define an inner product on Sz, (N(A)) as follows: for ¢, ¢ € Srin (N(A)),

(G Pspmivan = . dmP(n). (4.3.4)

neN(A)

By definition of S¢;,(N(A)), the above sum is always finite.” We also note that it is enough to
define the generator G in (4.3.2) for functions in S¢;, (N (A)).

Theorem 4.3.1 (Proposition 1.1 of [AS12], Theorem 4.1 of [MM22]). The process X defined above
is a dual to X with respect to the duality function

D(x,n) = x" = Mepx(i)"D,

where x = (x(i))iea € [0,1]" and n = (n(i));es € NA.

Forus N = {0,1,2,...}
2The sum will be finite whenever the sequences (91(M)nen(a) and (g2(n))nen(a) are in IZ(N(M)).
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Remark 4.3.2. The dual process X of X matches with the more general dual stated in Proposition
1.1 of [1]. But the duality function obtained by here is slightly different from the one found
in [AS12], which is (x,n) — (1 — x)"

Proof of Theorem 3.1. For our purpose, we will use representations of the Heisenberg algebra
having basis indexed by A,

B(A) = span{a’, af | i € A}.
where the following commutation relations hold:
[ai_7 a;] = aijaos [aii’ ao] =0.

Also throughout the proof we will let V = Czyl( [0,1]%) and W = Srin(N(A)).

c

H(A) has the Schrédinger representation given by

AP =xf (0, ATf) = (), A () = £,

wherei € A,x € (0,1)" and f € Cﬁyl([o, 11%4).
Also, for ¢ € Sf;n(N(A)), we define the following operators

Bi¢(n) = ¢(n+8), By $(n) = L(n,21yni¢(n — 8,), B°p(n) = ¢(n),

where n € N(A). Note that these are the basis of a representation of B(A), ie. [B;, B;f] =-5;;B°
fori, j € A.

Denote by (B¥)*, (B°)* the adjoints of B, B’ with respect to the inner product (-, -)s i defined
above. It can be seen easily that

(B} ¢(n) = L2y (n = &), (B))"¢(n) = (n; + $(n+ &), (B’)" = B

and that these give a representation of h(A). We first explicitly give a bijective intertwiner show-
ing that this representation is actually equivalent to the one given by {AF, A? | i € A}.

Define @ : Sf;, — nyl by

@) (x) = > p(mx"
neN(A)

where ¢ € S¢in, x = (xi)ien € [0, 1]* and x™ = [];eq x;" if n = (n;)s. Note that the function ®¢
is cylindrical: only finitely many A-coordinates appear in each term as n; = 0 for all but finitely
many i and there are finite such terms in the sum as ¢ has finite support.

It is also clear that ® is injective and thus to prove that it is the required equivalence between
the two representations one only has to show that @ is linear and ® is homomorphism between
the representations, i.e.

O(By)" = (A))® (4.3.5)

on S¢iy. These are easy to check.
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To obtain a dual of G we only need to write it in terms of A;’s and apply ® from right. We
have

§= 3 (A —ADAT + . [AF = (4D (4))? (436)
i,jeA ieA
and (4.3.5) gives
50 =®| > qiB; (Bj B+ ) (B))’Bf(1-B})| . (4.3.7)
LjeA ieA

If we call G the expression inside the round bracket and write down the definitions of the oper-
ators BY, we end up with the (4.3.2).

The only remaining part is to give the duality function D such that $D = GD happens. For
this we use proposition 4.1.9. By this proposition, because of the relations (4.3.5), we have the
following

A:D(x,n) = BfD(x,n) (4.3.8)

for all x € [0,1]", n € N(A), where D(x, n) := x™ is the integral kernel of ®. This directly shows
that §D = GD and thus D(x, n) = x" is the required duality function. ]

4.4 Conclusion and some open questions

As we have seen in the previous sections, using algebraic method one can usually obtain the
dual process when the duality function is already known. Also, given a stochastic process with
a generator £, choosing the correct Lie algebra g to express it in terms of its representation,
remains an ad hoc procedure. Moreover, one does not know a priori that the dual £, obtained
using Proposition 4.1.9 or [SSV18, Proposition 9], will be the generator of a Markov process.
Owing to these issues, we have faced some difficulties when trying to apply algebraic techniques
to stochastic processes whose duals have been well-studied. We list two such problems that are
currently outstanding.

(i) [AS12] considers a more general system of diffusion processes X than the one we studied
in Section 4.3. This system includes selection and mutation with rates s and m respectively.
However, when trying to apply the Lie algebraic framework of using the Schrodinger rep-
resentation of the Heisenberg algebra, we end up with an error term in the required duality
relation GD = GD.

(ii) The Dawson-Watanabe superprocess is the high density weak limit of the critical branch-
ing Brownian motions. They can be seen as a spatial generalization of the Feller diffusion
that we considered in Section 4.2. See Example 4.1.4 for the dual relation of the super-
Brownian motion, a particular instance of duality involving superprocess. The ideas of
algebraic duality remain to be applied here.
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Chapter 5

Rough paths and integration with
respect to Poisson random measures

In the final chapter we shall aim to discuss the pathwise interpretation to the theory of stochastic
integration with respect to Poisson random measures (PRMs). We will present some initial results
and observations from an ongoing work. We begin with a description of the problem.

Let T > 0 and (Q, 7, (F1)ss0, P) be a complete probability space. Let Y : [0,T] xR x Q — R
be a predictable function (cf. Section 1.2) and N be a Poisson random measure on [0, c0) x R?
with intensity dt X p(dx) as in Definition 1.1.4. y is assumed to be a Levy measure on RY, i.e. it
satisfies the condition

/ (1A |x*)p(dx) < oo. (5.0.1)
R4
Let N(dt, dx) := N(dt, dx) — dt u(dx). We know that when
T
/ / [Y(t,x)|*dt p(dx) < o0 as., (5.0.2)
0 JR4
the stochastic integral
t
/ / Y(s,x)N(ds,dx),t > 0, (5.0.3)
0 JR4

exists as a limit in probability (cf. [App09, p. 227]). We want to give pathwise meaning to the
integrals such as (5.0.3).

The pathwise interpretations of stochastic integrals with respect to one-parameter objects
(i.e. stochastic processes) are well understood by now and have found applications in the nu-
merical simulations of various SDEs. Here, on the other hand, we have a situation where our
integrands are functions of two variables — time and space. Further, it is worth observing that a
pathwise meaning of integrals such as (5.0.3) will help us solve the SDE (cf. [App09, Eq. (6.12)])

dYt = b(Yt_) dt + O'(Yt_) dBt + f

|x|>1

G(Y,_, x)N(dt, dx) + / F(Y,_,x)N(dt,dx) (5.0.4)

|x|<1

in a pathwise sense. Here B; is the Brownian motion and b, o , G and F are appropriately defined
functions.
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We will need some basic techniques from the theory of rough paths. The theory of rough
paths was introduced by Lyons [Lyo98]. There are a number of excellent references for studying
this area, e.g. [LCL07] and [FV10]. We borrow our exposition mainly from the book of Friz
and Hairer [FH14], but instead of treating only Holder continuous rough paths as these authors
have done, we deal with the more general case of possibly discontinuous paths having finite p-
variation. This is the approach adopted in the article by Friz and Shekhar [FS17]. We also note
that our discussion avoids the general algebraic theory, such as the one found in [FV10].

This chapter is structured as follows. Section 5.1 introduces the central notions of p-variations
of a path and that of the control function. In Section 5.2 we take a close look at the theory of
Young integration. Section 5.3 introduces rough paths and their integration. We present our
observations on pathwise integrals against PRMs in the final section.

5.1 p-variation of paths and control functions

We begin by precisely defining the notion of p-variation of a path in R which is a quantitative
way of capturing the regularity (smoothness vs. roughness) of the path in question. By a partition
P of an interval [a, b] we mean a finite collection of points a = up < u; < -++ < up_; < ux = b.
Throughout the rest of this chapter and the next one we will use this term interchangeably to
mean a collection of sub-intervals arising out of the consecutive points in this list, i.e.

:P = {[aa u1]> [U1, uZ]s s [uk—Zs uk—l]s [uk—l’ b]}
PP[a, b] denotes the collection of all partitions of [a, b].

Definition 5.1.1. Let a < b be real numbers and p > 0. The p-variation of a path X : [a,b] — R?
is defined to be

=

HX”p—var;[a,b] = sup Z X — Xulp
fPEPP[a,b] [u,U]EiP

The above defines a semi-norm on the space of all R%-valued paths defined on [0, T]. We
will sometimes denote X(t) = X; and shorten the notations for X; — X; by using X; ;. Also the
p-variation norm of X will be denoted by ||X||,—var When the interval in question is clear from
the context. We next define oscillation of the path X as follows,

Osc(X;[0,T]) = sup |X, — Xyl
u,0€[0,T]

It is a well-known fact that when X is cadlag (right-continuous with left limits) or caglad (left-
continuous with right limits), it has finite oscillation over [0, T] (cf. [Bil99, Lemma 3.1]). This can
be used to show that when 0 < p < p’, [|X||p-var < oo implies ||X||p—par < o0.

Now let us denote by A[0, T] the two-dimensional simplex {(s,t) € R |0 < s <t < T}.

Definition 5.1.2. A function w : A[0,T] — [0, o) is called a control function if it satisfies the
following super-additive property: whenever 0 < s < u <t < T, we have

w(s,u) +w(u,t) < w(s, t).
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It is easy to see that if X : [0, T] — R? has finite p-variation then for 0 < s <u <t < T and
any two partitions P; € PP[s,u] and P, € PP[u, t] we have

DL Xl + > Xl < IXIE_

[a,b]eP; [a,b]eP,

as Py U P, is a partition of [s,¢]. Taking the supremum over all partitions of [s, ] the above
relation gives,

4
+||X”p var;[u,t] — ”X”p var;[s,t]"

p var;[s,u]

Thus w(s, t) = |X]|?_

p—uoar;[s,
control functions to be defined in the sequel. Although we do not require our control functions
to be continuous for the most part, it is useful to observe that if the path X is continuous, so is

the control w defined from it.

" defines a control. These will serve as the building blocks for all the

Lemma 5.1.3. Let X : [0,T] — R be a continuous path of finite p-variation. Then the map
t = |IX|lp—oar;[0,¢] is continuous.

Proof. See [FV10, Propositon 5.8]. O
The following two results are important properties of control function.

Lemma 5.1.4. Suppose wy, wy : A[0,T] — [0, co) are control functionsand a, f > 0 witha+f > 1.
Then w := wf‘wf is again a control function.

Proof. To prove the super-additivity of w it is enough to prove the following claim: if x,y,a,b > 0
and & + f > 1 then x*y# + a®bP < (x + a)*(y + b)P. As this is equivalent to

X \@ p a \« B
(x+a) (yf—b) +(x+a) (y-l:-b) <1 (5.1.1)

we can assume that x + a = y+ b = 1. Using the fact (a+;)/a + (a+;)/ﬁ = 1, by Young’s inequality
for products we get

a%ﬂ ,Ba;%ﬁ a+p a+p a+p a+p
x*yf < al +7 Sl by and a®b? < M.
atf atf a+f a+p
a B
Hence
+ +
oy + bl < a(x +a)*P + p(y + b)**P _atp_
a+p a+p
using our assumptions @ + § > 1 and x + a = y + b = 1. This proves (5.1.1). O

Lemma 5.1.5. Suppose w : A[0,T] — [0, c0) is control function and P is a partition of some
interval [s,t] C [0,T] containing at least three points. Then there exist three consecutive points
u— < u < u+ in P such that

w(u—,u+) < Lw(s, t) (5.1.2)
r—1

wherer + 1 = #(P), the cardinality of P.
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Proof. If not, then there is a partition P = {s = up < w3 < --- < u, = t} such that for all
i=1,...,r—1,

2
w(ti—1, Uiy1) > r_—lW(S, ).

Suppose r is even. Then

r—1

2w(s,t) < Z w(ui—1, Uir1)
i=1
r—1

r—1
= Z W(Ui—1, Uis1) + Z w(Ui—1, Uis1)
i=1

= i=1
iodd i even

=[w(uo, uz) + -+ w(tp_g, up)] + [w(up, uz) + -+ + w(tp_3, tp—1)]

SW(U(), ur) + W(ul:ur—l) < ZW(uo, ur) = ZW(S, t):

which is a contradiction. Similar conclusion can be reached when r is odd. O

5.2 The Young integral

In this section we present the theory of integration developed by Young [You36]. This provides
a blueprint for the theory of rough paths which will come in the next section. For a path X :
[0,T] — R to be regulated we mean that the left and right hand limits of X at each point
t € [0, T] exists.

Definition 5.2.1. Let X : [0,T] — R% and Y : [0,T] — R? be regulated paths. We define the
Young integral of Y with respect to X to be

T
Y,dX, = lim Y (X — X;) (5.2.1)
/ >

|P]—0
pepp[o,T] [5:t1€P

where |P| denotes the mesh size of the partition P.

The limit above is said to exist and equal to L if for each € > 0 there is a delta § > 0 such
that whenever |P| < 6, we have | X[ ,jep Ys(X; — Xs) — L| < e. This is sometimes called the
Mesh Riemann-Stieltjes convergence of Riemann sums (cf. [FS17, Definition 1]). The main result
concerning Young integrals is the following.

Theorem 5.2.2. Suppose X and Y are both regulated paths with finite p-variations for some p < 2.
Moreover assume that X is cadlag. Then the Young integral /OT Y, dX,, as defined in (5.2.1), exists.

Before the proof of this theorem we need a lemma that allows us to control the jumps of X
and Y together on small intervals.

Lemma 5.2.3. IfX,Y : [0,T] — R? are regulated paths and X is cadlag, then for every e > 0 there
is some 8 > 0 such that
either |Y, — Y| <eor|X. - Xp| <€

whenever0 <a<c<b<Twithb—a<?$.
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Proof. Suppose not. Then we can find an € > 0 and sequences {s, }n>1, {tn}n>1, {fn}tn>1 in [0, T]
having the following properties: for alln € N, (i) s, < u, < ty, (i) |t, — snl < % and (iii)
[Y(sn) = Y(un)| 2 € and [X(tn) — X(un)| > €.

As {u,}nis asequence in a compact set [0, T], we can a find sub-sequence {up, }k>1 of {tn}n>1
so that u,, — u as k — oo. The conditions on the other two sequences then imply that s,, — u
and t,, — uask — oo,

Now several situations arise. We split them in the following cases.

Case (a): (When u,, = u for all but finitely many k’s) By right continuity of X, we know
X(u+) = X (u). But this contradicts the conclusion that

€< klim X (tn,) = X ()| = |X(u+) — X(u)].

Case (b): (When u,, < u for infinitely many k) Without loss of generality assume that
Un, <uforall k. As sy, < up,, limg_o Sy, = limg_,o0 up, = u and Y(u—) exists, we get

e < lim [Y(une) = Y(sn )l = Y (u=) = Y(u)| = 0,

which is a contradiction.
Case (c): (When u,, > u for infinitely many k) Using the same argument as in the last case
and the fact that X (u+) exists we have,

€< klim IX (Un,) = X(tn, )] = [X(u+) = X(u+)| =0,

we again arrive at a contradiction.
The above three cases together imply the statement of the lemma. ]

Proof of Theorem 5.2.2. Fix a cadlag path X and a regulated path Y defined on [0, T] and taking
values in RY. For each partition P of [0, T], let us use the notation

S = > V(X —Xy)

[s,t]eP

for the Riemann sum corresponding to P.

As per our definition of Young integrals we only have to show that the limit in RHS of (5.2.1)
converges. For this purpose it is enough to prove the following Cauchy criterion: For a given
€ > 0, there is a § > 0 such that whenever P,,P, € PP[0,T] with |P{],|P2] < & we have
IS(P1) = S(P2)| < e

So, fix an € > 0. Let § > 0 be such that Lemma 5.2.3 holds with €. Let P;,P, € PP[0,T]
be such that |P4|, |P2] < 8. We can safely assume that P, is a refinement of Py, ie. P; € Ps.
When 0 < s <t < T, we denote by P;[s, t] all the points in P, (and hence their corresponding
sub-intervals) between s and t. We have,

SP) =S = >, | D, YulXo—Xu) = Yu(Xe = X)) (5.2.2)

[s,t]€P1 \[u,0]€P2[s,t]

Denote Gs’t = Z[u,v]e?z[s,t] Yu(XU —Xu) - Ys(Xt - Xs)
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Letn € [3, 1-1,)- As ||X || p=var:[o,r] < o0 and ||Y||,—yar;[o,r] < o0 by our assumption, the function

w(s, 1) = [IX]12" Y IeT (5.2.3)

p—uvar;[s,t] p—ovar;[s,t]

for 0 < s <t < T isa control by Lemma 5.1.4.
Now fix [s, t] € P;. For some a € (1, er;) we have,

S(P2[s, t]) = S(Py[s, ] \ {u})]
= Yae (X = Xue) + Yu (Xur = X)) = Yar (Xt = Xou0) |
=|Yu - Yu—| : |Xu+ _Xul
=Yy = Yo |71 X = X TP Yy = Yo [P [ Xy — X [P (5.2.4)

Note that, as X and Y are both regulated, there is a finite constant C > 0 such that
Osc(X;[0,T]) < C,Osc(Y;[0,T]) < C.

From (5.2.4) therefore

IS(P2[s, t]) = S(P2[s, 2] \ {u})]
Sel—pqacl—pr]a : (|Yu - Yu—lp)na ) (lXu+ _Xu|P)’7a
<t et P ([ X )
p—var;[u—u] p—var;[uu+]
Sel_pnacl_p']a . W(u_, u+)a’ (525)

where we have used Lemma 5.2.3 and our assumptions on the partitions P, P, for the first
inequality.

As P; C Py, we must have #(Py[s,t]) > 2. If #(P,[s,t]) = 2, clearly 65, = 0. So we can
assume that r := #(P;[s, t]) = 3. Therefore by Lemma 5.1.5, for the control function w, there are
three consecutive points u— < u < u+ in Py [s, t] such that

w(u—, ut) < (r_%w(s, t). (5.2.6)

)

We can use this in the calculations (5.2.5) above to get,
S(Pa[s,£]) = S(Pals. t] \ {u})| <e'P1CP1" - w(u—, u+)”,

a
<e'~pnaci-prna. (Lz) w(s, )%, (5.2.7)

Recall that r = #(P,[s,t]). Since Lemma 5.1.5 holds as long as the partition has at least
three points in it, we can estimate |S(P;[s, t]) — Ys(X; — X;)| by inductively defining a decreasing
sequence of sub-partitions Q (1 < k < r — 3) of P,[s,t] as follows: Let Qy := Py [s,£],Q; =
Pa[s, t] \ {u} where u satisfies (5.2.6). In Q, again there are u— < u < u+ (according to Lemma
5.1.5) such that (5.2.6) holds for r — k = #(Qx) > 3. Let Qg1 := Qi \ {u}. For each k, by the same
argument used to obtain (5.2.7), we can get

2

1S(Qk) — S(Qpy1)| < el7PraCI—PI. (_
r—k-2

)0’ w(s, )%, (5.2.8)
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with the same « € (1, pl,]) and the control function defined by (5.2.3).
From the above computations we now have,

r-3
10se] < > 1S(Qkrr) = S()]
k=0

r-3 2 a
1-pna ~1-pna = a
<el~Pnac Z(r—k—Z) w(s,t)
k=0
<el-pnagl-prage (Z kia) w(s, )%
k=0
=e!7PIECI=PI%% () w(s, t)* (5.2.9)

using (5.2.8) in the second inequality. Here { denotes the Riemann zeta function. From this and
(5.2.2), it easily follows that

S(P) =Sl < D 105l

[S,t] ePy

<! mPIaCI=PIAY () Z w(s, 1)*
[S,t] ePy

<elTPnaC=P1Ee r (o) w(0, T)?, (5.2.10)

where we have used the super-additivity of the control function w and the fact ¢ > 1 to get
the final inequality. Since (5.2.10) holds for any € > 0, we have proved the required Cauchy
criterion. O

The technique of controlling the difference of Riemann sums for the purpose of proving the
existence of a certain integral will recur throughout this chapter. A more refined statement of
this, called the sewing lemma, can be found in the next section (cf. Proposition 5.3.6). Analogous
to the bound (5.2.9) on 6, obtained in the above proof, we have the following estimate, called
the Loeve-Young inequality. Let us recall from (5.2.1) that

T
/O Y, dX, = lgl)im Z Yo (X, — Xo),

|—0

pepp[o,T] [$:t1€P
and that the previous theorem guarantees the existence of the limit above.

Lemma 5.2.4 (Loeve-Young inequality). Under the hypotheses of the above theorem, for any 0 <
s<t<T,wecanfindap = p(p) € (0,1) such that

t
1_
[ 4 = 306 = X0 < 0PI IV (5.211)
S
where os; = 054(X, Y) satisfies the condition that,

lim| sup o5:(X,Y)[=0. (5.2.12)

610\ s tef0,T]

|t—s|<6
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Proof. We use the following notations, already used in the proof of Theorem 5.2.2. We have

% <p<itl<acx ia and w is the control function defined in (5.2.3). Let P be an arbitrary

partition of [0, T]. Suppose r = #(P[s,t]) > 3. Then by Lemma 5.1.5 there are points u— < u < u+
in P[s, t] such that (5.2.6) holds. We have,

IS(P[s,t]) = S(P[s, t] \ {u})]
S|Yu - Yu—|1_p’7a : |Xu+ - Xull_pna : |Yu - Yu—lpna : |Xu+ - Xulpna
S|Yu - Yu_|1—P'7’1 : |Xu+ - Xu|1—pnaw(u_, u+)a

2 [24
<|Yy = Yoo |77P1 X, — X, 1P (—2) w(s, 1)%, (5.2.13)
r —
applying the definition of w in the second inequality and (5.2.6) for the third.

As before, we let C > 0 be a finite constant bounding the oscillations of X and Y on [0, T].
For 0 < s <t < T define,

0ot =05 (X, Y) :=C-  sup  |Ye— Y| A X — Xe|. (5.2.14)

s<a<c<b<t

Clearly
|Yu - Yu—l : |Xu+ - Xul < O'S,t(Xs Y)

for any s < u— < u < u+ < t. Also observe that ¢ satisfies (5.2.12) by Lemma 5.2.3. Hence
(5.2.13) gives

IS(PLs,]) = S(P[s, t] \ {u})| < 05,0 (X, Y) 7P (r%)a w(s, )%

Recall that 6, (P) = S(P[s, t]) — Ys(X; — Xs). Similarly as in (5.2.9) we have,

105, (P)] < 000 (X, V) TP12°L (@) w (s, )% = Cros,e (X, V) PPAXIETS LIV

p—var;[s p—var;[s,t]”

As the above is true for any P, we obtain

t
/ Y, dX; = Ys(Xe = Xs)| = |}>1|m0 |€s,t(j))|
s g
<Ciou (X, Y)PIXETE Y

p—uoar;[s, p—uvar;[s,t]’

This proves the lemma with § = pna. O

5.3 Rough path and rough integral
We are now ready to introduce the notion of rough paths. For a two-parameter function, say

G : A[0,T] — W (where (W, | - |) is normed vector space), its p-variation is defined similarly as
in Definition 5.1.1.

IGllp-oarfor = | sup > IG(s )|
?GPP[O,T] [u,v]E(P
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As is customary in the literature, we use tensor product notations in this section. By R™ ® R”
we will denote the space R™*" of m X n matrices with real entries. Given two (column) vectors
X,Y € R™, the notation X ® Y will denote the m x m matrix XYT obtained by the method of
matrix multiplication.

Definition 5.3.1. Let p € [2,3) and X : [0,T] — R?, X : A[0,T] — R? ® R? be functions such
that

(1) ”X”p—var;[O,T] < 0o, ||X”p/2—var;[0,T] < ©0.
(if) The map t — (Xo,, Xo) is cadlag.
(iii) Forall0 <s<u <t <T,

Kot =Koy =Xt = X0 ® Xuit (Chen’s relation).

Then the pair X = (X, X) is called a cadlag rough path of p-variation.

Since we are interested in doing integration against rough paths, we next introduce our in-
tegrands. Given two vector spaces V and W, by £(V, W) we will denote the collection of all the
linear maps from V to W.

Definition 5.3.2. Suppose (X, X’) is a p-variation cadlag rough path as defined above. Let Y :
[0,T] = L(RE,R™) and Y : [0, T] — L(RY, L(RY,R™)) = L(RY ® RY, R™) be two paths. Then
the pair Y = (Y, Y”) is called an X- controlled rough path if

(a) ”Y”p—var;[O,T] + ”Y,”p—var;[O,T] <

(b) If RY, := Y, — Y/(Xs,) then [|[RY||p/2-varjor) < . RY : A[0,T] — R? is called the
remainder term.

When the maps t — (X;, Xo;) and t +— (Y;,Y]) are continuous instead of cadlag, their p-
variation (or p/2-variation) norms are equivalent to their 1/p-Hoélder (2/p-Hoélder) norms. In the
next section we will work with continuous rough paths.

Definition 5.3.3. Let Z(s,t) = Ys(Xs;) + Y/ (X;) for 0 < s < t < T. We define the rough
integral of Y = (Y, Y’) with respect to X = (X, X) as

T
Y, dX,:= lim Z(u,0). (5.3.1)
/ >

|P|—0
pepp[o,T] [w0l€P

The first step towards proving the existence of the limit in (5.3.1) is to prove a result similar
to Lemma 5.2.3, but this time for X and Y, instead of just X and Y.

Lemma 5.3.4. Let X be a cadlag rough path andY be an X-controlled rough path. Then for every
€ > 0 there is a § > 0 such that whenever |t —s| < § and0 < s <u <t < T, we have

(a) |Rzu| <eor|Xy:l <e, and

(b) 1Yl <eor|Xy,l<e.
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Proof. The statements can be proved, mutatis mutandis, with the same argument used in Lemma
5.2.3. m|

Note that the conclusion of the above lemma is true if we replace |R§ uls 1 Xl 1Yy, | and [ X, |
by |R 7o 1Ky |7 respectively, where n > 0 is any number. And therefore, we can write the
statement of the lemma in the following compact form:

lim [ sup Cos (X, Y)] (5.3.2)
510 |;-s<s
where
06t (X, Y) = sup (IR, |7 A X7 + Y], 1" A [Kue|") (5.3.3)
u€(s,t]

and C is a constant that bounds ||RY ||e := SUPy<,<per |RZ,D|, Osc(X;[0,T]),O0sc(Y’;[0,T]) and
X|loo = suppcy<pet [Xuol-

Proposition 5.3.5. Let X = (X, X) be a cadlag p-variation rough path with2 < p < 3 andY =
(Y,Y’) is an X-controlled rough path as in the previous definitions. Suppose for0 <s <u <t <T
we have Z(s, t) := Ys(Xs ) + Y (X;;) and

O=(s,u,t) = E(s,t) — E(s,u) — E(u, t).

Then there is a control function w on [0, T] and f > 1 such that

O=(s,u, t
lim| sup sup 198(s,u ] =0. (5.3.4)
élo 0<s<t§T u€(s,t] W(S, t)ﬁ
t—s<

Proof. Our approach here is similar to the first part of the proof of Theorem 5.2.2. For u € [s, t],
by the definition of =

0= (s, u, t) =E(s,t) — E(s,u) — Z(u, t)
=Ys (X)) + Yy (Ksp) = Ys(Xsu) = Yy (Ksu) = Yo (Xue) = Yy (Xir)
=Y (Xu) + Yy (Ko — X)) = Yu(Xur) = Y (Kiir)
=(Ys = Yu) (Xup) + Y (X p = Ko = Kiyp) + ¥ (X)) = Yy (Xur)
=(Ys = Yo) (Xur) + Y5 (KXo ® Xup) + (Y] = V) (Xop),

using algebraic manipulations and applying the Chen’s relation in the last line. As Y] (X, ®
Xur) =Y (Xsu)(Xyr), we have

55(3; u, t) = Ys,u (Xu,t) + Ys, (Xs,u)(Xu,t) + Ys’,u (Xu,t) = R.Z:u (Xu,t) + Ys/,u (Xu,t)' (5'3'5)

3 pB
Now choose parameters ff and 5 such that 1 < § < > and 0 <7 < 1- 5. Then

1*'7 1*’1 1*’7 1*’7

w(s,t) = [IRV] ) X YL (5.3.6)

p/2—var;[s,t p—uoar;[s,t p—uoar;| st]” ||p/2 var;[s,t]
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defines a control function by Lemma 5.1.4, as Lniy 1-n2 7’7% 1.

B p_
Recall the definition of o;5;(X,Y) from (5.3.3). Equation (5.3.5) gives,
162 (s, )] SIRGI Xun IR 1 X 117 1 |7 K 71 |7 K|
<03 O Y) (IR, 11X [ 1% 17)

As > 1 we can use the inequality (x + y)? > x# + yf for x,y > 0 to get

IRY, |1"7|Xu,t|1"7 + Y K7
IR 7. 117 )ﬁ (nY N s I )ﬁ
p/2—var;[s,u] p—var;[u,t] p/2—var;[s,u] p/2—var;[u,t]
B
[ ot B8 (A < |
B

lfr] 1-n lfr] l*t]
Y B
= (”R ||p/2 var;[s,t] HX”p var;| st]) + (”Y ||p/2 var;[s,t] HX”p/Z var;|s, t])]

=w(s, t) ,

IA

IA

u51ng the facts that HRYHp/Z var; su] ||RY||p/2 var;|[s,t]» ”XHp var;[u, t] ||X”p var;|[s,t] etc. and
the definition of control function from (5.3.6). We can combine the above calculations to write,

162 (s, u, )| < 050 (X Y)w(s, )P,

Therefore,

|[62(s, u, t)]

< XY).
W(S, t)'B Us,t( )

The conclusion follows from (5.3.2). O

In the next theorem we prove that the integral defined in Definition 5.3.3 exists when X and
Y are as in the previous proposition. These types of results are often called sewing lemmas and
its proof is reminiscent of the last part of the proof of Theorem 5.2.2. Notice that the statement
below is quite abstract as it does not use the specific properties of X and Y. This will allow us to
re-use the statement in other contexts as well.

Proposition 5.3.6. Suppose f > 1 and = : A[0,T] — R? satisfies (5.3.4) for some control function
w. Then for eachs <t in [0,T],

li =(u, 5.3.7
phm D) Ewo) (5:3.)
Iggl_)o [u,U]E(P

exists. Moreover, if we denote the limit to be ¢(s, t), the function ¢ : A[0,T] — R4 is additive in the
sense that ¢(0,s) + (s, t) = ¢(0,¢) foralls < t.

Proof. We will use the notations

|62 (s, u, t)| _ _
————and [[6(E)|lws = sup 05.(E),

Us,t(E) =
ue[s,t] w(s, )ﬁ 0<t-s<d
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where 0 < s <t < T. Using these let us first rewrite (5.3.4) as follows: For each ¢ > 0 there is a
& > 0 such that whenever s < u < t with |t — 5| < 6, [|[0(E)||lc0,5 < €.

We will use the Cauchy criterion to prove the existence of the desired limit. Let P be a
partition of [s,t] € [0,T] having r > 3 points and |P| < 8. Then there are three consecutive
points u— < u < u+ in P having the property that w(u—, u+) < %w(s, t) by Lemma 5.1.5. If
S(E,P) = Xuo]ep Z(u,0) then

IS(E.P) = S(E, P\ {u})] =I6E(u, u,us)| < [|0(E) oo, 5w (u— u+)”

28116(Z) | oo
- lo(E) o5

= 1)F w(s, t)ﬁ.

Hence by iterating this procedure as we did for Theorem 5.2.2 we arrive at the following:

r—1

SE2) - E(s, D] <l|o(®) 52 (Z kiﬂ) w(s, 1)

k=1
<llo@)lles2’ L (Byw(s, 1)’ (5.3.8)

Now for any two partitions in P and P” of [0,r] € [0,T], with P € P" and |P’| < §, we can

write

IS(E,?") - S(E P)| = Z (SE P [s,t]) —E(s,1)

[s,t]eP
<llo@)llws2°(B) D wis 1)
[s,t]eP
<llo(E) o527 (B)w(0, T)*
=0([[0(8)[lw) = O(e),

where we used the super-additivity of w and the fact that f > 1 to get the second inequality.
This proves that

0,r):= i =(u,
o=, lim | 2, Ewo)
|9>|_)0 [u,U]EfP

exists for each r € [0, T]. Similarly one can show the existence of ¢(s,t) when 0 <s <t < T. It
is also easy to see that,

0,t)—0(0,s) = lim S(E,P)=o(st),
@(0,t) — ¢(0,s) el (E,P) = ¢(s, 1)
|P]—0

proving the additivity of ¢ required by the statement of the proposition. ]

Theorem 5.3.7. Suppose X is a p-variation cadlag rough path andY is a p-variation X -controlled
rough path for some p € [2,3). Then rough integral fot Y, dX,, as defined in (5.3.1), exists.

Proof. That the limit in (5.3.1) exists is a consequence of combining the propositions 5.3.5 and
5.3.6. By definition this is )’ Y, dX,. o
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To obtain an estimate of the type given in Lemma 5.2.4 in our present situation of integration
driven by a cadlag rough path, we do the following familiar analysis. Let Z(u,0) = Y,(Xy.0) +
Y, (X,,») and w be the control defined in (5.3.6). Assume that in a partition P of [s, t],u— < u < u+
are three consecutive points satisfying w(u — .u+) < %w(s, t) where r = #(P) > 3. Then,

|02 (u—, u, u+)|

IS(Z,P) = S(E, P\ {u})| = |0=Z(u—, u,ut)| = w(u—, u+)’6

w(u—, u+)#
28
- B
< 2 o5+ (X, Y)w(s, t)”.

Iterating, we get
IS(E,P) = E(s, )| < 2PL(B)oss (X, Y)w(s, 1)

Now take the limit of the LHS as |P| — 0. We record this in the following lemma, for the sake
of completeness.

Lemma 5.3.8 (Loeve-Young inequality). ForX,Y as in Theorem 5.3.7 and0 < s <t < T, we have

t
/ Y, dX, - Y (Xer) = Y/ (Xo1)| < Copr(X, Y)w(s, )7
S

where w is the control function defined in (5.3.6).

The last two lemmas of this section give recipes for constructing new controlled rough paths
from a given one. To simplify notations let us use V.= R? and W = £(R%, R™) = R™*? where
m is a fixed natural number. Also, let Gi(W, L(V,W)) be the collection of bounded and twice
continuously differentiable functions W — £(V, W) with bounded derivatives of all orders.

Lemma 5.3.9. SupposeX is a rough path and is an X -controlled rough path. If, for f € Gi(W, L(V,W)),
f(V)e = f(Ye) € LV, W) and f(Y); = Df(Y;) o Y[ € L(V,L(V, W)),
then the pair f(Y) = (f(Y), f(Y)") defines an X-controlled rough path.

Proof. We have to show that the f(Y) satisfies the conditions given in Definition 5.3.2. Let P be
a partition of [0, T]. By the mean value theorem,

D) = FIP < D IDFIE, 1Yo = Yal?

[u,0]€P [u,0]€eP

<UDFIE fory Do 1Yo = Yul?,
[u,v]eP

where [|[Df (Y.)||co;[u,0] denotes the supremum of {|Df (Ys)| | s € [u,v]}. Hence || f(Y) |l p—oar;[0,1] <
IDf |l oos0,7] ||Y||p_wr;[oj] < oo. By Minkowski’s inequality,

DW= FLP| =] D) IDF(Y) o ¥y = DF(Y) o Y, P
_[U’U]EﬂD [u,0]eP

D IDF(Y) oY, =Df(Y) o V| +| > IDf(Ya) oY, = Df(Y) o YylP| . (53.9)

_[u,v]efP [u,0]€eP

IA
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Since

D IDF(Y) oY, =Df (V) o 1P < > IDf(Ye) = DF(Y) PV 1P

[u,0]eP [u,0]€?P
<Y (or D, IDF(Yo) = DF(YL)IP
[u,v]€P
<Y o 1D A oy D 1Yo = Yal?

[u,v]€P
and
> IDf(Ya) 0 Yy = DF(Ya) 0 YyP < IDFIL ooy D> 1Yy = V1P,
[u,v]€eP [u,v]€eP

from (5.3.9) we have,

£ Np-oartor1 < 1Y loosto.r1 1D flleosto.r1 1Y p-sarsfor1 + IDflleos o r1 1Y llp-oario71;

which is finite by assumption. This proves the first part of Definition 5.3.2.
Now by definition R - F(Y)=f(Yy)—f(Y).(X,,) and we have to show that ||[Rf (V) lp/2-varifo,1] <

> st

co. Let P be a partition of [0, T] and recall that Rslft =Y, - Ys — Y/(X;:). We have,
Y), L , 2
DURLE = DT If(Y) = £(Y) = DY) (Y, (X))
[u,v]eP [u,v]eP

= 31 If(Y) = f(Ya) = Df(Y)(Yuo) + DF (V) (RY,)|#

[u,0]€P

<Cp| D1 1f(Yo) = f(Ya) = DF(Y) (Yuo)l* + >\ IDF(Y)(RY)I®

_[u’U]EfP [u,v]eP

<, | Y (%wzf(yu)nyu,vﬁ)

_[u,v]E‘P

P
2

12 P
+IDFIZ jopy D IREI?

[u,0]eP

by using Taylor series expansion of f. Hence,
p

)2
”Rf ”;/2—0(1}“;[0,T]

P P )
<Cp [ID*F1Z o [5up D Waol® |+ IDFIZ o [sup > IRE I
P luoler P luoler

P P
=Cp | ID* 112, 0.2 (1Y Dp=sarstor)) + UDAUZ, o 77 (IRY p —sargorry) | < oo,

and this proves the second part of Definition 5.3.2. O

Lemma 5.3.10. IfY is an X-controlled rough path, then

t
t— (/ Y, dX,, Yt)
0

is also an X-controlled rough path. Here the integral appearing in the definition above is a rough
integral in the sense of Definition 5.3.3.
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Proof. Denote by I; = fot Y, dX,. Then for a partition P of [0, T],

v 14
PR EEY / Y, dX, - E(u,0) + Z(u, 0)
[uv]e?P [uo]ep VU
v V4
<G Z /YdX—E(u,v) + Z |Z(u,0)|P (5.3.10)
[uoleP!VH [u,v]eP

By Lemma 5.3.8 we have

P
<C ) ouoX Y w0’
[u,v]eP

<C Z w(u, )PP

[u,v]€eP

/ YdX - E(u,0)

u

[u,v]eP

because o5 (X,Y) is bounded on [0, T] by definition. As w is super-additive and pf > 1, it now
follows that

14
< Cw(0,T)PP.

/ YdX - E(u,v)

[uo]ep V¥

The second term in (5.3.10) is also bounded because Z(u,v) = Y,,(Xy,) + Y,,(¥X;,;) and the paths
involved have finite p-variation (by hypothesis). These show that ||I||,—ar;[o,7] < ©0. As we
already know that ||Y||,—var;[0,r] < 0, we have shown part (a) of Definition 5.3.2.

Now let Rit = I — Y5(X;,;). Again by Lemma 5.3.8,

P
[ 2
Z |R£U|%= Z / Yer—E(u,U)'l'Yl:(Xu,v)
[uz)]ef}) [uZJ]GfP u
v i »
<C Z /Yer—E(u,v) + Z |Y1:(Xuv)|§
| [wo]eP ¥ [uo]eP
8
<Cl D X ww )T + D ¥ (Kl (53.11)
| [wo0]e? [uo]eP

As 05+(X,Y) is bounded and pf > 2 (recall that p > 2 and > 1), by super-additivity of w,

S Y o
S aeXViwwo? <c Y wwo? <cwon?
[u,0]€P [no]e?

For the second term in (5.3.11), note that

P P P 12 P
D IEu)T < >0 IRl T SNV oy D, Kol

[u,v]€eP [u,v]€eP [u,0]€eP
We therefore have, from (5.3.11),

B
IR lppo-sargor) < C|w(0. D)% + 1Xllp/2-sarfor | < o

This proves that t — ( /Ot Y, dX,, Yt) is also an X-controlled rough path. m]
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5.4 Integration with respect to PRM

Let us now consider the stochastic integrals

/ t f Y(s,x)N(ds,dx),t > 0, (5.4.1)
0 JR4

where the integrand Y is a predictable real-valued function defined on [0, T] x R x Q and N is
a Poisson random measure on [0, c0) x R? with intensity dt j(dx).
Let us recall an important connection between PRM and Lévy process. Let

X, = /0 t /R | xN (ds, dx). (5.4.2)

It is well-known that X is a Levy process. As X is a cadlag, it has a.s. at most finitely many jumps
of size greater than 1 and therefore the integral

/ t / Y (s, x)N(ds, dx) = Z Y (s, AXy)1 )51 (AXG) (5.4.3)
0 |x|>1

sef0,t]

is only a random finite sum. Here AX; = X; — X;_ denotes the size of the jump of X at time s.
Thus it is enough to pay our attention to the integral over "small jumps", i.e.

Z; :=‘/0 ‘/|x|<1 Y(s,x)N(ds, dx). (5.4.4)

It is worth noting that, unlike (5.4.3), the above integral must be defined as a limit in probability.
At present we can only give a pathwise meaning to Z, when the time and the space variables
in the integrand Y can be separated. In the following, we shall always assume that

Y(t,x) = h(x)g(W,), t>0,xeR? (5.4.5)

where g € 6127 (R%,R) (twice differentiable with bounded derivatives of all orders), W is an R¢-
valued cadlag adapted process and the function & : R? — R is measurable satisfying the condition
that

cg = ‘/x|<1 [h(x)]|9p(dx) < oo. (5.4.6)

for some q € (1, 2]. In this situation we have the following intuition.

Z ::/Ot/|x|<l Y(s,x)z\”r(ds,dx):/Otg(m)d(/lx<llh(x)z\”z(s,dx)). (5.4.7)

Let us denote by X" the process inside the round bracket above, i.e.

xh .= '/Os‘/lxklh(x)]\?(du,dx).

In the next section we briefly discuss the path properties of X".

82



Properties of X"

From [App09, p. 122] we recall that X" is defined as the following L*(£) limit,

X" =1%(Q) - lim h(x)N((0, t], dx). (5.4.8)
= Jl<x|<1
Since for eachn € N, t fl/n<|x|<1 h(x)N((0, t],dx) is a cadlag Levy process, [App09, Theorem
1.3.7] and the proof of [App09, Theorem 2.4.11] show that X" has the same properties. Moreover,
as X" is the It6 integral with respect to a martingale measure, X" is itself a martingale.
To understand the regularity properties of X", we state a result due to Manstavic¢ius [Man04,
Theorem 1.3] that connects the p-variation (as in Definition 5.1.1) of a strong Markov process

(SMP) with its transition probabilities. Given a real-valued SMP {X;};c[or] let us define the
quantity,

a(n,a) =sup{P(|X; —z| >a | X;=2) |0<s<t < (s+n) AT,zeR%} (5.4.9)

where n € [0,T] and a > 0. For f > 1 and y > 0, let M(f, y) denote the class of all SMP X for
which there exist constants ay > 0 and K > 0 such that

K Uﬂ
< -
a(n.a) < (a A ag)Y

for alln € [0,T] and a > 0. Then we have the following result.

Theorem 5.4.1 ( [Man04]). Suppose X is in M(B,y) for some § > 1,y > 0. Then,
”X”pfuar;[O,T] < oo a.s,

forevery p > %.

Although this result is quite technical, we can summarize the broad strategy of its proof as
follows. Given an SMP X satisfying the above hypothesis one first notices that it is possible to
work with its cadlag modification, which we also denote by X. This allows us to give a (random)
finite bound on the oscillations of its sample paths, say M = M(w). Now, the p-variation norm of
X can be bounded in the following manner. Given a partition P € PP[0,T] and r € N we define
the set K, (o, P) containing those intervals of P on which the jump size of X is in [27771,277),
ie.

K (,P) = {[u,0] € P | 1Xo(w) - Xu(w)| € [27771,277)}.
Let r; € N be such that 2773 > q; (ag as above) for all r < r;. Then,

X <), sup D 1Xe(@) = Xu(@)IP
r>r PePP[OT] [u,v] €Ky (w,P)

vosup 3T DT [X(e) - (@) (5.4.10)
PePP[0,T] r<r1 [u,0] €Ky (@,P)

where the second term can be obtained using the fact that the outer sum is finite. Also note
that the second term contains all the large jumps of the path X(w). Since there can only be a
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finite number of such jumps, say vo(w), this term can be bounded by (2M(w)vo(w))?. On the
other hand, showing finiteness for the first term of (5.4.10) requires more careful considerations.
In [Man04], this is done by computing precise bounds to E sup,¢ pp(o 1 |1Kr (@, P)| and concluding
that the series

R ( sup  |Ky (o, ﬂ>>|)

= PePP[0,T]

is summable. Here |K;| denotes the cardinality of K. See [Man04, §3] for more details.

We can now use Theorem 5.4.1 to compute the p-variation norms for X”. Recall the rela-
tionship between the function h and the exponent q € (1, 2] from (5.4.6). By a slight abuse of
notations, we will denote X" by X when the corresponding h (and g) is clear from the context.

Proposition 5.4.2. X" has finite p-variation on [0, T] for any p > q, almost surely.

Proof. Since X, = X" is a martingale, we can apply Burkholder’s inequality. For all ¢ € [0, T]

/ot</|;c|<1 h(x)*N(dr, dx) q/zl

/t/ h(x)IN(dr,dx) ] (g/2<1)
0 |x|<1

= q
E‘/o /|x|<1 |h(x)|IN(dr, dx)

:th,

E(1X:|7) <E

<E

which is finite by our assumption on h. Therefore for z € R4, n,a>0and0 <s <t < (s+n)AT,

P(IX; = z[ > a | Xs = 2) =P (|X;—s — 2| > @) =P(|X; | > a)

E(|X, |7 t-
G R Gl NP | (5.4.11)
a4 a4l ad

using the fact that X is a Levy process and Markov’s inequality. Since X is clearly strong Markov,
Theorem 5.4.1 implies that ||X||,—var;[0,r] < o0 a.s. forall p > q. O

Pathwise interpretation of Z in the case of separable variables

Let us recall our definition of Y (¢, x) from (5.4.5). Depending on the g € (1, 2] for which h satisfies
(5.4.6) we will consider Z; (defined in (5.4.4)) either as a Young integral or as a rough integral.

When 1 < g < 2 and ||W||p_oar < o0 as. for some 1 < p < 2, by Lemma 5.4.2 we have
||Xh||q/_z,a, < oo as. for all ¢’ > g. Therefore, the integral

t
zi= [ gtm ax:
0
can be given a pathwise meaning in the Young sense by the virtue of Theorem 5.2.2.

Now suppose g = 2. As the theory of Young integration is not available to us in this case, we
must look to rough integrals for a pathwise understanding of Z. Indeed [CF19, Section 4] shows
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that, since X = X" is a martingale, X has a rough-path lift X. Therefore, it is possible to define Z
in a pathwise manner when W is controlled rough path with respect to X.

For the sake of completeness let us explicitly define X and the controlled rough paths with
respect to X. To keep our analysis simple we make the following assumption which is stronger
than (5.0.1).

Assumption 1. There is a y € (0, 1/2) such that,
Clyy = / |h(x) " p(dx) < oo. (5.4.12)
|x|<1

This condition holds for example, when p is the Levy measure of an y-stable process with
Yy < 1/2and h(x) = x.
Now we define X and discuss some of its properties. For s < t in [0, T] let,

t
X = / (Xue — Xs) dXu, (5.4.13)

where the above is a stochastic integral with respect to the martingale X.
Lemma 5.4.3. We have the following properties,
(a) Chen’s relation holds for (X,X), i.e. fors <u < t,

Xs,t - Xs,u - Xu,t = (Xu - Xs)(Xt - Xu)- (5-4'14)

(b) The mapst — X; andt — X, are cadlag.
(c) Foranyp € (2 + 2y,3) we have ||X||p_var;[0,T] < oo and ||X||p/2_wr;[0’T] < 00,

The first and second statements are trivial. The last statement follows from a calculation
similar to Proposition 5.4.2. We therefore have a cadlag rough path X = (X, X) in the sense of
Definition 5.3.1.

Suppose W = (W, W’) is a controlled rough path associated with X as in Definition 5.3.2.
Then we record our observation from (5.4.7) in the form of the following result.

Theorem 5.4.4. Let Y(t,x) = h(x)g(W;) where h : R? — R is a measurable function satisfying
(54.12),9: R? > Risin C’i and (W, W’) is as above. Then

Z, = /O t A - Y(u, x)N(du, dx) = /0 tg(Wu) dx,

exists a.s. as a rough integral in the sense of Definition 5.3.3.

The proof of this result follows directly from Lemma 5.3.9 and Theorem 5.3.7.
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