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Notations & Abbreviations

N The set of natural numbers
Y/ The set of integers

R The set of real numbers

C The set of complex numbers
Tr A Trace of matrix A

AT Transpose of a matrix A

an ~ by, ‘;—Z—>1asn—>oo

|A] Cardinality of the set A

[k] The set {1,2,...,k}

P(k) Set of all partitions of {1,2,...,k}

la] Greatest integer less or equal to a

F, 2 F Distribution function F, converges to F' weakly (in distribution sense)
X~F Random variable X has distribution F

x2y Random variables X and Y have the same distribution

Br(F) kth moment of F

Br (1) kth moment of u

lo| Number of blocks of a partition o

FA ESD of the matrix A

S(k) Set of all symmetric partitions of {1,2,...,k}

Sy(k) Set of all symmetric partitions of {1,2,...,k} with b many blocks
E(k) Set of all even partitions of {1,2,...,k}

Ey(k) Set of all even partitions of {1,2,...,k} with b many blocks

NC(k) Set of all non-crossing partitions of {1,2,...,k}
NCE(k) Set of all non-crossing even partitions of {1,2,...,k}

NCs(k)  Set of all non-crossing pair partitions of {1,2,...,k}






Chapter 1

Introduction

Random matrix theory (RMT) is the study of spectral properties of large dimensional
random matrices. Data sets where both the dimension of the observations and the sample
size is large, arise naturally in contemporary research, such as, genome sequence data
in biology, online networks, financial portfolios, wireless communication etc. Johnstone
and Titterington [2009] provides a few statistical and probabilistic challenges in dealing
with such large data sets. RMT provides an efficient and tractable way to study and
interpret these huge amounts of data. Also the theory has remarkable applications in
nuclear physics and number theory. See Katz and Sarnak [1999], Conrey [2001], Keating
and Snaith [2003], Firk and Miller [2009], Barrett et al. [2016]. More applications of RMT
can be found in Mehta [2004], Forrester [2010], Akemann et al. [2011], Tao [2012], etc.

A random matrix is a matrix whose entries are random variables. Naturally the
eigenvalues of random matrices are random too. Important information about these
matrices are encoded in their eigenvalues. Thus, the study of various properties of the
eigenvalues is at the heart of RMT. Through the last few decades, researchers have
raised several questions about the asymptotic behaviour of the eigenvalues of random
matrices. Some of them include, the maximum and minimum eigenvalue distribution,
the local law, the bulk distribution, asymptotic results for different eigenvalue statistics,
spectral (gap) statistics, the universality problem etc. In this thesis, we focus on the

existence of the bulk distributions for various new models.
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1.1 Empirical Spectral Distribution

Suppose A, is an n X n real symmetric random matrix whose elements are defined on a
probability space (2, F,P). Let the eigenvalues of A, be A, \a, ..., \,, which are real

as A, is symmetric. The empirical spectral measure of A,,, denoted by 4, , is as follows:

1 n
~ =%,
HA,, ni:l i

where d, is the Dirac measure at z. The probability distribution function, F4», known

as the empirical spectral distribution (ESD) of A,, is given by

Fhn(g) = % Zn: 100 < 2).
i=1

Clearly F4»(-) is a random distribution function and is a function of w € Q. However,
for convenience we often suppress this dependence. The expected empirical spectral

distribution (EESD), denoted by EF4»,

EFA"(z) = = 3 P\ < ),

n-

is also a distribution function and is non-random.

Definition 1.1.1. (Convergence of ESD and EESD)

(a) {FA"()}, is said to converge weakly almost surely if there exists a distribution
function F(-) such that for almost every w € Q (i.e., outside a null set) and for

all continuity points x of F,

FAn(z) = F(z) asn — oc.

(b) The ESD of A, converges to F in probability if for each ¢ > 0, and at every

continuity point x of F,

]P’UFA"(:(:)—F(JU)\>6] —0 asn— oo.
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(¢) The EESD of A, converges weakly to F if for all continuity points z of I,

EFAn(z) — F(z) asn — oo.

From this definition, we can clearly see, (a) = (b). Further, the limiting distribution
F is always non-random as EF4~ is so. The limits F' and F are identical when F is

non-random. In general, F' can be random.

In any case, any of these limits will be referred to as the limiting spectral distribution

(LSD) of {A,,} in this thesis.

Next, we describe the random matrices that we are going to study in this thesis and

the questions we address regarding their LSDs.

1.2 Some symmetric patterned matrices of interest

We shall consider the Wigner, reverse circulant matrix, the symmetric circulant matrix,
the symmetric Toeplitz matrix and the Hankel matrix where the entries of the matrices
are independent for each fixed n but not necessarily identically distributed. Also we
shall look into the LSD of M,M]" where M, (p x n rectangular matrix) is one of the
symmetric or asymetric versions of the aforementioned matrices. We shall also look at
several modifications of these matrices.

Wigner matrix: An n x n Wigner matrix is defined as

11 T2 T3 - Ti(n-1) Tin

Ti2 T22 T23 0 To(n—1) L2n
W, =

| L1n L2n T3n " T(n—1)n Lnn

The matrix is symmetric and the (7, j)-th element of the matrix is x;; (i < j).

Reverse circulant matrix: An n X n reverse circulant matrix is defined as
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o X1 X2 - Tp—1
T ro I3 - i)
S) _
Rq(z) - €2 xr3 T4 Mo
Ip—-1 Lo L1 - Tp-2

For 1 < j <mn—1,its (j + 1)-th row is obtained by giving its j-th row a left circular
shift by one position. The matrix is symmetric and the (7, j)-th element of the matrix

is L(i45—2) mod n-

Symmetric circulant matrix: An n X n symmetric circulant matrix is defined by

o T1 X2 - 1
r1 o X1 - T2

s)
Cr(z ) - T2 X1 Xy -+ I3
1y T2 I3 -+ o

The (i, j)-th element of the matrix is Tn_| Observe that for j =1,2,...,n—1,

5—li=jll-

its (j 4 1)-th row is obtained by giving its j-th row a right circular shift by one position.

Symmetric Toeplitz matrix: The symmetric Toeplitz matrix is defined as

Z0 1 Z2 o Tp—1
Tl Zo x1 ot Tp—2
s
T7(1 ) = Z2 z1 Zo Tn—3
ITpn—1 Ip—2 ITnpn-3 -*°° Zo

The (i, j)-th element of the matrix is z|;_;|. Note that the symmetric circulant matrix

is a Toeplitz matrix with the added restriction that z,,_; = z;.
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Hankel matrix : An n X n Hankel matrix is defined as

X2 x3 X4 o Tp4l
z3 T4 Ts o T2

s) _
HT(L) = T4 T5 Te o Tn43
Tn+l Tn+2 ITp4+3 - Ton

The (3, j)-th element of the matrix is z(; ).

Now we describe the asymmetric (pxn rectangular) versions of the aforesaid matrices.

11 T12 T13 -+ Tln
T21 XT22 XT23 -+ X2n
Xp = |31 T32 X33 - T3n|>
| Tpl  Tp2 Tp3 ZTpn
Zo x1 X2 - Tn—1
Tr_q X9 xr3 - i)
Rp = T2 r—-3 T4 - x1 >
| L—(p—1)mod n " " * 0 T(p—2)mod n |
Zo xry X2 Tn—1
x1 o 1 - Tn—2
Cp = x2 1 Zo Tn—3 )

[LA-p)(modn) "+ 7 L(n—p)(mod n) |



8 Chapter 1. Introduction

To r—1 T2 - Tl-n
x1 o T-1 rr Xa-n
Tp = | a9 r1 Zo T3—n|
| Tp—1 Tp-2 Tp-3 Lp—n |
T2 T3 T—g - T_(n41)
T3 T4 T-5 T _(n+2)
Hp=| x4 Ts5 L6 1 T_(n43)
| Tp+1 Tp+2 Tp+3 " T—(p+n)]

1.3 Motivation

Wigner matrix: The Wigner matrix, W,, is one of the matrices that have been stud-
ied extensively since its emergence in Wigner [1955] in the study of statistical theory of
energy levels of heavy nuclei. He began the study of these matrices with i.i.d. Gaussian
entries, and established the convergence of the EESD of ﬁWn to the semi-circle distri-
bution. Wigner [1958] relaxed some conditions on the entries of the matrix and proved
the convergence of the EESD. The new sufficient conditions included independence of
the entries, common variance and uniformly bounded moments. In Mehta and Gaudin
[1960], the authors prescribed an exact expression for the joint probability of eigenvalues
of the Wigner matrix with entries that are randomly and independently distributed with
distributions invariant under unitary transformation. In the following decade, various
subsequent works such as Grenander [1968], Arnold [1967], Arnold [1971], strengthened
the notion of convergence from EESD to ESD in probability and in almost sure senses.
Pastur [1972] proved the almost sure convergence of the ESD of ﬁWn with indepen-
dent entries, common mean and variance under a special condition, called the Lindeberg
condition. Bai [1999] provided a couple of further extensions of the Wigner matrix
and proved the convergence of the ESD of ﬁWn to the semi-circle distribution almost
surely. One direction of research about the LSD of the Wigner matrix constitutes re-

laxing further conditions on the entries of the matrix by letting the distribution of an
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entry to depend on its position in the matrix, and investigating the limiting distribu-
tions thereafter. Some results in this regard include Girko et al. [1994], Anderson and
Zeitouni [2006], ErdSs et al. [2012] and more recently Jin and Xie [2020], Zhu [2020].
These articles consider unequal variances of the entries (that depend on the position of
the entries but remain unaltered with the size of the matrix) with different assumptions
on the variances. Anderson and Zeitouni [2006] considered a continuous variance profile
and Erdés et al. [2012] considered discrete variance profiles with the variances being row
stochastic. In Jin and Xie [2020], Zhu [2020], the row stochastic condition of the vari-
ances is relaxed and the convergence of the ESD is shown under different assumptions
on the variance profile. As the distribution of the (i, j)th entry now depends on i, j, the
limiting distribution is often not the semi-circle distribution. Some more results that
show limits beyond the semi-circle distribution, include universality of local laws as in
Erd6s et al. [2010], Tao and Vu [2011] and Ajanki et al. [2017]. However, in this thesis

we will not discuss the local laws and will keep our focus on the LSD results.

Another problem of interest in the study of the LSD of a Wigner matrix is when
the entries of the matrix have infinite moments or moments with exponential growth.
In particular, Zakharevich [2006] studied the Wigner matrix with i.i.d. entries whose
distribution is G,, for every fixed n, such that G, has finite moments of all orders,
and satisfies certain moment conditions (see Result 3.1.3). For these matrices, though
each distribution G, is light-tailed, as n — oo, G, may converge to a heavy-tailed
distribution. That leads to the problem of finding the LSD for matrices whose entries
are i.i.d. with heavy tails. This problem was studied by Ben Arous and Guionnet [2008].
Another study that dealt with matrices whose entries have distribution dependent on
the size of the matrix is Jung [2018], where the LSD of Lévy-Khintchine random matrices
are investigated. The common theme in all of these works is that the entries are i.i.d.
for every n and dependent on n, but the distribution does not alter with the position
of the entries in the matrix. This theme is also present in yet another famous problem:
the adjacency matrix of the Erdés- Rényi graphs. Introduced by Gilbert [1959], this
model attracted huge attention after the celebrated work of Erdés and Rényi [1960] and
hence the name of the graph. This is basically an undirected graph with n vertices in
which every edge occurs with some probability, say, p,, independent of the other edges.
This model has been studied through the decades in various regimes, the two most

popular ones being the sparse regime, when np, — A > 0, and the dense regime, when
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np, — oo. For a detailed exposition, see Guionnet [2021]. Significant developments
in studying the LSD of the adjacency matrix of a sparse Erdés- Rényi graph began
with Bauer and Golinelli [2001]. Subsequent works by Khorunzhy et al. [2004], Liang
et al. [2007], Bordenave et al. [2011] followed, finally culminating in the almost sure
convergence of the ESD. Another variation of the Erdds- Rényi graphs is when the
probability (p,) of an edge being present or absent is dependent on which vertices that
edge connects to. In that case, the graph is inhomogeneous. Some interesting works
in this area include Bollobds et al. [2007], Benaych-Georges et al. [2019], Chakrabarty
et al. [2022] and others. In this thesis, we will study the LSD of the adjacency matrix

of some sparse inhomogeneous Erdos- Rényi graph.

Some more structured (subject to symmetry) models of the Wigner matrix include
band, block and triangular matrices, and have been studied over the last few decades
by Casati and Girko [1993a], Casati and Girko [1993b], Shlyakhtenko [1996], Anderson
and Zeitouni [2006], Molchanov et al. [1992], Bolla [2004], Rashidi Far et al. [2008], Ding
[2014], Zhu [2020] and Basu et al. [2012]. The common theme of all these results is that
the distribution of the entries of the matrix is dependent on the position of the entries

in the matrix.

The results mentioned above have been proved using different techniques in RMT,
and are often very specific to the matrix model under consideration. Also the question
about what happens to the LSD when the distribution of the entries depend on the
position of the entries as well as the size of the matrix, remained unanswered gener-
ally. In this thesis, we address this question by considering a general model, and show
that under certain moment conditions and independence of the entries, the almost sure
convergence of the ESD of W,, holds (see Theorem 3.3.1). Also we show that most, if
not all, results mentioned above can be brought under a common umbrella through our
prescribed model. We describe the limiting moments via partitions, and find a new set of
partitions called special symmetric partitions (see Section 3.2) that contribute positively

to the limiting moments.

Sample Covariance matrix: The Sample covariance matriz S, is arguably one of the
most important matrices in RMT. Suppose X, is a p X n rectangular matrix with real

entries {xijn, 1 1 < i < p,1 < j < n}, where p = p(n). Then § = XpoT is called
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the (unadjusted) Sample covariance matrix. There are two regimes that are generally
considered in this case: p/n — y € (0,00) as n — o0, i.e., p and n are comparable for

large n and p/n — 0. In this thesis, we focus on the first regime.

If the rows of X, arei.i.d. Gaussian, then S is called a Wishart matrix. In this case the
joint distribution of the eigenvalues was identified in Anderson [1963]. The first success
in finding the LSD of 2.5 was by Mar¢enko and Pastur [1967] who found the limit, and
which is now called the Mar¢enko-Pastur (MP) distribution. Further extensions of this
result continued in the following decades by Grenander and Silverstein [1977], Wachter
[1978], Yin [1986], Jonsson [1982], Bai [1999]. Bose and Sen [2008] gave a proof of
the almost sure convergence of the ESD of %S , under the assumption that the entries
are i.i.d. with second moment finite, via the moment method. Yin [1986], Lytova and
Pastur [2009], Bai and Silverstein [2010], Hachem et al. [2006], Zhu [2020], Jin and Xie
[2020] studied the ESD of %S where the entries of X, have independent distributions
with unequal variances, with different moment conditions. However, these distributions

do not alter with the size of the matrix.

LSD of sample covariance matrices where the distribution of entries of X, are i.i.d.
with heavy tails was studied in Belinschi et al. [2009]. They proved the almost sure
convergence of the ESD of an appropriately scaled S matrix to a non-random heavy-
tailed distribution, using truncation techniques. Thus just like the Wigner case, in
this case too researchers became keen on studying the LSD when the distribution of the
entries of X, depend on the size of the matrix. Such results are found in Benaych-Georges
and Cabanal-Duvillard [2012], Male [2017], Noiry [2018] and Zitelli [2022]. These articles
spelt out the moments of the LSD via different techniques that involved various graphical

and combinatorial structures.

As in the Wigner case, we consider the LSD of sample covariance matrices when the
distribution of the entries depend on the position of the entries as well as the size of
the matrix. We prove that under certain moment conditions and independence of the
entries, the almost sure convergence of the ESD holds (see Theorem 5.2.1). We describe
the limiting moments via the special symmetric partitions, that also appeared in case of
the Wigner matrix. Also, we look into the relation between the LSD of the S matrix
and the Wigner matrix when p = n. Many new results for S matrices with variance

profile, band and triangular matrices follow as special cases of our theorem. These also
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make most, if not all, of the above results special cases of our theorem.

Other symmetric patterned matrices: Wigner and sample covariance matrices are
definitely two of the most extensively studied matrices in RMT. However, some patterned
matrices with more structures have also received considerable attention in the past few

decades. These include the Toeplitz, Hankel and circulant matrices.

Any matrix of the form ((t;—;))i<ij<n is called a Toeplitz matrix. It is symmetric

oo

when t_;, = t;, for all k. When the dimension of the matrix is oo and Z |tk\2 < 00, then
k=1

we get the Toeplitz operator on 12, the space of square summable sequences. This non-

random operator is well studied in mathematics. From the famous theorem of Grenander
and Szeg6 [1984], we know that the LSD exists. The Toeplitz pattern appears in various
places, such as in stationary processes, time series, and harmonic analysis. The circulant
matrix plays a crucial role in studying the non-random Toeplitz operators and Toeplitz

matrices of large dimension, see Grenander and Szegé [1984], and Gray [2006].

Another patterned matrix closely related to the Toeplitz matrix is the Hankel matrix.
Any matrix of the form ((£;+;))1<i j<n is called a Hankel matrix. Like the Toeplitz ma-
trix, when the dimension of the matrix is oo, under the assumption of square summability
of (t)k>1, this defines the Hankel operator on [?. The Hankel matrix finds application in

time series, the Hamburger moment problem, and several other combinatorial problems.

The problem of finding the LSD of random Toeplitz and Hankel matrices was first
proposed in Bai [1999]. As noticed before, the circulant matrices played a crucial role
in understanding the behaviour of the non-random Toeplitz matrix. Thus one of the
motivations to study the LSD of circulant matrices is to understand the same for Toeplitz
and Hankel matrices. In this thesis, we will look at two specific models of the circulant

(s)

matrices— the symmetric reverse circulant matrix, R;’ and the symmetric circulant

matrix, C’T(Ls). The symmetric reverse circulant matrix first appeared in Bose and Mitra

[2002] where the authors proved the convergence (in probability) of the ESD of ﬁRS)
with i.i.d. entries that have finite third moment. Then Hammond and Miller [2005]
and Bryc et al. [2006] independently proved the almost sure convergence of % ,(LS)
under the assumption that the entries are i.i.d. with finite variance. Under the same
assumptions, Bryc et al. [2006] also proved the almost sure convergence of the ESD

of ﬁH,(LS). In Bose and Sen [2008], the authors revisited the problem of convergence
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(s) (s) (s)
of the ESDs of Rﬁ, T% , }{/"ﬁ , and proved the almost sure convergence of the scaled

matrices with scaling ﬁ using a unified treatment. Bose and Sen [2008] also studied

the ESD of ﬁC’T(LS) and proved that it converges weakly almost surely to the normal
distribution. A common theme of all these results is that the entries of the matrices are
i.i.d. with common mean and variance, or independent with common mean, variance and
all other moments uniformly bounded. Some other results that added more structure
to these patterned matrices included band matrices, triangular matrices and matrices
with certain features such as the rows being palindromic, etc. See Kargin [2009], Basak
and Bose [2011], Liu and Wang [2011], Popescu [2009], Basu et al. [2012], Jackson et al.
[2012], Kologlu et al. [2013], Blackwell et al. [2021], Chen et al. [2021].

LSD of patterned matrices, Rgf), C,SS),Tés), Hff) when the entries are i.i.d. but the
distribution changes with the size of the matrix, have not been studied as extensively.
As we saw in case of the Wigner and the sample covariance matrices, one of the exam-
ples of such matrices are the sparse matrices. The LSD of sparse patterned matrices
(Rq(f), 07({9), Tés), Hff)) have been studied in Banerjee and Bose [2017] where the conver-
gence of the EESD was proved. In this case, the weak limit of the ESDs are random.
This is one of the major differences of these structured matrices from the Wigner ma-
trix. For the sparse Wigner matrix, we know that the almost sure convergence of the
ESD to a non-random probability distribution occurs. Another such example where
the limit is random is when the entries of the matrices are heavy-tailed. In case of the
Wigner matrix, the limiting distribution is symmetric and heavy-tailed, see Ben Arous
and Guionnet [2008]. However, in case of the reverse circulant and symmetric circu-
lant matrices with heavy-tailed inputs, Bose et al. [2011a] proved that the LSDs are
random. We will see such contrast in LSD results between the Wigner matrix and

R%s)’ 07(18), TT(LS), HY throughout this thesis.

Singular values of patterned matrices: All the patterned matrices we have dis-
cussed so far are symmetric. But there are asymmetric rectangular (p x n) versions
of these matrices that occur in several areas. A typical way of studying rectangular
versions of these matrices is via their singular values. Suppose A, is one of the eight
rectangular matrices R,(JS), R,, CZ(;S), Cp,Tlgs),Tp,HZ()S), H,. Bose et al. [2010] studied the
ESD of %S A= %APAZ and concluded its almost sure convergence as p/n — y € (0, 00),
under the assumption that the entries of the matrix A, are independent with mean zero

variance 1, and are either uniformly bounded or are identically distributed.
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Similar to the Wigner and the sample covariance matrices, the question of what
happens to the LSD of the reverse circulant, symmetric circulant, Toeplitz and Hankel
matrices with independent entries where the distribution of an entry varies with the
position of the entry and the size of the matrix, remained unanswered. We address this
question and describe a general setting in which the distribution of the (i, j)th entry of

,(f), C’,(@S), TT(LS), Hq(f) can depend on %, j and n.

We show in Theorems 4.2.2-4.2.4 that the EESD of each of these matrices converges
weakly to symmetric probability distributions under suitable conditions. Also we show
that most, if not all, of the LSD results for these matrices mentioned above follow from
our theorems. We describe the limiting moments via partitions and also relate the LSDs

to the notion of independence and half independence in certain cases.

We also relax the assumptions for the rectangular asymmetric versions of these ma-
trices and allow the distribution of the (4, j)th entry of A, to depend on i,j and n. We
show that under appropriate assumptions, the ESD of Sy = ApAg converges (see The-
orem 6.0.1). Further, most of the existing results follow from our Theorem 6.0.1. This
theorem also gives rise to several new LSD results for matrices with variance profile,

sparse, band and triangular matrices.

Remark 1.3.1. In this thesis, we use the moment method to conclude the convergence of
the ESDs and EESDs. However, using the moment method one cannot find the ESD of
non-symmetric matrices. Finding the LSD of a non-symmetric random matriz is a much
harder problem that requires more sophisticated mathematical tools. These tools have
taken a long time to come to light and are still mostly applicable to particular matrices.
The challenge posed by the proof of the convergence of the ESD of the n X n matriz X,
with scaling ﬁ, where all entries of X are i.i.d. with mean zero and variance 1 to the
circular law, alludes to the level of difficulty in dealing with non-symmetric matrices in
general. A series of works by Ginibre [1965], Edelman [1997], Girko [1984], Bai [1997],
Girko [2004], Tao and Vu [2008], Pan and Zhou [2010] led to the gradual advancement

before it was proved in its full generality by Tao and Vu [2010].

This thesis presents a unified set up for dealing with the LSD of various symmetric
matrices and singular values of some non-symmetric matrices. The problem of dealing
with the ESD of non-symmetric matrices does not fit in with the rest of the thesis and

18 not addressed here.
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1.4 Plan of the thesis

In Chapter 2, we describe the well known moment method and the Stieltjes transform
method briefly. Then we describe several metrics to study the closeness and convergence
of ESDs and EESDs. Next, we discuss some familiar notions associated with the mo-
ment method such as, link function, circuits, words, and their relation to partitions and
limiting moment sequences. This forms a very crucial part of the techniques used in this
thesis. Finally, we describe the standard concepts of cumulants, free cumulants and half

cumulants that we will use in the next chapters.

In Chapter 3, we investigate LSD of the Wigner matrix described in Section 1.3. Under
appropriate conditions, we find the LSD in Theorem 3.3.1 and describe a set of partitions,
the special symmetric partitions, that play a crucial role in the limiting moments. Then
we discuss some corollaries which relates our result to the existing ones. Finally we
conclude the chapter with some simulations illustrating various distribution that occurs

as limits. This chapter is based on Bose, Saha, Sen and Sen [2022].

In Chapter 4, we investigate the LSD of symmetric reverse circulant, symmetric circu-
lant, Toeplitz and Hankel matrices described in Section 1.3. Under appropriate condi-
tions, we find their LSDs in Theorems 4.2.2-4.2.4 via moment method and find that
symmetric and even partitions play very crucial roles in the limiting moments. Then we
describe a few corollaries and conclude the chapter with some simulations. This chapter

is based on Bose, Saha and Sen [2021].

In Chapter 5, we study the sample covariance matrix described in Section 1.3. Under
appropriate conditions, we find the LSD of the S matrix in Theorem 5.2.1 and describe
the LSD via special symmetric partitions. Next, we find relation between the LSD of
the Wigner matrix and the S matrix. We deduce a few corollaries that yield several
existing as well as new LSD results for specific models. Finally we show the versatility

of the LSDs via some simulations. This chapter is based on Bose and Sen [2022].

In Chapter 6, we study the LSD of S4 = AAT where A is one of the matrices ), T, H®),
H,R®) R,C®) and C as described in Section 1.3. In Theorem 6.0.1, under appropriate
conditions, we find the LSDs via several lemmas and then deduce some existing results
as well as new results as corollaries of that theorem. Finally, we conclude the chapter

with a few simulations. This chapter is based on Bose and Sen [2022].






Chapter 2

Methodologies

Eigenvalues of a matrix can be thought of as continuous functions of entries of the
matrix. In general, for large dimensional matrices, no closed form of these functions
are known. So special methods are required to study them. Two of the most common
methods that are used in case of symmetric matrices are: the moment method and the
Stieltjes transform method. One depends on enumerative combinatorics, and the other
involves more technical sophisticated mathematical tools. In this thesis, we only use the
moment method to prove our LSD results. For sake of completeness, we also discuss the

Stieltjes transform method briefly.

In Section 2.1 and 2.2, we describe these methods and some general lemmas that
relate them to convergence of spectral distributions. Next, in Section 2.3, we describe two
metrics on the set of all probability distributions and some corresponding inequalities.
In Section 2.4, we describe the concept of link function, circuits and words; thereafter
relating these concepts to partitions that play a very important role in the forthcoming
chapters. Finally in Section 2.5, we describe three notions of independence, and the

corresponding notion of cumulants associated to each of them.

2.1 The Moment method

The moment method is used to understand a random variable X via its moments, E[X*]
(provided all moments are finite). The Moment Convergence Theorem and the trace-

moment formula help us to use the moment method for finding the LSD of random

17
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matrices.

Lemma 2.1.1 (Moment convergence Theorem). Suppose {X,} is a sequence of real

valued random variables with distribution {F,} that satisfies the following conditions:

(i) there exists a sequence {vyi}r>1 such that for every k > 1,

E[XF = [2* dF,(z) = % as n — .

(i1) there is a unique distribution F' whose moments are {yx}r>1.

Then, F,, converges weakly to F'.

A detailed proof of this lemma is available in Bose [2018](Lemma 1.2.1) and Bai and
Silverstein [2010](Lemma B.1).

Verifying condition (ii) in Lemma 2.1.1 can often be challenging without any prior
information on the sequence {7;}. In Riesz [1923] and Carleman [1926], the question
about the uniqueness of the distributions are addressed. We present this in the following

lemma:

Lemma 2.1.2. Let {yx} be the sequence of moments of a distribution F which satisfy

either of the following conditions:

1
(i) klim %W;IQ% < oo (Riesz’s condition)
— 00

(e.)
(1) Z*y;kl/% = oo (Carleman’s condition).
k=1
Then, F' is the unique distribution with the moment sequence {yx}i>1.

Trace-moment formula: The moments of the ESD and EESD of a symmetric n x n

matrix A,, are connected to the trace of the powers of A,, in the following way:

BuFA) = () = LTl
i=1
BUEFY) = E[L S AA,)] = Lemmrat, (211)
i=1

where [ (F') denotes the kth moment of the distribution F.
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Now we present a general lemma that is very often used to prove the convergence
of the ESD and EESD using the moment method (see Bai [1999], Bai and Silverstein
[2010], Bose [2018]).

Lemma 2.1.3. Suppose { Ay} is any sequence of symmetric random matrices such that

the following conditions hold:
(i) For every k >1, 1E[Tr(4,)¥] = o as n — oo.
— 1
(i1) Z —4E[Tr(AIfL) — E(Tr(AM))* < oo for every k > 1.
n=1 "

(iii) The sequence {ay} is the moment sequence of a unique probability measure L

(whose distribution is say, F).
Then pa, converges to u weakly almost surely.
Proof. Using (2.1.1) and Lemma 2.1.1 in conjunction with the conditions (i) and (iii),
we find that EF4» converges weakly to F. Thus, although the moments of u4, are

random, (ii) along with the Borel-Cantelli Lemma implies that 4, converges weakly

almost surely to u. ]

2.2 Stieltjes Transform

The Stieltjes transform of a probability measure y, denoted by s,(-) is given as follows:

1
su(z) = / S du(z), ze{z+w;z e Ry >0} (2.2.1)

It is an essential object in studying probability distributions. The integral in (2.2.1)
is always finite. Geronimo and Hill [2003] gave a rigorous description about the re-
lationship between limits of Stieltjes transforms of probability distributions and weak
convergence. A detailed proof of this result along with some properties of Stieltjes

transform is available in Bai and Silverstein [2010](Section B.2.1).

Lemma 2.2.1. (Geronimo and Hill [2003]) Suppose {P,,} is a sequence of probability

measures on R with Stieltjes transform {sp}. If lim s,(z) = s(z) for all z € C4, then
n—oo
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there exists a probability measure P with Stieltjes transform sp = s if and only if

lim wys(y) = —1, (2.2.2)

y—00

and then P, converges weakly to IP.

Now let A,, be a real symmetric matrix with eigenvalues {\; }1<i<, and ESD F' An

Then the Stieltjes transform of F4» is given by

e 1 1
=-) = —Tr((A, — z)7Y).
SpAn ni:l)\i_z n (( Z) )

To conclude the convergence of the ESD, often it is first shown that E[spa, (2)] — s(2),
where s(z) satisfies (2.2.2). This implies the convergence of the EESD. Then using some
martingale convergence techniques, it is shown that spa, (2) — E[spa, (2)] — 0 almost

surely for each z € C,..

As mentioned before, we will not use the Stieltjes transform method in this thesis.

We shall use the moment method for all our proofs.

2.3 Some metrics and inequalities

Weak convergence of probability distributions is metrizable. We shall discuss mainly

two metrics in this regard— the da metric and the Lévy metric.

do metric: Let F' and G be two distributions with finite second moment. Then the ds

distance between them is defined as

-

_ : _v12| 2
dg(F,G)_[(XNg})f/NG)E[X Y)2|?, (2.3.1)

where (X ~ F|Y ~ @) denotes that the joint distribution of (X,Y") is such that the

marginal distributions of X and Y are F' and G respectively.

It is well-known that if da(F,, F') — 0 as n — oo, then F,, converges to F' in distribution,

ie, Fy B F (see Sturm [2006], Villani [2008], Lott and Villani [2009], Bose [2018]).



2.3. Some metrics and inequalities 21

Lévy metric: Let F' and G be two distribution functions. Then the Lévy distance

between F' and G is given by
L(F,G)=inf{e: F(x —€¢) —e < G(z) < F(x + €) + €}.

It is well-known that if {F},} and F' are probability measures, then L(F,, F) — 0 as

n — oo, implies F), oF (Billingsley [1968]).
The following inequalities concerning these metrics will be required.

Lemma 2.3.1. Let A and B be n x n symmetric real matrices. Then

d3(FA, FB) < ! Tr(A — B)% (2.3.2)
n

The idea of the proof is borrowed from Lemma 1.3.2 in Bose [2018].

Proof. Let Ay > Ay > --- > A\, and 61 > o > --- > 0§, be the eigenvalues of A and
B, respectively. Consider the joint distribution which puts mass % at (A, d;). Then the
marginals are the ESDs of A and B. Thus, from (2.3.1), we have

n

1
d2(FA FB) < - Y (i =) (2.3.3)
=1

Now, using the Hoffman- Wielandt inequality (Hoffman and Wielandt [1953]), we obtain

1< 1
d3(FA FBy < 52(& — ;)2 < ~Tr(A - B)2.

i=1
This completes the proof of the lemma. O

Lemma 2.3.2. Let {F;}i1<i<n and {G; }1<i<n be two sequences of distributions with finite
second moment. Suppose {X;}1<i<n and {Y;}1<i<n are sequences of random variables

such that X; ~ F; and Y; ~ G;. Then

I, 1 1 ¢
2 - ) el V)2
B Fiu D> G < ) Bl - Y)Y (2.3.4)
=1 =1 =1
Proof. Let ej denote the k—th canonical vector in R™ whose k—th coordinate is 1,

and all other coordinates are zero. Let Z1,..., Z, be random variables independent of

X;,Y:,1 <i<mnsuch that (Z1,...,7Z,) = e, with probability 1/n for each 1 < k < n.
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Let

n n
X=) 27X, andY =) ZY; (2.3.5)
i=1 =

Then X ~ £ 3 " F and Y ~ 1) "G, Thus from the definition of dy,
=1 i=1
RN
3(E > F;, - > G <E[(X -Y)7. (2.3.6)
i=1 1=1

Now by (2.3.5), it is clear that

E[(X -Y)%| = = > E[(X; - Y))?], (2:3.7)

Hence from (2.3.6) and (2.3.7) the result follows. O

Now, we prove a lemma that helps us estimate the closeness of two EESDs.

Lemma 2.3.3. Suppose A and B are two n X n real symmetric random matrices and

A and FB are their ESDs. Then
1
B(EFA, EFP) < ZE[Tr(A — B)?. (2.3.8)
n

Proof. Let Ay > Ao > -+ > A\ and 61 > o > -+ > I, be the eigenvalues of A and B,

respectively. Now, for x € R

EFB(z Z]P’é < z).

Thus, from Lemma 2.3.2, we have

1 n
B(EFA, EFB) <E;Z (A — 6:)?].
=1
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Now, using the Hoffman- Wielandt inequality (Hoffman and Wielandt [1953]), we obtain

—_

BEFA,EFP) <E| Zn: J < —E[Tx(A - B)?.

Now we discuss some inequalities for the Lévy metric.

Lemma 2.3.4 (Theorem A.38, Bai and Silverstein [2010]). Let Ay and 6, 1 < k <n
be two sets of real numbers, and F and F denote their empirical distributions, i.e.,
n n

F(z) = %Z 1(\; < z) and F(x) = %Z 1(6; < z), z € R. Then for any o > 0,
i=1 =1

o n : 1 % @
LoHY(F, F) < min - ; Mo = G| (2.3.9)

where L is the Lévy distance and 7 = (w(1),...,m(n)) is any permutation of (1,2,...,n).

Lemma 2.3.5 (Theorem A.37, Bai and Silverstein [2010]). Suppose A and B are real
p X n matrices and A\ and 0, 1 < k < p are the singular values of A and B arranged
in descending order. Then,
min(p,n)

> e —6> < TY[(A- B)(A-B)T). (2.3.10)

k=1
Lemma 2.3.6. Suppose A and B are real p x n matrices and F54 and FSB denote the
ESDs of AAT and BB™ respectively. Then the Lévy distance L, between the distributions
FSa and F9B satisfies the following inequality:
2

LY(FS4 F55) < =
p

(Tr(AAT 4+ BBT))(Tr[(A — B)(A — B)T)). (2.3.11)

The proof of this is immediate from Lemmas 2.3.4 and 2.3.5 (see Corollary A.42 in
Bai and Silverstein [2010]).

Next, we prove a lemma that helps us estimate the closeness of EESDs of

Sy=AAT and Sp = BBT.
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Lemma 2.3.7. Suppose A and B are real p x n matrices and EFSA and EFSB denote
the EESDs of AAT and BBT respectively. Then the Lévy distance L, between these

distributions, satisfies the following inequality:

LYEF4 EF98) < ;(E Tr(AAT + BBT))(ETr[(A — B)(A — B)T)). (2.3.12)

Proof. The idea of this proof is taken from Theorem A.38 of Bai and Silverstein [2010].
Let Ay > A2 > -+ > A\, and 41 > 62 > --- > §, be the singular values of A and B,
respectively. We will first prove that

12

L*(EFS54,EF°7) <E[- Y |3 - &7|]. (2.3.13)
p-
i=1
P

Let € > 0 be such that €2 = %Z ‘)\2 - 52 If €2 > 1, (2.3.13) is trivially true. So

suppose €2 < 1. Fix z € R. Let

A(z) ={i:i <p,\? < x} (2.3.14)
B(z)={i:i<p,d <z +e} (2.3.15)
M(z) =|A(z) \ B(x)|. (2.3.16)
Then we have,
1 p
EFS4(z) — BFSE(z + ¢) [p Z: M2<a — 1 52<x+e}]
<;EM(;U). (2.3.17)

For any x and each i € A(x) \ B(z), |\? — 67| > €. Hence from (2.3.17), we obtain

1 [ A2 — 62
EF%4(z) — EF°B(z 4 ¢€) < —E [ > ] = (2.3.18)
=1 €

=

In a similar manner we have that
EFSB(z — €) — EF%4(z) < e.

Hence we have L(EF®4, EF98) < ¢ and thus (2.3.13) is proved.
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Now, observe that

1
LY(EF®4 EF9B) < E[ ]
( < ;\
<1E[ (30 + 302 M2 ZM 1/2]
p i=1
1 P 1/2 P 1/2
<p<IE ZA +6;)? > <E[Z|)\i_5i|2]>
i=1 i=1
p 1/2 P 1/2
( D (7 +6))] > (E[Z\Ai—éiﬁo :
i=1 i=1

Now using Lemma 2.3.5 on the second factor of the above inequality, we get (2.3.12). [

The next inequality between the spectral distributions, relates the ESD to the ranks

of the matrices and is often called the rank inequality.

Lemma 2.3.8. (Corollary A.43 in [Bai and Silverstein, 2010]) Let A and B be n x n

real symmetric matrices. Then
1
||[FA — FB|| < Zrank(A — B), (2.3.19)
n

where || f|| = sup|f(z)| is the sup norm of f.

Lemma 2.3.9. (Corollary A.44 in [Bai and Silverstein, 2010]) Let A and B be p x n

symmetric matrices. Then
1
||F$4 — F58|| < ~rank(A — B), (2.3.20)
p

where || f|| = sup|f(z)| is the sup norm of f.

2.4 Some notation and preliminaries

In this section we describe some more notions related to the moment method. The ideas
and concepts below are discussed in more detail in Bose [2018]. Here we discuss only

what is needed in the upcoming chapters.

Let [k] denote the set {1,2,...,k} and P (k) denote the set of all partitions of [k].
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Multiplicative extension: Suppose {cy} is any sequence of numbers. Its multiplicative

extension is defined on the set P(k), k > 1 as follows. For any partition o of [k], define

co = [T em,

where |A| denotes the cardinality of a set A, and the product is taken over all blocks V'

of the partition o.

Link functions: All the patterned matrices that are being discussed in this thesis are
constructed from a sequence or bi-sequence of variables {z;,,} or {24}, called the input

sequence. Let
Lp:{1,2,....n}2 — 7% n>1,d=1 or2

be a sequence of functions, called link functions. Often we write L,, = L for convenience.

Then a patterned matrix, A,, can be described as follows:

A= ((TL,35)))-

If L is symmetric, then we have a symmetric matrix. Here we give the link functions for

the matrices that are being dealt with in this thesis:
(i) Wigner matrix (W,): L(4,j) = (min(s, j), max(s, j)). Let us denote this link func-
tion Lyy.

(ii) Symmetric reverse circulant (Rgf)): L(i,j) = (i+j—2)(mod n),1 <,i,j <n. Let

us denote this link function as Lp().

(ili) Asymmetric reverse circulant (R)):

1+ 7 —2)(mod n 1 <7,
LGi.d) = (i+7—2)( ) <
—[(i4+j—2)(mod n)] i>j.

Let us denote this link function as Lp.

(iv) Symmetric circulant (07({9)): L(i,j) =n/2—=|n/2 —|i—j||,1 <,i,j < n. Let us

denote this link function as Lgc.
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(v) Circulant (Cp): L(i,j) = (j — ¢)(mod n). Let us denote this link function as L¢.

(vi) Symmetric Toeplitz (T,ES)): L(i,j) = |i — j|,1 <,i,j < n. Let us denote this link

function as Lps).
(vii) Asymmetric Toeplitz (7},): L(%,j) =i — j. Let us denote this link function as L.
(viii) Symmetric Hankel (Hés)): L(i,j) = i+j. Let us denote this link function as L ().

(ix) Asymmetric Hankel (H,):

Let us denote this link function as L.

(x) Sample covariance matrix (S): The relevant link function for the sample covariance

matrix is given by a pair of functions as follows:
Ll(lv.]) = (7”.]) and L2(Z7]) = (]72)

We shall see later in Section 5.3, how this pair of link functions help in describing

the S matrix.

Now we define a characteristic of the link functions that counts the maximum number

of repetitions of a specific variable in a row or coloumn.

Define for a link function L,

A(L) =supsup sup |{l:1<1<n,L(k1) =t} (2.4.1)
n teZ 1<k<n

For the matrices mentioned in the thesis, we have A(L) < oo.

Observe that A(L) = 1 for symmetric reverse circulant and symmetric Hankel ma-

trices, and A(L) = 2 for Wigner, symmetric circulant and symmetric Toeplitz matrices.

From Lemma 2.1.1, it is evident that in order to use the moment method to study

the LSD of symmetric matrices, the computation of the moments play a very crucial
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part. When the matrix under consideration is patterned, i.e., can be written as A4,, =

((z1(,5))), for some link function L, then from (2.1.1), we have,

1
Br(FAn) = - Z TL(i,i2)CL(inyiz) " TL(igi1)s (2.4.2)

1<it,0yip<n
1
BBFA) == 3" Blo0(,,00)TL(inia) ** TL(ipsin))- (2.4.3)

n . ]
1<, <n

In order to keep track of these sums, we make use of the notion of Circuits and Words.

Circuit: For a fixed n, a circuit 7 is a function 7 : {0,1,2,...,k} — {1,2,3,...,n}
with 7(0) = m(k). We say that the length of 7 is k and denote it by ¢(7). Suppose A, is
any patterned matrix with link function L, that is, A, = ((:):L(i,j))). Then from (2.1.1)

and (2.4.2), using circuits, we can express the trace of A¥ as

Te(AR) = ) Coma)TLe()A(2) ok a) = D Xay  (24.4)
ml(m)=k mol(m)=k

where Xr = Z1(z(0)r(1)TL(x(1),7(2)) """ TL(x(k—1),r(k))- For any , the values L(7(i —

1),m(7)) will be called L — values or edges. When an edge appears more than once

in a circuit m, then x is called matched. Any m circuits w1, ms,..., Ty, are said to be

jointly-matched if each edge occurs at least twice across all circuits. They are said to be

cross-matched if each circuit has an edge which occurs in at least one of the other circuits.

Equivalence of Circuits, Words: The circuits can be classified into groups via an

equivalence relation. Circuits m and w9 are equivalent if and only if for all 1 <i,j <k,
L(m (i = 1),m(2)) = L(m(j — 1), m1(j)) <= L(ma(i — 1), m2(i)) = L(ma(j — 1), m2(j))-

It is easy to see that the above indeed is an equivalence relation on {r : ¢(7) = k}.
This implies that {m : £(7) = k} can be divided into equivalence classes. An equivalence
class of circuits can be indexed by an element of P(k), by identifying the positions

where the edges match as one block of a partition of [k]. For example, the partition
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{{1,3},{2,4,5},{6}} of [6] corresponds to the equivalent class

Further, an element of P(k) can be identified with a word of length k of letters where
the first appearance of each letter is in alphabetical order. Given a partition, we represent
the integers of the same partition block by the same letter. For example, the partition
{{1,3},{2,4,5},{6}} of [6] corresponds to the word ababbc. On the other hand, the word
aabeceba represents the partition {{1,2,7},{3,6},{4,5}} of [7]. A typical word will be
denoted by w and its i-th letter as w[i]. For example, for the word w = abbacac, the parti-
tionis {{1,4,6},{2,3},{5,7}}, w[l] = w[4] = w[6] = a,w[2] = w[3] = b,w[5] = w[7] = c.
When a letter x appears at the ith position, i.e., w[i] = x, the coordinates of any circuit

pi associated to this z is (w(i — 1), 7(¢)) and we will say = appears at (7(i — 1), 7(4)).

To count the number of circuits efficiently, we need to find the cardinality of the

equivalence classes arising out of the different link functions.

The class II(w): Attached to any word w and any link function L, is an equivalence

class of circuits IT(w):

M(w) = {7 : wli] = w[j] & L{(i — 1),7(0) = L(x(j ~ 1), 7)) }.
This implies that for any word w of length k, the cardinality of II(w) is

(w)| = [{(x(0),7(1),...,7(k)) : 1 < 7(i) <mfori=0,1,....k 7(0) =n(k),

L(w(i —1),7(i)) = L(n(j — 1),7(j)) if and only if w[i] = w[j]}|. (2.4.5)

Vertex and generating vertex: Any 7(i) of a circuit 7 will be called a verter. It
is a generating vertex if i = 0 or w]i] is the first occurrence of a letter in the word w
corresponding to w. All other vertices are mon-generating. Note that the vertices and

their values are both denoted by 7(-). However, when we talk about a vertex m(7), we
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mean it’s a variable that can take at most n number of values. We will see, how many

such choices we can make is based on whether the vertex is generating or non-generating.

Observe that as A(L) < oo (see (2.4.1)), the circuits corresponding to a word w are
completely determined by the generating vertices upto finitely many choices: once we
have determined the generating vertices, there are only finitely many choices for the non-
generating vertices. In particular, for the matrices considered here, the non-generating
vertices are linear combinations of the generating vertices due to the structure of the
link functions. (Note that here any such linear combination has coefficients from Z.)
This can be shown by induction. Since there is an indispensable dependence on the link
function, the set of generating vertices and the number of ways they can be chosen varies

from one matrix to another.

Free choice of generating vertices: Using the notion of words, the problem of
counting circuits in (2.4.4) boils down to finding |II(w)|. From (2.4.5), observe that
the growth of |[II(w)| is determined by the number of distinct generating vertices, and
whether or not they have free choices. By free choice of the generating vertices, it is
meant that the numerical values of each of the generating vertices (see the discussion
on generating and non-generating vertices above) can be chosen independently of the
choice of the other generating vertices, except that they cannot be equal to each other.
For example, consider the Wigner matrix and the word aabb, then w(0),7(1) and m(3)
are the generating vertices. By free choice, it is meant, the numerical values of 7(0) can
be chosen in n ways, those of 7(1) can be chosen in (n — 1) ways and those of 7(3) can

be chosen in (n — 2) ways.

The first vertex m(0) is always generating, and after that there is one generating
vertex for each new letter in w. So, if w has b distinct letters then the number of
generating vertices is (b 4+ 1). Note that the growth of |[II(w)| is determined by the
number of generating vertices that can be chosen freely. For some words, depending on
the link function, some of these vertices may not be chosen freely, that is some of the
generating vertices might be a linear combination (with coefficients from Z) of the other
generating vertices. For all the matrices in this thesis, since A(L) < 0o, we can conclude
that

ITI(w)| = O(n®*!) whenever w has b distinct letters. (2.4.6)
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Note that |TI(w)| # n?*!'. This is because some trivial cases such as all vertices being
equal, needs to be discarded. However, such cases are negligible compared to nb*?.

IT
If all (b+1) distinct generating vertices of w can be chosen freely, then lim [{w)|
n—oo nbtl

> 0.

A great deal of our proofs revolve around finding which words contribute positively to
the limiting moments. That is determined by the number of ways the circuits can be

chosen subject to the equivalence relation arising out of the link functions. This is where

. [w)]
nh—>nolo nbt+l

will play a key role.

2.5 Cumulants, free cumulants and half cumulants

Cumulants, free cumulants and half cumulants arise very naturally while discussing
classical, free and half independence of different variables. Below we briefly discuss
these concepts as they will arise while investigating the LSD of some matrices in the
forthcoming chapters. Detailed development of these concepts can be found in Nica and

Speicher [2006], Banica et al. [2012], Bose et al. [2011b], Novak [2014], and Bose [2021].

2.5.1 Cumulants and classical independence

Suppose (2, F,P) is a probability space and X is a real valued random variable. Then

the moment generating function (mfg) of X is defined as
Mx (t) = Elexp(tX)],

provided the expectation exist for all ¢ € [—¢, 4] with 6 > 0.

Moments of X can be determined from the mgf of X via its derivatives at 0 as follows:

d*Mx(t)

EXY ==

Ck>1 (2.5.1)
t=0

The cumulant generating function (cgf) of X (when X has mgf Mx(t)) is defined as

Cx(t) = In[Mx(t)].
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The cumulants are defined as the derivative of the cgf at 0,

d*Cx (t
Ck(X):d;;i( ) , k> 1.
t=0

It is easy to see that the first two cumulants are the mean and variance of X.

Relation between moments and cumulants: It is possible to determine the mo-
ments if the cumulants of a random variable are known and vice versa, with the help of
partitions and Mdbius function (T. N. Thiele [1889], Hald [2000], Novak [2014], Bose
[2021]). The formula for deriving moments from cumulants is relatively straightforward.

We state this formula now.

Recall multiplicative extension of a sequence of numbers from Section 2.4. Let X
be a random variable with moment and cumulant sequences {mg}r>1 and {cg}r>1,

respectively. Then,

mp= Y cn k=1 (2.5.2)
weP(k)

Relation between cumulants and independence: Suppose {X;,1 < i < n} are

random variables on (2, F,P). They are said to be (classically) independent if

n
P(X; € B;,1<i<n)=]][P(X;€B;) forall Borel sets By, By, ..., B,.
=1

The definitions of mgf and cgf can be extended to the joint distribution of {X;}i<i<n.

The joint moment generating function (mgf) is defined as
n
MXl,...,Xn(tly .. ,tn) = E[exp (Zthz)] , tieo oty ER,
i=1

provided the expectation exist for all (1 ...,%,) in a neighbourhood of the origin in R™.

The joint moments are determined from the mgf as follows:

8k1+'“+anX1,...,Xn (tl, cee ,tn)
(9tlf1 o Othn

E[X ... Xk = , k> 1 (2.5.3)

t1=0,...,tp=0
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Lemma 2.5.1. Let the mgf Mx, . x,(t1,....tn) of {X;,1 < i < n} exist in a neigh-
bourhood of the origin in R™. Then {X;,1 < i < n} are independent if and only if

n
My, x,(t, o ta) = ] Mx, (1), (2.5.4)
=1
for all (t1...,t,) in a neighbourhood of the origin in R™.

If Mx,. . x, is finite in a a neighbourhood of the origin in R", the joint cumulant

generating function (cgf) is defined as

CXl,...,Xn(tla ... ,tn) = 111[MX17...7X”(751, ... ,tn)], ti1...,th, € R,

The joint cumulants are determined from the cgf as follows:

6k1+“'+k”CX ox (B, t
Chypoobin (X150 ooy X)) = T ”,E ) L k>1. (25.5)
oty - - oty” t1=0,....tn =0

Chy . on (X1,. .., Xp) are the cumulants of {X;,1 < i < n}. If k; # 0 for at least two

indices, then it is called a mixed cumulant of {X;,1 <i < n}.

Just as we saw in case of a single variable, the joint moments and joint cumulants of
Xi,..., Xy as described in (2.5.3) and (2.5.5) are related as in (2.5.2), where the multi-
plicative extension of c¢x, . g, (X1,...,Xpn) on P(k1 +--- + ky,) is defined appropriately.
In this thesis, our focus will be on the single variable case, so we omit the details for the

moment-cumulant relation in the multivariate situation.

Lemma 2.5.2. Let the mgf Mx, . x,(t1,....tn) of {X;,1 < i < n} exist in a neigh-
bourhood of the origin in R™. Then {X;,1 < i <n} are independent if and only if

CXLW:Xn (t17 M 7tn) = Z CXZ (t2)7 (256)
=1
for all (t1...,ty) in a neighbourhood of the origin in R™.

Lemma 2.5.2 essentially states that the variables {X;,1 <14 < n} are independent if

and only if all mized cumulants are zero.



34 Chapter 2. Methodologies

2.5.2 Free cumulants and free independence

The concept of free cumulants and free independence are defined within Free Probability
theory. This was introduced by Voiculescu in 1985 while he investigated von Neumann
algebras of free groups. Later Voiculescu [1991] established the connection between free
independence and large random matrices. Voiculescu et al. [1992], Anderson et al. [2010],
Nica and Speicher [2006], Mingo and Speicher [2017], [Bose, 2021] are some references
that deal with this theory in details. Here, we will describe only those notions that we
will require later in the thesis. The notation that we use below are in compliance with

Nica and Speicher [2006].

Non-commutative probability and free independence are the main constituents of
Free probability. We begin by describing Non-commutative probability spaces and its

connection to random variables, random matrices and ESD.

Non-commutative x—Probability Spaces and moments: A non-commutative prob-
ability space (A, ¢) is a unital x—algebra A over C with a linear functional ¢ : A — C
such that ¢(14) = 1, where 14 denotes the unit (identity) of A. The function ¢ is often

called a state of the algebra A.

The elements of A are called non-commutative variables (analogs of random variables
in classical probability). If a € A is such that a = a*, then a is called a self-adjoint
variable, and if aa* = a*a, then a is called normal. All self-adjoint variables are normal
but the converse is not true. Also observe that ¢ is really the analog of the expectation

operator for classical random variables. The state ¢ is said to be

tracial if ¢(ab) = ¢(ba), for all a,be€ A,

positive  if ¢(aa™) >0, forall a € A.

Observe that the set of all n x n real matrices, M, (R), with the state £ Tr, is a Non-

n

commutative x—Probability Space where the x—operation is taking transpose. Also note

that the state %Tr is tracial and positive.
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Moments: Let a be an element of a non-commutative *—probability space (A, ¢). Then
{p(ara®---a%*),e; € {1,%},k > 1} are called the x—moments of a. If a is self-adjoint,

then {¢(a*)}x>1 are called the moments of a.

It is to be noted that as we are in the non-commutative setting, the above moments
need not define any probability distribution. However the existence of a probability
distribution corresponding to a normal variable in (A, ¢) can be assured as follows.

Suppose a is normal and there is a unique measure p on C such that for all m,n € N,

¢(a™a™) = /zmz” du(z). (2.5.7)

Then p is called the probability measure of a.

Conversely, given a probability distribution g on €2 with all moments finite, we can
define a x—probability space (A, ¢), with A = Ni<p<ocLP (2, 1), such that ¢ is defined

as follows:

¢(a) = /a(w) du(w),a € A. (2.5.8)

Thus for any probability measure with finite moments, we get a x—probability space
and variables corresponding to it, see [Nica and Speicher, 2006]. This will help us later

to describe free cumulants and half cumulants of probability distributions.

The definition of moments can be extended naturally to any collection of variables
i

{ai,1 < i <n}. Then {¢(I(a;,a}) : 1 <i < n),ITis a finite degree monomial} are the

joint *—moments of {a;,1 < i < n}.

As we saw in case of (classical) cumulants, free cumulants can also be expressed via
moments of the variables. Towards that, we first need to describe the notions of Mobius

functions and non-crossing partitions.

Non-crossing partitions(NC(k)): Let m € P(k). If two elements p and ¢ belong to
the same block, we write p ~, q. m is crossing if there exist pi,p2,q1,q2 € [k] with
p1 < @1 < p2 < g, such that p; ~r ¢q1 and pa ~; g2 but {p1,p2,q1,¢2} are not in
the same block of 7. If 7 is not crossing then, it is called non-crossing and we write

m e NC(k).
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For example, {{1,4,5},{2,3}} € NC(5) but {{1,4},{2,3,5}} ¢ NC(5). Also 1} =
(1,2,....k} € NC(k).

It can be easily verified that NC(k) is a lattice with the reverse refinement partial

order < (Nica and Speicher [2006]). Let the set of intervals of NC(k) be denoted by

NCO(k) = {(r,0), 7,0 € NC(k), 7 < o}.
Mobius function: We first describe the Zeta function, £. It is defined by

1, (m,o0)e NCOk),
I LGB0

0 otherwise.

For two complex-valued functions F,G : N 0(2)(k) — C, their convolution F ©® G :
NC® (k) — C is given by

(FoG)(r,o0)= Z F(m,7)G(T,0).

TeNC(k)
7<1t<0

F is said to be invertible if there exists a unique G such that

(FOG)(m0)=(GOF)(m,0) = 1(z—q)-

The Mobius function, u: NC® (k) — C is the inverse of £ with respect to ®. This

inverse always exists.

Multiplicative extension of a moment sequence: Let (A, ¢) be a non-commutative
probability space. A sequence of multilinear functionals {m, },>1 can be defined on A"
as follows:

On(ar,ag, ... an) = dlaras---ay), ay,...,a, € A. (2.5.9)

Recall the multiplicative extension of a sequence from Section 2.4. Similarly, the

sequence of functionals {7, },>1 can be extended multiplicatively to
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{pr,m € NC(n),n > 1}. lf 7 ={V1,Va,...,V,.} € NC(n), then

dxlar, az, ..., an] = [[6(Vi)la1, az, ..., an), (2.5.10)

where for V = {i; <ig < -+ <ig},

o(Wlar,ag, ... an] = ¢ds(aiy, aiyy ... a;,) = ¢ai, aiy - - ag,).

Free Cumulants: The free cumulant of {a;,1 <i < n} of order n is defined as

kn(a1,ag, ... a,) = Z Orlar,ag, ..., anlp(m, 1), (2.5.11)
TeNC(n)

where p is the Mébius function on NC?) (n). Suppose for some i # j, a; # a; or aj.
Then ky(a1,az,...,ay,) is called a mized cumulant of order n. If n=1and a3 =a € A

is self-adjoint, then the nth cumulant of a is given by

Relation between moments and free cumulants: We saw in the classical case
in Section 2.5.1 that it is possible to determine the moments if the cumulants of a
variable are known and vice versa. Here too, the formula for deriving moments from

free cumulants is relatively simple and will be used.

Let a,aq1,a9,...,a, € A. We define the multiplicative extension of

{kn(ai,az,...,an),n >1} on NC(n) as in (2.5.10). If 7 = {V4,...,V,} € NC(n), then
Krlal,ag, ... an] = Hfi(V})[al,ag, ey ), (2.5.12)
i=1
where for V = {i; <iy < -+ <ig},

k(V)la1,ag, ... ,an] = ks(aiy, iy, - - ., ai,), (see (2.5.11)).
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Then using the Mdbius function, it can be shown that

dlarag - --ap) = Z Krlai,az, ..., ay), (2.5.13)
TeNC(n)

o(a") = Z kxla,a,..., al, (2.5.14)
TeENC(n)

where {kr,m € NC(n),n > 1} on the r.h.s. of (2.5.13) and (2.5.14) is the multiplicative

extension of {ky(a1,as,...,a,),n > 1} or {k,(a),n > 1}.

Note that when the variable is self-adjoint and has a probability law p corresponding
to it in the sense of (2.5.7), then the free cumulants of p are defined to be the free

cumulants of a.

Relation between free cumulants and free independence (Nica and Speicher
[2006]): Let (A, ¢) be a non-commutative probability space. Let {A4;,i € I} be unital

sub-algebras of A. Then these sub-algebras are called freely independent if

whenever the following holds :

(i) n €N,
(i) a; € Ajpy,4(0) € 1,
(ii)) ¢(a;) =0 for all 1 < i <n,
(i) j(1) #4(2),4(2) #J(3),....j(n—1) # j(n).
Let aj,ag,...,a, € A. Then {a;,1 < i < n} are freely independent variables if the
unital algebras generated by a;,1 < i < n, A; = alg(a;, 1), are freely independent.

Lemma 2.5.3. (Nica and Speicher [2006])(Mized free cumulants are zero for free vari-
ables) Let (A, @) be a non-commutative probability space and let A;,i € I be unital
subalgebras of A and {kn,n > 1} be the sequence of free cumulants. Then {A;}1<i<n

are freely independent if and only if for all n > 2, and for all a; € Ajuy,i=1,2,...n
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with j(1),...,7(n) € I, we have ky(a1,...,an) = 0 whenever there exists 1 < s,t < n
with §(s) # §(t).

2.5.3 Half cumulants and half independence

In the previous section we saw free independence defined in the non-commutative set
up. Another interesting notion of independence called, half independence, arises in the
non-commutative setting. This has been dealt with in details in Banica et al. [2012] and
Bose et al. [2011b]. Here we will only briefly discuss these notions. They will be helpful
in identifying some of the LSDs in the forthcoming chapters.

From this point, we assume that all variables are self-adjoint. We will need the notion

of independence of variables in algebras in order to describe half independence.

Just like free independence, independence of variables in algebras are defined via

independence of unital algebras generated by each of the variables.

Let (A, ¢) be a non-commutative probability space. Let {A;,i € I} be unital sub-
algebras of A. Then the sub-algebras {A;i € I} are called independent if they commute,
and for all a; € -A](z) (](Z) S I),

Plaraz - an) = ¢(ar)g(az) - - - p(an) (2.5.15)

whenever k # 1 = j(k) # j(0).

Let aj,az,...,a, € A. Then {a;,1 < i < n} are said to be independent variables if

{A; = alg(a;,1),1 <1i < n}, are independent.

Half commuting elements: Let (A, ¢) be a non-commutative probability space and

{ai,i € I} be a collection of variables in A. Then {a;,i € I} are said to half commute if

a;ajay = agaja;, foralli,j,k el

To define half independence, two other terminology that are required are unbalanced

variables with respect to {a;,i € I'} and independence of variables in an algebra.
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A variable a = a;, a4, - - - a;,, i1,%2,...,1 € I is said to be balanced with respect to
{a;,i € I}, if each variable a; appears equal numer of times in odd and even positions

of a. If a is not balanced, then it is called unbalanced.

Half independence(Banica et al. [2012]): Half commuting elements {a;,7 € I} are

said to be half independent if the following is true:

(i) {a2,i € I} are independent (see (2.5.15)),

(ii) if a = a;,a4, - - - a;, is unbalanced with respect to {a;,7 € I'}, then ¢(a) = 0.

Observe that for half independent variables, the odd moments are always 0.

From Section 2.5.1 and 2.5.2, it can be seen that the notions of cumulants and free
cumulants are intimately tied to the set of all partitions and the set of all non-crossing
partitions. The corresponding set of partitions for half cumulants are the symmetric

partitions. We first describe this.

Symmetric partition: A partition o = {V1,Va,...,V;} of [k] is said to be a symmetric
partition if each V; has the same number of odd and even integers. The set of all
symmetric partitions of [k] is denoted by S(k) and the set of all symmetric partitions of

[k] with b blocks is denoted by Sp(k).

For example, {{1,4},{2,3,5,6},{7,10},{8,9}} € S4(10) is a symmetric partition of
[10], but {{1,3},{2,4,5,6},{7,10},{8,9}} ¢ S(10). In particular, all blocks of 7 € S(k)

must be of even size.

Even partition: A partition o = {V1,Va,...,V;} of [k] is said to be an even partition
if each V; has an even number of integers. The set of all even partitions of [k] is denoted

by E(k) and the set of all even partitions of [k] with b blocks is denoted by Ejp(k).

For example, {{1,3},{2,4,5,6},{7,10},{8,9}} € E4(10) is an even partition of [10].

Observe that if k£ is odd, then [k] does not have an even partition.

For any k > 1, define NCE(2k) = NC(2k) N E(2k), i.e., NCE(2k) is the set of all

non-crossing partitions whose blocks are all of even size. It can be easily seen that

NCE(2k) C S(2k) C E(2k) (2.5.16)
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Recall the notion of multiplicative extension on NC(k) from Section 2.5.2. Multi-

plicative extension can similarly be defined on S(k). We omit the details.

Half cumulant(Bose et al. [2011b]): Let (\A, ¢) be a non-commutative probability space
and let {a;,i € I} be variables in A such that ¢(a;,ai, - - a;,) = 0 whenever £ is odd.

Then the half cumulants {7y} of {a;,i € I'} are defined by the following recursion:

od(aiyaiy -+ - a;),) = Z Tr(@iy, iy, - - ., a;,), for any iy, ia, ..., 0 € I. (2.5.17)
meS(k)

If a € A is self-adjoint, then the half cumulants {rx(a)}x>1 of a are given by
rp(a) =ri(a,a,...,a). (2.5.18)

Note that when the variable is self-adjoint and has a probability law u corresponding
to it in the sense of (2.5.7), then the half cumulants of p are defined to be the half
cumulants of a.

Observe that from the definition of half cumulants ro;11(a) = 0 for all k£ > 0.

For example, consider the standard symmetrized Rayleigh distribution R, that has
density
f(x) = |z|exp(~2?), z€R.

The moments S (R) of R are given by

0 if kis odd,
Br(R) =
k! if k is even.

Recall that S,(2k) is the set of all symmetric partititions with b blocks. Now k! =

Z 1. A proof of this fact is available in Lemma 2.3.1 in Bose [2018].
TS (2k)
Suppose a is a (self-adjoint) variable whose probability distribution is R. Then ¢(a*) =

Br(R). Therefore the half cumulants of a are given by
ro(a) = 1,7r9,(a) =0,n > 2.

Lemma 2.5.4. (Theorem 1, Bose et al. [2011b]) Suppose {a;,1 < i <n} is a sequence

of self-adjoint half commuting variables in (A, ¢) and a = a;,a;, - - - a;,, is such that a;
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occurs s; times in a. Then the following hold true:
(a) if {a;,1 < i < n} are half independent and a is balanced with respect to {a;,1 <
i < n}, then rog(ai, Giy, - - -, A4y, ) = 0 whenever there is 1 < i,j < n with s;,s; > 2;

(b) if ¢(ai,aiy---ai,) = 0 whenever k is odd and rog(ai, aiy, . .., G, ) = 0 whenever

si,85 > 1 for some 1 <1i,j <n, then {a;,1 <i <n} are half independent.



Chapter 3

Wigner matrices

The symmetric matrix that has received the most attention in Random Matrix Theory
is the Wigner matriz. Since the seminal work of Wigner [1955], this matrix has gained
increasing importance and there has been various studies about the LSD of the Wigner
matrix and its different variations. Classically a Wigner matrix W, is a symmetric ma-

triz defined as

11 212 13 0 Ti(n—1) Lin

Ti2 T22 23 0 To(n—1) L2n
W, =

| L1n L2n T3n " T(n—1)n Lnn

In Section 3.1, we describe a few LSD results that already exist in the literature
for Wigner matrices. These are closely related to the main result of this chapter that
is described in Section 3.3 (see Theorem 3.3.1). Before that, in Section 3.2, we give
the detailed description of the special symmetric words that play a crucial role in the
LSD. Next, in Section 3.5, we discuss how the results described in Section 3.1 can be
concluded from Theorem 3.3.1. We conclude the chapter with some simulations that
show the various distributions that can appear as LSD (see Section 3.5.7). This chapter
is based on Bose, Saha, Sen and Sen [2022].

43
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3.1 Review of existing literature

Initially, Wigner [1955] considered the entries of W,, to be ii.d. real Gaussian, and
showed that the EESD of ﬁWn converges weakly to the semicircle distribution. In
Wigner [1958], a more general version was proved where the sub-diagonal entries are
independent with variance o2, and the diagonal entries have variance 202, and every
other higher order moments are uniformly bounded, i.e., E[mfj] < Mj, where {z;;;i < j}
are the entries of W,,. These results have been extended by Grenander [1968] who proved
the convergence of the ESD to the semicircle law in probability, and by Arnold [1967],
Arnold [1971] where the convergence of the ESD is shown to be in the almost sure sense.
Some subsequent studies include Pastur [1972] and Pastur [1973] with independent mean
zero variance 1 entries that satisfy a Lindeberg-type condition, also known as Pastur’s

condition

n—00 ’I7

. 1
lim - ZE[x?j1[|ﬂfij|>7i\/7ﬂ] =0 for every n > 0. (3.1.1)
1,J

Later Bai [1999] provided two extensions of the model — one that allows the sub-diagonal
entries to be complex i.i.d. with variance 1 and the other where the sub-diagonal entries
are independent with common mean 0, variance 1 and satisfy (3.1.1). Bai [1999] showed
that in either case the ESD of ﬁWn converges weakly almost surely to the semicircle

law.
We recall the most widely known result in the fully i.i.d. regime.

Result 3.1.1. (Standardized fully i.i.d. entries) Suppose that the entries {x; ;1 <
i <j<n} of Wy, are i.i.d. with mean 0 and variance 1. Then, as n — oo, the almost
sure LSD of Wy, /\/n is the standard semicircular distribution. This distribution, say fis,
has the following density

1 7

s=vV4—x* ifxe|-2, 2]

f@ =1 frere

0 otherwise.

The moments Sy (us) of us are given by

0 if k is odd,

me(g) = [NCo(k)| if k is even.

/Bk(ﬂs) -
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Here for any k, ﬁ(zkk) = (9, is the 2kth Catalan number and NCy(2k) denotes the
set of non-crossing pair-partitions of {1,2,...,2k}. A detailed proof and a short history
of the precursors of this result is available in Section 2.1 of Bose [2018]. As the moments

of ps are given via the non-crossing pair partitions as in the equation above, its free

cumulants (see Section 2.5.2) are k1 = 0,k2 = 1 and &k, = 0 for all n > 3.

Heavy-tailed entries: A natural extension of the above model is made by considering

the case where the entries are i.i.d. with a heavy-tailed distribution.

Result 3.1.2. (Ben Arous and Guionnet [2008]) Suppose the entries {x;; ;1 < j} of Wy,

are i.4.d. and satisfy P{|x;;| > u} = u=*L(u) as u — oo where L(-) is slowly varying
. Plx;; > u .

and a € (0,2). Also uh~>nolo [PW =0 ¢€0,1]. Let ap = inf{u : P[lz;;| > u] < 1/n}.

Then the ESD of ‘;V—: converges to a probability measure po tn probability.

Their method of proof was the following. They first showed the convergence of the
ESD of the truncated matrices (where each entry of the matrix is truncated at a num-
ber) to a non-random symmetric distribution, which then converges weakly in the space
of distributions as the truncation level goes to infinity. We note from various articles
relating to the heavy-tailed case, for example, Ben Arous and Guionnet [2008], Belin-
schi et al. [2009], Benaych-Georges et al. [2014], Male [2017], that in dealing with the
heavy-tailed case, the entries of the matrix are often truncated where the truncation de-

pends on n, and hence the truncated matrix has entries whose distribution depends on n.

Size dependent entries: Wigner matrices where the distribution of the entries are
dependent on the size of the matrices has been considered by Zakharevich [2006]. The
primary motivation of her result was to consider entries that are i.i.d. with distribution
Gy, which may be all light-tailed, but as n — oo, G, may converge to a heavy-tailed

distribution. These are called Wigner matrices with exploding moments.

Result 3.1.3. (Theorem 1, Zakharevich [2006]) Suppose {Gy} is a sequence of proba-
bility distributions each of which has mean zero and all moments finite. Let p, (k) be
the kth moment of Gy. Suppose that for each n, the entries of the Wigner matrix W,
are i.i.d. G,. Let

lim tin (k)

B N CILIE Jr, say, exists for all k> 1.
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Then the ESD of \/% converges in probability to a distribution p,q) say, that depends
Tfhn,

only on the sequence {gax}

Note that go = 1. It is known that p..; is a semicircular distribution if and only if
gor, = 0 for all k£ > 2. Further, if the {Gj},>1 are identical, then clearly gor = 0 when
k # 2, and we recover the semicircular distribution as in Result 3.1.1. Zakharevich gave
a description of the moments of 1,4 in terms of certain trees. Another study that dealt
with such matrices is Jung [2018], where the author describes the Lévy-Khintchine en-
semble (the entries of the matrix being i.i.d. for every fixed n satisfying certain moment
conditions) and concludes the convergence of their ESDs via local weak convergence of

associated graphs.

Sparse homogeneous Erdds-Rényi graphs: A very well-known random matrix
model where the entries are identically distributed for a fixed dimension, but the distribu-
tion changes with the dimension, is the adjacency matrix of the homogenous Erd6s-Rényi
graph. For a homogeneous Erdos-Rényi graph with n vertices, an edge between vertices
i and j occur with probability p,. This is called the homogeneous model as the edge
probability does not depend on %, j. The adjacency matrix of homogeneous Erdos-Rényi
graph is a Wigner matrix with entries following Ber(p,) distribution. This matrix has
been studied under various regimes over the last few decades. One of the regimes is the
sparse regime, where the average degree or average connectivity np,, tends to a constant

as n increases to co. In this thesis, we focus our study on the sparse regime.

One of the earlier papers that dealt with the ESD of the adjacency matrix of the
homogenous Erdos-Rényi graph in the sparse regime with mathematical rigour was by
Bauer and Golinelli [2001]. They showed that the EESD converges weakly to a non-
symmetric distribution that is not the semicircle law. They gave a description of the

limiting moments via certain trees, which are not same as the trees in Zakharevich [2006].

Result 3.1.4. (Bauer and Golinelli [2001]) Suppose that for each fixed n, M, is the
adjacency matriz of a simple(without loops or multiple edges) sparse homogeneous Erdos-
Rényi graph with n vertices and edge probability p, such that np, — X\ > 0. Then the

EESD of M, converges weakly to a probability measure pp, say, which is symmetric
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about 0. The moments of pp, are given by

k
Bok(1vg) = > Trp A (3.1.2)
b=1
Here Iy, is the number of normalised 2k-plets of the form (i1, 2, ..., i2;), associated to

certain trees with b edges.
Note that the 2kth moment of the ESD of W,, can be written as

1
Wny
Por(BFT) = — | Z ElZi1isTigis ** * Tiggin ],
1<y, i <n
thus giving rise to the 2k-plets and the corresponding closed walk on a tree. A detailed
construction of the trees can be found in Section 3.4 in Bauer and Golinelli [2001].
However, no nice description of 4 is available, but it is easy to check that p, is not a

semicircular distribution.

There has been subsequent works on this topic, for example, by Khorunzhy et al.
[2004], Ding and Jiang [2010], Bordenave and Lelarge [2010b], Bordenave et al. [2017],
Bordenave and Lelarge [2010a] that have strengthened Result 3.1.4 by proving the al-
most sure convergence, studying the empirical distribution via local weak convergence

of sequences of graphs, as well as studying the atom found at 0 in the LSD.

Sparse inhomogeneous Erdés-Rényi graphs: If the probability of an edge occurring
between two vertices ¢ and j does depend on i, j, it is called an inhomogeneous graph
model. There has also been developments in the inhomogenous Erdés-Rényi graphs in
the sparse regime. Some interesting inhomogeneous models have been considered in
Liang et al. [2007] and Bollobés et al. [2007]. In Bollobés et al. [2007], the authors
define a model of Erdés-Rényi graphs that is sufficient to include many of the specific
models considered previously. In their model, the uniformly grown random graph on
¢/ denoted by G,ll/ i (c), the probability that there is an edge between the vertices i and
J, is given as p;; = min{c/ max{i,j},1} . They study the phase transition and related
results about G/’ (¢). Further, they mention that Erdés-Rényi graphs G(n, k) where

is a suitably chosen function can be dealt with in a very similar manner as G,ll/ J (c).



48 Chapter 3. Wigner matrices

Matrices with variance profile: The dependence of the distribution of an entry on its
position also arise when the matrices have a variance profile, i.e., when the entries of the
matrix are of the form {o;x:;;1 < j} or {o(i/n,j/n)x;i < 5}, with (045)i<j or o(z,y)
being an appropriately chosen sequence or function, (see Definition 3.5.15 and 3.5.16).
Some results that deal with such Wigner matrices have been derived in Anderson and
Zeitouni [2006] and Lytova and Pastur [2009]. Under the assumption that the entries
have common mean and variance, or have different variances but each column of the

variance profile is stochastic, i.e., %Zal?j — 1 or faQ(x, y) dz =1, it has been shown
i

that the ESD of ﬁWn converges weakly almost surely to the semicircle distribution.

Wigner matrices with more complicated variance profile have been studied recently
by Zhu [2020] using graphon sequences. We shall briefly describe graphons for our pur-
poses, and a more detailed study can be found in Lovész [2012]. Using the notion of
convergence of graphons and graph homomorphism densities, the author proves that the
ESD of %Wn converges weakly almost surely to a symmetric probability distribution
whose moments are described as limits of homomorphism densities on certain trees. He

also provides sufficient conditions for the LSD to be semicircle. For describing Zhu’s

result we first define the following;:

Graphons: For every n > 1, divide the interval [0,1] into n non-overlapping sub-
intervals I, ..., I, of length % each. Let I1 = |0, %}, I; = (%, %], i>2and Hy(z,y) =
2

% if (z,y) € I; x I;. This defines a sequence of functions (graphons) H, on [0, 1]%.

Homomorphism density: Consider all finite multigraphs G = (V, E') without loops
with vertex set V = {1,...,n} and edge set E. Let t(G, Hy,) denote the homomorphism
density

WG, H,) = / T Halwszs) [T dos (3.1.3)

0.V er eV

Result 3.1.5. (Theorem 3.2, Zhu [2020]) Suppose the entries {a;; : 1 <i < j < n} of
the Wigner matriz Wy, are independent and have mean zero. Let E[afj] = O'sz. Assume
that

Sup(7 < B < ()O, 3.1.4
)
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1

nh—>Holo ) Z E[a?jl[\amzn\/ﬂ] =0  for any constant n > 0 (Lindeberg’s condition).
1<ij<n
(3.1.5)
Suppose that,
lim ¢(T, H,,) exists for every finite tree T. (3.1.6)

Then under the conditions (53.1.4), (3.1.5) and (5.1.6), the LSD of Wy /\/n, $ay tizhy

exists almost surely. The odd moments of p,pn, are 0, and its 2kth moment is given by
Bor () = > m (T, Hy), k> 1, (3.1.7)
T

where the sum s over all rooted trees T' each with k + 1 vertices.

Other Wigner matrices: Some other variations of Wigner matrices where the dis-
tributions of the entries depend on their positions in the matrix, include band matrices
(Casati and Girko [1993a], Casati and Girko [1993b], Anderson and Zeitouni [2006],
Molchanov et al. [1992]), block matrices (Bolla [2004], Ding [2014], Zhu [2020]) and tri-

angular matrices (Basu et al. [2012]).

Band Wigner matrices: Band matrices are matrices whose non-zero entries form a
band like structure. These matrices appear naturally in physics (see Casati et al. [1979]
and Chirikov [1985]). When the bandwidth m, of a banded Wigner matrix, say, W,2,
is such that m,/n — a > 0, a constant, then Casati and Girko [1993b] proved that the

ESD of ﬁWnB converges in probability to a semicircle law.

Result 3.1.6. (Theorem 2, Casati and Girko [1993b] ) Suppose the entries {x;;; |i—j| <

mn} of WP are such that {x;;} are independent with mean zero and variance o < co.

All other entries of WE are zero. Also assume that

lim — 2 = indeberg’ diti

dm s Z E[xijl[lzijlzn\/ﬂ] =0  for any constant n > 0 (Lindeberg’s condition).
4,j:|i—j|<my,

Then the ESD of ﬁWf converges in probability to a semicircle law with parameters

determined by o and o.

Triangular Wigner matrices: Triangular matrices have gained importance since their

consideration in Dykema and Haagerup [2004], who considered the singular values of
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(asymmetric) triangular Wigner matrices with Gaussian entries. Later in Basu et al.
[2012], the authors concluded LSD results for symmetric triangular Wigner matrix. We
shall give the formal description of such matrices in Section 3.5. Here we state the LSD

result for symmetric triangular Wigner matrices, W} from Basu et al. [2012].

Result 3.1.7. (Theorem 2.2, Basu et al. [2012]) Suppose the non-zero entries {x;j; (i+
J) < (n+1)} of W¥ are i.i.d. with mean zero and variance 1. Then the LSD of ﬁW#

exists almost surely and is symmetric about zero.

Block Wigner matrices: Random block matrices with finite number of rectangular
blocks have been studied in Bolla [2004], Ding [2014] and Zhu [2020]. In Zhu [2020], the
graphon approach has been used to prove results on random block matrices. We state

their result here.

Result 3.1.8. Suppose W/, is a block matriz with d* rectangular blocks é(m’l), 1<m<

I < d each of size ny, X ny consisting of independent entries (modulo symmetry). Assume
that the entries {a;;}, 1 <i,j < n are centered, and all entries are independent (modulo

symmetry) with

E [agj] = Syu  whenever a;; is in the (m,l) — th block, (3.1.8)
sup sy < C' for some constant C' > 0, (3.1.9)
m,l

n

and a;; satisfies (3.1.5). Also suppose that li_)rn 2 = a, as n — oo. Then the
n—oo n

ESD of ﬁWJL converges weakly almost surely to a non-random symmetric probability

distribution, say, -

Our results: One of our goals here is to understand how far the above results can be
brought under one umbrella. In Theorem 3.3.1 we formulate a general version where the
entries of WW,, are assumed to be independent but they need not be identically distributed,
and their distribution may change with n, i.e., the distribution of the entries can depend
on their positions as well as the size of the matrix. This yields the Results 3.1.1-3.1.8
as special cases. Moreover, results from certain non-homogeneous Erdés-Rényi graphs,
matrices with variance profile, certain band matrices, triangular matrices and block

matrices are also included.
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It is known that the semicircular distribution in Result 3.1.1 sits on the set NCy(2k)
in the sense that each such partition contributes one to the 2kth moment of the semi-
circular distribution and any other partition contributes zero. The limit distributions
Has fhzak, Hbg and fizhy, in Results 3.1.2-3.1.5 respectively, cannot be described via N Cy(2k)
except in special cases. In Theorem 3.3.1 we identify a special class of partitions, called
special symmetric partitions of {1,2,...,2k}, which contribute to the limit moments.
This class has a more complex structure, and includes NC2(2k) as well as many other
crossing and non-crossing partitions. We shall see that the contributions to the mo-
ments of the LSD in general vary across the partitions, and depend on specific moment

properties of the entries.

3.2 Special Symmetric Partitions and Coloured Rooted
Trees

Definition 3.2.1. (Special Symmetric Partition) Let o € P(k) and let Vi, Va,... be
the blocks of the partition, arranged in ascending order of their smallest elements. This

partition is said to be special symmetric if

between any two successive elements of any block there are even number of elements

from any other block. (a)

Note that by the stipulated condition, each block is of even size and hence k is nec-
essarily even. We denote the set of special symmetric partitions of {1,2,...,2k} by
SS(2k). We denote by SSy(2k) the subset of SS(2k) where the partitions have b blocks.
Observe that b < k always.

For example, the partition {{1,4,5,8},{2,3,6,7},{9,10}} of [10] belongs to SS5(10).

The corresponding special symmetric word is abbaabbacc.

The one-block partition of {1,2,...,2k} is always in SS(2k). It is easy to check
that every m € NC2(2k) is in SS(2k). In fact SSi(2k) = NC2(2k), i.e., every special
symmetric pair-partition is a non-crossing pair-partition. Moreover, SS(2k) = NC(2k)

for 1 < k < 3. However, when k > 4, there are special symmetric partitions that are



52 Chapter 3. Wigner matrices

either crossing or not paired. For example the partition of [8] with blocks {1,2,5,6} and

{3,4,7,8} is a special symmetric partition but is crossing.

Special symmetric words: Recall in Section 2.4, we saw any partition corresponds to
a word. Hence each special symmetric partition also correspond to a special symmetric
word. Special symmetric words are words such that between any two successive appear-
ances of the same letter there are even number of other letters. We will denote the set of
these words as SS(2k) and the set of all special symmetric words with b distinct letters

as SSp(2k). For example, aabbaabb € SS2(8) and abcabe is not special symmetric.

Now we state a lemma which describes some properties of SS(2k) that are direct

consequences from Definition 3.2.1. So we skip the proof.

First we define the notion of a pure block which is different from the notion of block.

Definition 3.2.2. (Pure block) Any string of length m (m > 1) of the same letter in

a word w is called a pure block of size m.
For instance, in aabbaabbbb, a occurs in two pure blocks of size 2 each and b occurs
in two pure blocks of sizes 2 and 4. The block sizes of a and b is 4 and 6, respectively.

Lemma 3.2.3. For any special symmetric word,

(i) each letter appears even number of times,
(ii) the last letter appears in pure even blocks,

(717) between any two successive appearances of the same letter each of the other letters

that do appear, appear equal number of times in an odd and an even position.

Next, we present some more details SS(2k).

A subset of consecutive natural numbers {i,i + 1,...,7 + h} is called an interval
in N and denoted by [i,i + h]. For example, [k] and {2,3,4,5} = [2,5] are intervals
in N. We define an order on disjoint subsets of N as follows. For V;,Vo C N and
VinVa =0, wesay Vi < Vo if min{j : j € Vi} < min{j : j € Va}. For o € P(2k),
we write o as {V1, Vo, ..., V,.} where Vi, Vs, ..., V, are the blocks of the partition o and
Vi < Vo <--- < V.. Then we can describe SS(2k) as follows:
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(a) For every k € N, the single block partition [2k] is an element of SS(2k). For k =1,
this is the only element of SS(2).

(b) for k > 1, a partition 0 = {V] < Vo < --- < V;.} of [2k] belongs to SS(2k) if and

only if

(i) The last block V. is a union of even sized intervals, say V;, = [ U, U---UI,.
(i) {[min I;,max I 1]\ ([;Ulj41)}NVi|isevenfor 1 <i<r—land1<j <L

(iii) o\ V; can be realized as a special symmetric partition of [2k] \ V.

Remark 3.2.4. The set SS(2k) does not form a lattice under the inclusion ordering.
For example, the partitions {{1,2},{3,6},{4,5}} and {{1,6},{2,3,4,5}} both belong to

SS5(6). However, the largest partition which are smaller than both satisfies

{{1,2},{3,6}, {4, 51} A {{1,6},{2,3,4,5}} = {{1}, {2}, {3}, {4,5}, {6}} & S5(6).

A graphical approach: Special symmetric partitions (words) can also be shown to be

in one-one correspondence with certain colored rooted ordered trees.

A colored rooted ordered tree is a graph with no cycles, with one distinguished
vertex as the root, and each vertex has a colour that signifies certain properties, where
the colours of the vertices are ordered. For example, suppose {ag, a1, as, as} is the set of
colours with the ordering according to the ordering of their indices, i.e., ag < a1 < as <
a3z and T is a coloured rooted ordered tree. Then, the first appearance of the colours
occur in ascending order. It is also known as a coloured plane tree. For more on this

one can see Stanley [2012].

The moments of the LSD has been described by some authors such as Zakharevich
[2006], Zhu [2020] in their works as count of the number of trees or homomorphism
densities on them. The next lemma claims SS(2k) is in one-to-one correspondence with
certain colored rooted ordered trees. This description gives us some more insight and a

different combinatorial perspective for this set of partitions.

Lemma 3.2.5. Let w be a special symmetric word of length 2k with b distinct letters, i.e.,
w € SSp(2k). Also suppose that each letter appears 2k, 2ka, . . ., 2ky, times respectively in
w. Then there is a coloured rooted ordered tree corresponding to w with (k + 1) vertices

and (b+ 1) distinct colours ag,ay, ..., ap with the following properties:



54 Chapter 3. Wigner matrices

(a) The root is of colour ag and there are exactly k; vertices of colour a;, 1 < i <b.
(b) If two vertices are of same colour then their parents are also of same colour.

(c) Vertices with the same colour are at the same distance from the root.

Also, for every such tree with k + 1 vertices and b+ 1 distinct colours, there is a unique

word that belongs to SSy(2k) and vice-versa.

In particular, the Catalan number Coy, counts the number of coloured rooted trees with

k 4+ 1 vetrices, each with a distinct colour.

Proof. SSy(2k) — coloured rooted ordered tree with (k+ 1) vertices and (b+ 1)
colours. Suppose w € S5,(2k) such that each letter appears 2kq,2ks, ..., 2k, times
respectively. Let i1,19,...,17; be the positions where the distinct letters made their first
appearance in w. We choose (b + 1) distinct colours ag, a1, as,...,a, where ag < a1 <

-+« < ap. Now we begin constructing a tree from left to right.

Construction of the tree: Create a root and colour it ag. The first letter in w, say, a,
has coordinates (7(0),7(1)). For this first appearance of a, we create a child of the root
and colour it a;. For every odd appearance of the letter we put a new child of colour
a1 and for every even appearance, we traverse back to the root. If we get a new letter
we have a new child of colour as. Now we describe the construction with a couple of

examples. Suppose the word is aaaabb. Then the tree is constructed as follows:

ao ao
a al aq al al ag

If the word is aaabba, then the tree is constructed as follows:

a a /QO\G
/N \

ag al aq a9
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Continuing this process, we construct the tree until we exhaust all letters of w. Note
that in this construction, all the double edges between two nodes of colours as and a;
(0 < s,t < b) are counted as single edges. This gives us a tree with (k + 1) vertices,

(b+ 1) colours, and a root of colour ag.

Verification that this tree satisfies Properties (a), (b) and (c): Now if z is the
jth distinct letter of w, then it appears 2k; times in w out of which every odd time we
have a child of colour a;. So there are k; vertices of colour a;. So Property (a) holds for

this tree.

Suppose (b) does not hold for the tree constructed. Then there are two vertices of
the same colour say, a,, such that their parents are of different colours, say a,, and a,,
(p1 # p2). Suppose that the node coloured a,, appears to the left of the node coloured
ap,. Note that by the construction, we can only get a new node when that particular
letter is appearing for the ith time, ¢ being odd. So, we have got the node of colour a,, as
a child of a node coloured a,,, and again another node of colour a,, as a child of a node
coloured ap, when the mth letter, say, x, is appearing for the ¢1th and toth time, where
t1,to are odd. Therefore in between these two z’s there is at least one occurrence where
x appears for the ith time, 7 being even. It can be easily seen that without loss, we can
assume that the number of such occurrences is one. Then, clearly by the construction
when this x (which is appearing in between the two xs for which we have got the two
nodes of colour a,,, with different coloured parent nodes) occurs, we traverse back to the
node of colour a,,, having traversed the subtree starting at the node coloured a,,. Then
getting another node of colour a,, as a child of a,, after that, implies that the path letter
has appeared an odd number of times in between the two x’s. This is a contradiction to

the fact that w € S5,(2k). Thus such a thing cannot occur.
Hence Property (b) holds true for a tree constructed above.

Next we verify that Property (c) holds for the tress constructed. Observe that, the
root only has colour ag, and vertices of colour a; can appear only as chlidren of the root
according to the construction of the tree. Suppose, Property (c) is true for all colours
a; where 1 < ¢ < j — 1. Now there are k; vertices of the colour a;. By the construction,
we see that either all of these k; vertices appear as children of the root or, they appear
as children of the vertices of the colour a; where ¢ < j. If all k; vertices are children of

the root, we have nothing to prove, and (c) holds for the colour a;. In the other case,
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all of these k; vertices appear as children of the vertices of the colour a;, and as t < j,
all vertices of colour a; are at the same distance from the root. Therefore, all vertices
of colour a; also are at the same distance from the root. Hence by induction, we have
that (c) is true for the tree corresponding to w. Thus for any word w € S5,(2k), the
(k + 1) vertices and (b+ 1) distinct colours, satisfy Properties (a), (b) and (c).

Further, for any two distinct words w; and wy in SS,(2k), the above process of
construction yields two distinct coloured rooted trees with (k + 1) vertices and (b + 1)

distinct colours each with Properties (a), (b) and (c).

Coloured rooted ordered tree with (k+1) vertices and (b+1) colours — S5, (2k).
Now, suppose we have a coloured rooted ordered tree with (k + 1) vertices and (b + 1)
distinct colours with properties (a), (b) and (c). We need to show that there is a word

in S.Sp(2k) corresponding to this tree.

Construction of the word w: Suppose ag, a1, as, ..., ap are the distinct colours of the
nodes. By (c), there is no other node of the same colour as the root. Suppose the colour
of the root is ag. As there are b distinct colours left, we can associate to each colour a;

the jth distinct letter of the word as follows.

We traverse the tree from left to right in the depth-first way, starting at the root.
For every step downward, when we get a vertex of colour a;, we add the jth distinct
letter to the word, and for every step upward to a vertex of colour a;, we add the tth
distinct letter to the word. We repeat this process for all the branches of the tree, left
to right.

The first vertex appearing after the root is of colour a;, which creates the letter a.

If there are no further children of this vertex, then we come back to ag (root,) and
add the letter a to obtain the partial word aa. We then move to the next right branch.
We describe this with the help of an example.

Consider the following tree.
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ao
al al as

a2 a4

Traversing from the root to the leftmost node of colour a;, we get the first letter of the
word, say, a. From there we traverse (depth first) to the node coloured ay and get the
second letter, say b. As this node has no further children we traverse back to its parent
node. By the construction, this implies that we get b for the second time. Hence the
partial word at this point is abb. Then we traverse back to the root, which adds another
a to the word. After this, we traverse down to the second child of the root coloured aq,
and (since this node has no further children) back. The word that we have at this point
is abbaaa. Then we traverse down to the child of the root coloured ag, that adds the
third new letter, say ¢, to the word. Next, we traverse to its child, which is of a new
colour a4. Hence we get a new letter, say d in the word. The word constructed at this
point is abbaaacd. Now as the last node has no children, we traverse back to the root

via the node of colour ag. Thus the word we finally get from the above tree is abbaaacddc.

Verification of w € SS,(2k): We now wish to verify that w € SS,(2k).

Consider two successive appearances of the same letter say, x. If they are side by
side, there is nothing to verify. Now suppose they have some other letters in between.
Suppose z is the jth distinct letter of w. Then there are two ways in which we had the
first z: (i) while we were going down to the vertex of colour a; which has a further child

or, (ii) while we were coming upward from a vertex of colour a;.

In Case (i), during the construction, we had gone down that branch and had reached
the end of this sub-tree, and each time added a letter to the word for each vertex.
Having reached the end, we had started coming upward, and had added those letters in
the reverse order to the word, to reach the vertex of colour a; we started with. Because
of Property (c), we cannot get the next x before we reach this vertex. Thus, in between

these two successive z’s, each letter has been added an even number of times.
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In Case (ii), we have got the first 2 while coming upward from a vertex of colour a;
(to a vertex of color a; say). Observe that from the Properties (b) and (c) of the tree,
the next = can only occur while going downward to another vertex of colour a;, whose
parent must have the colour a;. By (c), same coloured vertices occur only at the same
level of the tree. So to come to this next x, we have to keep traversing the tree from
left to right until we reach a vertex of colour a; from a;. In this process we pass each
intermediate vertex exactly two times, once going up and once going down. Hence each

letter can appear only an even number of times in between these two successive z’s.

Therefore, w € SS,(2k). Finally, by construction, it is also clear that different colored

rooted ordered trees yield different words.

We now argue the validity of the last claim in the lemma. It is clear from above
construction that each Catalan word, i.e., words in NCy(2k) corresponds to a coloured
rooted ordered tree with k + 1 vertices and k + 1 distinct colours. Hence the Catalan
number counts the number of colored rooted ordered trees with k£ 4 1 vertices, each

vertex having a distinct colour.
This completes the proof of the lemma. O

Remark 3.2.6. Recall that NCo(2k) C SS(2k). In fact, SSi(2k) = NC2(2k). From
Lemma 3.2.5, corresponding to each word in SSy(2k), there is a colored rooted ordered
tree with (k + 1) vertices and (k + 1) colours satisfying Properties (a), (b) and (c). As
the number of colours and vertices are equal, each vertex in the tree must be coloured
differently. One such coloured rooted ordered tree where each vertex is of different colour
can be easily identified with a rooted ordered tree with no colouring. Thus all Catalan
words of length 2k can be actually described by rooted trees with (k + 1) wvetrices. Such
trees were used to compute the moments of the LSD in Zhu [2020].

3.3 Main Results

In this section we describe our main LSD result. First we introduce a set of assumptions
on the entries {z;j,} of W;,. We drop the suffix n for convenience wherever there is no

scope for confusion.
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Assumption A {gj ,}r>1 is a sequence of non-negative, symmetric, bounded Riemann

integrable functions on [0, 1]2. There exists a sequence {r,} with 7, € [0, 00] such that

(i) For each k € N,

i J .
n E x%]klﬂwmgrn}} = ggk,n<g, E> for 1<i<j<n, (3.3.1)

Jim s B[22 g, <r,y] =0 for any a < 1. (3.3.2)
i<j<n

(ii) The functions gajn,n > 1 converges uniformly to gy, for all & > 1.

(iii) Let Moy = ||gok|| (where || - || denotes the sup norm) and Ma,_; = 0 for all £ > 1.

Then, ag, = Zaep(%) M, satisfy Carleman’s condition,
O _ 1
2k
3 g = oc.
k=1

Note that the odd sequence of functions, i.e., gor_1 do not make an appearence due
to condition (3.3.2). These assumptions hold for most, if not all, models discussed in
Section 3.1. We shall have a more detailed discussion on this in Section 3.5. Now we

state the main result of this chapter.
Theorem 3.3.1. Let W,, = (z4jn)1<i<j<n be the nxn symmetric matriz where {x;j, ;1 <
i < j < n} are independent and satisfy Assumption A. Let yijn = Tij ey <r,}y and

Zn = (Yijn)1<i<j<n- Then

(a) the ESD of Z, converges weakly almost surely to p' say, whose odd moments are

zero and even moments are determined by the functions gor, k > 1 as follows:

b b
Bok (1 Z Z /01]+ Egm(wtj,ivzj) g]dxzj (3.3.3)

b=1 o€SS,(2k)

where H?:O dxy; (with ly = t1 = 0) denotes the (b + 1)—dimensional Lebesgue
measure on [0,1]°*1 and (t;,1;) are indices corresponding to mon-generating and

generating vertices of each o € SSy(2k).

(b) Further if

1
- Z xgjl{‘mijb,,n} — 0, almost surely (respectively in probability),  (3.3.4)
2
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then the ESD of W, converges weakly to p' almost surely (respectively in probabil-

ity).

In particular i’ is semicircular if and only if g, = 0 for all k > 1, and fol g2(z,y) dy is

a constant.

Note: It is to be noted that in (3.3.3), as the t;s correspond to the non-generating
vertex for the jth block (letter), t; = l; for some ¢ < j. Hence the integral is on {l;}

variables. We shall describe this in details in the proof of the theorem.

Remark 3.3.2. If {z;;} has all moments finite then choosing r, = oo, we have Z, =

Wy, and then the theorem concludes that the ESD of W,, converges almost surely to u'.

Recall that the (standard) semicircle law in Result 3.1.1 has the support [—2,2]. In

contrast the limit g/ in Theorem 3.3.1 can have unbounded support.

Proposition 3.3.3. (Unbounded support) Let fon,(z) = f[o 1 gom(x,y) dy for each

t
m > 1. Suppose that there exist an m > 1 such that inf/ (me($)) dr = a > 0.
tZl [071] m'

Then the LSD ' in Theorem 3.3.1 has unbounded support.
In particular, when gop = co for all k > 1, and if for some m > 1, copy > 6 > 0,

then the LSD i’ has unbounded support.

Remark 3.3.4. The convergence in the truncation condition, (3.3.4), can occur either
in probability and not almost surely. For instance, let Xa,...,X,,... be a sequence of

independent random variables. For each n > 2,

1
PX,=1=1— —— 3.
[ ) nZlnn (3.3.5)
1
PIX, =n'/? = —— 3.
(X =n'/"] n2lnn (3.3.6)

Let P[X; = 0] =1. Let xijn Z Xy, for every fized n. Then the convergence in (3.3.4) is

wn probability and not almost surely.

3.4 Proof of Theorem 3.3.1

We first present a few lemmas that lead to the proof of Theorem 3.3.1. In Lemmas

3.4.2 and 3.4.6, we identify the set of words that can possibly contribute to the limiting
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moments. Then in Lemma 3.4.7, we prove a combinatorial inequality that helps us to

obtain the almost sure convergence of the ESD. Finally we prove Theorem 3.3.1.

First, recall the notion of link function, words and circuits from Section 2.4. Recall
the link function Ly for the Wigner matrix from Section 2.4. If for i,j, wli] = w[j],

then (m(i — 1),7(i)) = (7(j — 1), 7(j)) as unordered pairs.

Definition 3.4.1. ((C1) and (C2) constraints) Suppose that for a word w arising from
the link function Ly and w[i] = w[j]. Then for any n, (C1) and (C2) constraints are

defined on any © € II,,(w) as ordered pairs

w(j—1),7(J C1) constraint) or,
i 1a(ay) — | 0= D) (€D ) s
(7(j),7(j — 1)) ((C2) constraint).

For a word w with b distinct letters, suppose i1,19,...,%, are the positions where
new letters made their first appearances in w. Denote by &;, the partition block where
7(i;) belongs. Also let & denote the partition block where 7(0) belongs. 7(i;) will be
said to be the representative of the partition block &;;. Note that any two such blocks
are either equal or disjoint. For example for the word abcabe, & = {m(0),n(3),7(6)},

E1={m(1),7(4)}, & = {n(2),n(5)} and & = &.
Note that if the number of partition blocks is exactly equal to b + 1 then

L ()]

Jim S =1 (3.4.2)

On the other hand, if the number of partitions blocks is strictly less than b+ 1 then

ITI(w)| < n® and hence

L]

n—oo mbtl

= 0. (3.4.3)
We shall now investigate for which words either of (3.4.2) or (3.4.3) happens. This
is given in Lemmas 3.4.2 and 3.4.6.

Identification of words that may contribute: In the following two lemmas, we find

out the words that contribute to the moments of the LSD in Theorem 3.3.1.
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Lemma 3.4.2. Let w have b distinct letters and satisfy

[H(w)]
b1

—1 asn— oo. (3.4.4)

Then w is a special symmetric word (as in Definition 3.2.1).

Proof. From the discussion before the lemma, there are (b+1) partition blocks, &, &, . ..

Fix any letter x in w. Then there exists ¢ € {1,2,...,b} such that z first appears at
the 7;th position whose coordinates in terms of circuits are (7(iy — 1), 7(i;)). Then we
will say that x is associated with 7(i;) and the partition block &;,. Also we can say that

m(iy — 1) € &, for some s < t.

To show that w € 55,(2k), we shall make use of the following claims.

Claim 3.4.3. Suppose w satisfies (3.4.4). Then, the successive appearances of the same

letter obey the (C2) constraint.

Claim 3.4.4. Suppose w satisfies (3.4.4). Suppose x1,x2,...,Tm appear in between two

successive appearances of the same letter, say y. Then, all x; cannot be distinct.

We shall prove these claims first.

Proof of Claim 3.4.3. We show this first for the last new letter of w and then for the

others. We will show that the last new letter of w appears in pure blocks of even size.

Suppose z is the last new letter of w and appears at (7(ip — 1), 7(ip))th position in
w for the first time. Suppose this z is followed by = # z. So z is an old letter, say the
jth new letter of w where j < b. Then clearly either
(a) m(ip) = m(i;), that is, w(ip) € &;, or
(b) m(ip) = m(i; — 1), that is, w(ip) € &, (where 7(i; — 1) € &;,) for some t < j.
In any case, &, coincides with &, for some m # b. As a result |I[(w)| < n® and w does

not satisfy (3.4.4). So, z has to be followed by itself, that is, it appears in a pure block.



3.4. Proof of Theorem 3.3.1 63

Now suppose, this pure block size is odd. Consider the last z that appears in this

block at (m(ip + s — 1), m(ip + s)) where s is even. Then

wlip—1)=m(ip+1)=m(ip+3)=---=m(ip +s—1),

w(ip) =m(ip+2) =m(ip+4) = =m(ip + 5).

Therefore 7(iy+s) € &;,. If this z is followed by an old letter then by the same arguments
as given earlier, we arrive at a contradiction. Hence this block size has to be even and

s is odd.

If z does not appear elsewhere, we are done. So suppose after this block, z appears
again next at the (w(t — 1),7(¢))th position where ¢ — (i, + s) > 1. Then there are
two possibilities: either (a) {m(t — 1) = 7w(ip),7(t) = w(ip — 1)} or (b) {n(t —1) =
m(iy—1),w(t) = 7(ip)}. As an old letter appears at the (7(t —2), 7w(t — 1))th position, if
(a) happens, then by the argument as before, &;, coincides with one of the other partition

blocks & = &y, ..., &

i»_,- This contradicts (3.4.4). So, the only possibility is (b), i.e.,
these two z’s satisfy the (C2) constraint. Now we are back to the same situation as that
we had for the first appearance of z in the first block of z’s. Repeating that argument,
it follows that this z is also followed by an odd number of z. Same argument holds for
all blocks. This shows that successive appearances of two z’s obey the (C2) constraint

and z appears in even pure blocks.

Now we drop all these z’s and consider the reduced word w’. We have already
seen that successive appearances of two z’s obey the (C2) constraint and z appears in
even pure blocks. Thus (i) is the only generating vertex that has been dropped in
the process of reduction. Also all the vertices in the partition block &;, are dropped.
Therefore w’ has b distinct partition blocks (as only one of the partition block is reduced),

Eios Eirs Eigs -+ Eip_y-
IC)

;— = 1, the argument

Now let y be the last new letter in w’. As w’ satisfies lim
n—o00 n
given earlier for z can be repeated to show that y must appear in pure even blocks and

any two successive appearances of y must obey the (C2) constraint.

Clearly this argument can be repeated sequentially to complete the proof of the claim.



64 Chapter 3. Wigner matrices

Proof of Claim 3.4.4. Let y be any letter of w with successive occurrences at (7(s), m(s+
1)) and (w(s +m + 1), 7(s + m + 2))th positions. Let z1,x9,...,z,, be the letters in
between these y’s, all distinct. Note that z; appears at (w(s+1),7(s+i+1))th position.

Suppose (s + 1) € &;;. Now there are two cases:

Case 1: Suppose 7(s + 2) belongs to the partition block associated to z1. As z1 and z2
are distinct, 7(s+ 2) does not belong to the partition block associated to z. Therefore,
m(s + 3) belongs to the partition block associated to z3. Again as x3 is different from
x2, m(s + 4) belongs to the partition block associated to x3. Therefore, repeating this
argument for all x;’s, we see that for each 1 < ¢ < m, 7(s + ¢ + 1) belongs to the
partition block associated to x;. Now we know that w(s + 1) = 7(s + m + 1) since
the two appearances of y are in (C2). Therefore 7(s +m + 1) € &; for some j. Also,
m(s +m + 1) belongs to the partition block associated to x,,. Thus the partition block
associated to w,, coincides with &;,. Now for w to satisfy (3.4.4), x,,, must be the jth
new letter of w. Therefore, 7(s +m + 1) = 7(i;) and 7(s +m) = 7(i; — 1). Hence we

have 7(s +m) € &;, , where t; < j. Proceeding in this manner we have

m(s+m—1) €&;,, where 3 <ty;

m(s+m —2) €&, where t3<ty;

m(s+2) €&,  where tp-1 <tm-2;

(s +1) €&, where t, <tp_1<].

This shows that &, and &;, —coincide for some ¢, # j. So in this case, [[I(w)| < nt,

which contradicts (3.4.4).

Case 2: Suppose 7(s+ 1) belongs to the partition block associated to 1. Now we know
that m(s + 1) = 7(s +m + 1) since the two appearances of y are in (C2). As z; and
Zm, are distinct, 7(s +m + 1) does not belong to the partition block associated to @,.
Thus, 7(s+m) belongs to the partition block associated to z,,. So, m(s+m—1) belongs
to the partition block associated to x,,_1. Therefore, we see that for each 1 < i < m,

m(s + 1) belongs to the partition block associated to ;.
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We have observed that 7(s+m) belongs to the partition block associated to x,,. We
know that 7(s+m) = m(iy, ) for some t1 € {1,2,...,b}. Then, m(s+m+1) = 7(iz, — 1).
Now recall that (s + 1) = 7(s +m + 1) and w(s + 1) € &,. So, n(s + m + 1) € &;,.
Therefore, 7(it, —1) € &;,. For the partition block associated to each letter to be distinct,

we must have, w(s +m) € &, where t; > j. Proceeding in this manner we have

71'(8 +m — 1) € gitz where ty > tq;

m(s+m —2) €&, where i3>ty

o
m(s+2) € i, where tp_1 >ty

n(s+1) €&, where t, >ty 1> ]

This shows that &, N&;, ~# ¢ for some t,, # j. But then [II(w)| < n® and it contradicts
(3.4.4). This completes the proof of Claim 3.4.4.

Now we prove the lemma using Claims 3.4.3 and 3.4.4.

Let the letter = occur sucessively at (w(s), 7(s+1)) and (7(s+m+1),7(s+m+2))th
positions and let us focus on the string of letters z1, 22, . . ., z;, in between two successive
appearances of x. We shall show that m is even, and each distinct z; appears an even

number of times among these m places.

By Claim 3.4.4, there exists j such that z; has appeared at least twice. For any such
letter z;, let p; be the second last position of its appearance (in between the two z’s
considered). Let p = max{p; : z; has appeared more than once in between the two z’s}.
There is some z; such that p; = p. That is, z; appears for the second last time at the
pth position. Consider the z; at the pth position and the last z; (in between the two x’s
considered). By our choice of p, no letter can appear more than once in between. Now
we invoke Claim 3.4.4 to conclude that there are no other letters in between these z;’s.
So these two z;’s appear in consecutive positions. Now we drop this pair of z;’s. If this
z; does not appear elsewhere in the word then the partition block corresponding to z;

H /
is dropped, and for the reduced word w’ with (b — 1) distinct letters, lim M
n—o00 n

= 1.

So we repeat the process.
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If this z; appears somewhere else in w, then the reduced word w’ still has b distinct

()]
letters and nlg]go RS

dropped or have coincided in the process of dropping the two z;’s, as this pair of z; are

= 1. This is because none of the partition blocks have been

in a (C2) relation (by Claim 3.4.3), and as a result only one member of a partition block
has been omitted. So here again w’ retains the properties of w and we may repeat the
process. Continuing this process, either there are no letters left in between the x’s or all

letters that remain are distinct. But the latter is not possible due to Claim 3.4.4.

Hence, we conclude that w is a special symmetric word. O

The following corollary follows from Lemma 3.4.2.

Corollary 3.4.5. Suppose the word w with b distinct letters does not belong to SS(2k)
1
b .
for any k. Then |II(w)| < n’. Hence nhm sy [TI(w)| = 0.

We now establish the converse of Lemma 3.4.2. This will identify the words which

contribute to the limiting spectral distribution of W,.

1
Lemma 3.4.6. Suppose w € SS(2k) has b distinct letters. Then, lim ——[II(w)| = 1.
n—oo n

Proof. We use induction on the number of distinct letters to prove this lemma. First

note that the length of the word is even.

When b = 1, all letters are identical. In this case 7(0) and m(1) can be chosen in

2

n X (n — 1) & n® ways. Given these vertices, all other vertices have exactly one choice

each. Therefore, |II(w)| ~ n? and hence the result is true for b = 1.

Now suppose, that the result is true for words with (b — 1) distinct letters. We shall

prove the result for all words with b distinct letters.

As we saw in the proof of Claim 3.4.3, the last new letter of the word, say z, appears
in pure even blocks. Drop these blocks. Now the reduced word w’ has (b — 1) distinct
letters. For the reduced word w’, property (a) of Definition 3.2.1 is clearly preserved.

Thus we are able to apply our induction hypothesis on w’.

After we have dropped the 2’s from w, y’s have to appear in pure even blocks in w’.

Therefore, w' satisfies property (a) of Definition 3.2.1 again. So, by induction hypoth-

H /
esis, lim M

5~ = 1. The generating vertex of z in w has ~ n choices. Therefore,
n—oo n

1
lim ——|II(w)| = 1. This completes the proof of the lemma. O
n—oo b+l
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Handling almost sure convergence: As mentioned earlier, we shall use moment
method to prove the almost sure convergence of the ESD and hence shall take help of
Lemma 2.1.3. To verify the fourth moment condition, consider four circuits mq, wo, 73
and m4 that are cross-matched. Suppose we put a new letter wherever a new edge (or
L—value) appears across all the circuits my,m2, 73 and 4. As the circuits are cross-
matched, out of the 4k places across (m;)1<i<4, there can be at most 2k distinct edges

or distinct letters. It suffices to have a bound on the cardinality of the following;:

Q2,4 = {(m1,me, w3, m4) : £(m;) = k;m;, 1 < i <4 jointly- and cross-matched with

b distinct edges or b distinct letters across all (m;)1<i<4}-

Note: In Qz, 4 the quadruple of circuits have b distinct edges and hence b distinct letters.

Lemma 3.4.7. There exists a constant C, such that,
Q4] < C P2 (3.4.5)

Proof. First observe that for any circuit m, if we set aside the first vertex 7(0), then the
number of choices for the generating vertices is ~ n®, where b is the number of distinct
letters in . Once all the generating vertices have been chosen, the number of choices

for the non-generating vertices is at most one. This observation will be used repeatedly.

Consider all circuits (71, w2, w3, 7m4) of length k which are jointly-matched and cross-
matched with b distinct letters. Let the number of new distinct letters appearing in
m; be ki, i € {1,2,3,4}. So clearly, k1 + ko + k3 + k4 = b. We begin with the circuit
m and its vertices can be chosen in at most n*'*! ways. Now, since the circuits are
cross-matched, there is another circuit with which m; shares a letter. So we have the

following three cases:

Case 1: m; shares a letter with only one of the circuits, say mo. Then, without loss of
generality (since we are dealing with circuits) we can assume that mo begins with the
letter it shares with m. Thus, m2(0) and m2(1) both cannot be chosen freely. Hence,
having chosen the generating vertices of 71, choosing from left to right, the vertices of
7o can be chosen in at most n*2 ways. The generating vertices of w3 can be chosen in

at most n3t1 ways. Now, since 74 does not share any letter with 7, it must share at
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least one letter with either mo or m3. Again, we can assume that 74 begins with this
letter. Thus, having chosen the generating vertices of 71, mo and w3, the vertices m4(0)
and 74(1) cannot be chosen freely, and the number of choices for all generating vertices

of 74 is at most n*4. Therefore, all vertices of (1, mo, 73, m4) can be chosen in at most

nk1tkatkst+ka)+2 — ) b+2 ways.

Case 2: m shares a letter with exactly two circuits, say m and w3. Then again we
can assume that mo and w3 begin with the letters that they share with w;. Thus,
m2(0), m2(1), m3(0), m3(1) cannot be chosen freely. Hence, choosing from left to right, the
generating vertices of 71 (j), m2(j), m3(j) can be chosen in at most in nF1+D+katks oy,
Now, m4 shares a letter with either 7wy or 3. Again, we can assume that w4 begins with
this letter. Hence m4(0) and 74(1) cannot be chosen freely, and so the generating vertices
of m4(j) can be chosen in at most n** ways. Therefore, all vertices of (7, 7o, 73, 74) can

be chosen in at most n(k1tkatkstha)+2 — pb+2 wavg

Case 3: 7 shares a letter with all the other three circuits. Then, arguing as in the other

cases, the number of choices is now at most n(F1tD)+hatksthks — b+l

This completes the proof of the lemma. O

Proof of Theorem 3.3.1. We break the proof into six steps.

Step 1 (Reduction to the case where all the entries of Z,, have mean 0): To
see this, consider the matrix Z, whose entries are (yij — Eyi;). Clearly the entries of Zn

have mean 0. Now

2k—1
n E[(yi; — Eyi)™] = n E[yf] +n ) (2;:)1[*3[@/%] (Eyi;)2F . (3.4.6)
t=0

The first term of the r.h.s. is equal to gor(i/n,j/n) by (3.3.1). For the second term we

argue as follows:

1 _
For t # 2k —1, n E[y;] (Byi;)** " = (n%7 Ey;;)* " E[y},]

n—oo

— 0, uniformly by Condition (3.3.2).
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Fort=2k—-1, n E[yff_l] Eyi; = (vV/n E[yff_l]) (v/n Eyij;)

n—oo

— 0, uniformly by Condition (3.3.2).

Hence from (3.4.6), we see Condition (3.3.1) is true for the matrix Z, with a modified
sequence o, that still converges uniformly to gor. However, for ease of notation, we
will continue to call this sequence of functions as goj,. Similarly we can show that

(3.3.2) is true for Z,. Hence, Assumption A holds for the matrix Z,.

Now observe that

1
dy(nz,.nz,) < > (Eyi)’

/Z:7j

<n (sup Eyij)2.
Z?]

= (sup v/n Ey;;)? 230, by Condition (3.3.2).
(2]

Hence the LSD of Z,, and Zn are almost surely same. Hence we can assume the entries

have mean zero.

Now we shall prove part (a) of Theorem 3.3.1 by verifying Conditions (i), (ii) and

(iii) of Lemma 2.1.3 using Assumption A and a few other observations made earlier.

Step 2 (Verification of the fourth moment condition, (ii) of Lemma 2.1.3 for

Zy): We show that

n

%E[Tr(ij) ~ B (Te(ZP)]* = O(n~3). (3.4.7)
Observe that

1 1
CETN(ZE) - BMZD) = ;S EML(Vr - BYr)l  (348)
1,72, 73,74
If (71, o, w3, m4) are not jointly-matched, then one of the circuits has a letter that does

not appear elsewhere. Hence by independence, and mean zero assumption, we have

E[H;l:l(yﬂ'i - Eym)] =0.
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Now, if (71,72, 73, m4) are not cross-matched, then one of the circuits say 7; is only
self-matched. Then, we have E[Y;, — EY;,] = 0. So, again E[II._, (Y;, — EY;,)] = 0.
Thus, we need to consider only circuits (71, 7o, 73, m4) that are jointly- and cross-

matched. Also observe that it is enough to prove the bound for 7714 Z E[ITL, Yy,
T1,T2,73,74

This is because the other terms have more factors and as a result have more %, 6>0
in the denominator with bounded terms in the numerator, making them significantly

smaller than # Z E[ITL,Y;,]. Now suppose 7; has k; new distinct letters (that
T1,72,73,74

have not appeared in the circuits m;, j < i) for each 1 <i < 4 where ki +ko+ks+kq = b.
Suppose the jth letter appears s; times across 71, w2, 73, m4. Now the s;’s might be odd
or even. Without loss of generality assume that among the s;’s there are s;,, si,, - . -, Siy,
which are even and Sipy 11 Sipy 420+ Siny which are odd where b; and by are any two

numbers adding up to b. Then, each term in the sum n—14 Z E[ITL, Y;,] is
m1,72,73,74

1 b (b 1) bl b1+b2 w S
—01,,—(b2—35 ;. ;. im
ﬁn n 2 H gsij m(ﬂ-(Z] - 1)/7’L, 7T(ZJ)/TL) H n b2 E[yﬂ(im_l)ﬂ-(im)]'
7=1 m=b1+1

Note that gs; n — gs,, for all 1 <j < b;. Hence the sequence Hgsij || is bounded by
M;. Also as 202U <1 by (33.2), wehaven - % Eflm i
a constant M;. Also as =—3 == <1, by (3.3.2), we have n. "2 [yﬂ(imil)ﬂ(im)] is

bounded by 1 for n large when b1 +1 < m < by + by. Let

M'= max {My,1:1<t<b} and M= max{M" : 1< b < 2k}.
1+b2=

By Lemma 3.4.7, we have the total number of such circuits is of the order of n’*2.

Therefore we have

This completes the proof of (3.4.7).

By Lemma 2.1.3 and (3.4.7), it is now enough to show that for every k > 1,
1
lim —E[Tr(Z,)¥] exists and is given by B (u') for each k > 1.

n—oo n
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Step 3 (Verification of first moment condition, (i) of Lemma 2.1.3 for Z,):

Note that from (2.4.4) and using the fact that E(y;;) = 0, we have

1 1
lim —E[Tr(Z,)k] = lim ~ > E[Yq]
n—oo N

n—oo M
ml(m)=k

k
= lim Z% > > E(Ya) (3.4.9)
b=1

withD, Bbehod ors TE()

Let w be a matched word with b distinct letters and let 7 € II(w). Suppose the first
appearance of the letters of w are at the i1, 12, ...,%, positions. Thus, the jth new letter
appears at the (m(i; — 1), m(¢;))th position for the first time. Recall the partition blocks
&0, &y, &y, .-, &y, as described after Definition 3.4.1.

From the proofs of Lemma 3.4.2 and Lemma 3.4.6, we know that all the &, (0 < j < b)
are distinct if and only if w € SSp(2k).

So write (3.4.9) as

k
1 1 1
li - n M= 1 |:* T - T ]
Jm ENZT=lm ) [p 3 2 BOWEL o >, ) B
b=1 w€eSSy (k) mell(w) wgSS(k) mell(w)
w with b distinct letters

Clearly Tj is the term involving all the special symmetric partitions. This will be
shown to contribute positively to the limit. The sum of contributions of all other parti-

tions is T and will be shown to go to 0 as n — co.

For each j € {1,2,...,b} denote (w(i; — 1),7(3;)) as (¢j,l;). Clearly t; = w(0) and
li = m(1). It is easy to see that each distinct (¢;,[;) corresponds to each distinct letter
in w. Let S be the set of all generating vertices, i.e., set of representatives of each of the

distinct &.,’s and &, (see page 61). Clearly, by (2.4.6), |S| < (b+1).

Let w € SSy(k). Then by Lemma 3.4.6, |S| = b+ 1. Suppose the jth new letter

appear s; times in w. Clearly all the s; are even. So the total contribution of this w to
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T in (3.4.10) is as follows:
1 b 1 b
n 1] E[ytflj} =1 2 [ 9sn(ti/n.5/n). (3.4.11)
, i
b

Next observe that if a sequence of bounded Riemann integrable functions, say f, con-
verges uniformly to a function f and a sequence of finite measures, say v, converges

weakly to a finite measure v, then

/fndz/n—>/fdy.

From this observation it is clear that for any sequence of bounded Riemann integrable

function f, (21,2, ..., zp41) on [0,1]°T1 that converges uniformly to f(x1, 2, ..., Zpe1),
as n — 0o,
1 n
) > fali/nydasmn, o es/n) = o f(x1, 22, p41) derday - dapys.
Jisensbt1=1 )

Now since |S| = b+ 1 for w € SS,(2k), as n — oo, the expression (3.4.11) converges to

b

/ HgSj (xt]’wrlj) dey (3412)

[o,18 >3
]_

where drg = Hljes dz;; (with lp = t; = 0) denotes the [S|—dimensional Lebesgue

measure on [0, 1],

We split the investigation of T5 into two cases.

Case 1. Suppose w is an even word with b distinct letters, but is not special sym-
metric. Then the contribution to T of (3.4.10) can be calculated as in (3.4.11). But

now note that |S| < b. Hence in this case as n — oo, the contribution of this word w is 0.

Case 2. w ¢ E(2k). Suppose w contains b; distinct letters each of which appear an
even number of times and by number of distinct letters that appear an odd number of
times, and b = by +by. Without loss of generality, we can assume for each m € Il(w), s;,,

1 <p < b to be even and s;,, by +1 < ¢ < by + b2 to be odd. Hence the contribution
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of this w to T» in (3.4.10) is as follows:

b1 b1+b2
1 . by—(1-1/2) 1/2) )
Lo SO L/l I1 ’
nn n 2 gSjpﬂ’b (t]p /n7 l.jp /n) n 2 ytlmlﬁ’m
(t,15) P=1 m=b1+1
1<5<b
1 by bitbs 11y 5;
_— : ; b "
T bitbatl .1 gepm(tiy/nti/n) T[T n 7 [ytimljm} (3.4.13)
n 2 (t;.1;) =1 m=b1+1
1<5<p

by—(1-1/2)

For n large, n b2 E[yfjm ] < 1 for any by +1 < m < by + by. Now as |S| < b,

(3.4.13) contributes 0 as n — oo.

For any partition o € SSp(2k) let {V1,...,V4} be its partition blocks. Then from
(3.4.10), (3.4.12) and the above argument, we have
.1 2k
Jim —E[Tr(Z,)*] = /0 e H g, (x,, my,) des, (3.4.14)
b 1 0esSy(2k) 7 O 55
151,

where drg = [[;cg dz; denotes the |S|—dimensional Lebesgue measure on [0, 1]

1
We also note that lim —E[Tr(Z,)?**!] = 0 for any k > 0. This completes the proof

n—oo n

of the first moment condition.

Step 4 (Uniqueness of the LSD): We have obtained

'y%—hm E[Tr Z M, < Z My = ooy,
"  sessiok) oEP(2k)

As {aoy } satisfies Carleman’s condition, {7o} also does so. Now using Lemma 2.1.3, we
see that there exists a measure p/ with moment sequence {7} such that uy, converges

weakly almost surely to p'.

This completes the proof of Part (a).

Step 5 (Proof of Part (b)): To see this, observe that (see Lemma 2.3.1)

1
d%(lu’anMZn) < ﬁ Z x?j1[|xij|>rn}' (3'4'15)
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Now if this {r,} also satisfies Condition (3.3.4), then using (3.4.15) and (a), we can say

that the ESD of W,, converges to p/ almost surely (respectively in probability).

This proves Part (b).

Step 6 (Semicircularity): To complete the proof, it remains to verify the condition
for the limit to be semicircular. Recall that any word of length 2k is Catalan if it is
pair-matched and at the same time non-crossing. This corresponds to the partitions in

SSk(2k) = NCs(2k).

First note that if go;, = 0 for £ > 1, then by (3.4.14) only the Catalan words contribute
to the sum. Let w be a Catalan word with the last new letter appearing at the (7 (ix —
1), m(ix))th position. Then the generating vertex for that letter is m(ig). Therefore,
going by the notation mentioned in the beginning of this proof and as well as those in
the proof of Lemma 3.4.6, i;, does not appear in any of the pairs (¢;,1;) for j < k. So,

the contribution p(w) say, of w to o is as follows:

p(w) = / g2(ze,,1,) -+ - g2(we,,, 2y,,) das. (3.4.16)
[0,1]k+1

Since x;, does not appear in any of the other factors of the integrand, we can integrate

w.r.t x;, to get

p(w) = / g2(xe,, ) - / g2(zy,, x1,,) day,, de\{xzk}
(0,1]* 0

)

=c / gQ(xtuxh) T 92(xtk717l’lk71) de\{zlk}7 as / 92(377 y) dy =c.
[0,1)* [0,1]

Now dropping the last new letter from the word w, the reduced word «’ is also a Catalan
word. Hence following the same argument, we have that (3.4.16) becomes ¢ which
is independent of w. Hence for any Catalan word the contribution to -9 is same.

Therefore, the limit is semicircular.

Now suppose that the limit is semicircular, and without loss assume that this semi-

circular has variance 1. Note that then the fourth moment equals 2. Define

1
flz)= /0 92(z, y)dy.
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Then
1
Y2 = / f(z)dx = 1.
0

Then from equation (3.4.12), the fourth moment is given by

2 = v

= /[0 2 ga(z,y)dxdy + 2 /[0 I 92(x1, x2)g2(x1, x3)dx1drodrs

1
= / g4(iv,y)dxdy+2/ f*(x)da
[0, 0

Vv

! 2
/ ga(z,y)dxdy + 2(/ f(z)dz)
[0,1]2 0

Vv

/[0 . ga(z,y)dxdy + 2.

Clearly then from the above f(x) =1 for all z, and g4 = 0.

Now we shall use induction on k to prove that gop = 0 for all £ > 1. Suppose g2 =0

for all < k. As the limit is semicircular, we have

Cotkr1) = V2k+2

b b
_ donsa(a, y)dady + / ga(ee o) T,
/[0’1]2 " SSZ ) [O’I]k”jl_[l o JHO J

o (242

1
= / g2k+2($,y)dl“dy+02(k+1)/ (@) da
[0,1)2 0

v

1
/[;) 12 92k+2(x7 y)dﬂfdy + 02(k+1) ( /O f(x)dlﬂ) k+1

> /[ " Gok+2(7, y)drdy + Cygy1)-

)

The last equality above occurs as all other words involves go, for some r < k and hence
contributes 0. Now note that from earlier calculations, since f = 1, the contribution
of each Catalan word (of any order) equals 1. Since this contribution already gives the
moments of the semicircular distribution, the contribution from other words vanish. As

a consequence, gop = 0 for all £k > 1. The proof of the theorem is now complete. ]

Remark 3.4.8. When we look at the case where gop, = 0 for all k > 1, we know from
(3.4.14) that only Catalan words contribute to the sum. But without any further condition
on go, the contribution of different Catalan words may be unequal. For example, let

w1 = aabbce and we = abecba be two Catalan words of length 6. By (3.4.12), the
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contribution for wy is

4
p(wi) :/[ . 9221, 22) g2 (21, 23) g2 (w1, 24) | [ devi,
0,1 i=1
while the contribution for ws is
4
p(ws) —/[ . 92(21, ) g2 (w2, w3)g2 (73, 4) [ [ das.
0,1 i=1

Obviously p(w1) # p(we) in general. Also, it can be verified that under the assumption
that gor. = 0 for all k > 1, the condition f[o 1] g2(z,y) dy is constant is necessary for the

limit to be semicircular.

Remark 3.4.9. Assumption A(ii) that the sequence of functions gay, converges to gay

uniformly for all k > 1, can be weakened slightly. For details see Corollary 3.5.16.

Proof of Proposition 3.3.3 (Unbounded support). Consider k = mt for some t >
1. Then from (3.4.14), we have

Bor (') =

M»

/[01] b+1 H 9|v;| (w1, 21;) I_Idxz (3.4.17)

Sp(2k) €S

Recall that o in the above expression could be described as a word in SS,(2k), and
hence has (b+ 1) distinct generating vertices. Let us focus on words w € SS;(2k) with ¢
distinct letters, and where each letter appears 2m times in pure even blocks. Therefore

as n — oo, the contribution of w in the limiting moment is (see (3.4.12)):

t
/ 92m (20, 1)g2m (To, T2) - - - g2m (20, 21) dzodwy - - - dvy = / (fom(20))" dxo.
[0,2]¢+1 (0,1]

(3.4.18)
Now, there are t distinct letters each appearing 2m times in pure even blocks in w. A
pure even block is at least a string of length 2 of the same letters (see Definition 3.2.2).
Thus there are mt pure blocks across the different letters, and m pure blocks of size 2
for each letter (note that a pure block of size 2s for any letter can be thought of as s
pure blocks of size 2 of that letter) in w. To count the number of words, we will use the

following argument:
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Among the mt places for pure blocks of size 2, pure blocks of size 2 of the first letter

can come in any of the m places. For pure blocks of size 2 of the second letter, m places

mtfm)

among the remaining (mt¢ — m) places have to be chosen, which can be done in ( m

ways. Carrying on this way, for the last letter, there is only (z) way in which the m

pure blocks of size 2 can appear in a word as described above. Therefore the number of

% <n7:> <mtﬂ: m) @) _ ;Egsl (3.4.19)

Since the integrand in (3.4.17) is non-negative, using (3.4.18) and (3.4.19), we have

such words w is

’ 1 mt! t
Bar(p') > t!Em!;t /[0,1] (fam (o))" dao.

_ (mt)! fam (o) \ !
= /[0,” <m! ) 4o

(mt)!
t!

>«

, k=mt.
Therefore for ¢ sufficiently large (with k& = mt),
(Bor(W)Y?* > K (2=2m)  for some constant K > 0.

1/2k

As a consequence, (SBar(p')) — oo asm > 1 and k = mt — oo. Hence p/ has

unbounded support. ]

3.5 Some Corollaries

In this section, we present a few corollaries that follow from Theorem 3.3.1. In particular,
we deduce Results 3.1.1-3.1.8 from Theorem 3.3.1. We also discuss the convergence in

some other models that can be deduced using Theorem 3.3.1.

3.5.1 Fully i.i.d. entries

Corollary 3.5.1. Result 3.1.1 follows from Theorem 3.3.1.

Proof. Suppose W,, = (z;;/+/n), where {z;;} are i.i.d. with distribution F', mean zero

and variance one.
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Let 7, = n~ /3. Then r,,/n — 00 as n — oo and

2
P EK\/%) 1[|xij/ﬁ<rn1} =1=0C (3.5.1)

Also, for any k > 2,

nE| (24 klnxij/ﬁgm] =n E[(mll/\/ﬁ)(k_Q) ($11/\/ﬁ)21[|x11|grnm]
() |

r7(lk:—2) )
<n E[211° gy, |<r, vii])
S 7,,7(1]6—2)
= (n_%)k_2 — 0 asn— oo. (3.5.2)

(3.5.1) and (3.5.2) implies that {x;;/\/n} satisfies (3.3.1) and (3.3.2). Now for any ¢ > 0,

*Z (245/7/)* Loy, o)) = QZ Lz >rnym)]

1
< Z xzzj[l[\a:ijbt}] for all large n,

ne —
1/7]
5, 2
2) E[x11[1[|5011|>t]]]'
As E[z3,] = 1, taking ¢ to infinity, the left side converges to 0 almost surely.

So without loss we may assume that all moments of F' are finite. Let G, be the
distribution of X/4/n for each n, where X ~ F. So the kth moment of G, equals
pin(k) = 25 for k> 1. Thus

Fy=1 ifk=2,
iy =

B (F) if k> 3.

nk/2—1
As F has all moments finite, we have go = 1 and gop, = 0 for all £ > 1.

Hence W), = (x;;/v/n)1<i j<n, Where z;; = z;;, 1 <i < j < n satisfy the assumptions
of Theorem 3.3.1. Therefore the ESD of W), converges almost surely to u whose moments

are given by

ﬁZk Z go-

oceSS(2k)
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Thus as in proof of Proposition 3.3.3

Bew) = DY go= > 1:k:41r1<2kk)' (3.5.3)

oeSS(2k) oceNC(2k)

Therefore for every k, the 2kth moment is the kth Catalan number, and hence the
limiting spectral distribution of W,, = (x;;)//n is the semicircular distribution. Thus

we get Result 3.1.1 as a special case of our Theorem 3.3.1. 0

3.5.2 Heavy-tailed Entries

Corollary 3.5.2. Result 3.1.2 follows from Theorem 3.3.1.

Proof. Suppose F' is an a-stable distribution (0 < a < 2), i.e., there exists a slowly

varying function L such that
L(u)

u®

Pllazij| > u] =

Now we consider W,, = (z;j/ay) where {z;;} are i.i.d. with distribution F' and

}.

S

ap = inf{u : P|z;;| > u] <

Ben Arous and Guionnet [2008] proved the existence of LSD of W,, using the method of
Stieltjes transform. We show how our theorem can be used to give a partially different

proof. First let us define the d; metric.

Let f be a Lipschitz function on R. Then ||f||z is the norm defined by

171l o= sup L@ =IO ),
x#y |z — 1y x

The d; distance between two real probability measures i and v is given by

dy(pn,v) = sup ‘/f dv — /f dp|, (3.5.4)

<161

where the supremum is taken over non-decreasing Lipschitz function f with ||f]|z < 1.
It is known (Lemma 2.1 in Ben Arous and Guionnet [2008]) that d; metrizes weak

convergence of distributions.
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For any fixed positive constant say B, consider the matrix W whose entries are

%1[@”53%}. Then we have the following:

(a)

For every fixed B € N, Wf satisfies assumptions of Theorem 3.3.1 with gor, = cox.B
for every k > 1, where coi g are constants independent of n. Hence there exists a
probability measure pp which is the weak limit of the ESD of W2 almost surely.

That is, for each fixed B and e > 0, for n large enough,
di(ps, Eluwse]) < €/3. (3.5.5)

Using Theorem 2.2 in Ben Arous and Guionnet [2008], for every ¢ > 0, there exists

B(e) and d(e, B) > 0 such that for n large enough

P[dl(MWnaMWf) > ¢] < exp(—d(e, B)n). (3.5.6)

Using the convexity of d; and (3.5.6), for every e > 0, there exists B(e) and
d(e, B) > 0 such that for n large enough

1 (B, ) Bl z)) < exp(~0(e, B)n). (35.7)

Hence using (3.5.5) and (3.5.7), we have for B, B’ large so that (3.5.7) holds,

di(pp, ppr) < di(pp, Elpwe]) + di(ps, Elpy s]) + di (E(uw,,), E(uwz))

+di (E(pw,), Elpgysr))- (3.5.8)
Then letting n — oo and B, B’ sufficiently large we have that
di(pp, ppr) <€

Thus (up)p is di— Cauchy. As the space of all distributions is complete with

respect to this metric, up converges to a probability measure i, say, as B — co.

(c) Next observe that

Pldi(pw,, 1) > €] <Pldi(pw,, pwp) > /3] +Pldi(pws, us) > €/3]

+Pldi(fi, pB) > €/3].
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Choosing B large enough, and then taking n to oo, the r.h.s. of the above inequality

can be made arbitrarily small.

In conclusion puyy, converges weakly to fi in probability. This yields Result 3.1.2. ]

3.5.3 General triangular i.i.d.

The next corollary states a LSD result about Wigner matrices with general triangular
i.i.d. entries, where the entries of the matrix are i.i.d. for every n (size of the matrix),

but are allowed to vary with n.

Corollary 3.5.3. Suppose the entries {x;; ;1 < i < j < n} are i.i.d. for each n, and

the following two conditions hold:

(i) For each k € N,

n—oo

Cof = lim n E [x?jklﬂmij‘grn}} 18 ﬁm’te, (3.5.9)

lim n* E x?kfl
Nn—00 J

1{|-73ij|§7"n}:| =0 forany a<1. (3.5.10)

(i) The sequence {0, c2,0,¢4,0,...} is the cumulant sequence of a probability distribu-

tion G whose moment sequence {B} satisfies Carleman’s condition:
S S
2k
E B2 = oo.
k=1

Let y;; = Tij |z <rn] and Z, = (yij)i<i<j<n be symmetric. Then the ESD of Z,

converges almost surely to p whose moments are given by

Z ce if k is even,
Br(pn) =< oeSS(k)
0 if k is odd.

Further if

1
- Z l‘?j [1{|$ij|>rn}] — 0, almost surely (respectively in probability).
4,J

then the ESD of W,, converges weakly to p almost surely (respectively in probability),
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Proof of Corollary 3.5.3. We know that {z;;;1 < i < j < n} are ii.d. for every
fixed n. Then {y;;;1 < i < j < n} are also i.i.d. for every fixed n. From condition
(i) of the corollary, clearly (3.3.2) and (3.3.1) are satisfied with gox,, = cox on [0,1]%
Therefore, go, = cai, on [0,1]? and W, satisfies condition (ii) of Assumption A. Having
observed this, condition (ii) of the corollary implies condition (iii) of Assumption A.

Thus, from Theorem 3.3.1, the ESD of Z,, converges to a probability measure pu.

From (3.4.14), we see that only the special symmetric words contribute to the limiting

moment sequence. Also as gor = cai on [0,1]2, the moments of y are given by

Z ¢y if k is even,
Br(u) = ¢ oessk)
0 if k is odd.

Now suppose further that {x;;,,¢ < j} satisfies (3.3.4). Then by Theorem 3.3.1, the

ESD of W,, converges to p almost surely (respectively in probability). O

Remark 3.5.4. We want to find a class of non-trivial matrices whose almost sure LSD
will be shown to exist from Corollary 3.5.3. This will be done with the help of an infintely

divisible distribution.

Suppose F is a symmetric infinitely divisible distribution with all moments finite

and cumulant sequence {Dy}r>1. Then due to infinite divisibility, for every n, we can

n
find i.i.d. random variables {y;n,1 < i < n} with distribution G, such that Zym

i=1
converges in distribution to F (see Characterization 1 in Bose et al. [2002]). Moreover,

it can be easily verified that the convergence holds if
nE[y;,] = Dy, for every k> 1. (3.5.11)

Now let {zjn,i < j} be i.i.d. with distribution G, for every fived n. That is, for
i < j, consider z;jn 2 Yin for every fixzed n. Thus, (3.5.11) holds for xi;,. Then from
the above discussion, it is clear that these variables satisfy (3.5.9) and (3.5.10) with
rp = 00 and cop = Dar.. Now if the moments of F' satisfy Carleman’s condition, then the
variables {x;jn,1 < j} satisfy Conditions (i) and (it) of Corollary 3.5.53. Thus the ESD
of Wy, with entries {x;jn,i < j} converges almost surely to the symmetric probability

distribution p which is identified by { Doy }r>1. This gives a class of non-trivial matrices
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whose almost sure LSD exist. However since the moments of u are given via SS(2k),

{Dai}>1 does not give the free or classical or half cumulants of .

Remark 3.5.5. If Condition (ii) of Corollary 3.5.3 is replaced by the condition that
the sequence {0, c2,0,¢4,0,...} is the cumulant sequence of a probability distribution G
whose moment generating function has positive radius of convergence around 0, then the
result still holds. To see this, suppose X ~ G. Suppose Y is a random variable whose

moments are as as follows:

E(Y* 1) =0 and E(Y?) = Z co  for each k> 1.
o€S5(2k)

Then observe that

EY*) = Y < > o =EX), (3.5.12)
c€SS(2k) oc€E(2k)
and
A — 2%k — 2%
0< My(t) =)  E(Y )=> (Qk)‘E(Y ) <> (2k)'E(X ) = Mx(t).
k=0 """ k=0 ) k=0 :

So if Mx(t) has a positive radius of convergence around 0, then My (t) has a positive
radius of convergence around 0. This implies that the distribution of Y is uniquely

determined by its moments, and everything else follows as in the proof of Theorem 3.3.1.

Corollary 3.5.6. Result 3.1.3 follows from Corollary 3.5.35.

Proof. In Zakharevich [2006] the entries of W,, are \/#(2) where x;; are i.id. G, for
each n, which has mean zero, and all moments finite. With the additional condition on
tn (k) assumed in Zakharevich [2006] that

(K
lim pin (k)

e W = gk exists for all k > 1,

it is easy to see that W, satisfies assumptions of Corollary 3.5.3. Hence by Corollary

3.5.3, the ESD of W,, converges to u almost surely.

As mentioned earlier, Zakharevich [2006] used the moment method to calculate the
limiting moments. Since Lemma 3.2.5 provides a description of SS(2k) in terms of

colored rooted trees, we can express the 2kth moment of the LSD of W, under the
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assumption of Corollary 3.5.3 in terms of these trees. Let Té’k(kl, ka, ..., kp) denote the
number of coloured rooted trees with (k + 1) vertices and (b+ 1) distinct colours which

satisfy Properties (a), (b) and (c) of Lemma 3.2.5.

Then, the 2kth moment of the LSD of W, is given by

b

k
nli_)IEO%E[Tr(W,fk)]: S =Y S Ttk k) [[ oo

o€SS(2Kk) b=1 k1+ko+-+kp=k i=1

This helps us obtain Result 3.1.3 from Corollary 3.5.3 and completes the proof. O

3.5.4 Sparse Matrices

In the next two Corollaries 3.5.7 and 3.5.8, we show how LSD results for the adjacency
matrices of Erdos-Rényi graphs can be concluded from Thorem 3.3.1. As mentioned
before, we consider two types of Erdés-Rényi graphs— homogeneous and inhomogeneous,

in the sparse regime.

Corollary 3.5.7. The ESD of M, where M, is the adjacency matriz in Result 3.1.4
converges weakly almost surely to a symmetric probability distribution u whose odd mo-

ments are zero and even moments are given by

k
Ba() = D A= [SS,(2R) X", (3.5.13)

oE€5S(2k) b=1
Proof. Observe that the independent entries of M, x;;, ~ Ber(py) for i < j with
npp — A; Ty, = 0 for all 1 <4 < n. It is easy to see that assumptions of Corollary
3.5.3 hold with 7, = co and ¢, = A for all k. Hence by Corollary 3.5.3, the ESD of M,

converges almost surely to p with odd moments zero, and even moments given by

k

Bu(w) = > o= D ANT=>"188,(2k)\". (3.5.14)

o€SS(2k) o€SS(2k) b=1

Now since the limit of the EESD and almost sure limit of the ESD must be equal,

the two expressions (3.5.13) and (3.1.2), must be identical. Since both expressions are
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polynomials in A, we must have
|SSy(2k)| = Iy forall 1<b<E.

Corollary 3.5.8. (Inhomogeneous) Suppose there is a sequence of bounded Riemann
integrable symmetric functions py, : [0,1]> — [0,1] such that np, converges uniformly
to a function p. Consider the Wigner matriz Wy, = (2;j)1<i<j<n, where {x;;, 1 <i <
j <n} are such that

nE[z}f] = pa(i/n, j/n).
Then the ESD of W, converges weakly almost surely to a non-random symmetric prob-
ability measure [i. Additionally, if fol p(x,y) dy = X, then i = .
Proof of Corollary 3.5.8. 1t is easy to see that W, satisfies Assumption A with

92k = Pn and gop, = p for all k > 1 and r,, = oo.

Therefore, from Theorem 3.3.1, the ESD of W,, converges weakly almost surely to a

non-random symmetric probability measure, [i say.

Now suppose, fol p(z,y) dy = A. Then from (3.4.12), each word in SS5,(2k) con-

tributes A\’ to the 2kth moment of /i. Hence this moment is given by
k
()= D A=) S8 (2N,
reSS(2k) b=1
As these moments determine the distribution uniquely, we have i = . O

Remark 3.5.9. We could of course start with numbers p; jn € [0,1], 1 <i < j < n, for
each fixed n in Corollary 3.5.8. Then we can create a sequence of continuous functions

pn on [0,1)? such that
pu(i/n,j/n) =pijn  foreveryl <i<j<n.

One way of doing this is as follows: Consider the grid points {(i/n,j/n):1<1i,57 <n}

on [0,1]? for every n.

Consider (x,y) € [0,1]?. Then there exist a unique pair (i, j) such that ) < p<d

n

Sle

Y
and Lnl) <z < % Then (x,y) can be written uniquely as a convexr combination of
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(ﬂfl,yl) = (%) %)7 (x27y2) = (%) %)) (1"37y3) = (%7 %)7 (504794) = (%7 %) There ex-

ists aq, g, s, aq with 0 < «; < 1, ag+ag+as+ag = 1 such that (x,y) = Zf‘zl ;i (24, Yi).

Now we can define the functions p, on [0,1]? as:

pn(2,y) = capn(x1, Y1) + copn (T2, y2) + a3pn (23, y3) + cupn (4, Ya).

Now, assume that the functions np, converge uniformly to the function p on [0,1]2.

Then we can conclude the convergence of the ESD as discussed above.

It can be verified that the condition fol p(x,y) dy = X is equivalent to the condition

n
sqp] Zpij’” — Al —0.
At
Remark 3.5.10. One of the models for inhomogeneous Erdos-Rényi graphs in the sparse
regime is the uniformly grown graph on c/j, G (c) (see Bollobds et al. [2007]). In this
case observe that, np, — p : [0,1]> — [0,1] such that p(x,y) = ¢/ max(x,y). Then
we can see that from Theorem 3.3.1, following the above discussion, the ESD of the
adjacency matrix of Grll/j(c) converges weakly almost surely to a non-random symmetric

probability measure, say fic, as n — 0.

3.5.5 Matrices with variance profile

In the next two corollaries we describe results about Wigner matrices with variance
profile, (W,,-). We discuss two kinds of variance profiles— discrete variance profile and

continuous variance profile.

Definition 3.5.11. (a) Discrete variance profile: Suppose {x;jn;i < j} are i.i.d.
random variables with mean zero and variance 1 and let {o;; = 0ji}1<ij<n be
uniformly bounded real numbers. Then the Wigner matriz with discrete variance

profile oq is given by
(Wh,04) = ((yzgn = Uz’jxij,n))lgigjgn- (3.5.15)

(b) Continuous variance profile: Suppose {x;jn;i < j} are i.i.d. random variables for

every fixed n, and let o be a symmetric bounded piecewise continuous function on
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[0,1)2. Then the Wigner matriz with continuous variance profile o, is given by

(Wh,0e) = ((ijn = J(i/n’j/n)xij:”))gigjgn‘ (3.5.16)

Wigner matrix, where the entries are independent but not identically distributed
have been previously considered by Lytova and Pastur [2009], Bai and Silverstein [2010]
etc. However, a common theme has been to consider the entries to have common mean
and variance. Recently Zhu [2020], Jin and Xie [2020], have considered Wigner matrices

with non-trivial discrete variance profile.

First we state and prove an LSD result for (W, 04) where o4 = {0y;} satisfy certain

properties.

Corollary 3.5.12. (Discrete variance profile) Consider the Wigner matric (Wy, o4)

with entries {y—\/% 01 <i < j < n} where {yijn = yi;} as in (3.5.15). Further assume

that {o;} is uniformly bounded above by ¢ > 0 and
(i) the sequence {o;;} satisfies

1<
sqwniggf—q—m) as n — oo. (3.5.17)
]:

(it) The variables {z;;} satisfy

) 1
lim o ZE[gj?jl[|xij|>7l\/ﬁ]] =0, for everyn > 0. (3.5.18)
irj

n—oo
Then the almost sure LSD of (Wy,04) is the semicircular distribution.

Proof. We shall break the proof into three steps.

Step 1 (Truncation): In this step we will show that we can assume that the variables
{z;;} are bounded by n,y/n, where {n,}, is a sequence decreasing to 0. The idea of
the proof of this step is borrowed from the proof of Theorem 2.9 in Bai and Silverstein

[2010).
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First observe that (3.5.18) is equivalent to

nh_}n;@ 7 n2 ZE :le[|z”|>nm] 0, for every n > 0. (3.5.19)
7j

Thus there is a sequence {7, } decreasing to 0 such that (3.5.19) is true with n,, in place of

yz]

1. Now suppose Z,, is the matrix whose entries are {

Then from (2.3.8), we have

=} where gij = 04jij 1., 1<n, i)

1
|[FWn — FZn|| < = rank(W,, — Z,)

n

1
< - Y Yy snavil (3.5.20)

1<i,j<n
Now note that by (3.5.19),
1

E |:n Z 1[zljl>n"\/ﬁ]:| n2 ZE |ﬂfu|>77ﬂ] (3521)

1<i,j<n

Also,

1
Var<n Z [|zij|>nnv/n] ) " n3 ZE \%\>nﬂ] = o(1/n). (3.5.22)

1<4,j<n

Applying Bernstein’s inequality and (3.5.21) and (3.5.22), we have for ¢ > 0, n can be

chosen large enough so that

1
P<n Z Loy |>mnvi] > e> < 2exp(—en). (3.5.23)

1<i,j<n
Thus by Borel-Cantelli lemma, we get that the rhs of (3.5.20) goes to 0 almost surely.

Also, using (3.5.17) and (3.5.18), for every 7,

2
sup ZE[xlﬂl[lwzgl<mf] [xijl[xijgnvL\/"ﬂ]:| — 1' — 0. (3.5.24)

Hence, we see that the variables {x;;} associated to (W;,04) can be assumed to be

bounded by 7,,+/n for some sequence 7, | 0.

Step 2 (Convergence of the expected moments): In this step we will show that

the EESD of (W,,, 04) converges weakly to the semicircle distribution.
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For this we follow the arguments as in Step 3 of the proof of Theorem 3.3.1 and focus

on finding the contribution of words to the limiting distribution.

First observe that for the word aa, the contribution to the moment sequence is 1.

This is because

1 1 5 1 &,
}EZ Egimil_l Ssiplﬁzaioh_u—)() as n — oo.

10,61 =1

We shall prove by induction on the length of the word that, each Catalan word con-
tributes 1 to the limit. Towards that, suppose all Catalan words of length 2(k — 1)

contribute 1 to the moment.

Now suppose w is a Catalan word of length 2k. Recall the notation used in the proof
of Theorem 3.3.1. Using those notation, clearly |S| = k + 1 and each distinct letter
corresponds to the pair (¢;,0;), (1 < j < k). As w is Catalan, i;, appears only once in

the sum. Therefore for this word w,

to,l1,.- 5l J=1 to,l1,lkg—1 J

k—1

1 2

+ b | e (3.5.25)
=1

to,l1,lk—1

k k—1
= Y == Y Tedy Yo% -1)
nk+1 tj,lj nk n tj,lj n l trylk
- k

The second term of the r.h.s. of the above equation goes to 1 as n goes to co by the
induction hypothesis. For the first term observe that the factor (% Zlk afk L~ 1) — 0

by (3.5.17). Also note that as w is Catalan, we can write the first term as

1" 1
nZH(nZU?jvlj)(nlzafm_1)-
k

to j=1 lj

By (3.5.17), (£ ZUth,lj) is bounded for each 1 < j < k — 1. Thus the first term of the
lj
r.hs. of (3.5.25) goes to 0 as n — 0o. So every Catalan word contributes 1 in the limit.

Now, suppose w is a non-Catalan word with b distinct letters which appear s1, so,...,sp

times. So, |S| < b, where S is the set of distinct generating vertices for w. Then the
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contribution for this word is as follows:

2k—2b b
nk+1 Z HE L \221 > 1ot

2k—2b+2
in
S ety Gelsi<)

S\{lm} Jj=1
Jj#Em

IN

As|S| <band (% le Ufj lj) is bounded, the above quantity is of the order of 7, 2#~20+2,
Also since b < k and 7, | 0, we see that such words do not contribute in the limit.

1 1
Therefore, lim —E[Tr(W,,0q)*] = [NC2(2k)| and lim —E[Tr(W,,04)**™] = 0.
n—oo N n

—o0o N
Hence the EESD of (W,,,04) converges weakly to the semicircle distribution.

Step 3 (Fourth moment condition): Here we prove Condition (ii) of Lemma 2.1.3.
Now, observe that as |z;;| < nn+/n where n,, | 0 and |o;;| < ¢, the fourth moment condi-

tion is very similar to that of Theorem 3.3. 1 Just as in Step 2 of the proof of Theorem

3.3.1, it is enough to compute Z H Yx,], where (1,2, 3, m4) are jointly- and
m,M2,73,T4 =1
cross-matched. Now here too (3.4.5) is true. Again using the uniform boundedness of

oij by ¢ and the fact that |z;;| < n,/n, we have that for each (m,mo, w3, m4) with b

(1 < b < 2k) distinct letters across m;,1 < i < 4,

4 774k: 2b o
E[H Yol < ;b+4 ¢

Now using Lemma 3.4.7, we have at most O(n?*2) such circuits (7, 72, 73, 74). Hence,

4
;E[Tr(Wn,gd)k — E[Tt(Wy,00)"]| =0O(n7?).

Hence the fourth moment condition is verified.

Thus, the ESD of (W,,, 04) converges weakly almost surely to the semicircle distribution.

O
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Remark 3.5.13. Theorem 1.1 in Jin and Xie [2020] states a similar result where con-

1 1 &
dition (3.5.17) is replaced by - Z ‘n z;g?ij — 1‘ — 0. However, the proof of equation
7 j=

(2.6) there is not very clear.

Corollary 3.5.14. (Continuous variance profile) Consider the Wigner matriz (W, o)
with entries {Yijn; 1 <1 < j <n} asin (3.5.16). Assume that the variables {x;;} satisfy
conditions (i) and (ii) of Corollary 3.5.3. Then the ESD of (W,,0.) converges weakly
almost surely to a symmetric probability distribution v whose 2kth moment is determined

by o and {Com to<m<2k-

Proof. As {z;;} satisty (3.5.9) and (3.5.10) with r,, = oo, observe that (W, o.) satisfy
Assumption A with gop,(z,y) = 02*(z,y)cor for all (x,%) € [0,1]? and r,, = co. Thus the
ESD of (W,,, 0.) converges weakly almost surely to a symmetric probability distribution
v. Now from Step 3 in Theorem 3.3.1, for each word in SS5,(2k) with each distinct letter

appearing s, Sa, ..., Sp times, its contribution to the limiting moment is (see (3.4.12))

b

b
[ Tl s 1o
0,11+

ies  j=1

where S is the set of distinct generating vertices for the word. Hence the 2kth moment

of v is given as follows:

k

b
) = Y [ oo Tan e
/o

b=1 r€SS,(2k j=1 ies  j=1

O

Remark 3.5.15. Note that such a model was previously studied in Anderson and
Zeitount [2006]. There the authors considered the {y;jn = o(i/n,j/n)xijn;i < j} where
{zij;1 < j} are fully i.i.d. with mean zero and variance 1 with fol o*(z,y) dy = 1 for
every x, and proved that the ESD of ﬁWn converges weakly almost surely to the semi-
circle law. Observe that this result can be concluded as discussed above with co = 1 and
cor, = 0,k > 2. Hence the ESD result of Anderson and Zeitouni [2006] follows as a

special case of Theorem 3.3.1.
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In the next corollary we describe a new result for Wigner matrices with non-trivial
variance structures via graphons and homomorphism density. Recall graphons and ho-
momorphism density from Section 3.1. We first generalize the concept of graphons, re-

lating it to the higher moments of a sequence of random variables {z;;,;1 <@ < j < n}.

Define, for each k, a graphon sequence My, 5, that takes the value
B3 1z 0 |<rnl] = G2km(i/n,3/n) on I x Ij(1 < i,j < n),

where 7, is a sequence as given in Assumption A and I; = (0, %], I, = (%, %], 2<i<n.

Note that corresponding to each word in SS(2k) with b distinct letters, we have a
coloured rooted ordered tree as described in Lemma 3.2.5. Denote its vertex set by
V := {0,...k}, enumerated by first appearances, depth first and left to right. Each
vertex is painted with a colour from the colour set C' := {ag < --- < ap}, say. Let E be
the edge set of T”. Observe that there can be many edges whose vertices have a fixed

pair of colours a; and a;. Enumerate E as follows:

E = Ug<icj<p E(i, )

E(i,j) = {(7}1,?}2) € E:v; <wvy are coloured a; and a; respectively},O <i<j<hb.

We now extend the homomorphism density ¢(7', H,) in (3.1.3) to generalized ho-
momorphism density for every coloured rooted ordered tree T (i.e. every element of

SSy(2k)). Define

(' o)) = [ ] mseantenay [T do (3.5.26)
0.1+ ek 0<i<b
0<i<j<b

Now we state the following corollary:
Corollary 3.5.16. (Generalized graphons) Suppose W, is the n x n Wigner matriz

with independent entries {x;jn;i < j} that satisfies (3.3.1), (3.3.2) and (3.3.4). Suppose

lim ¢(7",{May}) exists for each coloured rooted tree T'. (3.5.27)

n—oo
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Then, the ESD of W, converges weakly almost surely (or in probability as is the case in

(3.3.4)) to a distribution whose odd moments are 0, and the 2kth moment is given by

Z lim t(T, {M2k,n})7

T is a colored rooted tree

provided these moments determine a unique probability distribution.

Proof. We shall use Lemma 2.1.3 to prove this result. In order to verify the first moment
condition, first observe that those words that do not belong to the set SS(2k), do not
contribute to the limiting 2kth moment. Also from Lemma 3.2.5, we know that each
word in SSy(2k) corresponds to a coloured rooted tree with b distinct colours. Hence
the contribution for each such word (or tree) is nlgrolo t(T, {Man}). Thus we get the first

moment condition.

The fourth moment condition can be verified in the same manner as in Step 2 of the

proof of Theorem 3.3.1.

Finally, as these moments determine a unique probability distribution, we conclude
that the ESD of W,, converges weakly almost surely (or in probability) to a symmetric

distribution p whose odd moments are 0 and the 2kth moment is given by

Bok(p) = > K ¢(T, { Majn }).

T is a colored rooted tree

Corollary 3.5.17. Result 3.1.5 follows from Corollary 3.5.16.

Proof. Let the matrix W, be as defined in Result 3.1.5. As the variance O'izj are uniformly
bounded and {a;;} satisfy (3.1.5), following the arguments in Step 1 in the proof of Corol-
lary 3.5.12, we can assume that |a;;| < 1,+/n where 1, | 0 as n — oo. This, with (3.1.6)
implies that W,, satisfies the conditions of Corollary 3.5.16 with lim (7", { My, }) = 0
for all trees with less than k + 1 colours. Now from Lemma 3.2.5, a colored rooted
tree with (k + 1) vertices and (k + 1) colours means each vertex is of different colour.

This tree may be then identified with a rooted tree with no colours, see Remark 3.2.6.

Therefore we get,

ﬁZk(Nzhu) = Z lim t(T, Hn)
T
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Thus, Result 3.1.5 follows from Corollary 3.5.16. Further, if im [ Ma,, (21, 22) dzg — 1,

then the limit is semicircular. O

Remark 3.5.18. Note that the uniform convergence of {gorn} to {gax} and their in-
tegrability is a sufficient condition for (3.5.27). Also observe that under Assumption

A,
b

t(Tla{MQk,n}) — H 92E(z;,25) x’l?x] deu
[0,1]1V1 j=1 i€V

(zi,x5)€E
for every coloured rooted tree T'. As seen in the proof of Theorem 3.3.1 and Lemma
3.2.5, these trees correspond to the words in SS(2k), and thereby give rise to their

contribution to the limiting moments.

3.5.6 Band, Block and Triangular matrices

Next we shall discuss results about band, block and triangular matrices. The previous
works (Casati and Girko [1993a], Casati and Girko [1993b], Molchanov et al. [1992],
Basu et al. [2012] Ding [2014], Zhu [2020]) that have dealt with these matrices have
assumed that the distribution of the entries do not change with the size of the matrix.
In the next few corollaries, we generalize the previous results regarding these matrices

by allowing the distribution of the entries to vary with the size of the matrix.

In band matrices entries are non-zero only around the diagonal in the form of a band.
As the dimension of the matrices increase, so does the number of non-zero elements

around the diagonal.
Let m,, be a sequence of positive integers such that m, — oo and my,/n — a >0 as

n — 00. There are two banding models—periodic banding and non-periodic banding.

Definition 3.5.19. (Band matrices)

(a) Periodic banding: Wlis the symmetric matriz with entries Yijn where for m, <

n/2,

Tijn  Afli—jl <my oor|i—jl =n—my,
Yijn = (3.5.28)

0 otherwise.
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(b) Non-periodic banding: W is the symmetric matriz with entries y;j, where

Tijn if i — | < mp,

Yijm = (3.5.29)
0 otherwise.
Corollary 3.5.20. (Periodic banding) Suppose the random variables {x;j} in (3.5.28)
satisfy Assumption A. Then the ESD of W converges weakly almost surely to a sym-
metric probability measure po whose moments are determined by the functions {ga }x>1

and limy, oo mp/n=a < 1/2.
Proof. For every n, define the function f,, on [0,1]? by

1 if |x —y| <mp/n or |x—y|>1—my,/n,
fa(z,y) = (3.5.30)
0 otherwise.

Observe that the entries y;;, of W! can be written as f,(i/n,j/n)%ijn.

As |fn] <1, following Steps 2 and 4 of Theorem 3.3.1, the fourth moment condition
and Carleman’s condition follow immediately. Next observe that f[o 12 fn(z,y) dxdy

converges to f[o 12 f(z,y) dedy where f is defined on [0,1]? as follows:

1 iflr—yl<a orlz—y|>1-a,
f(z,y) = (3.5.31)
0 otherwise.

So we have that nE[y:F,] = f2¥(i/n, j/n)garn(i/n, j/n) and fugoyn, converges to fgor.
Hence Condition (3.5.27) of the convergence of the generalized homomorphism densi-
ties holds. Now following Step 3 in Theorem 3.3.1, we get that only words in SS(2k)
contribute to the limiting moments. Moreover, for each word in SS(2k) with b distinct

letters, its contribution to the limiting moments is as follows:

b

/[01]b+1 H [gsj (xtj,mlj)[lﬂxt]. — x| 21— a) + 1|y, —ay] < )| | dwy, day, - - day,.
’ ]:1

The first moment condition follows similarly as Step 3 in the proof of Theorem 3.3.1.

Hence the ESD of W? converges weakly almost surely to a symmetric probability measure

Loy O
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Remark 3.5.21. Suppose {x;jn;i < j} in the previous result are i.i.d for every fizved
n and satisfies (3.3.1) and (3.3.2). Then from Corollary 3.5.20 we get that the ESD of
W,i’ converges weakly almost surely to a symmetric probability measure p, whose 2kth

moment is given as follows:

Bak(pa) = Z (2a)|7rlc7r-

€SS (2k)

Corollary 3.5.22. Result 3.1.6 follows from Corollary 3.5.20.

Proof. Now if the entries of the matrix are {y;;,/v/n} where {y;;} are i.i.d. with finite
mean and variance o2, then from Corollary 3.5.20 (see Remark 3.5.21), c2 = o2 and
cor = 0 for all k > 2. Therefore, the ESD of W}L’ converges to a symmetric probability

measure i, whose 2kth moment is given as follows:

(i) = 3 (el
TESSK(2k)
As S5S;(2k) = NC5(2k), po in this case is the semicircular distribution with variance
2a0?. Hence we can conclude the convergence of Theorem 4 of Casati and Girko [1993b]

in the almost sure sense. O

Corollary 3.5.23. (Non-periodic banding) Suppose the random variables {x;;,} in
(3.5.29) satisfy Assumption A. Then the ESD of WP converges weakly almost surely
to a symmetric probability measure po, whose moments are determined by the functions

{92k }i>1 and a = limy,_yo0 My /1.
Proof. For every n, define the function f,, on [0,1]? by

1 if |z —y| < my/n,
fo(z,y) = (3.5.32)
0 otherwise.

Observe that the entries y;;, of W2 can be written as f,,(i/n, j/n)zij ..

As |fn] < 1, following Steps 2 and 4 in the proof of Theorem 3.3.1, the fourth
moment condition and Carleman’s condition follow immediately. Next observe that

f[0,1]2 fn(z,y) dedy converges to f[o’l]g f(z,y) dedy on [0, 1]? where f is defined on [0, 1]?
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as follows:

1 if |z —y| < a,
fa,y) = (3.5.33)
0 otherwise.

So we have that nE[yfjkn] = f2£(i/n,j/n)gokn(i/n,j/n) and fngogn converges to fgog.
Hence Condition (3.5.27) of the convergence of the generalized homomorphism densities
holds. Now following Step 3 in the proof of Theorem 3.3.1, we get that only words in
SS(2k) contribute to the limiting moments. Moreover for each word in SS(2k) with b

distinct letters, its contribution to the limiting moment is as follows:

b
/[01]54_1 Hgsj (-ftj,xlj)l(‘xtj - Hflj‘ < a) dxtldxll . dxlb-
b ]:1

So the first moment condition follows in the same way as Step 3 in the proof of
Theorem 3.3.1. Hence the ESD of W2 converges weakly almost surely to a symmetric

probability measure . O

Next we look into triangular matrices.

Definition 3.5.24. (Triangular Wigner) The triangular Wigner matriz, denoted by

W is the matriz whose entries y; , are as follows:

Tijn if (i+7)<n+1,
Yijm = (3.5.34)

0 otherwise.

Corollary 3.5.25. Suppose that the variables {x;; ;i > 0} associated with the matrices
WY (as in (3.5.34) ) are i.i.d. random variables with all moments finite for every fized n,
and satisfy Conditions (i) and (ii) of Corollary 3.5.3. Then the ESD of W} converges

weakly almost surely to some symmetric probability measure p that depends on {cop }r>1-

The proof of Corollary 3.5.25 follows in the same manner as that of Corollary 3.5.14

by considering o(x,y) = 1, 1y<1]- So we omit the details.

Corollary 3.5.26. Result 3.1.7 follows from Corollary 3.5.25.
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Proof. Observe that the entries of W} are y% where {y;jn;i > 0} are as in (3.5.34)
and {x;jn;i > 0},>1 are i.i.d. random variables with mean 0 and variance 1. Therefore,
from Step 1 of the proof of Corollary 3.5.12, we can assume that the variables {z;;} are
bounded. Hence the entries y”ﬁ of W} satisfy conditions of Corollary 3.5.25 with co =1
and cor = 0 for £ > 2. Hence Corollary 3.5.25 implies that the ESD of W} converges

weakly almost surely to a non-random symmetric probability measure. ]
We now discuss block Wigner matrices and prove a general result using the methods
of proof of Theorem 3.3.1. We begin by defining the Kronecker product of matrices.

Definition 3.5.27. If A and B are m X n and p X g matrices respectively, then the
Kronecker product, A ® B is the pm X qn

_anB algB . alnB
CL21B aQQB N ag B
A@B=| _ . (3.5.35)
_amlB aQQB N amnB_

where a;j is the (i,7)th entry of the matriz A.

Definition 3.5.28. (Block Wigner matrices) Let E,,; be d x d elementary matrices
with entry 1 at the (ml)th position and 0 otherwise. The symmetric matriz W), consisting

of d? rectangular blocks, erl(m’l),l <m,l <d is given by

W= Euy @ W)™, (3.5.36)

m,l
where ® 1s the Kronecker product of matrices as in Definition 3.5.27. The blocks
W,/l(m’l),l <m <1 < d are ny X ng rectangular random matrices with i.i.d. entries

{zs;} inside each block but independent of the other blocks, subject to symmetry.

Corollary 3.5.29. Let limy, ;00 "2 = ayy > 0,1 < m < d. Suppose W/ is the n x n
symmetric random matrix as described in Definition 3.5.28. Also suppose the entries

Tijn associated to W,/I(m’l) in (3.5.36) have all moments finite and satisfy the following:



3.5. Some Corollaries 99

(i) for each k € N and1 <m <1[<d,

00 > cg,?’l) = lim n E [az2k } whenever z;j, is in the (m,l) — th block,

n—o0 ijm
(3.5.37)
(ii) for each k € N and all1 <i<np,1<j<n, 1<m<I1<d,
nh_}rrgo n’ E [xf]kgl} =0 forany 0 <1. (3.5.38)

Then the ESD of W] converges weakly almost surely to a symmetric probability measure
(m,1)

fi whose moments are determined by (cyy. " )k>1 and (ouy)%,_;.
The proof is very similar to the proof of Theorem 3.3.1. We omit the details and give

an outline for verification of only the first moment condition.

Let Cgl?,;? =nE [m%’fn] whenever x;;,, is in the (m,1) — th block. Also let ng =0

and ap = 0. Observe that in this case the sequence of functions g, are given as follows:

m—1 m -1 l
9ok (T,Y) = ng;ll) when (z,y) € [ Z n/n, Z”t/n} X {Znt/n, Z”t/"} :
t=0 t=0 t=0 t=0

This converges to go defined as below:

—_

m—

m -1 l
gok(x,y) = cg?’l) when (z,y) € [ ay, Zat] X [ at,zat]

t= t=0 t t=0

Il
o

Now following the same arguments as in Step 3 of the proof of Theorem 3.3.1 with
the above function (gax)k>1 (that are determined by (cgg’l));@l and (am)2 _,), we have

that the first moment condition holds.

Corollary 3.5.30. Result 3.1.8 follows from Corollary 3.5.29.

Proof. First note that just as in Step 1 in the proof of Corollary 3.5.12, the variables {a;; }
can be assumed to be bounded. Then from (3.1.8) and (3.1.9), it can be shown easily
that (3.5.37) and (3.5.38) hold. Thus the conditions of Corollary 3.5.29 are satisfied.
Therefore there is a non-random symmetric probability distribution, say, u; which is the

almost sure LSD of ﬁW,’l Also it can be seen that only words with k distinct letters
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(SSk(2k)) contribute to the limiting 2kth moment. Also the words that do not belong
to SS(2k) contribute 0 in the limit. As SSi(2k) is the collection of all Catalan words,
only the Catalan words contribute to the limiting moments. Hence we get Result 3.1.8

as a special case of Corollary 3.5.29. 0

3.5.7 Simulations

Here are some simulations where the entries have different distributions. The LSDs
are of course not universal. We demonstrate this phenomenon by considering standard

normal entries with different distributions.
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FIGURE 3.1: Histogram of the eigenvalues of W,, with entries i.i.d. N(0,1)/v/n (left)
and Ber(2/n) (right), for n = 1000, 30 replications.
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FIGURE 3.2: Histogram of the eigenvalues of W, with entries x;;/\/n = ~5% T

(left) and x;; = (i+4)” Ber(2/n) (right) for n = 1000, 30 replications.
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FIGURE 3.3: Histogram of the eigenvalues of (periodic) band Wigner matrices W2

with non-zero entries x;; i.i.d. % (left) and i.i.d. Ber(3/n) (right) with o = 1/4 for
n = 1000, 30 replications.
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FIGURE 3.4: Histogram of the eigenvalues of (non-periodic) band Wigner matrices W2
with non-zero entries x;; i.i.d. % (left) and i.i.d. Ber(3/n) (right) with o = 1/4 for
n = 1000, 30 replications.
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non-zero entries x;; ii.d. % (left) and i.i.d. Ber(3/n) (right) for n = 1000, 30
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Chapter 4

Other patterned matrices

In this chapter we shall look at the LSD of four other symmetric patterned matrices—
the symmetric reverse circulant matrix R®), the symmetric circulant matrix C®), the

symmetric Toeplitz matrix T®), and the symmetric Hankel matrix, H (s).

Zo Ty X2 - Tp-1 o X1 T2 - 1
z1 T2 X3 - Zo 1 o T1 - T2
S) __ S) __
R;) - €2 xr3 T4 - x ) 07(1) — |T2 X1 To -+ T3> (4-0'1)
|Tn—1 L0 T1 - Tp—2| X1 T2 X3 - Z0
Zo T1 x2 MR 7 | z2 z3 Ty Tt Tl
T Zo x1 ot Tp—2 xs3 T4 T5 s Tpd2
s) __ S) _
T = | 2y x1 2o o0 aps|, HE = 24 s Te o Tpgs
|Tn—1 Tp-2 Tp-3 -°° To | | Tn+1 Tn+2 Tp4d - Ton |

(4.0.2)

In Section 4.1, we describe a few LSD results that already exist in the literature. These
are closely related to the main results of this chapter that are described in Section 4.2.
In Section 4.3, we give the detailed proofs of Theorems 4.2.2-4.2.4 using the moment
method. Next, in Section 4.4, we discuss how the results of Section 4.1 can be obtained as
special cases from Theorems 4.2.2-4.2.4. We conclude the chapter with some simulations

103
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and discussion on how these LSD results differ from those obtained in Chapter 3. This

chapter is based on Bose et al. [2021](Bose, Saha and Sen [2021]).

4.1 Review of existing literature

We first recall some of the existing results about these matrices.

Fully i.i.d. entries: Previous works like, Bose and Mitra [2002], Hammond and Miller
[2005], Bryc et al. [2006], Bose and Sen [2008] studied the spectral distribution of the
above patterned matrices when the entries are fully i.i.d., i.e., the distribution of the

entries does not change with the size of the matrix.

(i) Symmetric Reverse Circulant: R(), displayed in (4.0.1), was first considered
in Bose and Mitra [2002], where the authors showed the convergence of the ESD of
n~Y QR;S) to a non-random probability measure weakly in probability under the as-
sumption that the entries are i.i.d. with finite third moment. Then Bose and Sen [2008]
extended the result by proving almost sure convergence of the ESD. This is described

in Result 4.1.1. A detailed proof is available in Bose [2018].

Result 4.1.1. Suppose that the entries {x,;n > 0} are i.i.d. with mean 0 and variance

5)

1. Then, as n — oo, the almost sure LSD of ﬁRg is the symmetrised Rayleigh

distribution. This law, say R, has the following density

f(z) = |z|exp(—2?), z €R.

The moments S, (R) of R are given by

0 if k is odd,
Be(R) =

k! if k is even.
(ii) Symmetric Circulant: Recall C'? defined in (4.0.1). The LSD of n12C%) was
first studied in Bose and Sen [2008]. It is worth mentioning that this matrix has an

inherent connection to the palindromic Toeplitz matrix (Massey et al. [2007]). Theorem

2.4.2 in Bose [2018] presents a detailed proof of the following result.
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Result 4.1.2. Suppose that the entries {x,;n > 0} are i.i.d. with mean 0 and variance

)

1. Then, as n — oo, the almost sure LSD of ﬁ(}’,(f is the standard normal distribution.

(iii) Symmetric Toeplitz and Hankel: The study of the random Toeplitz and Hankel
matrices, defined in (4.0.2), were initiated in a seminal paper by Bai [1999]. Hammond
and Miller [2005] and Bryc et al. [2006] established the LSD of n=127$) . The LSD of
n~V2 1) was established by Bryc et al. [2006] and Liu and Wang [2011] with different
techniques. We refer to Bose [2018] for a detailed proof of the following result on the
LSD of Toeplitz and Hankel matrices.

Result 4.1.3. Suppose that the entries {x,;n > 0} are i.i.d. with mean 0 and variance
1. Then, as n — oo, the almost sure LSD of ﬁT,gs) and ﬁH,(f) exist, say L1 and L
respectively, and they are symmetric about 0.

Sparse matrices: After having seen the fully i.i.d. case, it was natural to investigate
cases where the distribution of the entries are i.i.d. but depend on the size of the matrix.
One special case, in this regard, was investigated by Banerjee and Bose [2017], where
they considered sparse patterned matrices and proves the convergence of the EESD. The

almost sure convergence of the ESD does not occur in this case.

Result 4.1.4 (Theorem 3.1 and 3.2, Banerjee and Bose [2017]). Suppose that for each
fized n, the entries of A, (where A, is any one of the above four matrices) are i.i.d.
Bernoulli (p,) with np, — X\ > 0. Then the EESD of A, converges weakly to a sym-

metric probability distribution v4.

We now discuss some other variations of LSD results for these patterned matrices

which include band matrices and triangular matrices.

Band matrices: Patterned matrices with banding have been studied in some previous
works. Basak and Bose [2011] considered the LSD of the banded versions (Type I and
Type II banding, see Definition 4.4.13) of the four matrices where the scaling depends on
the number of non-zero entries in the matrices. Liu and Wang [2011] studied the band
Toeplitz (Type I banding) and Hankel (Type II banding) matrices (see Definition 4.4.13),
with a particular scaling, and proved that the ESD of these matrices converge weakly
almost surely to symmetric probability distributions which depend on the proportion of

non-zero entries.
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Result 4.1.5. (Basak and Bose [2011]) Let m,, be the bandwidth such that my/n —
o > 0. Suppose the entries {x;;i < my} of the banded version A% (with Type I banding)
of A, (where A, is any one of the above four matrices), are i.i.d. with mean zero and

variance 1. All other entries of A% are zero.

(i) If m, < n/2, then the ESD of \/%"Cés)b converges weakly almost surely to the

Normal distribution with mean 0 and variance 2.

(ii) If my, < n, then the ESD of ﬁR;S)b converges weakly almost surely to the sym-

metrised Rayleigh distribution.

(iii) If my, < n (respectively my, < 2n), then the ESD of ﬁTés)b (and respectively

ﬁHés)b ) converge weakly almost surely to symmetric probability distributions.

Result 4.1.6. (Basak and Bose [2011]) Let m,, be the bandwidth such that my/n —
a > 0. Suppose the entries {x;;0 < my ori >n—my} or {z;i < my, orn—m, <
i <n+my} of the banded version AB (with Type II banding) of A, (where A, is any
one of R;S),Tff) or H,(f)), are i.i.d. with mean zero and variance 1. All other entries of

AB are zero. Then

(i) If m, < n/2, then the ESD of J;WR%S)B converges weakly almost surely to the

symmetrised Rayleigh distribution.

(ii) If m, < n/2 (respectively m, < n), then the ESD of ﬁTﬁS)B (and respectively

1

= H,(LS)B ) converge weakly almost surely to symmetric probability distributions.

Result 4.1.7. (Liu and Wang [2011]) Suppose {x;;i > 0} are independent with mean

zero, variance 1 and have all moments uniformly bounded.

(a) Let TT(LS)b be a real symmetric band Toeplitz matriz with bandwidth m, such that
Tsh
vV (2—a)an

converges weakly almost surely to a symmetric probability measure yr(a) whose

mn/n — a € (0,1] and entries {x;}. Then the ESD of the matriz X2 =

even moments depend on «.

(b) Let H,(f)b be a real symmetric band Hankel matriz with bandwidth m, such that
mu/n — a € (0,1] and entries {x;}. Then the ESD of the matriz V! = \/%

converges weakly almost surely to a symmetric probability measure yg(«) whose even

moments depend on «.
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Triangular matrices: Triangular random matrices have gained importance since their
consideration in Dykema and Haagerup [2004], where the authors considered the tri-
angular Wigner matrices with Gaussian entries. Later LSD of symmetric triangular
matrices with the above mentioned patterns was studied in Basu et al. [2012], where the
authors proved the almost sure convergence of the ESD of appropriately scaled matri-
ces. A generic triangular (symmetric) version A% of a (symmetric) matrix A, with link

function L is of the form

Tr(,1) Tra,2)  Tro(,3) " TL(n)
Tr(2,1) Tr2)  Tregz) 0
A =
TL(n-1,1) TL(n-12) 0 e 0
L l'L(n,l) 0 0 L 0 ]

Result 4.1.8 (Basu et al. [2012]). Suppose the non-zero entries {x;j; (i +j) < (n+1)}
of the symmetric triangular matriz, A¥, where A, is either C’,(LS),TT(LS) or Hq(f), are i.i.d.

with mean zero and variance 1. Then the LSD of ﬁAqu exists almost surely and is

symmetric about zero.

Our results: A common theme to be noted in most of the above results is that the
distribution of an entry depends on its position in the matrix but remains unchanged with
the size of the matrix, except for Result 4.1.4 (where the entries are i.i.d. only for every
fixed n). In the previous chapter we have described a general result (Theorem 3.3.1)
that tackles the case where the distribution of the (i, j)th entry depend on i, j and n. In
this chapter, we prove LSD results for RT(«LS), C’T(f), T,gs), H,(LS) (see Theorems 4.2.2—4.2.4),
with independent entries, under appropriate moment conditions. This yields Results
4.1.1—4.1.8 as special cases. Further, new results on matrices with variance profile,

band and triangular patterned matrices emerge.

It is known that pair partitions play a very important role in the LSD of the above
matrices with i.i.d. entries, see Results 4.1.1-4.1.3. For example, just like the moments
of semicircle distribution are given via the set of all non-crossing pair partitions, the
moments of the symmetrised Rayleigh distribution are given via the set of all symmetric
pair partitions (see Section 2.5.3), and those of the standard normal distribution on the

set of all pair partitions. We show that unlike the i.i.d. case, many other interesting
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partition classes are involved in the general independent case, see Theorem 4.2.2-4.2.4.
Unlike the Wigner matrix, we shall see that in case of the symmetric reverse circulant
and symmetric circulant matrices, the partitions with similar block structure (i.e., par-
titions that have same number of blocks with equal block sizes) contribute equally to
the moments of the LSD. Hence the cumulants and half cumulants (see Sections 2.5.1

and 2.5.3) can be identified in these cases.

4.2 Main results

For the Wigner matrices the special symmetric partitions played a central role in the
moments of the LSD. Two types of partitions of [k] which play analogous role in the LSD
of symmetric circulant (Toeplitz) and reverse circulant (Hankel) matrices, respectively

are even partitions and symmetric partitions defined in Section 2.5.3.

Now suppose that the distribution of the entries for the nth matrix depends on n—they
come from a triangular array of sequences {z;,;0 < i < (n or 2n)},>1. To keep the
notation simple, we shall often write x; for x;,. We introduce the following set of

assumptions on the entries. This is similar to Assumption A of Chapter 3.

Assumption B. Let {gi ;0 < k < n} be a sequence of bounded Riemann integrable

functions on [0, 1]. Suppose there exists a sequence {r,} with r, € [0, c0] such that

(i) for each k € N,

n E [m?k1{|mi|<rn}} = ggkm(l) for 0 <i1<n-— 1, (4.2.1)
- n
lim n* sup E [x?k*11{|mi|<,,qn}] =0 for any o < 1. (4.2.2)
=00 0<i<n—1 -

(ii) The functions gog,, converge uniformly to functions go for all k > 1.

(iii) Let Moy = ||gox|| (where || - || denotes the sup norm) and Ma,_; = 0 for all £ > 1.

Then, ag, = Zaep(%) M, satisfy Carleman’s condition,

©© 1

2% _
E Qg " = 0.
k=1
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Remark 4.2.1. Theorems 4.2.2—4.2.4 state the convergence of the EESD of the matri-
ces, R,(f), C’,(LS),T,&S) and Hff) with independent entries that satisfy Assumption B. Here,
the LSD of Rgf), Cy(f), T,(LS) and Hff) are random. The matrices, Rgf), C’T(LS),TT(LS) and H,(f)
are more structured relative to the Wigner matriz and thus even with similar assump-
tion on the entries, their LSD results vary widely from those of the latter. In the case
when the entries of the matrices are all independent, it can be seen that there are O(n)
number of random variables that constitute the matrix whereas the Wigner matriz is con-
stituted by @ random variables. Hence we have the variation in the results. Thus,
although Assumption B is similar to Assumption A in Chapter 3, unlike the Wigner

matriz (Theorem 3.3.1), where we show the almost sure convergence of the ESD, we can

only conclude the convergence of the EESD for these matrices (Theorems 4.2.2—4.2.4).

Now we state our theorems. Recall cumulants from Section 2.5.1 and half cumulants,

symmetric and even partitions, S(k) and E(k) from Section 2.5.3.

Theorem 4.2.2. Consider R%s) whose entries {x;;0 < i < n} are independent and
satisfy Assumption B. Let Z, be the reverse circulant matriz with the entries y; =

Zilf|z,|<rny- Then

(a) the EESD of Z,, converges weakly to a symmetric probability measure vg, say. The

moment sequence of Vg is given by

Z co if k is even,
Bk(VR) = ceS(k)
0 if k is odd,

where copy = fol Gom(t) dt,m > 1. Also {cam}m>1 is the half cumulant sequence of

VR. Co is the multiplicative extension of {cam fm>1-

In particular, if for every n, {z;,;1 <i < n} are i.i.d., then the above holds with

Com = lim Goy, n, (which are now constant functions).

(b) Further if
n—1
> Bl e 5r,y) = 0, (4.2.3)

=0

then the EESD of Rﬁls) converges weakly to vp.
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Next we deal with the symmetric circulant matrix with independent entries.

Theorem 4.2.3. Consider C’,(LS) whose entries {x;;0 < i < n} are independent, and
satisfy Assumption B. Let Z, be the n x n symmetric circulant matriz with entries

Yi = $i1{|xi\§7’n}' Then

(a) the EESD of Z, converges weakly to a symmetric probability measure vc, and the

moments of vo are given by

E ascy if k is even,

Br(vc) = { ocEk)
0 if k is odd,
1
where cap = 2 [ Gam(t) dt,m > 1 are constants determined by the functions

{Gor, k > 1} and ag, = %(2:),71 > 1. Also {0,a2¢2,0,a4c4, ...} is the cumulant

sequence of v¢.

(b) Further if

> Bl sry] =0, (4.2.4)

%

then the EESD of CTSS) converges weakly to veo.

The following theorem is for the Topelitz and Hankel matrices with independent

entries.

Theorem 4.2.4. Consider T\" (respectively, H,(LS)) whose entries {x;;0 < i < n} are
independent and satisfy Assumption B. Let Z, be the n xn Toeplitz matriz (respectively,

Hankel matriz) with entries y; = v;1{3,|<r,}- Then

(a) the EESD of Z, converges weakly to a symmetric probability measure vy (respec-

tiely, v ) say, whose moment sequence is determined by the functions go, k > 1.

(b) Further if

> Bl sry] =0, (4.2.5)

%
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then the EESD of T,(LS) (respectively, Hr(ls)) converges weakly to vy (respectively,

vir) almost surely (or in probability).

Note that in the above theorems convergence of the ESD have not been claimed. We

shall have more to say on this in Section 4.4.

Remark 4.2.5. (i) The LSD of Rﬁf) in Theorem 4.2.2 is the symmetrised Rayleigh
distribution if and only if Gor. = 0 for all k > 2 and c3 = fol ga(t) dt = 1.

(ii) The LSD of C,(ls) in Theorem 4.2.3 is the standard normal distribution if and only
if cg = fol g2(t) dt =1 and go, = 0 for k > 2.

Remark 4.2.6. The eigenvalues of the matrices R'®) and C®) can be given via discrete
Fourier transform of the input variables, see Bose and Mitra [2002]. We had previously
tried the aprroach of writing the eigenvalues as a discrete Fourier transform as in Bose
and Mitra [2002]. However, we still needed to compute certain groupings of terms in the
sum and were not able to shorten the proofs effectively. Also the approach we have taken
here helps us remain in the unified set up in the thesis as we would require to build this
set up anyway for the Toeplitz and Hankel matrices. Hence, we have given the proofs in

this unified approach throughout the thesis.

4.3 Proofs of theorems

In Chapter 3, we have seen how first identifying the words that may contribute to the
limiting moments led to the proof of Theorem 3.3.1. A similar approach is taken for
proving the theorems in this chapter. As we have seen in the case of Wigner matrices,

()] 5

the existence of limy, o 371 is intimately tied to the LSD, as this determines the words

or partitions that possibly contribute positively to the limiting moments for each of the

matrices. So, first we focus on finding lim,_, Elsfl)‘ for each of the four matrices.

4.3.1 Contributing words for the different matrices

In Lemmas 4.3.1-4.3.4, we shall identify which words can contribute positively to the
limiting moments for each of the four matrices R®) 06 76) and HG). Recall the

notion of generating and non-generating vertices from Section 2.4. For a word with b
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distinct letters, suppose the distinct letters appear for the first time at the positions
i1,92,...,%. Then {m(i;),0 < j < b} is the set of generating vertices and all other
vertices (i), ¢ # i; for any j € {0,1,...,b}, is a linear combination of {m(i;);i; < i}
(here, linear combination is meant in the sense that the coefficients are allowed to be
only integers). From (2.4.5), it is clear that to find lim,, %, we need to find in how
many ways can the generating vertices be chosen freely (see discussion on generating
and non-generating vertices and free choice of generating vertices in Section 2.4). Also
recall the fact that if {m(i;),0 < j < b} satisfy a non-trivial linear equation then one of
the generating vertices has finitely many choices (no dependence on n) and in that case,

. II(w
lim,, 0 % — 0.

Now let us find lim,,— oo E,Sfl)‘ for each of the four matrices.

Lemma 4.3.1. (Reverse Circulant Matrix) For each word w with b distinct letters

1 1 if w is symmetric,

0 otherwise.

Proof. Let m € 11, [w]. Let
ti =m(i) +m(i — 1) for 1 <i < 2k. (4.3.2)
Clearly, w(i] = w(j] if and only if
(m(i—1)+7() —2) mod n=(m(j — 1) + 7(j) — 2) mod n,

that is,

t; —t; =0, nor —n.

Now fix an w with b distinct letters. Suppose the b distinct letters appear for the first
time at the positions ¢1,1s,...,4,. Clearly ¢;, = t;. If the first letter appears again in
the jth position, then

tj =t1 (mod n).

Similarly, for every ¢, 1 < i < 2k,

t; = ti; (mod n) for some j € {1,2,...,b}. (4.3.3)
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We break the proof into three steps.

Step 1. {n(i;),0 < j < b} (where iy = 0) can be chosen freely if and only if {7(0),;;;1 <

j < b} do not satisfy any non-trivial linear relation.

To see this, observe, for any 1 < j <b

m(ij) =ti, —ti;—1+ -+ (_1)ij+1t1 + (_1)ij7r(()), (4.3.4)

Now, using the formula for ¢; in (4.3.2), we have that all the ¢;s can be written as linear

combinations (with coefficients from Z) of ¢;,,m < j. Hence from (4.3.4), it is clear

T
that if {m(4;),0 < j < b} (where ig = 0) can be chosen freely then {7(0),¢;;;1 < j < b}

do not satisfy any non-trivial linear relation and vice versa.

This completes the proof of this step.

Step 2. If w is not symmetric, then lim,,_, #H‘I(wﬂ =0.

Suppose w is of length 2k. Then for any corresponding circuit,
(t1+t3+ - +tog-1) — (b2 +ta+ - +ta) = 7(0) — 7(2k) = 0. (4.3.5)
Therefore, using (4.3.3), we see that there exists a; € Z for all 1 < j < b such that
7m(0) — 7(2k) = auti, + aatiy, + - - + apty, = 0 (mod n).
However, |7(0) — 7(2k)| < (n — 1). Therefore,
a1ty + aoty, + -+ apty, = 0.

Now for {n(0),%;,,1 < j < b} to be such that they do not satisfy a non-trivial linear

relation, we must have o; = 0 for all j € {1,2,...,b}. Thus for each j,
’{l :lodd, t; = t;; (mod n)}‘ = ‘{l :leven, t; = t;; (mod n)}’

i.e., each letter in w appears equal number of times at odd and even places, and it is

symmetric.
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Now if the length of the word is odd, say 2k + 1, then
(t1 +t2 4 -+ topgr) — (2 +ta + -+ top) = 7(2k + 1) 4 7(0) = 27(0).

Now substituting ¢; by ¢;,’s using (4.3.3) in the above equation, we see that 7(0),¢;,,. .., t;,

satisfy a non-trivial linear relation.

Therefore, from Step 1 and the discussion above, we have that, when the word is not
symmetric, {m(i;),0 < j < b} satisfy a non-trivial linear equation. Hence, at least one
of the generating vertices has at most a finite number of choices as n — co. As a result,

1
lim ———[Il(w)| =0 for any non-symmetric word w.
n—oo n

Step 3. Suppose w is symmetric with b distinct letters. Then 7(i;) (0 < j < b) can be

chosen freely, and then the non-generating vertices have a unique choice.

Since the word is symmetric, from (4.3.2) and (4.3.3), we have, for each 1 < j <,
[{l:10dd, t; = t;; (mod n)}| = [{l: 1 even, t; =t;, (mod n)}|.
Thus,
m(0) —w(2k) = (t1 +t3+ -+ tog—1) — (ta +ta+ -+ tor) = Mn for some M € Z.

However, |7(0) — w(2k)| < (n —1). Therefore, M = 0. Hence (4.3.5) (circuit condi-
tion) automatically holds for w. Thus there is no additional constraint in choosing the
generating vertices. Now we have to ensure that once the generating vertices have been

chosen, the non-generating vertices have unique choices.

First we choose m(0) and m(1) freely, i.e., there are n(n — 1) choices for 7(0) and
m(1). Next, if 7(2) is a generating vertex, we choose it freely. If 7(2) is not a generating
vertex, we consider the relation between t; and to. Clearly as m(2) is not a generating
vertex, w(2] is an old letter (i.e., a letter that has appeared earlier in the word), and

hence t; = to which implies 7(0) = 7(2).
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To prove that the other non-generating vertices can be chosen uniquely, we argue
inductively from left to right. Suppose 7(i) is a non-generating vertex, and the non-
generating vertices among 7(t) (1 < t < ¢ — 1) have already been chosen uniquely.

Suppose the jth distinct letter appears at the ith position. Then from (4.3.3) we have
(i) =7(ij — 1)+ w(ij) —7(i — 1) (mod n), for some j wherei; <i.  (4.3.6)

Therefore 7(i) = A —n, A, A+n, where A =7(i; — 1)+ n(i;) — m(i — 1). Observe that
—(n—1) < A < 2n, and only one of the values A —n, A, A + n can be between 0 and
n — 1. Hence 7(i) can be determined uniquely from (4.3.6) as w(i; — 1), m(i;),m(i — 1)

have already been determined.
As a consequence of the above three steps (4.3.1) is proved. O

Lemma 4.3.2. (Symmetric circulant matriz) For each word w with b distinct let-

ters, let k; be the number of times the ith distinct letter appeared in w. Then,

b ki—1 . .
' 1 [Ty (Tk) if w s even,
0 otherwise.

Proof. First note the following. Let

si=m(i) —m(i—1) for 1 <i<2k. (4.3.8)

Clearly, w[i] = w[j] if and only if |n/2 — |s;|| = |n/2 — |s;||. This is the same as

saying, s; —s; =0, nor —n,or s; +s; =0, nor —n.

Now we fix an w with b distinct letters which appear at i1, 4o, ..., positions for the

first time. Clearly s;, = s;1. If the first letter also appears in the jth position, then
sj = s1 (mod n) or s; = —s1 (mod n).
Similarly, for every 7, 1 <1 < 2k,
s; = si; (mod n) or s; = —s;; (mod n), forsome jec {1,2,...,b}. (4.3.9)

We break the proof into three steps.
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Step 1. (Similar to Step 1 in the proof of Lemma 4.3.1) {n(i;),0 < j < b} (where
ip = 0) can be chosen freely if and only if {7(0),s;;;1 < j < b} do not satisfy any

non-trivial linear relation.

To see this, observe that, for any 1 < j <b

m(ij) = si; + sij—1+ - + 51+ 7(0). (4.3.10)

Now, using the formula for s; in (4.3.8), we have that all the s;s can be written as
linear combinations (with coefficients from Z) of s;,,,m < j. Hence from (4.3.10), it is
clear that if {m(i;),0 < j < b} (where ig = 0) can be chosen freely then {m(0),s;;;1 <

j < b} do not satisfy any non-trivial linear relation and vice versa.

This completes the proof of this step.

Step 2. (Similar to Step 2 in the proof of Lemma 4.3.1) If w is not an even word, then

limy, 00 =y [1(w)] = 0.

To see this, observe that, if the length of the word is k, then for any corresponding

circuit ,

Z si = m(0) — w(k) = 0. (4.3.11)

Therefore, using (4.3.9), we see that for all 1 < j < b, there exists a; € Z such that
7(0) — (k) = ausi, + @2siy + -+ + s, = 0 (mod n).
However, |7(0) —7(k)| < (n —1). Thus,
185, + 28iy + -+ aps;, = 0.

For {m(0),si;,1 < j < b} to be such that they do not satisfy a non-trivial relation, we

must have o; =0 for all j € {1,2,...,b}. Therefore for each j,

‘{l 281 = s;; (mod n)H = }{l 181 = —s;; (mod n)}‘ (4.3.12)
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That is, each letter appears an even number of times, and the word is even. So,
if the word is not even, then using Step 1 and the discussion above, it follows that
{m(i;),0 < j < b} satisfy a non-trivial linear relation. Hence, at least one of the gener-
ating vertices has at most finite number of choices. As a result, lim;,_, #|H(w)| =

0 if w is not even.

Step 3. Suppose that w is an even word of length 2k with b distinct letters. Then

7(i;) (0 < j < b) can be chosen freely. Subsequently, the non-generating vertices can be
b
ki —1
chosen in H ( lki ) ways.
i 2

Since the word is even, from (4.3.8) and (4.3.9), we have for each 7,
[{l: 51 =si, (mod n)}| = [{l: s = —s;, (mod n)}|.
Thus,
2k
w(0) — w(2k) = Zsi = Mn for some M € Z.
i=1

However, |7(0) — m(2k)| < (n — 1). Therefore, M = 0. Hence, the circuit condition
(4.3.11) is automatically satisfied. Thus there is no additional constraint for choosing

the generating vertices.

First we choose 7(0) and 7(1) freely. Next if 7(2) is a generating vertex, we choose
it freely. Else we consider the relation between s; and se. Clearly, as 7(2) is not a
generating vertex, the letter in the second position of w has appeared earlier, and hence
either s; = sp or s = —s;. If the former is true then w(2) = 27(1) — 7(0) £ n. Else

m(2) = 7(0). In any case we see that there is only one value of 7(2) between 1 and n.

Now we shall show that all other non-generating vertices can be chosen uniquely
once a particular set of signs have been chosen in (4.3.9) subject to (4.3.12). We argue
inductively from left to right. Suppose 7(i) is a non-generating vertex, and the non-
generating vertices among 7(l) (1 <1 <i— 1) have been chosen uniquely. Suppose the

jth distinct letter appears at the ith position. Then we know from (4.3.9) that

(i) = £(m(i; — 1) —7w(ij)) + 7(i — 1) (mod n), for some j where i; < j. (4.3.13)
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Therefore 7(i) = A —n, A, A+ n, where
A=mn(i;j—1)—7(i;)+n(i—1) or A=mn(i;) —7n(i; —1)+n(i—1), (4.3.14)

according as the sign chosen in (4.3.9) (s; +s;; =0 or s; — s;; = 0).

Observe that in either cases, —(n — 1) < A < 2n, and only one of the values A —
n, A, A+n can be between 1 and n. Hence 7 (i) can be determined uniquely from (4.3.13)

once the set of signs in equation (4.3.9) are fixed.

Now as w is an even word where each distinct letter appears k1, ko, . . ., kp times (and

b
hence each k; is even), we first observe that by (4.3.12) there are total of H <kl ,; 1) set
of equations available for determining the non-generating vertices, oncé:tlhe geilerating
vertices are chosen. We now show that all the choices are allowed. Note that, from
the link function we have s; + s;; = 0 or s; —s;; = 0 for all @ € {1,2,...,2k} and
some j € {1,2,...,b}. Now the jth letter appears k; times in w, and first time at the

ijth position in the word. Now, because of (4.3.12), [{l : s; = —s;; (mod n)}| = k;/2.

This can occur in (123721 ) ways. Further, we have seen from the above argument in the
J

previous paragraph (see (4.3.14)) that any particular set of equations arising out of

(4.3.9) determine the non-generating vertices uniquely.
As an example consider the word abcabcabcabe. For this word,
$1+s54=0, s1—s57=0, s1+s1 =0,

s9+55=0, s9—853=0, s9+ 51 =0,

s34+ 56 =0, s3—59=0, s3+s1 =0,
and

$51+s4=0, s1—57=0, s1+5s1 =0,
So+5s5=0, s9+s3=0, so —s1 =0,

s34+ 56 =0, s3—59=0, s34+ 51 =0,

correspond to two different sets of equations. Each of these sets (4.3.9) determines the

non-generating vertices uniquely.
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Suppose for any word w, we start with one particular choice of equations (4.3.9)
of {s;,1 < i < 2k}. Consider another set of equations. We know that the equa-
tions differ only in sign. If the change of sign occurs first at the mth position (so
that if s, = s;; (mod n) in the first set, then in the other set of equations we have,
Sm = —si; (mod n)), then for that m, the corresponding value of A in (4.3.14) for
determining 7(m) changes because 7(m — 1) remains unaltered and s;; changes sign
in the expression. This changes the value of m(m) obtained from the previous set of
equations. Hence we conclude that each set of equations gives a distinct (unique) choice

for (m(0),7(1),...,m(2k — 1), 7(2k)). Therefore,

1 b (ki—1
. 1 . .
nl;n;o Wm(w)] = H < s > if w is even.

i=1 2

2
This completes the proof of the lemma. O

Lemma 4.3.3. (Toeplitz Matrix) Suppose w is a word with b distinct letters. Then

. 1 . o
nlgrolo W\H(w)] = a(w) > 0 if and only if w is an even word.

Proof. Let
si=m(i)—m(i—1) for 1 <i < 2k.

Clearly, w[i] = w[j] if and only if |s;| = |s;|, that is, s, —s; =0 or s; + 55 = 0.

Now we fix an w with b distinct letters. Suppose 41,12, ..., 1, are the positions where
new letters made their first appearances, and let k; be the number of times the ith
distinct letter appeared in w. Clearly s;, = s;. If the first letter appears in the jth

position, then s; = s1 or s; = —s1. Similarly, for every ¢, 1 <14 < 2k,

(4.3.15)

S; — SZ']. or s; = —SZ'].

for some j € {1,2,...,b}. We split the proof into a few steps.

Step 1. (Similar to Step 1 in the proof of Lemma 4.3.2) {m(i;),0 < j < b} (where
ip = 0) can be chosen freely if and only if {7(0),s;;;1 < j < b} do not satisfy any
non-trivial linear relation.

This follows from the same argument as in Step 1 in the proof of Lemma 4.3.2.
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Step 2. (Similar to Step 2 in the proof of Lemma 4.3.2) If w is not an even word, then,
(w)[ = 0.

lim ——|II
n—oo nb+l |

To see this, observe that the circuit condition gives

k
> si=m(0) - (k) =0. (4.3.16)
i=1
Therefore, using (4.3.15), we see that for all 1 < j <b, there exists a; € Z such that
ai1si; + aasi, + -+ aps, = 0.

Since s;;’s do not satisfy any non-trivial linear relation, we must have a; = 0 for all

je{1,2,...,b}. Therefore for each j,
{l:si=si,}| = |{l:s1=—s5,}| (4.3.17)

So each letter appears an even number of times, and the word is even. So, if the word
is not even, it follows that {7 (i;),0 < j < b} satisfy a non-trivial linear relation. Hence,

at least one of the generating vertices has at most finite number of choices. Therefore

1

nh_g)lo xS II(w)| =0 if w is not an even word.

Step 3. Suppose w is an even word with b distinct letters. Using similar arguments

as in Step 3 of the proof of Lemma 4.3.2, we can see that the circuit condition is

b
ki—1
automatically satisfied. In Lemma 4.3.2, we had obtained H < ! ki ) different sets of

i=1 2

b
ki—1
linear combinations corresponding to each word w. In this case too, we have H ( ! ki )
=1~ 2
different sets of linear combinations corresponding to each word w arising from (4.3.15)
and (4.3.17). However, unlike the symmetric circulant case, having chosen the generating

vertices, each set of linear combinations here does not determine the non-generating

vertices uniquely. We will see below a different phenomenon is observed in this case.

First we fix the generating vertices 7(i;), 0 < j < b. Consider 7(i). By (4.3.15),

m(i) = £(nm(ij) —7w(i; — 1)) + (i — 1) = £s;; +7(i — 1) for some j. (4.3.18)
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Let
7 (i)

v; = —= for 0 < i <2k and u-:ﬁforlngQk.
n T

Clearly, 7 (i) = m(i — 1) & s;; whenever the ith letter in w is same as the jth distinct
letter that appeared first at the i;th position. Therefore v; = v;_1 & Ui Also observe

that v; = wvo + u;, where u;, = u;.

Let
S={nm(i;):0<j<b} and S ={i: n(i) ¢ S}.

That is, S is the set of all distinct generating vertices and S’ is the set of all indices of

the non-generating vertices. We have the following claim.

Claim: For any 1 <i <2k, v; =vg + Z;:l Qi where «;; depends on the choice of

the sign in (4.3.18).

We prove this by induction. We know that n(1) € S. Clearly, v; = s1 + vg. Now
either w(2) € Sor 2 € S'. If 7(2) € S, then vy = s9 — v1 and v; = uy; — vg. Therefore
vy = ug — 81 +ug. If 2 € S’, then us = +uy and vo = vy L uy. So either vo = uy +vg+uq

or v9 = uj1 + vg — u1 = vg. Hence the claim is true for i = 2.

Now we assume that the claim is true for all j < 4, and try to prove it for ¢. Then

either w(i) € Sori € S'. If w(i) € S, then

Ui = Ui+ Vi1
i—1
=u; + v+ Z a(i—1)jui; (by induction hypothesis)
j=1

i
=19 + E QiU
Jj=1

where a;; = 1. If ¢ € S’, then there exists j such that i < i and u; = £u;;. Then either

V; = Vi—1 + Ujj, OF Vi = Vj—1 — Us;. Hence

i—1 i—1
either v; = vg + E Q(i—1)Wi; + Uiy, OF v; =g + g Q1) Uiy — Wij-
Jj=1 Jj=1

Therefore v; = vy + Z;Zl aijui; where a;j = a(;_1y; + 1 or a(_1y; — 1 (depending on

the sign of the above equation). Thus the claim is proved.
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Therefore for 1 < ¢ < 2k, we have
v = Vg + chu(us),

where LCZH(US) denotes a linear combination of {u; : 7(i) € S}.

Also, for 1 < i < 2k, we have
v; = vg + LCZT(Us),

where LC! (vg) denotes a linear combination of {v; : (i) € S} arising from (4.3.15). As

b

ki —1

discussed before there are H < ks ) different sets of linear combinations correspond-
=1~ 2

ing to each word w due to the sign chosen in (4.3.15). Let us denote the collection of

such different sets of linear combinations corresponding to a particular w as LCL. Now
as LCEH(US) and LCT (vg) arising from the same signs are related to each other (as we
have seen in the above claim), we can use LCL as the collection of different sets of linear

combinations of vg as well as ug corresponding to a particular w.

Let U, ={0,1/n,...,(n—1)/n}. From (2.4.5), it is easy to see that for w of length 2k,

‘H(w)‘ = H(vo,vl,...,v%) cv; € Uy, for 0 < i < 2k, vy = vy,

L(vi—1,v;) = L(vj—1,v;) whenever wli] = w[j]}|.

Hence

. 1 1,1 gl 1 . . /
LCF eLCE
(4.3.19)
b
where dvg = H dvij denotes the (b + 1)-dimensional Lebesgue measure, v;, = vp and
§=0
b (ki —1
LCYL is the collection of all the H < ’ ki ) such different sets of linear combinations
i=1 N 2
corresponding to w.
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As observed previously, choosing v;;,0 < j < b is equivalent to choosing vy and

ui;, 1 < j <b. So

' 1 1 1ol 1 . o

Jim | (w)| = > / /_1 /_1---/_11(1 < v+LC},(ug) <1,Vie ) dus,
Lot erct ”?
(4.3.20)
b
where dug = H u;; denotes the (b4 1)-dimensional Lebesgue measure on [0, 1] x [~1, 1]
j=0

and u;, = vo.

b

Suppose a particular set of linear combinations LCZ»Tu is given, i.e., for i € S/, v; =

1
v + Z Qimi,. , and the values of ajp,, 1 <4 < 2k,1 < j < b are known. Choose

m=1
C =max{|a;;|: 1 <j<bandie S}
Next we choose € such that Cbe < 1/2. Now, let |u,]| <efor1<j<band Che <y <
1 — Cbe. Then, for all: € S/, 0 < vg + LCiTm(us) < 1. Thus,

. 1
nh%nolo Wm(w)\ = a(w) > 0 for any even word w,

where o(w) is the sum of the integrals defined in (4.3.20).
This completes the proof of the lemma. O

Lemma 4.3.4. (Hankel matrixz) Suppose w is a word with b distinct letters. Then

1
lim ——|l(w)| = a(w) > 0 if and only if w is a symmetric word. Moreover, for every
n—oo pb+1

symmetric word w, 0 < a(w) < 1.

Proof. Let
ti=7(i)+m(i—1) for 1 <i < 2k.

Clearly, w[i] = w[j] if and only if (i — 1) + 7(i) = 7(j — 1) + 7(j), that is, t; — t; = 0.

Now we fix an w with b distinct letters. Suppose i1, 2, ..., 4, are the positions where

new letters made their first appearances. Clearly ¢;, = t;. If the first letter again appears
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at the jth position, then ¢; = t1. Similarly, for every i, 1 <1 < 2§,
t; =t;;, for some j € {1,2,...,b}. (4.3.21)
Step 1. (Similar to Step 1 in the proof of Lemma 4.3.1) {m(i;),0 < j < b} (where

ip = 0) can be chosen freely if and only if {7(0),s;;;1 < j < b} do not satisfy any

non-trivial linear relation.

This follows from the same argument as in Step 1 of the proof of Lemma 4.3.1.

Step 2. (Similar to Step 2 in the proof of Lemma 4.3.1) If w is not a symmetric word,

, 1
then, nlglgo W’H(w)] =0.

If the length of the word w is odd, say 2k + 1, then
72k +1) —mw(0) = (t1 +to+ -+ togy1) — (Lo +ta+ -+ - + tor) — 27(0) = 0.

Hence substituting ¢; by ;,’s using (4.3.3) in the above equation, we see that 7(0), i, ..., t;,

satisfy a non-trivial linear relation. Hence the length of the word cannot be odd.

Suppose the length of the word w is 2k. Then
(t1+ts+ - +tog-1) — (L2 +ta+ - +tog) =7(0) —m(2k) = 0.

Hence we have

(tl +it3+---+ tgk_l) — (tg +it4+---+ tQk;) =0. (4.3.22)

Therefore, from (4.3.21), we see that there exists a;; € Z for all 1 < j < b such that
arti, + asti, + -+ apty, = 0.

Now as t;,’s do not satisfy any non-trivial linear relation, we must have a; = 0 for all

j€{1,2,...,b}. Thus, for each j,
Hl :l odd and t; :ti].}‘ = Hl : [ even and ¢ :tij}‘.

Each letter appears equal number of times at odd and even places. Hence w is symmetric.
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Therefore if w is not symmetric, at least one of the generating vertices has finitely

many choices. Hence

. 1 e :
nlgr;@ W]H(wﬂ = 0 if w is not symmetric.

Step 3. We now show that, if w is a symmetric word with b distinct letters, then

1
lim ——|II(w)| = a(w) > 0. Note that in case of the reverse circulant matrix (Lemma
n—oo b+l

4.3.1), for any symmetric word, once the generating vertices were chosen, each of the
non-generating vertices had a unique choice. However, that is not the case here. In the
following argument we see how each for symmetric word, the contribution is positive

but less than or equal to 1.

First we fix the generating vertices m(i;), j =0,1,2,...,b. Let

vi:@for()giSZk:, S={nm(i;): 0<j<b} and S ={i:n(i) ¢ S}.
n

For 1 <14 <2k, from the link function and the formula for ¢; we have

v; = LCH (vg), (4.3.23)

where LCH (vg) denotes a linear combination of {v; : (i) € S}.

Let U, ={0,1/n,...,(n—1)/n}. From (2.4.5), it is easy to see that for w of length 2k,
‘H(w)‘ = H(vo,vl, ceyUgg) s v € Uy, for 0 < i < 2k, vg = vop, v; = LCZ-H(’US)H.
Transforming v; — y; = v; — %, we get that

()| = [{(W0, 41, -, yak) : wi € {=1/2,—1/2+1/n,...,—1/2+ (n—1)/n} for 0 < i < 2k,

Yo = yor and y; = LCH (ys) }|.

Hence
1 /2 r1/2 p1/2 1/2 -
lime:/ 1(-1/2 < LC (ys) <1/2, Vi€ S') dyg,
n—o0 nbt1 ) -1/2J-1/2J-1/2 -1/2 =1/ (vs) / )
(4.3.24)
b

where dyg = H dy;; denotes the (b+ 1)-dimensional Lebesgue measure on [—3, 3]0+
§=0



126 Chapter 4. Other patterned matrices

We now need to show that the above integral is positive. Let p; = y;—1 + y; and

¢ = yi—1 — ¥;- Now we have the following claim.

Claim: For any 1 < < 2k,

Yo + Eézl QijPi; if i is even,
Yi =
—yo + D_joy aijpi;  if @ is odd.

We prove this by induction. We know that 7(1) € S. Clearly, y1 = p1 — yo. Now either
m(2) € Sor2 e S If m(2) € S, then yo = py — y1. Therefore yo = p2 — p1 + yo. If
2 € S, then po = p1 and y2 = p1 — y1 = yo. So the claim is true for i = 2.

Now we assume that the claim is true for all j < ¢, and try to prove it for ¢. Then

either 7(i) € Sori e §'.

If (i) € S, then y; = p; — y;—1. If i is even, then i — 1 is odd and hence y;—1 =

i—1 %
—yo—i—z @(j—1);pi; by induction hypothesis. Therefore y; = yo —I—Z a;jpi; where a;; = 1.
j=1 j=1

The case where 7 is odd can be tackled similarly.

If i € ', then there exists m such that i, < i and p; = p;,,. Then y; = p;,, — yi—1.
i—1
Now if 7 is even, then i—1 is odd and y;_1 = —y0+z @(;—1)jPi; by induction hypothesis.
i—1 =
Therefore y; = yo + Z a;jpi; where am = a(;_1), + 1. The case where 7 is odd can be
tackled similarly. o~

Thus the claim is proved.

Now we perform the following change of variables in (4.3.24):

(Y0, Y1, Y2, Y35 - - Y2k) — (Yo, —Y1, Y2, —Y3s - - - Yor) = (20, 21, 22, 23, . - -, 221) (s@y).

Under this transformation,

(p17p27p37 CIEaE 7p2k) — (Q17 —q2,43, ..., —Q2k)
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Then from the claim it follows that

i
2i = 2o+ Z ﬂijqij, (4.3.25)
j=1
where 3;; = fa;; according as i; is odd or even. We shall use the notation z; = lﬁ](zS)

to denote the linear relation (4.3.25).
Also note that choosing y;;,0 < j < b is equivalent to choosing p;;,0 < j < b (where
Pip = Yo). Therefore we can write (4.3.24) as

li !
m ——
n—oo pbt1

1/2 1 g1 1
H(w):/ /1/1---/11(_1/2gwg,(zs)g1/2, Vie S dgs,

1/2
(4.3.26)

b
where dgg = H dgi, is the (b + 1)-dimensional Lebesgue measure on [—3, 5] x [—1,1]%.
=0

Let

C =max{|a;|: 1< j<bandie S'}.

Next we choose € such that Cbe < 1/4. Now, let |g;;| < e for 1 < j < b and Cbe — 5 <

1
2
zp < % — Cbe. Then, for all i € 5, —% < LCZ-Tq(zS) < % Also the circuit condition is

automatically satisfied. So the integrand in the rhs of (4.3.26) is 1.
Hence

. 1
Jim Wm(‘d)\ = a(w) >0,

where a(w) is the value of the integral in (4.3.24). Also as a(w) actually gives the

Lebesgue measure of a set in [—1/2,1/2]*! as seen in (4.3.24), we have a(w) < 1.

This completes the proof of the lemma. O

Now we are ready to prove Theorems 4.2.2-4.2.4.

4.3.2 Proof of Theorem 4.2.2 (Reverse circulant)

Proof. We separate the proof of the theorem into four steps.
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Step 1 (Reduction to the case where the entries of Z,, have mean 0): Consider

the matrix Zn whose entries are (y; — Ey;). The entries of Zn have mean 0. Now

2k—1

n El(y; — Byi)*] = nE[y*] +n ) <2jk)E[y§](Eyi)2’“—j . (4.3.27)
7=0

The first term of the r.h.s. is equal to gogn(i/n) by (4.2.1). For the second term we

argue as follows:

For j # 2k — 1, n Elyl)(Ey:)?*~ = (n7 Eys) * I E[y])

"0, by condition (4.2.2).

For j =2k —1, n E[y;* "|Ey; = (VnE[y;"* ")) (vnEy;)

n—oo

— 0, by condition (4.2.2).

Hence from (4.3.27), we see that Condition (4.2.1) is true for the matrix Z, with a
modified sequence §2k,n that still converges uniformly to gor. However, for ease of
notation, we will continue to call this sequence of functions as gof . Similarly we can

show that (4.2.2) is true for Z,. Hence Assumption A holds for the matrix Z,.
Now observe that using Lemma 2.3.1,
7 1
B(EF? EF?%r) < - Z n(Ey;)?
7
< n (sup Ey;)?
%

= (sup v/n Ey;)? =370, by condition (4.2.2).
i

Hence the limit of EESD of Z,, and Zn are same. Hence we can assume the entries of

Z,, have mean zero.

Now we prove Part (a) of the theorem by verifying the first moment condition and

Carleman’s condition of Lemma 2.1.3.
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Step 2 (Verification of the first moment condition): From (2.4.4), using the fact
that E(y;) = 0, we have

k
1 & .1 ) 1
Jm GBI =l D >0 EDE=Jm D, > o > R
ml(m)=k b=1 w matched ell(w)
with b distinct letters
(4.3.28)
Suppose w is a word with b distinct letters where each letter appears ky, ko, . . ., kp times.

Let the jth distinct letter appear for the first time at i;,1 < j < b. Write (m(i;—1), 7(i;))
as (mj,lj). Clearly, m; = m(0) and {; = m(1). Let S be the set of distinct generating
vertices of w. Recall the set Ej(k) of all even words with b distinct letter, see Section

2.5.3. Suppose w € Ep(k). Then the contribution of this w in (4.3.28) is

b
1 _ m; +1; —2 (modn
] ZHngn< — n( )>- (4.3.29)
S j=1

Now from Step 4 of Lemma 4.3.1, observe that for j # 1, m; can be written as a linear
combination of {l;;1 < ¢ < j—1} and m;. By abuse of notation, let m; and ;,1 < j <b

denote the indices of the generating vertices. Then, as n — oo, the above sum goes to

b
/ H [gk Ty +21,)1(0 < 2y + 21, < 1) + Gi, (T + 71, — D12, + 39, > 1) | das,
0,041 5y
(4.3.30)

where dzs = dam, dzy, - - - dz, is the (b4 1)-dimensional Lebesgue measure on [0, 1]¢+1).

(&+1) if and only

By Lemma 4.3.1, it follows that the above integral is over all of [0, 1]
if w € Sp(k). That is, if w ¢ Sp(k), then the indicator functions in (4.3.30) is non-zero
only on a surface whose dimension is at most b. This is because in that case, x,,, and

the x;,’s satisfy a linear equation (see proof of Lemma 4.3.1).

As a result, the contribution of w as described in (4.3.30) is equal to 0 if w €

Ey(k) \ Sp(k). If w € Sp(k), then the contribution of w is

// /Hhk (@m;, ;) des, (4.3.31)

where hy, (Tm;, 21;) = Gr; (Tm; +71,)1(0 < T +20;, < 1) 4Gk, (T +20, — 1) L@, 21, >

1).
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Now for any m € N, let

1 1
fom(z) = / hom(z,y) dy = / Gom (2+y)1(0 < 24y < 1) +gom(z+y—1)1(z+y > 1) dy.
0 0

Note that

1 T 1
Fam () = /x Gom (1) dt + /0 Gom (1) dt = /0 Gom(£) dt = com, (4.3.32)

is independent of x. Then, using (4.3.32), (4.3.31) can be written as

1b—-1

1 1
/ / . / H b, (Tm;, 21;)Csy dom,dayy -+ - dxy,_, . (4.3.33)
0 0 0

J=1

Proceeding in this manner the contribution of w from (4.3.31) can be obtained as follows:

1 b b
/ I e, dzo=]] e, (4.3.34)
0 j=1 j=1

Now suppose w ¢ E(2k). Suppose w contains by distinct letters that appear an even
number of times, and by distinct letters that appear an odd number of times, and

b = b1 + by. So we assume that for each 7 € II(w), kj,, 1 < p < by are even and k;j,,

p?

b1 + 1 < q < by + be are odd. Hence the contribution of this w to (4.3.28) is as follows:

b b1+b
Lo (1) ! R
En " : ZHhkjp(xmjp’xljp) H no
S p=1 q=b1+1
b1+b2

by

1 bp—1/2 k.

E m Z H hk:jp (.'L'mjp 5 xljp) H n b E [y(t]iz —2) (mod n)] . (4335)
" ’s p=1 q=b1+1

E [92;1—2)(1110(1 n)}

by—1/2 ks

For n large, n= b2 E[y(;q 9) (mod n)] < 1 for any by +1 < ¢ < by + by and
q

Hzlzl Py, (l‘mjp,.l‘ljp) < M (independent of n). Now as w ¢ Sy(k), from Lemma 4.3.1

we have, |S| < b. Thus any word that is not even, contributes 0 as n — oc.

For any partition o € Sp(2k), let {Vi,...,V4} be its partition blocks. Then from
(4.3.28) and (4.3.34), we have

;| = Z Co- (4.3.36)

b
=1 o€S(2k)



4.3. Proofs of theorems 131

1
We also note that lim —E[Tr(Z,)?**!] = 0 for any & > 0. This proves the first moment

n—oo N
condition.

Step 3 (Uniqueness of the LSD): Here we show that lim, o LE[Tr(Z,)%*] = yor
determines a unique distribution. Note that {72;}r>1, being the limit of a moment

sequence, is a moment sequence. Moreover,

. 1
Y2k :nhﬁnolo 5E[Tr(Zn)2k] < Z MO’ < Z MO’ = Q2k-
c€S(2k) ceP(2k)

As {agr} satisfies Carleman’s condition, {72} also does so. Hence the sequence of

moments {7s;} determines a unique distribution.

Therefore, there exists a measure vg with moment sequence {71} such that EESD
of Z,, converges weakly to vg. Further, we see from (4.3.36), (2.5.17) and (2.5.18) that

the half cumulants (see Section 2.5.3) of vi are {c2y }n>1 which are defined in (4.3.32).

This completes the proof of Part (a).

Step 4 (Proof of Part (b)): Observe that from Lemma 2.3.3,
2 R o Zey o L s 9 1 )
BEF EF) < EE[Tr(R; ) — 7)) = - ZnE[azi (L)) (4.3.37)

(s)

where the last equality follows as each z; occurs n times in R, .

Now if {r,} also satisfies condition (3.3.4), then using (4.3.37) and Part (a) we can
say that the EESD of RT(«LS) converges to vg. This proves Part (b). O

4.3.3 Proof of Theorem 4.2.3 (Symmetric Circulant)

Proof. Step 1. (Reduction to mean zero): First of all note that the entries of the
matrix Z, can be assumed to have mean zero. This reduction follows from Step 1 in the

proof of Theorem 4.2.2.
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Step 2. (Verfication of the first moment condition: From (2.4.4), using the fact
that E(y;) = 0, we have

1 .1 1
Jim CE[Tr(Z)"] = Jim O > Y= lim Z 2y 2 E
7r:€(7r) k 1thuli (Ii‘{ls%};r?gel(itters TI'GH(w)

(4.3.38)

Suppose w is a word with b distinct letters where each letter appears k1, ko, . . ., kp times.
Suppose the jth distinct letter appears at the (m(i; — 1), 7(¢;))th position for the first
time. Denote (m(i; — 1),7(i;)) as (m;,1;). Let u; = s;/n be as defined in Lemma 4.3.2,
and U, = {0,1/n,2/n,...,(n —1)/n}.

Let w € Ep(k) where the distinct letters appear ki, ka,...,k, times. Clearly, as
observed in Lemma 4.3.2, there are H;’:l (kgl) equations for determining the non-
generating vertices, once the generating Vertice; are chosen. For each of the combination
of equations, we get the same contribution to the limit due to the structure of the link

function. Then, with S as the set of distinct generating vertices of w, the contribution

of each such combination of equations for the word w in (4.3.28) is
1 ’ 11
vt S L (5~ 15 - lus ). (4339
S j=1

Now from Step 4 of Lemma 4.3.2, observe that for each set of linear combinations,
whenever j # 1, m; can be written as a linear combination of {li;1 <i<j—1} and
m1. By abuse of notation, let m; and /;,1 < j < b denote the indices of the generating

vertices. Then, as n — oo, the above sum goes to

1,1 1.b 1 1
/ / / 1, (2—|2—|1‘mj —ggljy\) dzs, (4.3.40)
0o Jo 0 G

where dzg = dxy, dxy, - - - dzy, is the (b + 1)-dimensional Lebesgue measure.



4.3. Proofs of theorems 133

Now suppose w € Ey(k). Then for any m € N,

@)= [ gan (513~ b =il dy

1 1 1
- / Gom(t) dt + / Gom (1) di = 2 / Gom (1) dt = com. (4.3.41)

0 0 0
So fom(x) is independent of x. Then, using (4.3.41), (4.3.40) can be written as

1b-1

/ / / Hgk < — ‘f — |z Ty, — Ty H)csb Az, dxy, - - - dxy, . (4.3.42)

Proceeding in this manner, for w € Ep(k), (4.3.40) can be written as

1 b b
| Tew, dzo =TT e,
0 j=1 j=1

As there are H?:l (kgl) sets of equations that contribute identically, the total contri-
2

bution for the word w € Ejp(k) is

ﬁ <kjk]_ 1) Ch; (4.3.43)

j=1 2

Now suppose w ¢ F(2k). Suppose w contains b; distinct letters that appear an even
number of times, and by distinct letters that appear an odd number of times and b =
b1 + be. Using a similar argument as in Step 2 of the proof of Theorem 4.2.2, it is easy

to see that the contribution of this w is 0 (see (4.3.35)).

Therefore

1
lim —E[Tr(Z,)*™] =0 forany k> 0. (4.3.44)

n—00 1,

For any partition o € Ep(2k), let {V1,...,V,} be its blocks. Then from (4.3.28) and
(4.3.43), we have

Vil

k
nlL%onETr bz: EZ: H <|V]> vy = Z U5Co, (4.3.45)

2 c€E(2k)

where ag,, = %(2") and a, and ¢, are the multiplicative extensions of the sequence {azy, }

and {ca,} respectively. (4.3.44) and (4.3.45) establishes the first moment condition.
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Step 3. (Uniqueness of the LSD): Note that {24 }r>1, being the limit of a moment

sequence, is a moment sequence. As ag, < 22%, we have
. 1
Yok = TLILH;O ﬁE[Tr(Zn)Zk] < Z acM, < Z 22k 0N = 2%k gy
c€E(2k) o€P(2k)

Since {agy} satisfies Carleman’s condition, {vax} also does so. Hence there is a unique
symmetric distribution v¢ with even moments {vax }>1, and the EESD of Z,, converges
weakly to vo. Also, the odd cumulants of v are 0, and the even cumulants are {as,c2, }

as in (4.3.41), see Section 2.5.1. This completes the proof of Part (a).

Step 4. (Proof of Part (b)): Observe that by Lemma 2.3.3,

B(EFCY EFZn)

< LEmcl - 2,7
n

_ %Zi?éo 2nE[m§1[|zi|>rn}] + %nE[x%lelbmﬂ for n Odd7
& Yizo.2 2B L0 5] + SB[ L0y 5] + GnE[@R Ly sr,)]  for noeven.
(4.3.46)

If {r,} also satisfies Condition (4.2.4), then we see that the rhs of (4.3.46) goes to 0.
Hence from (a) we have that the EESD of Y converges to v¢. This proves Part (b).

This completes the proof of Theorem 4.2.3. 0

Remark 4.3.5. The sequence {azp }n>1 defined in Theorem 4.2.3 is the (even) moment
sequence of a unique probability distribution. So, there exists a random variable Z such

that for every n > 1, E[Z?"] = ag, and E[Z?"~1] = 0.

Let X be a random variable with density f(x) = ﬁ on [~2,2]. Then E[X*] = (k%)

Now let Y be the random wvariable which takes values 1 and 0 with probability % each.

Suppose Y is independent of X. It is easy to see that if Z = XY, then E[Z?*] = ayy,.

4.3.4 Proof of Theorem 4.2.4 (Toeplitz and Hankel)

Proof. We first prove the theorem for the Toeplitz matrix and then for the Hankel matrix.
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Toeplitz matrix:

Step 1. (Reduction to mean zero): First of all note that the entries of the Toeplitz
matrix Z,, can be assumed to have mean zero. This reduction follows from Step 1 in the

proof of Theorem 4.2.2.

Step 2. (Verification of the first moment condition): From (2.4.4) and using the
fact that E(y;) = 0, we have

k
.1 & 1 . 1
Jo B =l 3 B =lm D, > L D B
ml(m)=k b=1  w matched mell(w)
with b distinct letters
(4.3.47)
Now suppose w is a word with b distinct letters, where each letter appears k1, ko, ..., ks

times. Suppose the jth distinct letter appears at (m(i; — 1), m(i;))th position for the
first time. Denote (7(i; —1),7(i;)) as (mj,(;). Let v; = 7(i)/n be as defined in Lemma

4.3.3, and U, = {0,1/n,2/n,...,(n—1)/n}.

Let w € Ep(k). Clearly, as observed in Lemma 4.3.3, there are Hi’:l (k’gl) combi-
nations of equations for the s;’s (and hence v;’s) for determining the nonfgenerating
vertices, once the generating vertices have been chosen. Let us denote a generic com-
bination of the v;’s by LCI (vg) (see (4.3.19)) and the collection of all such sets of
linear combinations coreesponding to the word w, LCZL. For each of the combinations
of equations, we get a positive (possibly different) contribution (see Lemma 4.3.3). The
contribution of each combination LC! (vs) € LCL corresponding to the word w in

(4.3.47) is

b
1 ~ T .
pyesy Z Hgkj,n(wmj - vlj\)l((] <wg+1; (vs) <1, Viels), (4.3.48)

S j=1
where S is the set of distinct generating vertices and S’ is the set of indices of the
non-generating vertices of w. By abuse of notation, let m; and [;,1 < j < b denote
the indices of the generating vertices. Therefore, as n — oo, the contribution of w in

(4.3.47) is given by

b
> / 11 7e, (lzm, — 2,1)1(0 < o + LCT (zg) <1, Vi€ S') dug,  (4.3.49)
roz /01 o
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where dzg = dxy, dxy, - - - dr;, denotes the (b + 1)-dimensional Lebesgue measure on
[0,1]+1. As w is an even word, from Lemma 4.3.3, it follows that for every set of linear
combination LCl-T € LCYL, there is a set of positive Lebesgue measure in [0, 1]+ where

the indicator function in the above integral takes the value 1.

If w is not an even word, then following a similar argument as given in Step 2 of
the proof of Theorem 4.2.2, it can be shown that its contribution is zero in the limit.
As an even word w with b distinct letters can be identified with an even partition, say
o € Ey(k), for k>0,

lim lIE[Tlr(Zn)Z’f“] =0,

n—oo n
and

1
Yor = lim —R[Tr(Z,)?¥]

n—oo n

k b
RS / TT 3%, (j2m, — 2, )10 < 20 + LCT (w5) < 1, Wi € §) das.
7=1

b+1 -
b=1oeEy(2k) LcTercr * 101

(4.3.50)

This establishes the first moment condition.

Step 3. (Uniqueness of the LSD): Note that {7j;}x>1, being a limit of a moment
sequence is a moment sequence. This limiting moment sequence is dominated by the
moment sequence of the Symmetric Circulant case (see (4.3.45)). As the latter satisfies

the Carleman’s condition, so does ~.

Therefore there exists a symmetric distribution vy with moment sequence {72} such

that EESD of Z,, converges weakly to vp. This completes the proof of Part (a).

Proof of Part (b) is trivial, so we skip it. This ends the proof for the Toeplitz matrix.

Hankel matrix:

Step 1. (Reduction to mean zero): First of all note that the entries of the matrix

can be assumed to have mean zero due to Step 1 in the proof of Theorem 4.2.2.
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Step 2. (Verification of the first moment condition): From (2.4.4) and using the
fact that E(y;) = 0, we have

k
" & .1 ) 1
Jim CE[T(Z)'] = Jm D) E=lm 3, > o ) E(W)
mil(m)=k b=1  w matched mell(w)
with b distinct letters
(4.3.51)
Now suppose w is a symmetric word with b distinct letters. Let v; = m(i)/n and

U, = {0,1/n,2/n,...,(n — 1)/n} as defined in Lemma 4.3.4. We know that the v;’s

satisfy a linear relation given in (4.3.23). Then the contribution of w in (4.3.51) is
1 b
T > 1T ryn (vm; +v1,)1(0 < LCH (vs) <1, Vi € &), (4.3.52)
5 j=1

where S is the set of distinct generating vertices, and S’ is the set of indices of the

non-generating vertices of w.

By abuse of notation, let m and [;,1 < j < b denote the indices of the generating
vertices. Therefore as n — oo, for each symmetric word w, the contribution to the limit

in (4.3.51) is given by (see Lemma 4.3.4)

b
/ 11 9k, (@m; +21,)1(0 < LCf () <1, Vi € &) das, (4.3.53)

[0,1)6+1 j=1
where drg = dxp,, dxy, - - - dxg, is the (b + 1)-dimensional Lebesgue measure. As w is a
symmetric word, from Lemma 4.3.4, it follows that, there is a set of positive Lebesgue

measure in [0, 1]°+! where the indicator function in the above integral takes the value 1.

If w is not a symmetric word, then following a very similar argument as given in
the proof of Theorem 4.2.2, it can be shown that its contribution is zero in the limit.

1
Therefore for k > 0, lim —E[Tr(Z,)***] = 0 and

n—oo N
= lim lE[Tr(z )]
Y2k oo 1 n
b

k
- Z Z / Hgkj(xmj +1,)1(0 < LCH(z5) <1, Vie §') dus.
b=1 oS, (2k) Y 0UH G50

(4.3.54)
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This establishes the first moment condition in this case.

Step 3. (Uniqueness of the LSD): Note that {vx},>1, being the limit of a moment
sequence is a moment sequence and -y is dominated by the moment sequence in the
Reverse Circulant case (see (4.3.36)). As the latter satisfies the Carleman’s condition,

so does 7.

Hence there exists a symmetric distribution vz with (even) moment sequence {7}

such that EESD of Z,, converges weakly to vg. This completes the proof of Part (a).

Proof of Part (b) is trivial, so we skip it. O

4.4 Some Corollaries

In this section, we present a few corollaries that follow from Theorems 4.2.2- 4.2.4. In
particular we deduce Results 4.1.1- 4.1.8 from Theorems 4.2.2-4.2.4. We also discuss

some other models that can be handled using these theorems.

Almost sure convergence in some special cases: Note that Theorems 4.2.2-4.2.4
conclude the convergence of the EESD of the respective matrices. In general, the almost
sure convergences do not hold in Theorems 4.2.2-4.2.4 as the matrices are more struc-
tured and are constituted of O(n) independent random variables. As a result, unlike

the Wigner case, (3.4.5) is not true in general.

However, many of the previous results, viz, Results 4.1.1-4.1.3, 4.1.5-4.1.8, conclude
the almost sure convergence of the ESD. Here we will present a unified lemma that will
help us tackle the almost sure convergence in these special cases. As in Chapter 3 we
shall use Lemma 2.1.3 to verify the almost sure convergence of the ESD wherever it
holds. As seen in Chapter 3, to verify Condition (ii) in Lemma 2.1.3 for the patterned
matrices, we shall need an upper bound of the following set (note that in this case the

circuits m; correspond to the respective link functions of Rgf), Cff), T,&S) , Hq(f)).

QzA = {(my,mo, w3, m4) : £(m;) = k; m;, 1 <i <4 jointly- and cross-matched with

b distinct letters}.
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Lemma 4.4.1. There is a constant M > 0 such that
ol < Mn2kt2 for any 1 < b < 2k. 4.4.1
k4

Proof. (Borrowed from the proof of Lemma 1.4.3 (a) in Bose [2018]) Note that the total
length of the circuits is 4k. As the circuits are cross-matched, the number of distinct let-

ters across the four circuits can be at most 2k. We divide the proof into three cases—(i)

when b < 2k — 2, (ii) when b = 2k — 1, and (iii) when b = 2k.

Case 1. b <2k — 2.

First observe that for any circuit 7, if we set aside the first vertex 7(0), then the
number of choices for the generating vertices is at most n’, where b is the number
of distinct letters in w. Moreover once all the generating vertices have been chosen,
the number of choices for the non-generating vertices is at most finitely many. This

observation will be used repeatedly.

Consider all circuits (71, ma, 73, 74) of length k, which are jointly-matched and cross-
matched, with b distinct letters. Let the number of new distinct letters appearing in 7;
be k;, i € {1,2,3,4}. So clearly, k1 + ka + k3 + k4 = b. Then the generating vertices of

each 7,4 = 1,2,3,4 can be chosen freely in O(nF+1) ways. Hence,

‘QZA’ < Mnbtt < Mn2kt2,

Case 2. b=2k —1.

In this case there are two possibilities: (a) one of the letters is repeated four times
across mq, mo, 3, T4 and all other letters appear exactly two times across the four circuits;
(b) two of the letters appear thrice each and all other (2k — 3) letters appear exactly

twice across my, o, T3, T4.

Observe that in any case there is one circuit, say m; and one letter say, x such that z
does not re-occur in m;. Suppose that x appears in m; at the ith position. That is, the
L-value corresponding to z is L(mi(i — 1), m1(7)). We leave aside this letter (L-value)

and count the number of ways the rest of the generating vertices can be chosen. Now
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since there are (2k — 2) distinct letters (L-values) just as in Case 1, the number of ways

7;(0),1 < i < 4 and these generating vertices can be chosen is O(n4t2+=2) = O(n2k+2),

It is to be noted here that the generating vertex m(i) for the letter x has not been
chosen yet. We will show that m(7) has finitely many choices. To see this observe that
while choosing 7;(0),1 < i < 4 and the generating vertices of the (2k —2) letters (except
x), the value of L(m1(7)), m1(i+ 1) as well as m(i+ 1) have been chosen. That leaves only
finitely many choices for 71 (7) (for the particular link functions that we have considered).

Hence in this case too, we have,

‘ Qi{féfl | < Mn2k+2 ]

Case 3. b = 2k.

Note that each letter appears exactly twice across my, mo, w3, m4. So there is a letter
x that appears first in 7 at the ith position and does not re-occur in 7. Here our ap-
proach is to choose another letter across the four circuits with certain properties which
we will leave aside while counting the rest of the generating vertices as we did in Case 2.
Then, just as in Case 2, we will show that the generating vertices of both these letters

have finitely many choices. Towards that we have the following subcases:

(a) m shares a letter with only one of the other circuits, say mo. Then 73 has at least
one letter, say y that appears first in 73 at (m3(j — 1),7m3(j)) and does not appear in
m1. As the circuits are cross matched, y also does not re-occur in w3. Now we rearrange
the circuits as 7,73, w2, 4. Next, we set aside the L-values, L(m(i — 1)), 71(i)) and
L(ms(j—1)),m3(5)). Now the rest of the (2k —2) generating vertices and m;(0),1 <i <4

can be chosen in O(n?T26=2) = O(n?+2) ways.

Then using the same arguments as in Case 2 for m and 73, we see that (i) and

m3(j) have only finitely many choices.

(b) 71 shares a letter with exactly two other circuits, say mo and m3. Then 74 has at
least one letter, say y that appears first in m4 at (m4(j — 1), m4(j)) and does not appear in

m1. As the circuits are cross matched, y also does not re-occur in m4. Now we rearrange
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the circuits as my,my, w2, m3. Then we repeat the argument in (a) for 7;(¢) and m4(5),

leaving them with only finitely many choices.

(c) m shares a letter with all the other three circuits. Here there are two possibilities:

(i) one of the three circuits (me, w3, 74), say ma, shares a letter with another circuit,
say m3. So there is a letter in w9 which appears first in 7y, and re-occurs in 3. Then,

we can repeat the argument in (a) for m; and 7.

(ii) none of the three circuits 7o, 73, 74, share any letter with each other. In this case,
we identify one letter from 7o that has appeared in 71 (and not in 73) and another letter
from 73 that has appeared in m; (and not in m3). Then we rearrange the circuits as

9, T3, 1, T4 and repeat the argument given in (a) for my and 3.

Thus we get,

Q4| < Mn*t*2.

This completes the proof of the lemma. O

Remark 4.4.2. Note that for the Wigner matrix Lemma 3.4.7 states that |QZ’4| <
CnP*2. However that is not true for the patterned matrices of this chapter. For example
consider the jointly- and cross matched circuits w1, me, w3, w4 of length 2, b = 2, for the
reverse circulant link function, such that the word formed across the four circuits is
aabbaabb. Then it is easy to see that m1(0),m1(1),m2(0), m2(1), 73(0) and m4(0) can be

freely chosen. Thus |Q% ,| cannot be bounded by n*.

4.4.1 Fully i.i.d. entries

Corollary 4.4.3. Results 4.1.1, }.1.2, 4.1.8 follow from Theorems 4}.2.2, 4.2.3 and

4.2.4, respectively.

Proof. Let A, be any one of the four patterned matrices, Rgf), C’,({S),T ,ﬁﬁ’), Hﬁf). Let the
input sequence of A, be {ﬁxz : ¢ > 0}, where z; are independent and identically
distributed with mean 0 and variance 1. In this case we first show that {ﬁfm,z >0}
satisfy Assumption A with go = 1 and gop, = 0 for all k > 2. The proof is similar to the

arguments given in the proof of Corollary 3.5.1.
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Let 7, = n~ /3. Then r,,/n — 00 as n — oo and

2

n—oo

Also, for any k > 2,

() ] =5[]

< 2 B[z 1y, <, ym]

Now for any t > 0,

n—1 -
2 1
ZE[(%/\/E) 1[|x¢/\/ﬁ|>rnﬂ ~n ZE[xlzl[\mibrn\/M]
1=0 —
12
= n ¥E{$?1[$il>t]“ for all large n,

almostsurely
— ]E[x?)[l[\xobt]]]’ as n — oQ.

As E(x3) = 1, the last term in the above expression tends to zero as t — oo.

Therefore, from Theorems 4.2.2- 4.2.4, the EESD of A,, converges weakly to a sym-
metric probability measure v4, say. Now, as A,, (with entries ﬁx,) satisfies (4.4.1) (see
Step 2 of the proof of Theorem 3.3.1), we have,

i By Ey\14 _ -2
E[Tr(Ay) — E(Tr(A4;))]” = O(n™?), and therefore,

n
e

1 4
Z FE[TI“(AQ) - JE(Tr(AfL))] < oo forevery k> 1. (4.4.2)
n=1

Then using Lemma 2.1.3, we can conclude that the ESD of A, also converges weakly

almost surely to v4.

We now identify v4 in each case:
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(i) Reverse Circulant: Suppose 4,, is Rgf). Then by Theorem 4.2.2

Bor(VR) = Z Co = Z 1=k

o€S(2k) oSy, (2k)

The second last equality holds since cop, = 0 for all £ > 2 as gop, = 0 for all £ > 2 and

ca = go = 1. Hence vg is the symmetrised Rayleigh distribution as in Result 4.1.1.

(ii) Symmetric Circulant: Now suppose A, is C’és). Then by Theorem 4.2.3,

2k)!
Bok (1 Z (yCo = Z 1:(21%?!.

ocEE(2k) oc€FEL(2k)

The second last equality in the above expression holds since cop, = 0 for all £k > 2 as

gor = 0 forall k > 2, cg = go = 1 and ag = 1. Thus vg is the standard normal

distribution as in Result 4.1.2.

(iii) Toeplitz and Hankel: Similarly, choosing A,, as the Toeplitz and Hankel matri-
ces, we get the almost sure convergence of the ESDs, which were originally showed in

Hammond and Miller [2005] and Bryc et al. [2006]. See also Bose and Sen [2008]. [

4.4.2 General triangular i.i.d.

The next corollary states LSD results for general triangular i.i.d. matrices. Here the
condition of full i.i.d. entries is relaxed, and the distribution of the entries can vary with

n, the size of the matrix.

Corollary 4.4.4. Let A, be one of the four patterned matrices, R(S) C’ff), Tés),H,ss).
Suppose for each fized n, the input sequence {x;, : i > 0} are i.i.d. with all moments

finite. Assume that for all k > 1,
nE[wlgn] —cE  as n — oo. (4.4.3)

Also assume that the moments of the random variable whose cumulants are {0, c2,0, ¢y, ...}
satisfy Carleman’s condition. Then the EESD of Rgf), C,(f), Tfls) and HT(LS) converge

weakly to symmetric probability measures, whose moments are determined by {cag}r>1-
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Proof. Observe that Assumption B (i), (ii) and (iii) are satisfied with 7, = oo and
Jor = cop for k > 1. Hence from Theorems 4.2.2-4.2.4 the EESD of R(S), C(S) T7(ls) and
Hff) converge weakly to symmetric probability measures, whose moments are as given

in the respective theorems. O

Remark 4.4.5. Let {z;, : i > 1} be i.i.d. with all moments finite, for every fized
n. Assume that > . | x;, converges in distribution to a limit distribution F whose

cumulants are {ci}x>1. This assumption is equivalent to Condition (4.4.3).

In particular, if we start with an infinitely divisible distribution F' with all moments
finite, we can definitely find such i.i.d. random variables {z;,, : i > 1} (Characterization

1 in Bose et al. [2002]).

4.4.3 Sparse entries

Corollary 4.4.6. Result 4.1.4 follows from Corollary 4.4.4.

Proof. In this case the input sequence {z;, : ¢ > 0} of the patterned matrices are
Ber(py,) where np, — A > 0. Observe that, (4.4.3) is satisfied with ¢, = A for all k£ > 1.
Therefore, from Corollary 4.4.4, we obtain that the EESD of A,, converges weakly.

Let us now look at the particular cases.

(i) If A,, is the sparse reverse circulant matrix, then

Bar(vr) = > Al (4.4.4)

oeS(2k)

Therefore, the half cumulants (rgn)n>1 of vgr are ro, = A,n > 1. For more details on

half cumulants, see Section 2.5.3.

(ii) If A, is the sparse symmetric circulant, then

Bor(ve) = D agAl. (4.4.5)

c€E(2k)

All odd cumulants of v¢ vanish, and its even cumulants are {ag,con tn>1, where agy is

the 2kth moment of a random variable Z defined in Remark 4.3.5. Now as cg, = A
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for all n, we get that v is the compound Poisson distribution with rate A and jump

distribution Fz, where Fy is the distribution of Z (see Remark 4.3.5).

(iii) Now suppose A,, is the sparse Toeplitz matrix. Then its EESD converges weakly to
vp and (see (4.3.49))

Bar(vr) = Y a(o)A\! (4.4.6)

o€ E(2k)
where (o) is obtained from the different linear combinations of s;’s corresponding to

g.

(iv) Finally, suppose A, is the sparse Hankel matrix. Then its EESD converges weakly

to vy and

Bar(vi) = Y a(o)A! (4.4.7)

c€eS(2k)

where (o) is obtained as the value of an integral corresponding to o (see (4.3.53)). O

Remark 4.4.7. (Sums of sparse matrices) From this discussion on sparse matrices we
can also conclude that the EESD of finite sums of i.i.d. copies of sparse matrices with
independent entries converge weakly to a symmetric probability measure. This can be

observed in the following manner.

Suppose Ap 1, An2, ..., Apm are m independent n x n matrices with any of the four
patterns and whose entries are independent Ber(p,) where np, — X\ > 0. Then the

entries {x;n : 1 > 0} of Ay :=> | Any are independent Bin(m, p,). Then for i > 0,

m
_ 2k . .
Elxf,] = mpn(1 —pa)™ ' +> 5 (J.)p%(l — )™ = mp, + o(pn).
j=2
Clearly (4.4.3) is satisfied with c,, = mX for all k > 1. Hence, from the above discussion,
the EESD of A, converges to a symmetric probability measure in all of the four cases.
In each case the 2kth moments of the limiting distribution are obtained accordingly,

replacing X by mA in (4.4.4), (4.4.5), (4.4.6) and (4.4.7).

4.4.4 Matrices with variance profile

In the next two corollaries, we describe results about the four patterned matrices with

variance profile (Ay,-), where A, is any one of the four patterned matrices. Like the
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Wigner matrices (see Definitions 3.5.11), we discuss two kinds of variance profiles- dis-

crete variance profile and continuous variance profile.

Definition 4.4.8. (a) Discrete variance profile: Suppose {x; ;0 < i < 2n} are i.i.d.
random variables with mean zero and variance 1, and let o4 = {o;}o<i<an be
uniformly bounded real numbers. Then the patterned matriz (A, oq), where A, is
one of the four patterned matrices, with discrete variance profile oq, is given by (L

being the link function for Rf{s), C’,SS),T;LS), H,SS))
(An,0a) = (YLiij)m = TLGHTLGE)A))1<ij<n- (4.4.8)

(b) Continuous variance profile: Suppose {x; ;i < j} are i.i.d. random variables for
every fized n and let o be a symmetric bounded piecewise continuous function on
[0,1]. Then the patterned matriz (An,o.) (where A, is one of the four patterned

matrices) with continuous variance profile o, is given by (L being the link function

for RS ¢t 19 HY)

(Anv UC) = ((yL(i,j),n = U(L(i7j)/n)xL(i,j),n))1§i’j§n‘ (449)

Corollary 4.4.9. (Discrete variance profile) Consider the matriz (Ay,cq) where
A,, is either R,(f) or Cr(ls) with input sequence {ym;O < i < n} as described in (4.4.8).
Assume that the random variables {x;n;0 < i < n} are i.i.d. for every n, and satisfy

the conditions of Corollary 4.4.4.

Further let 04 = {o; : i > 0} satisfy the following:

(i) sup|o;| < ¢ < .
i
(i) For any k > 1,

1
— Z ot = agp, say. (4.4.10)
i=0

Under these conditions, the EESD of (Ay, 04) converges weakly to some symmetric prob-

ability distribution U4 whose moments are determined by {aan}n>1 and {can tn>1-

Proof. We first prove the corollary for the reverse circulant matrix, and then for the

symmetric circulant matrix.
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Reverse Circulant: Let ¢y, = nE[mO k1. Observe that the entries of A,, = Ry satisfy

(4.2.1) with r, = oo and g%,n(%) = a? cokn for 0 <4 <n —1. Also because of (4.4.3),

we have (4.2.2) with r,, = co.

Now from Step 2 of the proof of Theorem 4.2.2, observe that the contribution of the
non-symmetric words is 0. Suppose w is a symmetric word of length 2k with b distinct
letters which appear ki, ka, ...,k times. Then using (4.3.29), the contribution of this

word to the limiting moment is the following:

nh—>Holo nb+1 Z H L (my,l; H Ck;,ns (4411)

S j=1

where L is the link function of the reverse circulant matrix, S is the set of distinct

generating vertices, and (mj,[;), 1 < j < b are as in the proof of Theorem 4.2.2.

Observe that for every k > 1, ¢, does not depend on the values of the generating
vertices as {z;,} are iid. Also from (4.4.3) we have cxn,—cp as n — oo. There-

fore to obtain the contribution of w to the limiting moment, it is enough to compute

lim E H
n—00 nb‘*‘1 L (m;l;

S j=1
Now for any j € {1,2,...,b}, mj = 7w(i; — 1) is either a generating vertex, or can
be written as a linear combination of the previous l;’s. Therefore, in any case, m; =
LCj({ly : 0 < g < j—1}), where LC; denotes the linear representation. As a result,
m; does not depend on the value of [;, and hence does not change with /;. With this

observation we obtain that for any s > 1,

1 1 1
- 2s i § : 2s - § : 2s
n O-mj,lj n Umj+lj—2 + n U(mj+lj—2)—n

lj=1 lj: mj+l;—2<n lj: mj+l;—2>n
1 n—1
= — Z a 4+ — Z U
t m;—2

= - 02 = a9 as n — oo.
n t

As a consequence, we get

s T
=00 nb—l—l L(mj,l;)

S j=1

=n
S
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Hence the contribution of any symmetric word of length 2k, with b distinct letters that

appears ki, ko, ..., kp times, to the limiting moment is, H?:1 ag;cr;. Hence we have

Z arcy if k is even,
lim E[Tr(R)F] = { resk (4.4.12)

n—oo
0 if k£ is odd.

Thus we have verified the first moment condition for the reverse circulant matrix with
a variance profile.

As sup |og| < ¢,

)

Z aﬂcﬂgmax{c,l}k Z Cr.

TES(2k) reB(2k)
Since the right side of the above inequality satisfies the Carleman’s condition, there
exists a unique probability measure g such that its moments {S;(Pr)}r>1 are as in

(4.4.12). Hence the EESD of Jri) converges weakly to Ug.

Symmetric Circulant: The arguments in this case are similar to the reverse circulant
case. Let cop, = nIE[a:O k1. Observe that the entries of A, = C satisfies (4.2.1) and

(4.2.2) with r,, = oo and ng,n(%) = U?kCQk,n for0<i<n-—1.

From the proof of Theorem 4.2.3 observe that, the words that are not even, con-
tribute 0. Now, let w be an even word of length 2k with b distinct letters which appear
k1, ko, ..., ky times. From (4.3.43), observe that there are H?:1 (kgl) sets of equations
that contribute identically. Thus, from (4.3.39) the contribution2for each such set of

equations is now as follows:

b
lim s nb — ZH (mﬁ Gl (4.4.13)
S j=1

where L is the symmetric circulant link function, S is the set of distinct generating

vertices and (mj,l;), 1 < j <b, are as in the proof of Theorem 4.2.3.

b
1
As in the reverse circulant case, it is enough to compute hm 0 Z H O'L (my ;)
S j=1
in order to obtain the contribution of the word w to the limiting moment. Note that

mj = LC;({ly : 0 < ¢ < j —1}) where LC; denotes the linear representation. As a
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result, m; does not depend on [;. Hence for any s > 1,

1 1 m;—1 1 7-1 7—1 n/2 1
2 2 2
- zl:ULs(mj,lj) == z% o7’ + ntz o} Z ¥ = 2— Z 025 = 200, (4.4.14)
j t= =i

As a consequence, we have

Now recall from Lemma 4.3.2, that for w, there are H?Zl ay; (where ag, = %(27;1))

equations for determining the non-generating vertices once the generating vertices are

chosen. Therefore, the contribution of any even word of length 2k with b distinct letters
b

to the limiting moment is ijakak.ck..
J J J
j=1

Let 09, = 2cv9.. Then we have that

Z ardrcy if k is even,
lim E[Tr(C®)*] = { neBk) (4.4.15)

n—oo
0 if k£ is odd.

So, there is a unique probability measure D¢ such that its moments are as in (4.4.15). O

Remark 4.4.10. Note that in Corollary 4.4.9, if the input sequence is {y’”} (as de-
scribed in (4.4.8)) with {x;,} fully i.i.d. that follows a distribution F for all i and n,
then cop, = 0 for all k > 2. So from Corollary 4.4.9, the EESD of( " ,O'd) and (C,(f), o)
converge weakly to symmetric probability measures that depend on ao. Again as o; is
bounded uniformly, (4.4.1) and hence (4.4.2) hold true. Hence in this case the almost

sure convergence of the ESD in Corollary 4.4.9 holds.

(i) The almost sure LSD of( n ,ad) with input sequence

g/ﬁ , is the distribution of

Y = /asR, where R is a random variable with the symmetrised Rayleigh distribution.

(ii) The almost sure LSD of (CT(LS), o4) with input sequence {y”}) is the distribution of
V2a9N where N is a standard Gaussian variable.

Corollary 4.4.11. (Continuous variance profile) Consider the matriz (A,,o.)

where Ay, is any of the four patterned matrices with input sequence {y; ;0 < i < 2n}
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as described in (4.4.9). Assume that the random wvariables {z;,;0 < i < n} are i.i.d.
for every n, and satisfy the conditions of Corollary 4.4.4. Then the EESD of (A, o.)
converges weakly almost surely to a symmetric probability measure U4 whose moments

are determined by o and {co }r>1-

Proof. Let corp = nE[x%{“n] First observe that the entries of A, satisfy Assumption B
(i) and (ii) with r, = 00, Gorn = 02’“0%’“ and Gor, = 02¥cey. Since o is a continuous
function on a compact set [0, 1], it is bounded. Therefore, Assumption B (iii) is also
true. Hence from Theorems 4.2.2- 4.2.4, we can conclude that the EESD of A,, converges

weakly to a symmetric probability distribution, say Da.

In addition, the limiting moments of (Rq(f), o.) and (C,(f), o.) can be expressed in a

simplified form as follows:

Reverse Circulant, (R%s), oc): From Theorem 4.2.2; all odd moments of the LSD are

0, and the 2kth moment is given by

1
Pok = Z QrCr, Where agy,, = / o?™(t) dt. (4.4.16)
rES(2k) 0

Symmetric Circulant, (CT(LS), oc): From Theorem 4.2.3, all odd moments of the LSD

are 0, and the 2kth moment is given by

1
Pk = Z ArQrCr, Where ooy, = 2/ o?™(t) dt. (4.4.17)
meS(2k) 0

The limiting moments for the Toeplitz and Hankel matrices are more involved, and
can be calculated using (4.3.50) and (4.3.54) in Theorem 4.2.4. Simply replace the func-

tion in the integrand by H?Zl ;0% (|2m, — ;) and H?Zl Chy 0% (T, +a1,) Tespectively.

O]

Remark 4.4.12. Just as in Remark 4.4.10, suppose the input sequence is %} (as
described in (4.4.9)) in Corollary 4.4.11 with {z;,} fully i.i.d. with a distribution F
for all © and n. Then cor, = 0 for oll k > 2. So from Corollary 4.4.11, the EESD of
(A,(f), o.) converges weakly to symmetric probability measures that depend on 0. Again,

as o is bounded, (4.4.1), and hence (4.4.2) hold true. Hence in this case, the almost sure
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convergence of the ESD of( " ,O'C) holds. In particular, for the reverse circulant and

symmetric circulant matrices we have the following:

(i) The almost sure LSD of( " ,ac) (where the input sequence is yz"}) is the dis-
tribution of Y = JasR, where R is a random variable with the symmetrised Rayleigh
distribution, see (4.4.16).

(ii) The almost sure LSD of( n ,ac) (where the input sequence is {yl =} ) is the distri-
bution of \/2aaN where N is a standard Gaussian variable, see (4.4.17) .

4.4.5 Band and Triangular matrices

We have seen band Wigner matrices in Chapter 3. In a similar spirit, here we discuss

the banded versions of the patterned matrices, RS), CT(LS), T}ﬁ), Hfls).

Definition 4.4.13. (Banded versions of Rgf), C}(LS), ,(LS), HY(LS)) Let m,, be a sequence
of positive integers such that m, — oo and my/n — o > 0 as n — oo. we discuss two

banding models- Type I banding (A%) and Type II banding (A2 ).

Type I banding: A? is the symmetric matriz with entries {YL@ij)m}s where the input

sequence y; n s as follows

Timn ZfZ < my,
Yin = (4.4.18)

0 otherwise.

Type II banding: The Type II band versions Rn of Rn , and T of Tns),

defined with input sequence ¥;,, where

. Tim 1 <My o1t >0 —my,
Yin = (4.4.19)
0 otherwise.

The Type II band versions H( of Hy, ) s defined with input sequence y; , where

5 Tin if n—my <0< n+my,
Yin = (4.4.20)

0 otherwise.
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For example suppose m,, ~ [%] where [-] is the greatest integer function. At n = 5,

-xo zg 0 0 O ] _:1:0 zy 0 O a:l-
zy 0 0 0 =z 1 g 1 0 O
Rés)b =10 0 0 x5 z1|,> Cés)b =10 =z 29 21 O],
0 0 x9 = O 0 0 z1 20
i 0 29 z1 0 O ] |21 0 0 = x |
_mo xz7; 0 O 1'4- _aro xz7; 0 O :L'4-
1y 0 0 x4 =z Ty 9o x1 0 O
RéS)B =10 0 x4 x0 x> T5(S)B =10 x1 290 1 O
0 x4 29 1 O 0 0 x1 =z x1
(T4 0 X1 0 O ] EZ 0 0 x1 x |

Corollary 4.4.14. Suppose that the random variables {z; ;i > 0} associated with the
matrices AY as in (4.4.18), are i.i.d. for everyn, and satisfy the conditions of Corollary
4.4.4. Then, the EESD of A® converge weakly to some symmetric probability measures

m
e that depend on {cap}r>1, and o = lim —* > 0.
= n—oo N

Proof. For every n, define the function o, on the interval [0, 1] as

(@) 1 if x <my,/n,
on(x) =
0 otherwise.

Now observe that the entries y; ,, of the matrix Afl can be written as o, (z / n) Tin-

Observe that, for any k > 1, [ok(z) dz — [o*(z) dz as n — oo, where o equals

1 if0<z<a,
o(x) = (4.4.21)
0 otherwise.

Following the proofs in Theorems 4.2.2—4.2.4 and the above convergence of [ ok (z) du,
it is easy to argue that the first moment condition holds for A%. Hence the EESD of A%

converges weakly to a symmetric probability distribution.
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The formulae for the limiting moments are as follows:

Reverse Circulant, Rgf)b: Clearly from Theorem 4.2.2, the odd moments of the LSD

are all zero, and the 2kth moment of the limiting distribution is given by

1 «
B =Y alley, as / o 2™ (t) dt :/ o?™(t) dt = a.
0 0

weS(2k)

)b

Symmetric Circulant, C’,(LS : Clearly from Theorem 4.2.3, the odd moments of the

LSD are all zero, and the 2kth moment of the limiting distribution is given by

Bok, = Z (20)™arey, as 2/

TES(2k) 0

1 «
o?™(t) dt = 2/ o?™(t) dt = 2.
0

Similarly, the moments of the Toeplitz and Hankel matrices can be calculated from
(4.3.50) and (4.3.54) in Theorem 4.2.4 where the range of the integral is [0, ], and the
function in the integrand is replaced by H?Zl ;0% (|2, — a1,]) and

H?-:l Ch, 0% (Tm; + x1;) Tespectively. O

Corollary 4.4.15. Result 4.1.5 follows from Corollary 4.4.14.

Proof. In this case the entries of A’ are % (see (4.4.18)), where {x;n;i > 0}p>1
are fully i.i.d. random variables with mean 0 and variance 1. Now using the truncation
argument in the proof of Corollary 4.4.3, it can be seen that, we can assume the variables
{z;} to be uniformly bounded. Therefore conditions of Corollary 4.4.14 hold with ¢y = é
and co, = 0 for £ > 2. Hence, we obtain the convergence of the EESD from Corollary
4.4.14. Again, it can be verified that (4.4.1) and (4.4.2) hold true. Thus we obtain the

almost sure convergence of the ESD. This yields Result 4.1.5. O

Corollary 4.4.16. Result 4.1.7 (a) follows from Theorem 4.2.4.

Proof. In this case, the entries of the band Toeplitz matrix are y; , = ——%— where
’ ’ vV (2—a)an

a= lim 2 > 0, {x;;4 > 0} are independent variables with mean 0, variance 1 and
n—oo n
supE[|zi|*] = My < oo for k > 3. Then Assumption B(i), (i) and (iii) are satisfied
i
with 7, = co and go = 1, gop = 0 for & > 2. Thus from Theorem 4.2.4, the EESD of

b
T,(f) converges weakly almost surely to a symmetric probability distribution, say v ()

whose even moments depend on «. Further, just like the proof of Corollary 4.4.15, it
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can be verified here that (4.4.1) and (4.4.2) hold true. Hence we obtain the almost sure

convergence of the ESD. O

The next corollaries deals with the Type II banding.

Corollary 4.4.17. Suppose that the random variables {x; ;i > 0} associated with the
matrices AL as in (4.4.19), (4.4.20) are i.i.d. for every n, and satisfy the conditions of
Corollary 4.4.4. Then, the EESD of AB converge weakly to some symmetric probability

My,
measure o that depend on {cap}trp>1 and oo = lim — > 0.
n—,oo N

Proof. For Type II band versions R%S)B of Rgf) and T, ,SS)B of T, T(LS), define 0,1 on [0, 1) as

1 ifz<my/norx>1—my,/n,
on1(7) =
0 otherwise.

Clearly, fa ) dx — [of(x) dx as n — oo for each k > 1 where 1 = 1{g 4u1—a,1]-

For Type II band versions HT(LS)B of Hr(Ls), we define a function oy, 2 on [0,2) as

1 ifl—my/n<xz<1l+m,/n,
on2(z) =
0 otherwise.

Clearly, [ O'n o(z) dx — [oh(x) do as n — oo for each k > 1 where 05 = 11_4 144]-

Following the arguments as in the proof of Corollary 4.4.14, the convergence of the

EESD of AZ follows. Now we compute the moments of the LSD of these matrices.

Reverse Circulant: Clearly all odd moments of the LSD are 0. From Theorem 4.2.2,
the 2kth moment of the LSD is given by

o 1
-

reS(2k) 0
Similarly, the moments of the LSD for T,(ls)B and H,(lS)B can be calculated by using
(4.3.50) and (4.3.54) in Theorem 4.2.4, where the function in the integrand is replaced

by Hb, ck.a]fj(\:cmj — ay,|) and Hb.: ck,a];j (Tm; + x1;) respectively. As fol a?m(t) dt

and fO ) dt are dependent on «, the limiting distribution also depends on .  [J
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Corollary 4.4.18. Result 4.1.6 follows from Corollary 4.4.17.

The proof of this corollary is similar to that of Corollary 4.4.15, and is omitted.

Corollary 4.4.19. Result 4.1.7 (b) follows from Theorem 4.2.4.

The proof of this corollary is similar to that of Corollary 4.4.16, and is omitted.

We have already seen LSD results for triangular Wigner matrices in Chapter 3. Now

we shall see some analogous results for triangular versions of R%S), C’,(Ls), Tés), H,(f).

Definition 4.4.20. (Triangular versions of RS),CT(LS),T,SS),HT(LS)) Let A, be one of
the n X n matrices Rgf), C,(f), T,(ls), H,(f). Then the triangular version of A,, denoted by

Ay is the matriz whose entries yr; j)n are as follows:

Tragm A+ <n+l,
Yr(igm = (4.4.22)
0 otherwise.

Note that the triangular reverse circulant and the triangular Hankel matrices are same.
Then we have the following result.

Corollary 4.4.21. Consider the triangular matriz AY where A,, is one of the matrices
Cf{s),TéS), Hr(f). Assume that the variables {x; ;i > 0} associated with the matrices AY
(as in (4.4.22)) are i.i.d. random variables with all moments finite for every fixed n,
and satisfy conditions of Corollary 4.4.4. For all these three matrices, the EESD of A%

converge weakly to some symmetric probability measures pa that depend on {cax}r>1.

Proof. The proof of this follows from the same argument given in Corollary 4.4.14, with

o being replaced by 7 : [0,1]> — R where n(z,y) = 1[z4y<1)- We skip the details. O

Corollary 4.4.22. Result 4.1.8 follows from Corollary 4.4.21.

Proof. In this case the entries of A} are %2, where {y; ;i > 0} are as in (4.4.22), and
{in;i > 0}p>1 are i.i.d. random variables with mean 0 and variance 1. Now using the
truncation argument in the proof of Corollary 4.4.3, it can be seen that we can assume

the variables {z;} to be uniformly bounded. Therefore conditions of Corollary 4.4.21
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hold with ¢y = é and co = 0 for kK > 2. Hence from Corollary 4.4.21, we obtain the
convergence of the EESD. Again it can be verified that (4.4.1) and (4.4.2) hold true.
Thus we obtain the almost sure convergence of the ESD. This yields Result 4.1.8. [

4.5 Simulation

Below we give a few simulations which demonstrate that when the entries are i.i.d.
N(0,1)/+/n (top rows of Figures 4.1 and 4.2), we have almost sure convergence. However
the same is not true when the entries are i.i.d. Ber(3/n) (bottom rows of Figure 4.1
and 4.2). See Remark 4.2.1. Figure 4.3 demonstrates the almost sure convergence of
symmetric triangular (top row) Toeplitz and Hankel matrices and banded (bottom row)

Toeplitz and Hankel matrices when the non-zero entries are i.i.d. N(0,1)/y/n.

0.4

03
I
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I

0.1

0.0

| R N T W Y .

-4 -2 0 2 4 -4 -2 0 2 4

FIGURE 4.1: Two replications of the histograms of the eigenvalues of Rgf ) for n = 1000
where the entries are i.i.d. N(0,1)/+/n (top row) and i.i.d. Ber(3/n) (bottom row).
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FIGURE 4.2: Two replicated histograms of the eigenvalues of C,,(,,S) for n = 1000. The
entries are i.i.d. N(0,1)/+/n (top row) and i.i.d. Ber(3/n) (bottom row).
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FIGURE 4.3: Two replicated histograms of the eigenvalues for n = 1000 of T, ,(LSW and
b7 (top row) and 7 and HS® with o = 1/2 (bottom row). The entries are i.i.d.

N(0,1)/ /7.






Chapter 5

Sample Covariance (S5) matrix

Let X, be a p x n matrix with real independent entries {z;j, : 1 <i <p,1 < j < n},
where p = p(n),p/n — y € (0,00). The matrix S = XpoT will be called the Sample
covariance matriz (without scaling) or the S matrix. In this chapter, we will investigate

the empirical spectral distribution of this matrix.

In Section 5.1, we describe a few LSD results that already exist in the literature.
These results are closely related to the main result of this chapter, namely Theorem
5.2.1, that is described in Section 5.2. Next, in Section 5.4, we give a proof of Theorem
5.2.1. In Section 5.5, we discuss how the results in Section 5.1 can be concluded from
Theorem 5.2.1. We conclude the chapter with some simulations that show the various

distributions that can appear as the LSD. This chapter is based on Bose and Sen [2023].

5.1 Review of existing results

The S matrix is arguably one of the most important matrices in random matrix theory,
with varied applications in physics, statistics and other areas. There have been several
works regarding its LSD. When the entries of X, are i.i.d. with mean zero and finite
fourth moment, Marcenko and Pastur [1967] first established the LSD of 25 and this
LSD has been named the Maréenko-Pastur (MP) law. Subsequent works by Grenander
and Silverstein [1977], Wachter [1978], Yin [1986], Jonsson [1982], Bai [1999] investigated
the existence and properties of the LSD under varied assumptions on the entries. We

state the most widely known result in the fully i.i.d. regime. First let us introduce the

159
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M P, law, where p/n — y € (0,00). The M P, law has the following density when y <1

L_/(b—2)(z —a) ifa<az<b,

0 otherwise

where a = (1 — \/y)? and b = (1 + ,/y)?. When y > 1, the M P, law is a mixture of a

point mass at 0 and the density f;/, with weights (1-— %) and %, respectively.

Result 5.1.1. (Standardized fully i.i.d. entries) Suppose the entries {x;; : 1 <i <
p,1 < j < n} of X, are i.i.d. with mean 0 and variance 1. Then as p,n — oo with

p/n —y € (0,00), the ESD of %S converges weakly almost surely to the M P, law.

Recall that the even moments of the standard semicircle distribution ps are given
by Bak(ps) = |NCa(2k)| = |[NC(k)|. The moments of the M P, law are related to the
set NCy(2k) and NC(k) (see Bose [2021]). In particular when y = 1, it is known that
Bi(MPy) = Bok(ps), k > 1.

Heavy-tailed entries: Just like the Wigner case, a natural extension of the above

model is made by considering the case where the entries follow a heavy-tailed distribution.

Result 5.1.2. (Belinschi et al. [2009]) Suppose the entries {x;; ;1 <i<p,1<j<n}
of Xp are i.i.d. and satisfy P{|z;j| > u} = u"*L(u) as u — oo where L(-) is slowly
varying and o € (0,2). Let ap, = inf{u : P[|z;j| > u] < 1/n}. Then the ESD of a%

converges to a probability measure o, in probability.

In these works the distribution of the entries of X, remain unaltered for every n. It
is natural to ask what happens when the distribution of the entries depend on n and/or
the entries are not identically distributed. We already saw in Chapter 3 that for the
Wigner case, an appropriate truncation of the variables at levels that depend on n was
crucial in dealing with the heavy-tailed entries. The same strategy is used in the argu-
ments in Belinschi et al. [2009] for dealing with the S matrix with heavy-tailed entries.
Thus it becomes relevant to probe the case where the distribution of the entries of X, is
allowed to depend on n, not just due to a scaling constant that depends on n but where

a genuine triangular sequence of entries is used.
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Size-dependent entries: Recall that such a model referred to as matrices with explod-
ing moments was already considered by Zakharevich [2006] for the (symmetric) Wigner
matrix. For the S matrix, the matrices X, with exploding moments have been consid-
ered by several authors (Benaych-Georges and Cabanal-Duvillard [2012], Male [2017],
Noiry [2018]). We state one of the results below. All the others are similar in spirit, and

will be discussed later in Section 5.5.

Result 5.1.3. (Theorem 3.2 in Benaych-Georges and Cabanal-Duvillard [2012]) Sup-
pose that the entries {x;j, ;1 < i < p,1 < j < n} of X, are centered i.i.d. for every
fized n and p = p(n). Assume that p/n — y > 0, and there exists a sequence (dj)k>2
with di/k bounded, such that for every k > 2,

E[xlfl,n]

lim = d.
n—oo npk/2-1 k

Then, as n — oo, the ESD of %S converges weakly almost surely to a mon-random

distribution jiyq say, whose moments are determined by (di)i>2 and y.

When dj, = 0 for all k > 3, p, 4 is the M P, law dilated by a coefficient v/d. The
formulae for the moments of the LSD have been provided using graphs and hypergraphs.
Similar results have been studied in Proposition 3.1 of Noiry [2018], and the moments of

the LSD have been provided using free probability theory and certain equivalence classes.

Matrices with variance profile: The S matrix, where the entries of X, are inde-
pendent but not necessarily identically distributed, have been considered in Yin [1986],
Lytova and Pastur [2009], and Bai and Silverstein [2010]. A common theme has been to
assume that the entries have equal variances. However, when the matrix X, has a non-
trivial variance profile (Definition 3.5.15 and 3.5.16), Hachem et al. [2006], Zhu [2020],
Jin and Xie [2020] have previously studied the distribution of the eigenvalues of the S

matrix. We state one of the results below, and discuss the others later in the chapter.

Result 5.1.4. (Hachem et al. [2006]) Suppose o : [0,1]> — R is a function such that o
is continuous and bounded. Suppose the entries {y;; = o(i/p,j/n)x;j,1 <i<p,1<j<
n} of X, are such that {x;;,1 <i <p,1 <j <n} are i.i.d. with mean zero, variance 1
and satisfy

E[m?jﬂ} < oo for some € > 0. (5.1.1)
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Then the ESD of %S converges weakly almost surely to a non-random probability distri-

bution.

Triangular matrices: Other available variations of LSD results for the S matrix in-
clude the cases where X, is triangular (Dykema and Haagerup [2004]) or sparse. Dykema
and Haagerup [2004] considered upper triangular matrices X* with i.i.d. complex Gaus-

sian entries and studied the LSD of X}*X. Let

T11 Ti2 T13 Tl
0 x22 o3 - T2

XV = _ . (5.1.2)
00 0 - wan |

Result 5.1.5. (Dykema and Haagerup [2004]) Suppose the non-zero entries {;jn,1 <
J,1 <id,5 < n} of X' are i.i.d. Gaussian with mean zero and variance 1. Then the
ESD of %S“ = %XﬁXﬁfT converges weakly almost surely to a non-random probability

distribution.

5.2 Main Results

In Theorem 5.2.1, we establish a general LLSD result for the .S matrix, where the distri-
bution of any entry is allowed to be dependent not only on n, but also on its position in
the matrix. We describe a formula for the moments of the LSD using special symmetric
partitions. We relate these moments to the moment formulae that have appeared in the
results mentioned above, and also to the limiting moments in the Wigner case. Under
our assumptions, only the class of special symmetric partitions defined in Section 3.2.1

contribute to the moments.

Consider the matrix S = XPX;;F , where the entries of X, are given by the bi-sequence
{zijn}. We drop the suffix n and p for convenience wherever there is no scope for con-
fusion. For any real-valued function g on [0, 1], |lg]| := supg<,<; [g(z)| will denote its

sup norm. We introduce the following assumptions on the entries {z;;}.

Assumption A1l. There exists a sequence {r,} with r, € [0, 00| such that
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(i) For each k € N,

i j . .
nE [ﬂfzzfl{mﬂgrn}] = Pokm (;, 5) for 1<i<p,1<j<n, (5.2.1)

nh_}ngo no‘1<A<su1p< _ E {a:?fﬁll{‘xij‘grn}} =0 forall « <1, (5.2.2)
<i<p,1<j<n

where {gorn} is a sequence of bounded Riemann integrable functions on [0, 1]2.
(ii) The functions gajn(-),n > 1 converge uniformly to go(-) for each k& > 1.

(iti) With Mo, = [lgakll, Mag—1 = 0 for all & > 1, the sequence ay =, cp(or) Mo

satisfies Carleman’s condition,
X 1
2k
E g2t = o0.
k=1

All of these conditions are naturally satisfied by well-known models such as, the standard

i.1.d. case, where the entries of X are f/”ﬁ with {x;;} being i.i.d. with zero mean and finite

variance, and the sparse case, where entries of X are i.i.d, Ber(p,) with np, — A > 0,

for every n, etc. (more details in Section 5.5). Now we state our theorem.

Theorem 5.2.1. Let X be a p x n real matriz with independent entries {x;jn;1 <1 <
p, 1 < j < n} that satisfy Assumption A1, and p/n — y € (0,00) as n — co. Suppose Z

is a p X n real matriz whose entries are yij = i1y, |<r,]- Then the following hold.

(a) The ESD of Sz = ZZ converges weakly almost surely to a probability measure p,

whose moments are determined by integrals of {gor tk>1 as described in (5.4.8).

(b) Moreover, if

1A &
—Z Z $’L2j1{|xij|>7"n} — 0, almost surely (or in probability), (5.2.3)
n

i=1 j=1

then the ESD of S = XXT converges almost surely (or in probability) to the

probability measure p given in (a).

Note that as mentioned Remark 3.3.4, the convergence in (5.2.3) can occur in prob-

ability and not almost surely in certain scenarios.
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Remark 5.2.2. In Result 5.1.1, the MP, law appears as the LSD of %S with fully
i.i.d.entries and it has bounded support. However, that is not necessarily the case for
w in Theorem 5.2.1. Suppose the entries of X, satisfy Assumption Al. Let for ev-
ery m > 1, fon(x) = f[o,l] gom(z,y) dy. Now if there exist an m > 1 such that

t
g%/ (fz:l(‘aﬁ)) dr = ¢ > 0, then the LSD p in Theorem 5.2.1 has unbounded
- [071} :

support.

This has implications on the partition description of moments. As is known, the
moments of MP, can be described via the set of non-crossing pair partitions. In the
present case, these partitions are not enough to describe p, and we need special symmetric

partitions described in Definition 3.2.1.

Remark 5.2.3. It is known that if Y follows the M Py law and Y’ follows the semi-circle
law, then Y 2y2. A similar result holds for u. Suppose p/n — 1, and the entries of
X satisfy Assumption A1 and (5.2.3). Then the ESD of S converges almost surely to
a probability distribution p as given in Theorem 5.2.1. At the same time, consider the
Wigner matriz (i.e., a symmetric matriz) with independent entries {x;jn;1 <i < j <n}
that satisfy the conditions of Assumption A1 (see Section 3.3). Then by Theorem 3.5.1,
the ESD of W, converges almost surely to a symmetric probability measure p'. The two
measures j and p' are connected. Suppose Y andY' are two random variables such that

Y ~pandY' ~p'. If {gor }k>1 are symmetric functions, then' Y Dy,

Remark 5.2.4. Consider the matrix

0 X

(5.2.4)
xT 0

whose eigenvalues are £+/X;, where \; are the eigenvalues of S = XX . As this matriz
is symmetric, choosing gorn, = 0 on two appropriate rectangles, the matriz falls under
the regime of Chapter 3. Hence with adequate adjustments the LSD of S can be found
using Theorem 3.3.1.

Using (5.2.4) we can also conclude the convergence of the EESDs of Sq4 = AAT
matriz where A is one of the matrices T, H®) RG) C) T H R and C. However,
some information like, which words actually contribute positively to the limiting moments
and which don’t, is lost in this process (see also Remark 6.1.3). In this case using the

methods described in Chapter 2 and some extensions of these methods, we are able to
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provide more explicit expressions of the limiting moments and hence better understand

the limit.

Here, we have given an independent proof for the LSD of S. We have extended some
of the notions like generating vertices, their free choice and the set Il(w) to even and odd
generating vertices, their free choices and llg(w) in Section 5.3. With the help of these
notions, we prove the convergence of the ESD of S and describe its limiting moments.
These proofs (Section 5.4) help us understand the proofs of the theorems in Chapter 6

n a better manner.

Further, the equivalence of SS(2k) with hypergraphs and Noiry words as described in
Section 5.5.7 bear significance in emphasizing the various combinatorial structures that

arise from this set of partitions.

5.3 Some preliminaries

To prove Theorem 5.2.1, we need to extend the notion of circuits and words that were

given in Section 2.4 for single symmetric matrices.

First recall that the link function for S is given by a pair of functions as follows.

Li(i,j) = (i,4) and  La(i,j) = (j,9).

Circuits and Words: In case of the S matrix, a circuit 7 is a function 7 : {0,1,2,...,2m} —
{1,2,3,...,max(p,n)} with 7(0) = 7(2m) and 1 < 7(2i) < p,1 < 7(2i — 1) < n for
1 <i < m. We say that the length of 7 is 2m and denote it by ¢(m). Next, let

Ex(20—1) = Ly(n(2i — 2),7(2i —1)),1<i < k

£:(26) = Lo(m(2i — 1), 7(2i)),1 <i < k.
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k
Then with Y, = H Y (ai
i=1

Y20y

—

E[Tr(S%)] = E[ Tr(XX*)¥]

- LLy(7(0),m(1)) T La(n(1),m(2)) =" FLa(m(2k—1),m(2K))

- E[Y;]. (5.3.1)

From (5.3.1), note that the kth moment of an entry of S involves the 2kth moment of

the entries of X. Hence the kth moment of the ESD of S involves circuits of length 2k.

For any 7, the values Li(m(i—1),7(7)),t = 1,2 will be called edges or L-values. When
an edge appears more than once in a circuit 7, then it is called matched. Any m circuits
T, T, ..., Ty are said to be jointly-matched if each edge occurs at least twice across all
circuits. They are said to be cross-matched if each circuit has an edge which occurs in

at least one of the other circuits. Circuits 7 and 7o are said to be equivalent if
Lt(ﬂ-l(i - 1>77T1(Z)) = Lt(ﬂ-l(j - 1)77T1(.7)> — Lt(ﬂ-Q(i - 1)a772<7’)> = Lt(ﬂ-Q(j - 1)77T2(j))at = 172

The above is an equivalence relation on {7 : {(7) = 2k}. Any equivalence class of cir-
cuits can be indexed by an element of P(2k). The positions where the edges match are
identified by each block of a partition of [2k]. Also, an element of P(2k) can be identified
with a word of length k of letters (see Section 2.4).

The class IIg(w): For a given word w, this is the set of all circuits which correspond

to w. For any word w, w[i| = w[j] < & (i) = & (j). This implies that,

Li(mw(i —1),m(i)) = Ly(w(j — 1),7(4)) if ¢ and j are of same parity, t = 1,2,

Ly(m(i —1),7(i)) = Ly(n(j — 1),m(4)) ifi and j are of different parity, t,¢' € {1,2},t #¢.
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Therefore the class IIg(w) is given as follows:

s(w) = {m wli] = wlj] & &) =& ()}
= {7? cwli] = wlj] & (7(i = 1),7(i)) = (v(j = 1),7(j))

or (n(i = 1), w(i)) = (=(j),7(j — 1)) }. (5.3.2)
From (5.3.1) observe that,

> E(Ya).
m€llg(w)

he

1 k .1 .
Jm B =l D D Bl = fim 2
m:l(m)=2k b=1 w matched of length 2k

with b distinct letters

(5.3.3)

Note that all words that appear above are of length 2k. For every k > 1, the words
of length 2k, corresponding to the circuits of S and the Wigner matrix W, are related
(see Observation 1 below). We will later find a connection between the kth moment of

the LSD of S and the 2kth moment of the LSD of the Wigner matrix.

Recall the link function Ly (7, j) = (min(7, j), max(i,j)) of the Wigner matrix. For

words corresponding to Ly, the class Iy (w) is given by

Ty (w) = {w - wli] = wlj] & L (x(i — 1),7()) = Ly (x(j — 1),7r(j))}
= {W rwli] = wlj] & (r(i = 1),7(i)) = (7(j — 1), 7(5))

or (n(i = 1), (1)) = (x(j),7(j — 1)) }. (5.3.4)
Next, we make a key observation about IIg(w) and Iy (w).

Observation 1: Let Iy (w) be the possibly larger class of circuits for the Wigner Link

function with range 1 < 7(7) < max(p,n),0 <14 < 2k. Then for a word w of length 2k,
Hg(w) - Hw(w) (5.3.5)

The definition of generating and mon-generating vertices in this case remains same as
those in Section 2.4. However, since we have 1 < 7(2i) < pand 1 < 7w(2i —1) < n

for every 1 < ¢ < k, we now need the notion of even and odd generating vertices to
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distinguish between the two types of vertices.

Even and odd generating vertices: A generating vertex 7 (i) is called even (odd)
if 7 is even (odd). Any word has at least one of each, namely 7(0) and mw(1). So for
a matched word with b (< k/2) distinct letters, there can be (r + 1) even generating

vertices where 0 < r < b — 1. Observe that

s(w)| = [{(7(0),7(1),...,7(2k)) : 1 < 7(20) < p,1 <w(2i —1) <nmfori=0,1,...,k,

7(0) = m(2k), & (i) = & () if and only if wli] = w[j]}|. (5.3.6)

Circuits corresponding to a word w are completely determined by the generating
vertices. The vertex 7(0) is always generating, and there is one generating vertex for
each new letter in w. So, if w has b distinct letters, then it has (b+1) generating vertices.
Hence the growth of |[IIg(w)| is determined by the number of generating vertices that

can be chosen freely. As p/n —y > 0,

Is(w)| = O(p"n®~") whenever w has b distinct letters, and (r+1) even generating vertices.
(5.3.7)
As in Chapters 3 and 4, the existence of

L s(w)
P00 pr+1nb—r

(5.3.8)

for every word w is tied very intimately to the LSD of S.

5.4 Proof of Theorem 5.2.1

We present a few lemmas that lead to the proof of Theorem 5.2.1. In Lemmas 5.4.1 and
5.4.2, we identify the words that possibly contribute to the limiting moments. Lemma
5.4.3 helps us tackle the almost sure convergence of the ESD. Lemma 5.4.4 helps us in
the truncation as well as in the reduction to the case where all entries are centered.

Finally we prove Theorem 5.2.1.
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Identification of words that may contribute: As discussed in Section 5.3, the
[ILg (w)|

pr+lnb—r

moments of the LSD. So we look into it first.

existence of lim,,_

is crucial in identifying the words that contribute to the

Lemma 5.4.1. Suppose w € SSy(2k) with (r+ 1) even generating vertices (0 < r < k).
Then,

Hs(w)‘ ~ p" =", where a ~ b means that a/b — 1.

Proof. This result is already known for b = k, i.e., for pair matched words (see Bose
[2018]). This lemma can be proved using the arguments from their result and the proof

of Lemma 3.4.2. We give a sketch of the proof here.

We argue by induction on b, the number of distinct letters. If b = 1, then r = 0 and

w = aa---aa. Therefore 7(0) and m(1) are the generating vertices, and both can be

chosen freely. Thus, Hg(w)‘ ~ pn. Now assume that the result is true upto b — 1. Then
it is enough to prove that if w has b distinct letters with (r +1) (0 <r < b — 1) even

generating vertices, then !Hs(w)’ ~ p'tinb=r,

First let 0 < r < b — 2. Suppose the last distinct letter of w, say, z appears for the
first time at the ith position, that is at (w(i — 1),7(i)) or (7(i),7(i — 1)) (depending
on whether i is odd or even). Then z appears in pure even blocks (see Lemma 3.2.3).
Let m (m even) be the length of the first pure block. Then it can be shown that if
we drop the zs from w, we get a special symmetric word w’ be the word with (b — 1)
distinct letters and (r + 1) even generating vertices. Therefore, by induction hypothesis,
[TIs(w')| ~ p"Tnb=(+D. Now as (i) is another odd vertex that can be chosen freely,

we have |ILg(w)| ~ pTinb=+bp = proipb-r,

Now let 7 = b— 1. Then there are r + 1 = b even generating vertices (one of them being
m(0)) and b distinct letters in w. Therefore all letters, except the first, appear for the
first time at even positions in w. So, if z is the last distinct letter of w, then z appears
for the first time at (w(i — 1), 7(7)) where i is even. If we drop all zs as before from w,
then we get a special symmetric word w’ with (b — 1) distinct letters and (b — 2) even
generating vertices. Therefore, |IIg(w’)| & p~1Inb=®=1D " As 7(i) is another even vertex

b—1

that can be chosen freely, we have ‘Hs(w)} ~ptlnp =pn=p 0" r=b—1.

This completes the proof of the lemma. O
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Lemma 5.4.2. Let w be a word with b distinct letters and (r + 1) even generating

vertices, 0 <r < b—1. Then

r+1 .
Y if we SS(2k),
lim (8@l _ b(2K) (5.4.1)

n—00 b+1
o 0 if wé SSy(2k).

Thus, lim,, o pﬂslgl“ljzlr =1 if and only if w is a special symmetric word.

Proof. First suppose w € P(2k)\ SSy(2k). Then from (5.3.5), Lemma 3.4.2 and Lemma

3.4.6, it is easy to see that

II
L s ()

n—oo mnbtl

=0.

If w € SS,(2k), then from Lemma 5.4.1, it immediately follows that limy,_,e, 15 =

O

y"+1. This completes the proof of the lemma.

Handling almost sure convergence: As was done in Chapter 3, we shall use the
moment method to prove our theorem, and hence shall take help of Lemma 2.1.3. To
verify the fourth moment condition, consider four circuits 7y, mo, 73, 74 of length 2k each.
Just as in Chapter 3, we put a new letter wherever a new edge (or L-value) appears

across all the circuits, and define

Q2,4 = |{(m1, 7o, w3, m4) : £(m;) = 2k, 1 < i < 4 jointly- and cross-matched with

b distinct edges or b distinct letters across all (7;)1<i<a}|. (5.4.2)
Lemma 5.4.3. There exists a constant C, such that,

Qhy < CnPP2 (5.4.3)

This was proved for the Wigner link function in Lemma 3.4.7. The arguments in that
proof can be used for the S link function here as 1 < 7(2i) <pand 1 < 7(2i — 1) < n,

and p and n are comparable for large n. We omit the details.

Lemma 5.4.4. Suppose {z;;;1 <i < p,1 <j < j<n} are independent variables that

satisfy Assumption A1 and y;; = Tij ||z, <r,)- Then
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(i) - Z yw yw — 0 almost surely as p — oo.

(ii) Additionally suppose = Z xwl lles;|>ra] — O almost surely (or in probability). Then
i
1
lim sup,, — Z x?j < 0o almost surely (or in probability).
Z‘?j

Proof. (i) Let ¢ > 0 be fixed. Then
[!Z 3 — Elyi)*)| > 6] <4 [ Zyw E[y2)) }
- e T TT6 =]

11,42,13,14 =1
]1 J2 ]3 J4

As {yi;} are independent, the above inequality becomes

[‘Z yzg Elyi;]? ) > e] < ZE yw yzj])4]+

2 2/,2 2 2
4 4 E yzljl - yl1j1]) (yizjg _E[ylzjg]) :|
11,12
71,32

Now from (5.2.1), as {gox,n} are bounded integrable, the first term in the rhs of

the above inequality is (9(]%) and the second term is O( }%) Therefore,
ZP[’Z yz] [ylj]2)‘ >€:| < 0.

1
Hence by Borel-Cantelli lemma, — Z(y?] —E[yfj]) — 0 almost surely as p — co.
2

(ii) Observe that ZJUZQJ = Z (yfj + x?jl[mﬂwn}). Also note that

7] 7]
1 ZE (Y] 25 /gg x,y) dx dy asn,p — oo. Then by the condition % mel[lxwlwn] —
%, %,J
0 almost surely (or in probability) and (i), (ii) hold true. O

Proof of Theorem 5.2.1. We break the proof into five steps.
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Step 1 (Reduction to mean zero): Consider the zero mean matrix Z = ((yi; —Eyij)).
Using the same arguments as in Step 1 of the proof of Theorem 3.3.1, it follows that
Conditions (5.2.1) and (5.2.2) hold for Z. Thus, Assumption A1 holds for the matrix Z.

Now from Lemma 2.3.1,

LY(F52,F52) < S(Tv(Z22" + ZZ")\(Tx[(Z - Z)(Z - 2)T))

D ( > (205 + (Byy)® — 2yijEyij)> (; Z(Eyijﬁ) : (5.4.4)

i,j i,J

IN

The second factor of the rhs in (5.4.4) is bounded by

n(sup IEyij)2 = (sup \/ﬁEyij)Q —0 asn— oo by (52.2).
,J i,J

By Lemma 5.4.4, %Z(yfj — E[yfj]) — 0 almost surely as p — co. Also

2%
E[% > yfj] — f[o’l]Q 92(z,y) dr dy. Hence,

P[{w : limsup}l9 nyj(w) = oo}| = 0.
p 1:7j

Therefore the first term of the rhs in (5.4.4) also tends to zero almost surely. Hence, the
LSD of Sz and S are same almost surely. Thus we can assume that the entries of Z

have mean O.

We will now verify the Conditions (i), (ii) and (iii) of Lemma 2.1.3.

Step 2 (Verification of the first moment condition): First note that, we can write

(5.3.1) as

nll)n;opE[Tr(ZZT _nlg’%oz[ Y S E+ > Y E ]

b=1 ¥ wedS, (2k) rell(w) wgSS(2k)  mell(w)
w with b letters

Suppose that w has b distinct letters and let m € IIg(w). Suppose the jth new letter
appears at the (m(i; — 1), 7(i;))th position for the first time, 1 < j < b. Let D denote

the set of all distinct generating vertices. Thus |[D| < (b+ 1). (Everywhere else in the
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thesis, the set of generating vertices is denoted by S. In this chapter we denote it by D

to avoid confusion with the S matrix notation.)

Suppose w has b distinct letters but does not belong to SS(2k). Then from Lemma

5.4.2, |D| < b. Hence w, and as a consequence, T has no contribution to (5.4.5).

Now suppose w € SSp(2k) with (r+ 1) even generating vertices. By Lemma 5.4.2, all
generating vertices of w are distinct. For each j € {1,2,...,b} denote (7(i; — 1), 7(i;))
as (tj,l;). Then t; = m(0) and l; = w(1). It is easy to see that any distinct (¢;,1;)
corresponds to a distinct letter in w. Suppose the jth new letter appears s; times in w.

Clearly all the s; are even. So the total contribution of this w to T} in (5.4.5) is:
b Z H 9s;n(tj/p, 1 /m). (5.4.6)
D j=1

Recall that there are (r+1) even generating vertices in D (the set of all distinct generating
vertices) with range between 1 and p, and (b — r) odd generating vertices with range

between 1 and n. So as n — oo, (5.4.6) converges to

b
T (zp,, T dx;. 5.4.7
Y /[0,1]b+1j1_llgk] (xtj mj) H v ( )

1€D

Hence we obtain

k b—1
Jim. pE [Tr S*] = ZZ / o Hgk vy, 71,) [[dei (5.4.8)
b=1r= wESSb(Qk) [0.1] ieD

with (r+1)
even generating vertices

This completes the verification of the first moment condition.

Step 3 (Uniqueness of the measure and convergence of the EESD): We have

obtained
k b—1
o= MRS Y v,
b=1 r=0 o€SS,(2k)

with (r+1)
even generating vertices
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Let ¢ = max(y,1). Then
Ve < Z ckM(7 < Z ckM(7 = Ckozk.
c€SS(2k) o€P(2k)

As {ay} satisfies Carleman’s condition, {v;} also does so. By Lemma 2.1.3, there ex-

ists a measure p with moments {7 }x>1 such that the EESD of S converges weakly to /.

Step 4 (Verification of the fourth moment condition for Sz): Observe that

SETH(ZZT) — B(MZZD) = 3 B - BY,)L (549

T1,72,703,T4

By (5.3.5) and Lemma 5.4.3, using the same argument as in Step 2 of the proof of

Theorem 3.3.1, we find that for some constant B > 0,

Ak
1 T\k k14 / L o _3
E(ZZT) — E((zZ")) < BM] b§1 e —O(p ).

Thus the fourth moment condition is established for S.

Hence by Lemma 2.1.3, we conclude that the ESD of Sz converges weakly almost

surely to p. This completes the proof of Part (a).

Step 5 (Proof of Part (b)): From Lemma 2.3.1, we have
4 S g 2

L (F 7F Z) S 9

p

2 1
=5 (2 DA $?j1[|mij>rn1> <p > I?jl[%m]) - (54.10)
0] ij ij

(Tr(XXT + Z22T)(Tx[(X — 2)(X — 2)T))

The second factor in the above equation tends to zero almost surely (or in probability) as
1
n — oo due to condition (5.2.3). Now — Z(yzzj - E[y%]) — 0 almost surely (see Lemma
P =
Z7]
5.4.4) and E[% Zij y?]] — f[o’l]g 92(z,y) dzr dy, and hence remains bounded. This implies
that % Do yfj is bounded almost surely. Therefore the first factor in (5.4.10) is bounded

almost surely, and thus the rhs of (5.4.10) tends to 0 as p,n — cc.

From the discussion above, we infer that the ESD of S = X X7 converges to x almost

surely (or in probability) according as the convergence in (5.2.3) holds almost surely (or
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in probability). This completes the proof of the theorem. O

Now we will prove Remark 5.2.3 that establishes the relation between the LSDs of

the S matrix and the Wigner matrix.

Proof of Remark 5.2.3. Suppose Y follows the M P; law and Y’ follows the semi-
circle law. In the case p = n, if {gorn} are symmetric functions, then the assumption
on the entries of X,, are no different from that on the entries of W,, in Theorem 3.3.1,
and from (3.4.14), we see that E[Y*] = E[Y'?*] k > 1. Therefore, by the uniqueness
criterion of a probability distribution via moments, we have Y 2y From (5.4.8), the
limiting moments of the LSD depend on {gox} and limp/n. So, if p/n — 1, and {gax}

. D
are symmetric, we have Y = Y’2,

However, observe that even though {gak} need not be symmetric for every n, the
functions {gox } are symmetric, and hence E[Y*] = E[Y'?¥] k > 1 still holds (see (5.4.8)),
as the limiting moments depend only on {gox}. Thus the rest of the argument holds as

above, and we have Y Dyn O

The fact that p has unbounded support follows in the same way as Remark 3.3.3. So

we omit the details of the proof of Remark 5.2.2.

5.5 Some Corollaries

In this section we present a few corollaries that deal with S matrices where the entries
of the matrix X are— (a) fully i.i.d. with finite mean and variance (Corollary 5.5.1), (b)
fully i.i.d. with heavy tails (Corollary 5.5.2), (c) triangular i.i.d. (Corollary 5.5.3), (d)
sparse i.e., i.i.d. Ber(p,) (Corollary 5.5.5) and (e) have non-trivial variance structure

(Corollaries 5.5.8 and 5.5.10).

5.5.1 Fully i.i.d. entries

Corollary 5.5.1. Result 5.1.1 follows from Theorem 5.2.1.
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Proof. Suppose X = ((z;;/v/n)) where {z;;} are i.i.d. with distribution F' which has

mean zero and variance 1.

First, let us verify that the conditions of Assumption Al are satisfied in this case.

Towards that, let r, = n~'/3. Using the same line of reasoning as in Section 3.5.1, it

follows that go = 1 and gop, = 0,k > 1. Thus My = 1, My, = 0,k > 2 (see (iii) in

Assumption Al) and a = ) (2k) 1 clearly satisfies Carleman’s condition. Now for

oc€P
any t > 0,
1 2 1 9
EZ (@i/V1) Lo, jymisra)] ~p T3 (L[ >rmvm)]
(2] 4.
1 2
< o~ 2351z, >q) for all large n,

i?j

=% B[t Ly 0]

As E[22,] = 1, taking ¢ to infinity, the above limit is 0 almost surely. Hence by Theorem

5.2.1, the ESD of S converges almost surely to g whose kth moment is given by

T
L

Br(n) = > y"

TESSK(2k)
with (r+41)
even generating vertices

\3
Il
o

=

=> > Yy (5.5.1)

=0 TeNC2(2k)
with (r+1)
even generating vertices

<

But this is the k&th moment of the M P, law (see Lemma 8.2.1 and 8.2.2 of Bose [2021]).
Hence the ESD of %S converges to the M P, law almost surely. Thus Theorem 5.2.1
yields Result 5.1.1. O

5.5.2 Heavy-tailed entries

Corollary 5.5.2. Result 5.5.2 follows from Theorem 5.2.1.

Proof. Suppose {z;j,1 < i < p,1 < j < n} are i.i.d. with an a-stable distribution
(0 < a < 2) and a, = inf {u : Pllai;| > u] < %} Suppose n/p — v € (0,1] and
X, = ((zij/ap)). The existence of LSD of S = XX7T using Stieltjes transform, has
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been proved in Belinschi et al. [2009]. Theorem 5.2.1 may be used to give the following

alternative proof.

Recall that for the Wigner matrix with heavy tailed entries, in the proof of Corollary
3.5.2, we used truncation and moment method to prove the convergence of the ESD. That
proof can be easily adapted here. For a fixed constant B, let Xf = ((%1[‘$ij|§3ap]))’
Then Xf satisfies Assumption Al. From Theorem 5.2.1, the ESD of S = XB(XB)T
almost surely converges to say pup. The rest of the arguments are as in the proof of

Corollary 3.5.2. Thus pg converges to i in probability, and we have Result 5.1.2. O

5.5.3 General triangular i.i.d.

The next corollary states an LSD result about general triangular i.i.d matrices. The

assumptions are very similar to those of Corollary 3.5.3.

Corollary 5.5.3. Suppose the entries {xijn;1 < i <p,1 <j<n} of X, is a sequence
of i.i.d. random variables with distribution F, that has finite moments of all orders, for

every n. Also assume that
(i) for every k > 1,

nB(Fy) — ¢, < o0, (5.5.2)

(ii) v = Z cq satisfies Carleman’s condition.
rESS(2k)

Then the ESD of S = XX converges weakly almost surely to a non-random probability

distribution.

Proof. Let X = ((zj,)) and p/n — y > 0. Condition (5.5.2) implies that Assumption
A1 holds with r, = co and gop = cox, k > 1. Therefore by Theorem 5.2.1, the ESD of S

converges weakly almost surely to p with moments

k—1
Br(m) =) > Y er. (5.5.3)
r=0

r€SS(2k)
with (r+1)
even generating vertices
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Corollary 5.5.4. Result 5.1.3 follows from Corollary 5.5.3.

Lij,n

V npn(2)

1n, that has mean zero and all moments finite, and

Proof. Suppose the entries of X are { } where z;;, are i.i.d. with distribution

lim Br(pn)

= i >
A Ty (Y2 dy say, exists for all k£ > 1.

Clearly Conditions (i) and (ii) of Corollary 5.5.3 are satisfied with r, = 0o, ¢ = 1 and
¢ = di,k > 2. Hence Corollary 5.5.3 can be applied and the resulting LSD u, has
moments as in (5.5.3). Thus we have Result 5.1.3 from Corollary 5.5.3. O

5.5.4 Sparse S

As we have seen in Corollary 3.5.7 of Section 3.5, a special case of the triangular i.i.d.
matrix model is where the entries of X, are i.i.d. Bernoulli distribution with parameter

Py, such that np, — A > 0. The next corollary deals with this case for S.

Corollary 5.5.5. Suppose the entries of X, are i.i.d. Ber(py) for each n, with np, —
A > 0. Then the ESD of S = XXT' converges weakly almost surely to a non-random

probability distribution, say, pper, whose moments are as follows:

k—1
Br(tber) = > > y Al (5.5.4)
r=0

reSS(2k)
with (r+1)
even generating vertices

Proof. Observe that (5.5.2) holds with ¢, = X for all & > 1. Thus X, in this case
satisfies conditions (i) and (ii) of Corollary 5.5.3. Then the result follows immediately

from Corollary 5.5.3. O

Remark 5.5.6. (up, and the free Poisson distribution) Explicit description of
Uper 18 not available. However, we can say the following. Recall from Section 2.5, E(2k)
and NCE(2k), whose blocks are all of even sizes. It is easily seen that NCE(2k) C
SS(2k) C E(2k). Therefore we have the following:



5.5. Some Corollaries 179

Case 1: y < 1. Then from (5.5.4)

Yo I < Blmer) < Y AT (5.5.5)

TeENCE(2k) TEE(2k)

Case 2: y > 1. Then from (5.5.4)

Yooy < Blmer) < D ) (5.5.6)

TeNCE(2k) rEE(2k)

Now suppose Pyi(v) is a random variable which has the free Poisson distribution with
mean 7y, and Py(7) is a random variable which has the Poisson distribution with mean ~y.
LetY be a random variable which takes value 1 and —1 with probability % each. Suppose
Y is independent of Pi(y) and Pa(7y). Consider Q1(y) = Pi(7)Y and Q2(y) = Pa2(v)Y.

Then the moments of Q1(7y) and Q2(7y) are given as follows:

0 if k is odd,
" _ 5.5.7
QT ()] Z 7|7r| if k is even. ( )
TeNCE(k)
0 if k is odd,
i _ 5.5.8
[Q3(7)] Z 7|7r| if k is even. ( )
| TEE(K)

Hence (5.5.5) and (5.5.6), can be rewritten as

E[(Q1(\)*] < Br(tver) < E[(Qa(N)**]  for every k> 1, y <1, (5.5.9)

E[(Q1(M)**] < Brlpver) < E[(Q2(A\y))**]  for every k> 1, y > 1. (5.5.10)

Thus pper lies between the square of a compound free Poisson and the square of a com-

pound Poisson distribution in the above sense.

5.5.5 Matrices with variance profile

In the next two corollaries, we consider X with a variance profile. Recall Wigner matrices
with variance profile, (Wp,-) from Definition 3.5.11. Here the matrices (Xp,-) with

discrete variance profile and continuous variance profile are defined similarly.



180 Chapter 5. Sample Covariance (S) matrix

Definition 5.5.7. (a) Discrete variance profile: Suppose {z;jn;1 <i<p,1<j<n}
be uniformly bounded real numbers. Then the matriz X,, with discrete variance

profile o4, is given by
(Xp,04) = ((yz’j,n = Uijwij,n))lgigp’lgjgn. (5.5.11)

(b) Continuous variance profile: Let {z;jn;1 < i < p,1 < j < n} be i.i.d. random
variables for every fized n,p, and o be a bounded piecewise continuous function on

[0,1]2. The matriz Xp, with continuous variance profile o., is given by

First we deal with the discrete variance profile case. Recall Corollary 3.5.12 where
we described an LSD result for a Wigner matrix with discrete variance profile. We state
a similar result for S. Its proof uses arguments similar to the proof of Corollary 3.5.12
and we omit the details.

Corollary 5.5.8. (Discrete variance profile) Consider the matriz (X, oq) with en-
tries {y—\/”ﬁ = % :1<i<p,1<j<n} that are independent and satisfy the following

conditions:

(i) Exi; =0 and E[:L'?]] =1.
(i1) oi; satisfy the following:

n

1 2
— g o —1—=0 asn— oo. (5.5.13)
n

sup i
J=1

1<i<p

e L
(i) nh_)Ilolo 3 ZE[x?j]l[lxijbm/ﬁ]] =0 for every n > 0.
0,

Then the ESD of (S,04) = (Xp, 0a)(Xp, 0a)T converges weakly almost surely to the M P,

law, where 0 < y = limp/n.
Remark 5.5.9. Theorem 1.2 in Jin and Xie [2020] states a similar result where (5.5.13)

1 1<
1s replaced by — g — g aQij — 1| — 0. Howewver, the proof equation of (2.6) there is
n n
=1

(2
not very clear.
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Corollary 5.5.10. (Continuous variance profile) Consider the matriz (X, o.) with
entries {Yijn,1 < i < p,1 <j < n} as described in (5.5.12). Assume that the variables
{Zijm,1 <0 < p,1 < j < n} satisfy Conditions (i) and (ii) of Corollary 5.5.3. Then
the ESD of (S,0.) = (Xp,0c)(Xp, 00)T converges weakly almost surely to a non-random

probability measure v whose kth moment is determined by o and {cam }1<m<2k-

Proof. To see this, note that {y;;} satisfy Assumption Al with go, = 0%k ¢9y,. By The-
orem 5.2.1, the ESD of (S, 0.) converges weakly almost surely to a probability measure
v. From Step 3 in the proof of Theorem 5.2.1, for each word in SS,(2k) with (r + 1)
even generating vertices and where the distinct letters appear si,ss,..., s, times, its

contribution to the limiting moments is (see (5.4.7))
% (x4, ,xl dx;
/ 0,1]0+1 % H ’ 1139 Z gl_Il K

Here (t;,1;) denotes the position of the first appearance of the jth distinct letter in the

word. Hence the kth moment of v is

k b—1 b b
RS S SR SRR N | CERERTEY ) O
b=1 =0 eSSy (2k) 0,10+ 55 =1
with (r+1)
even generating vertices
This completes the proof. O

Corollary 5.5.11. Result 5.1.4 follows from Theorem 5.2.1.

Proof. In this case, the entries of X, are {%,1 <i<pl<j<n} with

{2i;} being centered i.i.d. variables that have variance 1 and E[z}; ™

i ] < oo for some
€ > 0. As ¢? is a continuous function on [0, 1]?, we have ||o|| < ¢, where c is a constant.
Now using this fact and the same arguments as in the proof of Corollary 5.5.1, the
variables {U(Z/m%} satisfy Assumption Al with ¢, = n/3, g» = 02 and g9 =
0,k > 2. Similarly, (5.2.3) is also satisfied. Hence from Theorem 5.2.1, the ESD of YY7T

converges weakly almost surely to a non-random probability measure p whose moments

are determined by ¢ and y. O
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5.5.6 Triangular matrix

Now we look into LSD results for S when X is a triangular matrix.

Corollary 5.5.12. Suppose the variables {x;jn,1 < i < p,1 < j < n} associated with
the matrices X as described in (5.1.2) are i.i.d. with all moments finite for every fized
n, and satisfy Conditions (i) and (ii) of Corollary 5.5.3. Then the ESD of S = X XuT
converges weakly almost surely to a non-random probability distribution whose moments

depend on {ca}r>1 and y.

The proof of Corollay 5.5.12 follows in the same manner as Corollary 5.5.10 by

considering o (z,y) : [0,1]? — [0, 1],

1 ifx <y,
o(z,y) =
0 otherwise.

Corollary 5.5.13. Result 5.1.5 follows from Corollary 5.5.12.

Proof. Observe that the non-zero entries of X in this case are { %} Also using the
truncation argument as in Corollary 5.5.1, we can assume the entries to be bounded.
Hence the conditions of Corollary 5.5.12 are satisfied with ¢ = 1 and cg, = 0 for k > 2.
Hence Corollary 5.5.12 implies that the ESD of S converges weakly almost surely to a

non-random probability distribution. O

5.5.7 Hypergraphs, Noiry words and SS(2k)

It is undoubtedly clear by now that special symmetric partitions play an indispensable
role in the LSD of the S matrix. We have already seen the description of SS(2k) in
terms of coloured rooted ordered trees in Section 3.2. In this section, we shall that
see a few more structures and combinatorial objects which have previously appeared
in the literature (Benaych-Georges and Cabanal-Duvillard [2012], Noiry [2018]), can
be described via SS(2k). These descriptions bring out the fact that SS(2k) serve as
a central combinatorial object in the LSD of the S matrix and ties in the rest of the

results effectively.
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The LSD of the S matrix with triangular i.i.d. entries, was studied in Benaych-Georges

and Cabanal-Duvillard [2012] where the authors used the concepts of Hypergraphs.

Definition 5.5.14. (Hypergraphs) Let G be a graph with vertex set V. Let m and T be
partitions, respectively, of V' and the edge set. Then the hypergraph H(w,T) is a graph
with vertex set G (i.e. m) and edges {Ew;W € 7}, where each edge Ew is the set of
blocks J € m such that at least one edge of G starting or ending at J belongs to W.
Further, if no two of the edges are allowed to have more than one common vertex, then

H(m,T) is said to be a hypergraph with no cycles.

Details on Hypergraphs is available in Sections 5.3 and 12.3.2 in Benaych-Georges
and Cabanal-Duvillard [2012] and Berge [1989], respectively. In Benaych-Georges and
Cabanal-Duvillard [2012], their Equation (22) describes the moments of the LSD of S
via a sum on Hypergraphs with no cycles. Here we shall show that these hypergraphs

are in one-one correspondence with the special symmetric words.

Lemma 5.5.15. For every word w € SSy(2k), there exists a unique hypergraph H (o, T)

which has no cycles where o, 7 € P(k) with |o| + |7| = b+ 1. The converse is also true.

Proof. Let w € SSy(2k) with (r + 1) and (b — r) even and odd generating vertices
respectively. Suppose the even and the odd generating vertices are respectively (i, ) =

m(0), m(ig, ), ..., m(iy,) and 7w(ip,) = 7(1), T(imy), - - - s T(im,_, ). Let

Vi ={m(2i) : m(20) = m(ir,), 1 <i < k},0< 5 <,

Wi ={n(2i = 1) : 7(2i = 1) = 7(im;), 1 <i <k}, 1 <j< (b—r).

Clearly, 0 = {V;;0 < j < r}and 7 = {W;;1 < j < (b—r)} are two partitions of
{1,2,...,k}. Therefore, we can construct a hypergraph H (o, 7) where o is the vertex

set, and {Ew; W € 7} is the edge set (see (5.5.15)).

Now suppose if possible, H(o,7) has a cycle. That means by construction, there
exists o, 8 (o # B) € {1,2,...,(b—r)} and ¢,l (¢ # 1) € {0,1,...,r} such that
Vg, Vi € W N W3, That is, there are edges (mw(k1 — 1), 7w(k1)), (m(ka2 — 1), 7(k2)), (7 (ks —
1), m(k3)), (m(ks—1),7(ks)) with k;, 1 <i <4 odd such that w(k; —1) € Vg, n(k1) € W,
(ks — 1) € Vg, mlka) € Wy, (ks — 1) € Vi, m(ks) € W and 7(ks — 1) € Vi, w(ka) € W,
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As the positions (mw(k; — 1), 7(k;),i = 1,2,3,4 are all distinct, there are four distinct

letters that appear at these four positions of w.

Without loss of generality suppose, from left to right (7(ks—1),7(k4)) is the rightmost
(among the four positions mentioned above) in w. Since w(ky — 1) € V}, and 7(¢;) comes
before 7(ks — 1), it cannot be chosen freely. Using a similar argument, m(k4) also cannot
be chosen freely. Also they have been chosen as generating vertices of three different
letters that have appeared in the positions (w(k; — 1), 7(k;)),1 < i < 3. Using Lemma
5.4.2, this is not possible as the letter at (w(ks — 1), m(k4)) is different from the previous

three letters. Thus H (o, 7) does not have a cycle.

Moreover, it is evident by construction that for every special symmetric word, we get

a unique H (o, ) without any cycles.

Conversely, suppose H(o,7) is a hypergraph with no cycles and, o,7 € P(k) with

lo| +|7| = b+ 1. We form a word of length 2k from it in the following manner.

Let 0 = {Vp,V1,...,V;} and 7 = {W1,...,Wp_,.} (as |o| + |7| = b+ 1). Then we
choose the even vertices 7(27),0 < ¢ < k—1 from o, and odd vertices 7(2i—1),1 <i <k
from 7 and 7 (i) = m(j) if ¢ and j belong to the same block of o or 7 (depending on 4

and j both being even or odd respectively).

Thus we get a word w of length 2k whose even and odd generating vertices are
{m(min{V;})}o<s<r and {m(min{Wi})}i<;<(p—r) respectively. Hence there are b distinct

letters in w.

Now as H(o,7) does not have a cycle, using the same arguments as above, it can
be shown that all the generating vertices have free choice. This can happen only if the
word is special symmetric. Thus we obtain w € SS,(2k) with (r + 1) even generating

vertices.

It is easy to see that two different hypergaphs with no cycles cannot give rise to the

same special symmetric word.

Hence there is a one-one correspondence between special symmetric words and hy-

pergraphs with no cycles. This completes the proof of the lemma. O
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In Proposition 3.1 in Noiry [2018], the author described the limiting moments via
equivalence class of words. His notion of words is different from ours described in Section

2.4, and so we call the former Noiry words.

Noiry words: Suppose G = (V, E) is a graph with labelled vertices. A word of length
k > 1 on G is a sequence of labels i1,12, ..., such that for each j € {1,2,...,k — 1},
{ij,ij41} is a pair of adjacent labels, i.e., the associated vertices are neighbours in G.
A word of length k is closed if i1 = ir. See Section 3 in Noiry [2018] for more details.

Such closed words will be called Noiry words.

Equivalence of Noiry words: Let 4 = i1,149,...,i; and ¢’ = ,15, ..., be two Noiry
words on two labeled graphs G' and G’ with vertex set V. These words are said to be
equivalent if there is a bijection o of {1,2,...,|V|} such that o(i;) = i;,l < j <k
This defines an equivalence relation on the set of all Noiry words, thereby giving rise to
equivalence classes of Noiry words.
a
Wi(a,a+ 1,1,b),b = (b1,by,...,ba) € N b; > 2,3 "b; = 2k, (see Section 3 and

i=1
equation (3.2) of Noiry [2018]) denotes an equivalence class of Noiry words on a labeled

rooted planar tree with a edges, of which [ are odd, and each edge is traversed b; times,
1 <i < a. Then the kth moment of the LSD, as given in equation (3.2) of Noiry [2018]
is

k a a
Bk(:u) :Zzal Z ]Wk(a,a—i-l,l,b)\HCbi.

a=1 =1 b=(b1,b2,...,ba) i=1
b;>2,b1 +--+ba=2k
In the next lemma we show how that these equivalence classes of words correspond

to special symmetric words.

Lemma 5.5.16. Each equivalence class W(a,a+1,1,b),b = (b1,ba,...,b,) € N b; >
a
2,Zbi = 2k is a word w € SS,(2k) with | odd generating vertices, and where each

i=1
letter appears b;,1 < i < a times in w.

Proof. Recall from Section 5.3 that we have defined words to be equivalence classes of
circuits with the equivalence relation arising from the link functions (see (5.3.2)). Now
Noiry words are not equivalence classes to begin with, they form equivalence classes

if they are relabeled in a certain way as described above. From this, and how we
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have defined equivalence of circuits, observe that an equivalence class of Noiry words is

nothing but a word in our case. Now the only words with a distinct letters for which

a + 1 generating vertices can be chosen freely, are the special symmetric words with a

distinct letters (see Lemma 5.4.2). Thus Wy(a,a+1,1,b),b = (b1,ba,...,b,) € N% b; >
a

2, Zbi = 2k is a word w € SS5,(2k) with | odd generating vertices where each letter

i=1
appears b;, 1 <1 < a times in w. O
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5.6 Simulations

In this section we present a few simulations that demonstrate the different distributions

we get as LSDs by considering different kinds of input for the S matrix.

0.8

0.4

0.2

0.0
L

1.0

08

0.6

0.4

0.2

0.0

(A) Input is i.i.d x5 ~ N(0,1)/+/n for every n.

(B) Input is i.i.d z;; ~ Ber(3/n) for every n.

FIGURE 5.1: Histogram of the eigenvalues of S for p = 1000, n = 2000, 30 replications.

1.0

05
I

0.0

(A) Input is i.i.d @i ~ &

B) Input is i.i.d x;; ~ Ber(3/n),i < j and 0 other-
J

wise.

FIGURE 5.2: Histogram of the eigenvalues of S when X is triangular, for p = 1000, n =

2000, 30 replications.






Chapter 6

Other patterned X X! matrices

In this chapter we look at some real rectangular p x n random matrices A, and study the
empirical distribution of S4 = ApAg when n,p(n) — oo and p and n are comparable,
ie.,p/n—ye (0,00). Wewill let Ay, to be the symmetric as well as asymmetric versions
of the four matrices that have been previously discussed in Chapter 4, namely reverse
circulant, circulant, Toeplitz and Hankel, with entries that are real and independent.

Hence A, is any one of the matrices given below.

A, =T, 7, H®) H R® R,C¥,C.

Zo x1 x2 o Tp—1 Zo r—-1 -2 -+ Tl-n
X1 xo X1 o Tp—2 X1 oy} -1 -+ X2-n
S
T(): X2 Tl xo Tn—-3 | > T = X2 X1 Zo T3—n | >
[Flp=11 Flp—2| Flp=3] " Flp-nl] [Tp=1 Tp=2 Tn-3 " Tp-n]

189
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Z2 x3 T4 o Tp4l 1) -3 T4 T_(n+1)
z3 T4 5 o T2 T3 T4 T—5 T_(n+2)

s) _
H) T4 zs T6 o xpys|, H T4 Ts Ze T_(n+3)
| Tp+1  Tp+2 Tnt3 Lp+n | [ Lp+1  Tp+2 Lp+3 L—(p+n) |
X0 r1 X2 Tn—1
T T2 X3 o
R(s) = T2 r3 X4 Tl )
| L(p—1)mod n ZL(p—2)mod n_|
Zo Ty T2 Tn—1
Tr—_1 T2 T3 i)
R = T_9 T_3 X4 1 ,
| L —(p—1)mod n L(p—2)mod n |
iy b T 1) T
T Ty X1 T2
C(s) - i) T i) I3

L n/2—|n/2—|p-1]]

Tn/2-|n/2~|p—n]|
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Zo Ty X2 - Tn—1

T1 o 1 - Tn—2

C= Z2 1  Xo Tn—3
[L(1—p)(mod n) “"* **° " T(n—p)(mod n)]

We have dropped the suffix p here for ease of reading. The matrices T, H®) R(®) and
C®) are the rectangular versions of the symmetric Toeplitz, Hankel, reverse circulant
and circulant matrices so that the (i, j)th entry is equal to the (j,i)th entry whenever
1 <4,7 < min(p,n). The matrices T, H, R and C are the asymmetric versions of these

matrices. These matrices can also be described via link functions, see Section 2.4.

We explore the existence of the LSD of S4 under suitable conditions on the entries
of A,. A brief discussion to relate our results with the models and results that already

exist in the literature, are given below.
When the entries of A, come from a single i.i.d. sequence, the following result is known.

Result 6.0.1. (Theorems 1(i), 2(i), 3(i), 4(i) in Bose et al. [2010]) Suppose the input
sequence {z; : —(n+p) <i < n+p} of A, are i.i.d. with mean 0 and variance 1. Then
as p,n — oo with p/n — y € (0,00), the ESD of %SA converges weakly almost surely to

some non-random probability distribution pa, for each matriz A,.

We generalise these results by allowing the distribution of the entries to vary with
n, as well as with their positions in the matrix (see Theorem 6.1.1). Like Theorems
4.2.2—4.2.4, Theorem 6.1.1 also claims the convergence of the EESD only. The almost
sure or in probability convergence of the ESD is not true in general. However, in some

special cases as in Chapter 4, the almost sure convergence holds.

We also find some relationships between the LSDs of Sps), Sc, St and Sys). For
instance, when the entries are i.i.d. for every n, and have exploding moments, the LSDs

of S and Sy (s) are identical; so are the LSDs of S¢ and Sps).

In Section 6.1 we describe our main result, namely Theorem 6.1.1. In Section 6.3.2,

we state and prove a few lemmas that lead to the proof of Theorem 6.1.1. In Section 6.4,
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we present a few well-known models for A like sparse matrices, matrices with variance
profile, triangular and band matrices, and conclude the convergence of the ESD of S4

as special cases of Theorem 6.1.1. This chapter is based on Bose and Sen [2023].

6.1 Main results

Consider the matrix S4 = APAZ where the entries of A, are constructed from the
sequence of random variables {z;,; —(n +p) < i < (n+p)}. We will denote A, by A
and write z; for x;,. Recall that as p,n — oo, p/n — y € (0,00). We introduce the
following assumptions on z;. These assumptions are very similar to Assumption B in

Chapter 4.

Assumption B1. Suppose there exists a sequence {r,} with r,, € [0, c0] such that

(i) for each k € N,

1 .
nE $?k1{\xi\§rn}} = f2k,n(ﬁ) for —(n+p)<i<n+p, (6.1.1)
lim n® sup E [w?k_llﬂmqn}} =0 forall o <1, (6.1.2)
n—00 0<i<n—1 -

where {f; ;0 < k < n} is a sequence of bounded and integrable functions on

[~ +y),1+y]
(ii) For each k > 1, fogn,n > 1 converge uniformly to a function fo, .

(iii) Let Moy = || for|| (where || - || denotes the sup norm) and May,_; = 0 for all £ > 1.

Then, oy = Zaep(%) M, satisfy Carleman’s condition,
1
Z g2t = o0.
k=1

As we will see in Section 6.4, these assumptions are naturally satisfied by various well-

known models. Now we state the main theorem of this chapter.

Theorem 6.1.1. Suppose A is one of the eight rectangular matrices T®), T, H®) H, R(),
R,C®) . C, with entries {z;} which are independent, and satisfy Assumption B1. Let Z
be the corresponding p X n matriz with entries y; = ;1{|z;<r,}- Then the EESD of
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Sz, = ZAZ£ converges weakly to a probability measure pa say, whose moment sequence

is determined by the functions for, k > 1, in each of the eight cases. Further if
ZE[ﬁl{mmn}] — 0, (6.1.3)
l

then the EESD of Sq = AAT converges weakly to 4.

Remark 6.1.2. As mentioned earlier, the almost sure or in probability convergence
of the ESD to the limit ua does not hold in general, unlike that of the S matrix (see
Chapter 5). The reason for this is the same as given in Remark 4.2.1 of Chapter 4.
This lack of convergence is also clear from the simulations given in Figures 6.1 and 6.2.
In particular there is no almost sure convergence in the sparse case. Of course, almost

sure convergence can hold in special cases, for example in the fully i.i.d. case.

Remark 6.1.3. Note that as mentioned in Remark 5.2.4, we can conclude the conver-

gence of the EESD of AAT, using matrices of the form

0 A

(6.1.4)
AT 0

from Chapter 4.

However, for many of the cases, like the Toeplitz and the Circulant matrices, the
symmetric and asymmetric versions of the matrices demonstrate a major difference: in
the asymmetric Toeplitz and ciculant matrices, the moments are given via the set of all
symmetric partitions (all other partitions contribute 0 to the limiting moments) although
for the symmetric Toeplitz and circulant matrices, the moments are given via the set of
all even partitions. This phenomenon is difficult to unearth if we proceed with the matrizx
in (6.1.4). Also in the cases of the asymmetric Hankel and reverse circulant matrices,
some of the symmetric partitions do not contribute. This is observed in Lemmas 6.3.3
and 6.8.4. These facts are also hard to discover if we take the approach using (6.1.4).
Hence the limiting moments cannot be expressed as precisely. Thus, we take help of the
machinery developed in Chapters 2 and 5 and derive the LSD results for these matrices

independently.
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6.2 Some preliminaries

The notion of circuits and words for S4 remain identical as for the S matrix given in

Section 5.3. Like the S matrix, notice that circuits m with ¢(7) = 2k are required to

deal with the kth moment of S4. For any choice of the link L (see Section 2.4), set

&2 —1) = L(m(2i — 2),7(2i — 1)),1 <i <k,

&(2i) = L(w(20), m(2i — 1)),1 < i < k.

k
Then, with Y, = ngw(%_l)xgw(m,
=1

E[Tr(S%)] =E[Tr(AAT)" ] = > E[Yq].
m:l(m)=2k

The class Ilg, (w): For w,
HSA(w) ={m: wli| =w[j] & (i) =& (j) for all 4,5}
Now,

lim lIE[Tf(SA)’<f] — lim * > E[Yi]

p—oo N p—o0 p
s

k
:plLIEOZ > ! > E(Ya).

b=1 w matched of length 2k * n€llg , (w)
with b distinct letters

(6.2.1)

(6.2.2)

(6.2.3)

Note that all words that appear above are of length 2k. For every k > 1, the words of

length 2k corresponding to the circuits of A and S4, are related. Here we make a key

observation in that regard.

Observation (i): Let A(®) stand for any of the symmetric matrices R, H(®) C()

or T) and let IT 4 (w) be the possibly larger class of circuits for A®) with range

1 < 7(i) < max(p,n),0 < i < 2k. Let s (w) and II 4(5)(w) denote the set of all

circuits corresponding to a word w arising from the circuits corresponding to A®) and
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S 4(s), respectively. Then, for every k > 1 and any word w of length 2k,
IIs, (w) C HSA(S) (w) C I 400 (w). (6.2.4)
Even and odd generating vertices are defined exactly as in Section 5.3. Here,

s, (w)| = [{(7(0),x(1),...,7(2k)) : 1 < 7(2i) <p,1 <w(2i— 1) <nmfori=0,1,....,k,
m(0) = m(2k), & (i) = & () if and only if wi] = w[j],1 < 4,5 < 2k}
(6.2.5)

As p/n —y >0,

s, (w)] = O T'n"") if w has b distinct letters and (r+1) even generating vertices.

(6.2.6)

6.3 Proof of Theorem 6.1.1

As we have been doing in the previous chapters, we first present a few lemmas that
are needed for the proof. In Lemmas 6.3.1-6.3.5, we identify the words that possibly
contribute positively to the limiting moments. Next, in Lemma 6.3.6, we prove that the
entries of A, (where A, is any one of the eight matrices TG, T, H® H R R,C®), )
can be assumed to have mean zero. Lemma 6.3.7, shows how it suffices to prove the
convergence of the EESD for the truncated matrices Sz, in Theorem 6.1.1. Finally, we

finish the proof of Theorem 6.1.1.

6.3.1 Identification of words that contribute

1
As observed in Chapter 5 for the S matrix, in this case too, lim ———|IIg, (w)|
n—00 pr+1nb7r

helps us determine which words contribute to the limiting moments. Here, we look into

the existence and value of h_)m IIls, (w)| for each of the matrices A,.
n

oo pripb=r

Lemma 6.3.1. (Symmetric Toeplitz matriz, T(S)) Suppose w is a word with b
1

distinct letters and (r + 1) even generating vertices. Then nh_}rgo W|HST(S) (w)| =

aps (W) >0 if w is an even word. Else this limit is 0.
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Proof. This proof will be similar to the proof of Lemma 4.3.3, except the fact that the
ratio y, = p/n occurs in certain places because the even generating vertices range from

1 to p. We shall also borrow all the notations from Lemma 4.3.3.

First suppose w € P(2k) \ Ep(2k). Then from (6.2.4) and Lemma 4.3.3, and keeping

in mind that p/n — y > 0 as n — oo, it is easy to see that

) 1
A e s

()| =0.

()

Let w be an even word, with b distinct letter and (r+1) even generating vertices. As
the word is even, as seen in Lemma 4.3.3, the circuit condition is automatically satisfied.

So there is no additional restriction while choosing the generating vertices.
Then s; satisfies (4.3.15) and 7 (i) satisfies (4.3.18).
In this case, we choose

7(24) m(2i —1)

for 1 <i<k,

Vo = for 0 <i <k, v9;_1 =

andui:ﬁforlgig%‘.
n

Therefore v; = yin(vi_l + ui].) when i is even, and v; = y,v;—1 £ u;; when ¢ is odd.

Similarly as in proof of Lemma 4.3.3, we can show that For any 1 <1 < 2k,

1 i e . .
vo 4 o= D iy ayjug;  if 4 is even,
v; = yn = (6.3.1)

Ynvo + Yh_y aijui,  if i is odd,
where a;; depends on the choice of sign in (4.3.18).

Thus we have, for 1 <1 < 2k,

1 T A
Yo + yTLCi,u,n(US), if 7 is even,

V; =
YnVo + LCZu(uS) if 7 is odd,

where LCZmn(us) denotes a linear combination of {u; : w(i) € S}.
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-1
Just as in the proof of Lemma 4.3.3, due to (4.3.15) there are | | < ) different
2

=1
sets of linear combinations corresponding to each word w, where k1, ..., kj are the block
sizes of w, that determine the non-generating vertices.
Hence, we have (see (4.3.20))
1 .
dim s s, @ = ) / / / (0 <o + LCT W(us) <1,V 2i€ S

LCT eLcy
1(0 < ymo + LCY (ug) <1, V (2i — 1) € ') daodus,
(6.3.2)

b
where dug = H du;; denotes the (b + 1)-dimensional Lebesgue measure on [—1,y]"

7=1
[~y, 1]~ and LCT is the limit of LCL ~ as p/n — y.

,u,n

As y > 0, the integrand in (6.3.2) can be shown to be positive on a certain region of

[0,1] x [~1,y]" x [~y,1]>"" in a similar manner as in the proof of Lemma 4.3.3.

Thus

lim IIs (w)| = a(w) >0 for any even word w,

n—o00 nb+1 T(S)

where ap(s) (w) is the sum of the integrals defined in (6.3.2).
This completes the proof of the lemma. O

Lemma 6.3.2. ((Asymmetric) Toeplitz matriz, T) Suppose w is a word with b

distinct letters and (r + 1) even generating vertices. Then lim

n—00 W ’HST (w)| -

ar(w) > 0 if and only if w is symmetric.

Proof. Let
si=m(i)—7m(i—1), forl<i<2k.

From (6.2.2), we know that w[i] = w(j] if and only if &;(i) = £:(j). This implies

s;i =s; when i and j are of same parity,

si=—25; wheni and j are of opposite parity. (6.3.3)
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Now we fix an w with b distinct letters which appear at i1, 12, ...,%, positions for the
first time. Also let w have (r+1) even generating vertices. Using the same arguments as
in Lemma 4.3.3, choosing 7(i;),0 < j < b is equivalent to choosing 7(0), s;;,1 < j < b.
Next we show that if the word is not symmetric, then 7(0) and s;;,1 < j < b satisfy a

non-trivial linear relation.

Observe that the circuit condition needs to be satisfied automatically. Therefore,

2k
> s =m(0) - m(2k) = 0. (6.3.4)
=1

Using (6.3.3), we see that there exists a;,1 < j < b such that

b
Z oajsij = 0.
i=1

Since {7(0), s;;,1 < j < b} does not satisfy any non-trivial relation, we must have a;; = 0

for all j € {1,2,...,b}. Therefore for each j,

{l:si=si,} = |{l:s1=—s4,} (6.3.5)

Now from the definition of &, &;(2i) = $2;,0 <i < kand &;(2i—1) = —s9;-1,0 <i < k.

Therefore for each j € {1,2,...,b}, to satisfy (6.3.5), we must have

‘{l :leven and &, (1) = E,r(ij)}’ = Hl :lodd and & (1) = @r(ij)}‘. (6.3.6)

That is, each letter appears equal number of times at odd and even places. Hence the

word is symmetric.

Therefore, if w is not symmetric, the circuit condition gives rise to a linear relation
between 7(i;),0 < j < b. So, at least one of the generating vertices (even or odd) is a
linear combination of the others, and hence,

. 1 e :
nh_)rgo WHIST (w)| =0 if w is not symmetric. (6.3.7)

Next, suppose w is a symmetric word with b distinct letters and (r+1) even generating

1
vertices. We shall show that nh_{rolo W\HST (w)] = ar(w) > 0.
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First observe that (6.3.6) is true for any symmetric word. So from the above discus-

sion it is easy to see that the circuit condition is automatically satisfied.

Suppose the letters make their first appearances at 41,49, ... ,1%, positions in w. First
we fix the generating vertices m(i;),0 < j < b. Suppose S = {7(j;) : 0 < j <

b} and S = {i : w(i) ¢ S}. For i € 5, & (i) = & (i) for some j € {1,2,...b}.
Then

m(i) =s;;, +m(i —1) ifi and i; are of same parity,

m(i) = —s;; +m(i—1) ifi andi; are of opposite parity. (6.3.8)

Thus, (6.3.8) is nothing but (4.3.15) where the sign has been determined depending on
the parity of ¢ and ;. So, for 1 <1¢ < 2k, v; = LCEn(vs), (the notations are the same
as in the proof of Lemma 6.3.1) where LC’ZTn() is a particular set of linear combinations

that has been determined by (6.3.8). Consequently, the rest of the proof is same as that
b

of Lemma 6.3.1. Therefore, with dzg = H dz;; as the (b + 1)-dimensional Lebesgue
j=0
measure (z;, = Zp),

1 1 1 1 1
lim ————|Ilg, (w)| = / / / / 100 < LCiT(ajs) <1, Vie Sl) drg.
0 0 JO 0

n— o0 pr+1nbfr
(6.3.9)

The integral is positive now follows from the proof of the same fact in Lemma 6.3.1.
lim ——— g, (w)| = ar(w) >0 for every symmetric word w, (6.3.10)

where a7 is the value of an individual integral in the rhs of (6.3.2).
(6.3.7) and (6.3.10) completes the proof. O

Lemma 6.3.3. (Hankel matrices, H®) and H) Suppose w is a word with b distinct

letters and (r + 1) even generating vertices. Then

0o 1 . o ‘
(i) 7}1_)1{)10 W\HSH(S) (w)] = aye (w) >0 if and only if w is a symmetric word.

(i) lim

Jim WHISH (w)| = ag(w) can only be positive if w is a symmetric word.
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Proof. This proof is very similar to that of Lemma 4.3.4, except the fact that the ratio
Yn = p/m occurs in certain places due to the fact that the even generating vertices range
from 1 to p. We shall also borrow all the notations from Lemma 4.3.4, unless otherwise
mentioned and only provide a sketch of the proof. First suppose w € P(2k) \ Sp(2k).
Then from (6.2.4) and Lemma 4.3.4, it is easy to see that

. 1 ) 1
i s T, ) ()] =

sy (w)] = 0.

m(s) n— 00 pr+1nb7r

Now suppose w is a symmetric word, with b distinct letters and (r + 1) even generating
vertices. Since the word is symmetric, as in the proof of Lemma 4.3.4, the circuit

condition is automatically satisfied. Also t;(= 7(i) + 7(i — 1)) satisfies (4.3.21).
In this case, let

vzi:“g), UQZ-lzﬂg)forogigk,sz{w(ij);og]’gb} and §' = {i: (i) ¢ S}.

For 1 <i < 2k, from the link function and the formula for ¢; we have (see (4.3.23))

v; = LCI (vs), (6.3.11)

where LCZ{{L(US) denotes a linear combination of {v; : w(i) € S}.

Hence similarly as (4.3.24), we get

Jin T 18 ()
= / 1(-1/2 < LCH(z5) < 1/2, Vi€ §') dxs, (6.3.12)
[=1/2,1/2]>+1
b
where dxg = H dz;; denotes the (b + 1)-dimensional Lebesgue measure on [—3, 3]0t
5=0
Let y, = p/n and for 1 < i <k,
P2i =%2i—1 + Yn%2i; P2i-1 = YnT2i—2 + T2i—1, (6.3.13)

Q2 =X2i—1 — Ynx2i, q2i—1 = YnT2i—2 — L2i—1- (6.3.14)
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Then it can be shown that for any 1 < i < 2k, (see (4.3.24))

1 i e
To+ == > iy QijiDi if 4 is even,

2 = g SITL TR (6.3.15)
—yn$0+2;':1 aijpi; if 4 is odd.

Now performing the following change of variables in (6.3.12) (see (4.3.25)) we get :

i
1 g e s
z20 + o g Bijqij if 7 is even,
j=1

Z; = ;
ynzo + Y Bijas;  if i is odd,
j=1
where f;; = +a;; according as ; is odd or even. We shall use the notation z; =

LCz{{Ln(zs) to denote this linear relation.

Therefore we can write (6.3.12) as

nh—{%o prtinb-r s, (@)
1/2
_ / 1(=1/2 < LCM (25) < 1/2, Vi € §) dgs.
—1/2 J [ ¥R YR ’
b

where dgs = Hinj denotes the (b + 1)-dimensional Lebesgue measure on [—3, ] x

j=0
[—y—;rl, y—Jer]b and LCZ{{I denotes the limit of the linear combination LC{{W as y, —y > 0.

Now it can be proved that the above integrand is positive on a region of positive

measure on [—3%, 1] x [—yzil, yTH]b. This proof is similar to the proof that the integral

in the rhs of (6.3.2) is positive. So we omit the details.

This completes the proof of Part (i).

To prove Part (ii), note that for the asymmetric Hankel link function,

&x(1) =&x(j) ifand only if t; =t; and,
sgn(m(i) —w(i — 1)) =sgn(n(j) —w(j — 1)) ifi and j are of same parity, or

sgn(m(i) —mw(i— 1)) =sgn(n(j — 1) —w(y)) ifi and j are of opposite parity.



202 Chapter 6. Other patterned X X© matrices

Let

Ew ={0,ij;; is even, 1 < j < b} (6.3.16)

Ou = {ij;i; isodd, 1 < j <b}. (6.3.17)
For every j € {1,2,...,b}, let

Cy = {i;&x(i) = &x(i5),4,1; are of opposite parity, 0 <i < 2k} (6.3.18)

5

Ci = {i;& (i) = & (i5),4,4; are of same parity, 0 < i < 2k} (6.3.19)
Using the notations as in the proof of Part (i), we now have that

|HSH("‘J)’
= ‘{(vo,vl, o U9g) 1 U2 € Up,v9i—1 € Uy, for 0 < i < k,vg = vog, v; = LCgL(Us),

sgn(ynLC’ﬁl( s)— LCH, n(vs)) = sgn(ynvi, —LcH, n(vs)) wheni; € & and i€ Cf,

or sgn(y, LCH | n(vg) LC’H n(vs)) = sgn(ynvi; — LCg_lm(vS)) when i; € &, and i€ C7,
sgn(y, LCH n(vs) — 1n(vs)) = sgn (y, LCH —1n(vs) —vi;—1) when i; € Oy and i € CF,

or Sgn(ynLC 1 n(”S) (US)) = Sgn(ynvz LC -1 n(”S)) when i; € O, and i € Clo]}‘

Now Ilg, (w) C s . (w). Therefore, if w is a word with b distinct letters but is not

symmetric, by Part (i), W IIg, (w)| = 0 as n — occ.

Next let w € Sp(2k) with (r+ 1) even generating vertices. Clearly for w, |E,| =r+1
and |O,| = b — r. Now suppose,

H (6) (6.3.20)

=11 (H 1(sgn(ya LC, (vs) = LOIL , (vs)) = sen(yavi, — LCI ,(v5)))
Lsgn(yaLCIL, (vs) = LOI (vs)) = sgn(ynvi, — LCI 1, (v5)))

H IT 16senwaLCl (vs) — LT, (vs)) = sen(yn LCI 1 ,(vs) — vi;—1))

i;€0, 1€C?
3

IT sen(unLCI . (v5) — LCH, (vs)) = sgn(yavs, — LCH . (vs)) |- (63.21)
ieCy.
tj
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Let f be the limit of fZ as y, — y > 0. Then

lim ! / / / 100 < LCH (vg) < 1) fH (vg) dvg,  (6.3.22)

N—00 pr+1nb r

where dvg = H?,O dv;; is the (b + 1)—dimensional Lebesgue integral on [0, 1]%*+! and

LC is the limit of the linear combination LC’H as Ynp — Y.

This completes the proof of Part (ii). O

Let |-] denotes the greatest integer function.

Lemma 6.3.4. (Reverse circulant matrices, R®) and R) Suppose w is a word of

length 2k with b distinct letters, and (r + 1) even generating vertices. Then

1 (r . . )
(i) hm prTnb—r| S0 (W) = Ly ) —I—ozR(s)(w) > 0 if and only if w is a sym-

metric word.

1
(ii) hm WHTSR((»H = |y 4 ag(w) can only be positive if w is a sym-
metric word.

Proof. First suppose w € P(2k)\ Sy(2k). Then from (6.2.4) and Lemma 4.3.1, and using

the fact that p/n — y > 0 as n — oo, it is easy to see that

i 1
Is ., (w)| = lim ————|g,(w)| =0.

I 1
m ’ =00 pr-l—lnb r

=00 p’r—l-lnb r
This remains true for R®) and R.
Let us consider the symmetric reverse circulant link function, L ) (see Section 2.4).

Now suppose w is a symmetric word with b distinct letters and (r+1) even generating

vertices. We shall borrow the notations from Lemma 4.3.1 here.

Since the word is symmetric, as in the proof of Lemma 4.3.1, the circuit condition is

automatically satisfied. Also ¢; (see (4.3.2)) satisfies (4.3.3) and (i) satisfies (4.3.6).
Recall the generating vertices 7(i;), j = 0,1,2,...,b. Also recall S = {7(i;) : 0 <

j<b} and S"={i:7(i) ¢ S}. For every i € ', (see (4.3.6))

i) = Zaijﬂ'(ij) (mod n) for some «a;j € Z (6.3.23)
j<i
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Thus for every ¢ € S"\ {2k}, there exists unique integer m; , such that

1< aigm(iy) + min < n. (6.3.24)

i<t
As we have already fixed the generating vertices, from (6.3.23) and (6.3.24) it follows
that there is a unique choice for 7(2i — 1),1 < i < k such that 2i — 1 € S’. For all
2t € §',1 <i < k, we can have |y, | choices as 1 < m(2i) < p and y,, = p/n. Moreover,

there is an additional choice if

Z Ozgiﬂr(ij) + M2in <p-— Lyan (6.3.25)
j<2i
Next let
v; :@, V21 = 7:(@@) for 0 <i <k,
L(a) =max{m € Z}, F(a) = a — L(a). (6.3.26)
Also let
S™ =1{2i:2i¢ S and (6.3.25) holds true}. (6.3.27)

Now observe that from (6.3.24) and (6.3.25) it follows that for every i € S,

FynLC3; ,,(v5)) < Yn = Lyn], (6.3.28)

where Lngn is the set of linear combinations defined in (6.3.11), and F' is the function

described in (6.3.26).
From (6.2.5) and the discussion above, it is easy to see that for w of length 2k,

1

W}HSR(@(“’)‘:Lyan_(TH)—i— Z LynJIS*—So\‘

#£SoCS—

{'US : F(ynch,n(US)) < Yn — LynJ’l(Qi € SO)H
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Therefore as n — oo,

1

k= (r+1) |S~—So|
nh—>ngo prJrlnb r ’HSR(S) (w)‘ - LyJ ' + ¢7gsz:s LyJ ’
0Co™

/ / / F(yLCy(vs)) <y — lyl) ¥2i € So) dus

(6.3.29)

where dvg = b-: dv;. is the (b + 1)—dimensional Lebesgue integral on [0, 1]°*1.
J=0""%

When y > 1, the rhs of (6.3.29) is positive. We next show that when y < 1, the value
of the integral fol fol e fol 1(F(yLC3 (vs)) <y — |y)) V2i € S7) dug is positive.

First note that as y < 1, |y] = 0. Now note that we had previously established in

the proof of Part (i) of Lemma 4.3.4 that for certain values of vg € [0,1]°T!, 1(0 <
LCH(vs) < 1,¥i € §') = 1. As, {vg : 0 < LCH(vs) < 1,Vi € S7} C {vg: 0 <
LCH(vg) < 1,Vi € '}, for these chosen values of vg, we have 1(0 < LCI(vs) <

1,¥2i € S7) = 1. Therefore, with this choice of vg € [0, 1]+,
yLC3l(vs) <y <1 = F(yLC(vs)) <y,

That is, the integral fol fol e fol 1(F(yLCH (vs)) <y — ly]) V2i € S7) dug is positive.

Hence the proof of Part (i) is complete.

To prove Part (ii), observe that

&x(1) =&x(j) if and only if ¢; =t; (mod n) and
sgn(m(i) —w(i — 1)) =sgn(n(j) —w(j — 1)) ifi and j are of same parity, or

sgn(m(i) —w(i—1)) =sgn(n(j — 1) —w(y)) ifi and j are of opposite parity.

Now, IIg,(w) C s . (w). Therefore, if w is a word with b distinct letters but not

symmetric, by Part (i)

’WHSR( )‘%Oasn%oo.

Let w € Sp(2k) with (r+1) even generating vertices. Then |E,| = r+1 and |O,,| = b—r.
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Recall the sets &,, O, Cf , C7 from (6.3.16), (6.3.17), (6.3.18) and (6.3.19). Similarly

we can define the functions f and f¥. Thus we can conclude

1 . -
Jim i M (@) =) S )
¢#SoCS—

/ / / F(yLC3!(vs)) <y — [y]) V2i € So) f™ (vs) dus,

(6.3.30)

where dvg = H?:o dv;; is the (b + 1)—dimensional Lebesgue integral on [0, 1]+,

This completes the proof of Part (ii). O

Recall the sequence as, = %(%f),n > 1 from Lemma 4.3.2.

Lemma 6.3.5. (Circulant matrices, C®) and C') Suppose w is a word of length 2k

with b distinct letters and (r + 1) even generating vertices. Then

r+1

1 . ) .
(1) lim W‘HSG(” w)| = aw[LyJ )+ ace (w)] > 0 if and only if w is an

n—0o0 p

even word. Here ay, is the multiplicative extension of the sequence as, when w is

considered as a partition in {1,2,...,2k}.

g 1 - , o .
(it) nhﬁﬂolo Wmsc ()| = |y)* r+D) 4 ac(w) > 0 if and only if w is a symmetric

word.

Proof. (i) The proof is very similar to that of Lemmas 4.3.2, 6.3.1 and 6.3.4. So we skip
the proof here.

As n — oo, we have

1 k—(r+1 S—-S
Jim g s ()] =ae [M D DI
$#S0C S~

/ / / yLsz (vs)) <y —lyl]) V2i € So) dvg |,

(6.3.31)

b
ki —1
where H( ky ) = Q.
i=1 2

The positivity of the integral follows as in the proof of Lemma 6.3.4.
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(ii) Using the same arguments as in the proof of Lemma 6.3.2, it follows that

1
nh_)rgo WHTSC (w)] =0 if w is not symmetric.

For a symmetric word w, the computation of its contribution to the limiting moments

is similar to that of Lemma 6.3.4 and hence we omit it. Finally we have,

1 _
_ +1) |S —So|
e W EICEUI Sl
¢#S0CS—

/ / / yLCQZ (vs)) <y —ly]) V2i € S()) dvg.
(6.3.32)

As in the proof of Part(i) of Lemma 6.3.4, we can show that the integral above is positive.

This completes the proof of the lemma. O

6.3.2 Proof of Theorem 6.1.1

Lemma 6.3.6. (Reduction to mean zero) Recall the matriz Z 5 from Theorem 6.1.1.
Under the assumptions of Theorem 6.1.1, suppose, 24 s the p X n matriz whose entries
are (y; — Ey;) and thus have mean 0. Then the EESD of Sz, and S~ are same in the

limgit.

Proof. Consider the matrix Z, = ((yi — Ey;)). That Conditions (6.1.1) and (6.1.2) are
true for ZNA follows from Step 1 of the proofs of Theorem 4.2.2-4.2.4. Similarly, we can
show that (6.1.2) is true for Z4. Thus, Assumption B1 holds for Z.4.

Recall the Lévy metric from Section 2.3. From Lemma 2.3.7,

L (IEFSZA EF°7a)

—(E T(ZAZE + ZaZn WETH(Za — Za)(Za — Za)"])

( nff CTLE@?J?+(Eyi)2—21/ijEyij)>;< nff cn(Ey,;)2>, (6.3.33)

i=—(n+p) i==(ntp)

’B

IN
SR

where ¢ is a constant depending on the link function of the matrix A. Observe that

for all the eight matrices, the second inequality is true due to the structure of the link
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functions. The second factor of the rhs in (6.3.33) is bounded by

2 2 2
= (n+ p)(supEy;)? = —(sup vnEy;)? + — (sup \/pEy;)? — 0,

asn — oo, p/n—y >0 by (6.1.2). Again, E[% > yf] — f[o 12 fo(x,y) dx dy. There-
fore, the first term of the rhs in (6.3.33) is bounded uniformly. Hence
L4 (EFSZA , EFSEZ) — 0 as p — oo. This completes the proof of the lemma. O

Lemma 6.3.7. (Truncation) Under the conditions of Theorem 6.1.1, if the EESD of
the matriz Sz, converges weakly to pa, then, with the Assumption (6.1.3), the EESD

of Sa (where A is the non-truncated version of Z) converges weakly to pi4.

Proof. Observe that from Lemma 2.3.7, we have

LYEFS EF924) < ;(E Tr(AAT + ZAZD)(ETr[(A — Za)(A — Za)T])
9 n-+p n-+p
< p<2cn > Elfl+en E[$?1[|xi|>rn]]>

i=—(n+p) i=—(n+p)

<1 ni_f? enE[z?1 ]> (6.3.34)
P i lwil>rall ) "
The second factor in the above inequality tends to zero as n — oo from (6.1.3).
Again, the first factor is uniformly bounded as in the proof of Lemma 6.3.6. Thus
LA(EFSA EF574) — 0 as p — oo.

This completes the proof of the lemma. O
Now we are ready to prove Theorem 6.1.1.

Proof of Theorem 6.1.1. Note that eight different matrices are involved here. The
arguments in the proof for the different matrices are often repetitive. So we prove the

theorem for T) in details, and omit the elaborate arguments for the other matrices.

(i) Let A = T®). First observe that from Lemma 6.3.7, it is enough to prove that the
EESD of Sz, converges to some probability distribution fip(s). Further, by Lemma 6.3.6
we may assume that E(y;) = 0. Therefore, it suffices to verify the first moment condition

and the Carleman’s condition for Sz,.
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1
As E(y;) =0, from (6.2.1), if lim — Z E(Yx) exists for every matched word
pP—o0 P
ﬂ'EHST(S) (w)
w of length 2k with b distinct letters and (r + 1) even generating vertices (k > 1,1 <

b<k,0<r<(b—1)), then the first moment condition would follow.

Suppose w is a word, with b distinct letters, (r + 1) even generating vertices, and
the distinct letters appear ki, ko,...,kp; times. Let the jth distinct letter appear at
(m(i; —1),m(i;))th position for the first time. Denote (m(i; — 1), 7(i;)) as (m;,1;). Let

us now recall v;, 1 <1¢ < 2k and s;, u;, 1 < i < 2k as defined in the proof of Lemma 6.3.1.

First, let w ¢ E(2k). Suppose w contains b; distinct letters that appear even number
of times and bo distinct letters that appear odd number of times where b = by + bs. So
we assume that for each 7 € II(w), kj,, 1 < p < by are even, and kj,, by +1 < g < by +bo

are odd. Hence the contribution of this w to the limiting kth moment is as follows:

1 o1 bitbe y,_1/n s
. by Jq
o Uil TT n = ey . (6.3.35)
p S p=1 g=b1+1
where S is the set of distinct generating vertices for w.
bp—1/2 k.
For n large, n b2 E[y(;jqu) (mod n)] < 1for any b1+1 < ¢ < b;+bg and Hglzl fkjp(]sjp\) <

M (independent of n). Now as w ¢ E(2k) and p/n — y > 0, from Lemma 6.3.1 we
have, |S| < b. Hence, as p,n — oo and p/n — y > 0, (6.3.35) goes to 0. Thus any word

that is not even, contributes 0 to the limiting moments.

Now let w € Ey(2k). Let |&,| and |O,| be as in (6.3.16) and (6.3.17). Clearly, as
observed in Lemma 6.3.1, there are H?Zl (kgl) combination of equations for the s;’s
(and hence v;’s) for determining the non—generQating vertices, once the generating vertices
are chosen. Let us denote a generic combination of the v;’s by LCI (vg) € LCL (see
(4.3.19)). For each of the combination of equations, we get positive (possibly different)

contribution (see Lemma 4.3.3 and Theorem 4.2.4). Then the contribution of each

combination LC! corresponding to the word w is

b
1
y;WZH < H fk‘j,n(|vmj —ynvlj‘) H fkj,n(|ynvm]~ —Ulj|)>

S 7j=1 ijegw ije(’)w

100 < LCT(vg) <1, Vie S, (6.3.36)
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where S is the set of distinct generating vertices and S’ is the set of indices of the
non-generating vertices of w. By abuse of notation let m; and [;,1 < j < b denote the

indices of the generating vertices. Therefore as p — 0o, the contribution of w is

vy / / / / (H fkj(|$mj—y$lj\)‘H fkj(!yiﬂmj—frlj|)>

LCTeLCT 1;€Euw 1;€04

100 < LCT (zg) <1, Vi€ §) dusg, (6.3.37)

where drg = dxy, dxy, - - - dr;, denotes the (b + 1)-dimensional Lebesgue measure on
[0,1]>*! and 0 < y = limp/n. As for each k > 1, there are finitely many even words,

the first moment condition is established.

Hence we have,

1 k b-1
Jim B[Tv(52,)") = > v X [ [ [
b=1 r=0 o€ Ey(2k) with LCcFeLc?T
(r+1) even generating vertics
b
H S, ([2m, — yay,|) H S, ([yzm,; — xlj\)>1(0 < LCT(zg) <1, Vie ) dxg.
j=1 Vij€€u i;€0,

(6.3.38)

Now we show that v, = lim,, 0 %E[Tr(S 7 A)k], k > 1 determines a unique distribution.

Ify <1,

fyk—nlggo E[Tr SZA Z M, < Z M, = ay,.
o€ E(2k) oceP(2k)

As {ay} satisfies Carleman’s condition (Assumption B1), {vx} does so. Hence the

sequence of moments {7} determines a unique distribution.

Ify>1,yrgyb,Ogrgb,lgbgkandhence

1 2%
Vi —nh_)rgo “E[Tr(Sz)* Z YoMy < Z v M, =y oy,
oCE(2k) o€P(2k)

As, y € (1,00) and «y satisfies Carleman’s condition, {~x} does so. Hence the sequence

of moments {7;} determines a unique distribution.
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Therefore, there exists a measure i) with moment sequence {v;} such that EESD

of Sz, converges weakly to i), whose moments are given as in (6.3.38).

This completes the proof of Part (i).

(ii) Let A = T. Just as in Part (i), it suffices to verify the first moment condition and
the Carleman’s condition for Sz,. The proof is very similar to Part (i). So we omit the

details and give the limiting moment formula below, with the notations from Part (i).

For k > 1,

k
1
Jim CETH(S7,)") = > v
b=1 r=0 o€Sy(2k) with

(r+1) even generating vertics
b
/ bt H < H fkj (yxlj - xmj) H fkj (yxm] - I'lj)>
0.1°F1 550 Nyjee, i;€04

100 < LCT(z5) <1, Vie ') dus. (6.3.39)

As S(2k) C E(2k) and the integrand in (6.3.39) is bounded, the same arguments as

in Part (i) are applicable. Thus the Carleman’s condition for Sz, is satisfied.

Therefore, there exists a measure 7 with moment sequence {7} such that EESD of

Sz, converges weakly to p. This proves the theorem for (asymmetric) Toeplitz matrix.

Since the arguments of the other matrices are similar to the previous parts, we omit

the proofs and describe only the limiting moments.

(iii) Let A = H®). The moments of the LSD Ip(s) are given by

k b-1

Brltps) =Y > y'

b=1 r=0 oE€S,(2k) with

(r+1) even generating vertics
b
| T TT Ay ) TT (o, 4,
[0’1] + j=1 ijegw i]‘EOw

100 < LCH(z5) <1, Vie ) das. (6.3.40)
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(iv) Let A= H. The moments of the LSD up are given by

k b—

Br(um) = > Yy’

b=1 =0 0€Sy(2k) with

(r+1) even generating vertics

ISURTS (T —

ingw

[y

H fkj (Sgn(yxmj - xlj)<y$m]’ + xlj)))

ijeOw

100 < LCH(zs) <1, Vie 8 fH(zs) dxs. (6.3.41)

(v) Let A= R0,

For any m > 1, let

homn(x1,22) = fomn(x1 +22)1(0 < 21 + 22 < 1) + fomn(z1 + 22 — 1)1(x; + 22 > 1),

hom(z1,22) = fom (21 +22)1(0 < 21 + 22 < 1) + fo(z1 + 22 — 1)1(z1 + 22 > 1).
(6.3.42)

Then the moments of the LSD fip(s) are given by (see Lemma 6.3.4),

k
Br(kpe) =Y > y"

b=1 =0 0€Sy(2k) with

(r+1) even generating vertics

b
Lka;_(r-H)) /[O l]bHH( H h’k‘j (ﬂfmjayl'lj) H hkj (yl‘mjal‘lj)) drg
) j=1

1;€Ew ;€00

b
n S_—So|/ < -
> Lyl [O’Hbﬂjl_[1 LI 7w, (o yn,)

(b;éSoCS_ ingw

H hi; (ya?mj,l’lj)> 1(F(yLCH (zs)) <y — |y], ¥V 2i € Sp) dxs]-
Z'jEOw

(6.3.43)

(vi) Let A = R. Suppose

ﬁzm(fb’,@) =fom(sgn(z2 — z1)(x1 +22))1(0 < 21 + 22 < 1)+

fom(sgn(zo — x1)(x1 + 22 — 1)) 1(z1 + 22 > 1). (6.3.44)
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Then the moments of the LSD pp are as follows (see (6.3.30)):

b—

k
=2 > v
b=1 r=0 o€Sy(2k) with

(r+1) even generating vertics

[Ly [FGt) /01 H( 1T 7, (myya)

Jj=1 “ije&u,

11 i”’“ﬂ'(yxmj’xlj)>f zs) dvg+ Y [yl %

i;€0u $#SoCS—

b

ijegw ijEOw

—_

[y

UF(LCH (xs)) <y — Lyl ¥ 2i € So)f¥ (as) dxs]. (6.3.45)

(vii) Let A = C®). The moments of the LSD [es) are given by

b—

[asry

k
> Y ao
b=17r=0  ocE,(2k) with

(r+1) even generating vertics

b
[Lka_(TH)/[OI]MH< LT # (1172 = 1172 = |em, — yau,1])
) le

Mc<s> =

i€€w
[T o2 D)+ 5 S
be ¢#SoCS™
/ H( LI (1172 = 1172 = |am, — yau,|I])
017+ S5\,

T s (172 11/2 = o, — 1))

ijEOw

1(F(yLC3;(zs)) <y — |y),V2i € SO)} (6.3.46)

(viii) Let A = C. Suppose

Nom (Y1, 22) = fom(z2 — y21)1(0 < 29 — yz1 < 1) + foru (1 — 22 + yx1)1(22 — yz1 < 0),
(6.3.47)
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where (71, 22) € [0,1]?. The moments of the LSD p¢ are given by

k
Br(uo) =Y > Y ao

b=1 r=0 0€Sy(2k) with

(r41) even generating vertics

[Lka_(TH) /Ol/oljljl <H My (Tm; — yau,)

Zngw
H Mk; (xlj - yxmj)) + Z I_?JJ‘Si_S()'
ijEOw ¢F#£SoCS—
b
/ IT0 TT o @my = way) T o (s, —ywm))
[0,1)0+1 Jale <z]6&,, J J i €0 J J J
1(F(yLC3(zs)) <y — |y),V2i € S(]):| (6.3.48)

O]

6.4 Some Corollaries

As the entries are dependent on 4, j, n, the formula for the limiting moments, as derived
in (6.3.38), (6.3.39), (6.3.40), (6.3.41), (6.3.43), (6.3.45), (6.3.46) and (6.3.48) can be very
complicated. Here we discuss a few special cases where the limiting moment formulae
are relatively simple. These special cases would be when the entries of the matrix A
are— (a) triangular i.i.d. (Corollary 6.4.1), (b) sparse triangular i.i.d. (Corollary 6.4.4),
(c) fully i.i.d. with finite mean and variance (Corollary 6.4.5), (d) have a non-trivial
variance structure (Corollary 6.4.6), (e) triangular, i.e., only lower triangular entries are

non-zero (Corollary 6.4.8) and (f) have a band structure (Corollary 6.4.10).

6.4.1 General triangular i.i.d. entries

Corollary 6.4.1. Let A be one of the eight pxn patterned matrices R®), R,C®) C, T T H® H.
Suppose the input sequence {x;,} are i.i.d. for every fized n, with all moments finite.

Also assume that

(i) for all k > 1,

n]E[xlgn] —cp  as n— 0o, (6.4.1)
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(ii) v = Z cr satisfies Carleman’s condition.
e E(2k)
Then the EESD of S4 = AAT converges weakly to a non-random probability distribution,

say, pa for each of the matrices A.

Proof. Observe that Assumption Bl (i), (ii) and (iii) are satisfied with r, = oo and
for = cop for £ > 1. Thus Theorem 6.1.1 can be applied to conclude that the EESD
of S converges to a probability distribution, p4. A brief description of the limiting

moments is given below.

(i) Suppose A = T(*) whose entries satisfy (6.4.1). By Part (i) of Theorem 6.1.1, the

EESD of S,

() converges t0 pp(s) with moment sequence as follows (see (6.3.38)):
P

k b
Brlbre) =>_ > 4" > > cﬂ/[ . 1(0 < LCT (zg) < 1,Vi € §') dxs.
0,1

b=1r=0 w€Ey(2k) with LCT
(r+1) even generating vertices
(6.4.2)
Note that every word with b distinct letters can be identified as a partition with b blocks,
see Section 2.4. Therefore, for every © € FEy(2k), LCI = LCL for the corresponding

even word with b distinct letters.

(i) A =T. By Part (ii) of Theorem 6.1.1 (see (6.3.39)):

kb
Brlpr) =33y > cw/ 1(0 < LCT (z5) < 1,Vi € §') dus.
b—1 r=0 7€ Sy (2k) with 0,1+
(r+1) even generating vertices
(6.4.3)
(i) A = H®). By Part (iii) of Theorem 6.1.1, the EESD of Sy ) converges to
fp(s) whose moment sequence is as in (6.4.3), where the integrand is replaced by

1(0 < LCH (zg) < 1,Vi € S') (see (6.3.40)).

(iv) A = H. By Part (iv) of Theorem 6.1.1, the EESD of Sy, converges to puy whose
moment sequence is as in (6.4.3), where the integrand is replaced by 1(0 < LCH (zg) <
1,Vi € S fH(s) (see (6.3.41)).
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(v) A= R®). By Part (v) of Theorem 6.1.1, the EESD of SR;S> converges to fip(s) with

moment sequence as in (6.4.3), and the function inside the square brackets (see (6.3.43))

ce[ly)F T Y [y lSTV L(F(yLCH (z5)) <y — |y),V2i € So) dxs].
_ [0,1]0+1
$+£S0CS )

vi) A = R. By Part (vi) of Theorem 6.1.1, 8i(ugr) is same as S (i pes) ), with an extra
R

factor f¥(s) in the integrand.

(vii) A = C®). By Part (vii) of Theorem 6.1.1, the limit in this case is o) with

moment sequence as in (6.4.2), and the function inside the square brackets (see (6.3.46))

Cr H?JJ k‘*('l"i’l)_l_

> [yl L(F(yLCY (xs)) < y — |y).V2i € So) f (x) das].
$£S0C S~ [0,1)+1
(viii) A = C. By Part (viii) of Theorem 6.1.1, B(uc) is as in (6.4.3), where the function
inside the square brackets is (see (6.3.48))

Cr [U/J k—(r+1)+

S [yl / VF(YLCE(2s)) < y — Ly), V2 € So)f (as) dos)].
$+#80CS- [0,1]+

O]

Remark 6.4.2. (a) The linear combinations LCI and LCH from Lemma 6.3.1, 6.3.2
and 6.5.3 play crucial role in the moments of the LSD of Sa. For St and Sy, only
symmetric words can contribute positively to the limiting moments (see Lemmas 6.3.2
and 6.5.3). Now from the proof of Part (i) of Lemma 6.3.2 and Lemma 6.3.3, it follows
that for everyi € S', LCT (vg) = LCg](Zs). As the z;s are derived by elementary trans-
formations, we have LCY (vs) = LCH (vg), for any symmetric word. This will be useful

in finding relations between [T, [ig(s), s, o - We discuss this next.
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(b) Suppose y € N. Then, the integrals in Parts (v) and (viii) above are zero and

Brtpe) = Brluc) = > ¥ e

weS(2k)

We can say more about these limits even when y ¢ N, using Part (a). Recall that the
words contributing to the limiting moments for St, Sy, Spes) ans Sc are symmetric.
Now, from (a) and uniqueness of the limit, it is easy to see that when the variables are

triangular i.i.d. and satisfy (6.4.1), we have pr = pge) and pipes = pc.

Remark 6.4.3. Howewver, in general the LSDs of S4 for symmetric and the asymmetric
cases are not identical. For instance, for the Toeplitz and the circulant matrices, this
is evident from the moment formula, as the set of partitions that contribute positively
to the limiting moments are different in the two cases. For the Hankel and the reverse
circulant, there is an extra factor in the integrand for the asymmetric versions, and this

gives rise to the difference in the limit. We illustrate this for Sy and Sg below.

For all words that are special symmetric, the contributions to the symmetric and
asymmetric Hankel are same as there are no further restrictions for the signs arising
from (6.3.20). Howewver, if w € Sp(2k) \ SS(2k), some additional conditions do appear

in case of asymmetric Hankel.

For instance, let us consider the word abcabe € S3(6) \ SS3(6). In case of symmetric

Hankel, its contribution to g s

1 1 p1 pl
CS/ / / / 1(0 < zp+ 21 — 23,22 — 20 + 3 < 1) drodridredrs. (6.4.4)
o Jo Jo Jo

On the other hand, the contribution of abcabe (in case of asymmetric Hankel) to pp is

1oploplopl
Cg’/ / / / 1(0 < wo + 1 — @3, 22 — 20 + x3 < 1)1(sgn(z1 — xo) =
o Jo Jo Jo

sgn(2x3 — xp — 1), sgn(x1 — x2) = sgn(xe — 2z — x1 + 2x3),

sgn(xs — x2) = sgn(xg — 2x0 + azg)) dxodx1dxadxs. (6.4.5)

The integrand in (6.4.5) is less than that in (6.4.4) due to the extra restrictions arising
from the sign functions. Thus, the kth moment of ug is in general smaller than that of

Hpes) - A very similar thing occurs in case of pipis) and pg.
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The next corollary deals with sparse matrices A. This serves as a special case of the

general triangular i.i.d. case.

Corollary 6.4.4. (Sparse entries) Suppose the input sequence for the matriz A (where
A is any one of the eight matrices), {x;n} are i.i.d. Ber(py,) where np, — A > 0. Then
the EESD of Sqa = AAT converges weakly to a probability distribution whose moments

are determined by .

Proof. Observe that (6.4.1) is satisfied with ¢; = A for all £ > 1. Also condition (ii)
of Corollary 6.4.1 is satisfied. Therefore from Corollary 6.4.1, the EESD of Sy = AAT
converges weakly to say 4 whose moments are as in (i)-(viii) of Corollary 6.4.1, where

cr = N7l for all m € P(2k). O

6.4.2 Fully i.i.d. entries

Theorem 6.1.1 concludes the convergence of the EESD of S4. However, as we will see
in the upcoming corollaries, almost sure convergence of the ESD can be obtained only
in some cases. To establish the almost sure convergence of the ESD, we will use Lemma
2.1.3, just as we did in case of the S matrix. Recall the set QZA from (5.4.2) that was
used to establish the fourth moment condition for S. Analogous version of Lemma 5.4.3

is not true for S4. However, it can be shown that
Q% 4] <n®*? for any 1 < b < 2k. (6.4.6)

This was proved for the single symmetric matrices R®) 0®) 76) and H®) in Lemma
4.4.1. The arguments in that proof can be used for the S, matrices here as 1 < 7(2i) < p

and 1 < 7(2¢ — 1) < n, and p and n are comparable for large n. We omit the details.

Corollary 6.4.5. Result 6.0.1 follows from Theorem 6.1.1.

Proof. Suppose A = ((IL\/%]))) (for the corresponding link function L for each of the
matrices) where {z;} are i.i.d. with distribution F' which has mean zero and variance
1. First, let us verify that the conditions of Assumption Bl are satisfied in this case.

1/3

Towards that, let r, = n~"/°. Using the same line of reasoning as in Corollary 5.5.1,

it follows that go = 1 and gor, = 0,k > 1. Thus My = 1, My, = 0,k > 2 (see (iii)
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in Assumption Bl) and a = -, cpap 1 clearly satisfies Carleman’s condition. Also
(6.3.7) can be verified similarly as Corollary 5.5.1. Then by Theorem 6.1.1, the EESD

of S converges weakly to a probability distribution pa for each of the matrices A.

The moment formulae are given as in (i)-(viii) in Corollary 6.4.1, where co = 1 and
cor, = 0 for all £ > 2. The words that contribute to the limiting moments are now pair

matched.

Now, as S4 satisfies (6.4.6), we have

;E[Tr(Sﬁ) CE(TH(S%)] = 0(?) and therefore,

v LR r(st) - (T f k>1 6.4.7
ZE [Tr(S%) — E(Tr(S%))]" < oo for every k > 1. (6.4.7)
p=1

Then using Lemma 2.1.3, we can conclude that pg, converges almost surely. This yields

Result 6.0.1 as a special case of Theorem 6.1.1. O

6.4.3 Matrices with variance profile

The next corollary deals with the case of a variance profile, see (4.4.9).

Corollary 6.4.6. (Matrices with variance profile) Suppose the input sequence of A
(where A is one of the eight matrices) is {yin} = {o(i/n)zin;i > 0}, where o : [0,1] —
R is a bounded and Riemann integrable function and {z;,;i € Z} are i.i.d. random
variables with mean zero and all moments finite, and satisfy Conditions (i) and (ii) of
Corollary 6.4.1. Then the EESD of S for each of the eight patterns of A, converges to

a probability distribution pa whose moments are determined by o, y and {co, k > 1}.

Proof. First observe that the entries of A satisfy Assumption B1 (i) and (ii) with r,, = oo,
for = 0% cay, k> 1. Since o is bounded, Assumption Bl (iii) is also true. Hence from

Theorem 6.1.1, we can conclude that the EESD of S4 converges weakly to pia.

From (6.3.38), (6.3.39), (6.3.40), (6.3.41), (6.3.43), (6.3.45), (6.3.46), (6.3.48) and

2k

for = 0%"cor, k > 1, we see that the moments of the limiting distribution are indeed

determined by o and {cox, k > 1}. O

Remark 6.4.7. Note that in Corollary 6.4.6, if each x;, has the same distribution F
for all i and n, then, cor, = 0 for all k > 2. Hence the EESD of %SA converges. As o is
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bounded, (6.4.6) and hence (6.4.7) hold true. Thus we can conclude that s, converges

almost surely to the respective limits 4.

6.4.4 Triangular matrices

Triangular Matrices: As discussed in Chapter 5, the LSD of X X7 has been stud-
ied in Dykema and Haagerup [2004], where the entries of the upper triangular matrix
X are i.i.d. Gaussian. Later LSD results were proved in Basu et al. [2012] for sym-
metric triangular matrices with other patterns such as Hankel, Toeplitz and symmetric
circulant, and with ii.d. input. The matrices in Basu et al. [2012] had the entries
YLGj)m = TL(ij)nl(i +J < n+1). However, the matrix considered in Dykema and
Haagerup [2004] is upper triangular, as in (5.1.2) and not symmetric. It is natural to

ask what happens to such matrices when there are other patterns involved.

Let A be any of the eight matrices that are being discussed in this chapter. Let AV

be the matrix whose entries yr; ;) are as follows:

TL(ij)n ifi <y,
YL@,)n = (6.4.8)
0 otherwise.

Then we have the following result.

Corollary 6.4.8. Consider the matrices AV as defined in (6.4.8). Assume that the
variables {x; ;1 > 0} in (6.4.8) are i.i.d. random variables with all moments finite,
for every fixred n, and satisfy Conditions (i) and (ii) of Corollary 6.4.1. Then, for each
of the eight matrices mentioned above, the EESD of S u converges to some probability

measure p v that depends on {cap}r>1-

The proof is very similar to that of Corollary 4.4.21, so we skip it.

Remark 6.4.9. If the entries of AV are yzﬁ where {y; n;i > 0} are as in (6.4.8) and
{Zin;i > 0}p>1 are i.i.d. random wvariables with mean 0 and variance 1, then using
familiar truncation arguments (as in Corollary 6.4.5), the variables {y; ;i > 0} can be

assumed to be uniformly bounded and hence satisfy Conditions (i) and (ii) of Corollary

6.4.1 with co = 1 and cop, = 0 for k > 2. Hence from Corollary 6.4.8, we obtain the
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convergence of the EESD. Again it can be verified that (6.4.7) is true in this case. Thus

the ESD of S u converges weakly almost surely to a non-random probability measure.

6.4.5 Band matrices

In Corollaries 4.4.14 and 4.4.17, the LSD of symmetric band matrices where the non-zero
entries satisfy (4.4.3) have been discussed. So it was natural to ask what happens to
the LSD of the A?AYT ABABT where A® and AP are matrices with entries YL(ij) =
T, L(L(E, §) < my) and yr ) = o)L ) < my) + 1(L(6,75) > n—my) (see

Definitions 4.4.18, 4.4.19 and 4.4.20). Here we provide an answer to that question.

Corollary 6.4.10. Consider the matrices A’ and AB. Assume that the variables {Tin;i >
0} associated with the matrices A® and AP (as in (4.4.18), (4.4.19) and (4.4.20)) are
i.i.d. random variables with all moments finite, for every fized n, and satisfy (6.4.1).
Suppose o = lim Mn > 0. Then, for each of the eight matrices, the EESD of S4v and

n—oo M

S B converge to some probability measures ,ug and uB that depend on {cor }>1-

The proof is very similar to those of Corollaries 4.4.14 and 4.4.17, so we skip it.

Remark 6.4.11. In Corollary 6.4.10 if {z;} are all fully i.i.d.with mean zero and fi-

nite variance, and the entries of the matrices are {\/Z:;LT}’ then additionally (6.4.6) and

thereby (6.4.7) holds. Thus the almost sure convergence of the ESDs can be concluded.

6.5 Simulations

The LSDs of course cannot be universal. A variety of limit distributions are possible
and are influenced by the moments of the entries and y(and nothing else). Moreover,
even though ESD of S converges almost surely to p, as noted in Remark 6.1.2, ESD
of S4 does not converge almost surely to 4 in general. Figure 6.1 and 6.2 illustrates
this point. Matrices with variance profile serve as natural examples in demonstrating
the diversity of the limit distributions. In Figure 6.3 we give some simulated ESD of S 4

when A has a variance profile.
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FIGURE 6.1: Histogram of the eigenvalues of Sg(s) with entries i.i.d. N(0,1)/y/n (top
row) and i.i.d. Ber(3/n) (bottom row), p = 1000, n = 2000, 2 replications.
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FIGURE 6.2: Histogram of the eigenvalues of Sy with entries i.i.d. N(0,1)/+/n(top
row) and i.i.d. Ber(3/n) (bottom row), p = 1000, n = 2000, 2 replications.
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FI1GURE 6.3: Histogram of the eigenvalues of S 4 for p = 1000, n = 2000, 30 replications
with variance profile o(z) = 2% + 4z and ;;,, ~ Ber(3/n).
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