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Abstract

Given data from some experiment, inferring information from the underlying distri-
bution is of prime importance, and has been extensively studied. However, due to the
huge size of the data, traditional methods are often no longer applicable. Thus new tools
and techniques are being developed for inferring useful information from large amounts
of data. This thesis makes progress in this direction.

The primary goal is to design efficient randomized algorithms aka. testers that can
distinguish whether a given unknown object is “close” or “far” from a property of interest
with as few accesses as possible. This is referred to as distribution testing when the
unknown object is a probability distribution, and graph property testing when it is a
graph. The minimum number of samples required to decide a property in distribution
testing is referred to as sample complexity, while in graph property testing, it is referred
to as query complexity.

In this thesis, we study several fundamental problems in distribution and graph prop-
erty testing such as (1) Can one design a tolerant tester for any distribution property with
only black-box access to a non-tolerant tester? (ii) Does there exist distribution prop-
erties with global structure that can be learnt efficiently? (iii) the role of adaptivity in
distribution testing, and tolerant testing for (iv) graph isomorphism and (v) bipartiteness.

The results of the thesis are divided into three parts. In the first part, we study
the connection between the sample complexities of non-tolerant and tolerant testing of
distributions and prove a tight quadratic gap for label-invariant (symmetric) properties,
while providing lower bounds for non-concentrated properties. We also present an al-
gorithm that can learn a concentrated distribution even when its support set is unknown
apriori.

In the second part, we investigate problems (ii) and (ii1) in huge object model, where
distributions are defined over n-dimensional Hamming cube and the tester obtains n-
bit strings as samples. Since reading the string in its entirety may not be feasible for
large n, the tester has query access to the sampled strings. We define the notion of

index-invariant properties, properties that are invariant under the permutations of the
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indices {1,...,n} and prove that any index-invariant property whose VC-dimension is
bounded has a tester whose query complexity is independent of n and depends only on
VC-dimension. Moreover, the dependencies of sample and query complexities of our
tester on the VC-dimension are tight. We also study the power of adaptiveness in this
model and prove a tight quadratic separation between query complexities of adaptive
and non-adaptive testers for index-invariant properties, compared to tight exponential
separation for its non-index-invariant counterpart.

In the third part, we study property testing of dense graphs and give positive answers
to problems (iv) and (v). We prove that tolerant graph isomorphism testing is equivalent
to the problem of estimating the Earth Mover Distance of two distributions, constructed
from the graphs. Moreover, our equivalence proof is model-independent. Finally, we
design a tester for tolerant bipartiteness testing whose query and time complexities are

significantly better compared to previous works.
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Chapter 1
Introduction

In the computer science community, designing algorithms that run in time linear in the
size of the input has been the gold standard since its inception. Indeed, it is difficult to
imagine designing algorithms for nontrivial problems that perform better, as the algo-
rithm at least needs to read the input to make its decision. However, as larger and larger
data sets are becoming more prevalent day by day, reading the input in its entirety is no
longer feasible. Thus there has been huge interest in designing algorithms that run in
sublinear time and read only a part of the input. Over the past two decades, there has
been extensive research, and several tools and techniques have been developed for this
purpose.

Often these data sets come with some suitable representation. For example, we can
view the data sets as samples from some underlying probability distributions. Examples
include data sets of network traffic records, financial transactions, sensors, etc. In most
of the scenarios, we do not know the underlying probability distribution explicitly, we
just have access to samples from the unknown distribution. To make sense of the data
sets, the primary goal is to understand some properties of the underlying probability dis-
tribution, by seeing as few samples as possible. For example, we might want to estimate
the number of elements in the support of the distribution that have non-zero probability
mass. Many of these questions can be answered successfully using classical techniques

from Statistics. However, it turns out that by applying techniques from Statistics litera-



ture, we often need at least a linear number of samples to understand the properties of
the underlying distribution. But the challenge big data proposes is the immense size of
the supports of the distributions. This makes several known techniques impractical for
practical purposes. In order to tackle this challenge, several tools have been developed
over the past few decades.

The field of property testing was started by the work of Rubinfeld and Sudan [RS96],
where the authors studied the problem of testing the correctness of programs. Later Gol-
dreich, Goldwasser, and Ron [GGR98]| formally introduced the notion of property test-
ing in their seminal work. In that work, they studied several properties of dense graphs
like bipartitness, colorability, maximum cut, etc., and designed efficient algorithms for
these problems. Later various properties of bounded degree graphs have also been stud-
ied [GRY7].

The field of distribution testing was initiated implicitly in the works of Goldreich
and Ron [GROO, (GR11], where they tested whether a bounded degree regular graph is
an expander via estimating the ¢, norm of an underlying distribution, as well as the
uniformity property. Later Batu et. al [BFRT00] studied the problem of testing whether
two unknown distributions are close as well as the problem of identity and independence
testing of distribution in [BEFT01]]. The sample complexity bound for testing uniformity
was later improved by Paninski [Pan08]].

The problem of distinguishing whether an unknown distribution D has some prop-
erty P or it is far from all distributions with that property is normally referred to as
non-tolerant testing of P. The minimum number of samples required for deciding any
property P is defined as the Sample Complexity of testing P. Several natural properties
like uniformity [BFR™00, [Pan08]], monotonicity [BKR04, [ADK13]], histogram [ILR12]
etc. have been studied over the years, and the design of such testers have used a wide
array of techniques.

Another related problem is the problem of tolerant testing of distributions. Here we
want to distinguish whether D is “close”, or “far” from P. Although it seems that tol-
erant testing is a generalization of the non-tolerant variant, it is interesting to note that

tolerant testing problems are often significantly harder than their non-tolerant counter-
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parts and require new techniques. For example, the problem of non-tolerant testing of
whether a distribution is uniform or not requires ©(y/n) samples [Pan08], but tolerant
testing of uniformity requires ©(n/logn) samples, where n is the size of the support of
the distribution [[VV10, VV11].

When the unknown huge object is a graph G, the problem of distinguishing if G' is
“close” or “far” from a property P is called graph property testing. The field of graph
property testing was first introduced in the seminal work of Goldreich, Goldwasser, and
Ron [[GGR9Y|]. Their work introduced the model which is now referred to as dense
graph property testing. In this model, a graph GG on n vertices is represented as an n X n
adjacency matrix, where (7, j)-th entry of the matrix is 1 if there is an edge between the
vertices ¢ and 7, and 0 otherwise. The tester can perform query to any entry of the adja-
cency matrix. A graph G is said to be e-close to P if at most en? edges are required to be
modified (added or removed) to make the modified graph have the property P. The goal
here is to design testers that perform as few queries to the adjacency matrix as possible
to decide P with high probability. The minimum number of queries required to test a
property P is called the Query Complexity of testing P. In [GGRIS]], the authors stud-
ied various properties like degree regularity, bipartiteness, maximum cut, k-colorability,
etc. They further studied a more general problem called graph partition problem which
generalizes k-colorability, as well as biclique and maximum cut. Surprisingly, several
properties which can be expressed as graph partition problems in this model have very
efficient testers, often testers have query complexity independent of n, depending only

on the proximity parameter €.

Over the last two decades, property testing in dense graph model has been exten-
sively studied. The problem of k-colorability was later studied by Alon and Krivele-
vich [AKO2]] who designed a tester with better complexities. This bound was further im-
proved by Sohler [Soh12]. The problem of estimating the size of the maximum cut was
later improved by Alon, Vega, Kannan, and Karpinski [AdIVKKO3]. Another impor-
tant problem is the problem of isomorphism testing. The problem of property testing of
graph isomorphism was first studied by Fischer and Matsliah [EMOS] and subsequently,
Babai and Chakraborty [BC10]] studied the non-tolerant property testing version of the

3



hypergraph isomorphism problem. Another interesting set of works was initiated by
Alon, Fischer, Krivilevich, and Szegedy [AFKS00] who applied Szemeredi Regularity
Lemma to design efficient testers for various dense graph properties. Since then, there
have been several works that employed the Regularity lemma as well as its several vari-
ants for designing efficient testers [ASOS, ENO7, IASO8, AFNS09].

Apart from the dense graph model, graph property testing has also been investigated
in the bounded degree model initiated by Goldreich and Ron [GR97]]. Here the degree
of every vertex of the graph is bounded by a constant d, and the graphs are represented
as adjacency lists, that is, every vertex of the graph G has a list containing its neighbors
in G in an arbitrary order. A graph G is said to be e-far from a property if we need to
modify (add or delete) at least edn edges to make the modified graph have the property.
See [GR97, IGR99, [AK02, BOTO0Z, [CS10bl [CSS09, [GR11], [Soh12, ICGR" 14, [CPS15,
KSS18|] for related results in this model. Later Parnas and Ron [PRO2] defined the
notion of general graph model, which bridges the adjacency matrix and bounded degree
graph models. Here a graph G' with m edges is said to be e-far from another graph H
if we need to modify at least em edges to make G isomorphic to H. See the works
[PRO2, KKRO04, [Fei04, [CRT05, ICEFT05, [PRO7, [GR0S|, NOO08, NO08, [AKKROS|, [CS09,
Y Y109, MR0O9, (ORRR12, [ELLRS17, [ER1S, [ERS19, [Lev21]] for several relevant results

and techniques.

For detailed references of the results and various related techniques, see the books
of Goldreich [Goll7] and Bhattacharyya and Yoshida [BY?22], and the surveys of Fis-
cher [Fis04)], Ron [Ron08&, Ron09], Czumaj and Sohler [CS10al], Rubinfeld [Rubl?2],
Rubinfeld and Shapira [RS11], Cannone [Can20a, |(Can22] to name a few.

1.1 Various models of computation

Now we present a brief introduction to the complexity models that have been studied in

this thesis. Let us start with the sampling model.
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1.1.1 Sampling model

In this model, we assume the unknown distribution D is defined over a finite set {2 and
is represented as an oracle. Often € is set as [n] = {1,...,n}. The tester can get
independent samples from the oracle corresponding to D. The primary goal is to design

a tester that uses as few samples as possible to decide some property of D.

1l !-uullph:ﬂ

[Bv]

2 9......

[c ]

D I

Figure 1.1: Sampling model for distribution testing

1.1.2 Huge object model

In the standard distribution testing model, samples are drawn independently from the
input distribution. It is implicitly assumed that the size of each sample is small enough
that the tester can read it in its entirety. Thus the primary goal has been to minimize the
number of samples required by the tester to decide some property.

However when the distributions are defined over some large domain, say the n-
dimensional Hamming cube {0, 1}" for a large n, even reading a few samples is in-
feasible. To address this, Goldreich and Ron [GR22] have defined a new model called
the huge object model, where the samples may only be queried in a few places. The
primary objective here is to optimize the sample as well as the query complexities of the

tester.

1.1.3 Adjacency matrix model

This model is used to study various properties of dense graphs. We will assume that the

graphs have n vertices numbered as {1,...,n}.
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Figure 1.2: Query model for huge object testing

Adjacency matrix model is the most studied model in the field of graph property
testing when the graphs that are under test are dense graphs. This model was introduced
in the seminal work of Goldreich, Goldwasser, and Ron [[GGR9S|], where the authors
studied various properties of dense graphs in this model. Here the input graph is stored as
an adjacency matrix, and we can perform queries to the matrix. The goal is to minimize
the number of queries required to decide whether the unknown graph has some particular
property, or is it far from all graphs with this property. Now we formally define the query

procedure.

Let us assume that the graph is G(V, E), where V and E denote the set of vertices
and edges of G respectively. We will assume that |V| = n, and |E| = m, where n and
m are two non-negative integers. The type of query that can be performed here is said

to be edge-existence query (aka. adjacency query), and is defined as follows:

Edge-existence query: For two vertices u, v € V, given {u, v} as input to the oracle,

the oracle returns 1 if there is an edge between the vertices u and v, and 0 otherwise.

There are other types of queries defined for the case when the graph is sparse. How-
ever, in this thesis, we will only study the properties of dense graphs, and will only use

edge-existence query.
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Figure 1.3: Adjacency matrix model

1.2 Our results in this thesis

In this thesis, we study several fundamental problems in the field of property testing.

Namely:

(i) Given any distribution property P, can one design a tolerant tester for P when one
has black-box access to a non-tolerant tester for P, without knowing any internal

details of the non-tolerant tester?

(ii) Does there exist distribution properties with global structure that can be learned

efficiently?
(iii) How does adaptivity play role in designing testers for distribution properties?

(iv) How to efficiently test whether a dense graph is close or far from being isomorphic

to another graph?

(v) Can we test whether a dense graph is close or far from being bipartite efficiently?

The results in this thesis are divided into three parts. In Part|l, we study the relation
of tolerant and non-tolerant testing of probability distributions in the Sampling Model,
where the distribution under test is represented as an oracle, and independent samples
can be obtained from it, and answer (i) affirmatively. In Part|[IL we study distribution
testing in the huge object model. Here the distributions are defined over n-dimensional

Hamming cube, and the tester can obtain samples from the oracle, as well as perform
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queries to the strings obtained as samples. Here we study problems (ii) and (ii1). Finally,
in Part we study property testing of dense graphs, where we give positive answers
to problems (iv) and (v). In the following, we present an overview of the results of this

thesis.

1.2.1 Part[I: Results in the Sampling Model

The problem of distinguishing whether an unknown distribution D has some property P
or it is far from all distributions with that property is normally referred to as non-tolerant
testing of P. Several natural properties like uniformity [PanO8J], monotonicity [BKR04,
ADKI15], histogram [ILR12] etc. have been studied over the years, and the design of
such testers have used a wide array of techniques.

Another related problem is the problem of folerant testing of distributions. Here
we want to distinguish whether D is “close”, or “far” from a property P. Although
it seems that tolerant testing is a generalization of the non-tolerant variant, it is inter-
esting to note that tolerant testing problems are often significantly harder than their
non-tolerant counterparts and require new techniques. For example, the problem of
non-tolerant testing of whether a distribution is uniform or far from it requires ©(/n)
samples [BFR™00, [Pan08]], but tolerant testing of uniformity requires ©(n/logn) sam-
ples, where n is the size of the support of the distribution [VV10, [VV11]. Although
tight bounds for tolerant and non-tolerant testing of several problems are known for a
long time, there is no general technique that can construct a tolerant tester from its non-

tolerant counterpart. Below we give an outline of our results in this part of the thesis.

Chapter 4 Construction of tolerant testers for label-invariant properties For dis-
tribution properties that are label-invariant, that is, properties that remain invariant un-
der the relabeling of the support elements of the distribution such as uniformity or en-
tropy, we design a tolerant tester from its non-tolerant counterpart that requires at most
quadratic number of samples, compared to the non-tolerant tester. This gap is tight since

the property of uniformity is known to have an almost quadratic gap. Surprisingly, our



tester requires only the existence of the non-tolerant tester, not its details. Our main

result is stated as follows:

Theorem 1.1 (Informal). Any label-invariant distribution property that can be non-
tolerantly tested using N\ samples, can also be tolerantly tested using 6(min{A2, n})

samples, where n is the size of the support of the distribution ﬂ

Our tolerant tester corresponding to Theorem 1s not constructive. So, we design
a tolerant tester for linear properties (properties that can be expressed as a feasible so-
lution to a set of linear inequalities), that uses the same number of samples as the tester

corresponding to Theorem [I.1] and runs in polynomial time.

Theorem 1.2 (Informal). Any label-invariant distribution property that can be non-
tolerantly tested using A samples and can be expressed as a feasible solution to m linear
inequalities, can also be tolerantly tested using O(min{A2,n}) samples and in time

polynomial in m and n, where n is the size of the support of the distribution.

Chapter [5; Lower bound results for non-concentrated properties When moving
to general, not necessarily label-invariant properties, the situation is more complicated,
and we show some partial results. We show that if a property requires the distributions
to be non-concentrated, that is, if the probability mass of the distribution is sufficiently
spread out, then it can not be non-tolerantly tested with o(1/n) samples, where n denotes
the support size. Clearly, this implies at most a quadratic gap, because a distribution can

be learned (and hence tolerantly tested against any property) using O(n) samples.

Theorem 1.3 (Informal). In order to non-tolerantly test any non-concentrated distri-
bution property, Q(\/n) samples are required, where n is the size of the support of the

distribution.

Being non-concentrated is a strong requirement on properties, as we also prove a

close to linear lower bound against their tolerant tests.

'O (+) hides a poly-logarithmic factor.



Theorem 1.4 (Informal). The sample complexity of tolerant testing of any non con-
centrated label-invariant distribution property is Q(n'=°")), where n is the size of the

support of the distribution.

Chapter [6; Learning Distributions with Unknown Support Apart from the case
where the distribution is non-concentrated, we also show if an input distribution is very
concentrated, in the sense that it is mostly supported on a subset of size s of the universe,
then it can be learned using only O(s) samples. The learning procedure adapts to the

input, and works without knowing s in advance.

Theorem 1.5 (Informal). To learn a distribution approximately, O(|S|) samples are
enough, where S C [n] is an unknown set of minimum cardinality whose mass is close

to 1. Note that |S| is also unknown, and the algorithm adapts to it.

Theorem [I.1| and Theorem [1.2] are formally stated and proved in Chapter 4] Later in
Chapter|[5] we present the proofs of Theorem|[I.3]and Theorem|[I.4] Finally, in Chapter (6]
we discuss the proof of Theorem [I.5]

This part is based on the following paper:

1. Sourav Chakraborty, Eldar Fischer, Arijit Ghosh, Gopinath Mishra, and Sayantan
Sen. Exploring the Gap Between Tolerant and Non-Tolerant Distribution Testing,
In Proceedings of the 26! International Conference on Randomization and Com-
putation (RANDOM), Volume 245, 27:1-27:23, 2022, doi: 10.4230/LIPIcs.APPR
OX/RANDOM.2022.27. Presented in Highlights of Algorithms (HALG), 2023.

Submitted to the journal IEEE Transactions on Information Theory.

1.2.2 Part[II: Results in the Huge Object Model

In the standard distribution testing model, samples are drawn independently from the
input distribution. It is implicitly assumed that the size of each sample is small enough
that the tester can read it in its entirety. Thus the primary goal has been to minimize the

number of samples required by the tester to decide some property.

10



However when the distributions are defined over some large domain, say the n-
dimensional Hamming cube {0,1}" for a large n, even reading a few samples is in-
feasible. To address this, Goldreich and Ron [GR22] have defined a new model called
the huge object model, where the samples may only be queried in a few places. The
objective here is to optimize the sample as well as the query complexities of the tester.
The authors in [[GR22] studied several well-studied properties in the standard sampling
model in this new framework.

In a recent work [CFGT23], we initiate the study of a general class of properties
in this model, named as index-invariant properties. Informally speaking, these are the
properties that are invariant under the permutations of the indices {1,...,n}. Many
interesting properties like monotonicity are index-invariant. It is interesting to note that
these properties differ from the more common notion of label-invariant properties that
we have discussed before. Now we present an outline of our results in this part of the

thesis.

Chapter[8: Learning Clusterable Distributions In this chapter, we study clusterable
distributions, that is, distributions whose support set can be partitioned into various parts.
We prove that any distribution that is clusterable, can be learned by performing a number

of queries that is independent of n. Formally, the result is stated as follows:

Theorem 1.6 (Informal). Given sample and query access to an unknown distribution D
over {0, 1}", there exists a non-adaptive algorithm that makes a number of queries that
is independent of n, and either reports a full description of a distribution over {0,1}"

or reports FAIL, satisfying both of the following conditions:

(i) If D is clusterable, then with probability at least % the algorithm outputs a full
description of a distribution D' such that D is e-close to D! for some permutation

o [n] = [n]

(ii) For any D, the algorithm will not output a distribution D’ such that D! is e-

far from D for every permutation o : [n] — [n], with probability more than 3.

11



However, if the distribution D is not clusterable, the algorithm may output FAIL

with any probability.

Chapter[0;: Testing bounded VC-dimension Properties In this chapter, we show that
any index-invariant distribution property whose VC-dimension is bounded, has a tester
whose query complexity is independent of the dimension of the underlying Hamming

cube, and depends only on the VC-dimension. Our result is stated as follows:

Theorem 1.7 (Informal). For any fixed constant d € N, given sample and query access
to an unknown distribution D over {0, 1}" and a proximity parameter ¢ > 0, there exists
an algorithm that makes poly(%) queries and either outputs the full description of a

distribution or FAIL satisfying the following conditions:

(i) If the support of D is of VC-dimension at most d, then with probability at least
2/3, the algorithm outputs a full description of a distribution D' such that D is

e-close to D! for some permutation o : [n] — [n].

(ii) For any D, the algorithm will not output a distribution D' such that D! is e-
far from D for all permutations o : [n] — [n], with probability more than 1/3.
However, if the VC-dimension of the support of D is more than d, the algorithm
may output FAIL with any probability.

Note that the above theorem corresponds to the learnability of any distribution when
the VC-dimension of its support is bounded. As a corollary, it implies that any index-
invariant distribution property admitting a global VC-dimension bound is testable with
a constant number of queries, depending only on the proximity parameter ¢ and the

VC-dimension d. The corollary is stated as follows:

Corollary 1.8 (Informal). Let P be an index-invariant property such that any distri-
bution D € P has VC-dimension at most d, where d is some constant. There exists an

algorithm, that has sample and query access to an unknown distribution D over {0,1}",

’The degree of the polynomial in 1/e depends on the parameter d.

12



takes a proximity parameter € > 0, and distinguishes whether D € P or D is e-far from

P with probability at least 2/3, by making only poly( %) queries.

It turns out that our tester for testing VC-dimension property takes exp(d) samples,
and performs exp(exp(d)) queries for VC-dimension d. We show that this bound is
tight, in the sense that there exists an index-invariant property with VC-dimension d
such that any tester for the property requires an exponential number of samples and a

doubly-exponential number of queries on d.

Theorem 1.9 (Informal). Ler d,n € N. There exists an index-invariant property P
with VC-dimension at most d such that any (non-adaptive) tester for Py requires 24

(

d—0(1) .
samples and 2* queries.

Chapter Role of adaptivity for general properties: We also study another im-
portant feature of testers: the notions of adaptivity and non-adaptivity. Informally, non-
adaptive testers are testers that perform all the queries to the input together, and depend-
ing upon the answers to its queries, decide of accepting or rejecting the input. This is
in contrast to the notion of adaptive testing, where the tester performs a set of queries,
and based upon the answers, performs the second set of queries, and so on. It is clear
that adaptive testers are at least as powerful as non-adaptive testers, and the goal is to
understand their relative powers.

In the standard model of distribution testing, since the model is inherently non-
adaptive, there is essentially no gap between adaptive and non-adaptive testers. How-
ever, in the context of testing properties of dense graphs, it is well known that the com-
plexity of non-adaptive testers can be at most quadratic compared to the adaptive testers
for any property, which is also tight [GT03, GW21]. For graphs with bounded-degree,
for some properties like bipartiteness, this gap is constant vs. Q(y/n), where n denotes
the number of vertices of the graph [GR97]].

Thus it is natural to study the relative powers of adaptive and non-adaptive testers
in the huge object model [GR22]]. In our work [[CEG'23], we show that for general
properties, there is a tight exponential separation between the query complexities of

non-adaptive and adaptive testers. The results are as follows:

13



Theorem 1.10 (Informal). For any non-index-invariant property P, there is at most an

exponential gap between the query complexities of adaptive and non-adaptive testers.

Theorem 1.11 (Informal). There exists a property of distributions over strings that can
be e-tested adaptively using O(logn) queries for any ¢ € (0, 1), but Q(\/n) queries are

necessary for any non-adaptive algorithm to e-test it for some € € (0, 1).

Chapter Power of adaptivity for index-invariant properties In contrast to non-
index-invariant properties, for index-invariant properties defined before, we prove that
there is at most a quadratic gap between the query complexities of adaptive and non-

adaptive testers, as follows:

Theorem 1.12 (Informal). For any index-invariant property ‘P, there can be at most a

quadratic gap between the query complexities of adaptive and non-adaptive testers.

We also prove that the above gap is almost tight, in the sense that there exists an
index-invariant property that can be e-tested using 6(71) adaptive queries, while ﬁ(nQ)

non-adaptive queries are required to e-test it.

Theorem 1.13 (Informal). There exists an index-invariant property Pga,, that can be
e-tested adaptively using O(n) queries for any € € (0, 1), while there exists an e € (0,1)

for which Q(n?) queries are necessary for any non-adaptive e-tester.

Theorem is formally stated and proved in Chapter [§] Later in Chapter [9] we
present the proofs of Theorem Corollary [I.8] and Theorem [I1.9] In Chapter [I0] we
prove Theorem [[.10]and Theorem[I.11] Finally, in Chapter[IT] we discuss the proofs of
Theorem and Theorem

This part is based on the following paper:

1. Sourav Chakraborty, Eldar Fischer, Arijit Ghosh, Gopinath Mishra, and Sayan-
tan Sen, Testing of Index-Invariant Properties in the Huge Object Model, in Pro-

ceedings of the 36! Conference on Learning Theory (COLT) 2023, Volume 195,
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pages 3065-3136, url: https://proceedings.mlr.press/v195/chakraborty23a.html.
Featured in Oded Goldreich’s Choices (https://www.wisdom.weizmann.ac.il/dded
/MC/335.html).

1.2.3 Part[III: Results in the Adjacency Matrix Model

When the unknown huge object is a graph G, the problem of distinguishing if G is
“close” or “far” from a property P is called graph property testing. When G is a dense
graph, it is stored as an adjacency matrix, and the tester can query any entry of the
adjacency matrix. Similar to distribution testing, the goal here is to design testers that
perform as few queries as possible to decide P with high probability. The minimum
number of queries required to test a property P is called the Query Complexity of
testing P.

The field of graph property testing was first introduced in the seminal work of Gol-
dreich, Goldwasser, and Ron [[GGRYS]]. Since then there has been a flurry of interesting

works. Below we give an outline of our results in this part.

Chapter [13] & Chapter [I4; Tolerant Graph Isomorphism Testing: Graph isomor-
phism has been one of the most celebrated problems in computer science. Roughly
speaking, the graph isomorphism problem asks whether two graphs are structure pre-
serving. One central open problem in complexity theory is whether the graph iso-
morphism problem can be solved in polynomial time. Recently in a breakthrough re-
sult, Babai [Bab16] proved that graph isomorphism problem can be decided in quasi-
polynomial time. For a central problem like graph isomorphism, naturally, its (and re-
lated problems) computational complexity for various models of computation (see the
Dagstuhl Report [BDST135]).

For two graphs GG and H, their graph isomorphism distance denotes the fraction of
entries that need to be changed in the adjacency matrix of G to make G and H isomor-
phic. The problem of non-tolerant testing of graph isomorphism was first studied by

Fischer and Matsliah [FEMOS]], and they gave tight bounds for several settings.
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In a recent work [CGMS21]], we studied the folerant graph isomorphism testing
problem. Here the goal is to distinguish whether G' and H are “close” or “far” from
being isomorphic, by performing as few queries as possible. We proved that tolerant
graph isomorphism testing is equivalent to the problem of estimating the Earth Mover

Distance of two distributions, constructed from the two graphs.

Theorem 1.14. Let GG, and G, denote the known and the unknown graphs on n vertices,
respectively, and Q1 (G, Gyi) denotes the number of adjacency queries to G, required
by the best algorithm that takes two constants v1, v, with 0 < v < 79 < 1 and decides
whether d(G,, G},) < vin? or d(G.,, Gi) > von? with probability at least 2/3. Then

Qcr(Gu, Gr) = © (QWOREMp (1))

where é() hides polynomial factors in

— and log n.

In fact, our equivalence proof is model-independent, in the sense that the equivalence
also holds for other models, like the communication complexity model. We prove the
lower bound of Theorem[I.14] (tolerant GI testing is as hard as tolerant EMD testing) in
Chapter [13| and the upper bound of Theorem (tolerant EMD testing is as hard as
tolerant GI testing) in Chapter [[4]

Chapter Tolerant Bipartiteness Testing in Dense Graphs The problem of test-
ing whether a graph G is bipartite or not has been one of the fundamental problems in
computer science. Naturally, it has also been studied in the query complexity frame-
work. In the seminal work of Goldreich, Goldwasser, and Ron [GGR98]|] that started
the field of graph property testing, the authors designed a tester for non-tolerant variant
of this problem. The query complexity of their tester is independent of the number of
vertices of the graph and depends only on the proximity parameter. The tolerant variant
of bipartiteness testing was studied by Alon, Vega, Kannan and Karpinski [AdIVKKO3],
where they studied the more general problem of estimating the size of the maximum
cut of the graph. Note that any tester for maximum cut translate to a tester for tolerant

bipartiteness testing.
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In a recent work [GMRS22]], we designed a tester for tolerant bipartiteness testing,
whose sample and query complexities are better compared to [AdIVKKO3]. Moreover,

the running time of our tester is significantly improved from prior works.

Theorem 1.15. There exists an algorithm TOL-BIP-DIST(G, ¢) that given adjacency
query access to a dense graph G with n vertices and a parameter ¢ € (0,1), decides

with probability at least <, whether dy;,(G) < en® or dyy,(G) > (2 + k)en?, by sam-

1 1
pling O(ﬁ log kie) vertices in 2°%5= 16 %) time, using O(ﬁ log? kis) queries to the

adjacency matrix of G, where dy;,,(G) denotes the distance of G from being bipartite.

We will prove Theorem [1.14] in Chapter [13| Chapter [14] where in Chapter we
prove the lower bound part of Theorem[I.14] and then we prove the upper bound part of
Theorem [I.14]in Chapter[14] Finally we prove Theorem [I5]in Chapter [I3]

This part is based on the following papers:

1. Sourav Chakraborty, Arijit Ghosh, Gopinath Mishra and Sayantan Sen. Inter-
play between Graph Isomorphism and Earth Mover’s Distance in the Query and
Communication Worlds, In Proceedings of the 25" International Conference on
Randomization and Computation (RANDOM), 2021, Volume 207, 34:1-34:23,
doi: 10.4230/LIPIcs.APPROX/RANDOM.2021.34. Presented in Highlights of
Algorithms (HALG), 2022. Submitted to the journal ACM Transactions on Com-
putation Theory (TOCT).

2. Arijit Ghosh, Gopinath Mishra, Rahul Raychaudhury, and Sayantan Sen, Tolerant
Bipartiteness Testing in Dense Graphs, In Proceedings of the 49" International
Colloquium on Automata, Languages and Programming (ICALP), 2022, Volume
229, 69:1-69:19, doi: 10.4230/LIPIcs.ICALP.2022.69. Presented in Highlights of
Algorithms (HALG), 2023. Submitted to the journal Combinatorics, Probability
and Computing (CPC).
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Chapter 2

Preliminaries

A probability distribution D over a universe {2 = [n] is a non-negative function D :
0 — [0,1] such that ), , D(i) = 1. For S C (), the mass of S is defined as D(S) =
Y ics D(i), where D(i) is the mass of i in D. The support of a probability distribution
D on  is denoted by SUPP(D). For any distribution D, by the top ¢ elements of D,
we refer to the first ¢ elements in the support of D when the elements in the support
are sorted according to a non-increasing order of their probability masses in . When
we write (5(), it sometimes suppresses a poly-logarithmic term in n and the inverse
of the proximity parameter(s), as well as the inverse of the difference of two proximity

parameters.

For an integer n, we will denote the set {1,...,n} as [n]. Given two vectors X and
Y in {0,1}", we will denote by dy(X,Y) the normalized Hamming distance between
X and Y, that is,

(X, Y) = {i € [n] ian' 7 Yi}|

Unless stated otherwise, all the distance measures that we will be considering in this
thesis will be the normalized distances. For two vectors X, Y € {0,1}", d4(X,Y) =
n - dy(X,Y) will be used to denote the absolute Hamming distance between X and Y

in the few places where we will need to refer to it.
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2.1 Various distance measures of distributions

We will first define ¢; distance between two distributions.

Definition 2.1 (¢; distance and variation distance between two distributions). Let
Dy and D, be two probability distributions over a set S. The ¢; distance between D,
and D, is defined as

1Dy = Dyfls = |Di(a) — Dafa)].

a€S

The variation distance between D; and D, is defined as:
1
dry (D1, Dy) = 3 |[D1 — Dsl|1.

Throughout this thesis, the Earth Mover Distance (EMD) is the central metric for

testing “closeness” and “farness” of a distribution from a given property. It is formally
defined below.

Definition 2.2 (Earth Mover Distance (EMD)). Let D; and D, be two probability
distributions over {0, 1}". The EMD between D; and D, is denoted by dgy (D1, Ds),

and defined as the solution to the following linear program:

Minimize Z fxydu(X,Y)

X,Ye{0,1}"
Subjectto Y fxy = Di(X), VX e{0,1}"
Ye{0,1}n
> fxy =Da(Y), VY € {0,1}"
Xe{0,1}m
OSfXY <1, VX,YG{O,l}n

Intuitively, the variable fxvy stands for the amount of probability mass transferred from
XtoY.
Directly from the definitions of dgy (D1, D2) and dg(X,Y ), we get the following
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simple yet useful observation connecting ¢; distance and EMD between two distribu-

tions.

Observation 2.3 (Relation between EMD and /; distance). Let D, and D, be two dis-
tributions over the n-dimensional Hamming cube {0, 1}". Then we have the following

relation between the Earth Mover Distance and ¢, distance between D; and D:

dpai (D1, Dy) < M

Now we formally define the notions of “closeness” and “farness” of two distributions

with respect to the Earth Mover Distance.

Definition 2.4 (Closeness and farness with respect to EMD). Given two proximity
parameters €; and €5 with 0 < g7 < g5 < 1, two distributions Dy and D, over the
n-dimensional Hamming cube {0, 1}" are said to be ¢1-close if dgy (D1, Dy) < €1, and
eo-far if dgpr(Dy, Dy) > eo.

Now we proceed to define the notion of distribution properties over the Hamming

cube below.

Definition 2.5 (Distribution property over the Hamming cube). Let D denote the
set of all distributions over the n-dimensional Hamming cube {0, 1}". A distribution
property P 1s a topologically closed subset of D. E] A distribution D € P is said to be
in the property or to satisfy the property. Any other distribution is said to be not in the
property or to not satisfy the property.

Now we are now ready to define the notion of distance of a distribution from a
property.
Definition 2.6 (Distance of a distribution from a property). The distance of a dis-

tribution D from a property P is the minimum Earth Mover Distance between D and

any distribution in P.[| For ¢ € [0, 1], a distribution D is said to be e-close to P if the

"We put this restriction to avoid formalism issues. In particular, the investigated distribution properties
that we know of (such as monotonicity and being a k-histogram) are topologically closed.
’The assumption that P is closed indeed makes it a minimum rather than an infimum.
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distance of D from P is at most £. Analogously, for ¢ € [0, 1], a distribution D is said

to be e-far from P if the distance of D from P is more than .

2.2 Formal definitions of various Kinds of property testers

First we let us discuss the query procedure.

Definition 2.7 (Query to sampled vectors). Let A be a tester with a set of sampled
vectors V7i,..., V,, drawn independently from an input distribution D over {0, 1}",
where V; = (v;1,...,v;,) for every i € [s]. In order to perform a query, the tester will

provide 7 and j, and will receive v; ; as the answer to the query.
In the following, we formally describe the notion of a tester.

Definition 2.8 (c-test). Let ¢ € (0,1) be a proximity parameter, and 6 € (0,1). A
probabilistic algorithm A is said to e-test a property P with probability at least 1 — 6,
if any input in P is accepted by A with probability at least 1 — §, and any input that is
e-far from P is rejected by A with probability at least 1 — §. Unless explicitly stated, we
assume that § = 1/3.

Now we define two different types of testers, adaptive testers and non-adaptive
testers, which will be used throughout the thesis. We begin by describing the adap-
tive testers. Informally, adaptive testers correspond to algorithms that perform queries

depending on the answers to previous queries. Formally:

Definition 2.9 (Adaptive tester). Let P be a property over {0, 1}". An adaptive tester
for P with query complexity ¢ and sample complexity s is a randomized algorithm .4

that e-tests P by performing the following:

» A first draws some random coins and samples s vectors from the unknown distri-
bution D, denoted by S = {V,..., V }.

* A then queries the j;-th index of V; , for some j; € [n] and i; € [s] depending on

the random coins.
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* Suppose that A has executed k steps and has queried the j,-th index of V;,, where
1 < ¢ < k. Atthe (k + 1)-th step, depending upon the random coins and the
answers to the queries till the k-th step, A will perform a query for the j; 1-th bit

of V where ji1 € [n] and ix, 1 € S.

ik+1 ’

* After g steps, A reports ACCEPT or REJECT depending on the random coins and

the answers to all ¢ queries.

Now we define the more restricted non-adaptive testers. Informally, non-adaptive
testers decide the set of queries to be performed on the input even before performing the

first query. Formally:

Definition 2.10 (Non-adaptive tester). Let P be a property over {0,1}". A non-
adaptive tester for P with query complexity ¢ and sample complexity s is a randomized

algorithm A that e-tests P by performing the following:

» A tosses some random coins, and depending on the answers constructs a sequence
S

of subsets of indices .Ji, ..., Js; C [n] such that > J; < gq.
i=1
» Atakes s samples Vq,..., V, from the unknown distribution D.
* A queries for the coordinates of V; that are in J;, for each ¢ € [s].

» A reports either ACCEPT or REJECT based on the answers from the queries to the

vectors, thatis, Vi |;,, Vo |1, ..., Vs |J., and the random coins.

2.3 Some probability results

Now we state some probability results used in this thesis.

Lemma 2.11 (Multiplicative Chernoff bound [DPQ9]). Let X,,..., X, be indepen-

dent random variables such that X; € [0,1]. For X = > X, and pn = E[X], the
i=1

following holds for any 0 < 6 < 1.

P(IX — p| > 6p) < 2exp (—pd®/3).
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Lemma 2.12 (Additive Chernoff bound [DP09)). Let X, ..., X,, be independent ran-

dom variables such that X; € [0,1]. For X = > X, and p; < E[X]| < pp, the following
i=1

hold for any 6 > 0.

(i) P(X >y +0) < exp (—26°/n).
(i) P(X < —9) <exp(—25°/n).

Lemma 2.13 (Chernoff-Hoeffding bound [DP09]). Let X1, ..., X, be independent

random variables such that X; € [0,1]. For X = > X, and p; < E[X]| < pp, the
i=1

followings hold for any 0 < ¢ < 1:

M) P(X > (1+&)un) < exp (——3“—)

(i) P (X < (1—2)) < exp (=52).

Lemma 2.14 (Hoeffding’s Inequality [DP09)). Let X, ..., X, be independent random
variables such that a; < X; < b; and X = > X;. Then, for all 5 > 0,
i=1

P(|X —E[X]| > d) < 2exp (—262/§n:(bz- -~ ai)2> :

Lemma 2.15 (Hoeffding’s Inequality for sampling without replacement [Hoe94]).
Let n and m be two integers such that 1 < n < m, and x1,...,x,, be real numbers,
with a < x; < b for every i € [m]. Suppose that I is a set that is drawn uniformly from
all subsets of [m| of size n, and let X = > ;. Then, for all § > 0,

el

P(|X —E[X]| >6) < 2exp (—26°/n- (b—a)?).

Now let us consider the following observation which states that if the normalized Ham-
ming distance between two vectors X and Y are small, the same also holds with high
probability when X and Y are projected on a set of random indices K. A similar result

also holds when the distance is large between the two vectors X and Y.
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Observation 2.16 (Approximating-string-distances). For U,V € {0, 1}" and assume
that K C [n] is a set of indices chosen uniformly at random without replacement. Then

the following holds with probability at least 1 — e~ C@*IKD.

|dy (U, V) —dy(U |,V k)| < 0.

Proof. Follows from the fact that sampling without replacement is as good as sampling
with replacement (Lemma [2.15)). [

Lemma 2.17 (Chernoff bound for bounded dependency [Jan04]). Let X, ..., X, be
random variables such that a; < X; < b, and X = i X;. Let D be the (directed)
dependency graph, where V(D) = {Xy, ..., X,,} and 321 is completely independent of
all variables X for which (X;, X;) is not a directed edge. Then for any 6 > 0,

—26%/x*(D)

bi—a;)?
P(|X — E[X]| > §) < 2 &0

n
=1

where x*(D) denotes the fractional chromatic number of D.

Corollary 2.18 (Corollary of Lemma[2.17). Let X, ..., X,, be indicator random vari-
ables such that the dependency graph is a disjoint union of n/k many k size cliques. For
X =5 X, and y < E[X] < uy, the followings hold for any § > 0:

i=1

) P(X = iy +06) < exp (22,

(i) P(X < por — 6) < exp (527).

Proof. Follows from the fact that the dependency graph has chromatic number k, and
the fractional chromatic number of a graph is at most the chromatic number of any

graph. [
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Part 1

Results in the Sampling Model
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Chapter 3

Testing in the Sampling Model

3.1 Introduction

Let D be a distribution over a finite set {2, and P be a property, that is, a set of distri-
butions over 2. Given access to independent random samples from €2 according to the
distribution D, we are interested in the problem of distinguishing whether the distribu-
tion D is n-close to having the property P, or is e-far from having the property P, where
71 and € are two fixed proximity parameters such that 0 < 7 < ¢ < 2. The distance of
the distribution D from the property P is defined as g}é% |D — D'||,, where || D — D'||;
denotes the (,-distance between the distributions D and D’[] A distribution D is said
to be n-close to P if the distance of D from P is at most 1. Similarly, D is said to be
e-far from P, if the distance of D from P is at least €. The goal is to design a tester that
uses as few samples as possible. For n > 0, the problem of distinguishing the two cases
is referred to as the tolerant distribution testing problem of P, and the particular case
where 1 = 0 is referred to as the non-tolerant distribution testing problem of P. The
sample complexity (tolerant and non-tolerant testing) is the number of samples required
by the best algorithm that can distinguish with high probability (usually with probability

at least %) whether the distribution D is n-close to having the property P, or is e-far from

!Strictly speaking it is an infimum, but since all properties we consider are compact sets, it is equal to
the minimum.
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having the property P.

While results and techniques from distribution testing are already interesting in their
own right, they have also found numerous applications in central problems in Theo-
retical Computer Science, and in particular in property testing, e.g. graph isomor-
phism testing [FMO8|, [Gol19] and function isomorphism testing [ABC™ 13|, learning
theory [BBC™10,DKS17,[DK16], and differential privacy [ADKR19, GKK ™20, Zha21),
ACFT21]. Thus, understanding the tolerant and non-tolerant sample complexity of dis-

tribution testing is a central problem in theoretical computer science.

There have been extensive studies of non-tolerant and tolerant testing of some spe-
cific distribution properties like uniformity, identity with a fixed distribution, equality
of two distributions and independence of a joint distribution [BFR™00, BFFT01, [Pan08|
Vallll, [VV1I1, [VV17a]. Various other specific distribution properties have also been
studied [BC17, IDKS18]]. Then, some works investigated general tests for the large class
of all shape-restricted properties of distributions, which contains properties like mono-
tonicity, log-concavity, modality etc. [CDGRI18, [FLV17]. This work proves general
results about the gap between tolerant and non-tolerant distribution testing that hold for

large classes of properties.

3.2 Our results

We now informally present our results. The formal definitions are presented in Sec-
tion[3.4] We assume that distributions are supported over a set Q = [n] = {1,2,...,n}.
We first prove a result about label-invariant distribution properties (properties that are
invariant under all permutations of 2). We show that, for any label-invariant distribu-
tion property, there is at most a quadratic blowup in its tolerant sample complexity as

compared to its non-tolerant counterpart, ignoring poly-logarithmic factors.

Theorem 3.1 (Informal). Any label-invariant distribution property that can be non-

tolerantly tested using \ samples, can also be tolerantly tested using 6(min{A2, n})
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samples, where n is the size of the support of the distribution El

This result gives a unified way for obtaining tolerant testers from their non-tolerant
counterparts. The above result will be stated and proved formally in Section More-
over, in Section4.3] we give a constructive variant of the tolerant tester of Theorem 3.1}

when the property can be expressed as the feasible solution to a set of linear inequalities.

Theorem 3.2 (Informal). Any label-invariant distribution property that can be non-
tolerantly tested using A samples and can be expressed as a feasible solution to m linear
inequalities, can also be tolerantly tested using 6(min{A2,n}) samples and in time

polynomial in m and n, where n is the size of the support of the distribution.

Note that if A = Q(y/n), Theorem is obvious. It is only interesting if A =
o(y/n). Now we present a property for which this connection is useful. Consider a
natural distribution property: given a distribution D and a parameter k, we want to
decide whether the support size of D is at most & or e-far from having support at most
k. If k = o(y/n), the query complexity for testing this problem is (’)(@) [VV17b].

It is a natural question to investigate the extent to which the above theorem can
be generalized. Though we are not resolving this question completely, as a first step in
the direction of extending the above theorem for properties that are not necessarily label-
invariant, we consider the notion of non-concentrated properties. By the notion of a non-
concentrated distribution, intuitively, we mean that there is no significant portion of the
base set of the distribution that carries only a negligible weight, making the probability
mass of the distribution well distributed among its indices. Specifically, any subset X C
[n], for which |X| is above some threshold (say Sn with 5 € (0, 1)), has probability
mass of at least another threshold (say a with a € (0, %)) A property is said to be
non-concentrated if only non-concentrated distributions can satisfy the property. We
prove a lower bound on the testing of any non-concentrated property (not necessarily

label-invariant).

O(+) hides a poly-logarithmic factor.

N
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Theorem 3.3 (Informal). In order to non-tolerantly test any non-concentrated distri-
bution property, Q)(\/n) samples are required, where n is the size of the support of the

distribution.

The quadratic gap between tolerant testing and non-tolerant testing for any non-
concentrated property follows from the above theorem, since by a folklore result, only
O(n) samples are required to learn any distribution approximately.

The proof of Theorem |3.3|for label-invariant non-concentrated properties is a gener-
alization of the proof of the Q2(/n) lower bound for classical uniformity testing, while
for the whole theorem, that is, for the general (not label-invariant) non-concentrated
properties, a more delicate argument is required. The formal proof is presented in Sec-
tion[3.3

The next natural question is about the sample complexity of any tolerant tester for
non-concentrated properties. We address this question for properties which are label-
invariant non-concentrated by proving the following theorem in Section[5.2.2] However,

the question is left open for non-label-invariant properties.

Theorem 3.4 (Informal). The sample complexity of tolerant testing of any non con-
centrated label-invariant distribution property is Q(n'=°)), where n is the size of the

support of the distribution.
A natural question related to tolerant testing is:
How many samples are required to learn a distribution?

As pointed out earlier, any distribution can be learnt using O(n) samples. But what
if the distribution happens to be very concentrated? We present an upper bound result
for learning a distribution, in which the sample complexity depends on the minimum

cardinality of any set S C [n] over which the unknown distribution is concentrated.

Theorem 3.5 (Informal). 7o learn a distribution approximately, O(|S|) samples are
enough, where S C [n] is an unknown set of minimum cardinality whose mass is close

to 1. Note that |S| is also unknown, and the algorithm adapts to it.
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Observe that we cannot learn a distribution supported on the set S using o(|.S|) sam-

ples, so the above result is essentially tight.

3.3 Related works

Several forms of distribution testing have been investigated for over a century in sta-
tistical theory [Kin97, |CEF14]], while combinatorial properties of distributions have been
explored over the last two decades in Algorithm Theory, Machine Learning and Informa-
tion Theory [Goll7, Mac03, |ICTO1, BY22]. In Algorithm Theory, the investigation into
testing properties of distributions started with the work of Goldreich and Ron [GROO],
even though it was not directly stated there in these terms. Batu, Fortnow, Rubinfeld,
Smith and White [BFRT00] launched the intensive study of property testing of distri-
butions with the problem of equivalence testing || Later, Batu, Fischer, Fortnow, Ku-
mar, Rubinfeld and White [BFFT01] studied the problems of identity and independence
testing of distributions ﬂ Since then there has been a flurry of interesting works in
this model. For example, Paninski [PanO8] proved tight bounds on uniformity testing,
Valiant and Valiant [VV11] resolved the tolerant sample complexity for a large class
of label-invariant properties that includes uniformity testing, Acharya, Daskalakis and
Kamath [ADKI1S5] proved various optimal testing results under several distance mea-
sures, and Valiant and Valiant [VV17a] studied the sample complexity of instance opti-
mal identity testing. In [BC17], Batu and Cannone studied the problem of generalized
uniformity testing, where the distribution is promised to be supported on an unknown
set S, and proved a tight bound of ©(|S|**) samples for non-tolerant uniformity test-
ing. This is in contrast to the non-tolerant uniformity testing of a distribution supported
over [n], whose sample complexity is ©(1/n), ignoring the dependence on the proximity

parameter. Daskalakis, Kamath and Wright [DKW 18] studied the problem of tolerant

‘Given two unknown probability distributions that can be accessed via samples from their respective
oracles, equivalence testing refers to the problem of distinguishing whether they are same or far from each
other.

“Given an unknown distribution accessible via samples, the problem of identity testing refers to the
problem of distinguishing whether it is identical to a known distribution or far from it.
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testing under various distance measures. Very recently, Canonne, Jain, Kamath and
Li [CIKL22] revisited the problem of determining the sample complexity of tolerant
identity testing, where they proved the optimal dependence on the proximity parame-
ters. Going beyond studying specific properties, Canonne, Diakonikolas, Gouleakis and
Rubinfeld [CDGR18] studied the class of shape-restricted properties of a distribution,
a condition general enough to contain several interesting properties like monotonicity,
log-concavity, t-modality etc. Their result was later improved by Fischer, Lachish and
Vasudev [ELV17]. See the surveys of Cannone [Can20c, |Can22]] for a more exhaustive

list.

While the most studied works concentrate on non-tolerant testing of distributions, a
natural extension is to test such properties tolerantly. Since the introduction of tolerant
testing in the pioneering work of Parnas, Ron and Rubinfeld [PRRO6], that defined this
notion for classical (non-distribution) property testing, there have been several works
in this framework. Note that it is nontrivial in many cases to construct tolerant testers
from their non-tolerant counterparts, as in the case of tolerant junta testing [BCE™19]
for example. In a series of works, it has been proved that tolerant testing of the most
natural distribution properties, like uniformity, requires an almost linear number of sam-
ples [Vall1,[VV11][} Now a natural question arises about how the sampling complexity
of tolerant testing is related to non-tolerant testing of distributions in general. To the best

of our knowledge, there is no known example with more than a quadratic gap.

It would also be interesting to bound the gap for sample-based testing as defined in
the work of Goldreich and Ron [[GR16]]. This model was investigated further in the work
of Fischer, Lachish and Vasudev [FLV15]], where a general upper bound for non-tolerant

sample-based testing of strongly testable properties was provided.

7To be precise, the exact lower bounds for non-tolerant uniformity testing is £2(1/n), and for tolerant
uniformity testing it is £2( log —), where n is the support size of the distribution and the proximity parameter
€ is constant.
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Organization of the part

Section contains the definitions used throughout the chapters in this part of the the-
sis. In Chapter 4] we present the overviews of the proofs as well as formally state and
prove Theorem [3.1] and Theorem [3.2] Later in Chapter [5 we prove Theorem [3.3] and
Theorem [3.4] Finally Theorem [3.5]is proved in Chapter [6]

3.4 Preliminaries

Here we present some relevant definitions required in this part of the thesis.

Definition 3.6 (Label-invariant property). Let us consider a property P. For a dis-
tribution D and a permutation o : 2 — (), consider the distribution D, defined as
D,(a(i)) = D(i) (equivalently, D, (i) = D(c~'(i))) for each i € Q. If for every distri-
bution D in P, D, is also in P for every permutation o, then the property P is said to

be label-invariant.

Although there are several other distance measures, in this part, we mainly focus on
the ¢, distance. Let us recall the following two definitions which will be crucially used

here.

Definition 3.7 (Distance between two distributions). The distance between two distri-
butions D and D5 over (2 is the standard ¢; distance between them, which is defined as
||D1 — Dsl|1 := > |D1(2) — Da(i)|. Forn € [0, 2], Dy and D are said to be 7-close to
each other if ||DiGS Dsl|y < 7. Similarly, for ¢ € [0, 2], Dy and D, are said to be e-far
from each other if | Dy — D]y > e.

Definition 3.8 (Distance of a distribution from a property). The distance of a distri-
bution D from a property P is the minimum /¢, -distance between D and any distribution
in P. For n € [0, 2], a distribution D is said to be 7-close to P if the distance of D from
P is at most 7. Analogously, for ¢ € [0, 2|, a distribution D is said to be e-far from P if

the distance of D from P is at least <.
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Definition 3.9 ((7, ¢)-tester). An (7, €)-tester for a distribution property is a randomized
algorithm that has sample access to the unknown distribution (upon query it can receive
elements of (), each drawn according to the unknown distribution, independently of any
previous query or the algorithm’s private coins), and distinguishes whether the distri-
bution is 7-close to the property or e-far from the property, with probability at least 2,
where 7 and ¢ are proximity parameters such that 0 < n < ¢ < 2. The tester is said to

be tolerant when n > 0, and non-tolerant when 1 = 0.

Now we define the notions of non-concentrated distributions and non-concentrated

properties.

Definition 3.10 (Non-Concentrated distribution). A distribution D over the domain
2 = [n] is said to be («, 5)-non-concentrated if for any set S C Q with size [On,
the probability mass on S'is at least o, where o and /3 are two parameters such that
0<a<p< %

Definition 3.11 (Non-Concentrated property). Let 0 < a < 3 < % A distribution
property P is defined to be («, 8)-non-concentrated, if all distributions in P are («, 3)-

non-concentrated.

Note that the uniform distribution is (¢, «)-non-concentrated for every «, and so is

the property of being identical to the uniform distribution. Also, for any 0 < o < %
such that an is an integer, the uniform distribution is the only (v, «)-non-concentrated
one. Finally, observe that any arbitrary distribution is both (0, §)-non-concentrated and

(e, 1)-non-concentrated, for any «, 8 € (0, 1).

3.5 Technical overview of our results

In this section, we give an overview of our results as follows:
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3.5.1 Construction of tolerant testers for label-invariant properties

Here we present an overview of the proofs of Theorem and Theorem We
first show that for any label-invariant distribution property, the sample complexities of
tolerant and non-tolerant testing are separated by at most a quadratic factor, ignoring
poly-logarithmic terms. More specifically, in Theorem [3.1} we prove that for any label-
invariant distribution property P that has a non-tolerant tester with sample complexity
A, there exists a tolerant tester for P that uses O(A2) samples, ignoring poly-logarithmic
factors. Since we can learn a distribution using O(n) samples, our proof is particularly
useful when A = o(y/n), where n is the size of the support of the distribution that is
being tested.

To prove Theorem [3.1] (restated as Theorem [.1]), we provide an algorithm for toler-
ant testing of P with sample complexity 5(A2), based on the existence of a non-tolerant
tester of P with sample complexity O(A). Given the existence of such a non-tolerant
tester with sample complexity O(A), one crucial observation that we use here is that
there cannot be two distributions D; and D, that are identical on the elements with mass
Q(%) (we call them high elements), where D, is in the property P while D, is far from
‘P. This 1s formally stated as Lemma 4.4

Given that the two distributions DD; and D, are identical on all elements with mass
Q(4z), by the birthday paradox, we can say that O(A) samples are not enough to obtain
any low elements, that is, elements with mass o(%), that appear more than once. Since
the property P is label-invariant, we can apply uniformly random permutations over
the low elements of both D, and D5, making the samples obtained from both D; and
D, appear as two uniformly random sequences. Thus, from the view of any tester that
takes only O(A) samples, D; and D, will appear the same, which would contradict the
existence of a non-tolerant tester that distinguishes D; from Dy using O(A) samples.
At this point, we would like to point out that the proof of Lemma [4.4] only assumes
the existence of a non-tolerant tester, and is oblivious to its internal details. Later, in
Lemma we generalize this idea to show that when D, and D, are close with respect

to the high elements, it cannot be the case that D; is in the property P, while D> is far
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from P. Although the proof follows a similar line to that of Lemma more careful
analysis is required to prove Lemma [4.5] Note that Lemma [4.5] is the main technical
lemma required to prove Theorem 3.1}

Once we have Lemma #.4|and Lemma [4.5] we can describe the algorithm of Theo-
rem[3.1] Broadly speaking, we show that partial learning of the distribution is sufficient
for constructing a tolerant tester for any label-invariant property, as opposed to the more
familiar paradigm of testing by learning [DLM 07, [Ser10]. Using Lemma[4.5] we show
that estimating the masses of only the high elements is enough for us, along with the
fact that the property P that we are testing is label-invariant. Roughly, the algorithm has
three steps. In the first step, we identify and measure the high elements of the unknown
distribution D. In the second step, we construct a new distribution D that adheres to
the high mass elements obtained from the first step. Finally, in the third step, we check
whether there exists any distribution D, in P that is close to D. If such a distribution
exists, we accept, and otherwise we reject. In the first step, we need (5(/\2) samples to
correctly estimate the masses of the high elements, which dominates the sample com-
plexity of our tolerant tester.

It is important to note that the computational efficiency of the tolerant tester depends
on how fast we can check whether the distribution D (constructed by the algorithm)
is close to a known property P, where we have the complete description of D. Later,
in Theorem (restated as Theorem 4.14)), we show that when the property P can be
expressed as a feasible solution to a set of linear inequalities, there exists an algorithm
that tolerantly tests for P in time polynomial in the support size of the distribution and
the number of linear inequalities required to represent it. The algorithm is similar to
that of Theorem [3.1] whereas its polynomial running time follows by using the Ellipsoid
method.

3.5.2 Lower bound results for non-concentrated properties

Here we give an overview of our proofs of Theorem and Theorem In Theo-

rem we show that in order to non-tolerantly test any non-concentrated property (de-
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fined in Definition , Q(y/n) samples are required, where n denotes the support size
of the distribution. Before directly proceeding to prove the result, as a warm-up, we first
show an analogous result for label-invariant non-concentrated properties in Theorem|[5.3]
To prove the theorem, for any distribution D, in the label-invariant non-concentrated
property P that we are testing, we construct a new distribution D,,, that is far from P,
whose support is a subset of the support of D,.,. The two distributions are identical over
their high probability elements, and they only differ in their low probability elements,
where a low probability element is an element with mass (’)(%) Since Dy, and D,
differ only on the elements with mass (’)(%), by the birthday paradox and the fact that
the property is label-invariant, any tester that takes o(y/n) samples cannot distinguish
between D, and D,,, and the result follows. We note that the proof of Theorem @ 18

a generalization of the lower bound proof for uniformity testing.

Though the proof of Theorem [3.3](restated as Theorem [5.8]) follows similarly to that
of Theorem[5.3] delicate analysis is required to take care of the fact that the properties are

no longer label-invariant. We also discuss briefly the reason why the technique used to
prove Theorem [5.3]does not work to prove Theorem [3.3] in the beginning of Section[5.3]

As a step further, in Theorem (restated as Theorem , we show Q(nl_o(l))
samples are necessary to tolerantly test any non-concentrated label-invariant property.
This proof follows from an application of the low frequency blindness theorem of Valiant
[Valll]]. The question of tolerant testing of general non-concentrated properties remains

open.

3.5.3 Learning Distributions with Unknown Support

Here we give an overview of the proof of Theorem We consider the problem of
learning a distribution D, where D is concentrated over a unknown set S C €. In
Theorem [3.5] (restated as Theorem [6.2), we give an algorithm that achieves this with
O(]S|) samples, even when |S] is also unknown. Note that this problem is reminiscent

of the folklore result of learning a distribution over any set S that takes O(|S|) samples.
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However, the folklore result holds only for the case where the set S is known
Broadly, the algorithm iterates over possible values of |S|. Starting from s = 1, we
first take s samples from the the unknown distribution D, and construct a new empirical
distribution D, based upon the samples obtained. Once we have the distribution D,, we
apply the result of Valiant and Valiant [VV11] to test whether the unknown distribution
D is close to the newly constructed distribution Dy, by using number of samples that is
slightly smaller than s. If D; is close to D, we report the distribution Dy as the output
and terminate the algorithm. Otherwise, we double the value of s and perform another
iteration of the two steps as mentioned above. Finally, we show that when s > |5],
where S is the unknown set on which D is concentrated, D, will be close to D with high
probability, and we will output a distribution satisfying the statement of Theorem [3.5]
To the best of our knowledge, this is the first result of a tester of this kind that adapts to

an unknown support size |.S]|.

“There are also prior results where only |.S| is known, such as in the work of Acharya, Diakonikolas,
Li and Schmidt [ADLS17].
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Chapter 4

Tolerant & Non-tolerant Testers for

Label-Invariant Properties

4.1 Introduction

In this chapter, we will prove that for any label-invariant property, the sample com-
plexities of tolerant and non-tolerant testing are separated by at most a quadratic factor

(ignoring some poly-logarithmic factors). Formally, the result is stated as follows:

Theorem 4.1 (Theorem [3.1| formalized). Let P be a label-invariant distribution prop-
erty, for which there exists an (0, €)-tester (non-tolerant tester) with sample complex-
ity A(n,e), where A € Nand 0 < ¢ < 2. Then for any v1,v, with v, < 7, and
0 < 7y + & < 2, there exists a (71,7, + €)-tester (tolerant tester) that has sample com-
plexity O <;)3 - min{A?log? A,n}), where A = A(n,€), and n is the size of the

(y2—m
support of the distribution.

We will prove this in Section #.2] Then, in Section #.3] we prove the following

theorem regarding construction of efficient tolerant tester.

Theorem 4.2 (Theorem 3.2 formalized). Let P be a label-invariant distribution prop-

erty. If there is a (0, £)-tester (non-tolerant tester) with sample complexity A(n, ¢), then
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for any v1, o with 1 < yoand 0 < 1 < 73 + € < 2, there exists a (71,72 + €)-
tester (tolerant tester) that takes s = (5(/\2) samples and makes a single emptiness
query to the set CP N A(O(s), A, D, 8), where D is a known probability distribution

and 3 = v, + 231

4.2 Non-tolerant vs. tolerant testing of label-invariant
properties

Let us assume that D is the unknown distribution and A(n,€) > Q(2) ﬂ First note that if
A = Q(y/n), then we can construct a distribution D such that ||D — D||; < L=t by
using O (W) samples from D. Thereafter we can report D to be ~y;-close to the

property if and only if Dis e

-close to the property. In what follows, we discuss
an algorithm with sample complexity O(A2) when A = o(,/n). Also, we assume that n
and A are larger than some suitable constant. Otherwise, the theorem becomes trivial.
The idea behind the proof is to classify the elements of {2 with respect to their masses
in D into high and low, as formally defined below in Definition #.3] We argue that since
P is (0,¢)-testable using A(n,e) = O(q) samples, there cannot be two distributions
D; and D, that are identical on all elements whose probability mass is at least q%, for
q = 0O(A) (the set High, . defined below), where D; € P but D, is e-far from P.
We will formally show this in Lemma [.4] where we will use the fact that P is label-
invariant. Using Lemma [4.4] we prove Lemma [{.5] that (informally) says that if two
distributions are close with respect to the high mass elements, then it is not possible
that one distribution is close to P while the other one is far from it. In our algorithm,
we intend to approximate the masses of the set High, ., and the term A? in the query

complexity of our algorithm corresponds to that.

Definition 4.3. For a distribution D over 2 and 0 < x < 1, we define

High. (D) ={z € Q | D(z) > k}

'This is a reasonable assumption for any non-trivial property.
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Now we define a quantity ¢ € N where ¢ = O(A) ﬂ Assume that c* is a suitable
large constant (independent of A) such that, if we take A samples from a distribution,
then with probability at least 2, we will not get any sample 2 whose mass is at most (%)2
more than once. We define

q = “4.1)

I

We will complete the proof of Theorem by using the following two lemmas

which we will prove later.

Lemma 4.4. Let P be a label-invariant property that is (0, €)-testable using A(n, )
samples and consider q as defined in Equation Let Dy and D be two distributions
such that High, ,2(D1) = Highy,2(D2), and for all x € High, ,.2(D1), the probability
of x is the same for both distributions, that is, D,(x) = Dy(x). Then it is not possible
that D, satisfies P while D, is e-far from satisfying P.

Lemma 4.5. Let P be a label-invariant property that is (0, ¢)-testable using A(n,¢)
samples, and consider q as defined in Equation (#.1)). Let D and D be two distributions
over <), where || > 4q¢*, and let H contain the top ¢* elements of D. Also, assume that
D@\ H) - D(Q\ H)| <. If

3 )ﬁ(x) ~D(@)| < a, 4.2)

then the following hold:

1. If D is B-close to P, there exists a distribution Dy € P such that High, ,2(D1) C
H and

> |Pia) = D@)| + | Pu@\ H) = DO\ H)| < (a+5+7). @3

zeH

2. If D is (e +3a+53-+27)-far from P & Dy is a distribution such that High, /,2(D1) C

*Note that ¢ and A are of the same order of magnitude. We have introduced ¢ for writing proofs more
rigorously.
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H and

> |Di@) = D@)| + i@\ H) = DO\ H)| < (@ + B+7), @4

zeH

then the distribution D, does not satisfy the property P.

Using the above two lemmas, we will prove Theorem4.1]in Section4.2] We present
the proofs of Lemma.4]and Lemma[.5]in Section 4.2

Proof of Theorem 4.1

Let D be the unknown distribution that we need to test, and assume that ( = v, n =
Y2 — 71, and " = gL, We now provide a tolerant (71, 72 -+¢)-tester, that is, a (¢, (+e+n)-

tester for the property P, as follows:

1. Draw W = O (‘57—? log q) samples from the distribution D. Let S C 2 be the set

of (distinct) samples obtained.

2. Draw additional O (% log W) samples Z to estimate the value of D(x) for all
eSS

3. Construct a set H as the union of S and arbitrary ¢* elements from Q \ (S U Z).

4. Define a distribution D such that, for x € H,

~ # x in the multi-set Z
D(z) = Z :

And foreach z € Q\ H,

1- > D(z)
H
D (l’) — xE
€2 — |H]
“Instead of two sets of random samples (where the first one is to generate the set S and the other one
is the multi-set Z), one can work with only one set of random samples. But in that case, the sample
complexity becomes O(q? logn), as opposed to O(q? log q) that we are going to prove.
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5. If there exists a distribution D; in P that satisfies both the following conditions:

(A) X |Di(z) — D(x)| + |Di(Q\ H) — D(Q\ H)| <261/ +C.

zeH

B) Highl/qz(Dl) C H.
then ACCEPT D.

6. If there does not exist any D in P that satisfies both Conditions (A) and (B)
above, then REJECT D.

Note that Step 5 as mentioned above is not completely constructive in a compu-
tational sense. In Section [4.3] we give a constructive variant of the tester where the
property P can be expressed as a set of linear inequalities. We also give an example of
a natural property that can be expressed as a set of linear inequalities.

A2 log? A )

Sample Complexity: The sample complexity of tester is (’)(g—z log? q) = O( oy

which follows from the above description.

Correctness of the algorithm. The proof of correctness of our algorithm is divided

into a sequence of lemmas.
Lemma 4.6. The set H and the distribution D satisfies the following three properties:

(i) With probability at least 1 — %, High,, /2 (D)CSCH.

(i) Forany x € H, if D(z) > %, (1 —=7")D(x) < D(x) < (14 1n")D(x) holds with
probability at least 1 — q%l.

(iii) Forany x € Qwith D(x) < %, either v ¢ H, or D(z) < (1 —i—ﬂ)% holds with

probability at least 1 — q%.
Proof. Let us prove the three parts one by one:
* (i) Consider any = € High,,»(D), thatis, D(x) > Z—;. Then the probability that
x ¢ H isatmost (1— ;7—;)‘H I < q%. Applying the union bound over all the elements

in High,,,2(D) (at most %—? = O(q¢®) Helements), the claim follows.

“This follows from the assumption that A(n, €) is at least (1/¢).
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* (ii) Since | Z| = (9(7712 log W), applying Chernoff bound, we have (1 —n')D(z) <
D(z) < (1+1/)D(x) does not hold with probability at most q%l

* (iii) Since |Z| = (’)(7712 logW), if x is in H (otherwise, we are already done),

applying Chernoff bound (only on one side), the bound follows.

We now bound the ¢;-distance between D and D with respect to f1.

Lemma 4.7. Y |D(z) — D(z)| < 57/(1 + 1) < 10 holds with probability at least
reH

1-3
.

Proof. Recall the definition of High,, ;411-(D). Note that

S |p@-Dbw|= > |p@-Dw|+ > |D)- D)

z€H z€High, /10w (D) z€ H\High,/ /10y (D)

Applying Lemma [4.6| (i) for each = € High,, 10y(D), and then using union bound
over all such z € High,, ;0,1 (D), the first term is bounded by 7’ with probability at least
1-1

q )

Now the second term, notice that for each x € H \ High,, ;10w (D), D(z) < 15+ By
Lemmad.6|(iii), and using the union bound over all elements in /4 \ High, 1oy (D) (note
that |H| < 2W = O(¢?®)), with probability at least 1 — %, D(z) < /(1 +7')/10W for
allz € H\ High,/ ;o5 (D). Since |H| < 2V, the second term is bounded by 47'(1+17')
with probability at least 1 — %. U

Now we prove a lemma that shows that for every distribution D, there is a another

distribution D that is “similar” to D, and for which H contains the top ¢ elements of

D.

Lemma 4.8. There exists a distribution D such that H contains the top ¢* elements of
D. Moreover; the following hold:

() ||D — D||, < 27/, with probability at least 1 — %.
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.o - . 1. 5
(i) > |D(z) — D(z)| < 120, with probability at least 1 — 2.

zeH
(i) [D(Q\ H) — D(Q\ H)| < 120, with probability at least 1 — 2.

Proof. Let T be the set of ¢? largest elements of D. If T' C S, H (as S C H) contains
the largest ¢° elements of D. In that case, setting D to be D gives us the above results.

Now, let us consider the case where ' Z S. By Lemmad.6|(part (i)), with probability
at least 1 — %, High,, 2(D) C S. Thus forany z € H \ S, D(z) < g—; Consider the set
U =T\ H. Notice that since |H \ S| = ¢* and |T| = ¢, |U| < |H\ (T U S)|. Let
U={y,...,yp} CQ\ H,and let z...., 2y be some |U| elements of H \ (T'U S).
Note, by definition of 7" and U, the set {2;...., 2y} and the set {y;....,yy|} are
disjoint.

Consider the distribution D defined as follows:

* For elements in {21...., 2z}, we define D(z;) = D(y;).
« For elements in {y;. ...,y }, we define D(y;) = D(z;).
» For all other z, we define D(z) = D(x).

Note that since all the elements in the sets {21...., 2y} and {y1....,y} were
from 2\ S, from Lemma (part (i)), with probability at least 1 — %, D(y;) < Z—; and
D(z) < Z—;, foralli € {1,...,|U|}. Moreover, as |U| < ¢, we have condition (i) as
well. Furthermore, H contains the largest ¢> elements of D due to its construction.

Using the triangle inequality (relative to /) along with Lemma and the above
expression, we can say that, with probability at least 1 — g, (i1) follows.

Let us now prove (iii). Since D and D are distributions, Y D(z) + Y. D(z) =
zeH zeQ\H
> D(z)+ > D(z).Thus,

xcH z€Q\H

5(Q\H)—5(Q\H)‘ -

> D(x) = D(x)

rz€H reH

< 2‘%) ~Da)| < 129

The last inequality follows from (ii). O]
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Now we finally establish the correctness of the algorithm.

Proof of correctness of the algorithm. For completeness, consider the case where D is
(-close to P. By Lemma (1) and the triangle inequality, we know that there exists
a distribution D that is (¢ + 27)-close to P and H contain the largest ¢> elements of
D. Since %> [D(x) ~ D(x)| < 12¢f and | D(Q\ H) = D(@\ H)| < 121/ hold from
Lemma e(Iij(i) and (iii), following Lemma[d.5|for o« = 121/, 8 = ¢ + 21 and y = 127/,
we can say that there exists a distribution D; in P satisfying Equation (4.3)) (which is
same as satisfying Condition (A) and Condition (B) in Step 5 of the algorithm). Hence,
our algorithm accepts D in Step 5.

For soundness, consider a distribution D that is (¢ + { +n)-far from P. Then follow-
ing Lemma (i), we know that there exists a distribution D that is (¢ + ¢ 47 — 2n/)-far
from P, that is, (¢ + 3o + ( + 2v)-far from P, where o = 121/, 8 = ¢ + 21/. Here,
we are using that = 647’ and v = 121/. Also Lemma[4.8| guarantees that H contains
the top ¢> elements of D. Following Lemma we know that there does not exist any
such distribution D, in P that satisfies both Condition (A) and Condition (B) of Step 5
of the algorithm. Thus the algorithm will REJECT the distribution D in Step 6.

Note that the total failure probability of the algorithm is bounded by the probability
that Lemma ﬁ does not hold, which is at most %. ]

Proof of Lemma 4.4 and Lemma 4.5

Proof of Lemma{.4] 'We will prove this by contradiction. Let us assume that there are

two distributions D, and D,,, such that

* Dyes €P;

D, 1s e-far from P;

Highl/qz(Dyes) = Highl/qz(Dm)) = A;

Forallz € A, Dyes(z) = Dpol(x).
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Now, we argue that any (0, €)-non-tolerant tester requires more than A(n, £) samples
from the unknown distribution D to distinguish whether D is in the property or e-far
from it.

Let Dy be a distribution obtained from D, by permuting the labels of 2\ A using a
uniformly random permutation. Specifically, consider a random permutation 7 : Q\ A —

2\ A. The distribution Dy is as follows:
* Dy(x) = Dyes(x) for each z € A and
* Dy (m(x)) = Dyes(x) foreach z € Q \ A.

Similarly, consider the distribution Dy obtained from D,,, by permuting the labels
of '\ A using a uniformly random permutation. Note that Dy is in P, whereas Dy is
e-far from P, which follows from P being label-invariant.

We will now prove that Dy and Dy provide similar distributions over sample se-
quences. More formally, we will prove that any algorithm that takes at most A(n,¢)
samples, cannot distinguish Dy from Dy with probability at least % We argue that
this claim holds even if the algorithm is provided with additional information about the
input: Namely, for all + € A, the algorithm is told the value of Dy (x) (which is the
same as Dy (z)). When the algorithm is provided with this information, it can ignore all
samples obtained from A.

By the definition of A, for all 2 € Q\ A, both Dy (x) and Dy (x) are at most 5.
Let Sy be a sequence of samples drawn according to Dy. If [Sy| < A(n,¢), then with
probability at least %, the sequence (2 \ A) N Sy has no element that appears twice. In
other words, the set (©2\ A) N Sy is a set of at most A(n, £) distinct elements from 2\ A.
Since the elements of {2\ A were permuted using a uniformly random permutation, with
probability at least %, the sequence (€2 \ A) N Sy is a uniformly random sequence of
distinct elements from {2\ A. Similarly, if Sy is a sequence of samples drawn according
to Dy, then with probability at least 2, the sequence (£2\ A) N Sy is a uniformly random

sequence of distinct elements from €2 \ A. Thus, the distributions over the received

1

sample sequence obtained from Dy or Dy are of distance ; of each other, which is

. 1
strictly less than .
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Hence, if the algorithm obtains at most A(n, €) samples from the unknown distribu-
tion D, it cannot distinguish, with probability at least 2, whether the samples are coming
from Dy or Dy. O

For the proof of Lemma.5] we will need the following simple claim.

Claim 4.9. Let 0 : [n| — [n| be a permutation and let ay,as, ..., a, and by, b, ... by,
be two sets of n positive real numbers. If a; > as > --- > a, and by > by > --- > by,

then the sum |ai — bg(i)‘ is minimized when o is the identity permutation.
i€[n]

Proof. First observe that if a, b, ¢, d are four real numbers with ¢ > b and ¢ > d, then

the following holds:
la—c|+|b—d|<|a—d|+|b—¢|. 4.5)

The above can be proved by checking all possible orderings of the numbers a, b, ¢, d.

Once we have the above observation, we can now proceed to prove the claim. Let

us consider the set of permutations that minimize » |a; — bo‘(i)l- Let ¢ be one such

i€[n]
minimizing permutation that also minimizes the size for the following set .S:

S={(i,j):i<jand (i) > o(j)}

Let 7 be an index such that o(i) < o(i + 1) (such an index 7 exists unless o is the
identity permutation). Let o’ be the permutation obtained from o by swapping o (¢) and

, because

o(i+1). Then the sum ) |ai — bgf(l-)| does not increase from » ‘ai — bo(s)
i€[n] i€[n]
of Equation[4.5] However, the size of the set S with respect to the permutation o’ strictly

decreases, and we have a contradiction. ]
Now we present the proof of Lemma

Proof of Lemma We consider the two cases separately.
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(1) If D is S-close to P, then there exists a distribution D; in P such that we have
> |D(z) — Di(z)| < B. Since P is label-invariant, any permutation of D, is also in P.
Vgi’ithout loss of generality, let us assume that the domain €2 is a subset of {1, ..., n}.

By Claim , the permutation o that minimizes |E(x) - Dl(a(x))’ < [ is the
one that orders the ¢-th largest element of ; with tlfe 1-th largest element of D, that
is, if x is the element with the i-th largest probability mass in Dy, then o(x) has the
i-th largest probability mass in D. Consider the distribution D that is defined by
D{(z) = D:(o(z)). Clearly, H contains the largest ¢®> elements of D¢, and hence
also High, ,»(D7) C H.

As 3| Di(x) = D(@)] < 8, 3 |Dlw) = Dla)| < and [D(O\H)~D(\H)] <

v, by the triangle inequality, we obtam

S |pr@) - D@)| + |pr@\ H) - D\ )

< ;{ |D{(z) = D(x)|+ > [D(x) — D(x)|
+|D“(Q\H) D(Q\ H)|+[D(Q\ H) = D(Q\ H)|
< ;I\D‘f(x)—b(m)H > D(z) - D(x)|
+ > ID{(x) = D(x)| + |D(Q\ H) = D(2\ H)]
z€Q\H
= m%;l\D‘f(fc)—E(x)H > [D(x) )|+ DQ\ H) = D2\ H)|
< at+ B+ )

(2) We will prove this case by contradiction. Let D; € P be a distribution such that
High, ,2(D1) € H and ¥ | Dy(x) — 5(:5)] + ‘Dl(Q \ H) — D(Q\ H)] <a+pB+7.

reH

Then, as Y |D(x) — ZND(a:)‘ < «a, by the triangle inequality, we have
zxeH

S IDi(2) - D(x)| + ‘Dl(Q \ H) — D(Q\ H)’ <2+B+7.  (46)

zeH
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Consider the distribution 13 defined as follows:
e Forallz € H, ZA)(x) = Dy(x).

e If Dy(H) > D(H), then forallz € Q\ H,

D(z) = D(x) - ¢,

1—Dy (H)

where ¢ = ()

. Notice that in this case ¢ < 1.

« If D,(H) < D(H), then pick the set " C 2\ H with |T'| = 2¢* that minimizes

D(T). Then forall z € T,

D(H) — Dy(H)

and forall z € Q\ (T U H), D(z) = D(x)

Let us first prove that Highl/qz(ﬁ) C H. In the case where D;(H) > D(H), for all
z € Q\ H, D(z) < D(z). Since Highl/qg(ﬁ) CH, Highl/qg(f)) C H. Now, in the
case where D;(H) < D(H), the only x € Q \ H for which lA)(m) > D(z) are those in
T. Since || > 4¢?, the lowest 2¢* elements on D must each have mass less than #.
So even if we add # for any element z € T, D(z) < 1/¢% Hence in this case also

High, ,2(D) C H since High, (D) C H and High, ,2(D;) C H.

Now let us bound the ¢; distance between D and D. Observe that

S ‘ﬁ(a:) —ﬁ(m)‘ - ‘f)(Q \ H) — D\ H)|.

z€Q\H

This is because, in the case where D(H) > D(H), we have D(z) = ¢ - D(z) < D(x)
forall z € Q\ H. On the other hand, in the case where D(H) < D(H) then for all
x € Q\ H, D(z) > D(x). Thus,
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D@\ H) - D(Q\ H)

g
=g
O
|
o
O
I

IN

D(Q\ H) — D(Q\ H)| + [D(Q\ H) — D(Q\ H)

< |DQ\ H)—DQ\ H)|+~

Also note that, from the construction of D, we have for all z € H, D(z) = Dy ()
and thus D(Q\ H) = Dy(Q\ H). Thus,

ID-Dly = > |D()-D(x)|+ Y |D(z)—D(x)]

xeH z€Q\H
< Y 1D@) = D(a)| + | D@\ H) = D\ H)| +
_ <Z|D1(x)—5(a;)|+(Dl(Q\H)—E(Q\H)D +

(From the construction of D)

< 2a+ [+ 2y (ByEquation {.6))

Moreover, High, ,,2(D1) € H and by the construction of D, we have Highy/2(D1) =
Highl/qz(ﬁ) and for all z € High,2(D1), Di(x) = D(z). Since we assumed that D,
is in P, using Lemma D is e-close to P. And since ||D — D||; < 2 + 8 + 2, we

conclude that D is (¢ + 2a + 3 + 2)-close to P, which is a contradiction. O

4.3 Computationally efficient tolerant testers

In this section we present a constructive variant of the tolerant tester studied in Sec-
tion Here, for any two vectors a,b € RY, we say that a < b if a; < b; holds for

every i € [N]. Now let us recall the definitions of polyhedron and projection map.
Definition 4.10 (Polyhedron). Let A be a M x N real matrix, b € RM be a real vector
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and Ax < b be a system of linear inequalities. The solution set {z € RY | Az < b}
of the system of inequalities is called a polyhedron. The complexity of a polyhedron is
defined as M N.

Definition 4.11 (Projection map). Let n be an integer. For all integers N > n, a
projection map is denoted as 7, : RY — R™ and is defined as the projection of the

points in RY on the first n coordinates.

Before directly proceeding to our results, we first define two variants of distribution

properties.

Definition 4.12 (Linear property). Without loss of generality, let us assume that () =
[n]. A distribution property P is said to be a linear property if there exists a polyhedron
LP = {z €RY | Az <b}, where Aisa M x N real matrix and b € R be a real
vector, and 7, (LP) is the set of distributions satisfying the property P, that is, for
every z := (21,...,2n, ..., 2n) € LP, the distribution D, defined as

D,(i) =z, Vie€|n]

satisfies the property P, and conversely, for every distribution D that satisfies P, there
exists some z € LP such that D = D, as defined above. The complexity of P is defined
as M x N.

Similar to linear properties, we can also define properties that are feasible solutions

to a system of convex constraints.

Definition 4.13 (Convex property). A distribution property P is said to be a convex
property if P is the set of all feasible solutions to a system of convex constraints over
D(i) for i € Q, where (2 is the sample space of D. In other words, the set P forms a

convex set.

“Note that 7, (LP) will also be a polyhedron in R", see, e.g., Corollary 2.5 in Chapter 2 from the book
by Bertsimas and Tsitsiklis [BT97]]. However, the number of linear inequalities defining the property,
which affects the running time of the tester, can sometimes be greatly reduced by using a projection.
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Now we show that some well studied label-invariant distribution properties can be

represented as linear or convex properties.

Remark 4.1 (An example of a linear property: Approximate uniformity property).

A distribution D over [n] is said to be uniform if D(i) = % for all i € [n]. Let the prop-

—n
erty P, denote the set of all distributions that are e-close to the uniform distribution,

where ¢ € (0, 1) is a parameter. Consider the following polyhedron £LP,, . in R*":

Z Zn4i S €

1€[n]

2 >0 Vi € [2n]

— Znti S 2i— = < Znyy Vi € [n]
n

Now, observe that 7, (LP,.) will give us the set of distributions that are e-close to
uniform, i.e., the set P, . (this would serve as the linear transformation mentioned in

Definition4.12)). Also, note that approximate uniformity property has complexity O (n).

Now we present a property that can be expressed as a feasible solution to a system
of convex inequalities, but that cannot be expressed as feasible solution to a system of

linear inequalities.

Remark 4.2 (An example of a convex property: Entropy property). Let D be a
distribution supported on [n]. Given a parameter k € R, let Pg denote the set of all
distributions with entropy at least k. Py, can be expressed as a convex inequality as

follows:

, 1
Z D(i)log D) > k.

1€[n]

For a distribution property P, let CP C R" denote the geometric representation of
the set of probability distributions over the set [n] that satisfy P by considering each

distribution over [n] as a point in R".
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Forall 8 € [0,1], k < n and a € R", we define the following convex set:

IR

j>k >k

k
A (k,q,a,B) = {x cR?: Z|xi—a,~| +
i=1

1

Before proceeding to prove Theorem [3.2] we will first prove a more general result.
We will show that if we have access to an emptiness oracle that takes a specific convex
set (defined in the following statement) as input, and decides whether the convex set
is empty or not, then we can design a tolerant tester for any label-invariant distribution
property that takes 9) (A?) samples and performs a single emptiness query to the oracle.

The result is formally stated and proved below.

Theorem 4.14. Let P be a label-invariant distribution property. If there is a (0, €)-tester
(non-tolerant tester) with sample complexity A(n,€), then for any 71, v, with 1 < o
and 0 < v1 < yo+e < 2, there exists a (71, V2 +€)-tester (tolerant tester) that takes s =
O(A?) samples and makes a single emptiness query to the set CP N A(O(s), A, D, B),

where D is a known probability distribution and 3 =~ + 237,

Proof. Recall that in Step 5 of the tolerant tester presented in Section the tester
checks whether there is any distribution D; € P that satisfies the following two condi-

tions:
> |Pi@) = Di@)| + [pa@\ ) = D@\ 1) < 267/ +¢

reH
and
Highl/qQ(-D1> g H

where ¢ = 71,1 =72 — 71,1 =Y — 71 and ' = ¢ The set H and the distribution D
are defined in the tolerant tester presented in Section 4.2
Without loss of generality, we can assume that H = {1,...,|H|}. Therefore, in

order to perform Step 5 of the tolerant tester, the following equations are needed to be
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satisfied:

D, € CP @7
D, € A <|H| .q, D, 261 + c) (4.8)

We now present the tolerant (7, 2 + €)-tester in its entirety, that is, a ({,{ +¢+n)-

tester for the property PP, where ¢ = 1,7 = 72 — 71, and ' = g}.

1.

6.

Draw W = O (% log q) samples from the distribution D. Let S C (2 be the set

of (distinct) samples obtained.

Draw additional O (W—VZ log W) samples Z to estimate the value of D(z) for all
xeS.

Construct a set H as the union of S and ¢* arbitrary elements from Q \ (S U Z).
Define a distribution D such that, for x € H,

~ B # x in the multi-set Z

Dle) = 7]
And foreach z € 2\ H,
1— 3 D(x)
D(z)=—2=2
1Q — |H|

If there exists a distribution D; € CP N A <|H |,q,D,26n + C) , then ACCEPT
D.

If there does not exist any distribution [); that passes Step 5, then REJECT D.

Observe that the sample complexity of the tester is O (f]—z log? q) = 5(A2) in addi-

tion to a single emptiness query to the set P € CP N A (]H] .q.D, 261" + C) in Step

5. The correctness proof of the above tester follows from the correctness argument pre-
sented in Section O
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4.3.1 Emptiness checking when P is a linear property

Now we proceed to analyze the time complexity of the (7,7, + £)-tester described in
Theorem|4.14|when P is also a linear property. Recall that as P is a linear property, there
exists a polyhedron LP = {z € RN | Az < b}, where Aisa M x N real matrix and
b € RM be a real vector, and T, (LP) is the set of distributions satisfying the property
P. (See Definition

Now we show that checking emptiness of 7,(LP) N A <|H| .q, D, 26n + Q) is

equivalent to testing the feasibility of a family of inequalities.

Observation 4.15. Without loss of generality, assume that H = {1,...,|H|} and Q2 =
{1,...,n}. Checking emptiness of 7, (LP) N A(|H|,q, D, 261 + ¢) is equivalent to

testing the feasibility of the following set of inequalities:

Az <D (4.9)
|H]| _ n no
EE D(z‘)) +1 3 A S Dl <260 +¢ (4.10)
i=1 i=|H|+1 i=|H|+1

1 |
w< vie [\ {1,....|H]}

(4.11)

Note that the inequality in Equation (4.10)) can be expressed as the following set of

linear inequalities using slack variables zy; for all i € [|H| + 1]:

|H|

ZZNH + N1 < 260 4+
=1

2N > 0 Vi e [|H|+ 1]
— 2y < 2 — D(i) < 2y Vi e [|H|]
— ZN4|H[+1 < Z zi — Z D(i) < ZN4|H[+1

i—=| H|+1 i=| H|+1

Therefore checking the emptiness of 7, (LP)NA (\H |,q,D, 260 + ¢ ) is equivalent
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to checking the feasibility of the following set of linear inequalities:

Az <b
|H]|

Z INti T AN < 260 + ¢
i=1

N4 >0 Vi e [|H|+ 1]
— znyi < zi— D() < Zng Vi € [|H|]
— ZN4|Hl+1 S Z Z; — Z 5(1) < ZN4|H|+1
i=|H|+1 i=|H|+1
1
2 < Vie [n]\{1,...,|H|}

@

The feasibility of the above set of linear inequalities can be solved in a polynomial time
in the complexity of the polyhedron, that is, in a polynomial time in N and M, using the
Ellipsoid Method, where recall that A is a M x N real matrix (see, e.g., [BT97,IGMO7]).
Thus, we have an efficient (,72 + ¢€)-tester for P, that runs in time polynomial in
the complexity of the label-invariant linear property P. This concludes the proof of
Theorem
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Chapter 5

Testing of Non Concentrated Properties

5.1 Introduction

In this chapter, we present some lower bound results for testing non-concentrated distri-
bution properties (see Definition [3.11). We prove that (/1) samples are required for
non-tolerant testing of any non-concentrated properties. Formally, the result is stated as

follows:

Theorem 5.1 (Theorem 3.3|formalized). Let P be any («, )-non-concentrated distri-
bution property for 0 < a < 8 < % For any € with 0 < € < «, any (0, )-tester for P

requires Q(\/n) samples, where n is the size of the support of the distribution.

We will first prove an analogous result for label-invariant non-concentrated distribu-
tion properties in Section[5.2] Then in Section [5.3]we generalize the proof to hold for all
classes of non-concentrated distribution properties.

Later in Section we prove that almost linear number of samples are required

for tolerant testing of label-invariant non-concentrated distribution properties.

Theorem 5.2 (Theorem 3.4/ formalized). Let P be any (o, B)-non-concentrated label-
invariant distribution property, where 0 < a < 8 < % For any constant €, and 5 with
0 < e < &y < a, any (&1, 9)-tester for P requires Q(nl_o(l)) samples, where n is the

size of the support of the distribution.
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5.2 Testing of non-concentrated label-invariant proper-
ties

In this section we first prove a lower bound of 2(1/n) on the sample complexity of non-
tolerant testing of any non-concentrated label-invariant property. Then we proceed to

prove a tolerant lower bound of (n'~°(")) samples for such properties in Section m

5.2.1 Non-tolerant lower bound for label-invariant properties

Here we first prove a lower bound result analogous to Theorem|[5.1] where the properties
are non-concentrated and label-invariant. In Section [5.3] we discuss why the proof of
Theorem [5.3]does not directly work for Theorem and then prove Theorem [5.1|using

a different argument.

Theorem 5.3 (Analogous result of Theorem 3.1 for non-concentrated label-invari-
ant properties). Let P be any («, 5)-non-concentrated label-invariant distribution prop-
1

erty, where 0 < o < 3 < 5. For e with 0 < € < o, any (0,¢)-tester for property P

requires )(\/n) samples, where n is the size of the support of the distribution.

Proof. Let us first consider a distribution D, that satisfies the property. Since P is an
(cv, B)-non-concentrated property, by Definition[3.11] D, is an (c, 3)-non-concentrated
distribution. From D,.,, we generate a distribution D, such that the support of D, is
a subset of that of D, and D,,, is e-far from P. Hence, if we apply a random permu-
tation over the elements of (2, we show that D, and D,, are indistinguishable, unless
we query for Q(y/n) samples. Below we formally prove this idea.

We will partition the domain 2 into two parts, depending on the probability mass of
Dy, on the elements of €. Given the distribution D,,, let us first order the elements
of §2 according to their probability masses. In this ordering, let L be the smallest 25n
elements of 2. We denote 2\ L by H. Before proceeding further, note that the following

observation gives an upper bound on the probabilities of the elements in L.

Observation 5.4. Forall z € L, Dy (z) < =22

-2

3=

®
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Proof of Observation[5.4] By contradiction, assume that there exists z € L such that

Dyes(x) > 1=55+- This implies, for every y € H, that D (y) > tgg% So,

1—2al
1-28n

L= ZDy%(m) = ZDyeS(x) + Z Dyes(y) > Dyes(L) + |H|

€ zeL yeH
As |L| = 2fn and D, is an (v, )-non-concentrated distribution, D,.s(L) > 2a. Also,
|H| = (1 — 20)n. Plugging these into the above inequality, we get a contradiction. [

Note that Observation implies that if .S is a multi-set of o ( %n) samples
from D,., then with probability 1 — o(1), no element from L appears in S more than
once. Now using the distribution D, and the set L, let us define a distribution D,,, such
that D,,, is e-far from P. Note that D,,, is a distribution that comes from a distribution
over a set of distributions, all of which are not («, §)-non-concentrated. The distribution

D,,, is generated using the following random process:

* We partition L randomly into two equal sets of size fn: {z1,...,23,} and {yi, . ..
Ysn . We randomly pair the elements of L into n pairs. Let (z1,41), - - -, (Zgn, Ysn)

be a random pairing of the elements in L, which is represented as P, that is,

PL = {(xla yl)a ceey (‘rﬁna yﬂn)}
* The probability mass of D, at z is defined as follows:

- If 2 & L, then D,,(2) = Dyes(2).

— For every pair (z;,y;) € Pr, Dyo(2;) = Dyes(;) + Dyes(yi), and D, (y;) =
0.

We start by observing that the distribution D,,, constructed above is supported on a
set of at most (1 — J)n elements. So, any distribution D,,, constructed using the above
procedure is e-far from satisfying the property P for any € < a.

We will now prove that D, and D,,, both have similar distributions over the se-
quences of samples. More formally, we will prove that any algorithm that takes o(1/n)

samples, cannot distinguish between D, from D,,, with probability at least %
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Since any D,,, produced using the above procedure has exactly the same probability
mass on the elements in H as D, any tester that distinguishes between D, and D,,,
must rely on samples obtained from L. Recall that the algorithm is given a uniformly
random permutation of the distribution. Since supp(1)(Dy,) C supp(1)(D,.s) (particu-
larly, supp(1)(Dy,) N L C supp(1)(Dyes) N L), it is not possible to distinguish between
D,es and D,,, unless an element of L appears at least twice. Otherwise, as in the proof
of Lemmaf.4] the elements drawn from L are distributed identically to a uniformly ran-
dom non-repeating sequence. But observe that Dy.,(i) = O(2) and D,,(i) = O(%)

when i is in L. Thus any sequence of o(y/n) samples will provide only a distance of

o(1) between the two distributions, completing the proof. O

5.2.2 Tolerant lower bound for label-invariant properties

Theorem 5.5 (Theorem restated). Let P be any («, 3)-non-concentrated label-
invariant distribution property, where 0 < a < 8 < % For any constant £, and 5 with
0 < ey < ey < q, any (e1,e9)-tester for P requires Q(n'=°1)) samples, where n is the

size of the support of the distribution.

To prove the above theorem, we recall some notions and a theorem from Valiant’s
paper on a lower bound for the sample complexity of tolerant testing of symmetric prop-
erties [Valll]. These definitions refer to invariants of distributions, which are essentially

a generalization of properties.

Definition 5.6. Let II : D,, — R denote a real-valued function over the set D,, of all

distributions over [n].

1. II is said to be label-invariant if for any D € D, the following holds: II(D) =

II(D,) for any permutation o : [n] — [n].

2. For any 7,0 withy > 0 and § € [0, 2], IT is said to be (v, §)-weakly-continuous if
for all distributions p™, p~ satisfying |[pT—p~||1 < J, we have |II(p")—TI(p7)| <
7.

62



For a property P of distributions, we define I1p : D,, — [0, 2] with respect to prop-

erty P as follows:
For D € D,,,I1p(D) := the distance of D from P.

From the triangle inequality property of ¢; distances, [1» (which refers to the distance

function from the property P) is (-, v)-weakly continuous, for any v € [0, 2].

Theorem 5.7 (Low Frequency Blindness [Valll]). Consider a function 11 : D,, - R
that is label-invariant and (v, §)-weakly-continuous, where v > 0 and § € [0,2]. Let
there exist two distributions p* and p~ in D,, with n being the size of their supports,
such that TI(p*) > b, II(p~) < a, and they are identical for any index occurring with
probability at least % in either distribution, where a,b € R. Then any tester that has
sample access to an unknown distribution D and distinguishes between 11(D) > b — ~

and I1(D) < a + v, requires Q(n'=°W) samples from D

Note that in Theorem we have assumed that p* and p~ are identical for any
index that has probability mass at least % We can actually replace this condition to
O(2) by adding O(n) “dummy elements” to the support of p™ and p~. Now we are
ready to prove Theorem [5.5]

Proof of Theorem[5.5] Consider Ilp as defined above. As P is a label-invariant prop-
erty, the function Ilp is also label-invariant. We have already noted that IIp is (y,7)-
weakly continuous as “distance from a property” satisfies the triangle inequality, for any
v € [0,2]. Now recall that the distributions D,.s and D,,, considered in the proof of
Theorem @ The probability mass of each element in the support of D, and D,,,, is
O(%) Note that Dy, is in P and D,,, is e-far from P, for any € < «, and both of them
have a support size of O(n). Here we take ¢ > &,. Now, we apply Theorem with
a = 0, some b < ¢ and v with v < min{e;,e — e5}. Observe that this completes the
proof of Theorem[5.5] O

'05(+) suppresses a term in .
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5.3 Sample complexity of non-concentrated properties

Theorem 5.8 (Theorem [5.1|restated). Let P be any («, 3)-non-concentrated distribu-
tion property for 0 < a < 8 < % For any € with 0 < ¢ < «, any (0, ¢)-tester for P

requires )(\/n) samples, where n is the size of the support of the distribution.

Why does the proof of Theorem 5.3|work only for label-invariant properties? Note
that the proof of Theorem|5.3|crucially uses the fact that the property P is label-invariant.
Recall that, while constructing D,,, from D,.,, for each i € [Sn], moving the masses
of both z; and y; in D, to x; to produce D,, is possible as the property P is label-
invariant. Due to this feature, we can apply a random permutation over (), and still
the permuted distribution will behave identically with respect to P. After applying the
random permutation, the samples coming from D, and D,, are indistinguishable as
long as there are no collisions among the elements in L, which is the case when we take
o(y/n) samples. However, this technique does not work when the property is not label-
invariant, as the value of the distribution with respect to P may not be invariant under
the random permutation over (). This requires a new argument; although the proof is
similar in spirit to the proof of Theorem [5.3] there are some crucial differences, and we
present the proof next. In order to prove Theorem[5.8] instead of moving the masses of
both z; and y; in D, to x; to produce D,,,, we randomly move the sum to either z; or

i, with probability proportional to the masses of z; and y;.

Proof of Theorem

The proof of Theorem [5.8]starts off identically to the proof of Theorem [5.3] but there is
a departure in the construction of D, and D,

Let us first consider Dy, L and P, as discussed in the proof of Theorem[5.3] only
here we cannot and will not pass D, through a random permutation. The difference
starts from the description of the distribution D,,,. In fact, D,,, will be randomly chosen
according to a distribution over a set of distributions, all of which are not («, /3)-non-

concentrated. The distribution D,,, is generated using the following random process:
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» We partition L arbitrarily into two equal sets of size Sn. Let they be {1, ..., zg,}
and {y1,...,Ys.}. We pair the elements of L arbitrarily into Sn pairs. Let
(x1,y1),- -, (pn, ysn) be an arbitrary pairing of the elements in L. Let Pj, be
the set of pairs. So P, = {(x1,y1),. .., (%pn, ysn)}. We refer to x; and y; as the
elements corresponding to each other with respect to Py, and denote 7 (z;) = y;

and W(yz) = ;.
* The probability mass of D, at z is defined as follows:

- If 2 ¢ L, then D,,,(2) = Dyes(2).

— For every pair (x;,y;) € Pr, use independent random coins and

o With probabilty 2 et Dyu(r) = Dyl + Dy
and D,,(y;) = 0.

x With the remaining probability, that is, with probability Bocs (’iy)Jr(gy )eﬁ(yi) ’
set Dyo(2;)

= 0and D,,,(y;) = Dyes(:) + Dyes (i)

Observe that any D,,, constructed by the above procedure is supported over a set of at
most (1 — 3)n elements. So any distribution D,,, constructed using the above procedure
is e-far from satisfying the property P, for any € < «a. But since any D,,, produced using
the above procedure has exactly the same probability mass on elements in H as D,
any tester that distinguishes between D,., and D,,, must rely on samples obtained from
L. However, we can prove that unless we receive two samples from the same pair in L
(which occurs with low probability), the sample sequence cannot distinguish D, from
D,y

Note that there is an upper bound of O(%) on the probability mass of any element

in L. In fact, for any pair (z;,y;) € Pp, the total probability mass of the pair is at most

Observation 5.9 (Follows from Observation [5.4). For all pairs (x;,v;) € P, Dyo(;) +
Dio(y;) < 2}:3;% Also note that D,,,(z;) + Dio(yi) = Dyes(xi) + Dyes(yi) with

probability 1 over the construction of D,,,.
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1—2a

From Observation observe that if .S is a multi-set of o < ﬂn) samples from
Dy, then with probability 1 — o(1), no two elements in S (identical or not) are from
the same pair in ;. The same holds for D,,, as well. Given that no two elements in

S are from the same pair in Py, we will now prove that D, and D,, have the same

distributions over sample sequences. This implies that, for a sequence of o ( }:32 n)
samples, Dy, and D,,, induce distributions over samples sequences that have o(1) vari-

ation distance from each other.

Note that under the condition that at most one element is drawn from any pair

Dyes (i)
Dyes (Z'i)+Dyes (yz) ’

irrespective of whether the distribution is Dy, or D,,,. So, we have the following lemma.

(x;,y;) € Pr, the probability that the sample is x; instead of y; is equal to

Lemma 5.10. Let ay, ..., a, be a sequence of q elements, where no element of L appears
twice, additionally containing no two elements from the same pair in Py, (elements of H

can appear freely). Then

Pr [(s1,...,8) = (a1,...,a.)] = Pr  [(s1,...,8,) = (a1,...,ay)]

81,..,8¢~Dyes 81,..,8¢~Dno

Proof. Let us begin by defining an event £ as follows:
& :=no element of L appears twice, and no two elements from the same pair appear.
Observe that we will be done by proving

51,...,5£Dyes[Si = a, foreachi € [¢] | €] = SLH.?ISIED”O[S@' = a; for each i € [q] | £]. (5.1)
We will prove this by using induction over g. Let us assume that we have generated
samples s; = ay,...,S; = ai from the unknown distribution, where 1 < k£ < ¢. Let
Xk ={s1,..., sk} NL be the samples we have seen until now from L, and X; = {7 (z) :
x € X }. By the induction hypothesis, assume that Equation (3.1]) holds for each ¢ with
q < k. We will show that Equation holds for ¢ = k + 1.

k+1

yes and DF¥1 as follows, and consider

To do so, let us now define two distributions D
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a claim (Claim [5.11)) about them.
Difl(z)=  Pr  [sgy1=a|Eands; = a; fori < k.
Similarly,
DEfY(z) = Pr  [sgp1=x | Eands; = a; fori < k.

Claim 5.11. D*'!(x) = D (z) for every x € Q.

yes

Proof. We prove the claim separately when x € X, UX, C L,z € L\ (X, U Xj}), and

x & L.

() r € X, UX: DifN(x) = Dyt (x) = 0. This follows from the condition that no
element of L appears twice, additionally containing no two elements of the same
pair.

(i) r € L\ (Xx UX}): As D¥1(z) = DFF(z) = 0 for every x € X, U X, we have

yes

the followings for each z € L\ (X U X}).

Assume that x = x; € L\ (X;UX},) for some i € [$n] (using the notation defined
for the partition of L into pairs while we have described the random process for
generating D,,,). The argument for the case where x = y; for some j € [3n] is

analogous to this.

Under D,., a direct calculation gives the probability for obtaining x = z; €
L\ (XU Xj) as the (k + 1)-th sample sy 1.

Dffl(z) = Dyes(z | z ¢ XU X))

_ Dyes(z)
I Zyexkuxl/c Dyes<y>
_ Dyes(2)
1- EZX (Dyes(y) _'_Dyes(ﬂ-(y)))7
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Let us now consider D,,,. Note that z; € L\ (X; U X}), and neither x; nor y;
is present in the set of first & samples {si, ..., sx}. So, the probability of getting
s1,-...,Sk as the sequence of first k£ samples is completely independent of how
Dyo(z;) and D,,,(y;) are assigned while generating D,,,, that is, whether we chose
Dio(x;) tobe Dyegs(x;) + Dyes(y;), or chose it to be zero (and made D, (y;) equal

t0 Dyes(z;) + Dyes(y;) instead). That is, even when conditioned on the event

that sq, ..., s is the sequence of first & samples, the probability that D, (x;) is
1 D es(Tj . . ey
Dyes(i) + Dyes(y;) is B (xi’) +(Dy)es R Note that D,,,(x;) is 0 with probability
Dyes (yL)
Dyes(xi)+Dyes(yi) *

Now we can calculate the probability of obtaining = = x; € L as the (k + 1)-th

sample s from the corresponding conditional probabilities.

ngl<x) = Dy (:r | z ¢ Xy U Xl;)

_ Dyes(xi) + Dyes(vi) . Dyes(;)

1-— XZX, Dno(y) Dyes(xi) + Dyes(yi)
_ DyeS(x)

1— ez)j( (Dyo(y) + Dno(m(v)))”

From the construction of D, and D,,,, foreach y € L, Dyes(y) + Dyes(m(y)) =
Dio(y) + Dio(7(y)). As Xi € L,

> (Dyes(y) + Dyes(m())) = > (Do) + Duol(1))) -

yeXg yeXg

Hence, we have D¥11(x) = DFF ().

yes

(iii) v ¢ L: Recall thatforany « ¢ L, Dy.,(x) = D,,(x). Proceeding in similar fashion

to D}£}(x) in Case (ii), we conclude that DX () = DEFL.

yes yes
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Now we are ready to prove Equation (5.1)) for g = k£ + 1.

S1yeeey 5k+1NDyes

= Pr [si =a; Vi€ [k]|E] Prisgs1r = ap1 | € & 55 = a; Vi € [K]]

Slyeeey 5k+1NDyes

= Pr [Si = a; Vi € [k’] | g] : Dk+1(ak+1)

yes

(By the definition of D*11)

yes
= Pr[s;=q;Vi€[k]|£] Dyl (aks)

(By the induction hypothesis and Claim [5.11] respectively)
= Pr  [si=a;Vielk]|E] Prlspy1 = ar1 | € & s; = a; Vi € [K]]
= Pr si=a; Vie[k+1]| &l

]

Following the construction of D, and D,,,, we know that the two distributions differ
only on the elements of L. Moreover, following Observation we know that if we
take o ( %n) samples, then with probability 1 — o(1), neither any element of L will
appear more than once nor two elements of same pair in P, will appear. Under these
two conditions, Lemma [5.10] states that D,., and D,,, will appear to be the same. Thus
we can say that any (0, €)-tester that receives o (, / %n) samples cannot distinguish

between D, and D,,,, and obtain Theorem [5.8]
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Chapter 6

Distribution Learning with Unknown

Support

6.1 Introduction

In this chapter, we prove an upper bound related to the tolerant testing of more general
properties. We prove that for concentrated distributions (distributions whose most of the
mass is over a subset S C [n]), the distribution can be learnt efficiently, even when the
set as well as its size over which the distribution is concentrated are unknown. Formally,

we have the following result:

Theorem 6.1 (Theorem [3.5|formalized). Let D denote the unknown distribution over
Q = [n], and assume that there exists a set S C [n] with D(S) > 1—2'} wheren € [0,2)
is known but S and | S| are unknown. Then there exists an algorithm that takes 6 € (0, 2]
as input and constructs a distribution D' satisfying ||D — D'||; < n+ & with probability

at least % Moreover, the algorithm uses, in expectation, O (%) samples from D.

IRecall that the variation distance between two distribution is half than that of the ¢; distance between
them. So, we take D(S) > 1 — 2 (with n € [0,2)) instead of D(S) > 1 —n (withn € [0,1)) .
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6.2 Learning distributions with unknown support

Following a folklore result, when provided with oracle access to an unknown distribu-
tion D, we can always construct a distribution D’, such that the /; distance between D’
and D (the unknown distribution) is at most ¢, by using O(Z) samples from Dﬂ In this
section, we provide a procedure that can be used for tolerant testing of properties, and in
particular hints at how general tolerance gap bounds could be proved in the future. Our
algorithm learns an unknown distribution approximately with high probability, adapting
to the input, using as few samples as possible. Specifically, we prove that given a distri-
bution D, if there exists a subset S C [n| which holds most of the total probability mass
of D, then the distribution D can be learnt using O(|S|) samples, even if the algorithm

is unaware of |.S| in advance. Our result is formally stated as follows:

Theorem 6.2 (Theorem [6.1] restated). Let D denote the unknown distribution over
Q) = [n], and assume that there exists a set S C [n] with D(S) > 1 — g where
n € [0,2) is known but S and | S| are unknown. Then there exists an algorithm that takes
6 € (0,2] as input and constructs a distribution D' satisfying ||D — D'||; < n+ 0 with
probability at least % Moreover, the algorithm uses, in expectation, O <%> samples
from D.

Note that in the above theorem, the algorithm has no prior knowledge of |.S|. Before
directly proving the above, we first show that if |S| is known, then O(|S|) samples are
enough to approximately learn the distribution ). We would like to point out that a
similar question has been studied under the local differential privacy model with com-
munication constraints, by Acharya, Kairouz, Liu and Sun [AKLS21]] and by Chen,
Kairouz and Ozgﬁr [CKO20].

Lemma 6.3 (Theorem when |S| is known). Let D be the unknown distribution
over Q) = [n] such that there exists a set S C [n] with |S| = s, and n € [0,2) such

that D(S) > 1 — 3, where s € [n] and 7 € (0,1) are known. Then there exists an

There is a writeup of this folklore result by Cannone [Can20b].
Recall that the variation distance between two distribution is half than that of the ¢; distance between
them. So, we take D(S) > 1 — 2 (with n € [0,2)) instead of D(S) > 1 —n (withn € [0,1)) .
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algorithm that takes § € (0,2] as an input and constructs a distribution D’ satisfying
|D — D'||y < n+ & with probability at least <. Moreover, the algorithm uses O (3 )

samples from D.

We note that Lemmal6.3|can be obtained from the work of Acharya, Diakonikolas, Li
and Schmidt [ADLS17, Theorem 2]. For completeness, we give a self-contained proof
for this lemma below.

We later adapt the algorithm of Lemma to give a proof to the scenario where
|S| is unknown, using a guessing technique. The idea is to guess |S| = s starting from
s = 1, and then to query for O (s) samples from the unknown distribution D. From the
samples obtained, we construct a distribution Dy, and use Lemma presented below
to distinguish whether D, and D are close or far. We argue that, for s > |S|, D, will be
close to D with probability at least 1%. We bound the total probability for the algorithm
reporting a D’ that is too far from D (for example when terminating before s > |S]),
and also bound the probability of the algorithm not terminating in time when s becomes

at least as large as |.S|.

Lemma 6.4 ([VV11]). Let D, and D, denote unknown (input) and known (given in
advance) distributions respectively over Q) = [n|, such that the support of D,, is a set of
s elements of [n]. Then there exists an algorithm TOL-ALG(D,, Dy, €1, €2, k) that takes

the full description of Dy, two proximity parameters 1,69 with 0 < ¢1 < €9 < 2 and

s
(e2—e1)? log s

k € (0,1) as inputs, queries O < log %) samples from D, and distinguishes

whether ||D,, — Dy||1 < &1 or ||D, — Dg||1 > €2 with probability at least 1 — /@E]

Note that Theorem[6.2]talks about learning a distribution with O(|S|) samples, where
there exists an unknown set S with D(S) > 1 — /2. To prove Theorem [6.2] we use
Lemmal6.4] that crucially uses less than s queries for tolerant identity testing (as opposed
to learning).

The bound following the paper of Valiant and Valiant [VVT11] is O <m @),

which holds for any general distributions D,, and D) with constant success probabil-

ity. When deploying Lemma (6.4, we “contract” the set 2 \ supp(1)(Dy) to a single

“The multiplicative factor log % is for amplifying the success probability from % tol— k.
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element, which allows us to substitute s + 1 for n. Note that this does not change the

distance between D;, and D,,. Hence, O <(€+2 ) samples from D, are enough for
2—¢1)? log s

constant success probability. Following a recent work of Cannone, Jain, Kamath and

Li [CJKL22], the dependence on the proximity parameters can be slightly improved.

However we are not using that result since the focus of this work is different.

We first prove Lemma and then proceed to prove Theorem

Proof of Lemma[6.3] Let Z be a multi-set of O (%) samples taken from D. The algo-

rithm constructs a distribution D’ : [n] — [0, 1] such that

# times x appears in Z

Di(z) = 7]

Observe that ||D — D'||; = 2 IEnEif}(:] |D(E)— D'(E)|. So, we will be done by showing
Cln
the following:

With probability at least

2, |D(BE) — D'(E)| < 2 forall EC [n]  (6.1)

Note that there are 2" possibilities for £. So, a direct application of the union
bound would require a failure probability of at most (9(2%) for each E not satisfying
|D(E) — D'(E)| < £, that is, O(55) samples would be needed. Assuming that D is
concentrated (D(S) > 1 — 1), we argue below that it is enough to have a failure prob-
ability of O(4) for each T not satisfying |D(T) — D'(T)| < 2, but first we show that
this is indeed the probability that we achieve.

Observation 6.5. Consider T C [n]. |D(T) — D'(T)| < % holds with probability at

1
least 1 — 15055+

Proof. Let X; denote the binary random variable that takes value 1 if and only if the i-th

1Z|
sample in Z is an element of T', where i € [|Z|]. So, D'(T') = Z X;.
Observe that the expectation of D'(T) is E[D'(T)] = ( ) Applylng Chernoff
bound (Lemma [2.12)), we get the desired result. O
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By the above observation for every subset of .S, applying the union bound over all
possible subsets of S, we have |D(T) — D'(T)| < 2 forevery T C S with probability at
5- Further applying the observation for 7" = 2\ S, we have |[D(Q2\ S) — D'(Q2\
S <@ 1 with probability at least 1 —

least 2% 10

e

Let £ be the event that |D(T') — ( )| < 2 forevery T C S, and [D()\ S) —
D'(Q2\ S)| < 2. Note that Pr(€) > 2. So, to prove Equation (6.I) and conclude the
proof of Lemma we show that \D( ) — D'(E)| < ™ holds, in the conditional

probability space when & occurs, for any £ C [n].

|D(E) — D'(E)]

IA

ID(ENS)—D(ENS)|+|D(EN(Q\S))—D(En(Q\9))]
g +max {D(Q\ S),D'(2\ S)}

1) 1)
1 H PO\ + 5
n+o

2

IN

IN

IN

Proof of Theorem[6.2] The algorithm is as follows:
1. Sets = 1.
2. Query for a multi-set Z, of O () samples from D.

3. Construct a distribution D; : [n] — [0, 1] such that

# times x appears in Z;
|Z]

Dy(z) =

4Cwﬂmd@mMHbLAM%D&Dn+wn+&m%gJ
Lemma to distinguish whether ||D — D;||; <n+ % or ||D — D,|[y > n+ 4.
If we get ||D — D,|[; < 1+ 2 as the output of TOL-ALG, then we report D' as

(corresponding to

the output and QUIT. Otherwise, we double the value of s. If s < 2n, go back to
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Step 2. Otherwise, report FAILURE

Let S denote the event that the algorithm quits with the desired output. We first show
that Pr(S) > % Then we analyze the expected sample complexity of the algorithm.

Observe that the algorithm quits after an iteration with guess s such that ALG-TOL
reports ||D — Dyl < n+ g. So, in that case, the probability that the algorithm exits

with an output not satisfying ||D — D||; < 1+ 0 is at most . When summing

1
1001og? s
this up over all possible s (all powers of %, even up to infinity), the probability that the

algorithm does not produce the desired output, given that it quits, is at most » W <
k=1

%. So, denoting Q as the event that the algorithm quits without reporting FAILURE,

Pr(S|Q) > .
For the lower bound on Pr(Q), consider the case where s > |S|. In this case,

||Ds—D||1 <n+ g with probability at least %, and TOL-ALG quits by reporting D, as

the output with probability at least 1 — . So, for any guess s > |5/, the algorithm

1
100log? s
quits and reports the desired output with probability at least %. So, the probability that
the algorithm quits without reporting failure is at least the probability that the algorithm
quits with a desired output at some iteration with a guess s > |S|, which is at least
1 — (3)losn—loglSIH) That is, Pr(Q) > 1.
Hence, the success probability of the algorithm can be lower-bounded as

9
10

Pr(S) > Pr(Q) - Pr(S| Q) >

Ol >
GV )

>

Now, we analyze the sample complexity of the algorithm. The algorithm queries
for O(s) samples when it runs the iteration whose guess is s. The algorithm goes to
the iteration with guess s > |S| if all prior iterations which guessed more than |S|
failed, which holds with probability at most O ((%) Llog 5/151] ) . Hence the expected sample

complexity of the algorithm is at most

s L\ Los(e/ish) s
> o+ ¥ 0((5) ﬁ):a'é—b

kis=2k<|S| kis=2k>|9|

"By Lemma this step uses O( 55 ) samples.

76



To explain the above equality, note that in the LHS of the above equation, each
term of the second sum is bounded by O((£)*-1oglSI) . 2(k=log]S]) . %‘) Thus, substi-
tuting k£ — log(|S|) by r, we see that the second part of the LHS is upper bounded by

>0 ((%)” . %) which is clearly O (%) Thus we have the above bound. O
r>0
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Part 11

Results in the Huge Object Model
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Chapter 7

Testing in the Huge Object Model

7.1 Introduction

The field of distribution testing is currently ubiquitous in property testing, see the books
and surveys of [Goll7, BY22, [F1s04, Ron08, Ron09, [CS10a, RS11} |Can20a, (Can22]]
for reference. Distribution testing has also found numerous applications in other areas
of research, including topics that have real life applications [CM19, MPC20, [(CKS20,
PM21]].

In the original model of distribution testing, a distribution D defined over some set
() can be accessed by obtaining independent samples from D, and the goal is to approx-
imate various interesting properties of D). This model has been studied extensively over
the last two decades, and many interesting results and techniques have emerged.

The majority of distribution testing research centers on the goal of minimizing the
number of samples required to test for various properties of the underlying distribu-
tion. If the domain of the distribution is structured (for example, if the domain is the
n-dimensional Hamming cube {0, 1}™), then designing efficient testers brings its own
challenges. A number of papers have studied the problem of testing properties of distri-
butions defined over the n-dimensional Hamming cube (see [ABR 16, (CDKS17, BC18|,
BGMV20, CCK™21, [CILW21, BCY22]). With the rise of big data (translating to n

being very large), even reading all the bits in the representation of the samples might
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be very expensive. To address this issue, recently Goldreich and Ron [GR22] studied
distribution testing in a different setting.

In their model, called the huge object model, the distribution D is supported over
the n-dimensional Hamming cube {0, 1}", and the tester will obtain n-length Boolean
strings as samples. However, as reading the sampled strings in their entirety might be
infeasible when n is large, the authors in [[GR22] considered query access to the samples
along with standard sampling access. Note that without loss of generality, the number of
samples will be upper-bounded by the number of queries. Thus, a desirable goal in this
model is to optimize the number of queries for testing a given property, with respect to
the Earth Mover Distance notion that befits this model. [[GR22]] studied various natural
properties like support size estimation, uniformity, identity, equality, and “grainedness”[]
in this model, providing upper and lower bounds on the sample and query complexities
for these properties.

In this chapter, we study the sample and query complexities of a very natural class
of properties, which we call the index-invariant properties, in the huge object model of

distribution testing.

Index-Invariant Distribution Properties: In general, a distribution property is a col-
lection of distributions over a fixed domain {2 ﬂ Often the property in question has some
other “symmetry”. For example, a property is called label-invariant if any changes in
the labels of the domain do not affect whether the distribution is in the property or not.
Many of the well studied properties, such as uniformity, entropy estimation, support
size estimation, and grainedness, are label-invariant properties. Label-invariant proper-
ties have been studied extensively in literature [BDKROS, [Pan08, GR11, [Vall 1, DKN14,
CDVV14,/ADK15,VV17b, BC17, DKS18].

In some cases, the distribution property is not fully label-invariant, but still has a

certain amount of symmetry. For illustration, consider the following examples:

'A distribution D over {0,1}" is said to be m-grained if the probability mass of any element in its
support is a multiple of 1/m, where m € N.

“We use the phrases “a distribution is in the property” and “a distribution has the property” inter-
changeably to mean the same thing.
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1. Property MONOTONE: Any distribution D over {0, 1}" satisfies the MONOTONE
property if

X <Y implies D(X) < D(Y), forany X,Y € {0,1}",

where for two vectors X, Y € {0,1}", X <Y if z; < y; holds for every i € [n].

2. Property LOG-SUPER-MODULARITY: Any distribution D over {0, 1}" satisfies
the LOG-SUPER- MODULARITY if

D(U)D(V) < D(UAV)DUVV),forany U,V € {0,1}",

where the Boolean A and V operations over the vectors are performed coordinate-

wise.

3. Property LOW-AFFINE-DIMENSION: A distribution D over {0, 1}" is said to sat-
isfy the LOW-AFFINE-DIMENSION property, with parameter d € N, if the affine

dimensio of the support of D is at most d.

Note that for the properties described above, a distribution satisfies the above prop-
erties even after the indices {1,...,n} of the vectors in {0, 1}" are permuted by a per-
mutation o defined over [n]. To capture this structure in the properties, we introduce the

notion of index-invariant properties.

Definition 7.1 (Index-invariant property). Let us assume that D : {0,1}" — [0, 1] is
a distribution over the n-dimensional Hamming cube {0, 1}". For any permutation o :
[n] — [n], let D, be the distribution such that D(wy, ..., w,) = Dy(Wsq), - ., We(n))
for all (wy,...,w,) € {0,1}". A distribution property P is said to be index-invariant

when D is in P if and only if D, is in P, for any distribution D and any permutation o.

Informally speaking, index-invariant properties refer to those properties that are in-

variant under the permutations of the indices {1, ...,n}. Note that this set of properties

A set S € R” has affine dimension k if the dimension of the smallest affine set in R™ that contains .S
is k.
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differs from the more common notion of label-invariant properties, since the total num-
ber of possible labels, for distributions over all n-length Boolean vectors, is 2". However,
we are considering only permutations over [n], thus in total only n! permutations instead

of 2™ permutations.

7.1.1 Our results

In this part, as already mentioned, we study the sample and query complexities (in the
huge object model) of index-invariant properties. We primarily focus on two prob-
lems. First, we study the connection between the query complexity for testing an index-
invariant property and the VC-dimension of the non-trivial support of the distributions
in the property. Secondly, we study the relationship between the query complexities
of the adaptive and non-adaptive testers for index-invariant properties, along with their
non-index-invariant counterparts.

One important and technical difference between the huge object model and the stan-
dard distribution property testing model is the use of Earth Mover Distance (EMD) for
the notion of “closeness” and “farness”, instead of the more prevalent ¢, or variation
distance. Thus, in the rest of the chapter, by an e-tester for any property P of distribu-
tions over {0, 1}", we mean an algorithm that given sample and query access (to the bits
of the sampled vectors) to a distribution distinguishes (with probability at least 2/3) the
case where the distribution D is in the property P from the case where the EMD of D

from any distribution in P is at least €, where € > 0 is a proximity parameter.

Testing by learning of bounded VC-dimension properties (constant

query testable properties):

We prove that a large class of distribution properties are all testable with a number of
queries independent of n, using the testing by learning paradigm [DLM™07, GOS™09,
Serl0], where the distributions are supported over the n-dimensional Hamming cube
{0, 1}". More specifically, we prove that every distribution whose support has a bounded

VC-dimension can be efficiently learnt up to a permutation, leading to efficient testers
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for index-invariant distribution properties that admit a global VC-dimension bound. Our
main result regarding the learning of distributions in the huge object model is the fol-

lowing theorem.

Theorem 7.2 (Informal). For any fixed constant d € N, given sample and query access
to an unknown distribution D over {0, 1}" and a proximity parameter ¢ > 0, there exists
an algorithm that makes poly(%) queries and either outputs the full description of a

distribution or FAIL satisfying the following conditions:

(i) If the support of D is of VC-dimension at most d, then with probability at least 2/3,
the algorithm outputs a full description of a distribution D' such that D is e-close

to D! for some permutation o : [n| — [n].

(ii) For any D, the algorithm will not output a distribution D' such that D! is e-far from
D for all permutations o : [n] — [n|, with probability more than 1/3. However,
if the VC-dimension of the support of D is more than d, the algorithm may output
FAIL with any probability.

In fact, our result holds for a general class of clusterable properties (stated in Theo-
rem[38.3and Corollary that also covers the VC-dimension case as stated in the above

theorem. The result for learning clusterable distribution is stated as follows:

Theorem 7.3 (Informal). Given sample and query access to an unknown distribution D
over {0, 1}", there exists a non-adaptive algorithm that makes a number of queries that
is independent of n, and either reports a full description of a distribution over {0,1}"

or reports FAIL, satisfying both of the following conditions:

(i) If D is clusterable, then with probability at least % the algorithm outputs a full
description of a distribution D' such that D is e-close to D! for some permutation

o [n] = [n]

“The degree of the polynomial in % depends on the parameter d.
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(ii) For any D, the algorithm will not output a distribution D' such that D! is e-far from
D for every permutation o : [n| — [n], with probability more than % However,
if the distribution D is not clusterable, the algorithm may output FAIL with any
probability.

Note that Theorem corresponds to the learnability of any distribution when the
VC-dimension of its support is bounded. As a corollary, it implies that any index-
invariant distribution property admitting a global VC-dimension bound is testable with
a constant number of queries, depending only on the proximity parameter ¢ and the

VC-dimension d. The corollary is stated as follows:

Corollary 7.4 (Informal). Let P be an index-invariant property such that any distri-
bution D € P has VC-dimension at most d, where d is some constant. There exists an
algorithm, that has sample and query access to an unknown distribution D over {0,1}",
takes a proximity parameter € > 0, and distinguishes whether D € P or D is e-far from

P with probability at least 2/3, by making only poly(%) queries.

It turns out that our tester for testing VC-dimension property takes exp(d) samples,
and performs exp(exp(d)) queries for VC-dimension d. We show that this bound is
tight, in the sense that there exists an index-invariant property with VC-dimension d
such that any tester for the property requires an exponential number of samples and a

doubly-exponential number of queries on d.

Theorem 7.5 (Informal). Let d,n € N. There exists an index-invariant property P,
with VC-dimension at most d such that any (non-adaptive) tester for Py requires 2%

d—0(1) .
samples and 2* queries.

Note that from a result in [[GR22]], it follows that there exists an index-invariant
property P such that any distribution D € P has VC-dimension d and any algorithm
that has sample access to a distribution D over {0, 1}" requires 2(2%/d) samples ', but

“Let P be the distribution property of having support size at most 2¢. Note that the VC-dimension of
any member of P is at most d. By [GR22], for any small enough ¢, an e-test for this property requires at
least 2 (2¢/d) samples.
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Theorem proves the lower bound on both sample and query complexities for the
same property.

Theorem assumes that the properties are index-invariant and have bounded VC-
dimension. A natural question in this regard is whether the bounded VC-dimension and
index-invariance assumptions are necessary for a property to be constantly testable. We
answer this question in the negative. Theorem|7.5|implies that bounded VC-dimension is
necessary for a property to be constantly testable even if the property is index-invariant.
The following proposition rules out the possibility that only the bounded VC-dimension
assumption is good enough for a property to be testable by making a constant number of

queries.

Proposition 7.6 (Necessity of index-invariance (informal)). There exists a non-index-
invariant property P such that any distribution D € P has VC-dimension O(1) and the
following holds. There exists a fixed € > 0, such that distinguishing whether D € P or
D is e-far from P requires {)(n) queries, where the distributions in the property P are

defined over the n-dimensional Hamming cube {0, 1}".

The above proposition is formally stated and proved at the end of Subsection[10.3]

Now we study the power of adaptive queries in the huge object model. Till now, our
upper bound results are non-adaptive. However, the question how adaptivity helps in
designing efficient testers is interesting in its own right. In the standard model of dis-
tribution testing, since the model is inherently non-adaptive, there is essentially no gap
between adaptive and non-adaptive testers. However, in the related model of conditional
sampling of distributions [CEFGM16, ICRS135]], there is a super-exponential separation
(constant vs. poly(logn)) between complexities of these two types of testers [ACKIS].

In the context of graph testing in the dense graph model, it is known that the gap
between the query complexities of adaptive and non-adaptive algorithms is at most
quadratic [GTO3]], which has recently been proved to be tight [GW21]. However, for
bounded-degree graphs, the gap between the query complexities for some properties is
constant vs. Q(y/n), where n denotes the number of vertices of the graph [GR97]]. For

testing of functions, there is an exponential separation between the complexity of these
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two types of testers [RS15].

Thus, a natural question to study in this huge object model is about the gap between
the query complexities of non-adaptive and adaptive algorithms. When considering gen-
eral properties, there can be an exponential gap in the query complexities between non-

adaptive and adaptive testers as stated below.

Theorem 7.7 (Informal). For any non-index-invariant property P, there is at most an

exponential gap between the query complexities of adaptive and non-adaptive testers.
Moreover, we show that this gap is also tight as follows:

Theorem 7.8 (Informal). There exists a non-index-invariant property Pp; that can be
e-tested by performing O(logn) queries adaptively for any ¢ € (0,1). However, there

exists an € € (0, 1) for which 2(y/n) non-adaptive queries are necessary to e-test Ppy.

However, for index-invariant properties, this gap can be at most quadratic, as stated

in the following theorem.

Theorem 7.9 (Informal). For any index-invariant property, there is at most a quadratic

gap between the query complexities of adaptive and non-adaptive testers.

We also prove that the above gap is almost tight, in the sense that there exists an
index-invariant property which can be e-tested using O(n) adaptive queries, while Q(n?2)

non-adaptive queries are required to e-test it.

Theorem 7.10 (Informal). There exists an index-invariant property Pgap that can be
e-tested adaptively using (5(71) queries for any € € (0, 1), while there exists an ¢ € (0, 1)

for which 2(n?) queries are necessary for any non-adaptive e-tester.

Using EMD as the distance metric in conjunction with the notion of

index-invariance:

Recall that here we will use the Earth Mover Distance (EMD) as the distance metric

defining e-testing, in contrast to the stronger variation distance, the commonly studied
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distance measure in distribution testing literature. As discussed in [GR22], this is essen-
tial when we restrict ourselves to querying the samples obtained from the distribution.
To illustrate this, consider two (say very sparse) distributions [, and Dy whose supports
are disjoint, yet admit a bijection such that every string from Supp(D;) is mapped to
a string from Supp(D) that is very close to it in terms of the Hamming distance. The
variation distance between D; and Dy would be large, and yet we would not be able to
distinguish the two distributions without querying some samples in their entirety, that is,
without using ©(n) queries per sample. The EMD metric is the one incorporating the
Hamming distance between strings (which comes to play when we are not performing
many queries to the samples) into the notion of variation distance.

Another question involves what general statements can be said about testers in this
model. If we do not restrict ourselves to properties satisfying any sort of invariance, then
very little can be proved on testers in general, just as is the case with general string prop-
erty testing under the Hamming distance (in fact, string testing can be reduced to testing
in the huge object model . On the other hand, if we were to restrict ourselves to label-
invariant properties only, it would appear that we lose much of the rich structure offered
by the ability to define distributions over strings. We believe that index-invariance is
a natural middle-of-the-road restriction for the formulation of general statements about

testing in the huge object model.

Organization of the part

We present the related definitions in this part of the thesis in the preliminaries section
(Section[7.2). We present the results about learning and testing clusterable distributions
in Chapter [§] After that, in Chapter [0] we move on to present algorithms for testing
properties with bounded VC-dimension as well as the lower bound results for bounded
VC-dimension testing.

Then in Chapter we show the tight exponential separation between the query

complexities of adaptive and non-adaptive algorithms for non-index-invariant (general)

®We will use this reduction for proving exponential separation between adaptive and non-adaptive
testers for non-index-invariant properties (see Subsection [10.3).
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properties. Finally in Chapter[I 1] we prove that for index-invariant properties, there is an
almost tight quadratic gap between the query complexities of adaptive and non-adaptive

testers, ignoring poly-logarithmic factors.

7.2 Preliminaries

We will use the following observation from [ABEF17] which roughly states that given
a sequence of non-negative real numbers that sum up to an integer n, there is a proce-
dure that by choosing the floor or ceiling of these real numbers, one can obtain another

sequence of integers that sum up to n. This observation will be used in our proof.

Observation 7.11 (Restatement of [ABEF17, Lemma 4.8]). Let 7. n € N. Given T
T

non-negative real numbers «;, ..., ar such that > a; = n, there exists a procedure
=1

of choosing T integers [, ..., O such that 5; € {|a;],[a;]} for every i € [T] and

T

> Bi=n.

=1

7.2.1 Distributions and properties with bounded VC-dimension

Now we move on to define a class of properties using the notion of the VC-dimension
of the support of a distribution. Before proceeding to define the class of properties, let
us recall the notions of shattering and VC-dimension.

Let V be a collection of vectors from {0,1}". For a sequence of indices I =

(i1,...,ix), with 1 < i; < n,let V |; denote the set of projections of V onto I, that is,
4 ’I: {(U’iu' .- 7Uik) : (Ub ce ,'Un) € V}

If V |;= {0, 1}*, then it is said that V shatters the index sequence I. The VC-dimension
of V' is the size of the largest index sequence [ that is shattered by V. VC-dimension was
introduced by Vapnik and Chervonenkis [VC135] in the context of learning theory, and
has found numerous applications in other areas like approximation algorithms, discrete

and computational geometry, discrepancy theory, see [Mat99, PA9S, Mat02, |Cha00].
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We now give a natural extension of VC-dimension to distributions.

Definition 7.12 (Distribution with VC-dimension d). Let d, n € N and D be a distri-
bution over {0, 1}". We say that D has VC-dimension at most d if the support of D has
VC-dimension at most d. A distribution D is said to be (3-close to VC-dimension d if

there exists a distribution Dy with VC-dimension d such that dgy, (D, Dy) < /3, where

B e (0,1).
Analogously, we can also define the notion of a (3, d)-VC-dimension property.

Definition 7.13 ((5, d)-VC-dimension property). Letd,n € Nand § € (0, 1). A prop-
erty P over {0, 1}" is said to be a (3, d)-VC-dimension property if for any distribution
D € P, D is -close to VC-dimension d. When = 0, we say that the VC-dimension
of P is d. We also say that a (0, d)-VC-dimension property is a bounded VC-dimension

property.
We now give examples of bounded VC-dimension properties.

Property CHAIN: For any distribution D € CHAIN, the support of D can be written
as a sequence Xq,...,X; € {0,1}" such that any two vectors with non-zero

probability are comparable, that is,

D(X;) > 0and D(X;) > 0 implies either X; < X; or X; = X;,V i, j € [{].

Property LOW-AFFINE-DIMENSION: A distribution D over {0, 1}" is said to satisfy
the LOW- AFFINE-DIMENSION property, with parameter d € N, if the affine di-

mensiorﬂ of the support of D is at most d.

Observe that the VC-dimension of CHAIN is 1, and the VC-dimension of LOW-AFFINE-
DIMENSION is d. [| Moreover, note that both CHAIN and LOW-AFFINE-DIMENSION are

examples of index-invariant properties.

A set S C R™ has affine dimension k if the dimension of the smallest affine set in R™ that contains .S
is k.

“In fact, the property LOW-AFFINE-DIMENSION is a sub-property of “support size is at most 2%”,
which has VC-dimension d.
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7.2.2 Yao’s lemma for the huge object model

Our lower bound proofs crucially use Yao’s lemma [Yao//|]. Informally, it states that
for any two distributions Dy and D such that D, satisfies some property, and Ds is far
from the property, if the variation distance between D and D, with respect to ¢ queries
is small, then D, and D, remain indistinguishable with respect to ¢ queries. In order to

formally state the lemma, we need the following definitions.

Definition 7.14 (Restriction). Let D be a distribution over a collection of functions
f:D — {0,1}, and Q be a subset of the domain D of D. The restriction D |g of D to
@ is the distribution over functions of the form ¢ : @@ — {0, 1}, which is obtained from

choosing a random function f : D — {0, 1} according to the distribution D, and then

setting g = f |, where f | denotes the restriction of f to ().

The following is the version of Yao’s Lemma which is used for non-adaptive testers
in the classical setting. The crucial observation that makes this lemma work is the ob-
servation that the deterministic version of a non-adaptive tester in the classical setting is

characterized by a set of possible responses to a fixed query set () C D.

Lemma 7.15 (Yao’s lemma for non-adaptive testers, see [Fis04]). Lerc € (0,1) be a
parameter and q € N be an integer. Suppose there exists a distribution D, on inputs
over D that satisfy a given property ‘P, and a distribution D,,, on inputs that are e-far
from satisfying the property. Moreover, assume that for any set of queries () C D of
size q, the variation distance between D, |q and Dy, |q is less than % Then it is not

possible for a non-adaptive tester performing q (or less) queries to c-test P.

In this chapter, we will prove lower bounds against non-adaptive distribution testers
in the huge object model. Hence, D,., and D,,,, rather than being distributions over
functions from D to {0, 1}, are distributions over distributions over {0, 1}" (since the
basic input object is a distribution over {0, 1}").

The deterministic version of a non-adaptive tester in this setting is characterized by a
set of possible responses to a sequence of queries J = (Ji, ..., J;) to the samples. We
call s the length of J, and call ¢ = ) ;_, J;, the size of J.
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Given a distribution D over distributions over {0, 1}", we denote by D |7 the distri-
bution over {0, 1} that results from first picking a distribution D over {0, 1}" according

to D, then taking s independent samples X, ..., X, according to D, and finally con-

structing the sequence X; |;,,..., X [s,. The huge object model version of Yao’s

lemma for non-adaptive testers is the following one.

Lemma 7.16 (Yao’s lemma for non-adaptive testers in the huge object model). Ler
e € (0,1) be a parameter and q,s € N be two integers. Suppose there exists a dis-
tribution D, over distributions over {0,1}" that satisfy a given property P, and a
distribution D,,, over distributions over {0, 1}" that are e-far from satisfying the prop-
erty P. Moreover, assume that for any query sequence [J of length s and size q, the
variation distance between Dy, |7 and D, |7 is less than 1/3. Then it is not possible
for a non-adaptive tester that takes at most s samples and performs at most q queries to

e-test P.

7.3 Technical overview of our results

In this section, we provide a brief overview of our results. We start by explaining our
upper bounds. In our main upper bound result, we prove a learning result for a general
class of distributions that covers the case of learning distributions with bounded VC-
dimension. We say that a distribution D is ((, 0, 7)-clusterable if we can partition the
n-dimensional Hamming cube {0, 1}" into r 4 1 parts Cy, . . ., C,, such that D(Cy) < ¢
and the diameter of C; is at most ¢ for every ¢ € [r] (see Definition . The main upper
bound result (Theorem [8.3), that leads to Theorem[7.2] is the design of an algorithm for
learning a (C, d, r)-clusterable distribution up to permutations. That is, given sample and
query access to a ((, 6, r)-clusterable distribution, we want to output a distribution D’
such that the Earth Mover Distance between D and D’ is small for some permutation

o : [n] = [n], by performing number of queries independent of n.
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7.3.1 Overview of learning clusterable distributions

The algorithm for learning ((, d, )-clusterable distributions is described in Algorithm
in Section as TEST-AND-LEARN. The algorithm starts by taking t; = O(g log %)
samples from the input distribution D. Let us denote them as S = {Xy,..., X, }. If D
is (¢, 0, r)-clusterable, consider its clusters Cy, . . . ,C, as described above. We say that a
cluster C; is large if the probability mass of C; is more than ILOT, that is, D(C;) > ILOT.
As the size of S is sufficiently large, we know that S intersects every large cluster with
probability at least 99/100 (see Lemma . In order to estimate the masses of C;, for
each i € [t;], we take another set of random samples 7 = {Y1,...,Y,,} from D where
ly = (’)(z—z logty), and assign each of the vectors in 7 to some vector in S depending
on their Hamming distance. However, since computing the exact distances between the

vectors in S and 7 requires €2(n) queries, we use random sampling.

We take a random set of indices R C [n] of suitable size, and project the vectors
in S and 7 on R to estimate their pairwise distances up to an additive factor of 6. R
not only preserves the distances between all pairs of vectors between S and 7, but also
the distances of a large fraction of the vectors in {0, 1}" from all the vectors in S (see
Lemma [8.7). Based on the estimated distances, we assign each vector of T € 7 to a
vector in S € § such that the projected distance between them is at most 2. If there
exists no such vector in S corresponding to a vector T € 7, then the vector T remains
unassigned. Let us denote the fraction of vectors in 7 that are assigned to X; as w;, for
every i € [t1]. Let wq be the fraction of vectors in 7 that are not assigned to any vector
inS. If D is (¢, d, r)-clusterable, then wy < 3¢ holds with high probability. These w;’s
preserve the weights of some approximate clustering (which may not be the original one

from which we started, but is close to it in some sense), see Lemma [8.8] for the details.

Consider a distribution D* supported over S such that D(X;) > w; forevery i € [t4].
Using a number of technical lemmas, we prove that the EMD between D and D* is
small. Note that we still can not report D* as the output distribution, since to do so, we
need to know the exact vectors in S, which requires €2(n) queries. To bypass this barrier,

we use the provision that we are allowed to output any permutation of the distribution.
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More specifically, we construct vectors Sy, ...,S;, € {0,1}" such that dy(X;, o(S;))
is small for every i € [t;] and some permutation o : [n| — [n]. This is possible using
the projections of the vectors in S to the random set of indices R for estimating the
number of indices of each “type” with respect to S (see Lemma [8.12). Finally, we
output the distribution D’ supported over the newly constructed vectors Sy, ..., S;, such
that D'(S;) = D*(X;) for every ¢ € [t;]. The guarantee on the Hamming distance
between X; and o(S;) provides a bound on the EMD between D’ and D*, and with the
above mentioned EMD bound between D* and D, we are done. To keep the discussion
simple, we will not explain here the idea of the proof of Theorem [7.2]ii), which relies

on a sort of converse to the above method of approximating cluster weights.

7.3.2 Overview of learning index-invariant bounded VC-dimension

properties

Now we discuss how learning (, 6, r)-clusterable distribution implies Theorem[7.2] Let
us define a distribution to be («, r)-clusterable if it is (0, o, r)-clusterable. The learn-
ing of ({, 0, r)-clusterable distribution implies a learning result for any distribution that
is close to being (v, r)-clusterable (see Corollary due to a technical lemma (see
Lemma[9.6). If the support of a distribution has bounded VC-dimension, using standard
results in VC theory, we can show that it is also («, r)-clusterable, where r is a function
of o and d. Thus the learning result of («, r)-clusterable distributions implies a result

allowing the learning of distributions with bounded VC-dimension.

7.3.3 Overview of lower bound for index-invariant bounded VC-
dimension properties

To prove Theorem let us define the property P,.. Let k = 2%, ( = 22" and

¢ = 22" Consider a matrix A of dimension k x ¢ whose column vectors are 1/3-far

from each other. Let V...,V € {0, 1}" be k vectors that are formed by blowing up
the row vectors of A in {0, 1} to {0, 1}" by repeating each bit of the vectors n/¢ times,
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and D 4 be the uniform distribution over the support {Vy,..., Vi }. Our property P,. is
the collection of all distribution that can be obtained from D 4 by permuting the indices.
Let D, be the distribution obtained from D 4 by randomly permuting the indices. Note
that Dy, € P,c. As the support size of any distribution in P, is at most 24 the VC-

dimension of P, is at most d.

To prove the lower bound on the query complexity, let us define the distribution D,,,.
Let us take ¢’ columns of A uniformly at random to form a matrix B of dimension k x ¢/,
and Wy, ..., Wy € {0, 1}" be k vectors that are formed by blowing up the row vectors
of Bin {0, 1} to {0, 1}" by repeating each bit of the vectors n /¢ times. Let D be the
uniform distribution over the support {W/, ..., W} }. D,, is the distribution obtained
from Dp by randomly permuting the indices. We show that the Earth Mover Distance
between D, and any distribution in P,. is at least 1/8 (see Lemma . Observe that
D, divides the index set [n] into ¢ equivalence classes and D,,, divides the index set
into ¢’ equivalence classes. The query complexity lower bound follows from the fact that,
unless we query 22" indices, we do not hit two indices from the same equivalence

class, irrespective of whether the distribution is D, or D,,, (see Lemma|9.22).

To prove the lower bound on the sample complexity, let us define another distribu-
tion D! . Let us take k' = 27720 rows of A uniformly at random to form a matrix B’ of
dimension £’ x ¢. Let W{,..., W}, € {0,1}" be k' vectors that are formed by blow-
ing up the row vectors of B’ in {0,1}* to {0, 1}" by repeating each bit of the vectors
n/¢ times. Let Dp be the uniform distribution with support {W/,... , W}, }. D! is
the distribution obtained from Dpg/ by randomly permuting the indices. We show that
the Earth Mover Distance between D/, and any distribution in P, is at least 1/8 (see
Lemma[9.23). The sample complexity lower bound follows from the fact that, unless we
take 2(9) samples, all the samples are distinct with probability 1 — o(1), irrespective of
whether the distribution is D, or D, (see Lemma .
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7.3.4 Overview of adaptive vs. non-adaptive testers for general prop-

erties

Now we explore the relationship between adaptive and non-adaptive testers in the huge
object model. It turns out that there is a tight (easy to prove) exponential separation
between the query complexities of adaptive and non-adaptive testers for non-index-
invariant properties. Roughly, the simulation of an adaptive algorithm by a non-adaptive
one follows from unrolling the decision tree of the adaptive algorithm. This is formally
proved in Lemma Moreover, we show that this separation is tight. For this pur-
pose, we consider a property of strings Pp,;, which exhibits an exponential gap between
adaptive and non-adaptive testing in the string testing model. We show how to transform
a string property P to a distribution property 1, such that the query bounds on adaptive
and non-adaptive testing carry over. Thus, the separation result between adaptive and
non-adaptive algorithms for Pp,,; carries over to 1p, , (see Theorem [10.8)). This tech-

nique, employed for a maximally hard to test string property, is also used for proving

Proposition

7.3.5 Overview of adaptive vs. non-adaptive testers for index invari-

ant properties

In contrast to the non-index-invariant properties, we prove that there can be at most a
quadratic gap between the query complexities of adaptive and non-adaptive algorithms
for testing index-invariant properties. The proof is very close in spirit to the proof of
the quadratic relation between adaptive and non-adaptive testing of graphs in the dense
model [GTO03]. Given an adaptive algorithm .4 with sample complexity s and query
complexity ¢, the main idea is to first simulate a semi-adaptive algorithm A’ that queries
q indices from each of the s samples and decides accordingly. Note that the sample
complexity of A’ remains s, whereas the query complexity becomes ¢s. Once we have
the semi-adaptive algorithm A’, we now simulate a non-adaptive algorithm A”. As

the property we are testing is index-invariant, we can first apply a uniformly random
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permutation o over [n], and then run the semi-adaptive algorithm A’ over D, instead
of D, where D is the input distribution to be tested. This makes the tester completely
non-adaptive. Its correctness follows from the index-invariance of the property we are

testing.

Quadratic separation between adaptive and non-adaptive testers: Before proceed-
ing to present an overview of our quadratic separation result, let us first recall the sup-
port estimation result of Valiant and Valiant [V V10], which will be crucially used in our
proof. Roughly speaking, the result states that in the standard sampling model, given a
distribution D over [2n/], in order to distinguish whether D has support size at most n,
or D is far from all distributions with support size at least n, ©(n/logn) samples are

required.

Theorem 7.17 (Support Estimation bound, Corollary 9 of Valiant-Valiant [VV10]).
Given a distribution D over [2n), that can be accessed via independent samples and a
proximity parameter ¢ € (0,1/8), in order to distinguish, with probability at least 3,
whether D has support size at most n or D has at least (1 + €)n elements with non-
negligible weights in its support, @(@) samples from D are necessary and sufficient.

To construct the index-invariant property that provides a quadratic separation be-
tween the query complexities of adaptive and non-adaptive testers, we will use the above
result. Let DS;‘SPP and DSUPP be the pair of hard distributions corresponding to the sup-
port estimation lower bound, from which we define our pair D,,, and D,,, of hard dis-
tributions for our property. We will construct a huge object distribution property over a
slightly larger domain [N] with N = O(nlogn), where we will encode the elements of
the support of the distributions Dggfp and DSUPP. Additionally, we will include a set of
“ordering” vectors to both D,.s and D,,, that encode a permutation o : [n] — [n]. Our
property will be defined as a permutation of a non-index-invariant property along with
an encoding of the permutation itself.

For the non-index-invariant property, we use an encoding of the elements of {0, 1}"

that can be decoded only if a sample from a family of special small sets is read in
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its entirety. For constructing hard distributions, we consider (encodings of) 2n special
elements of {0, 1}", and use over them the hard distributions corresponding to Theo-
rem 717

The encoding vectors of D, and D,,, are designed in such a fashion, that if we can
know the index ordering (and thus the identity of the above mentioned small sets), the
support size estimation problem becomes relatively easy. However, without knowing the
ordering vectors, estimating the size of the support becomes harder. More specifically,
if we already know the index ordering, then support size estimation can be done using
poly(logn) queries from each sample, over the O(n) samples that are sufficient for
solving the support estimation problem.

On the other hand, an important feature of our property ensures that unless some
of the special sets are successfully hit while querying a sampled vector, which is a low
probability event without prior knowledge of the encoded index ordering unless we per-
form Q(n) queries to that vector, then the queries do not provide any useful information
about the sampled vector to the tester. This is achieved by the encoding procedure of the
vectors, which is motivated from [BFLR20]. However, it is not deployed here the same
way as [BFLR20], since the surrounding proofs here are quite different (as well as the
end-goal).

Since an adaptive algorithm can first learn the ordering vectors by performing O (n)
queries (as it takes poly(log n) samples to hit all the order encoding vectors), the adaptive
tester requires O (n) queries in total. However, for non-adaptive testers, since we have to
perform all queries simultaneously, the tester would have to make ﬁ(n) queries to each
sampled vector to be able to utilize the support estimation procedure (since as explained
above, fewer queries would give no useful information about the sample to the tester).
As aresult, ﬁ(nZ) non-adaptive queries are required following the lower bound result in
Theorem

Another technical challenge is to construct the property in such a fashion that allows
the crafting of “wrong distributions” which remain far from the property, even if we
permute the support vectors. This is due to the fact that just replacing the vectors defining

the index ordering does not require a change of large Earth Mover Distance. Thus we
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need the distributions to remain far from the property even if we reorder them. We ensure
this by designing the hard distributions such that the support vectors of the distributions
are far from each other. This in turn allows us to prove that the distribution D,,, will
remain far from the property, as the size of its support is too large. The arguments
involving only the mutual Hamming distance between the vectors in the support and
the size of the support are invariant with respect to the index ordering, and are thus not

affected by the possibility of “cheaply” changing the index ordering vectors.
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Chapter 8

Learning Clusterable Distributions

8.1 Introduction

In this chapter, we prove a learning result for clusterable distributions in the huge object

model. The result is stated as follows:

Theorem 8.1 (Restatement of Theorem [1.6). Given sample and query access to an
unknown distribution D over {0, 1}", there exists a non-adaptive algorithm that makes
a number of queries that is independent of n, and either reports a full description of a

distribution over {0, 1}" or reports FAIL, satisfying both of the following conditions:

(i) If D is clusterable, then with probability at least %, the algorithm outputs a full
description of a distribution D' such that D is e-close to D!, for some permutation

o [n] = [n]

(ii) Forany D, the algorithm will not output a distribution D' such that D' is e-far from
D for every permutation o : [n] — [n], with probability more than 3. However,
if the distribution D is not clusterable, the algorithm may output FAIL with any
probability.
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8.2 Learning clusterable distributions

In this section, we define the notion of a ((, d, r)-clusterable distribution formally (see
Definition [8.2)), and prove that such distributions can be learnt (up to permutation) ef-
ficiently in Theorem Intuitively, a distribution D defined over {0,1}" is called
(€, 9, r)-clusterable if we can remove a subset of the support vectors of D whose proba-
bility mass is at most ¢, and we can partition the remaining vectors in the support of D
into at most r parts, each with diameter at most d. Theorem states that, given a distri-
bution D over {0, 1}", we can learn it (up to permutation) if it is ({, d, )-clusterable, and
otherwise, we either report FAIL or learn the input distribution (up to permutation). Note
that learning the distribution up to permutation is sufficient to provide testing algorithms
for index-invariant properties with bounded VC-dimension, which will be discussed in

Section

Definition 8.2 (((, J, )-clusterable & («, r')-clusterable distribution). (i) Let ¢, €
(0,1) and r,n € N. A distribution D over {0, 1}" is called ({, 9, r)-clusterable if
there exists a partition Cy, . .., Cs of {0, 1}" such that D(Cy) < ¢, s < r, and for
every 1 <i<s,dg(U,V)<¢forany U,V € C,.

(ii) For o € (0,1) and r € N, a distribution D over {0, 1}" is called («, )-clusterable
if it is (0, o, 7)-clusterable. For § € (0, 1), a distribution D is called 3-close to

being (v, r)-clusterable if there exists an («, r)-clusterable distribution D such
that dEM(D, Do) < ﬁ

Theorem 8.3 (Theorem 8.1 formalized). There exists a non-adaptive algorithm TEST-
AND-LEARN, as described in Algorithm that has sample and query access to an
unknown distribution D over {0, 1}" for n € N, takes parameters (,d,r as inputs such
that, ¢,5 € (0,1) and e = 17(5 + ¢) < 1[|and r € N, makes a number of queries that
only depends on (, 6 and r, and either reports a full description of a distribution over

{0, 1}™ or reports FAIL, satisfying both of the following conditions:

'The constant 17 is arbitrary, and can be improved to a smaller constant. We did not try to optimize.
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(i) If D (¢, 6, r)-clusterable, then with probability at least %, the algorithm outputs a full
description of a distribution D' over {0, 1}" such that dgy (D, D.) < € for some

permutation o : [n] — [n].

(ii) For any D, the algorithm will not output a distribution D' such that dgy (D, D.) >
e for every permutation o : [n] — [n|, with probability more than % However, if
the distribution D is not ((, 6, r)-clusterable, the algorithm may output FAIL with

any probability.

The algorithm for learning (, 0, 7)-clusterable distributions is described in Algo-

rithm [8.1] as TEST-AND-LEARN. It calls a subroutine APPROX-CENTERS, as described
in Algorithm

Remark 8.1. The sample complexity of TEST-AND-LEARN is polynomial in 7, and the
query complexity of TEST-AND-LEARN is exponential in r. Moreover, for the case of
query complexity, the exponential dependency in r is required. In particular, in Sec-
tion we construct a distribution with support size r that requires 2°(") queries to test

for the property of being a permutation thereof.

To prove the correctness of TEST-AND-LEARN (which we will do in Section 8.2.1
and Section [8.2.2), we will need the notion of an (7, {)-clustered distribution around a

sequence of vectors S (see Definition [8.4), and an associated observation (see Observa-

tion [8.3)).

Definition 8.4 ((1, £)-clustered distribution around a sequence). Let 7, £ € (0,1) and
n € N. Also, for X € {0,1}", let NGB, (X) denote the set of vectors in {0, 1}" that are
at a distance of at most 7 from X. Let S = {S;,...,S;} be a sequence of ¢ vectors in
{0,1}" and define NGB, (S) = SUS NGB, (S). Then:

S

(i) A distribution D over {0, 1}" is called (1, §)-clustered around S with weights wy, . . .
t
wy_1,wy € [0, 1] satisfying >~ w; = 1 and wy < &, if there exist ¢ pairwise disjoint

=0
sets C;, such that C; C NGB,,(S;) and D(C;) > w; for every i € [t].
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Algorithm 8.1: TEST-AND-LEARN

Input: Sample and Query access to a distribution D over {0, 1}", and
parameters (, d,r with (,6 € (0,1) and r € N.
Output: Either reports a full description of a distribution over {0, 1}" or FAIL,
satisfying (i) and (ii) as stated in Theorem 8.3]

(i) Take ¢t; = O(% log %) samples S = Xy, ..., X, from D.
(ii) Take ty = (’)(z—z logt;) samples 7 = Y1,..., Yy, from D.

(iii) Pick a random subset R C [n] with |R| = O(%% log 3¢)- Query the indices

82¢
corresponding to R in each sample of S, to obtain the sequence of vectors
S, =Xy1,...,Xy,, where x; = X, | for each i € [t;]. Now query the indices

corresponding to R in each sample in 7, to obtain the sequence of vectors
Ty =Y1,-..,¥t,, Wwherey; =Y, | for every j € [ts].

(iv) Foreach j € {1,...,t.}, if there exists an ¢ € [t1] such that dy(y;,x;) < 20,
assign y; to x;, breaking ties by assigning y; to the vector in S, with the
minimum index.

If for some y; no suitable x; is found, then y; remains unassigned.
(v) If the total number of unassigned vectors in 7, is more than 3(?,, output FAIL.
(vi) Foreveryi € {1,...,t}, the weight of x; is defined as

Number of vectors in 7, assigned to x;
to '

w; = w(x;) =
(vii) Use APPROX-CENTERS (Algorithm with R and x, ..., X4, to obtain
Si,..., Sy, € {0,1}" (as stated in Lemma|[8.17).
(viii) Construct and return any distribution D" over {0, 1}" such that
e Foreachi =1,...,t;, D'(S;) > w(x;).
. iD’ (S;) =1

* D'(S) =0forevery S € {0,1}"\ {Sy,...,S4 }-
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Algorithm 8.2: APPROX-CENTERS

Input: A random subset R C [n] with |R| = O(4% log 3¢)> and a sequence of

82¢
vectors X1, . .., Xy, € {0, 1}1% drawn from the distribution D |.
Output: Sequence of vectors Sy, ..., S;, such that with probability at least

99/100 over the random choice of R, for every i € [t1],
dy(0(X;),S;) < 6/10, where o : [n] — [n] is a permutation.

(i) Foreach i € R, construct the vector C; € {0, 1} such that C;(j) = x;(4).

{i€R|Ci=J}|

(ii) Forany J € {0, 1}", determine y; = I

(iii) Apply Observation to obtain an approximation I ;V.J € {0, 1}", such that
Iye{lw-nlly-nltand > T;=n

Je{0,1}1

(v) Construct a matrix A of dimension ¢; x n by putting I'; many .J column vectors,
for each J € {0, 1}".

(vi) Return the row vectors of A as Sq,...,S;,.

(ii) A distribution D over {0,1}" is called (n,&)-clustered around S if D is (n,§)-

clustered around S with weights wy, ..., w; € [0, 1], for some wy, ..., w; such
t
that >~ w; = 1 and wy < &.
i=0

Observation 8.5. Let D be any distribution over {0, 1}" and S be a sequence of vectors
in {0, 1}" such that NGB, (S) > 1 — &. Then D is (1, §)-clustered around S.

i1
Proof. Let us partition NGB, (S) into ¢ parts such that C; = NGB, (X;) \ U NGB, (X})
j=1
for every ¢ € [t|. For every i € [t|, note that C; C NGB, (X;), and let us define

t
w; = D(C;). Also, set wg = 1 — > w;, and observe that wy = 1 — NGB,(S) < &. This
i=1
shows that D is (7, )-clustered around S with weights wy, . . . , w;, and we are done. [

The correctness proof of TEST-AND-LEARN is in Subsection [§.2.2] Leading to it,
in Subsection [8.2.1] we consider some important lemmas and define a set of events.

These lemmas, and the events whose probability they bound from below, provide the

infrastructure for the proof of TEST-AND-LEARN in Subsection (8.2.2
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8.2.1 Preliminaries to prove the correctness of TEST-AND-LEARN

The central goal of this section is to define an event GOOD and show that P (GOOD) >
2/3. The event GOOD is defined in such a fashion that, if it holds, then the algorithm
TEST-AND-LEARN produces the desired output as stated in Theorem Note that
this bounds the error probability of TEST-AND-LEARN. The event GOOD is formally
defined in Definition [8.13] To define the event GOOD, we first consider four lemmas:
Lemma (8.6, Lemma (8.7} Lemma|8.8]and Lemma|[8.12

We will first state a lemma (Lemma [8.6) which says that, with high probability, the
first set of samples S (obtained in Step (i) of TEST-AND-LEARN) intersects all the large

clusters when D is ((, d, r)-clusterable.

Lemma 8.6 (Hitting large clusters). Assume that the input distribution D over {0,1}"
is (C,0,7)-clusterable with the clusters Cy,...,C.. The cluster C; is said to be large if
D(C;) > <. With probability at least -, the sequence of vectors S = {Xi,... Xy, }
(found in Step (i) of TEST-AND-LEARN) contains at least one vector from every large

cluster.

Proof. Consider any large cluster C;. As D(C;) > - the probability that no vector in

10r°
=151 < -89 This follows for a suitable choice of the

S belongs to C; is at most (1 — < Toor

hidden coefficient since |S| = t; = O (% log %) . Since there are at most r large clusters,

using the union bound, the lemma follows. [

Recall that TEST-AND-LEARN obtains a second set of sample vectors 7 in Step (ii),
takes a random set of indices R C [n]| without replacement in Step (iii), and tries to
assign each vector in 7 to some vector in S, based on the distance between the vectors
when projected to the indices of R. Intuitively, the step of assigning vectors performs
as desired if R preserves the distances between the vectors in S and 7. For technical
reasons, we also need R to preserve most (but not all) distances between S and the
entirety of {0,1}". The following lemma says that indeed R achieves this with high
probability.
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Lemma 8.7 (Distance preservation). Let us consider the input distribution D over
{0,1}", and S = {Xy,..., Xy, } and R C [n| drawn in Step (i) and (iii) of TEST-AND-
LEARN. R is said to be distance preserving if the following conditions hold:

(i) |du(S,T) —dg(S |r, T |gr)| < foreveryS € Sand T € T.

(ii) Ler W C {0, 1}" be such that, for every W € W,
0. Then DOW) > 1 — £

dg(W,8) —du(W |g,S [g)| <

The set R chosen in Step (iii) of TEST-AND-LEARN is distance preserving with proba-
bility at least 99/100.

Proof. For (i), consider a particular S € S and T € 7. Applying Observation[2.16 with
K =R,U =S and V = T, the probability that |dg (S, T) — du(S |z, T |g)| < disat
least 1 — m
we have Part (i) with probability at least 199/200.

. Applying the union bound over all possible choices over (S, T) pairs,

To prove (ii), let us consider an arbitrary vector V. € {0,1}". Similarly to (i),
we know that |dy(V,S) —dy(V |r,S |r)| < 0 holds with probability at least 1 —

Wi%' Applying the union bound, we can say that the same holds over all S € S with
probability at least 1 — Tgtl' So, the expected value of D({0,1}™ \ W) is at most Tgtl'

By Markov’s inequality, the probability that Part (ii) holds, that is, D({0,1}"\ W) < %
is at least 199/200. Putting everything together, we have the result. ]

By Lemma [8.6] we know that S intersects with all large clusters with high proba-
bility, and we are trying to assign the vectors in 7 to some vectors in S based on their
projected distances on the indices of 2. To learn the input distribution, we want the
second set of sample vectors 7 to preserve the mass of all the large clusters, and it is
enough for us to approximate it, as well as be able to detect the case where approxi-
mation is impossible and we should output FAIL. The following lemma takes care of

this.

Lemma 8.8 (Weight representation). Let us consider the input distribution D over
{0,1}"™ o TEST-AND-LEARN, § = {Xy,..., Xy, }in Step (i), T = {Y1,..., Y, } in
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Step (ii), and consider fixed t, pairwise disjoint subsets C = {Cy,...,Cy, } of {0,1}". T
is said to be weight preserving for S and C if

i TOR2BOL > pinGB,(s) - ¢
iy TONIBSOL < pNGBy(s)) + ¢

(iii) for everyi € [t,], TOEL < D(C)) + &

t1

Then with probability at least 99/100, T is weight reserving for S and C.

Proof. To prove (1), let Z; be the indicator random variable such that Z; = 1 if and
to

only if Y; is in NGBg(S), where j € [t5]. Observe that |7 N NGB;(S)| = Y Z;. As
i=1

J
B
P(Z; = 1) = D(NGB(S)), the expected value of w is also D(NGB4(S)).

Applying Hoeffding’s inequality (see Lemma [2.14), we conclude that (i) holds with
probability at least 299 /300.

Proving (i1) is similar to (i). Again applying Hoeffding’s inequality (Lemma [2.14),
we can show that (ii) holds with probability at least 299/300.

In order to prove (iii), we proceed in similar fashion as (i), and after applying Ho-
effding’s inequality (Lemma , we apply the union bound over all j € [¢;] to get the

desired result. L]

Consider the weights wy, ..., w;, obtained in Step (vi) of TEST-AND-LEARN. To

1
argue that these weights are good enough to report the desired distribution D’ (if we
know the vectors in S exactly), we consider the following observation which says that
there exist ¢ pairwise disjoint subsets C7, ..., C{, such that w; is the fraction of vectors

in 7 that are in C; for every i € [t;]. Also, let us define C* = {C},...,C} }.

Observation 8.9. Let us consider assigning each vector in {0, 1}" either to some S € S
or not assigning to any vector in S, using the same procedure that has been used to assign
the set of vectors in 7 in Steps (iii) and (iv) of TEST-AND-LEARN. Let C} C {0,1}" be
the set of all vectors that are assigned to X;, for every i € [¢;]. Then, for every i € [t1],

[T nc;
we have w; = 7]
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Proof. This follows from the definition of C;. [

Note that C* is formed following the procedure that TEST-AND-LEARN performs to
assign the vectors of 7 to the vectors in S. So, a vector far away from X; € S might be
assigned X;, and w; is considered in this case. This is not a problem as the mass on C;
is close to being bounded by the total mass of the vectors in NGB35(X;). This follows
from the fact that the set R is distance preserving (see Part (i) of Lemma[8.7) with high
probability. Now let us define C** = {C; N NBG3s(X;) : i € [t1]}. Finally, we will
upper bound w; by D(C;*) in the following observation. This will be useful for proving

the correctness of TEST-AND-LEARN in Section

Observation 8.10. Let us assume that R is distance preserving and 7 is weight repre-
sentative of S and C*. Then for every i € [t1], w; < D(C}) + % < D(CF) + %, where
we define C;* = C; N NBG35(X;).

Proof. As R is distance preserving, consider C* = {C7,...,C; } as guaranteed by Ob-

: . : . Tnc
servation Now, as T is weight representative of S and C* and w; = | 7 ~ for

every i € [t1], by Lemma 8.8| (iii), w; < D(C}) + &. By the definition of C; and by
Lemma(8.7(ii), D(C; \ NGB3;(X;)) < 1, thatis, D(C;) < D(C;*) + +. O

_tl’

Note that the above observation only gives upper bounds on the set of weights
wy, ..., w. As Lemma|8.8| provides upper as well as lower bounds on the mass around
S, this will not be a problem.

Consider the distribution D* supported over S such that D(X;) > w; for every
i € [t1], which we can view as an approximation of D. Note that we still can not report
D as the output distribution, since in order to do so, we need to perform {2(n) queries to
know the exact vectors of S. Instead we will report a distribution D’ such that D! is close
to D* for some permutation ¢ : [n| — [n]. The idea is to construct a new set of vectors
Si,..., Sy, in Step (vii) such that the Hamming distance between X; and o (S;) is small
for every i € [t;] for some permutation o : [n] — [n]. Lemma [8.12]implies that this is
possible from the projection of the vectors in S onto the indices of R (the implication
itself will be proved later in Lemma [8.17)). Before proceeding to Lemma [8.12] we need

the following definition and observation.
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Definition 8.11. Given any sequence of vectors S = {X,..., Xy} € {0,1}" and
j € [n], we define the vector C§ € {0,1}" as

for every i € [t1], CJS(’L) = X,(J)

For any J € {0, 1}", we define

_iemier =1

g

Intuitively, let us consider a matrix M of order ¢; X n such that the i-th row vector
corresponds to the vector X,;. Then observe that C’f represents the j-th column vector
of the matrix M and «; denotes the fraction of column vectors of A that are identical

to J.

Lemma 8.12 (Structure preservation). Let us consider the input distribution D over
{0,1}", § = {Xy,..., Xy, } and R C [n] drawn in Step (i) and (iii) of TEST-AND-
LEARN. Also, let us consider the values of ' ; found in Step (iii) of APPROX-CENTERS
(called from Step (vii) of TEST-AND-LEARN). The set R is said to be structure preserv-
ing for S if ‘aJ — %’| < 10.% holds for every J € {0,1}". Then the set R chosen in

Step (iii) of TEST-AND-LEARN is structure preserving for S with probability at least
99/100.

Proof. Consider any particular J € {0, 1} and 7 determined by Step (ii) of APPROX-
CENTERS. Using Hoeffding’s bound for sampling without replacement (Lemma [2.15]),

we obtain, for any n > 0,

n —2n2|R|/400
Pr —ay| > = <e .
ko = 20) =

By substituting the value of |R| (for a suitable choice of the hidden coefficient) and

n= 2%, and using the union bound over all possible J € {0, 1}t1 , we conclude that with

probability at least 99/100, for all J € {0, 1}, |7, — ay| < 5557

Note that APPROX-CENTERS constructs I ;’s from +y;’s by applying Observation|[7.T1]
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From the way Observation generates I';’s from ;’s, we conclude that for all
J € {01}, |v; — %’| < 1, completing the proof, assuming that n is larger than

20-2t1
21 O

Now we are ready to define the event GOOD.

Definition 8.13 (Definition of the event GOOD). Let us define an event GOOD as
EiNEy N E3 N Ey, where

(i) & :If Dis (C,0,r)-clusterable with the clusters Cy, ...,C,, then § = {Xy,... Xy, }
(found in Step (i) of TEST-AND-LEARN) contains at least one vector from every

large cluster.
(ii) & : R (picked in Step (ii) of TEST-AND-LEARN) is distance preserving.
(iii) &5 : R is structure preserving for S.

(iv) &;: T is weight preserving for S and C*, where C* = {Cy, ..., C; } is as defined in
Observation [8.9]

Note that the event &; follows from Lemma [8.6] & follows from Lemma Es
follows from Lemma @, and &, follows from Lemma @ Thus, from the respective
guarantees of the aforementioned lemmas, we can say that P(&;), P(&,), P(&;), P(&,) >
%. To address a subtle point, note that Lemma gives a probability lower bound on R
being distance preserving for any choice of 7, and hence the lower bound also holds for
T sampled according to the distribution. Similarly, Lemma [8.8] provides a probability
lower bound on 7 being weight representative for any choice of R (which affects C*)

regardless of whether R is distance preserving, and hence the lower bound also holds for

the R chosen at random by the algorithm. So, we have the following lemma.

Lemma 8.14. P (GOOD) > 2.
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8.2.2 Correctness of TEST-AND-LEARN

In the first three lemmas below (Lemma[8.15] Lemma [8.16]and Lemma 8.17), we prove
the correctness of the internal steps of the algorithm. These lemmas are stated under
the conditional space that the event GOOD defined in Definition [8.13| occurs. Using

these lemmas along with Lemma 8.18] which helps us combine them, allows us to prove
Theorem 8.3

Lemma 8.15 (Guarantee till Step (v) of TEST-AND-LEARN). Assume that the event
GOOD holds.

(i) If D is (C, 9, r)-clusterable, then D is (6, 2C)-clustered around S, and the fraction of
samples in T, that are not assigned to any vector in S, will be at most 3C. That is,

TEST-AND-LEARN does not output FAIL in Step (v) and proceeds to Step (vi).

(@ii) If D is not (30, 5¢)-clustered around S, then the fraction of samples in T, that are
not assigned to any vector in S, will be at least 3C. That is, TEST-AND-LEARN

outputs FAIL and does not proceed to Step (vi).

Proof. (i) For the first part, as £ holds (see Lemma(8.6)), the set S contains at least one
vector from every large cluster. Now, if we consider the J-neighborhood of S,
that is, NGB;(S), we infer that all vectors in large clusters are in NGB;(S). By
the definition of a large cluster, the mass on the vectors that are not in any large
cluster is at most 2. Hence, we conclude that D(NGB4(S)) > (1 — 2¢). Thus,
by Observation D is (6, 2¢)-clustered around S. For the second part, as the
event &, holds (see Lemma[8.8(1)), 7 is weight representative for S. This follows
since D is (4, 2¢)-clustered, and in particular is (30, 5¢)-clustered around S. Thus,
w > D(NGBy(S)) — ¢. Also, as the event & holds (see Lemma ,
R is distance preserving between S and 7, meaning that if Y; in C;, then y; is

assigned to x;. Hence,

t1

|T " NGBs(S)|
w; >
2 a

> D(NGB;(S)) — ¢ > 1 - 3¢.

i=1
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That is, wy < 3¢, and the algorithm TEST-AND-LEARN does not report FAIL and

proceeds to Step (vi).

(ii) Since the distribution D is not (36, 5¢)-clustered around S, by Observation

D(NGB35(S)) < 1 — 5(. Moreover, following Lemma [8.8] (ii), the event &,

B.
holds. So, W < D(NGB34(S)) + ¢ < 1 —4(¢. Also, as the event &

holds (see Lemma [8.7)), R is distance preserving between S and 7. This implies

that
t1

Zwi < |7 N NGB3;(S)|
- T

< D(NGB3;(S)) + ¢ < 1 —3¢.

i=1
That is, wy > 3¢, and the algorithm TEST-AND-LEARN reports FAIL. So, TEST-
AND-LEARN does not proceed to Step (vi).

O

Lemma 8.16 (Guarantee from Step (vi) of TEST-AND-LEARN). Assume that the event
GOOD holds. Moreover, assume that D is (30, 5()-clustered around S and wy < 3(
holds in Step (vi) of TEST-AND-LEARN. Consider the following distribution D" over
{0,1}", constructed from the weights obtained from Step (vi) of TEST-AND-LEARN,
such that

(i) Foreachi € [t1], D"(X;) = w(x;) = w;.
t1

(ii)) D"(Xo) =1— > w(x;) for some arbitrary X,.
i=1

(iii) D"(X) = 0forevery X € {0,1}" \ {Xo,..., X, }.

Then D" is (50, 5()-clustered around S with weights wy, . . . ,w;,, where wy = 1 —

t1
>~ w;, and the EMD between D and D" satisfies dgy (D, D") < 108 + 12(.
i=1

We will prove Lemma[8.16]in Subsection Now we proceed to prove the guar-

antee regarding Step (vii) of TEST-AND-LEARN.

Lemma 8.17 (Guarantee from Step (vii) of TEST-AND-LEARN). Assume that the
event GOOD holds. Then, in Step (vii), the algorithm APPROX-CENTERS (if called
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as described in Algorithm outputs a sequence of vectors {Sy,...,Sy, } in {0,1}",
such that there exists a permutation o : [n] — [n] for which dy(0(X;),S;) < & holds

for every i € [ty].

Proof. Here we assume that the event GOOD holds. In particular, we assume that the
event &3 holds.

Let us consider a matrix M of order ¢; x n such that the i-th row vector corresponds
to the vector X;. Then observe that Cf represents the j-th column vector of matrix M
and «a; denotes the fraction of column vectors of M that are identical to the vector J.

Let us consider the matrix A of order ¢; x n constructed by our algorithm, by putting
" ; many column vectors identical to J, for every J € {0,1}"*. Note that {Sy,...,S;,}
are the row vectors corresponding to A. As we are assuming that the event & holds
(see Lemma , lay — L2| < 22 holds for every J € {0,1}". Observe that we
can permute the columns of the matrix M using a permutation o : [n] — [n] and create
a matrix M, such that there exists a bad set I C [n] of size at most 22, where after
the removal of the columns corresponding to indices of / from both matrices M, and A
become identical. Hence, we infer that dy; (0(X;),S;) < & for every i € [t1], where o

is the permutation corresponding to M,,. This completes the proof of Lemma [

Finally, to prove Theorem [8.3] we need to show that the Earth Mover Distance be-
tween two distributions defined over close vectors is bounded when one distribution is
clustered around a sequence of vectors and the other distribution has similar weights

compared to the first distribution.

Lemma 8.18 (EMD between distributions having close cluster centers). Let 1), k, & €
(0, 1) be three parameters such that n+rk+¢ < 1. Suppose that S = {Xy, ..., Xy, } and
S = {X1,..., X}, } are two sequences of vectors over {0, 1}" such that d(X;, Xj) <
K for every i € [t1]. Moreover, let D be an (n, §)-clustered distribution around S with
weights wy, . .., wy, and D' be another distribution such that D' (X)) > w; for every
i € [t1]. Then dpp (D, D") < n+ &+ k.
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Proof. Recall that the EMD between D and D’ is the solution to the following LP:

Minimize Z fxydu(X,Y)

X, Ye{0,1}n
Subjectto Y fxy = D(X) VX €{0,1}", > fxy =D'(Y)VY €{0,1}"
Ye{0,1}n Xe{0,1}"
and 0 S fXY S ]_7 \V/X,Y € {0, 1}”

Here D is (1, £)-clustered around S. Let Cy, . .., C;, be the pairwise disjoint subsets
of {0, 1}" such that C; C NGB,(X;) and D(C;) > w; for every i € [t,].
Consider a particular solution {f%y : X,Y € {0,1}"} that also satisfies the con-
straint
Z fxx: > w; forevery i € [t].
Xec;
The above constraint is feasible as D(C;) > w; and D'(X}) > w;, where i € [t;].

Now,

dpy(D, D) < Y frydu(XY)
X, Ye{0,1}m
t1

Yo FHxdaX XD+ ) fydu(XY)

i=1 Xe(C;

IN

t1
X¢ U Ci,Ye{0,1}"
=

t1
Zwi-(n—km)—kwml
i=1
n+rK+E.

IN

IN

Proof of Theorem

To prove Theorem [8.3] we need the following lemma.
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Lemma 8.19. If D is (30, 5¢)-clustered around S, and TEST-AND-LEARN executes Step
(vi), then dgp (D, D)) < 17(5 + C) for some permutation o : [n] — [n].

Proof. As D is (38, 5¢)-clustered around S, by Lemma(8.16] we have that D" is (54, 5¢)-
clustered around S with weights wy, . .., wy, and dgp (D, D") < 100 + 12(.

Now consider Step (vii) of TEST-AND-LEARN, where we call APPROX-CENTERS
with R and x1,...,X,, to obtain S,...,S,,. By Lemma dy(0(X;),S;) < & for
every i € [t;| for some permutation o : [n] — [n]. Consider the sequence of vectors
X7 ..., X7 where X7 = o(X;) for every i € [ti].

Let us now consider the distribution D over {0, 1}" such that D?(X) = D" (c(X))
for every X € {0,1}". As D" is (54, 5()-clustered around S = {X;,...,X;, } with
weights wy, . .., wy,, we know that D/ is (59, 5¢)-clustered around {X¢, ..., X7 } with
weights wy, ..., wy,. In the output distribution D', D'(S;) > w; for every i € [t;]. So,
by Lemma we have dpp (D', DY) < 50 + % + 5C. Combining this with the fact
that dgy (D, D”) < 100 4 12¢, we conclude that dgy (D, D.) < 17(6 + ). O

To prove Theorem [8.3] we first prove that the guarantees of the two parts follow
assuming that the event GOOD holds. We will be done since P (GOOD) > 2/3 (see
Lemma [8.14). The query complexity of the algorithm follows from the parameters in its

description.

Proof of Part (i): Here D is (¢, , r)-clusterable. By Lemma([8.15] D is (4, 2¢)-clustered
around S and the fraction of samples in 7, that are not assigned to any vector in S,
is at most 3C. That is, TEST-AND-LEARN does not output FAIL for D in Step (v).
By Lemma we conclude that dgy (D, D.) < 17(5 + () for some permutation
o : [n] = [n]. This completes the proof of Part (i). O

Proof of Part (ii): Recall that we are working under the conditional space that the event

GOOD holds. Now consider the following:

* If D is not (36, 5¢)-clustered around S, then by Lemma|8.15| the algorithm TEST-
AND-LEARN reports FAIL.
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» If D is (36, 5¢)-clustered around S, then the algorithm TEST-AND-LEARN either

reports FAIL in Step (v) or continues to Step (vi). In case we go to Step (vi),
following Lemma 8.19] we again conclude that dgy (D, D!) < e.

Observe that the above two statements imply Part (i1). This completes the proof of

Theorem []
Proof of Lemma

Here we assume that the event GOOD holds. In particular, the events & and &, hold. To
prove Lemma(8.16] we will prove some associated claims and lemmas about the weights
wo, . . ., wy, obtained in Step (vi) of TEST-AND-LEARN, and the distribution D" defined
in Lemma[8.16] Let us start with the following claim.

Claim 8.20. The distribution D" (defined in the statement of Lemma is (59, 5¢)-
ty

clustered around S with weights wo, w; . . ., wy,, where wg = 1 — > w;.
i=1

Proof. This follows from the definition of D", and the fact that wy < 3¢ < 5. ]

Now we have the following claim.

Claim 8.21. There exists a sequence of weights wy, ..., w, such that D is (50, 5C)-
clustered around S with weights wy, . .. ,w; , and §:1 lw; —wl| < 2¢.
Proof. As events & and &, hold, consider C* = {C7,...,C; } (as guaranteed by Obser-
vation[8.9) and C** = {C7*,...,C;*} such that, forevery i € [t,],C;* = C;NNGB3s(X;)
and w; < D(C/*) + % (see Observation .

Let us define w; = max{w; — %, 0}andwj =1— Ziw; So, w; < D (C*).

Now
: - ; 2
wh = 1—;% Sl_; (wi—a) < (wo +2¢) < 3¢+ 2¢ = 5¢.

i=

Putting everything together, the above C** satisfies C;* C NGB35(X;) € NGB;4(X;)
and has weights wy, ..., w; such that wy < 5¢ and w; < D(C™) for every i €
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[t1]. Hence, D is (56, 5()-clustered around S with weights wy, ..., w,
t1

> |w; — wi] < 2¢ holds following the definition of w/s. O
i=1

.- Moreover,

Lemma 8.22 (Comparison-by-weights). Let D, and Dy be two distributions defined
over {0, 1}" that are (1, §)-clustered around a sequence of vectors S = {Xy,..., Xy, }
with weights vy, . .., vy, and wy, . .., wy,, respectively. Then the Earth Mover Distance

t1
between Dy and Dy is dgy(Dy, D2) < 20+ > vy — w;| + 2€.
i=1

Proof. Let U be an arbitrary vector from {0, 1}". Let us define a distribution D’ (sup-
ported over S U {U}) from the distribution D; as follows:

V; Y = X, forevery i € [t4]

t
DY) = 1—2112- Y-U

0 otherwise

Similarly, we define a distribution D), from D,. First we have the following claim,

which follows from the definitions. From the definitions of D and D), we can say that
(i) dgym (D1, D)) <n+ & and dgy(Ds, D) < 1+ & (by Lemmal(8.18).

t1

i=1

Using the triangle inequality, we have

dgy (D1, D) < dgy(Dy, DY) + dpy (DY, DY) + dea(Da, Dy)

t1
< 27]+Z|Ui—w¢|+2§.
i=1

This completes the proof of Lemma [

Now we proceed to prove Lemma [8.16]

Proof of Lemma(8.16] By the description of D" in Lemma [8.16] using Claim [8.20] we
know that D" is (56, 5()-clustered around S with weights wy, ..., w;,. By applying
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Claim we infer that D is (59, 5¢)-clustered around S with weights wy, ..., w;,

t1
such that > |w; — w}| < 2¢. Now, by applying Lemma
i=1

8.22

with n = 54, & = 5(, we

obtain that the Earth Mover Distance between D and D” is bounded as follows:

dpy (D, D") <106 + 2¢ +10¢ < 106 + 12¢.

This completes the proof of Lemma[8.16]
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Chapter 9

Testing VC dimension properties

9.1 Introduction

In this chapter we will prove that distributions over {0, 1}" whose support have bounded
VC-dimension can be learnt (up to permutations) by performing a number of queries
that is independent of the dimension 7, and depends only on the proximity parameter
¢ and the VC-dimension d (Theorem . In fact, we will prove a generalization, that
any distribution D that is 3-close to bounded VC-dimension can be learnt efficiently up
to permutations (with a proximity parameter depending on ) by performing a set of
queries whose size is independent of n (Theorem [9.3). The result is formally stated as

follows:

Theorem 9.1 (Learning a distribution 5-close to bounded VC-dimension, Theo-
rem generalized). Let d € N be a constant. There exists a (non-adaptive) algo-
rithm, that given sample and query access to an unknown distribution D over {0,1}",
takes o, B € (0,1) with 8 < « as input such that e = 17(3a+ /) < 1, makes number
of queries that depends only on o, 3 and d, and either reports a full description of a

distribution, or FAIL, satisfying both of the following conditions:

(i) If D is (B-close to VC-dimension d, then with probability at least 2/3, the algorithm

outputs a distribution D' such that dgy (D, D) < ¢ for some permutation o :
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[n] = [n].

(ii) For any D, the algorithm will not output a distribution D' such that dgy; (D, D!) >

€ for every permutation o : [n] — [n] with probability more than :. However,

3
if the distribution D is not B-close to VC-dimension d, the algorithm may output

FAIL with any probability.

As a consequence of the learning result of Theorem we also obtain a tester for

properties having a bounded VC-dimension.

Corollary 9.2 (Restatement of Corollary [7.4). Let d € N be a constant, and P be
an index-invariant property with VC-dimension d. There exists an algorithm that has
sample and query access to an unknown distribution D, takes a parameter ¢ € (0, 1),
and distinguishes whether D € P or D is e-far from ‘P with probability at least 2/3,

where the total number of queries made by the algorithm is a function of only d and ¢.

In Subsection we connect the notions of ((, §, r)-clusterablity and being [-close
to (a, 7)-clusterablity (Definition in Lemma [9.6] and prove Corollary [0.5] regard-
ing learning distributions that are -close to («,r)-clusterable. Then, we recall some
standard results from VC theory to connect the notions of bounded VC-dimension and
clusterability, to obtain Corollary which is crucially used in Subsection to
prove Theorem[9.3]

9.2 Testing properties with bounded VC-dimension

Theorem 9.3 (Learning a distribution 5-close to bounded VC-dimension, Theo-
rem [9.1] restated). Ler d € N be a constant. There exists a (non-adaptive) algorithm,
that given sample and query access to an unknown distribution D over {0, 1}", takes
a,f € (0,1) with 5 < « as input such that ¢ = 17(3a + /) < 1, makes number
of queries that depends only on o, 3 and d, and either reports a full description of a

distribution, or FAIL, satisfying both of the following conditions:
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(i) If D is p-close to VC-dimension d, then with probability at least 2/3, the algorithm
outputs a distribution D" such that dgy (D, D) < ¢ for some permutation o :
[n] = [n].

(ii) For any D, the algorithm will not output a distribution D' such that dgy;(D, D!) >

e for every permutation o : [n] — [n] with probability more than 5. However,
if the distribution D is not [3-close to VC-dimension d, the algorithm may output

FAIL with any probability.

Remark 9.1. Note that o above does not appear anywhere outside the expression for ¢,
and hence it is tempting to minimize ¢ by taking & = /3/3. However, this is a bad
strategy since the number of queries of the algorithm depends on 1/c. In the common

scenario, we would be given (3 and € > 34+/30, and solve for a.

Corollary 9.4 (Testing properties with bounded VC-dimension, Corollary re-
stated). Let d € N be a constant, and ‘P be an index-invariant property with VC-
dimension d. There exists an algorithm that has sample and query access to an unknown
distribution D, takes a parameter € € (0, 1), and distinguishes whether D € P or D is
e-far from P with probability at least 2/3, where the total number of queries made by

the algorithm is a function of only d and ¢.

Remark 9.2. Note that the algorithm for testing the index-invariant property with con-
stant VC-dimension d takes exp(d) samples, and performs exp(exp(d)) queries. It turns
out that similarly to the case of TEST-AND-LEARN, the dependencies of the sample
and query complexities on d are tight, in the sense that there exists a property of VC-
dimension d such that testing it requires 2% samples, and Q(22d70(1)) queries. We will

construct such a property and prove its lower bound in Section

We will give the proof of Theorem[9.3]in Subsection[9.2.1

A corollary of Theorem [8.3|to prove Theorem [9.3;

Here we first connect the notions of ((, d, r)-clusterablity and being (-close to (o, 7)-
clusterablity (Definition in Lemma Then using Lemma [9.6] with our algorithm

123



for learning (, 4, r)-clusterable distributions (Theorem [8.3)), we prove Corollary [9.5]re-
garding learning distributions that are 3-close to (v, r)-clusterable. This corollary will

be used later to prove Theorem[9.3]

Corollary 9.5 (Learning distributions (-close to («,r)-clusterable). Let n € N.
There exists a (non-adaptive) algorithm, that has sample and query access to an un-
known distribution D over {0,1}", takes parameters «, 3,1 as inputs such that o > [3
ande = 17(3a+ /) < 1 and r € N, makes a number of queries that only depends on
«, 3 and r, and either reports a full description of a distribution over {0, 1}" or reports

FAIL, satisfying both of the following conditions:

(i) If D is p-close to (v, r)-clusterable, then with probability at least 2 /3, the algorithm
outputs a full description of a distribution D" over {0,1}" such that for some

permutation o : [n| — [n], dgy (D, D.) < e.

(ii) For any D, the algorithm will not output a distribution D' such that dgy; (D, D!) >
e for every permutation o : [n| — [n], with probability more than 1/3. However,
if the distribution D is not 3-close to («, r)-clusterable, the algorithm may output

FAIL with any probability.

To prove the above corollary, we need the following lemma, that connects the two
notions of clusterability: ({, 0, 7)-clusterablity and being [-close to («v, r)-clusterability
(see Definition [8.2).

Lemma 9.6. Let o, § € (0, 1) be such that o« > (3, and D be a distribution over {0,1}"

that is (-close to being (., r)-clusterable. Then D is (3« r, B /a)-clusterable.

Proof. Let Dy be the distribution such that Dy is («, r)-clusterable and dgy (D, Dy) <

B. LetCy, ..., Cs be the partition of the support of Dy that realizes the (v, r)-clusterability

of Dy, and let { fxy : X, Y € {0,1}"} be the flow that realizes dg (D, Do) < /5.
LetC = LSJ Ci, and C-, be the set of vectors in {0, 1}" that have distance of at least

i=1
a from all the vectors in C. Now we have the following claim.

Claim 9.7. D(C-,,) < 2.
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Proof. By contradiction, let us assume that D(C~,,) > g Then we have the following:

dpm(D, Do) > Z Ixydua(X,Y) > a-D(Csa) > B

XeCsq,YEC
This is a contradiction as we have assumed dg (D, Dy) < (. O

Now for every i, let C=-* be the vectors that have distance at most o from at least

i—1

one vector C;, where i € [s]. Let C, = C=*\ U C; for 1 < i < s. Now we have the
j=1

following observation.

Observation 9.8. Forany 1 < i < s, dy(U,V) < 3aforany U,V € (..

Proof. Since U,V € C/, let U’ and V' be the vectors in C; such that dy (U, U’) < «,
and dg(V,V’) < a. As U, V' € C;, and Dy is (o, r)-clusterable, using the triangle
inequality, we can say that dg(U, V) < dy(U,U’) + dyg(U", V') + dg(V', V) <
3o []

Consider Cj, = C~,, and by Claim note that D(C,) < (/. The existence of
Cy,Ch,...,C. as above implies that D is (3«,r, /a)-clusterable (see Definition (8.2).
O

Proof of Corollary[9.5 using Theorem[8.3| & Lemma The algorithm here (say ALG)
calls algorithm TEST-AND-LEARN (as described in Algorithm[8.1]) with parameters ( =
[/ and § = 3a, and reports the output returned by TEST-AND-LEARN as the output of
ALG. Now we prove the correctness of ALG.

Part (i): Here we consider the case where D is 3-close to («, r)-clusterable. Following
Lemma[9.6] D is (¢, d, r)-clusterable. By Theorem[8.3|(i), we get a distribution D’
such that dgp (D, D)) < 17(¢ + 0) = 17(3a + B/a) = ¢ for some permutation
o : [n] = [n], with probability at least 2/3. This completes the proof of Part (i).

Part (ii): This follows from Theorem (ii) along with our choices of 6 = 3« and
(=p/a.
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Result from VC theory

Let us now recall some definitions from VC-dimension theory, and use a well known re-
sult of Haussler [Hau95]] to obtain Corollary [9.14] which states that if the VC-dimension
of a set of vectors V' is bounded, then the vectors of ' can be covered by bounded num-
ber of Hamming balls. This corollary will be crucially used to prove Theorem in
Subsection

Let us start by defining the notion of an a-separated set.

Definition 9.9 («-separated set). Let v € (0,1) and W C {0, 1}" be a set of vectors.
W is said to be a-separated if for any two vectors X, Y € W, dy(X,Y) > a.

Now let us define the notion of the a-packing number of a set of vectors.

Definition 9.10 («-packing number). Let o € (0,1), and V' C {0,1}" be a set of
vectors. The a-packing number of V, denoted by M(a, V'), is defined as the cardinality
of the largest a-separated subset W of V.

Now we define the notion of an a-cover of a set of vectors.

Definition 9.11 («-cover). Let o« € (0,1) and V' C {0, 1}"™ be a set of vectors. A set
of vectors M C V is an a-cover of V if V' C |J NGB,(p), where NGB, (p) :=

PEM
{q: dy(p,q) < a} denotes the set of vectors that are within Hamming distance « from

the vector p.

Now let us consider the following theorem from [Hau935|], which says that if the VC-
dimension of a set of vectors V' is d, then the size of the a-packing number of V, that is,

M(a, V), is bounded by a function of d and «.

Theorem 9.12 (Haussler’s packing theorem [Hau95, Theorem 1]). Let « € (0, 1) be

a parameter. If the VC-dimension of a set of vectors V is d, then the a-packing number
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of V' is bounded as follows:

M(a, V) < e(d+1) (%Y

@
The following observation is immediate.

Observation 9.13. Let o € (0, 1) be a parameter and M be a maximal a-packing of a

set of vectors V' C {0, 1}™. Then M is also an a-cover of V.

With this observation, along with Theorem 9.12] we get the following bound on the

size of a cover of a set of vectors in terms of its VC-dimension.

Corollary 9.14 (Existence of a small a-cover). Let d € N. If the VC-dimension of a
set of vectors V is d, then for all « € (0,1), there exists a set M C 'V such that M is an
a-cover of V and |M| < e(d + 1) (%)d.

9.2.1 Learning distributions close to having bounded VC-dimension

In this subsection, using Corollary we prove that any distribution that is 3-close to
bounded VC-dimension can be learnt (up to permutation) by performing a number of
queries that depends only on the VC-dimension d and the proximity parameter ¢, and is
independent of the dimension of the Hamming cube {0, 1}" (Theorem [9.3). The crucial
ingredient of the proof is Theorem [9.12] through its Corollary[9.14] From Theorem[9.3]

we obtain a tester for testing distribution properties with bounded VC-dimension (Corol-

lary0.4).

Proof of Theorem[9.3] We call the algorithm ALG corresponding to Corollary [9.5| with
D as the input distribution, the same «v and /3 as here, and r = |e(d+1) (i—e)dj . Note that
the output of ALG is either the full description of a distribution D’ or FAIL. We output

the same output returned by ALG. Now we prove the correctness of this procedure.

(i) Here D is p-close to having VC-dimension d. Let D, be the distribution such that
Dy has VC-dimension at most d and dgy (D, Do) < /3. By Corollary[9.14] we can
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partition the support of Dy into r parts Ci, . .., C, such that r < e(d+1) ( %)d and
the Hamming distance between any pair of vectors in the same cluster C; is at most
«. This means that Dy is (v, 7)-clusterable. So, with probability at least 2/3, TEST-
AND-LEARN outputs a distribution D’ such that dgy (D, D)) < 17(3a + /)

for some permutation o : [n] — [n], and we are done with the proof.

(ii) This follows from the guarantee provided by the subroutine TEST-AND-LEARN, see

Corollary [8.3] (ii).

Testing bounded VC-dimension properties

We now present the proof of Corollary regarding the testing of properties with

bounded VC-dimension.

Proof of Corollary We call the algorithm (say ALG) corresponding to Theorem[9.3|
with the input distribution D, o = £/102, and 5 = 0. Let D’ be the output of ALG. We
check if there exists a distribution D” € P such that dgy (D', D) < /2. If yes, we
accept D. Otherwise, we reject D.

Now we argue the correctness. For completeness, let us assume that D € P, hence
D has VC-dimension d. By the guarantee for ALG following Theorem [9.3] with prob-
ability at least 2/3, ALG does not report FAIL, and the output distribution D’ by ALG
satisfies dgy (D, D) < €/2 for some permutation o : [n] — [n]. Since P is an index-
invariant property, D’ and D! have the same distance from the property P. Also, as
D € P, D, € P as well. Hence, there exists a distribution D” € P (here D, in
particular) such that dgy (D', D") < /2, and we accept D with probability at least 2/3.

For soundness, consider the case where D is e-far from P. If ALG reports FAIL, we
are done. Otherwise, by Theorem the output distribution D’ is such that for some
permutation o : [n] — [n], dgy(D, D)) < €/2. Now we consider any distribution D"
with dgy (D', D”) < £/2 and argue that D" is not in P. By contradiction, let us assume
that D” € P. As P is index-invariant, D? € P. Note that dgy(D., D) < /2 as
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dgv (D', D") < ¢/2. So, D! is €/2-close to property P. As dpy (D, D.) < ¢/2, by
the triangle inequality, D is e-close to P, a contradiction. This completes the proof of
Corollary 9.4 O

9.3 Lower bounds for testing VC-dimension properties

As mentioned in the introduction, our tester for testing a VC-dimension property takes
exp(d) samples, and performs exp(exp(d)) queries for VC-dimension d. Now we show
that there exists an index-invariant property of VC-dimension at most d which requires

such sample and query complexities, proving Theorem

Theorem 9.15 (Restatement of Theorem [7.5). Let d,n € N. There exists an index-
invariant property P, with VC-dimension at most d such that any (non-adaptive) tester

or Py requires 2°°Y samples and 2270 Lueries.
f q p q

Since the query complexity of non-adaptive testers can be at most quadratic as com-
pared to adaptive ones (Theorem[7.9)), arguing only for non-adaptive testers is sufficient
for our purpose. We would like to point out that the property of having support size at
most 27 is a property with VC-dimension bounded by d, for which the authors of [GR22]]
proved a lower bound of (2(17°(1)4) samples [GR22), Observation 2.7]. Although the
sample lower bound of the property P,. of Theorem 9.15|is weaker in comparison to
that of the support size property, here we prove both sample and query lower bounds
for the same property P,.. Moreover, P, is defined by being a permutation of a single
distribution.

Without loss of generality, in what follows, we assume that d is large enough.

Property P,.: Letk =2%and ( = 22" e two integers and assume that ¢ divides n.
Consider a matrix A of dimension k£ x ¢ such that the Hamming distance between any

pair of column vectors of A is at least 1/3. E] Let D 4 be a distribution supported over the

'One way to construct such a matrix is to select 2¢=1 vectors from {0, 1}2d uniformly at random, and
let the columns of A be the set of all their linear combinations over the field Zs.
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vectors V7, ..., Vi such that, for every ¢ € [k], the following holds:

* V, is the n /¢ times “blow-up” of the i-th row of A, that is, for j € [¢] and 5’ with
(=13 <j <j-% (Vi); = ay, where a;; denotes the element of the matrix

A present in the i-th row and the j-th column.

hd DA(VZ) = % 2%.

Now we are ready to define the property P...
Py = {D : D = D9 for some permutation o : [n] — [n]}.

Now we have the following observation.
Observation 9.16. The VC-dimension of P,. is at most d.

This follows from the fact that the support size of the distribution D, is 2¢. We
will prove first the query complexity lower bound, and then prove the (easier) sample

complexity lower bound.

Query complexity lower bound: Let us define the first pair of hard distributions over

distributions over {0, 1}", that is, D5 and D,,.

Distribution D,.,: We choose a permutation o : [n] — [n] uniformly at random, and

pick the distribution D9 over {0, 1}™.

The distribution D,, is constructed from the matrix A that is used to define D, as

follows:

Distribution D,,: We first choose ¢/ = 227" column vectors uniformly at random
from A and let B be the resulting matrix of dimension & x ¢'. Let Dpg be the distribution

supported over the vectors W1, ..., W, such that, for every i € [k], the following holds:
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* W, is the n/¢' times blow-up of the i-th row of B, that is, for j € [¢'] and j’ with
G—=1)-7<i<i % (Wi)j, = b;;, where b;; denotes the element of matrix B
present in the ¢-th row and the j-th column.

° DTLO(W’L> = % = 2%1

We choose a permutation o : [n] — [n] uniformly at random, and pick the distribu-

tion DY, over {0, 1}".

Lemma 9.17. D, is supported over P,. and D,,, is supported over distributions that
are 1/8-far from P,..

Proof. Following the definition of P, and D,., it is clear that D, is supported over

Pyc. To prove the claim about D,,,, consider the following definition and observation.

Definition 9.18. Let us consider a distribution D over {0, 1}". A matrix M of dimension
s X n is said to be a corresponding matrix of D if D is the distribution resulting from
picking uniformly at random a row of M.[| For a permutation 7 : [s] — [s], M™ denotes
the matrix obtained by permuting the rows of M according to the permutation 7, that is,

the 7(7)-th row of M™ is same as the i-th row of M for every i € [s].

Note that if M is a corresponding matrix of D with s rows and s’ is a multiple of s,
then the matrix M’ constructed by repeating every row of M s’/s many times is also a
corresponding matrix of D.

Now the following observation connects the Earth Mover Distance between two dis-

tributions with the Hamming distance between their corresponding matrices.

Claim 9.19. Let Dy and D; be two distributions over {0,1}". Also, let L and M be
corresponding matrices of D, and D,, respectively, both of dimension s X n. Then
the Earth Mover Distance between D, and D is the same as the minimum Hamming

distance between L and M over all row permutations.

*Note that, if M has no duplicate rows, then D is a uniform distribution over its support.
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Formally, let the Hamming distance between L and M be defined as

[{(,5) € [s] x [n] : L # my;}]

S N

dy(L, M) =

Then
dEM(DlaDQ) min dH(L7T M)

m:[s]—[s]
Proof. We first note that any solution fxy for the EMD between D; and D; can be
translated to a doubly stochastic matrix .S of dimension s X s as follows:

For every i, let L; be the i-th row of L and [; be the number of rows of L that are
identical to L;. Similarly, let M; be the i-th row of M and m; be the number of rows of
M that are identical M;. To construct the matrix S, we set the value of its entry at ¢-th
row and j-th column as follows:

b L,M; S

Sii —
J lzm]

Now we claim that the matrix S defined above is a doubly stochastic matrix.
Observation 9.20. The matrix S defined above is doubly stochastic.

Proof. We will prove that the every row of S sum to 1, and omit the identical proof for

the columns of S. Note that if we sum the ¢-th row of .S, we obtain the following:

st fLM _ Z fuy - s _ Di(L;) - s 1

l; l;
Jj=1 Y eSupp(D2)

This completes the proof of the observation. [

Now we will apply the Birkhoff-Newmann theorem [B1r46, 'VNS3]], which states that
the doubly stochastic matrix S defined above can be expressed as a weighted average of
permutation matrices. By translating the EMD expression from fxvy to S and using an
averaging argument, we can infer that there exists a permutation 7 (among those in the
representation of .S) such that dy (L™, M) is equal to dgy (D1, D2). This completes the
proof of the claim. O]
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Note that D, is supported over the set of distributions D% for any permutation o
and any matrix B which consists of 22" columns of A. We will be done by showing
that the Earth Mover Distance between D and DY is at least 1/8, where D € Py,
o : [n] — [n] is any permutation, and B is any matrix with 22~ columns.

Note that both D and D% admit respective corresponding matrices L and M, respec-
tively, both of dimension 29 % n, where the rows of L are the vectors V;, and the rows

of M are the respective permutations of the vectors W;. By Claim 9.19, we note that:

d D% . D) = 1 dg (L™, M).
EM( B> ) m[gl}%l_fl[gd] H( ) )

The following claim will imply that dgy, (D%, D) > 1/8.

Claim 9.21. For any permutation 7 : [2¢] — [2%), dy (L™, M) is at least 1/8.

Proof. Let us partition the index set [n] into ¢’ equivalence classes C', ..., Cy such that
two indices of [n]| belong to the same equivalence class if the corresponding column
vectors in L™ are identical. Observe that

2 2 du(Ly, M) -k >0 3 du(Lf, M)

i[e] jeC; ie[t) EC

dy (L™, M) = = :

k-n n

where L7 and M; denote the j-th column vectors of L™ and M, respectively.

Hence we will be done by showing > dy (L;T, Mj) >
JEC;

Note that |C;| = 7. Also, all the columns in {L7 : j € C;} are identical. Consider a

for every i € [('].

column vector v € {0, 1}*. Observe that there can be at most % columns in {M; : j €
C;} that are 1/7-close to v. This follows from the construction of P, which implies
that for every column M, of M, there are no more than n /¢ — 1 other columns of L™
whose distance from M is at most 2/7 < 1/3.

So, in the expression Y dy (L7, Mj), there are at least (% — %) terms that are at

Jjel;
least 1/7. Hence, Y dy (L;F,Mj) > (. % (% _ %) > =
JE€C;
The above two claims conclude the proof of Lemma9.17 O

133



Lemma 9.22 (Query complexity lower bound part of Theorem 9.15). Any (non-
adaptive) tester, that has sample and query access to either D,.; or D,, and performs

d—w(1) . « e .
9217 queries, can not distinguish between D ., and D,,,.

Proof. Let A’ and B’ be the matrices of dimension k£ x n such that the i-th row of A’
corresponds to the vector V¢ (for the permutation o drawn according to D) and the
i-th row of B’ corresponds to the vector WY (for the permutation o drawn according to
D,,,), where i € [k].

Let us divide the index set [n] into ¢ equivalence classes C1, . . ., Cy such that two in-
dices belong to the same equivalence class if the corresponding column vectors in A’ are
identical. Similarly, let us divide the index set [n] into ¢’ equivalence classes 1, ..., C},
such that two indices belong to the same equivalence class if the corresponding column
vectors in B’ are identical.

Let Q C [n] be the set of all distinct indices queried by the tester to any sample (that
is, the union of the sets ./, ..., J; as they appear in Definition . If |Q] = 927
then the probability that there exist two indices in () that belong to the same C; or the
same C/ is o(1). Observe that, conditioned on the event that () does not contain two
indices from the same equivalence class C; or C!, the distributions over the responses
to the queries of the tester are identical for both D,., and D,,,. The reason is that in
both the cases of D, and D,,, the distribution over the responses is identical to the one
derived from picking a uniformly random subset of size || of the columns of the matrix

A, and taking uniformly independent samples of the rows of the resulting matrix. [

Now we will prove the sample complexity lower bound for testing P,..

Sample complexity lower bound: Let us define the second pair of hard distributions
over distributions over {0, 1}", D! __and D/, .

yes

Distribution D’

yes:

Identically to D,.s above, we choose a permutation o : [n| — [n]

uniformly at random, and pick the distribution D% over {0, 1}".
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!/

yes as follows:

The distribution D/, is constructed from the matrix A used to define D
Distribution D’/ : We first choose &' = 29720 row vectors uniformly at random from
A and construct a matrix B’ of dimension &’ x ¢. Let D g/ be the distribution supported

over the vectors W, ..., W}, such that, for every ¢ € [£'], the following hold:

» W/ is the n /¢ times blow-up of the i-th row of B’, that is, for j € [¢] and j" with
(=17 <Jj <j-% (W)); = by, where b;; denotes the element of matrix B’

present in the i-th row and the j-th column.
° Dno(wrl) = % = 2d+20-

We choose a permutation o : [n] — [n] uniformly at random, and pick the distribu-

tion D%, over {0, 1}".

Lemma 9.23. D! __ is supported over P, and D! is supported over distributions that

yes

are 1/8-far from P..

Proof. Following the definition of P, and D!, it is clear that D! . is supported over

yes? yes

Pyc. To prove the claim about D/, ,, we will apply Claim[9.19]

Note that D/, is supported over the set of distributions D%, for any permutation o and
any matrix B’ which consists of 2¢72° rows of A. We will be done by showing the Earth
Mover Distance between D and D9, is at least 1/8, where D € P, and ¢ : [n] — [n]
be any permutation, and B’ is any matrix with 2972 distinct rows.

Let L and M be corresponding matrices of D and D%, respectively, of dimension
k x n, where k = 27 (where the rows of L are the vectors V;, and the rows of )M are
220_fold repetitions of the respective permutations of the vectors W’;). By Claim
we know that

dEM (D%/, D) = min dH<L7T, M)
m:[k]—[k]
Thus, the following claim will imply that dgy (D%, D) > 1/8.
Claim 9.24. For any permutation m : [2¢] — [2%), dy (L™, M) is at least 1/8.
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Proof. Our proof will follow a similar vain to that of Claim[9.21] Let us first partition the
index set [n] into ¢’ equivalence classes C1, . .., Cy such that two indices of [n] belong
to the same equivalence class if the corresponding column vectors in L™ are identical.
Observe that

> > dg(LE,My) -k > > du(L], M)

€[] jedl; ell’] jel;

dy (L™, M) = =

k-n n ’

where L7 and M; denote the j-th column vectors of L™ and M, respectively.

Since B’ has only 2¢72° distinct rows, the number of its equivalence classes is
bounded by ¢ = 22" Note that unlike the proof of the query lower bound, the sizes of
the equivalence classes here may be different from each other. Also, note that the sizes

of the equivalence classes of L are n/(, as D € P,.. Thus we have the following:

1 | —n/0} 1 1 1
dH(Lﬂ—,M) Z ? . 21:1 maX{07 |C’L| n/ } > <1 . 2_) ‘> —n.

n =7 10 8

The inequality follows from the facts that ¢ = 22" and ¢ = 22", and the columns

of M corresponding to each C; can be 1/7-close to at most n/¢ columns of L. O]
This concludes the proof of Lemma[9.23] O
The sample lower bound for testing P, now follows from the following lemma.

Lemma 9.25 (Sample complexity lower bound part of Theorem [9.15). Any fester
that takes at most 2°Y samples from the input distribution can not distinguish between

the distributions D). and D), .

yes

Proof. Let S be the set of samples taken by the algorithm. Note that if |S| = 2°(9), then
the probability that S contains two samples of the same V; or the same W', is o(1).
Conditioned on the event that S does not contain two samples from the same vector (V;
or W')), even if the tester queries the samples of S in their entirety, the distributions over
the responses to the queries of the tester are identical for both D] ., and D;,,,. This follows

from the fact that the distribution over the responses is identical to a distribution obtained
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by drawing uniformly without repetitions a sequence of row vectors from Vi, ..., Vaa,

and querying the row vectors completely. This completes the proof. ]
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Chapter 10

Role of adaptivity for general

properties

10.1 Introduction

In this chapter, we prove that for non-index-invariant properties, there can be an expo-
nential gap between the query complexities of adaptive and non-adaptive tester. The

result is formally stated as follows:

Theorem 10.1 (Theorem [1.10| formalized). Any property P that is c-testable by an
adaptive algorithm using s samples and q queries, can be c-tested by a non-adaptive
algorithm that uses s samples and performs at most 2¢ — 1 queries, where s and q are

integers.

We prove this theorem in Section [[0.2] The proof follows a simulation-type ar-
gument. Later in Section [10.3] we prove the following theorem which states that the

exponential gap mentioned in the above theorem is tight.

Theorem 10.2 (Theorem[I.11|formalized). There exists a property of distributions over
strings 1p,, that can be c-tested adaptively using O(logn) queries for any ¢ € (0, 1),
but Q(\/n) queries are necessary for any non-adaptive algorithm to e-test it for some

e € (0,1).
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10.2 Exponential gap between adaptive and non-adaptive

testers

In this section, we prove that there can be at most an exponential gap between the query
complexities of adaptive and non-adaptive algorithms for non-index-invariant properties.

Let A be the adaptive algorithm that e-tests P using s samples {Vy,..., V,} and
q queries, along with tossing some random coins. Before directly proceeding to the

description of the non-adaptive algorithm, let us first consider the following observation.

Observation 10.3. For any given outcome sequence of the random coin tosses of A,

there are at most 27 — 1 possible internal states of .A.

Proof. Consider the k-th step of A, where A queries the jj-th index of V;_for some
ir. € [s], Jx € [n], and k € [¢]. Note that 7; and j; are functions of only the random
coins, and i, and jj, are functions of the random coins, as wellas 'V, |;,,..., V;

Tg—1 |jk—1’
where 2 < k < g. Due to the 2! possible values of V;, |;,,...,V;

Tg—1 |jk—1, there are

ok possible states of the algorithm A at Step k, for each 1 < k < ¢. Finally, the state of

A depending on the random coins and the values of V;, |;,,...,V,_ |;, will decide the

final output. This implies that for any fixed set of outcomes of the random coin tosses
q—1

used by A, there can be a total of at most Z 2¢ = 27 — 1 internal states, each making

one query, as well as 27 final (non-query- maklng) states. ]

Now we proceed to present the non-adaptive algorithm A’ that simulates A by using

s samples and at most 29 queries.

Theorem 10.4 (Theorem [10.1] restated). Let P be any property that is c-testable by
an adaptive algorithm using s samples and q queries. Then P can be c-tested by a
non-adaptive algorithm using s samples and at most 2¢ — 1 queries, where s and q are

integers.

Proof. Let A be the adaptive algorithm that e-tests P using s samples {Vy, ..., V,} and

q queries. Now we show that a non-adaptive algorithm A’ exists that uses s samples and
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makes at most 27 — 1 queries, such that the output distributions of A and A’ are identical
for any unknown distribution D.

The idea of A’ in a high level is to enumerate all possible internal steps of A, and
list all possible queries Q that might be performed by A. Note that @ depends on the
random coins used by .4. We then query all the indices of Q non-adaptively, and finally
simulate A using the full information at hand, with the same random coins that were
used to generate Q. As A has query complexity ¢, the number of possible internal states
of A is at most 27 — 1, and the query complexity of A’ follows. Now we formalize the
above intuition below.

The algorithm .4" has two phases:

Phase 1:
(i) A’ first takes s samples V1,..., V.

(ii) A’ now tosses some random coins (same as .4) and determines the set of all pos-
sible indices J; of V; that might be queried by A, for every i € [s]. The sets
of indices J;’s are well defined after we fix the random coins, and follows from
Observation

Thus at the end of Phase 1, A’ has determined s sets of indices .Ji, ..., Js of the
vectors Vi, ..., Vg such that ) |J;] < 29— 1. Now A’ proceeds to the second phase of
=1

7

the algorithm.

Phase 2:

(i) Foreveryi € [s] and j € J;, query the j-th index of V;, where J; denotes the set of
indices of V; that might be queried at the internal states of .4, determined in Phase
1.

(ii) Simulate the algorithm A using the same random coins used in Phase 1, and report

ACCEPT or REJECT according to the output of A.
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Note that the set of random coins that are used to determine .Jy, . . ., J; in Step (i7) of
Phase 1 of the algorithm are the same random coins that are used to simulate A in Step
(7) of Phase 2. Thus the correctness of A" follows from to the correctness of A along
with Observation O

10.3 Exponential separation between adaptive and non-

adaptive testers

Now we prove that the gap of Theorem[10.4]is almost tight, in the sense that there exists
a property such that the adaptive and non-adaptive query complexities for testing it are
exponentially separated.

Before proceeding to the proof, let us consider any property P of strings of length
n over the alphabet {0, 1}. Now we describe a related property 1p over distributions as

follows:

Property 15: For any distribution D € 1p, the size of the support of D is 1, and the
single string in the support of D satisfies P.

Let us first recall the following result from [GR22], which states that (5(%) queries

are enough to e-test whether any distribution has support size 1.

Lemma 10.5 (Restatement of Corollary 2.3.1 of [GR22]). There exists a non-adaptive
algorithm that e-tests whether an unknown distribution D has support size 1 and uses

(’N)(%) queries, for any € € (0, 1).

We now prove that the query complexity of e-testing 1p is at least the query com-
plexity of e-testing P, and can be at most the query complexity of $-testing of P, along
with an additional additive factor of (5( é) for testing whether the distribution has support

size 1. The result is formally stated as follows:
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Lemma 10.6. Let qx and q4 denote the non-adaptive and adaptive query complexities
for e-testing P, respectively. Similarly, let (Qn and () o denote the non-adaptive and
adaptive query complexities of e-testing 1p, respectively. Then the following hold:

I gae) < Qae) < O(1) + O (aa()[]
2. qn(e) < Qule) < O(2) + O (an(5)).

Proof. We prove here (I)), and omit the nearly identical proof of (2).

Proof of ¢4(c) < Qa(c): Consider an adaptive algorithm A that e-tests 1p by using
Q 4(e) queries. We construct an algorithm A’ that e-tests P using the same number of
queries. Let V be the unknown string of length n, where we want to test whether V € P
or V is e-far from P.

Let us define an unknown distribution D’ (over the Hamming cube {0, 1}™) such that
we want to distinguish whether D’ € 1p or D' is e-far from 1p. The distribution D’ is

defined as follows:
1 X=V

D'(X) = .
0 otherwise

Observe that V € P if and only if D’ € 1p. Similarly, it is not hard to see that V is
e-far from P if and only if D’ is e-far from 1p. We simulate the algorithm A by A’ as
follows: when A takes a sample, A" does nothing, and when A queries an index i € [n]
of any sample, A’ queries the index ¢ of V. Finally, A’ provides the output received from
the simulation of A.

From the description, it is clear that A’ performs exactly ) 4(£) queries and is indeed

simulated by running A over D’.

Proof of () 4 (¢

g) < ( ) +0 (qA ): Let us consider an adaptive algorithm A4, that
S-tests P using O

4
(a

1
3
4(%)) queries to the unknown string X € {0,1}", with success

'We are using O(+) as we are amplifying the success probability of the tester for the property P to
9/10 as compared to the usual success probability of 2/3.
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probability at least %. Now we design an adaptive algorithm 4] that e-tests 1p using

O (1) + O (qa(§)) queries.

Algorithm A|: Assume that D is the distribution that we want to e-test for 1p. The

algorithm A} performs the following steps:

(i) Run the tester corresponding to Lemma to 55-test whether D has support size
1, with success probability at least 1%. If the tester decides that D has support size

1, then go to the next step. Otherwise, REJECT.

(ii) Take one more sample from D and letitbe U € {0, 1}". Run algorithm A, to §-test
P considering X = U as the unknown string. If .4, accepts, ACCEPT. Otherwise
REJECT.

Note that the query complexity for performing Step (7) is 6(%) which follows from
Lemma Additionally, the number of queries performed in Step (ii) is O (ga(£)),
which follows from the assertion of the lemma. Thus, the algorithm A/ performs O (%) +
O (qa(§)) queries in total.

Now we will argue the correctness of .A}. For completeness, assume that D € 1p.
Let V. € {0,1}" be the string such that D(V) = 1 and V € P. Note that, by
Lemma A} proceeds to Step (i) with probability at least -. In Step (ii), A’
sets U = V, and runs algorithm A4; to %—test P considering X = V as the unknown
string. Since V' € P, by the assumption on the algorithm .4;, A| accepts with proba-
bility at least F, given that A} does not report REJECT in Step (z). Thus, by the union
bound, A} accepts D with probability at least %.

Now consider the case where D is e-far from 1p. If D is 55-far from having support
size 1, A reports REJECT in Step (i) with probability at least -, and we are done. So,
assume that D is 55-close to having support size 1. Then there exists a distribution D’
with support size 1, and the distance between D and D’ is at most 5. Let us assume
that D’ is supported on the string V. By the Markov inequality, this implies that with

probability at least 2, a string U sampled according D will be g—g—close to V.
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(i If Vis 12—906—01056 to P, using the triangle inequality, this implies that D is e-close to

1p, which is a contradiction.

(ii) Now consider the case where V is %-far from P. Recall that with probability

at least %, the sample U taken at Step (ii) above is %—close to V. As we are

19
20

is 5-far from P with the same probability. In this case, the algorithm will REJECT

considering the case where V is far from P, using the triangle inequality, U
in Step (i), with probability at least . Together, this implies that the algorithm
will REJECT the distribution D, with probability at least %.

]

In the following, we will construct the property Pp,; of strings over the alphabet
{0,1,2,3}. It will then be encoded as a property of strings over {0, 1} by using two bits

per letter.

Property Pp,: A string S of length n is in Pp,; if S = XY, where X is a palindrome
over the alphabet {0, 1}, and Y is a palindrome over the alphabet {2, 3}.
There is an exponential gap between the query complexities of adaptive and non-

adaptive algorithms to e-test Pp,;. The result is stated as follows:

Lemma 10.7. There exists an adaptive algorithm that e-tests Ppy by making O(logn)
queries for any ¢ € (0,1). However, there exists an ¢ € (0, 1) such that Q(y/n) non-

adaptive queries are necessary to c-test Ppy.

Proof. The lower bound proof (using Yao’s lemma), which we omit here, is nearly iden-
tical to the one from [AKNS99] (see Theorem 2 therein).
Let us assume that V is the string that we want to e-test for Pp,. The adaptive

algorithm to e-test Pp,; uses binary search, and is described below:

(i) Use binary search for an index of V that has “value 1.5 (which is not present in the
input). This returns an index 0 < i < n, such that (a) V; € {0,1} unless i = 0,
and (b) V;;1 € {2,3} unless i = n.
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(i) Repeat O(2) times:

(a) Sample an index j € [n] uniformly at random.

(b) If <4, then query V; and V;;,_;. REJECT if they are not both equal to the

same value in {0, 1}.

(¢) Otherwise query V; and V,,;,1_;. REJECT if they are not both equal to the

same value in {2, 3}.
(iii) If the input has not been rejected till now, ACCEPT.

We first argue the completeness of the algorithm. Assume that V is a string such that
V € Ppy;, and i is the index returned by Step (7) of the algorithm. As V = XY for
some palindrome X over {0, 1} and palindrome Y over {2, 3}, the index 7 will be equal
to | X|. This implies that the algorithm will ACCEPT V with probability 1.

Now consider the case where V is e-far from Pp,;. We call an index j violating if it
does not satisfy the condition appearing either in Step (i1)(b) or Step (ii)(c) above, where
i is the index returned in Step (¢). The number of violating indices is at least en, because
otherwise we can change the violating indices such that the modified input is a string of
the form XY following the definition of Pp,;, where |X| = i. Since the loop in Step
(i1) runs for O(%) times, we conclude that with probability at least % at least one such
violating index will be found. So, the algorithm will REJECT V with probability at least
2, []

3

Now we are ready to formally state and prove the main result of this section.

Theorem 10.8 (Theorem [10.2) restated). There exists a property of distributions over
strings that can be e-tested adaptively using O(logn) queries for any € € (0,1), but
Q(\/n) queries are necessary for any non-adaptive algorithm to e-test it for some ¢ €

0,1).

Proof. Consider property 1p,,,. From Lemma[10.7, we know that g4(5) = O(logn),
for any fixed ¢ € (0,1). Using the upper bound of Lemma [10.6, we conclude that
Qa(e) = O(logn), for any fixed ¢ € (0, 1), ignoring the additive (5(%) term.

146



On the other hand, according to Lemma[10.7} g (¢) = Q(y/n) for some ¢ € (0, 1).
Thus, following Lemma [10.6, we conclude that Qx () = Q(+/n) holds for some ¢ €
(0, 1). Together, Theorem follows. O

Now we present a sketch of a proof of Proposition [7.6, which shows that for a
property to be constantly testable, it is not sufficient that the property has constant VC-

dimension, unless it is index-invariant as well.

Proposition 10.9 (Restatement of Proposition[7.6). There exists a non-index-invariant
property P such that any distribution D € P has VC-dimension O(1) and the following
holds. There exists a fixed € > 0, such that distinguishing whether D € P or D is e-far
from P, requires )(n) queries, where the distributions in the property P are defined

over the n-dimensional Hamming cube {0, 1}".

Proof. Note that the VC-dimension of 15 is 0, where 15 is the property corresponding
to P as defined before. String properties which are hard to test, for which there is a fixed
e > 0 such that e-testing them requires (2(n) queries, are known to exist. Examples are
properties studied in the work of Ben-Eliezer, Fischer, Levi and Rothblum [BELR20],
and in the work of Ben-Sasson, Harsha and Raskhodnikova [BHROS]]. Defining 1 for
such a property P provides us the example proving Proposition [10.9] ]
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Chapter 11

Power of adaptivity for index-invariant

properties

11.1 Introduction

In this chapter, we prove that, unlike the case of non-index-invariant properties, for
index-invariant properties, the gap between the query complexities of adaptive and non-

adaptive testers can be at most quadratic, as stated in the following theorem.

Theorem 11.1 (Theorem [1.12|formalized). Let P be any index-invariant property that
is e-testable by an adaptive algorithm using s samples and q queries. Then P can be
e-tested by a non-adaptive algorithm using s samples and sq < q¢* queries, where s and

q are integers.

We will prove this theorem in Section[I1.2] Later in Section[I1.3] we also prove that
the above gap is almost tight, in the sense that there exists an index-invariant property
which can be e-tested using (5(71) adaptive queries, while ﬁ(nQ) non-adaptive queries

are required to e-test it.

Theorem 11.2 (Theorem [1.13| formalized). There exists an index-invariant property
Pcap that can be e-tested adaptively using (5(n) queries for any € € (0, 1), while there

exists an ¢ € (0,1) for which Q2(n?) queries are necessary for any non-adaptive s-tester.
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11.2 Quadratic relation of adaptive and non-adaptive

testers

In this section, we prove Theorem [ 1.1} that is, there can be at most a quadratic gap be-
tween the query complexities of adaptive and non-adaptive algorithms for testing index-

invariant properties.

Theorem 11.3 (Restatement of Theorem[11.1). Let P be any index-invariant property
that is e-testable by an adaptive algorithm using s samples and q queries. Then P can
be c-tested by a non-adaptive algorithm using s samples and sq < q* queries, where s

and q are integers.

Proof. The main idea of the proof is to start with an adaptive algorithm A as stated
above, and then argue for another semi-adaptive algorithm A’ with sample complexity s
but query complexity ¢s, such that the output distributions of A and A’ are the same for
any unknown distribution D. Finally, we construct a non-adaptive algorithm A” such
that (i) the sample and query complexities of A" are the same as that of A’, and (ii) the
probability bounds of accepting and rejecting distributions depending on their distances
to P are preserved from A’ to .A”. Now we proceed to formalize this argument.

Let A be the adaptive algorithm that e-tests P using s samples {Vy,..., V,} and
q queries. Now we show that a two phase algorithm A’ exists that takes s samples

{V1,...,V} and proceeds as follows:

Phase 1: In this phase, A’ queries in an adaptive fashion. If A queries the j;-th index
of V,, atits k-th step, for some i, € [s] and j € [n], then we perform the following

steps:

(i) If A’ has queried the ji-th index of all the samples before this step, then we reuse the

queried value.

(ii) Otherwise, we query the j-th index from all the samples { V1, ..., V,}.
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Phase 2: Let Q C [n] be the set of indices queried by A’ while running the ¢ querying
steps of A. If |Q| < ¢, we arbitrarily pick t = ¢ — |Q)| distinct indices {j},...,j;},
disjoint from the set of indices Q. We query the set of indices ji, ..., j; from the entire
set of sampled vectors V,..., V.

The output (ACCEPT or REJECT) of A’ is finally set to that of .4, and in particular
depends only on the answers to the queries made in the first phase.

Now we have the following observation regarding the query complexity of .A’, which

will be used to argue the query complexity of the non-adaptive algorithm later.

Observation 11.4. A’ uses s samples and performs exactly ¢s queries. Moreover, for

any distribution D, the output distribution of .4’ is the same as that of A.

Let us assume that .4’ proceeds in ¢ steps by querying indices ¢1,...,¢, € [n] in
each of the s samples V,..., V, (when the unknown distribution is D). Equivalently,
we can think that the algorithm proceeds in ¢ steps, where in Step k (k € [q]), we query
the /;-th index of {V, ..., V,}, such that ¢; depends on ¢y, ..., ¢;_1, where 2 < k < q.

Let us now consider an uniformly random permutation o : [n] — [n] (unknown to
A”). Assume that the unknown distribution is D,, instead of D. As P is index-invariant,
we can assume that the algorithm A’ runs on D, for ¢ steps as follows. In Step k, A’
queries the o(¢;)-th index of each of the s samples, for £ € [q]. Now we have the
following observation regarding the distribution of the indices queried, which follows

from o being uniformly random.

Observation 11.5. o (¢;) is uniformly distributed over [n], and o (¢)) is uniformly dis-
tributed over [n] \ {c(¢1),...,0(lk_1)}, where 2 < k < g. Moreover, this holds even if

we condition on the values ¢y, ..., 0y as well as o (¢y),...,0(lk_1).
Now the algorithm .4” works as follows:
* First take a uniformly random permutation o : [n] — [n].

e Run A’ over D,, instead of D.
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From the above description, it does not immediately follow that A” is a non-adaptive
algorithm. But from the description along with Observation [11.5| it follows that A" is

the same as the following algorithm:

* First take s samples V1, ..., V,, and also pick a uniformly random non-repeating

sequence of ¢ indices 11,...,7, € [n].

* Run A’ such that, for every i € [g], when A’ is about to query ¢;, query r; from all

samples instead. That is, we assume 7; to be the value of o (¢;).

The sample complexity and query complexity of algorithm A" are s and ¢s, respec-
tively, which follows from Observation [I1.4] and Observation [[1.5] The correctness of
the algorithm follows from Observation [[1.4] and Observation [I1.5] along with the fact

that P is index-invariant. This completes the proof of Theorem|11.3 ]

11.3 Quadratic separation between adaptive and non-

adaptive testers

Preliminaries towards proving a quadratic separation result

In this subsection, we present some preliminary results required to prove that Theo-
rem is almost tight, that is, there exists an index-invariant property for which there
is a nearly quadratic gap between the query complexities of adaptive and non-adaptive

testers. The result is formally stated as follows.

Theorem 11.6 (Restatement of Theorem [11.2). There exists an index-invariant prop-
erty Pgap that can be e-tested adaptively using 6(71) queries for any € € (0,1), while
there exists an ¢ € (0,1) for which ﬁ(nz) queries are necessary for any non-adaptive

e-tester.

In what follows throughout this section, we assume that the integer n is of the form

n = 2! for some integer /, and that k = O(l) is another integer. We denote vectors
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in {0, 1}V by capital bold letters (for example X € {0,1}") and vectors in {0, 1}" by
small bold letters (for example x € {0, 1}"). For two vectors X, Y € {0, 1}¥, we will
use 0 (X,Y) = N - dy(X,Y) to denote the absolute Hamming distance between X
and Y.

To construct the property Pgay, (as stated in Theorem [11.6), we define two encodings
SE : {0,1}* — {0,1}* and GE : [n]™ — [n]"[] The encodings GE and SE follow from
the construction of a Probabilistically Checkable Unveiling of a Shared Secret (PCUSS)
in [BFLR20]. We can also construct such a function GE using the Reed-Solomon code,

where we will assume that n is a prime power and use polynomials of degree m — 1 over
the field GL(n) for m = O(n)

Function SE:  We will use a function SE of the form SE : {0, 1}/ x {0,1} — {0, 1}*,
where [ and k are the integers defined above. In fact, SE takes an integer ¢ € [n] in its
Boolean encoding as an [ bit Boolean string and a “secret” bit a € {0, 1}, and will output

a Boolean string of length k. SE will have the following properties for some constant

¢ €(0,1/2).

(i) Let i,7’ € [n] be two integers encoded as binary strings of length [ |’} and a,d’ €
{0,1}. If (4,a) # (¢, d’), then 6 (SE(i, a), SE(i',d')) > ¢ - k.

(ii) Let a € {0,1} be a fixed bit, and suppose that ¢ is an integer chosen uniformly at
random from [n]. Then for any set of indices I C [k] such that |/| < ( - k, the

restriction SE(i, a) |7 is uniformly distributed over {0, 1}/,

Function GE: For our construction, we will use another function GE of the form

GE : [n]™ — [n]™, where n,m € N with the following properties for the same constant
¢ € (0,1/2) as above.

'SE stands for Secret Encoding, and GE stands for General Encoding.

*GL(n) stands for the finite field with n elements.

“Binary strings of length log n can actually encode only integers from {0, ...,n — 1}, so we use the
encoding of 0 for the value n.
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(i) Let z,z" € [n|™ be two strings such that z # z’. For any two such strings z and 7/,

51(GE(z), GE(z)) = |{i : GE(2); £ GE(Z);}| > ¢ - n.

(ii) Consider a string z € [n]™ chosen uniformly at random. For any set of indices

I C [n] such that |I| < ¢ - n, GE(z) |  is uniformly distributed over [n]//l.

From now on, we will use the following notation in this subsection: Let n € N
be such that n = 2! for some integer [, k = O(I) and ¢ € (0,1/2) as above, b =
llog([logkn])] +1, N = 1+ b+ kn and @ = 1/logn. Note that in particular
N = O(nlogn). For a vector X € {0,1}" and a permutation 7 : [N] — [N],
X denotes the vector obtained from X by permuting the indices of X with 7, that
is, X = (Xr1), - - -, Xa())-

Let B be the sequence of integers B = {2,...,b+ 1}, and for every j € [n], let C}
denote the sequence of integers C; = {b+2+k(j—1),...,b+1+kj}. For a sequence
of integers A and a vector X, we denote by X |4 the vector obtained by projecting X
onto the set of indices of A preserving the sequence order. For a sequence A C [N] and
a permutation 7 : [N] — [N], we denote by 7(A) the sequence obtained after permuting
every element of A with respect to the permutation 7, that is, if A = (aq,...,q;), then
m(A) = (m(a1),...,7(a)). In particular, we have X, [4= X |ra). By abuse of
notation and for simplicity, for a set of integers A and a vector X, we denote by X |4
the vector obtained by projecting X onto the set of indices of A, whenever the ordering
in which we consider the indices in A will be clear from the context[]

In the following, we use string notation. For example, 1¥0* denotes the vector in
{0, 1}?* whose first k coordinates are 1 and whose last k& coordinates are 0. Now we
formally define the notion of encoding of a vector which will be crucially used to define

Pcap-

Definition 11.7 (Encoding of a vector). Let n,k,0 € NNN =14+ b+ kn, and x =
(X1,-..,%,) € {0,1}"and Y € {0, 1}" be two vectors. Y is said to be an encoding of
x with respect to the functions SE : {0,1}! x {0,1} — {0,1}* and GE : [n]™ — [n|" if
the following hold:

“A common scenario is when the indexes of A are considered as a monotone increasing sequence.
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(i) The first index of Y is 0.
(ii) Y |p is the all-1 vector.

(i) Y |n)\(1yup is of the form SE(GE(z),,x;)...SE(GE(z),,x,) for some string
z € [n|™. In other words, Y |¢,= SE(GE(z);, x;) for every j € [n].

For simplicity, we will denote this encoding by FE, that is, FE : [n]™ x {0,1}" —
{0, 1} is the function[|such that FE(z, x) = 0(1°)SE(GE(z)1,x1) . .. SE(GE(2),,, X,,)
forz € [n]™ and x = (xy,...,%,) € {0,1}". We also say that X € {0,1}" is a valid
encoding of some x € {0, 1}", if there exists some z € [n]” for which X = FE(z, x).
The image of FE will be called the set of all valid encodings.

Now let us infer two properties of the function FE, which will be crucial to our
proofs, as stated in the following two claims. These properties of FE are analogous to
the properties of SE and GE. As FE is formed by combining SE and GE, the proofs of
these observations use their respective properties.

The following observation, particularly Items (i) and (ii), will allow us to prove that
certain distributions are indeed far from the property Pg,;, (to be defined later) in the
EMD metric. Item (iii) will be useful to prove the soundness of our adaptive algorithm
in Subsection[I1.3.2] and in particular in Lemma [[T.30

Observation 11.8 (Distance properties of FE). Let FE : [n]™ x {0,1}" — {0,1}" be
the function from Definition Then FE has the following properties:

(i) Let x,x’ € {0,1}" be any two strings and z,z € [n|™ be two vectors such that
z # 7. Then §y(FE(z,x), FE(z/,x’)) > ¢* - N/2 holds.

(ii) Let z,z’ € [n|™ be any two strings, and x,x" € {0, 1}" be two other strings such
that x # x'. Then dy (FE(z,x), FE(Z',x")) > (k- dy(x,x).

(iii) Let x,x’ € {0,1}" be two strings and z € [n]™ be a vector. Then we have
dn(FE(z,x),FE(z,x")) < k- 0g(x,x’). Moreover, dy(FE(z,x), FE(z,x’)) <
dy(x,x’) holds.

°FE stands for Final Encoding.
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Proof. We prove each item separately below.

(i) Following the properties of GE (Property (i)), for two strings z,z’ € [n|™ such that
z # 7/, we can say that 0y (GE(z), GE(Z')) > (-n > (N/2k. That is, the number
of indices j € [n] such that GE(z); # GE(2');, is at least (N/2k. For every index
J € [n] such that GE(z); # GE(2');, du(SE(GE(z);,x;), SE(GE(z');,x/;)) >
¢ - k holds. This is due to Property (i) of SE. Hence,

ou(FE(z,x),FE(z',x")) > Z du(SE(GE(z);,x;), SE(GE(z);,%';))
jetnlz e

> (N/2k-Ck=(*-NJ/2.

(ii) Consider two strings x,x’ € {0, 1}" such that x # x’. Using Property (i) of SE,
we know that 6y (SE(GE(z);,x;), SE(GE(z);,x';)) > (- k for every j for which
x; # x';. Note that the number of such indices j is §y(x,x’). Summing over

them, we have the result.

(iii) Consider any two strings x,x" € {0, 1}". Observe that

on(FE(z,x),FE(z, X)) = Z du(SE(GE(z);,x;), SE(GE(z);,x';)).

JEM]

Note that d5(SE(GE(z);, %), SE(GE(z);,x';)) is at most k for every j € [n].
Moreover, 05 (SE(GE(z);,x;), SE(GE(z),,x’;)) = 0 forevery j € [n] withx; =
x’;. Since the number of indices j such that x; # x/ is d(x, x'), we conclude the

following:
o (FE(z,x),FE(z,x')) < k- dp(x,x').

Note that this immediately implies dy (FE(z,x), FE(z,x')) < dy(x,x). O

The following lemma will provide us a way to construct distributions that cannot be
easily distinguished using non-adaptive queries (following a uniformly random index-

permutation which we will deploy).
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Lemma 11.9 (Projection property of FE). Consider a fixed vector x € {0,1}", and
let z € [n]™ be a string chosen uniformly at random. For any set of indices Q C [N]
such that |Q| < ¢ - N/2k and |Q N C;| < (- k for every j € [n], the restriction of
FE(z,x) |Q\p11) is uniformly distributed over {0, 1}@\+1]

Proof. For the set of indices (), consider the set J = {j : Q@ N C; # (}. From the
statement of the lemma, we know that |Q N C;| < ¢ - k for every j € .J. Noting that
|J] <|Q| < ¢ - n, if we consider the restriction GE(z) |, following Property (ii) of the
function GE, we know that GE(z) |, is uniformly distributed over [n]!].

Now when we call SE(i;,x;) with i; € [n] obtained from GE(z) |,, following the
above argument, we can say that 7; has been chosen uniformly at random from [n] (and
independently from the other 7;/). Since |Q N C;| < ¢ - k, applying Property (ii) of the
function SE, we know that the corresponding restriction of SE(i;, x;) will be uniformly
distributed over {0, 1}19"%1, As FE(z,x) = 0(1°)SE(GE(z)1,x,) . .. SE(GE(2),, X,),
combining the above arguments, we conclude that FE(z,x) |o\p+1) is uniformly dis-
tributed over {0, 1}@\0+11I, O

Now we are ready to formally define the property, first constructing a non-index-

invariant version to be used in the next index-invariant definition.

Property P2, : A distribution D over {0, 1}" is in Pg,, if and only if D satisfies the

following conditions:

(i) D(U) = a, where U = 10"~ is the indicator vector for the index 1.

(i) Consider the set of vectors S = {Vy,..., V,;}in {0, 1} such that for every i € [b],
the i-th vector V; is of the form 110N~  Note that V; |p= 1'0*~ for B =
{2,...,b+ 1}. We require that D(V;) = «/b for every i € [b].

(i) Consider the set of vectors 7 = {Wo, ..., Wi 4n1—1} (disjoint from S) in {0, 1}
such that for every W; € T, W; is of the form 0(b(7))(0% 12" )**/2™" where b(i)

°Recall that the restriction FE(z, X) |11 is always the vector 01°.
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denotes the length b binary representation of . IZ] Note that for i = b + 2 + 7,
with 0 < j < kn — 1, the sequence (Wy);, ..., (W fiogkn]—1)): holds the binary
representation of j. Also, note that there is an one-to-one correspondence between
W, |5 and W; |\ (Byuq1}- We require that D(W;) = a/|T | for every W, € T.

(iv) Supp(D) \ ({U} US U T) consists of valid encodings of at most n vectors from
{0, 1}™ with respect to the functions SE : {0,1}! x {0,1} — {0,1}* and GE :
[n]™ — [n]", for the integers [, m, k € N as defined in Definition That is,
there exist vectors x1, . ..,x, € {0,1}" for which Supp(D) \ {U}USUT) C
{FE(z,x;) : z € [n|™,7 € [n]}. Note that for D to be a distribution, we must have
D(Supp(D)\ {U}USUT))=1-3a.

Property Pg.,: A distribution D over {0, 1}” is said to be in the property Pgap if Dy

is in Pg,,, for some permutation 7 : [N] — [N].

Remark 11.1 (Intuition behind the definition of Pg,;). If a distribution D is in Pgap,
then we can easily check (by querying the indexes in B) whether a sample from D
would be equal to FE(z, x) for some z € [n|™ and x € {0, 1}". In that case, individual
bits of x can be decoded by querying the appropriate C; and then passed to a tester of
distributions over {0, 1}".

On the other hand, if we take a uniformly random permutation of such a distribution
D, which keeps it in Pg,, (though no longer in Pgap), a non-adaptive algorithm will
need many queries to capture sufficiently many bits from any C;, and this will enable us
to fully hide the identity of x if fewer queries are performed.

By contrast, an adaptive tester will use relatively few samples that are queried in
their entirety to obtain the (permutations of the) special vectors in Items (i) to (ii1) of
the definition of Pgap, from which it will be able to fully learn the index-permutation

applied to the distribution, and continue to successfully decode individual bits. A few

'If kn/2'*! is not an integer, we trim the rightmost copy of 02'12" so that the total length of
“(02'12")kn/2"" > i exactly kn.
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further samples queried in their entirety will ensure that there is very little total weight
on vectors that are neither special vectors nor equal to FE(z, x) for some z € [n]™ and
x € {0,1}".

Known useful results about support estimation: Now we state a lemma which will
be required later to describe the adaptive tester for Pg,p,. Informally, it says that whether
a distribution D over {0, 1}" has support size s or is e-far from any such distribution,

can be tested by taking O(s) samples from D, and performing O(s) queries on them.

Lemma 11.10 (Support size estimation, Theorem 1.9 and Corollary 2.3 of [GR22]
restated). There exists an algorithm SUPP-EST(s, €) that uses O(s/e2) queries to an
unknown distribution D defined over {0,1}", and with probability at least % distin-
guishes whether D has at most s elements in its support or D is e-far from all such

distributions with support size at most s.

We will also use a lower bound on the support size estimation problem to prove the
lower bound on non-adaptive testers for testing Pq,p. Informally speaking, given a dis-
tribution D over {1,...,2n}, in order to distinguish in the traditional (non-huge-object)

model whether the size of the support of D is n, or D is far from all such distributions,

(%) samples are necessary. More formally, we have the following theorem.

logn
Theorem 11.11 (Support Estimation Lower bound, Corollary 9 of [VV10] restated).

There exist two distributions DS;‘SPP and DS over distributions over {1, ... 2n}, and

ann € (0,1/8) such that the following holds:

(i) The probability mass of every element in the support of D3'PP as well as D5'PP is a

yes
multiple of 1/2n.

(ii) DS};;P is supported over distributions whose support size is n.

(iii) DS s supported over distributions whose support size is at least (1 + 2n)n, and
in particular are n-far in variation distance from any distribution defined over

{1,...,2n} whose support size is (1 + 2n)n.
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(iv) If a sequence of 0(%) samples from a distribution are drawn according to either

D3P o DSWP | the resulting distributions over the sample sequences are 1/4-

yes

close to each other.

We present an adaptive algorithm to test Pga,, in Subsection [I1.3.2] and we prove
the lower bound for non-adaptive testers in Subsection|11.3.3| In Subsection|11.3.1} we
describe a subroutine to determine the unknown permutation that will be used in our

adaptive algorithm in Subsection[I1.3.2]

11.3.1 Determining the permutation 7

Here we design an algorithm that, given a distribution D € Pg,p,, can learn with high
probability the permutation 7 for which D, € Pgap.

The crux of the algorithm is that if D € Pg,,, then there exist U = U, € {0,1}",
=8 ={Vi=Vi)r:ie€p}adT =T, = {W, = (W) :je{0}uU
[[log kn]] — 1} in the support of D such that D(U’) = «, D(V}) = a//bforevery i € [b]
and D(W') = a/[log kn]. Note that U, S and 7 are as defined in the property Pg,..

The main observation is that, if we are given the set of special vectors {U'}US'UT,
then we can determine the permutation 7. Our algorithm can find U’, 8’ and 7~ with high
probability, if they exist, by taking O(log? N/a) = O(log®n/a) samples and reading
them in their entirety. This is due to the fact that the probability mass of every vector in
the set of special vectors is at least 2(a/ logn).

The algorithm is described in the following subroutine FIND-PERMUTATION (see

Algorithm ﬂ

Let us start by analyzing the query complexity of FIND-PERMUTATION.

Lemma 11.12 (Query complexity of FIND-PERMUTATION). The query complexity of
the above defined FIND-PERMUTATION is O(N).

This algorithm is not adaptive in itself, but its output is used adaptively in the testing algorithm
described later.
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Algorithm 11.1: FIND-PERMUTATION

Input: Sample and Query access to a distribution D over {0, 1}".
Output: Either a permutation 7 : [N] — [N], or FAIL.

(i) First take a multi-set X' of O(log” N/a’) samples from D, and query all the entries
of the sampled vectors of X’ to know the vectors of X completely.

(ii) Find the set of distinct vectors in /X’ that have exactly one 1. If no such vector exists
or there is more than one such vector, FAIL. Otherwise, denote by U’ the vector
that has exactly one 1, and denote the corresponding index by *. Set 7w(i*) = 1,
and proceed to the next step.

(iii) Find the set of distinct vectors S’ C X\ {U’} such that every vector in S’ has 1 at
the index +* and has at least another 1 among other indices. If no such vector
exists, or |S’| # b, FAIL. Otherwise, if the vectors of &’ form a chain V/, ..., V],
where V', has exactly j + 1 many 1, then set 7(i;) = j + 1, where i; is the index
where V; has 1, but V’;_, has 0 there, for every j € [b] (denoting V'q = U’ for
the purpose here). Also, set B’ = (i1, ...,1). If S’ does not form a chain
Vi,...,V, as mentioned above, FAIL.

(iv) Let 77 C X be the set of distinct vectors such that every vector in 7’ has 0 at the
index ¢*, and does not have 1 in all indices of B’. If no such vector exists, FAIL.
For every j, denote by W/, the vector in 7" for which W', | g:= b(j), where b(j)
denotes the binary representation of j. For every j € {0} U [[log kn] — 1], if
either there are no vectors Wé € T’ or there is more than one distinct vector with
W'; [p/=b(j), FAIL. Also, if there is any vector in W/ € 7" such that
W/, |pr=b(j) for log kn < j < 2° — 1, FAIL.

(v) Foranyi € [N]\ ({i*} U B’), letl; be the integer with binary representation
(W) ..., (W' nogrn]-1)i- Set m(i) = b+ 2 +1; forevery i € [N]\ ({t*} U B’).
If 7 is not a permutation of [N], FAIL.

(vi) Take another multi-set X’ of O(log® N/a/) samples from D, and query all the
entries of the sampled vectors of X” to know the vectors of X’ completely. Let )/
be a set of vectors in X’ such that Y = {Z € X' : Z |-yup # 01°}. If
|V| /|X’| > 4a, FAIL. Otherwise, output 7.
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Proof. Note that FIND-PERMUTATION takes a multi-set X of O(log® N/a) samples
from D in Step (i), and queries them completely. So, FIND-PERMUTATION performs
O(N log® N/a) queries in Step (i). FIND-PERMUTATION does not perform any new
queries in Step (ii), Step (iii), Step (iv) and Step (v). Finally, FIND-PERMUTATION
takes another multi-set X’ of O(log® N/«) samples from D and queries them com-
pletely, similar to Step (i). Recalling that « = 1/logn, the query complexity of FIND-
PERMUTATION is O(N) = O(n) in total. O

Now we proceed to prove the correctness of FIND-PERMUTATION.

Lemma 11.13 (Guarantee when D € Pg,,,). If D is a distribution defined over {0, 1}
such that D € Pgap, then with probability at least 9/10, FIND-PERMUTATION reports

the permutation 7 such that D, € Pgap.

We prove the above lemma by a series of intermediate lemmas. In the following
lemmas, we consider U, S and 7 as per the definition of Pg,,. Also, consider the

permutation 7 such that D € Pgap.

Lemma 11.14 (Correctly finding 7—(1)). With probability at least 1 — 1/N3, X will
contain the vector U’ for which U’ = U, and i* = n~1(1) will be identified correctly.
Moreover, FIND-PERMUTATION proceeds to Step (iii).

Proof. By the definition of Pgap, the vector U’ is the only vector in the support of D
containing a single 1. Since D(U’) = D(U,-1(1)) = «, and we are taking | X'| samples

from D, the probability that U’ will not appear in X is at most (1 — a)¥l < L. Thus,

1

with probability at least 1 — 5,

U’ € X and FIND-PERMUTATION in Step (ii) proceeds

to the next step. [

Lemma 11.15 (Correctly finding B’ = 7~ '(B)). With probability at least 1—1/N?, the
algorithm FIND-PERMUTATION will correctly identify V'y, ..., V', for which V', . =
Vi, and B' = 77(2),..., 7 (b + 1) will be identified correctly as well. Moreover;
FIND-PERMUTATION proceeds to Step (iv).
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Proof. Let V'y,..., V', denote the vectors for which V’; . =V, for every i. Note that
these are the only vectors outside U’ in the support of D that have 1 at the index 7*.
As D(V}) = 2, the probability that V/ does not appear in X is at most (1 — &)1,
Since |X| = O(log> N/a) and b = O(loglog kn), the probability that V) € X is at
least 1 — ﬁ Using the union bound over all the vectors of S’, with probability at least
1-1/N 3, we know that all of these vectors are in X, in which case they are identified
correctly, so B’ is identified correctly as well, and FIND-PERMUTATION in Step (iii)

proceeds to the next step. ]

Lemma 11.16 (Identifying 7' (b+2), ..., 77 (N)). Let W'y, ..., W/ 105 411 denote
the vectors for which W'; . = W for every j. With probability at least 1 — 1/N?3,
all these vectors appear in X, in which case they are identified correctly, and so are

7 (b+2),...,7 YN). Moreover, FIND-PERMUTATION proceeds to Step (vi).

The proof of the above lemma is similar to the proof of Lemma and is omitted.

Note that from Lemma|l1.14] Lemma and Lemma|11.16, we know that with prob-
ability at least 1 —o(1), the algorithm FIND-PERMUTATION has correctly determined the

permutation 7 and proceeded to Step (vi). We will finish up the proof of Lemma[I1.13|

using the following lemma.

Lemma 11.17. The probability that FIND-PERMUTATION outputs FAIL in Step (vi) (in-

stead of outputting ) is at most 1/N3.

Proof. As D € Pg,p, from the description of the property, we know that D({U'} US"U
T') = 3a. As |X'| = O(log? N/a), using the Chernoff bound (Lemma [2.11)), we have
the result. [

Combining the above lemmas, we conclude that with probability at least 9/10, the
algorithm FIND-PERMUTATION outputs a correct permutation 7, completing the proof
of Lemma[I1.13

To conclude this section, we show that with high probability, we will not output 7

for which too much weight is placed outside the “encoded part” of the distribution.

163



Lemma 11.18. For any distribution D (regardless of whether D is in Pga, or not),
the probability that FIND-PERMUTATION outputs a permutation w for which D({X :
X |gup= 01°}) <1 — 5o is at most 1/10.

Proof. Recall the set of vectors ) as defined in Step (vi) of FIND-PERMUTATION: ) =
{ZeX':Z
(vi) of FIND-PERMUTATION. Consider a distribution D such that D({X : Xup =
01°}) < 1 — 5a. This implies that E[|Y|/|X’]] > 5a. As |X'| = O(log®> N/a),
using the Chernoff bound (Lemma [2.11)), we obtain that with probability at least 9/10,
the algorithm FIND-PERMUTATION outputs FAIL in Step (vi), and does not output any

fuB'F Olb}, where X’ is the multi-set of (new) samples obtained in Step

permutation 7. This completes the proof. U

11.3.2 The upper bound on adaptive testing for property Pc,,,

In this subsection, we design the adaptive tester for the property Pg.p. Given a distri-
bution D over {0, 1}", with high probability, ALG-ADAPTIVE outputs ACCEPT when
D € Pgap, and outputs REJECT when D is far from Pg,,. The formal adaptive algo-
rithm is presented in ALG-ADAPTIVE (see Algorithm [I1.2). Note that it has only two
adaptive steps.

In the first adaptive step, our tester ALG-ADAPTIVE starts by calling the algorithm
FIND-PERMUTATION (as described in Subsection [I1.3.T) whose query complexity is
O (n). If D € Pgap, with high probability, FIND-PERMUTATION returns the permutation
7 such that D, € Pgap. Once 7 is known, when we obtain a sample X from D, we can
consider it as X from D,. Also, from the structure of the vectors in the support of
the distributions in Pgap, we can decide whether X, is a special vector, that is, X, €
{U}USUT or X, is an encoding vector, that is, X, = FE(z,x) for some z € [n]™
and x € {0, 1}". Observe that, in the later case, we can decode any bit of x (say x;) by
finding X projected into C;, which can be done by performing O(logn) queries.

As the second adaptive step, our algorithm asks for a sequence ) of O(n/e) samples
from D, that is, from D,. Let )’ C Y be the sequence of encoding vectors in )). We
now call SUPP-EST(), ¢/3) (from Lemma[11.10), and depending on its output, ALG-

164



ADAPTIVE either reports ACCEPT or REJECT. Note that we can execute every query by
SupP-EST(), ¢/3), by performing O(logn) queries to the corresponding sample in )
as discussed above.

When D € Pg,p (that is, D, € Pgap for the permutation ), the set of encod-
ing vectors in D, is the encoding of at most n vectors in {0,1}". So, in that case,
ALG-ADAPTIVE reports ACCEPT with high probability. Now consider the case where
D is e-far from Pgap. If ALG-ADAPTIVE has not rejected D before calling SUPP-
EsT()',¢/3), we will show that the distribution over {0,1}" induced by the vectors
decoded from the encoding vectors in D, is £/3-far from having support size n. Then,
ALG-ADAPTIVE will still reject D with high probability.

Let us first discuss the query complexity of ALG-ADAPTIVE.

Lemma 11.19 (Query complexity of ALG-ADAPTIVE). The query complexity of the
adaptive tester ALG- ADAPTIVE for testing the property Pga, is (5(]\7 ) = (5(71)

Proof. Note that ALG-ADAPTIVE calls the algorithm FIND-PERMUTATION in Step (i).
Following the query complexity lemma of FIND-PERMUTATION (Lemma [11.12), we
know that FIND-PERMUTATION performs O(N) queries.

For every sample taken in Step (ii), the sampled vectors of the multi-set X" are queried
completely. Since we take O(1/) samples, this step requires O(N/e) = O(n/e)
queries in total.

Then in Step (iii), ALG-ADAPTIVE takes a multi-set ) of O(n/c) samples, and
queries for the indices in {i* }UB’ to get the vectors in ), which takes O(n loglog kn/¢)
queries. Finally, in Step (iv), ALG-ADAPTIVE calls the algorithm SUPP-EST, which
performs O(n) queries (following Lemma , each of them simulated by O(logn)
queries to some Y; |cr. Thus, in total, ALG-ADAPTIVE performs O(N) = O(n)

queries. [

Now we prove the correctness of ALG-ADAPTIVE. We will start with the complete-

ness proof.
Lemma 11.20 (Completeness of ALG-ADAPTIVE). Let D be a distribution defined
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Algorithm 11.2: ALG-ADAPTIVE

Input: Sample and Query access to a distribution D over {0, 1}, and a
parameter ¢ € (0,1).
Output: Either ACCEPT or REJECT.

(i) Call FIND-PERMUTATION. If FIND-PERMUTATION returns FAIL, REJECT.
Otherwise, let  be the permutation returned by FIND-PERMUTATION. Denote
for convenience i* = 7~ *(1), B’ = 7~ (B), and C} = n~'(C}) for every j € [n].

(ii) Take a multi-set X' of O(1/¢) samples from D, and query all the entries of the
sampled vectors of X to know the vectors of X completely. If there is any vector
X for which X |(+yup= 01° (according to the permutation 7 obtained from Step
(1)) for which X is not in the image of F'E (i.e. it is not a valid encoding of any
vector in {0, 1}™), REJECT. Otherwise, proceed to the next step.

(iii) Take a sequence of samples ) such that || = O(n/e) from D and construct the
sequence of vectors )’ such that Y’ = {Y € ¥ : Y |z-yup= 01°} by querying
the indices corresponding to {i*} U B'.

(iv) Call SUPP-EST(),¢/3) (from Lemma[11.10), where a query to an index j is
simulated by querying the indices of C; and decoding the obtained vector with
respect to to SE (that is, checking whether the restriction of the queried vector to
' is equal to SE(3, 0) for some 4, or equal to SE(3, 1) for some i). REJECT if any
of the following conditions hold:

(@) |V'|/]Y| < 1/2 (due to the absence of sufficiently many samples in )’ to
apply SUPP-EST).

(b) SuPP-EST()’,¢/3) queries an index j from some Y; corresponding to an
invalid encoding of Y; |C§ (that is, when Y |C§_ is not in the image of SE).

(c) SupP-EST()',¢/3) outputs REJECT.

Otherwise, ACCEPT.
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over {0, 1}N. If D € Pgap, then the algorithm ALG-ADAPTIVE will output ACCEPT
with probability at least 2/3.

Proof. Consider a distribution D € Pg,p. From the completeness lemma of FIND-
PERMUTATION (Lemma [I1.13), we infer that FIND-PERMUTATION returns the correct
permutation 7 in Step (i), with probability at least 9/10. Then, by the definition of Pg,,
the algorithm ALG-ADAPTIVE can never encounter any samples with invalid encodings
in Step (ii) which could cause it to REJECT. Thus, with probability at least 9/10, the
algorithm proceeds, with the correct permutation 7, to Step (iii) and Step (iv).

As D € Pgap, D({U'}US"UT") = 3. Since |Y| = O(n/¢), using the Chernoff
bound (Lemma (ii)), we can say that, with probability at least 9/10, [V'| /|V| >
1/2. Moreover, as the vectors in )" are valid encodings with respect to the function FE
of at most n vectors from [2n], following the support estimation upper bound lemma
(Lemma [11.10]), we obtain that SUPP-EST outputs ACCEPT with probability at least
9/10. Combining these, we conclude that ALG-ADAPTIVE outputs ACCEPT with prob-
ability at least 2/3. O

Now we prove that when D is e-far from Pg,,, ALG-ADAPTIVE will output REJECT
with probability at least 2/3.

Lemma 11.21 (Soundness of ALG-ADAPTIVE). Let ¢ € (0, 1) be a proximity parame-
ter. Assume that D is a distribution defined over {0, 1}V such that D is e-far from Pgap.
Then ALG-ADAPTIVE outputs REJECT with probability at least 2/3.

From the description of ALG-ADAPTIVE (Algorithm[I1.2), if the tester reports RE-
JECT before executing all the steps of SUPP-EST()”, £/3) in Step (iv), then we are done.
So, let us assume that ALG-ADAPTIVE executes all the steps of SUPP-EST(),¢/3).
Let )’ be the set of samples from a distribution D# over {0, 1}" as it is presented to
SuPP-EST()”, £/3). Note that D# is unknown and we are accessing D# indirectly via
decoding samples from D over {0, 1}". From the correctness SUPP-EST(),£/3), we

will be done with the proof of Lemma[I1.21] by proving the following lemma.
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Lemma 11.22 (Property of the decoded distribution). D# is £/3-far from having

support size at most n.

We prove the above lemma using a series of claims. Let D be a distribution which

is e-far from Pg,;,, and V denote the set {X € Supp(D) : X

(U= 01%}, and let us
define U = Supp(D) \ V. Let us start with the following observation.

Observation 11.23. D(U/) < 5a, unless the algorithm ALG-ADAPTIVE has rejected
with probability at least 1 — 1/N?3 in Step (i).

Proof. Since ALG-ADAPTIVE in Step (i) invokes the algorithm FIND-PERMUTATION,

this follows immediately from Lemma|l1.18 [

Let 7 be the permutation returned by FIND-PERMUTATION. Now assume V!V C VY

denotes the following set of vectors:
pinv _ {XeV:X, #FE(z,x) forallz € [n]™,x € {0,1}"}

For every vector V € Vinvy e I'v ={j € [n] : V|¢; isnotin the image of SE}
denotes the set of indices in [n]| of chunks of all the “locally invalid” encodings in the

vector V[] Now we have the following observation.
Observation 11.24. D(VIV) < £/10.

The above observation holds as otherwise, ALG-ADAPTIVE would have rejected in
Step (ii) with probability at least 2/3.

Let us define a distribution D; over {0, 1}" using the following procedure:
(i) Set D1(X) = D(X) for every X € U.

(i) Recall that I'y, = {j € [n] : V ¢/ isnotin the image of SE} for every vector

V € VIV For every vector V € VIV, we perform the following steps:

“Note that it may be the case that I'y, = 0, for example when for every j € [n], we have V |le_:
SE(i;,%;), for some i1,...,%, and X1, ..., X, for which i1, ..., 4, are not in the image of GE.
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(a) Forevery j ¢ I'y, decode the vector V' |¢/ using SE to obtain x; € {0,1}.
(b) For every j € I'y,, choose an arbitrary value x; from {0, 1}.

(c¢) Using x = (x4, ...,X,) obtained from (a) and (b), construct a new vector V'
for which V. = FE(z, x) for an arbitrary z € [n|™, where 7 is the permuta-

tion obtained from FIND-PERMUTATION in Step (i) of ALG-ADAPTIVE.

(iii) For every vector V € V'\ VinV, set V. =V.
(iv) Finally define D1(W) = > v v—w D(V) for every W € V.

Let V' be the set of vectors in {0, 1}% that are in the support of D; but not in I,
that is, V' = {X : X € Supp(D;) \ U}. From the construction of D;, the following

observation follows.

Observation 11.25. D, (U) = D(U) < 5cand D;(V') = D(V) =1—D(U) > 1 —ba.
Now we prove that the distributions D and D; are not far in Earth Mover Distance.

Lemma 11.26. The Earth Mover Distance between D and D, is at most €/ 10.

Proof. Recall that the EMD between D and D; is the solution to the following LP:

Minimize Z fxvydu(X,Y)

X, Ye{0,1}V
Subjectto > fxy =D(X)VX € {0,1}"
Ye{0,1}V
and Z fxy =Di(Y)VY € {0,1}".
Xe{0,1}N

Consider the flow f* such that fiyx = D(X) forevery X € U U (V\ VINV), fi, =
D;(V) for every V € VIV and fxy = 0 for all other vectors. Then we have the
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following:

dpnu(D,Dy) < Z Sxydu(X,Y)

X,Ye{0,1}N
< Y BxduXX)+ Y fvdu(V, V)
Xe{0,1}V\pinv veylnv
< 0+ Y DVIdu(V, V).
VEVinV

To bound the second term of the last expression, note that

3" D(V)du(V, V') < DV™Y) < ¢/10.

veylnv

This follows from Observation [11.24] Thus, we conclude that dgy, (D, D) < /10,

completing the proof of the lemma. [

Now we have the following observation regarding the rejection probabilities of ALG-
ADAPTIVE for the distributions D and D;. This will imply that, as we are executing all
steps of SUPP-EST(), £/3), the steps of our algorithm are oblivious to both D and D;.
That is, we can assume that the input to the algorithm ALG-ADAPTIVE is the distribution
D1 instead of D.

Observation 11.27. The probability that the tester ALG-ADAPTIVE outputs REJECT
in Step (iv) where the input distribution is D is at least as large as the probability that

ALG-ADAPTIVE outputs REJECT in Step (iv) when the input distribution is D;.

Proof. Note that in the distribution D, there can be some vectors in Supp(D) that are
not valid encodings with respect to the function FE. Thus during its execution, the tester
ALG-ADAPTIVE can REJECT D by Condition (ii) and Condition (iv) (b). However, by
the construction of D; from D, we have replaced the invalid encoding vectors with valid
encoding vectors. Thus, the only difference it makes here is that ALG-ADAPTIVE may
eventually accept a sample from [; when encountering such a place where a sample

from D would have been immediately rejected by Condition (ii) or Condition (iv) (b).
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Other than this difference, the distributions D and D, are identical. So, the probabil-
ity that ALG-ADAPTIVE will REJECT D is at least as large as the probability that it
REJECTS D;. [

Now let us return to the proof of Lemma [I1.22] Recall that V' = {X : X €
Supp(D;)\U}. Let us define the distribution D# over {0, 1}" referred in Lemmal|l 1.22
For x € {0,1}", we have the following:

#(x) = D¥°(x) = ! 1 = L 1 Z,X) -1
DFex) = Di*(x) = 5595 Yﬂ%m) DY) = 5 ZE%MD(FE(, Ja-t).

for some ze[n)™
(11.1)

For the sake of contradiction, assume that D# = D{ is ¢ /3-close to having support
size at most n. Let D, be a distribution over {0, 1}™ having support size at most n such
that the Earth Mover Distance between D, and D{ is at most /3.

Given the distribution D, over {0, 1}", and the flow f,, from D, to D{*° realizing
the EMD of at most /3 between them, let us consider the distribution D5™ over {0, 1}V

as follows:
(i) Forany X € V', for which X, = FE(z, x) for some z € [n]™, set:

enc D1 (FE(z,y) -
Dge(X) = 3 iy PG,

yefoan Dfee(y)
(ii) Forevery X € U, set D§"*(X) = D;(X).

The following observation follows from Observation [I1.25] and the construction of
Dge,

Observation 11.28. D5“(U) = D,(U) < ba and D§™(V') = Dy(V') =1 — D, (U) >
1 - 5a.

The following two lemmas bound the distance of D5"¢ from Pg,, and from Dy,
where D¢ is ¢/3-close to having support size at most n. We will prove these two

lemmas later.
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Lemma 11.29. D5"¢ is 6c-close to Pgap.
Lemma 11.30. The Earth Mover Distance between DS§" and D is at most /3.

Assuming Lemma[I1.29]and Lemma[T1.30]hold, we proceed to prove Lemma[T1.22]

Proof of Lemma([l1.22] From Lemma |11.26, we know that dgy/ (D, D;) < €/10. So,
the above two lemmas imply that D is (¢/3 + ¢/10 4 6a) = 2¢/3-close to Pgap, Which
contradicts the fact that D is e-far from Pg,,. This completes the proof of the lemma.

O

Now we will prove Lemma|[IT.29)and Lemma [I1.30}

Proof of LemmdI1.29] We define another distribution D3 over {0, 1} from D" such
that Dy is in Pgap and dgy (DS, D3) < 6a as follows:

(i) D3(U') =

(i) Ds3(X) = ¢ forevery X € &', D3(X) = forevery X € 7.

[og kn]

(iii) Ds(X) = (1 — 3a) - ]’_?jm((v) for every X € V.

Recall that D, is a distribution over {0, 1}" that has support size at most n. This
implies that the set of vectors in SUPP(D5"¢) \ U is the encoding of at most n vectors in
{0,1}". So, from the definition of Pg,, and Ds, it is clear that D3 € Pgap.

Now we show that the Earth Mover Distance between the distributions D3 and D§™¢

is not large.
Claim 11.31. The Earth Mover Distance between DS"° and Ds is at most 6.

Proof. We will bound the Earth Mover Distance between D5"¢ and D3 in terms of the

variation distance between them as follows:

enc 1 enc
dpn (D5, D3) < 5 Z | D5"(X) — D3(X)]|
Xe{0,1}V
1 1
5 | D5"(X) = Ds(X)| + 5 - | D5™(X) — Ds(X)]
2
XeV Xe{o, 13N\
(11.2)
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Let us bound the first term as follows:

enc Denc X enc
> 10500 - DuX)| = Y11= 3y B O - D)
XeV’ XeV’
Denc X
= X el - 30) = g
XEV’
De’rLC X
- enc((V/i |30./ (1 - DSHCO} ))|
XeV’
< 3a ;C(;{, < 3a.
XeV’ 2 (

(.- D5™(V') > 1 — b, Observation|11.28))

From Observation [11.25] D§"(U) < 5a. From the definition of D3, D3(U) = 3a,

we have

> DF(X) - Ds(X)| < 8o,

Xe{0,1}N\V/
Following Equation (1 1.2} we conclude that dg/ (D5, D3) < 6c, which completes the
proof. O]
Since D3 € Pgap, and dgp (D5, D3) < 6c, we conclude that D§™ is 6a--close to

PG ap-* O]

Proof of Lemma|l1.30f Recall that the EMD between D5™¢ and D, is the solution to the
following LP:

Minimize Z fxydu(X,Y)

X, Yc{0,1}V
Subjectto > fxy = D§"(X) VX € {0,1}" and
Ye{0,1}V
> fxy =Di(Y) VY € {0,1}".
Xe{0,1}N

Let f;, be the flow realizing the EMD between D, and Ddec. Using f', we now

construct a new flow f* between DS5"¢ and D, as follows:
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(i) For vectors X, Y € U,

(a) If X # Y, then set fxy = 0.

(b) If X =Y, then set fiy = D5"(X) = D (Y).

(ii) For two vectors X, Y € V), we take the vectors x,y € {0,1}" such that X, Y €
{0, 1} are their valid encodings (by construction, if X and Y are in the support
of Dy and D{"¢ respectively, such vectors x,y exist), and vectors z, z, such that

X, =FE(z1,x) and Y, = FE(z2,y). Now we set the flow as follows:

(a) If z; # zo, then set fx = 0.

B . D1(Y)
(b) If z; = z,, then set fxy = ,’(y . Dflec(y)-

(iii) If one of X and Y is in ¢/ and the other one is in V, then fxy = 0.

We first argue that the flow fx~ constructed as above is indeed a valid flow, that is,

wehave: Y. fxy =D§(X)and > fxy = Di(Y).

Ye{0,1}¥ Xe{0,1}
To prove >  fxy = D5™(X), first observe that it holds when X € U from
Ye{0,1}V

(1) and (iii) in the description of f%~,. Now consider the case where X € ). Assume
X, = FE(z,x), where z € [n|™ and x € {0,1}". So, from (ii) in the description of

fxy»> we have

1(FE(
Z f)*(Y - Z f)*(FE(z,y)Tr,1 - Z fxy Dd(j( y)) ) = DSnC(X)

Ye{0,1}V ye{0,1}" ye{0,1}

For Y  fxy = Di(Y), consider Y € V for which Y, = FE(z,y) for some
Xe{0,1}N
z € [n]™. Then we have the following:

1(FE( D, (FE 1
Y fv= X Ddef(y; ) peey) 22! Ddﬁfg” )~ py(v).
Xe{0,1}¥ xe{0,1}n y (y)

In the above, we have used the fact that f;  is a valid flow from D to Dfee,
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Now we bound the sum > f¥vdu(X,Y) below.
X, Ye{0,1}V

Y fivdn(XY)
X, Ye{0,1}N
= Z fxvdn(X,Y) (From (i) and (iii) in the description of f*)
X,Yev
= Z Z flz:E(z,x)W_lFE(z,y)w_l ’ dH(FE(Z7 X)7r_17 FE(Z7 y)rr—l)
x,y€{0,1}" z€[n]™
(From (ii) in the description of f*)

< Z Z JCEE(z,X)FlFE(ZM‘),)F1 ~dy(x,y) (Observation[I1.8](iii))
x,y€{0,1}" ze[n]™
1(FE(
- Z Z fxy Ddef(y)) ) -dg(x,y) (From (ii) in the description of f*)
x,y€{0,1}" z€[n]™
Dy(FE(z,y).-1)
- Z f;(de(X’ y> ' Z Ddec( )
x,y€{0,1}" z€[n|™ 1\
= Di(V') Z freydu(x,y) (By Equation (TT.T))
x,y€{0,1}"
€
x,y€{0,1}n

The last inequality follows from the fact that f’ realizes the assumed EMD between
D, and Dgee. []

11.3.3 Near-quadratic lower bound for non-adaptive testing of Pc,,,

Lemma 11.32 (Lower bound on non-adaptive testers). Given sample and query ac-
cess to an unknown distribution D, in order to distinguish whether D satisfies Pgay, or
is e-far from satisfying it, any non-adaptive tester must perform Q(nz) queries to the

samples obtained from D, for some ¢ € (0, 1).

To prove the above lemma, we will construct two hard distributions over distribu-

tions, D, which is supported over Pqa,p, and D,,, which is supported over distributions

175



far from Pg,p,, where to distinguish them, any non-adaptive tester must perform (NZ(nQ)
queries. Recall from Theoremthat DpuPP and D}uPP are two distributions defined
over distributions over {1,...,2n}, where DS;{EP provides distributions whose support
sizes are n, and DSUPP provides distributions that are 7-far from distributions whose sup-
port size is (1+2n)n, for some constant € (0, 1/8). We will use these two distributions
to construct the hard distributions D, and D,,, for the property Pgap.

The hard distributions D,.; and D,,: We describe the distributions D, and D,,
over distributions over {0, 1}N such that D, is supported over Pg,p and D,,, 1S sup-
ported over distributions that are ¢* - n/5-far from Pg,,. In what follows, we describe
a distribution D (D = Dy, or D = D,,) with DSUP ag parameter, where DSUP jg g
distribution defined over distributions over [2n]. In particular, DSUPP is either Dgggp or
D5ueP, where D = Dy, when DS"PP = DSUPP or D = D,,, when DS"PP = D7PP. To
generate D, we first construct a distribution over distributions D° as follows. We denote

by D the distribution over {0, 1}* that we draw according to D°.

(i) Set lA)(U ) = «, where U = 10V~ is the indicator vector for the index 1.

(if) Take a set of vectors S = {V,..., V,} in {0, 1}" such that for every i € [b], the
i-th vector V; is of the form 1710V =1~ Set D(V;) = a/b for every i € [b].

(iii) Take another set of vectors 7 = {Wy, ..., Wi ,1—1} (disjoint from S) in {0, 1}
such that for every W; € T, W; is of the form 0(b(7))(0% 12" )**/2™" where b(i)
denotes the length b binary representation of i.|"’| Set D(W;) = a/|T] for every
W, eT.

(iv) Take a set of vectors ) C {0, 1}" such that |))| = 2n, and for any two vectors
vi,yi € V.1 # j,0u(y:,y;) > n/3. Also, draw a distribution D over [2n]

according to DSUPP,

VIf kn/2"" is not an integer, we trim the rightmost copy of 02'12" so that the total length of
“(0% 121)’“”/27’“” is exactly kn.
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(v) Define D(FE(z,y;)) = (1 — 3a)D(i)/n™ for every i € [2n] and z € [n]™, where
FE : [n]™ x {0,1}" — {0,1}" is the encoding function from Definition

(vi) For all other remaining vectors that are not assigned probability mass in the above

description, set their probabilities to 0.

We define D as the process of drawing a distribution D according to D, and per-

muting it using a uniformly random permutation 7 : [N] — [N].

Remark 11.2 (Intuition behind the above hard distributions). Unlike our adaptive
algorithm to test Pg,, (Algorithm in Subsection|[11.3.2)), we can not determine the
permutation 7 first, and then perform queries depending on the permutation 7. When
the permutation 7 is not known, even if we obtain a sample X and know that it is equal
to FE(z,x),-1 for some x € {0,1}" and z € [n]™, we can not even decode a single bit
of x, unless we query too many of the indices of X. This follows from the properties
of our encodings functions SE and GE, used to construct FE (see Lemma @[), which
“hides” x inside X. Intuitively, this says that we have to query a quasilinear number of
the coordinates of the sample. Since the support estimation problem admits a sample
complexity lower bound of €2(n/logn), the non-adaptive query complexity of ﬁ(nZ)

follows for non-adaptive algorithms. We will formalize this intuition below.
We will start with the following simple observation.
Observation 11.33. The distribution D, is supported over Pgap.

Proof. From the construction of D,.s, which is constructed by encoding the elements of

the support of the distribution D, drawn from DSESPP, itis clear that Dycs € Pgap. [

Now we show that the distribution D, is supported over distributions that are far

from the property Pgap.

Lemma 11.34 (Farness lemma). D,,, is supported over distributions that are (* - n/5-
far from Pgap.
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Before directly proceeding to the proof, let us first prove an additional lemma which
will be used in the proof of Lemma[I1.34]

Lemma 11.35. For any two distinct vectors X, and Xy where Xy , Xo r € Supp(ﬁ) \
({UYUSUT) for D € Supp(Dyo), and 7 is the permutation for which D, € D°,, we
have 517 (X1, X5) > ¢%- N/2.

Proof. We will use the properties of the function FE as mentioned in Observation [ T.8]
Recall that for a string z € [n]™, and a vector x = (x1,...,%,) € {0,1}", we have
FE(z,x) = 0(1°)SE(GE(z);,%;) ... SE(GE(z),,, X,,). Now we have the following two

cases:

(a) Suppose that for some vectors x € {0,1}", and z,, 2, € [n|™ such that z; # z,, we
have X, . = FE(z;,x) and X, . = FE(z,, x). Then following Property (i) of FE
in Observation|11.8] we know that 6(X;, X5) > (- N/2 (noting that permuting

the two vectors by the permutation 7 preserves their pairwise distance).

(b) Suppose that for some vectors z € [n]™, and x;,x5 € {0, 1}" such that x; # xa,
we have X, , = FE(z,x;) and X, , = FE(z, X3). Then following Property (ii)
of FE in Observation we know that 05 (X1, X3) > (- dy(x1,%2). From the
choice of the vectors y1, ..., Yo, we know that dy(x1,x2) > n/3. Thus, we can
say that in this case 65 (X;, Xy) > ¢ - nk/3 > ¢*- N/2 (recalling that ¢ < 1/2).

Combining the above, we conclude that 0z (X, Xy) > (- N/2, for any two distinct

vectors X, X5 as above. O

Proof of Lemma[l1.34] Suppose that D € Supp(D,,,), and 7 is the permutation for
which D, € Supp(D°,). We will bound dp; (D, Paap)- Let us denote the distribution
Dy € Pgap that is closest to ZA?, where 7y is the permutation for which Dy ., € Pgap.

Let us first define a new distribution Dy over {0, 1} as follows:

Dy(X) = { T Dr(X) Xey ¢ (UHUSUT)

0 otherwise
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Similarly, we also define another distribution D from 13, using 7 instead of 7y. Now we

have the following claim that bounds the distance between Dy and D.

Claim 11.36. dgy (D, Dy) > % - /4.

Proof. Following the definition of the property Pgap, we know that Supp(ﬁy) consists
of possible encodings of n distinct vectors from {0, 1}", and there are at most n"™ valid
encodings of every such vector (as per the number of possible vectors z € [n]™ that are
given as input to GE). This implies that the size of the support of the distribution Dy is
at most n™ 1,

Since any distribution in the support of DSUPP has support size at least (1 + 2n)n,
following a similar argument as above, we infer that the size of the support of D is at
least (1 + 2n)n™"!. Moreover, by Lemma we know that any pair of vectors there
has distance at least (*/2 (in relative distance). Also, as any vector in the support of any
distribution in the support of DSUPP has probability mass that is multiple of 1/2n, we
infer that every vector in the support of D has probability mass at least n=™"!/2 (as per
Item (v) in the definition of D).

Summing up, we obtain that there are at least 27 - n™*! vectors in Supp(f?) that are
(?/4-far (in relative distance) from any vector in Supp(ﬁy), all of whose weights are at

least n=™"1/2 E Thus, the Earth Mover Distance of D from Dy is at least (2-7/4. O

Recall that we need to bound the distance between D and Dy-. From Claim|11.36, we
know that dg M(ﬁ, 153/) > (% - /4, where the distributions D and Dy are defined over

the encoding vectors. From the definition of D and lN)y from D and Dy, we conclude
that dgs (Dy, D) = (1 — 3a)dgy (D, Dy) > (2 - /5. O

Now we prove that the distributions D, and D,,, remain indistinguishable to any
non-adaptive tester, unless it performs S~2(n2) queries. We start with some definitions

that will be required for the proof. Recall that N = O(nlogn).

"By the triangle inequality, if we consider a Hamming ball of radius ¢?/4 around every vector in

Supp(Dy ), there can be at most one vector from Supp(D) inside the ball.
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Definition 11.37 (Large and small query set). A set of indices / C [N] is said to be a

large if |I| > n/log' n. Otherwise, [ is said to be a small.

Now we show that for a uniformly random permutation o, and any C; as defined in
the property Pcap, With high probability the size of the set of indices |/ N o (C;)| will be

small, unless I is a large query set.

Observation 11.38. Let o : [N] — [N] be a uniformly random permutation, and C;
correspond to a “bit encoding set” of size k (as per the definition of Pg,;,) for an arbitrary
J € [n]. For a fixed small query set I C [N], the probability that |/ N o(C})| is at least

¢ - kisat most 1/n'.

Proof. Let us define a collection of binary random variables (X : i € I) such that the

following holds:
X, = 1 1€0 (CJ)
0 otherwise
Then as o is a uniformly random permutation, P(X; = 1) = W = O(2) for

any ¢ € [n]. Now let us define another random variable X = >  X,. Noting that
X =|INa(Cy)|, we obtain E[X] = O(1/log'’ n). By applying Hoeffding’s bound for
sampling without replacement (Lemma , we can say that P(X > ¢ - k) < 1/n'".
This completes the proof. []

Now let us define an event &; ; as follows:
&1 j = The query set [ satisfies |/ N o (C;)| < ¢ - k.
Now we are ready to prove that unless ﬁ(n2) queries are performed, no non-adaptive

tester can distinguish D, from D,,,.

Lemma 11.39 (Indistinguishibility lemma). With probability at least 2/3, in order to

distinguish D,cs from D,,, Q(n?) queries are necessary for any non-adaptive tester.

Proof. From our result on the adaptive e-tester for Pg,p, we know that (5(71) queries are

sufficient for adaptively testing Pga,. Without loss of generality, let us assume that the
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non-adaptive tester takes at most n? samples from the unknown distribution D (since we
can assume that at least one query is performed in every sample). As per the definition of
a non-adaptive tester, assume that the samples taken are X1, . .., X, and their respective
query sets are [, ..., I, for some integer s.

Consider an event £ as follows:
& := For every ( € [s] for which I, is small and every j € [n], the event £, ; occurs.

Since the non-adaptive tester takes at most n? samples, there can be at most n?
samples for which a small set was queried, thatis, s < n2. Moreover, there are n possible
sets C; present in a sample. Using the union bound, along with Observation we
can say that the event £ holds with probability at least 1 — 1/n". Given that the event £
holds, we will now show that the induced distributions of D, and D,,, on small query

sets are identical and independent of the samples with large query sets.

Claim 11.40. Assume that the event £ holds. Then a non-adaptive tester that uses at
most o(n/logn) large query sets, can not distinguish D,., from D, with probability
more than 1/4.

Proof. Since the distributions produced by D, and D,,, are identical over the respective
permutations of ({U} U S U T), it is sufficient to prove indistinguishability over the
restrictions to the valid encodings of y1, . . ., y2, (as they appear in the definition of D).
Furthermore, we argue that this claim holds even if for every large query set, the tester
is provided with the entire vector that was sampled.

Given that the event £ holds, regardless of whether the distribution was produced by
Dy or D,,, the restriction of the samples to the small queried sets are completely uni-
formly distributed, even when conditioned on the samples with large query sets (which
are taken independently of them). Thus we may assume that all samples with small
query sets are ignored by the tester, since the answers to these queries can be simulated
without taking any samples at all.

Finally, we appeal to the construction of the hard distributions D, and D,, from
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DS};Spp and DS"P, By Theorem [11.11} the distance between these two distributions over
the sample sequence is at most 1/4, unless there were more than o(n/logn) samples

with large sets. This completes the proof of the claim. ]

Combining Claim with the above bound on the probability of the event £, we
conclude that ﬁ(nQ) queries are necessary for any non-adaptive tester to distinguish D,
from D, with probability at least 2/3, that is, with a probability difference of at least
1/3. This concludes the proof of the lemma. [l
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Part 111

Results in the Adjacency matrix Model
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Chapter 12

Testing in the Adjacency matrix Model

12.1 Introduction

In this part of the thesis, we study property testing of some graph properties in the dense
graph model. Let the unknown graph be G(V, E'), with V' and F being the set of vertices
and edges of G respectively. Recall that in this model, G is represented as an adjacency
matrix M, and the tester can perform edge-existence query to any entry of M. A graph
G is said to be e-far from some property P if one needs to modify at least en? entries
of M. This model was introduced in the seminal work of Goldreich, Goldwasser and
Ron [[GGRYE||. Since then there have been several works in this model.

Here we will study two interesting problems in the dense graph model: (i) the prob-
lem of tolerant testing of graph isomorphism, and (ii) the problem of tolerant bipartite-
ness testing. Below we give introductions to both these problems. Later in Section [12.2]

we will state our results, and we will formally prove these results in Chapter (13| Chap-
ter[14]and Chapter

12.1.1 Tolerant Graph Isomorphism Testing

Graph isomorphism (GI) has been one of the most celebrated problems in computer

science. Roughly speaking, the graph isomorphism problem asks whether two graphs
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are structure-preserving. Namely, given two graphs GG, and G, graph isomorphism
of G, and Gy, is a bijection ¢ : V(G,) — V(Gy) such that for all pair of vertices
u,v € V(G,), the edges {u,v} € FE(G,) if and only if {¥(u),1(v)} € E(G})[] One
central open problem in complexity theory is whether the graph isomorphism problem
can be solved in polynomial time. Recently in a breakthrough result, Babai [Bab16]]
proved that the graph isomorphism problem could be decided in quasi-polynomial time.

For a central problem like the graph isomorphism, naturally, one would like to under-
stand its (and related problems) computational complexity for various models of com-
putation. While most of the focus has been on the standard time complexity in the RAM
model for various classes of graphs (and hyper-graphs), other complexity measures like
space complexity, parameterized complexity, and query complexity have also been stud-
ied over the past few decades (see the Dagstuhl Report [BDST15] and PhD thesis of
Sun [Sunl6]).

A natural extension of the GI problem is to estimate the “graph isomorphism dis-
tance” between two graphs. In other words, given two graphs GG, and G, what fraction

of edges are necessary to add or delete to make the graphs isomorphic.

Definition 12.1. Let G, = (V,,, F,) and G, = (Vi, Ej) be two graphs with |V,| =
|Vi| = n. Given a bijection ¢ : V,, — V}, the distance between the graphs G, and G},

with respect to the bijection ¢ is
dy(Gu, Gi) := |{(u, v) : Exactly one among (u,v) € E, or (¢p(u), p(v)) € Ej holds}|.

The GRAPH ISOMORPHISM DISTANCE (or Gl-distance in short) between graphs G,

and Gy, is defined as Mr/ninv ds(Gy, Gi)/n?, and is denoted by dg1 (G, Gi) (we will
Vu— Vi

use d(G.,, Gy) to mean n%dg (G, Gy)).

The problem of computing GI-distance between two graphs is known to be # P-hard

[Lin94]. The next natural question is:

What is the complexity for approximating (either by a constant additive or

'TIn a graph G, V(G) and E(G) denote the sets of vertices and edges in G, respectively.
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multiplicative factor) the graph isomorphism distance between two graphs?

In [Lin94]], it was also proven that the problem of computing GI-distance between two
graphs is APX-hard. So, approximating dg7(G., Gx) up to a constant multiplicative
factor is NP-hard. In this chapter, we study this problem of approximating (up to a

constant additive factor) the GI-distance between two graphs in the query model (see

Section [12.1.1).

Query Complexity of Graph Isomorphism

Formally speaking, the main problem is: given two graphs GG, and G, and an approxi-

mation parameter ¢ € (0, 1), the goal is to output an estimate « such that
6c1(Gu, Gi) — ¢ < a < da1(Gu, Gi) + C.

In the query model, the problem is equivalent (up to a constant factor) to the tolerant
property testing of graph isomorphism in the dense graph model (introduced in the work
of Parnas, Ron and Rubinfeld [PRRO6]). For 0 < v < 1, two graphs GG,, and G, with n
vertices, are called vy-close or ~-far to isomorphicE] if d(G,,Gy) < yn?or d(G,,Gy) >
yn?, respectively. In (71, 72)-tolerant GI testing, we are given two graphs G, and Gy,
and two parameters 0 < 77 < 2 < 1, with the guarantee that either the graphs are
v1-close or ,-far. One of the graphs (usually denoted as G,,) is accessed by querying
the entries of its adjacency matrix. In contrast, the other graph (usually denoted as
Gy [') is known to the query algorithm, and no cost for accessing the entries of the
adjacency matrix of G is incurred. The query complexity is the number of queries (to
the adjacency matrix of () that are required for testing, (with correctness probability at
least 2/3 E]), whether G, and G, are ;-close or ,-far. The query algorithm is assumed

to have unbounded computational power.

’As a shorthand, rather than saying ~-close or ~-far to isomorphic, we will just say ~-close or y-far
respectively.

‘G, and G, denote the unknown and known graphs, respectively.

“The correctness probability can be made any 1 — § by incurring a multiplicative factor of O(log %) in
the query complexity.
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The non-tolerant property testing version of the graph isomorphism problem (that
is, when v; = 0) was first studied by Fischer and Matsliah [FMO08] and subsequently,
Babai and Chakraborty [BC10]] studied the non-tolerant property testing version of the
hypergraph isomorphism problem. Recently, the non-tolerant testing of GI has been
considered in various other models (like Goldreich [Gol19] studied the problem for the
bounded degree graph model of property testing and Levi and Medina [LM20] consid-
ered the problem in the distributed setting). However, the tolerant version of the problem
remains elusive and it is surprising that the tolerant version of a fundamental problem
like graph isomorphism (in query model) is not addressed in the literature, though the
non-tolerant version of GI testing problem has been resolved more than a decade ago
in [EMOS]] (when one graph is unknown). On a different note, there are also studies of
non-tolerant version of graph isomorphism testing in the literature when both the graphs
are unknown [FMOS8, (OS18]]. We will not discuss much about that case as the main focus
of this work is different.

Before proceeding further, we want to note that there is a simple algorithm with
query complexity 5(n) for tolerant testing of graph isomorphism (when one of the
graphs is known in advance). Basically, one goes over all possible n! bijections ¢ :
V., — V}. and estimates the distance between GG, and GG, with respect to the permutation.

The samples may be reuse and hence we have the following observation.

Observation 12.2. Given a known graph G, and an unknown graph GG, and any approx-

imation parameter ( € (0, 1), there is a query algorithm that makes O (n) queries and

outputs a number « such that, with probability at least %, the following holds:
6c1(Gu, Gk) — ¢ < a < dar(Gu, Gi) + C.

But obtaining a lower bound matching (at least up to a polylog factor) the upper
bound of Observation [12.2]is not at all obvious. The main contribution here is to show
an equivalence between tolerant testing of graph isomorphism and tolerant EMD testing

between multi-sets (in the query setting).

°If the samples are ©(log(n!)), then the error probability can be bounded using the union bound.
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Like many other property testing problems, the core difficulty in the testing of GI
is understanding certain properties of distributions. In the case of the non-tolerant
version of GI, it has been shown in [FMOS] that the core problem is testing the vari-
ation distance between two distributions. Their upper bound result can be restated
as: if there is a property testing algorithm, with query complexity ¢(n) for testing
equivalence between two distributions, on support size n [’} then GI can be tested us-
ing O(q(n)) queries, where the tilde hides a polylogarithmic factor of n (number of
vertices). And since the query complexity for testing identity of distributions (from
[BEET01], [Pan08]l, [ADK13], [VV17a]) is known to be O(y/n/e?), the query complex-
ity for non-tolerant Gl-testing is O(y/70).

In the lower bound proof of [FEMOS]], there is no direct reduction of the graph isomor-
phism problem to the variation distance problem. But it is important to note that lower
bound proofs for both of these problems use the tightness of the birthday paradox. So, in
some sense, one can say that the heart of the non-tolerant testing of GI is in testing vari-
ation distance between two distributions. In our work, the main contribution is to show a
unified connection between graph isomorphism testing and Earth Mover distance testing

which holds across computational models, like query as well as communication models.

12.1.2 Tolerant Bipartiteness Testing

In the work of Goldreich, Goldwasser and Ron [GGR98]], the authors studied various
interesting and important problems in dense graphs and testing bipartiteness was one of
them. Given a dense graph G as an input, the problem is to decide if G is bipartite, or
we need to modify at least en? entries of the adjacency matrix of G to make it bipartite,
using as few queries to the adjacency matrix of G as possible, where ¢ € (0,1) is a
proximity parameter.

Due to the fundamental nature of the problem, bipartite testing has been extensively

studied over the past two decades [GGRO98|]. Though there are several works on non-

“Testing identity between two distributions means to test if the unknown distribution (from where the
samples are drawn) is identical to the known distribution or if the variation distance between them more
than e.
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tolerant testing of various graph properties across all models in graph property test-
ing [GGRIE, IGR99, ICMOS19], there are very few works related to their tolerant coun-
terparts (See Goldreich [Goll7], Bhattacharyya and Yoshida [BY?22] for an extensive
list of various results).

In [GGRO8E], the authors studied the problem of estimating the size of the maximum
cut of a dense graph, and later studied the more general graph partition problem. The
authors of [GGRYS] presented an algorithm of estimating the size of the maximum cut
that uses poly(1/¢) queries. Note that the maxcut estimation algorithm of [GGRO§]]
provides an algorithm of tolerant bipartiteness testing, with the same number of queries.
However, in this work, we improve their result by designing a more efficient algorithm.

Now we formally define the notion of bipartite distance and state our main result.

Then we discuss our result vis-a-vis the related works.

Definition 12.3 (Bipartite distance). A bipartition of (the vertices of) a graph G is a
function f : V(G) — {L, R}[| The bipartite distance of G with respect to the biparti-

tion f is denoted and defined as
dip(G,f) = | > IN@NFHL+ Y INw) SR
veV:f(v)=L veV:f(v)=R

Here N(v) denotes the neighborhood of v in GG. Informally, dy;,(G, f) measures
the distance of the graph GG from being bipartite, with respect to the bipartition f. The
bipartite distance of (G is defined as the minimum bipartite distance of GG over all possible

bipartitions f of G, that is,
dyip(G) = mfin dpip(G, f)-

Now we are ready to formally state our result.

Theorem 12.4 (Main result). Given query access to the adjacency matrix of a dense

graph G with n vertices and a proximity parameter ¢ € (0, 1), there exists an algorithm

'L and R denote left and right respectively.
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that, with probability at least %, decides whether dy,(G) < en? or dpp(G) > (2 +
Q(1))en?, by sampling O (6%, log %) vertices in 20(2 108 %) time, and makes O (5% log? %)

queries.

Our result in the context of literature

Non-tolerant bipartite testing refers to the problem where we are given query access to
the adjacency matrix of an unknown graph G and a proximity parameter ¢ € (0, 1),
and the objective is to decide whether dy;,(G) = 0 or dy;,(G) > en®. The problem
of non-tolerant bipartite testing in the dense graph model was first studied in the semi-
nal work of Goldreich, Goldwasser and Ron [GGR98]], and they showed that it admits
an algorithm with query complexity O (1/€%). Later, Alon and Krivelevich [AK02]
improved the query complexity of the problem to O (1/£%). They further studied the
problem of testing c-colorability of dense graph. Note that bipartite testing is a spe-
cial case of testing c-colorability, when ¢ = 2. They proved that c-colorability can
be tested by performing O (1/&") queries, for ¢ > 3. This bound was later improved
to O (1/£2) by Sohler [Soh12]. On the other hand, for non-tolerant bipartite testing,
Bogdanov and Trevisan [BT04] proved that 2(1/22?) and Q(1/£%?) adjacency queries
are required by any non-adaptive and adaptive testers, respectively. Later, Gonen and
Ron [GRO7] further explored the power of adaptive queries for bipartiteness testing.
Bogdanov and Li [BL10] showed that bipartiteness can be tested with one-sided error in
O(1/&°) queries, for some constant ¢ < 2, assuming a conjecture [}

Though the non-tolerant variant of bipartite testing is well understood, the query
complexity of tolerant version (even for restricted cases such as in Theorem[I5.1) is not
completely settled. Goldreich, Goldwasser and Ron [GGR98|| proved that MAXCUT
can be estimated with an additive error of en? by performing O(1/¢7) queries and in
time 20(1/<°) As stated before, this implies that the bipartite distance of a (dense) graph

G can be estimated upto an additive error of en?, by performing 5(1 /™) queries and

“The conjecture is stated as follows: if the graph GG is e-far from being bipartite, then the induced
subgraph of O(2) vertices of G would be Q(¢)-far from being bipartite.
“MAXCUT of a graph G denotes the size of the largest cut in G.
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in time 2001/<°) Later Alon, Vega, Kannan and Karpinski [AdIVKKO3]] designed an
improved algorithm for estimating the size of MAXCUT that performs O (1/€%) queries.
Note that this implies an algorithm of estimating the bipartite distance, with similar
queries (see Section @ for details, and in particular, see Corollary @ Even for
the tolerant version that we consider in Theorem their algorithm does not give any
bound better than O (1/€%). In this work, we improve the bound for tolerant bipartite
testing (for the restricted case as stated in Theorem substantially from the work of
Alon et al. [AdIVKKO3] by designing an algorithm that performs only O (1/€%) queries,

and in 2°01/9) time.

Apart from the dense graph model, this problem has also been studied in other mod-
els of property testing. Goldreich and Ron [GR99] studied the problem of bipartiteness
testing for bounded degree graphs, where they gave an algorithm of 6(\/5) queries,
where n denotes the number of vertices of the graph. They also proved a similar lower
bound of bipariteness testing of 2(y/n) queries [GR97] in the bounded degree model.
Later, Kaufman, Krivelevich and Ron [KKRO4] studied the problem in the general graph
model and gave an algorithm with query complexity O(min(y/n, n?/m)), where m de-
notes the number of edges of the graph. Few years back, Czumaj, Monemizadeh, Onak
and Sohler [CMOS19] studied the problem for planar graphs (more generally, for any
minor-free graph), where they employed random walk based techniques, and proved that
constant number of queries are enough for the same. Apart from bipartite testing, there
have been extensive works related to property testing in the dense graph model and its

connection to the regularity lemma [AFNSO09, /AFKS00, [ENO7].

12.2 Our results

In this section, we present our results of this part of the thesis. Here we will be consid-
ering all the distance measures in absolute distance instead of normalized distances. We

will start with our result on tolerant graph isomorphism testing.
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Tolerant Isomorphism Testing

One of our main technical result of this part of the thesis is that we prove estimating GI-
distance is as hard as tolerant EMD testing over multi-sets with the access of samples
without replacement over the unknown multi-set .S, ignoring polynomial factors of

log n.

Theorem 12.5. Let GG, and G, denote the known and the unknown graphs on n vertices,
respectively, and Q1 (G, Gi) denotes the number of adjacency queries to G, required
by the best algorithm that takes two constants v1,v2 with 0 < ;1 < 79 < 1 and decides
whether d(G.,, Gr,) < mn? or d(G., Gy) > y2n® with probability at least 5. Then

Qcr(Gu, Gr) = © (QWOREMp (1))

where é() hides polynomial factors in and log n.

2=

This gives us a geometric approach for solving the graph isomorphism testing prob-
lem. Thus improving the bound of QWORE\p () would directly provide us a better
bound on Q¢ (G, Gy).

On the other hand, extending the lower bound of QWRE M (1) to QWOREMD (1)
would give us a better lower bound on Q¢ (G, Gi). However, the difference between
sampling with and without replacement is much more subtle. Freedman [Fre77]] has
shown the difference when we sample elements with replacement from a set and that
without replacement from the same set. However, when the number of samples is
o(y/n), the distribution of answers to the queries when samples are drawn with replace-
ment is very close (in ¢; distance) to the distribution of answers to the queries when
samples are drawn without replacement. Thus, following the simulation of samples
with replacement using samples without replacement (stated formally in Proposition
along with Theorem [12.5] we can get an alternative proof of the following lower
bound proved by Fischer and Matsliah [EMOS].

Corollary 12.6 (Fischer and Matsliah [EMOS])). There exists a constant ¢ € (0, 1) such
that any query algorithm that decides, with probability at least 2/3, if a known graph
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G and an unknown graph G, is isomorphic or y-far from isomorphic, with v < (, must

make Q(\/n) queries.

Our proof of Theorem has two parts: for the lower bound, we reduce tolerant
testing of EMD of multi-sets over the Hamming cube using samples without to tolerant
graph isomorphism testing. For the upper bound, we reduce from tolerant graph isomor-
phism to tolerant testing of EMD of multi-sets over the Hamming cube using samples
without replacement.

Now we will state our result on tolerant bipartiteness testing below.

Tolerant Bipartiteness Testing:

Theorem 12.7. There exists an algorithm TOL-BIP-DIST(G, ¢) that given adjacency

query access to a dense graph G with n vertices and a parameter € € (0, 1), decides

with probability at least <5, whether dy,(G) < en? or dyy,(G) > (2 + k)en?, by sam-
1

k8e3

pling O(= log =) vertices in 2G5z 108 52) fime, using O (5= log® L) queries to the

adjacency matrix of G.

Organization of the part

We prove Theorem [12.5]in two parts. We prove the lower bound part (tolerant graph
isomorphism is as hard as tolerant EMD testing) and upper bound part (tolerant EMD
testing is as hard as tolerant graph isomorphism) of Theorem in Chapter (13| and
Chapter [14]respectively. We will prove Theorem [12.7]in Chapter [13]

12.3 Preliminaries

All graphs considered here are undirected, unweighted and have no self-loops or parallel
edges. For a graph G(V, E), V(G) and E(G) will denote the vertex set and the edge
set of G, respectively. Since we are considering undirected graphs, we write an edge

(u,v) € E(G) as {u,v}. Ng(v) denotes the neighborhood of v in G, and we will write
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it as N (v) when the graph G is clear from the context. Finally, a« = (1 & )b represents
(1-e)bp<a<(1+e)b.

12.3.1 Notion of distance between two graphs

First let us define the notion of DECIDER of a vertex and then the notion of distance be-
tween two graphs, using decider of vertices, that is conceptually same as that of GRAPH

ISOMORPHISM DISTANCE defined in Definition

Definition 12.8. (DECIDER of a vertex) Given two graphs G5, and GG, and a bijection
¢ : V(G,) — V(Gy), DECIDER of a vertex = € V(G,,) with respect to ¢ is defined as
the set of vertices of G,, that create the edge difference in = and ¢(x)’s neighbourhood

in G, and Gy, respectively. Formally,
DECIDER(z) := {y € V(G,) : one of the edges {z,y} & {¢(x), #(y)} is not present }

Definition 12.9. (DISTANCE between two graphs) Let GG, and Gy be two graphs and
¢ : V(G,) — V(Gy) be abijection from the vertex set of G, to that of G. The distance
between GG, and G, under ¢ is defined as the sum of the sizes of the deciders of all the

vertices in (7,,, that is,

dy(Gy,Gy) == Y |DECIDER4()|.
€V (Gy)

The distance between two graphs G, and G, is the minimum distance under all possible
bijections ¢ from V(G,,) to V(Gy), that is, d(G,, Gi) = mgn de(Gu, Gi).

Remark 12.1. Recall the definition of 4/ (G, Gx), GRAPH ISOMORPHISM DISTANCE
between G, and G, (Definition [12.1). Observe that d(G,, Gy) = 2(3)dc(Gu, G).
Though, d(G,, G) and 0¢; (G, Gi) represent the same thing, conceptually, we will do

our calculations by using d(G,, Gy,) for simplicity of presentation.

Next we define the concept of closeness between two graphs.
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Definition 12.10. (CLOSE and FAR) For v € [0,1), two graphs G, and G}, with n
vertices are y-close to isomorphic if d(G,, Gy) < yn?. Otherwise, we say G, and G},

are y-far from being isomorphic.

Property Testing of Distribution Properties

Understanding different properties of probability distributions have been an active area
of research in property testing (For reference, see [[Can20c]). The authors studied these
problems assuming random sample access from the unknown distributions. Considering
the relation between the distributions and their corresponding representative multi-sets,
we can say that all these results hold for multi-sets along with access over sampling with

replacement.

Although it seems that the change of query model from sample with replacement
to sample without replacement does not make much difference, following the work of
Freedman [Fre77]], we know that the variation distance between probability distributions
when accessed via samples with and without replacement, becomes arbitrary close to
1/2 when the number of samples is £2(1/n). Because of this reason, many techniques
developed for sampling with replacement for various problems no longer work anymore.

Most importantly, proving any lower bound better than {2(1/n) is often nontrivial.

12.3.2 Some results on Earth Mover Distance (EMD)

In this subsection, we study some properties of Earth Mover distance (EMD) over prob-
ability distributions and multi-sets, which are crucial in the context of both our lower
and upper bound. Let H = {0,1}" be a Hamming cube of dimension n, and p, ¢ be
two probability distributions on /. Recall that the Earth Mover Distance between p and

q is denoted by dg/(p, ¢) and defined as the optimum solution to the following linear

'“By abuse of notation, we will say G, and G}, are y-far when d(G,, Gy) > yn?.
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program:

Minimize Z fijdu (i, 5)

i,j€EH

Subject to » _ fi; = p(i), Vie H
jeEH
> fii=a0), VjeH
i€H

Earth Mover Distance (EMD) is a fundamental metric over the space of distributions
supported on a fixed metric space. Estimating EMD between two distributions, up to
a multiplicative factor, has been extensively studied in mathematics and computer sci-
ence. It is closely related to the embedding of the EMD metric into a /; metric. Even
the problem of estimation of EMD between distributions up to an additive factor has
been well studied, for reference see [DBNNRI11]], [SP18]]. The hardness of estimating
EMD between distributions depends heavily on the structure of the domain on which the
distributions are supported. In [DBNNRI11], the authors have proved a lower bound of
Q((A/e)%) on the query complexity for estimating (up to an additive error of €) EMD
between two distributions supported on the real cube [0, A]%. At the same time, it is
not hard to see that if the support has certain structures, estimating EMD may be easy.
In this chapter, we focus on the estimation of EMD between two distribution when the
metric space is the Hamming cube.

A standard way to think of sampling from any probability distribution is to con-
sider it as a multi-set of elements with appropriate multiplicities, and samples are drawn
with replacement from that multi-set. While estimating EMD between two multi-sets,
although the most natural way to access the unknown multi-set is sampling with replace-
ment, we introduce the problem of tolerant EMD testing over multi-sets with the access

of samples without replacement as follows:

Definition 12.11 (EMD between two multi-sets). Let S7, S5 be two multi-sets on a Ham-
ming cube H = {0,1}? of dimension d with |S;| = |S;|. The EMD between S; and
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Sy is denoted by dgps(St,S2) and defined as dgp(S1,52) = min Y. dy(x, ¢(x))
¢:51— 52 €S

where ¢ is a bijection from S to Ss.

Note that an unknown distribution p is accessed by taking samples from p. However,

a multi-set 1s accessed as follows:

Definition 12.12 (Query accesses to multi-sets). A multi-set S of n elements is accessed

in one of the following ways:

Sample Access with replacement: Each element of .S is reported uniformly at random

independent of all previous queries.

Sample Access without replacement: Let us assume we make () queries to S, where
@ < n. The answer to the first query, say s, is an element from S chosen uni-
formly at random. For any 2 < i < (), the answer of the i-th query is an element
chosen uniformly at random from S\ {sy,...,s,1}. Here s;,1 < j < (), denotes

the answer to the j-th query.

Example of Sampling with & without replacement: Consider the following exam-
ple. Let S = {1,2,2,3,4} be a multi-set, and it corresponds to a distribution P. Thus
P(1) = 0.2,P(2) = 04,P(3) = 0.2 and P(4) = 0.2. Suppose we have obtained a
sample from P, and the obtained sample is 2. Now we want to take another sample from

P. Consider the following two scenarios:

Sampling with replacement: The probability of obtaining 2 as the second sample

remains same as before, that is, with probability 0.4, 2 appears as the new sample.

Sampling without replacement: Here the underlying multi-set no longer remains the
same. After getting 2 as the first sample, the multi-set as well as the distribution have
been changed. The new multi-setis " = {1, 2, 3,4}. Thus the probability that 2 appears

in the second sample is 0.25.
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Lo Distribution D with multi-set= {1,2,2,3,4}

0.8
0.6 1

0.4 1

0.2 1 I
0.0 -J I l
1 2 3 4

Support elements

probability mass

Figure 12.1: Distribution D corresponding to the multi-set D = {1,2,2, 3,4}

Figure 12.2:

Distribution D with multi-set= {1,2,3,4}
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0.6 -
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Distribution D after 2 is sampled without replacement
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Although sampling with replacement is more natural query model, we need sam-
pling without replacement for our lower bound proof. We now note that we can simulate

samples with replacement when we have samples without replacement.

Proposition 12.13 (Simulating samples with replacement from samples without re-
placement). Given () samples without replacement from an unknown multi-set S,, with

n elements, we can simulate () samples with replacement from S, where () < n.

Proof. Consider the following procedure to obtain () samples with replacement (say
z1,...,%¢g) when we have () samples without replacement (s, ..., sg) from the un-
known multi-set S, with () < n.

We first set 1 = s7. For each @ with 2 <7 < (), we set x; as follows: with probabil-
ity 1 — %, we select one of the element from {sy, ..., s; 1} uniformly at random as x;;
with probability %, we set r; = s;. From the description of procedure to generate x;’s,
we have P (z; = s;) = 1/n.

Thus we can simulate () samples with replacement from () samples without replace-

ment from the unknown multi-set .S,,. [l

The following observation connects the EMD between two probability distributions

with that of between two multi-sets.

Observation 12.14. Let p, ¢ be two K -grained probability distributions E on a n dimen-
sional Hamming cube H = {0, 1}". Then p and ¢ induces two multi-sets S; and S, on
H, respectively, as follows. S; (S2) is the multi-set containing x € H with multiplicity

p(x)K (¢(x)K) for each x € H. Moreover, dgy(p, q) = W.

Proof. Recall the definitions of EMD between two distributions and two multi-sets given
in Definition [2.2] and [I2.T1] respectively. We will be done with the proof by showing
dprv(S1,52) < K -dpuy(p,q) and K - dppy(p, q) < dpa(Sh, S2), separately.

For dgp(S1,52) < K - dpum(p,q), let { YIRS H} be the set of variables that

realizes dgn(p, q), thatis, dpa(p,q) = Y. fi;du(i, j). Consider a bijection ¢ from S
ijeH

''The probability of each element in the sample space is an integer multiple of %

199



to Sy where ¢(i) = j for g;; many i’s. Hence, by Definition|12.11}

dpm(S1, Se) < Z du(z, p(z)) = Z K- fidu(i,j) = K - dem(p, q).

TES i,jEH

Now we show K - dgp(p,q) < dppu(Sh,S2). Let ¢* be a bijection from S; to Sy
that realizes dg(S1, o), that is, dga(S1,S2) = > dy(z, ¢*(x)). Forany =,y € H,

z€S]
let f,, be the number of elements, of the form (x,y) in Sy x Sy such that = is mapped

to y under ¢, divided by K?. Observe that f,, > 0. Also, fi, > 0 if and only if
(z,y) € S1 x Sy. More over, {f;; : i,j € H} satisfies > fi; = p(j) Vj € H and

icH
> fi; = q(i) Vi € H. Hence, by Deﬁmtlon
jeEH
K-dpu(p) SK 3 fadu@y) = 3 K- fadu(zy)
vyeH (z,y)€S1 %S>
= D dn( = dpn (51, 52).

TEST

]

Remark 12.2. Note that sample access from a probability distribution is exactly same

as uniform sampling from a multi-set with replacement.

Proposition 12.15. Let D be the set of all multi-sets of size n over a universe [m); let Sy,
and S, in D denote the known and unknown multi-sets over [n]; and PROP : D X D —
{0, 1} be a boolean function. Then the following holds:

If there exists an algorithm that determines PROP by () samples without replacement
from S, with probability at least 2/3, then there exists an algorithm that determines
PROP by min{Q, \/W } samples with replacement from S,, with probability at
least 2/3 — o(1).

This follows from the fact that when Q = o(y/n) and Dy r (Dw,r) be the probabil-
ity distribution over all the subsets having () elements from [n] with (without) replace-

ment, the ¢; distance between Dy g and Dy, is o(1).
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Definition 12.16 (EMD over multi-sets while sampling with and without replace-
ment). Let S and S, denote the known and the unknown multi-sets, respectively, over
n-dimensional Hamming cube H = {0, 1}" such that |S,| = |Sx| = n. Consider the
two distributions p,, and p; over the Hamming cube H that are naturally defined by the
sets S, and S where for all x € H probability of x in p, (and py) is the number of
occurrences of x in S, (and S) divided by n. We then define the EMD between the

multi-sets S,, and .S, as

dEM(Sua Sk;) 2n- dE]M(puapk)~

The problem of estimating the EMD over multi-sets while sampling with (or with-
out) replacement means designing an algorithm, that given any two constants /3y, 3o
such that 0 < ; < (B < 1, and access to the unknown set S, by sampling with (or
without) replacement decides whether dgps(Sk, Si) < Bin? or dpa(Sk, Su) > Bon?
with probability at least 2/3.

Note that estimating the EMD over multi-sets while sampling with replacement is
exactly same as estimating EMD between the distributions p,, and p; with samples drawn

according to p,.

Let QWREMD (7, d, 51, B2) (and QWOREMD (1, d, f1, B2)) denote the number of
samples with (and without) replacement required to decide the above from the unknown
multi-set .S,,. For ease of presentation, we writt QWOREND (7, d) (QWREMD (7, d))
instead of QWORENp (7, d) (QWREMD (7, 81, B2)) when the proximity parameters

are clear from the context.

Proposition 12.17 (Query complexity of EMD increases with number of points as well

as dimension). Let n,ni,ng, d,dy,ds € N be such that d; < dy and ny < nsy. Then
(i) QWREMD (11,d) < QWREMD (72, d);

(i) QWOREMD (n1,d) < QWOREMD (72, d);

(i) QWRgpMp (1, di) < QWREMD (1, d2); and
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(lV) QWOREMD (n, dl) < QWOREMD (TL, dg)
Remark 12.3. For d = n (as considered in Definition|12.16), QWOR g\ p (7, d) (and
QWREMD (7, d)) are denoted as QWOR gy (n) (and QWREMD ().

Now let us state the lower bound of QWRE M (7).

Theorem 12.18. QWRE N p () = Q(i55)-

Thus following Proposition |12.15] we have
Theorem 12.19. QWOREMp(n) = Q(v/n).

Note that an upper bound of QWORgMp (n) = O(n) is trivial. In the rest of the sec-
tion, we focus on proving Theoremthat states the lower bound on QWRE N (7).
We also provide an upper bound for QWRE M (7) at Lemma that shows that
O(n) samples with replacement from S, to estimate QWREMD (7). Note that by Re-
mark [12.2] it is enough to show the following lemma that states the lower bound for

tolerant EMD testing between two distributions.

Lemma 12.20. Let S be a subset of a Hamming cube H = {0,1}" such that the min-
imum distance between any pair of points in S is at least n/2. Also, let p and q be
two known and unknown distributions, respectively, supported over a subset of S. Then
there exists a constant gy p such that the following holds. Given two constants (31, 3o
with 0 < By < P2 < egmplc), Q(n/logn) samples from the distribution q are nec-
essary in order to decide whether dgy(p,q) < Bin or dgy(p,q) > Ban. Moreover,

1- . . . .
EEMD = 48 L where €, is the constant that is mentioned in Theorem|12.22

To prove the above lower bound, let us first consider the following lower bound for

tolerant ¢, testing between two probability distributions.

Theorem 12.21 (Valiant and Valiant [VV11]). Let p and q be two known and unknown
probability distributions respectively over [n]. There is an absolute constant € such that
in order to decide whether ||p—q||, < e or|p—ql1 > 1—¢, Q(n/logn) samples, from

the distribution q, are necessary. []

!“Note that this is rephrasing of the result proved in [VVI1]. For reference, see Chapter 5 of the survey
by Canonne [Can20c].
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Now, we restate the above result for our purpose.

Theorem 12.22. Let p and q be two known and unknown probability distributions, hav-
ing support size n, over a Hamming cube H = {0,1}". There is an absolute con-
stant g, such that in order to decide whether ||p — q||1 < ay or ||p — q||1 > as with

0<ag <as <1—¢gg, Qn/logn) samples, from the distribution q, are necessary.

As noted earlier, we will prove Theorem [12.18] by using Lemma However,
Theorem |12.18|1s regarding EMD between two distributions whereas Lemma is
regarding ¢;-distance. The following observation (from [DBNNR11]]) gives a connection
between EMD between two distributions with the ¢; distance between them, which will

be required in lower bound proof.

Proposition 12.23 ([DBNNRI11]). Let (M, D) be a finite metric space and p and q be
two probability distributions on M. Minimum distance between any two points of M is
Anin and diameter of M is Ap.x. Then the following condition holds:

P — qll: Amin
2

I — qll1Amax

<dgm(p,q) < )

Amax 3
A 1S bounded by a

Note that the above proposition gives interesting result when

constant. Note that S C {0, 1}" satisfies % <2

Proof of Lemma[I2.20) In S C H = {0,1}", the pairwise Hamming distance between
any two elements in S is at least %, to have ﬁ < 2 1in our context. It is well known that
|S| = Q(n). We prove that if there exists an algorithm .4 that decides dgy(p, q) < fin
or dgp(p,q) > Pon by using t samples from ¢, then there exists an algorithm P that
decides whether ||p — ¢|[1 < oy or ||p — ¢||1 > a9 by using ¢ samples from ¢, where
a1 = 201 and ap = 4,. Note that we have 0 < 3 < B < %. So,0 < a; <ag <

1 — &4, which satisfies the requirement of Theorem [12.22]

Algorithm P:
(1) First run algorithm A.
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(2) If the output of algorithm A is dgps(p, ¢) < Bin, algorithm P returns |[p—ql[; < a.

(3) If the output of algorithm A is dgps(p, ¢) > [an, algorithm P returns |[p—q||1 > aso.

To complete the proof, we only need to show that P gives desired output with prob-
ability at least 2/3. The result then follows from Theorem

Let us first consider the case |[p — ¢||1 < 4. Then by Observation[12.23] we can say
that dpy(p, ) < “5* = Bin. Therefore algorithm A will output that dgas(p, q) < Sin.
This implies that the algorithm P will output ||p — ¢||; < «;.

Now, let us consider the case ||p — ¢||1 > ao. Using the fact that any pair elements
in S C H is at least § along with Observation we get dpy(p, q) > “2% = [on.

This implies P will output ||p — q|[1 > as. O

Till now, we were discussing the proof of Lemma|12.20| that states QWR g\ p () =
Q(:=2-). The lower bound is almost tight, up to a polynomial factor of log n. The upper

logn

bound is stated in the following observation.

Observation 12.24. QWREgNp(n) = O(n), where O(-) hides a polynomial factor in

1
B2—p1

and log n.

Instead of proving the above observation, we prove the following lemma that states
the upper bound of tolerant EMD testing between two distributions when we know one
distribution and have sample access to the unknown distribution. By Remark we
will be done with the proof of Observation [[2.24]

Lemma 12.25. Let H = {0, 1}" be a n-dimensional Hamming cube, and let p and q de-
note two known and unknown n-grained distribution over H. There exists an algorithm
that takes two parameters 31, Po with 0 < (1 < s < land a § € (0,1) as input and
decides whether dgy(p,q) < Pin or dga(p, q) > Pon with probability at least 1 — 4.
Moreover; the algorithm ALG-EMD gqueries for O (n) samples from q, where (5() hides

a polynomial factor in and logn.

1
B2—p1
Proof. Let ¢ be a constant less than (8 — (1). We construct a probability distribution ¢’

such that the ¢; distance between ¢ and ¢’ will be at most ¢, thatis, > [q(i) — ¢'(i)| < e.
1€[L]
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Note that such a ¢’ can be constructed with probability at least 1 — § by querying for
0] (n) samples of ¢ which follows from [DL12]. Then, we find dgy/(p, ¢'). Observe that
\denm(p, q) — den(p, )| < 5. This is because

\dev(p,q) — dem(p,d)| < |dem(p,q) +dem(d,q) — dem(p, )|
S dEM(Qv q/)
d
< % (By Proposition[12.23))

As dgy(p,q) < Bin or dey(p,q) > Pon, by the above observation, we will get
either dpy(p,¢') < (b1 + 5) norden(p,¢') > (B1 + £) n, respectively. By our choice
of € < By — 31, we can decide dgy(p, q) < Binor dgy(p,q) > Pon from the value of
dpm(p, q)- O

To the best of our knowledge, the sample complexity measure when the distributions
are accessed by sampling a multi-set without replacement has never been studied before
(for testing/estimating distances between distributions/multi-sets). However, it is inter-
esting to note that, sampling without replacement model has been considered before in
a different context by Raskhodnikova, Ron, Shpilka and Smith [RRSS09] for proving a
lower bound of distinct elements problem. Also, recently Goldreich [[Gol19]] considered
a similar sampling without replacement model while studying the non-tolerant graph
isomorphism in the bounded degree model. Note that the main contribution of our work
is the introduction of the complexity measure QWORE\p(n) and its connection to

graph isomorphism testing in query model.

12.4 Overview of our results

12.4.1 Opverview of our tolerant isomorphism testing result

In this subsection, we give an overview of our result on tolerant isomorphism testing

(Theorem [12.5). We will start with the overview of our lower bound as follows:
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Tolerant GI testing is as hard as tolerant EMD testing

In this section, we give an overview of the lower bound part of Theorem |12.5] namely
tolerant GI testing is as hard as tolerant EMD testing. In this reduction, we crucially
use the fact that the multi-sets are composed of elements from the Hamming cube. The
reduction is based upon an involved gadget construction. In fact, we prove the lower
bound for a slightly more powerful query model rather than the standard adjacency ma-
trix query model. The most interesting part of our lower bound proof is that thanks to
our reduction, we get to observe the importance of the model of accessing the multi-set
without replacement in the context of EMD testing.

Now, we discuss the overview of our reduction. Let .S}, and S,, denote the known and
the unknown multi-sets, over a Hamming cube {0, 1}? (of dimension d) with d = ©(n),
having n elements each. To start with, let us assume that we know both Sy, and .5,,. We

will construct two graphs GG, and GG,, on d + n vertices as follows:

* The vertex set of G (and GG,,) are partitioned into two sets A, and By (and A, and
B,) with |Ag| = |Ay| = nand |Bg| = |B.| = d.

* The graph induced by Ay is a clique, and similarly the graph induced by A, is a

clique.

* The graphs induced by By and B, are copies of a special graph with certain nice
properties which enable our reduction to work. The existence of such a graph is

proved (in Lemma(I3.3)) using a probabilistic argument.

* Finally, for the cross edges between A, and By, (and A, and B,,), we have: there
is an edge between the i-th vertex of A (or A,) and the j-th vertex of By, (or B,)
if and only if the j-th coordinate of the i-th element of Sy (or S,) is 1.

* Finally, a random permutation 7 is applied to the vertices of GG,,.

The permutation 7 is not known to the GI-tester. Note that we can construct G,
explicitly as S, is known. However, that is not the same with G, as S, is unknown. But

since we know the permutation 7, any query to the adjacency matrix of the graph G,
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can be answered by a single query to one bit of .S,,. But unfortunately we don’t have
query access to Sy, and only have sample access to 5,,. To deal with this problem, it is
easier to consider a slightly more powerful query. Say, the GI-tester wants to query the
(1, 7)-th bit of the graph G,. Of course, if both i and j are in A, or both are in B, we
can answer without even sampling from S,. But if 7 is in A, and j is in B,, then what
we intend to do is to give the whole neighborhood of 7 in B,, as the answer to the query.
This would be like neighbourhood query in a bipartite graph. But the question remains:
how do we intend to answer the query by sampling. The key observation here is that
since the GI-tester does not know the permutation 7 that was applied to the vertices in
G, to its eye, all the vertices that have not been touched so far look same. So, every

time it queries for (7, j), where i € A, and j € B,, either of the two cases can happen:

* Either, previously a query of the form (7, j;) was asked where 7; is also in B,, but
in that case, it must have already got the answer of (7, j) as we must have given
all the neighbors of ¢ in B,. So in that case, we can give back the same answer

without sampling.

* Or, previously 7 did not participate in any query of the form (7, j;) where j; is in
B,. In this case, to the Gl-tester’s eye, ¢ is just a new vertex from A,. We can
then sample without replacement from S, and whatever sample of the multi-set
we have, we can assume that it is the element ¢ and answer accordingly. Note that

this is the exact place where sampling without replacement is crucial.

To complete our proof, we need to prove how the Gl-distance between G, and G, is
connected to the EMD between S, and S,,. Consider the set ® of all SPECIAL bijections
from V(Gy) to V(G,,) that maps A into A, and By into B, such that the i-th vertex
of By is mapped to the i-th vertex of B,. Observe that do (G, Gy) = 2 - dga(Sk, Su),
where dg (G, G,,) = glelg dy(G, G,,) (See Lemma (13.5|for a formal proof). The factor
2 is because of the way we define dy(Gy, G.,) (See Definition [12.1). This implies that

tolerant isomorphism testing between G, and G, is at least as hard as tolerant EMD

testing between Sy, and S, if we restrict the bijection from V' (Gy) to V(G,,) to be a SPE-

CIAL bijection. The reduction works for all possible bijections, because of the careful
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choice of the subgraph of G, (and G,,) induced by By, (and B,,), thus ensuring d(Gy,, G,,)
is close to do (G, Gy) (See Lemma([13.6|for a formal proof).

One might compare our proof technique to the lower bound proof of (non-tolerant)
testing of GI from [FMOS]]. In [FMOS], €2 (1/n) lower bound was proved directly (us-
ing Yao’s lemma) by constructing two distributions of YES instances and NO instances
- the construction of the YES and NO instances were inspired from the tightness of
the birthday paradox, which was also the core idea behind the lower bound proof of
the equivalence testing of two probability distributions. But, there was no direct reduc-
tion from GI testing to equivalence testing of two probability distributions. But in our
lower bound proof, we establish a direct reduction to estimating EMD of multi-sets on
the Hamming cube with access to samples without replacement. This can be of much
importance, mainly while considering other models of computation, like in the commu-
nication model. From our reduction, we can obtain an alternative proof of Q(y/n) lower
bound for the (non-tolerant) GI testing via the ©2(y/n) lower bound of the equivalence
testing of distributions, as pointed out in Corollary

Tolerant EMD testing is as hard as tolerant GI testing

In this section, we give an overview of the upper bound part of Theorem |12.5] namely
tolerant EMD testing is as hard as tolerant GI testing. Given a known graph G, and
query access to an unknown graph G, (both on n vertices), we present an algorithm
for tolerant testing of graph isomorphism between G, and G, by using a tolerant EMD
tester (for distributions over /) as a blackbox. Note that this will prove the upper bound

part of Theorem [12.

Algorithm for tolerant GI using tolerant EMD as a black box. Our testing algo-
rithm is inspired by the algorithm of Fischer and Matsliah [FMOS]|] for non-tolerant GI
testing. But our algorithm significantly differs from that of Fischer-Matsliah in some
crucial points. As we explain the high level picture of our algorithm, we will point out

some of the crucial differences.
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We split our algorithm into three phases. In Phase 1, we first choose a (9(72;1)
size collection of random subset of vertices, i.e, coresets C, from the unknown graph
G, where each C,, € C, is of size O(logn). Thereafter we find all embeddings of C,
inside the known graph G. Let the embeddings be 7,75, . . ., n; where Ci = 1,(C,,).
Now each C,, (as well as each C}) defines a label distribution of the vertices of G, (as
well as GG). Let us denote the set of labels as X, (and YC?; ). Now we test if the EMD
between X, and Y¢; is close or far for each i € [J] (See Claim . We keep only
those (C,,,n;) for Phase 2 such that dgy (Xc, , YC,’;) < (71 + %) n|Cyl.

Although Phase 1 of our algorithm is similar to the algorithm of [EMO8], there is a
striking difference. Since the authors of [FMO0S] were testing the non-tolerant version
of graph isomorphism, they were testing the identity of the label distributions of X,
and YC};-' However, since we are solving the tolerant version of the problem, we need to
allow some error among the label distributions. We need to pass only those placements
of C, that under good bijections do not produce much error and testing of tolerant EMD
fits exactly for this purpose. It is worth noting that Fischer-Matsliah uses an equivalence
tester in their algorithm to identify the placements that do not produce “any” error. But,
the proof of correctness of the algorithm would not go through even if we use the tolerant
testing of the equivalence of distributions. The use of EMD in this phase is crucial for

the proof of correctness of our algorithm to hold.

In Phase 2, we choose O ( &;’i?‘)‘g) many vertices from the unknown graph G, ran-
domly and call it W. We further find the labels of all the vertices of W under C-
labelling by querying the corresponding entries of GG, for each C,, that has passed Phase
1. Then we try to match the vertices of W to the set of all possible labels {l1, (2, ..., [;}
of the vertices of (G5, under C’,i—labelling where C’,i = n;(C,), for those n; that have
passed Phase 1. Ideally, we would like to find a mapping ¢ : W — {ly,ls,...,1;} such
that the total distance between the labels of the matched vertices is not too large. If no
such 1 is possible, we reject the current embedding and try some other embedding that
has passed Phase 1.

In Phase 3, we construct a random partial bijection gg : W — V(G}) that maps

the vertices of IV to the vertices of (G}, while preserving the labels according to v. We
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achieve this by mapping each w € W to one vertex of GG, randomly that has same label
as determined by . Finally, we randomly pair the vertices of W and find the fraction
of edge mismatches between the paired up vertices of I/ and $(W) If this fraction is
at most 5y, + %(72 — 1), we accept and say that G, and Gy, are ~;-close. If there is no
such embedding of any C', € C, that achieves this, we report that G,, and G, are »-far.

The proofs of completeness and soundness follow kind of similar route as Fischer-
Matsliah’s proof but the arguments are way more complicated. Many things that were
trivial or obvious in the non-tolerant setting become major hurdles in the tolerant setting,

and we overcome them with significantly difficult technical arguments, presented in
Chapter [14]

12.4.2 Overview of our tolerant bipartiteness testing result

In this section, we present an overview of our algorithm. The detailed description of the
algorithm is presented in Section [15.3] while its analysis is presented in Section [15.4

We will prove the following theorem, which is our main technical result.

Theorem 12.26. There exists an algorithm TOL-BIP-DIST(G, €) that given adjacency
query access to a dense graph G with n vertices and a proximity parameter € € (0, 1),
decides with probability at least 5, whether dy;,(G) < en® or dy,(G) > (2+ k)en?, by
1
Y 1

1y . . )
sampling O (k5—1€2 log kis) vertices in 207z 198 %) time, using O (W log? kis) queries to

the adjacency matrix of G, where dy,;,(G) denotes the distance of G from being bipartite.

Note that Theorem [12.26|implies Theorem[15.1} assuming k£ = Q(1).

Overview of TOL-BIP-DIST(G, €)

Assume (1, Cy, C5 are three suitably chosen large absolute constants. At the beginning
of our algorithm, we generate ¢ subsets of vertices X1, ..., Xy, each with (% log k—u

vertices chosen randomly, where ¢ = [log €. Let C = X; U... U X;. Apart from the

X;’s, we also randomly select a set of pairs of vertices Z, with |Z| = { k?gz log kiJ We

find the neighbors of each vertex of Z in C. Then for each vertex pair in Z, we check
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whether it is an edge in the graph or not. Roughly speaking, the set of edges between
C and V(Z) [7] will help us generate partial bipartitions, restricted to X; U V(Z)’s, for
each i € [t], and the edges among the pairs of vertices of Z will help us in estimating
the bipartite distance of some specific kind of bipartitions of G. Here we would like to
note that no further query will be performed by the algorithm. The set of edges with
one vertex in C and the other in V(Z), and the set of edges among the vertex pairs in
Z, when treated in a specific manner, will give us the desired result. Observe that the
number of adjacency queries performed by our algorithm is (’)(kg—l63 log? kie)

For each i € [t], we do the following. We consider all possible bipartitions F; of
X;. For each bipartition f;; (of X;) in F;, we extend f;; to a bipartition of X; UV (Z),

say such that both f;; and f;; are identical with respect to X;. Moreover, we assign

/
ij?

1;(2) (to either L or R), for each z € V(Z) \ X;, based on the neighbors of 2 in
X;. To design a rule of assigning f;(z), for each z € V(Z) \ X; for our purpose,
we define the notions of heavy and balanced vertices, with respect to a bipartition (see
Definition [T5.8] and Definition [I5.9). Heavy and balanced vertices are defined in such
a manner that when the bipartite distance of G is at most en? (that is, G is e-close), we
can infer the following interesting connections. Let f be a bipartition of V' (G) such that
diip(G, f) < en?®. We will prove that the total number of edges, with no endpoints in
X; and whose at least one end point is a balanced vertex with respect to f, is bounded
(see Claim [15.19). Moreover, if we generate a bipartition f’ such that f and f’ differ
for large number of heavy vertices, then the bipartite distance with respect to f’ cannot
be bounded. To guarantee the correctness of our algorithm, we will prove that a heavy
vertex v with respect to f, can be detected and f(v) can be determined, with probability
at least 1 — o(ke). Note that the testing of being a heavy vertex will be performed only
for the vertices in V(Z). We will see shortly how this will help us to guarantee the

completeness of our algorithm.

Finally, our algorithm computes (;;, that is, the fraction of vertex pairs in Z that are

!/

monochromatic | “| edges with respect to f;;. If we find at least one ¢ and j such that

“Recall that V' (Z) denotes the set of vertices present in at least one pair in Z.
'“ An edge is said to be monochromatic with respect to f ; if both its endpoints have the same 1! ; values.
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Gij < (2+ £) e, the algorithm decides that dy;, (G) < en?. Otherwise, it will report that
dyin(G) > (24 k)en?.

Overview of completeness: Let us assume that the bipartite distance of G is at most
en?, and let f be a bipartition of V(@) that is optimal. Let us now focus on a particular
i € [t], that is, an X;. Since we are considering all possible bipartitions F; of X, there
exists a f;; € F;, such that f;; and f are identical with respect to X;. To complete our
argument, we introduce (in Definition the notion of SPECIAL bipartition SPLZJ.C :
V(G) — {L, R}, withrespect to f by f;; such that f(v), f;;(v) and SPL! (v) are identical
for each v € Xj, and at least 1 — o(ke) fraction of heavy vertices, with respect to f,
are mapped identically both by f and SPLf . We shall prove that the bipartite distance
of G with respect to SPL{ is at most (24 2)en? (see Lemma . Now let us
think of generating a bipartition f;; of V(G) such that, for each v € V(G) \ X;, if we
determine f;;(v) by the same rule used by our algorithm to determine f;;(z), for each
z € V(Z) \ X;. Note that our algorithm does not find f;; explicitly, it is used only for

the analysis. The number of heavy vertices, with respect to the bipartition f, that have

different mappings by f and f;}, is at most o(ken) with constant probability. So, with a
constant probability, f;; is a SPECIAL bipartition with respect to f by f;;. Note that, if we
take | Z| = O (2= log 7= ) random vertex pairs and determine the fraction X{j of pairs
that form monochromatic edges with respect to the SPECIAL bipartition f;;, we can show
1 1
that Xij < (2 + %) e, with probability at least 1 — 9= log 72 > 1%. However, we
are not finding either f;; or X{j explicitly. We just find (;;, that is, the fraction of vertex
pairs in Z that are monochromatic edges with respect to f;;. But the above argument
/

still holds, since Z is chosen randomly and there exists a f;;, such that f;;(z) = fi;(2),

for each z € V(Z), and the probability distribution of (;; is identical to that of Xf;

Overview of soundness: Let us now consider the case when the bipartite distance of
G is at least (2 + k)en?, and f be any bipartition of V(G). To prove the soundness of
our algorithm, we introduce the notion of DERIVED bipartition DER! : V(G) — {L, R}
with respect to f by f;; (see Definition , such that f(v), fi;(v) and DER! (v) are
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identical for each v € X,;. Observe that the bipartite distance of G with respect to
any DERIVED bipartition is at least (2 + k)en? as well. Similar to the discussion of the
completeness, if we generate a bipartition fl'; of V(G), f;; will be a DERIVED bipartition,
with respect to f by f;;. If we take |Z| = O (k517 log 1?15) random pairs of vertices and
determine the fraction ij of pairs that form monochromatic edges with respect to the
DERIVED bipartition f;;, we can prove that X{j < (2 + ) £ holds, with probability at
most 2~ (2 95 %2) . We want to re-emphasize that we are not determining fi';, as well
as X{j explicitly. The argument follows due to the facts that Z is chosen randomly and
there exists an f;; such that f.(2) = Z’;(z), for each z € V(Z), and the probability
distribution of (;; is identical to that of X{] Using the union bound, we can say that the

algorithm rejects with probability at least %.
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Chapter 13

Tolerant Graph Isomorphism is as

hard as tolerant EMD testing

13.1 Introduction

In this chapter, we prove that it is necessary to perform {2 (QWOREMD (n)) queries to
the adjacency matrix of GG, to solve (71, 72)-tolerant GI testing of G, and GG,,. Namely,

we prove the following result:

Theorem 13.1 (Restatement of the lower bound part of Theorem [12.5)). Let Gy, be the
known and G, be the unknown graph on n vertices, where n € N is sufficiently large.
There exists a constant ;50 € (0,1) such that for any given constants ~i,vs with
0 < v < v < €150, any algorithm that decides whether the graphs are ~y-close

or ~ya-far, requires QWOREMp (1) adjacency queries to the unknown graph G,, where
QWORE MDD is as defined in Definition

In Section [12.4.1] we have discussed an overview of of our idea to prove the above
theorem. To prove Theorem [I3.1] we show a reduction from tolerant GI testing to toler-
ant EMD testing over multi-sets when we have samples without replacement from the

unknown multi-set.
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Lemma 13.2. Suppose there is a constant € € (0, %) such that for all constants 1,2
with 0 < 1 < 79 < g9 and any constant T' € N, the following holds: There exists a
(71, 72)-tolerant tester for GI that, given a known graph Gy, and an unknown graph G,
with |V (G,)| = |V(Gy)| = (T + 1)n, can distinguish whether d(G,,, Gy,) < y1Tn? or
d(Gy, Gy) > v2Tn? by performing Q adjacency queries to G.,,.

Then, for any constants 31 and 3 with 0 < (1 < (o < 2, the following holds

where Kk = % and T,, = [H(gﬂﬁ)} There is a tolerant tester for EMD such that,

given a known and an unknown multi-set Sy, and S,, respectively, of the Hamming cube
{0, 137" with |Sy| = |S.| = n, can distinguish whether dgy;(Sk, S.) < BiT,.n? or
dru(Sk, Su) > BoTwn? with Q samples without replacement from S,,.

Remark 13.1. Observe that Lemma talks about tolerant EMD testing between
multi-sets with n elements over a Hamming cube of dimension 7;;n. But Theorem[13.1
states the lower bound of QWOREMD (n), that is, of tolerant EMD testing of multi-sets
with n elements over a Hamming cube of dimension n. However, the query complexity
of EMD testing increases with dimension of the Hamming cube (See Proposition[12.17).
So, we will be done with the proof of Theorem [I3.1] by proving Lemma[13.2

13.2 Reduction from Tolerant GI to Tolerant EMD test-
ing

Here we will present the proof of Lemma To define the necessary reduction for
the proof of Lemma |(13.2] we need to show the existence of a graph G, satisfying some

unique properties.

Lemma 13.3. Ler k € (0,1) and s > 3 be given constants. Then for C,, 3 = f%}
and sufficiently large n € ND there exists a graph G, with C,, sn vertices such that the

following conditions hold.

(i) The degree of each vertex in G, is at least ((1 — k)C, s + 1)n — 1.

'The lower bound of n is a constant that depends on « and s.
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(ii) The cardinality of symmetric difference between the sets of neighbors of any two

(distinct) vertices in G, is at least sn — 2.

Proof. To prove the claim, we use probabilistic method to show the existence of a graph

G, with V(G)) = Cj; ¢n, that can have (possible) self loops and satisfy the followings.
(i) The degree of each vertex in G, is at least ((1 — #)Cj s + 1)n.

(ii) The cardinality of symmetric difference between the sets of neighbors of any two

(distinct) vertices in G;, is at least sn.

Let us construct a random graph having the vertex set V/(G),) such that each pair
{u, v}, withu,v € V(G}) , is an edge with probability 1 — & independent of other pairs.
Now we compute the probability that the degree of a vertex v € G(V}), that is
dege, (v), is at most ((1 — x) Cy s + 1)n. For each v € V(G)), let X,y be the indi-
cator random variable that takes value 1 if and only if {v,v'} € E(G]). Note that

degg, (v) = > Xu. Also,P(X, =1)=1-%. So, the expected value of deg, (v)
P VeV (Gh) v
is (1 - g) Csn. By using the Chernoff bound (Lemma D , we have

P (degg (1) < (1= k) Cre + 1))

=P (deg%(v) <(1-¢) <1 — g) C,{,Sn> <where £ = % < 1)

_ 62(27N)C,€,57L
< e 6

Let &) be the event that there exists a vertex v € V/(G,) such that the degree of v in G},

is at most ((1 — x)Cj s + 1)n. Using union bound, we can say that

52(27,%)0,1,571 €2<27N)C,{75’ﬂ

P(&) <|V(G)|em o <Cun-e o

Let &, be the event that there exists two (distinct) vertices u, v with |NG§’ (u)ANG% (v) ‘ <
sn, where Ng; (u) denotes the set of neighbors of u in G},. Our goal is to show that G,

exists which satisfies the required conditions. Observe that, (7}, satisfies the required
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conditions if and only if P(Ef N E5) > 0. The rest of the work in this proof is to show
PENES) >0

To bound P(&;), consider two distinct vertices u and v. For w € V(G}), let Y, be
the indicator random variable that takes value 1 if and only if w € Ng;(u)ANg (v).
Note that |[Ng; (u)ANg (v)] = > Y, and P(Y,, = 1) = 2-5(1—%). So, the

weV (Gh)
expected value of ‘NGL(U)ANGL(U) ,
K K
Nay (u)ANG (0)[] =25 (1= 5) Cuon.
B [|Nay (wANay ()] =25 (1= ) O

AsCy =] (ZGSH HNG/ ) A N (v )H > 3sn. Now applying the Chernoff bound
(Lemma [2.11)), we have

(|NG/ ) A Ngy (v )| < sn) < e o
Now, by using union bound, we can say that P(&,) }V (G) | e = C’2 nle” 5.

Finally using union bound one more time and the fact that n is sufficiently large, we
have

2(2 N)CH sn 4sn

IP’(&UEQ)SC’H,STL-@ —|—C2TL6 o < 1.

Hence, P(Ef N ES) > 0. O

Let ALG(v1,72,T) be the algorithm that takes +; and vy, with 0 < 71 < 72 <
go as input and decides whether d(G},, G.,) < mTn? or d(Gy, G,) > Y2Tn?, where
V(Gr)| = |V(Gy)| = (T + 1)n. Now we show that for any two constants [3; and
Bowith0 < By < fBo < 2, 5 = &L and T, = (ﬁ}, there exists an algorithm

A(B1, B2, k, T, that can test whether two multi-sets Sy, and S,, over the T, n-dimensional
Hamming cube have EMD less than 7T.3;n? or more than T} /3,n* with () queries to
the multi-set S,. To be specific, algorithm A(S1, 52, K, 1)) for EMD testing will use
algorithm ALG(v1,72,T) for (71, v2)-tolerant GI such that v; = 201, v2 = 265 — 2k
and T' = Ty. Note that,as 0 < ) < 8, < F and k = %, 0 < v < 7y < gg holds.
The details of the reduction, that is, algorithm A is described below.
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Description of the reduction

Input: A known multi-set S, = {ki,...,k,} over Hr_, = {0,1}7" and query access

to an unknown multi-set S, = {u1, ..., u,} over Hr, .
Goal: To decide whether dgp;(Sk, Su) < T,.51n? or dppr(Sk, Sy) > Ty Ban?.

Construction of G and G, from S; and S, : Let us first construct the graph G, from
Sk. Gy has (T, + 1)n vertices partitioned into two parts A, = {ay,...,a,} and

By = {b1,...,br.n}. Now the edges of G}, are described as follows:

* G| Ag] is a clique with n vertices.

* G|By] is a copy of G,(V,, E,) on T;n vertices stated in Lemma with

parameters s = 5, kK = % and T, = C). 5.

* For the cross edges between the vertices in A, and By, we add the edge
(a;,b;) to E(Gy) if and only if the j-th coordinate of k; is 1 for all i € [n]
and j € [Tyn].

Figure 13.1: Construction of the graph G € {Gy, G, }

Note that the graph G constructed above is unique for a given multi-set S;. The
graph G, with the vertex sets A, = {a/,...,a,,}and B, = {V}, ...,V ,} is constructed
from the multi-set S, in a similar fashion, but at the end, the vertices of A, are permuted

using a random permutation. So,
* (G,[A,] is a clique with n vertices.
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* G,[B,]is acopy of the graph G, (V},, E,,) on T;n vertices as stated in Lemma|13.3}

with parameters s = 5, k = % and T}, = C,; 5.

* Let us first pick a random permutation 7 on [n]. For the cross edges between the
vertices in A, and B,, we add the edge (a] ), b;) to E(G,) if and only if the j-th
coordinate of u; is 1 for all i € [n] and j € [T,n].

Note that our final objective is to prove a lower bound on the query complexity for
tolerant testing of GI, that is, when we have an adjacency query access to G,,. We will
instead show that the lower bound holds even if we have the following query access,
named as A,-neighborhood-query: the tester can choose a vertex a; € A, and in one go
obtain the information about the entire neighborhood of « in B,,.

Observe that the only part of GG, that is not known to the tester is the cross edges
between A, and B,,. So, in this case, the A,-neighborhood query is way more stronger
than the standard queries to GG,,, and a lower bound for the A, -neighborhood query would

imply a lower bound on adjacency query.

Simulating Queries to GG, using samples drawn from S, without replacement:

Following above discussion, we only need to show how to simulate A,-neighborhood
queries using samples drawn from S, without replacement. So, we can assume that the
queries are of the form: what are the neighbors of a); in B,,? And since in each query the
entire neighborhood of «] is obtained, the tester would pick different a; for every query.
Note that in G, by construction, the vertices of A, were permuted using a random
permutation. So, from the point of view of the tester, the a; are just randomly drawn from
A, minus the set of @ already queried. In other word, the a/ are just randomly drawn
from A, without replacement. Now because of the way the edges between A, and B,
are constructed, the neighborhood of a random a drawn from A, without replacement
is same as obtaining random samples from S, without replacement.

It is also important to note that because of the randomness, the queries made by the

tester are actually non-adaptive.
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Description of algorithm A for testing dz,, (S, S,,)

Run ALG on G} and G, with parameters 7, = 23; and 7, = 2835 — 2k. If ALG reports
d(Gr, Gy) < Teyin?, output that dgas(Sk, Su) < T,.Sin® Similarly, if ALG reports
that d(Gy, Gy) > T.yen?, then output dps(Sy, Su) > Ty Ban?.

13.3 Correctness of our reduction

To prove the correctness of the above reduction, let us first consider the following defi-

nition of SPECIAL bijection and its connection with dgps(Sk, Sy)-

Definition 13.4 (Special bijections). A bijection ¢ from V(Gy) to V(G,,) is said to be
SPECIAL if ¢(4,) = Au, ¢(By) = B, and ¢(b;) = b, for all b; € By. The set of
all special bijections from V' (Gy) to V(G,,) will be denoted by @, and de(Gy, G,,) :=

Lemma 13.5. Let Sy, S, be the known and unknown multi-sets, respectively. Then
de(Gr, Gu) = 2 - dpa(Sk, Su)-

Proof. We will first prove that dg (G, G) < 2 - dgp(Sk, Su)-

Recall that S, = {ki,...,k,} and S, = {uy,...,u,} be the known and unknown
multi-sets over the Hamming cube Hr,_,, = {0, 1}T*”~". Also, note that G, and G, are
the unknown and known graphs with vertex bipartitions A,, B, and Ay, By respec-
tively as discussed earlier. Let ¢» : S, — S, be an optimal bijection that realizes
dem (Sk, Su). Now, we will construct another bijection ¢ € ® such that d/ (G, G,,) =
2 - dgr(Sk, Su)-

We construct the bijection ¢ € ® from V(Gy) to V(G,,) as follows: for each i, j €
[n],¢'(a;) = a if and only if ¢ (k;) = wuy;; foreach £ € [Tyn],'(b;) = bj. From the
construction of ¢/ and by the definition of dy (G, G,,) (See Definition , it is clear
that dy (G, Gu) = 2 - dgp(Sk, Su)- Since do (G, Gy) = glelg dy(Gk, G,,), we can say
do(Gy, Gy) < dy(Gy, Gy) =2 - dpp(Sk, Su)-

Now we will prove the other way around, that is, we will show that dgps(Sk, Sy) <

—d‘P(G;’G“) holds as well. Let ¢ € ® be a bijection from V (Gy) — V(G,) that realizes
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de(Gy, G,,). By definition of ®, we can assume that ¢)(b;) = b/ for each i € [T,,n]. Now,
let us consider a bijection ¢/’ from the multi-set Sy, to S,, defined as follows: ¢/(k;) = u;
if and only if ¢(a;) = a/ forall i, j € [n]. Observe that 3 dp(ks, ¢/ (k;)) = 2GeCu),

i€[n]

Thus, dis (Si, S) < 3 da(hiy o (k) = 20500 — delCLCo),
1€[n]
Putting everything together, we have de (G, G\) = 2 - dgp(Sk, Su)- ]

Using the following lemma, we will show how dg(Gy, G,,) is related to d(G,,, Gi),

where @ is the set of all SPECIAL bijections.

Lemma 13.6. Let ® be the set of all SPECIAL bijections from V (Gy) to V(G,,) and let
de (G, Gy) = gleig dy(Gr, Gy). Then we have do(Gy, G,) — 26T,n* < d(Gy,G,) <
dCD(Gka Gu) ﬂ

Proof. Note that d(Gy, G,,) < de(Gy, G,,) follows from their definitions.

For the proof of the other side of the inequality, let us consider a bijection v :
V(Gy) — V(G,) that realizes d(Gy, Gy,), that is, d(Gy, Gy) = dy(Gk, Gy). If ¢ is
a bijection such that ¢ € ®, then dg(Gy, G,,) — 26T,:n* < d(Gy, G.,) holds. So, let us
assume that ¢ ¢ ®. Then we will show that there exists a bijection ¢ € ® such that
dy(Gr, Gy) < dy(Gy, Gy) + 2kT,n?, which will imply de (G, G,) < dy(Gy, Gu) +
2kTn?, that is, de (G, Go) — 26T,n?* < d(Gy, G,).

We will now present the construction of ¢ € ® from . Let us first partition the
vertices of By, with respect to ¢, into three parts: By = Bpg; U By U Bya; for each
b; € By, ¥(b;) = b; for each b; € Bgy, ¥(b;) € B, but )(b;) # bl; for each b; € By,
¥(b;) € A,. Also, we partition the vertices of A, into two parts: Ay = A4 Ll Ap; for
each a; € Ay, ¢¥(a;) € Ay; for each a; € Ap, ¥(a;) € B,. Let |Ba| = |Ap| =
and |Bgy| = y, where 0 < x < nand 0 < x + y < T,n. Now, we will construct the
bijection ¢ € ® (from 1) by performing the following three steps in that order. Note
that the construction of ¢ is not a part of our reduction. This is used for analysis purpose

only.

*Note that this relation does not hold in general. However this is true for the graphs G} and G,
constructed in the reduction.
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Step (i) ¢(u) = ¥ (u) for all vertices u € Bg; U A4.
Step (ii) For each a; € Ap, ¢(a;) € A, \ Y(A4). Also, for each b, € By, ¢(b;) = b, €
Bu \ w(BBI)
Step (iii) For each b; € Bgy, ¢(b;) = U..
Observe that ¢(Ax) = Ay, ¢(Br) = B, and ¢(b;) = b, for all b; € By, thatis, ¢ is a
SPECIAL bijection. It remains to show that
de(Gy, Gu) < dy(Gy, Gy) + 26Tn?. (13.1)

Recall that the graphs G[By] and G| B,] are the same copies of G,(V},, E,), where

|V,,| = Tyxn. Observe that

« From Lemma|[13.3] the graphs G[B;] and G,,[ B,] satisfy the following property[’}
cardinality of symmetric difference between the sets of neighbors of any two dis-

tinct vertices is at least bn — 2.

* Since G[Ax] and G, [A,] are cliques, the degree of each vertex in graphs G [Ay]
and G,[A,] is exactly n — 1.

To prove do (G, Gy) < dy(G, Gy) + 2kT,:n?, it will be sufficient to show that

From Equation|13.2] we will be done with the proof of Inequality as

dp(Gu, Gr) < dy(Gy, Gi) + 4z |Ag| + 4o + 22y + x(x — 1) + 2y | A — y(5n — 2)
= dy(Gk, Gy) +4zn + 4z + 2zy + n(n — 1) + 2ny — y(5n — 2)
< dy(Gr,Gy) +4n® +4n + 2ny +n* + 2ny — y(5n — 2)
< dy(Gy, Gy) + 8n?
< dy(G, Gy) + 25Tn?

SNote that we are using Lemma|13.3|with parameters s = 5, k = ﬁ?giﬂl and T}, = Ci 5.
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The last but one inequality follows from the fact that 0 < z < n and the last inequality
follows from the fact that ), = [,5251.

Now we present the proof of Inequality

Proof of Inequality (13.2). Here we prove that
de(Gu, Gi) < dy(Gy, Gi)+4z(|Ag|+ 1)+ 2zy+x(x—1)+2y | A, —y(5n—2). (13.3)

Instead of directly proving the above inequality, we will prove it in four steps for
better exposition. In Step 1, we prove the inequality for + = 1,y = 0. Then we
generalize it for x < n,y = 0, followed by x = 0,y < T, n. Finally, combining Steps 1,
2 and 3, we prove the inequality forany 0 < z < n,and 0 < y < Tyn.

Step 1 (x =1,y = 0): So, let us assume that a; € Ay, a; € Ay, by € By and U, € B,
be such that the following holds: w(a;) = b and ¥(b;) = a}, ¥(2) € A, for each
z € A\ {a;}, and ¢(b;) = b, € B, for each b, € By \ {bs}. By the description of
Steps (i), (ii) and (iii) of generating ¢ from v, as discussed in Lemma([13.6] we have the

following observation.

Observation 13.7. For x = 1 and y = 0, we have ¢(a;) = b, and ¥ (b;) = a; ¢(a;) =
a; and ¢(bs) = b; Forany z € (A U By) \ {as, bs}, ¢(2) = ¥(2).

We can think of ¢ is generated by performing a swap operation, that means, the
mappings of a; and b, are swapped while generating ¢ from ). Now we show (for the

special case of z = 1 and y = 0) that:
de(Gr, Gu) < dy(Gr, Gy) + 4(| Ak + 1). (13.4)

By Observation|13.7, ¢(x) = 1 (z) for all vertices = € (AU By) \ {a;, bs}. So, any pair
of vertices in (A U By,) \ {ai, bs } has no effect on d (G, Gi) — dy (G, Gi). Following
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Definition|12.1|and Definition {12.9] we can say that

dy(Guy, Gi) — dy(Gy, Gi) < 2( |DECIDER(a;)| — |[DECIDERy;(a;)|

+ |DECIDER(bs)| — ]DECIDERw(bS)|>

Note that the first term above can be written as DECIDER,(a;) = (DECIDER(a;) N

(Ar U {bs})) U (DECIDERy(a;) N (By, \ {bs})). Breaking other terms in the above ex-
pression similarly, we have

dy(Gu, Gi) — dy(Gy, Gy)
2[2( |Ag| + 1) + |DECIDERg(a;) N (By \ {bs})| — |DECIDERy(a;) N (By \ {bs})]
+[DECIDER(bs) N (Bg \ {bs})| — [DECIDER(bs) N (Bi \ {bs})]
— 4|Ay| + 4 + 27, where
= |DECIDER(a;) N (By, \ {bs})| — |DECIDERy(a;) N (By \ {bs})]
+[DECIDER (bs) N (By \ {bs})| — [DECIDER(bs) N (Bi \ {bs})]

By showing Z < 0, we will be done with the proof of Inequality (13.4). Observe
that we can say [DECIDER(a;) N (B \ {bs})| = |¢ (Np\ .3 (ai)) ANp 3 (6(ar)))-

Also, writing the other terms in the expression of Z in the similar fashion, we get

Z < |&(Npo o3 (ai)) A (Npa g1 (8(a:)) | = [ (N qoa3 (@) A (N o3 (€(a)) |
+ 10 (N, (05)) A (Np 3 (0(0:))) | = [¢ (N oy (0)) A (N o (1(05)) |

Once again, from Observation

(Npqo.y(ai)) = ©(Np,\ .y (ai) (Say 1)
N3 (9(ai) = Np,a 3 (1(bs)) (Say I2)
(N (5.3 (bs)) = & (Np\qo.3 (bs)) (Say I3)
Np\py(Y(ai)) = Np, oy (0(bs)) (Say 1y)
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From our above derivation, |I3Al;| = [DECIDER,(bs) N (By \ {bs})|. Since y = 0, we
have
|IDECIDER(bs) N (B \ {bs})| = 0.

So, to prove Z < 0, it is enough to show Z < 2|I3AT,|. Note that
7 < |LAL| — |LLAL| + |I3AL| — |I3AL)].
By using triangle inequality, Z can be upper bounded as follows:

Step 2 (x < n,y =0): Letusconsider Ag C A, and B4 C By, such that ¢(a;) € B,
for each a; € Ap, ¥(bs) € A, for each by € Ba, ¥(a;) € A, foreach a; € A\ Ap,
and 1 (bs;) € B, for each by € By \ B4. Now let us consider swapping (described

below) the mapping of a; € Ap and by € By such that ¢(a;) = b,. Let a’; € A, be
such that ¢(b;) = aj. Let us construct ¢, : V(Gy) — V(Gy) from ¢, = 1) such
that the followings hold: ¢, 1(a;) = a}, ¢1(bs) = b, and ¢, 1(2) = 1(2) for each
z € (A U By) \ {a;, bs}. Proceeding in the similar fashion as in the case when z = 1

and y = 0, we get
dp, (G, Gi) — dyp(Gy, Gy) < 4| Ak + 44 2| ALY,
where |I3AI| = |DECIDER(bs) N (By \ {bs})] < 2 — 1. So,

dg, 1 (Gu, Gi) < dyp(Gy, Gy) +4Ak] +4+2(x — 1).

We can proceed in the similar fashion by performing swapping operation of the ver-
tices in A and Y}, one by one, and construct ¢, = 1, ¢, _1, Pp_2, ..., P9 = ¢. Observe

that dy, ,(Gu, Gi) < dy,(Gu, Gi)+4|Ag|+442(i—1). Also, note that ¢ is a SPECIAL
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bijection, and moreover

Step 3 (z = 0,y < Tyn): Letus consider Bgy C By, such that | Bgy| = y. Note that
for each by € Bpy, 1(bs) # bl,. Consider by € Bpy such that ¢/(bs) = b;, and let b; be
such that ¢(b;) = ¥. Let us construct ¢,_; : V(G,) = V(G},) from ¢, = 1) as follows:
Gy—1(bs) = b, ¢y_1(b;) = b, and ¢, _1(2) = (z) for each z € (A U By) \ {bs, b;}.
Thus,

d¢y_1(Gu, Gk) S d¢y(Gu, Gk) + 2 ’Ak’ — (5n — 2)

The term 2 |Ay| corresponds to the fact that any vertex of Bpy has at most |Ay|
neighbors in A;. The second term comes due to the properties of the probabilistic con-

struction of By, and B,, following Lemma[13.3]

Step 4 (x < n,y < T,n): Letusassume ¢(a;) = b.,. Now there are two possibilities:

(D) ¥(bs) = aj.
(2) ¥(bs) = by

For (1), following the discussion of z < n,y = 0, we can say that
dg,, < dy(Gu, G) + 4([Ak| + 1) +2(z +y - 1).
For (2), we follow the discussion of z = 0,y < T,n, and the following holds:
dg, , 1 (Gu, Gi) < dy(Gy, Gi) + 2 |Ag| — (5n — 2).
Putting everything together, we have
dy(Gu, Gi) < dy(Gy, Gi) +4x(|Ak] + 1) + 22y + 2(x — 1) + 2y |[A,| — y(5n — 2).

O
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The following lemma completes the proof of Lemma|l3.2

Lemma 13.8. The described algorithm A for EMD, that uses Algorithm ALG on G|,
and G, with parameters -y, and ~y, as a subroutine, determines whether dg;(Sk, Su) <

BT n* or dpas(Sk, Su) > BaT,n? with probability at least 2/3, where 1 = 231, vy =
252 — 2K.

Proof. By the assumption of the existence of algorithm ALG that decides whether
d(Gy, Gy) < Teyin? or d(Gy, Gy) > Tyon?, we will be done with the proof by show-

ing the followings.
(i) If dEM(Sk7 Su) S Tnﬁan’ then d<Gk7 Gu) S TH’Ylnz,
(ii) If dgas(Sk, Su) > T,fon?, then d(Gy, Gy) > Tyen?.

We will first prove (i). From Lemma(13.5] we have do (G, Gy) = 2 - dpa(Sk, Su),
where @ is the set of all SPECIAL bijections from V' (Gy,) to V(Gy,). So, dgn(Sk, Su) <
T,.f1n? implies dg (G, G,) < 2T,.6in* = T,yin*. Now, following the definition of
SPECIAL bijections (Definition and Lemma we can say that d(Gy, G,) <
do(G, Gy) < Tyin?.

Now, for the proof of (ii), considering the fact that do (G, Gy) = 2 - dpp(Sk, Su) as
above, we can say that dgys(Sk, Sy) > T,fon? implies dg(Gy, G,) > 2T, Bon?. From
Lemma[13.6] it follows that de(Gy, G,) — 26Txn* < d(Gy, G,). Thus, d(Gy, G,,) >
T, (285 — 2K)n? = Tyyan?. O

O
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Chapter 14

Tolerant EMD testing is as hard as

tolerant Graph Isomorphism

14.1 Introduction

In this chapter, we prove the following theorem, that discusses about algorithm for tol-
erant graph isomorphism testing with a blackbox access to tolerant EMD testing over

multi-sets.

Theorem 14.1. (Restatement of the upper bound part of Theorem Let Gy, and G,
be the known and unknown graphs, respectively. There exists an algorithm that takes pa-
rameters v, and vy as input such that 0 < v; < v < 1, performs @) (QWOREMD(n))
queries to the adjacency matrix of G, for appropriate 31 and (35 depending on v, and
Yo, and decides whether d(G.,, Gy) < yin? or d(Gy, Gy) > ~an?, with probability at

L - and log n.

least 2/3. Here O(-) hides a polynomial factor in -

Remark 14.1. The theorem stated above works for any 7,7, such that 0 < v < 7, <

1. However, for simplicity of representation, we have assumed v, > 11;.

Remark 14.2. Note that Theorem can also be stated in terms of QWRE M (1) as
QWOREgMD (7)) < QWREMD (7) as we can simulate samples with replacement when
we have query access to samples without replacement (See Proposition [12.13]).
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Our algorithm for tolerant GI testing, as stated in Theorem [14.1} uses a special kind
of tolerant EMD tester over multi-sets: we know ¢ multi-sets, one multi-set is unknown
and two parameters €; and €5 are given; the objective is to test tolerant EMD of each
known multi-set with the unknown one. The following theorem gives us the special

EMD tester.

Theorem 14.2. Let H = {0,1}" be a n-dimensional Hamming cube. Let {Sj : i €
[t]} U {S.} denote the multi-sets with n elements from H where {S} : i € [t]} denote
the set of t known multi-sets and S, denotes the unknown multi-set. There exists an
algorithm ALG-EMD that takes two proximity parameters €1,co with 0 < g1 < g9 < 1
and a § € (0,1) as input and decides whether dgn (S, Si) < e1n? or dgp(Su, Si) >
eon?, with probability at least 1 — 6, for each i € [t|. Moreover, ALG-EMD uses
QWOREMD(n) - O (log %) samples without replacement from S,,.

The above theorem follows from the definition of QWORE N (n) (See Defini-
tion [12.16) along with union bound and standard argument for amplifying the success

probability.

Remark 14.3. The algorithm of Theorem to be discussed in Section formu-
lates a tolerant EMD instance of multi-sets having n elements in H = {0, 1}¢, where
d = O(logn/(y2 —71)). But ALG-EMD is an algorithm for tolerant EMD testing
between two multi-sets having n elements in {0, 1}". This is not a problem as the query
complexity of EMD is an increasing function in dimension (See Proposition in
Section [12.3.2). Moreover, the algorithm in Section[I4.2]calls ALG-EMD with param-
eters 1 = (11 + Boot)» €2 = 12/5, t = 90(0g*n/(v2=71)) and § is a suitable constant
depending upon v, and 7,, where v, and v, are parameters as stated in Theorem [14.1

So, each call to ALG-EMD, in our context, makes O (QWOREMp (1)) queries.

14.2 Algorithm for tolerant GI testing

For our algorithm, we need the following definitions of label and embedding.
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Definition 14.3. (Label of a vertex) Given a graph G and C' C V(G) = {c1,... ¢/},
the C-labelling of V' (G) is a function L : V(G) — {0, 1}I such that the i-th entry of
L (v) is 1 if and only if v is a neighbor of ¢; € C. Also, L(v) is referred as the label
of v under C-labelling of V' (G).

Definition 14.4. (Embedding of a Vertex Set into another Vertex Set) Let G, and G, be
two graphs. Consider A C V(G,) and B C V(Gy,) such that |[A| < |B|. An injective
mapping 7 from A to B is referred as an embedding of A into B.

Now we present our query algorithm TolerantGI(G.,, Gy, 71, 72) that comprises
three phases. The technical overview of the algorithm is has been already presented in
Section(12.4.1

Formal Description of TolerantGI(G,, G}, V1, 72):

The three phases of our algorithm are as follows:

Phase 1: The first phase of our algorithm consists of the following three steps.

Step 1 First we sample a collection C,, of O (log n) sized random subsets of V' (G,,) with

Cu| = O(5;%;). We perform Step 2 and Step 3 for each C,, € C,..

Step 2 We determine all possible embeddings, that is, 71,...,7n;, of C, into V(Gy),
where J = (O(l:gn)) < 20(og®n)  For each i € [J], let C% be the set of images
of C, under the i-th embedding of C,, into V(G}), that is, Ci = n;(C,). For
all ¢ € [J], we construct the multi-set Y; that contains C: -labellings of all the

vertices of Gy,.

Step 3 Now for each vertex v € V(G,), there is a C,-labelling of v. Let X¢, be the
multi-set of C),-labellings of all the vertices in V' (G,,). However, X, is unknown
to the algorithm. We call ALG-EMD (as stated in Theorem by setting
parameters as described in Remark to decide whether dgy (X, YC}Q) <
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C,’s and their accepted embeddings into G, and call the set I', that is,

(71 + Baag ) |Cul or den(Xe,, Yes ) > 72n |Cul /5, for each i € [J]. Let us pair

I'= {(Cu, n:) | ALG-EMD decides dpy(Xc,, Yei ) < (11 + VZW) n|C,y ‘}

Note that, at the end of the Phase 1, we have T' with [[| < |C,| - 200g*n) —
@] (2(1"g ”)) . By the description of Step 3 above, Phase 1 of our algorithm calls ALG-
EMD O(|C,|) times, once for each C,, € C,. So, setting § = 9|F\ in Theorem we
obtain the following observation about I' that will be used to prove the soundness of our

algorithm.

Observation 14.5. Consider I', the set of accepted embeddings that have passed Phase

1 paired with corresponding C',, as defined above. Then
8
P (¥ (Cum) € Tydiui(Xa,, Yop) < en|Cal /5) 2 .

Phase 2: In the second phase, the algorithm performs the following two steps.
Step 1 We sample a subset 1V of O(log?n /(72 — 71)°) vertices randomly from G,.

Step 2 For each (C,,n;) € I that has passed Phase 1, we perform the following steps:

(i) We find the C}. = n;(C,)-labelling of the vertices of Gy. Let I, ...,[; be the
labels of the vertices where ¢ = 2| and V; C V(Gy) be the set of vertices
with label ;.

(ii) We define a matrix M of size |W| x 91| where each row represents the
label of a vertex w € W and each column represents one of the possible
Ci-labelling of V(Gy) [l The (i,7)-th entry of M is defined as: M;; =
du(Le, (i), 15).

'Let C, = {@1,...,%0%0gn/(va—m)) }. Note that for each w; € W, Lc¢,(w;) €
{0, 1}0(log n/(v2=71)) guch that the j-th coordinate is 1 if and only if w; is a neighbour of x;, where

€ [(9(10g2 n/(y2 — 71)3)} and j € [O (logn/(y2 —71))]. Similarly, I; € {0,1}°0cgn/(2=71)) such

that the i-th coordinate of [; is 1 if and only if n(z;) is a neighbour of v € V}, where j € {2|C’1 q .
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(iii) We choose a function ¢ : W — {ly, .. .[;} randomly satisfying the following

two conditions:

S d(Le(w), b(w)) < 221G W] & [ pw) = 1} < [V;]¥) € ]
w
(14.1)

Let ['yy be the set of tuples such that
Tw ={(Cy,ni,¥) : (Cy,m;) € T and 1) satisfies Equation (14.1)} .

Like Observation the following observation about the set Iy will be used to

prove the soundness of our algorithm.

Observation 14.6. || < |T| < 2002* ) Moreover, any (C.,,7;, 1) that has passed
this phase satisfies Equation (14.1).

Phase 3: The third phase of our algorithm comprises the following four steps.

Step 1 We randomly pair up the vertices of W. Let {(a1,b1), ..., (a,, b,)} be the pairs
of the vertices, where p = O(log? n/ (72 — 71)*). We now determine which (a, b;)
pairs form edges in (G, by querying the corresponding entries of the adjacency

matrix of GG,,.

Step 2 For each (C,, n;,1) € 'y that has passed Phase 2, we perform Step 3 and Step

4 as follows:

Step 3 We choose an embedding ¢ : W — V/(G},) randomly, satisfying ¢(w) € V; if
and only if ¢)(w) = [; and modulo permutation of the vertices in V; for all j € [t].
In other words, we map each w € W to a vertex in G, randomly having ¢ (w) = [,

as its C} -labelling in Gy,

Step 4 We compute ((C.y, 7;, 7, <;5 ‘{ (@i bi) : Liayp) = 1}’ /p, where 1,5,y = 1if
exactly one among (a;, b;) € E(G,) and (6(a;), d(b;)) € E(Gy,) holds.
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If ¢(Coy i, ¥, &) < 571 + 2(72 — 1), then HALT and REPORT that G, and G

are y;-close.

While executing Step 3 and Step 4 for each tuple in I'yy, if we did not HALT, then
we HALT now and REPORT that G, and G}, are »-far.

Observation 14.7. (i) The number of times our algorithm executes Step 2, Step 3
and Step 4 is at most |y | < 200c®n),

(ii) If there exists a (C.,, n;, ¥) such that {(C\, n;, 1, &5) <5y + %(’yz — 71), then our
algorithm reports that GG, and Gy, are v;-close. Otherwise, G, and G}, are reported

to be o-far.

14.3 Proof of correctness

To prove the correctness of our algorithm, we need to show the following three proper-

ties:

Completeness Property If G, and G} are v;-close to isomorphic, then our algorithm

reports the same with probability at least 2/3.

Soundness Property If GG, and G}, are +»-far from isomorphic, then the algorithm re-

ports the same with probability at least 2/3.

Query Complexity The query complexity of our algorithm is O (n).

14.3.1 Proof of completeness

In order to prove the completeness property as described above, we will first prove some
claims. Finally, combining the claims, we would conclude the completeness property of
our algorithm.

We will first prove that there exists a C,, € C, considered in Step 1 of Phase 1 of the
algorithm and a corresponding embedding 7; : C,, — V(G}) in Step 2 of Phase 1 such
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that dpn(Xe,, Yoi ) < (1 + S5t )n|Cul holds with probability at least 20/21, where
Ci. = mi(C).

Claim 14.8. Let ¢ : V(G,) — V(Gy) be a bijection such that dy(G.,,Gy) < yin®
Then there exists a C,, € C, and an embedding n; : C, — V (G},) such that the following
hold with probability at least 20/21.

* Vv € Cy, we have n;(v) = ¢(v), and

* dpm(Xe,, Yor) < (n+ Bggihn |l
Note that Cj, = 1;(C,) and Y is set of Cj-labelling ofV(Gk).ﬂ

Proof. Consider a particular C,, € C, and an embedding 7; : C,, — V(G}) such that
n;(v) = ¢(v) for all v € C,. Note that this embedding 7; is considered in Step 2 of
Phase 1 of the algorithm. Now we will show that dpa(Xe,, Yo ) < (11 + g5t )n | Cll
holds with probability at least a constant, to be specified later, that depends upon ~y; and
2, where C = n;(C,).

We know that d(G,, Gx) < y1n* and by Definition (12.9 we have

> |DECIDER(z)| < mn’.
€V (Gy)

Thus,

E| ) [DECIDERy(z) NCyul| < mn|Cyl. (14.2)
iEEV(Gu)

From Definition[12.9] we can say that

d Xo ,Yi) = i DECIDER Nnc,
em(Xey, Ck) f:V(G{Bl—{lV(Gk) Z | #(z) |
Z‘EV(Gu)
< ) |DECIDER4(z) N C,|

er(Gu)

“Cj, and Y; are defined in Step 2 of Phase 1.
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Therefore,

E |dpy(Xe, Ye)| < E| Y IDECIDERy(x) N C,|
2€V(Gu)

< mn|C,|  (From Equation (14.2))

Using Markov inequality, we can say that

Y2— N M1
P(d Xo  Yoi) < Cul) 21— ———.
(EM( cwYop) < (g ’) T ot

Note that |C,| = O(Wi%) and we have been arguing for a particular C, € C,. So,

taking |C,| suitably, we get a C,, and an embedding 7, : C,, — V(G}j) satisfying the

properties mentioned in the statement of this claim with probability at least 20/21. [

The above claim discusses about the existence of a C, € C, and its embeddings
satisfying above mentioned desired properties. Now we discuss how our algorithm de-
termines all C,, € C, that satisfy the properties. Note that Step 3 of Phase 1 of our
algorithm calls ALG-EMD. Following the correctness of ALG-EMD (Theorem [14.2)),
we determine all embeddings n; : C,, — V/(G}j) such that dEM(XCu,YC;-C ) < (m +
Lot )n |Gy holds with probability at least 20/21. The discussion in this paragraph is
formalized in the following claim.

Claim 14.9. Let C, € C, and 1y, ...,n; be the all possible embeddings of C,, into
V(Gr). Then Step 3 of Phase 1 can determine the set I' = {(Cy,m:) | dem(Xe,, Yoi)
< (m + Z)n |Cyl} with probability at least 20/21. Note that C}, = 1;(C.), X¢, is
the set of C,-labelling of V(G,,) and Yei is set of Ci -labelling of V (G,).

As we are considering the case that G, and G, are 7;-close to being isomorphic,
from Claim we can assume that there is an appropriate (C,,7;) € I' such that
dev(Xe,, Yei) < (m + 50 )n |Cul- Now we will prove that there exists a function
W —{ly,...,1;} as considered in Step 2 (iii) in Phase 2 of our algorithm such that

Equation (I4.1)) holds with probability at least 20/21.
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Claim 14.10. Ler ¢ : V(G,) — V(GYy,) be a bijection such that dy(G.,, Gy) < y1n* and
(Cusm;) € T where Cy € Cy andn; = Cy — V(Gy,) be an embedding such that

(a) Yv € C, we have n;(v) = ¢(v), and

() dpm(Xe,, Yei) < (m + S5t )In |Cu| where Cf = 1i(Cy).

Also, let {{y,...,l;} be the all possible C}-labellings of V(Gy), where t = [2|C’i|].
Then there exists a mapping v : W — {ly,...,l;} such that the following hold with
probability at least 20/21.

, and

i) > du(Le,(w), ¥(w)) < 2

weWw

(i) Vj € [t], we have |{w : Y(w) = 1;}| < |V}

Proof. From the conditions given in the statement of the claim, we can say that there
exists f : V(G,) — V(Gy) such that f(v) = n;(v) = ¢(v) for all v € C, and

Y. |DECIDER;(x) N Cy| < (71 + Lgaat)n |Cul
€V (Gy)

Since [DECIDER () N Cy| = du(Le, (x), Log (f())), we have

T2— N
> dulLe,(@), Loy (F@)) < (n+ ps-In|Cul
z€V(Gu)

Since we are taking the vertices in W uniformly at random from G, we can say that

B |2 dulfe(w), Lo (S >>>]_<m+7200§1>|c|| |

Using Hoeffding’s inequality, we have

(Z du(Le, (W), Lo (f(w))) < % C.| |W|> >1— e 0w

weWw

Now, we define ¢) : W — {{1, ..., (¢} such that ¢ (w) = L (f(w)). In other words,
the C/-labelling of f(w) is same as the labelling of v(w) for each w € . Thus, the ¢
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defined here satisfies the Condition (7) of this claim, that is,

S (Lo, (w), v(w)) < 22 |C,| W],

)
weWw

Observe that

{weW: Lo(f(w) =1} < |{veVI(Gr): L (v) =1} < |Vl
So, by the definition of ¢, [{w € W : ¢)(w) = [;}| < |V;|. Hence ¢ considered above

also satisfies Condition (i7) of the claim. O

Now consider the situation when the algorithm is at Step 1 of Phase 3. If G, and
Gy, are v;-close, that is, there exists a bijection ¢ from V(G,) to V(Gy) such that
dy(Gu, Gx) < yin?, then there exists C,, € Cy, m; : C,, — V(Gy), and ¢ satisfying

the conditions given in Claims [14.8| and [14.10l However, we do not know ¢. If we

construct, though inefficiently, a bijection ¢’ that is same as ¢ with respect to the same
Cy € Cy,m; : Cy — V(Gy) and ¥ (conditions given in Claims [14.8[and [14.10)), then the
following claim says that the difference between dy (G, Gi) and d (G, Gi) is not too

large.

Claim 14.11. Let ¢ : V(G,) — V(Gy) be a bijection such that dy(G.,, Gy) < yin?,
and (Cy,n;) € T where C, € C, and n; : C,, — V(G},) be an embedding such that

* Vv € C, we have n;(v) = ¢(v), and

* dpyn(Xe,, YC;’;> < (11 + Lgggt )n |Cu| where Ci =n;(Cy).

Let {{1, ..., ¢} be the all possible C}-labellings of the vertices of Gy where t = [2|C’i|] ,
and W be the set of vertices of G, sampled at random in Step 1 of Phase 2 and ) : W —
{ly1,...,l;} be the mapping considered in Step 2 (iii) in Phase 2 such that

© > du(Le,(w),d(w)) < 72 |C,] [W], and

weWw

» Vj € [t], we have [{w : Y(w) = [;}| < |V}l
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Then, with probability at least 18 /21, there exists a bijection ¢' : V(G,) — V (Gy),

with ¢'(x) = ¢(z) = n;(x) for each x € C,, and ¢'(w) = ¢(w) for each w € W such
that

diy(Gus Gr) < dy(G, Gi) + (4 + 2T

Proof. We will prove the claim by contradiction. Suppose that

dy(Gu, Gr) > dy(Guy Gi) + (41 + 2 ; Typ2 (14.3)

By using Definition [I2.9] we write the above equation as

) |DECIDERy(x)| > > |[DECIDER,(z)|+ (431 + %)rﬂ
€V (Gy) €V (Gu)

So,

T2 — N
2

2

> |DECIDERy () ADECIDER,(z)| > (471 + n

€V (Gu)

Let us denote DECIDER 4 (1) ADECIDERy(7) = Symm,,, (). Dividing the sum in the

left hand side with respect to the values of |DECIDER 4 (x) ADECIDER,(z)|’s, that is,
Symm,,, (z)|’s, we get
> Symmy, (z)| + > |Symm,, ()]
2€V(Ga) 2€V(G)
|Symm, (x| > 22500n |Symm, (@) <25500"
> (4%4_72;71)712

Note that the second sum of the left hand side is at most %n? Therefore,

Y2 — 71)n2 T 71n2
2 1000

> Symm,,, (z)] > (4m + (14.4)

2€V(Gy):

|Symm, ,, (z)|> Gz=in

Before proceeding further, consider the following observation, which follows from
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standard Chernoff bound type argument.

Observation 14.12. If [Symm,, (z)| > ©2-20" then

1 Cu _
P (‘Symmw(@ NG| =1~ %) |Symm,, (z)] | . ’) < OGN,

This implies that the following holds with probability at least 1 — ne~©(CuD:

C,
Z |Symm,,, () N Cy| > (1 — 50) 1G] m | Z |Symm,, ()|

2€V (Gu): z€V(Gu):
|Symm, ,(2)|> |Symm, , (z)|>
(v2—71)n (r2—71)n
1000 1000
49 499(y2 — 71)
= 4y + ——== | n|C,
50 ( n T A

The last line follows from Equation (T4.4). Hence, with probability at least 1—ne~ (%D,

the following event holds.
49 499 (o —
> [symmy, (@) NG| = o (471 + M) n|Cyl. (14.5)

Assuming Equation (T4.5)) holds and using the fact that W C V(G,,) is taken uniformly

at random, we can say that

49 499(v2 — )
> |Symmy, (x) N C.| > s (m + =) (Gl W]

weWw

Using the Hoeffding’s inequality (Lemma [2.14)), we get

o(lCulIw?

<Z|Symm¢¢, ﬂC’)}S(S%jLM;%)HCuHW\) < O Wic)

2
weW

—o(wl)

As the above equation holds in the conditional space that Equation (14.5]) holds, we
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have:

P (H;V |Symm,,, N C,)| > 3y + w) 1C.| \W|> >1- e@(?cu‘) - eo&wn
(14.6)

Note that Equation (14.3) implies Equation (14.6). However, till now, we have not
used any information given in the statement of Claim [14.11] except that C', and W are
taken uniformly at random. By using the fact that the sum of label differences of the

vertices of W under C),-labelling and that of ¢ is bounded, we will deduce that

n 1

9(72 —m)
' (Z [Symm (1) 1 Cul < 21+ %) Cul VT 2 1= 5065~ qoawn
weW
(14.7)

As Equation (14.3)) implies Equation (14.6)), and Equations (14.6) and (14.7) together

implies that Equation (I4.3)) does not hold with probability at least 1 — 4ne=CUC) —
e~ O(W))

. Hence, we are done with the proof of Claim|14.11|except that we need to show

Equation (14.7).

By the definition of the bijection ¢, we have Y. |DECIDER,(z)| < yyn®. This
IGV(Gu)
implies

Z |DECIDER(z)| < 71n” (14.8)
IEGV(Gu)
|DECIDER, ()| > 02 210"

To proceed further, we need the following observation, which is a direct application
of Chernoff-Hoeffding bound.

Observation 14.13. (i) If [DECIDER4(z)| > 220" then

1
P <\DECIDER¢(:U) NCy| > (14 %) |(DECIDER ()| | “|) O(ICul).

(i) If |DECIDER,(z)| < % then

P | |DEC NC,l > —oCuD,
(] ECIDER, () C|_ =0 |C ]>
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Note that the above observation implies that the following holds with probability at

least 1 — ne=©UCuD),

> |DECIDER,(z) N C,|

z€V(Gy)
= > IDECIDER 4(2) N C,| + > IDECIDER 4(z) N C,|
€V (Gy): €V (Gy):
|DECIDER(z)|> |DECIDER ()| <
(v2—71)n (v2—71)n
1000 1000
1 |Cu| (72_/71)n|0u|
1 DECIDER
( + 50) 2. | A s 750
€V (Gu):
|DECIDER()|>
Lagn
51 (v2 = y)n|Cy
< — Cu| +
< g ICl 750

Note that the last inequality follows from Equation (14.8). Summarizing the above cal-

culation, we get that the following event occurs with probability at least 1 — ne= (%)),

1
Z IDECIDER, () N C,| < 5_71n|0 |+ (72 71)n|Cu|'

14.
— 50 750 (14.9)
€V (Gy)

Let us assume Equation (14.9) holds. Since we are taking the vertices of W uniformly

at random from V' (G,,), we have

Z |IDECIDER 4 (w) N CY|

weW

E | du(Le,(w), Lo (d(w))

weWw

51 (2 =7) [Cu| W]
C,| W :
S |l ]+ 2

IA

Similarly from Step 2 (iii) of Phase 2, we have

> IDECIDERy (w) NCu| = > du(Lo, (w), Loy (¢ (w)))

weWw weWw

2
=210 (W]
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Recall that Symm,;, () = DECIDER () ADECIDER (). Therefore,

E Y [Symm,,(z)NC,|| < E|Y |DECIDERy(w)NC,|
weWw wew
+ Z |IDECIDER 4 (w) N Y|
weW
764 301(y2 —m)
< (= D S S A

Using Hoeffding’s inequality (see Lemma[2.14), we can say that

902 — ) ~o(\GulW )
P( Y [symmy, () NG| > @n+ =) (Gl [W] ] < e in
weW

0w

Note that the above equation holds on the conditional space that Equation (14.9))
holds. Hence,

9(’}/2 —’}/1) n 1
P <Z !Symm¢¢,(w) N C’u| < (2y + 2—0) |ICul W] > 1— oG~ oUW

weWw

]

If we had constructed a bijection ¢’ as stated in the above claim, we could easily
test by sampling suitable many random edges from G, and checking the corresponding
edges in GG;. It is important to note that, it is not possible to construct ¢’ efficiently.
However, without constructing the bijection ¢’, if we can test for presence of some
randomly chosen edges in (G, and their corresponding edges in GGy, we are done. In
order to achieve this, we choose W randomly in Step 1 of Phase 2 and pair up the
vertices of IV in Step 1 of Phase 3. Using Step 2 (iii) of Phase 2 and Step 3 of Phase
3, we check if g(w) = ¢/(w) for each w € W. Note that bW — V(GYy) is the map
constructed in Step 3 of Phase 3 and ¢' : V(G,) — V(GYy) is the bijection as stated
in Claim Then we check the edge mismatches between the paired up vertices of
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W in G, and their corresponding mapped vertices in GG, in Step 4 of Phase 3, which
is possible as we have constructed the mappings of the vertices in W in Step 2 (iii) of
Phase 2.

The following claim proves that if G, and Gy, are ~;-close, then ((C,,,n;, ¥, gg) <
5v1 + %(72 — 71), as considered in Step 4 of Phase 3 holds with probability at least
20/21.

Claim 14.14. Let ¢ : V(G,) — V(Gy) be a bijection such that dy(G.,, Gy) < yin?
and (Cy,n;) € I where C, € C,, and n; : C,, — V(G},) be an embedding of C,, such
that

* Vv e C, we have n;(v) = ¢(v), and

d dEM(XCua YC}C) S (’}/1 + 7220_0?)1 )n ‘Cu‘ where Cllc = 771(0,“)

Let {{y, ..., 4} be the all possible C}-labellings of Gy where t = [2'07? ] W be the set
of vertices of G, sampled at random in Step 1 of Phase 2, and ¢ : W — {{y,... {;}
be the mapping considered in Step 2 (iii) of Phase 2 such that

, and

. GszH<£cu<w)7w<w>> < 220, ||W

» Vj e [t], we have [{w : Y(w) = [;}| < |V}l

If we take an embedding ¢ - W — V(G,) such that a(w) € Vjifand only if (w) = ¢,
then

~

3
C(Cua Nis wa ¢) S 571 + 5(’72 - ’71)
holds with probability at least 20/21, where ((C\, n;, 1, gg) is as defined in Step 3 of
Phase 3.

Proof. Recall that W is a subset of V(G,) taken uniformly at random in Step 1 of
Phase 2 and we paired up the vertices of I/ randomly in Step 1 of Phase 3 respectively.
Also, we are checking the edge mismatches of the paired up vertices of W and their
corresponding mapped vertices in G according to the mapping gg : W — V(Gg) in

Step 4 of Phase 3 to compute ((C,,,n;, 1, qg) Considering the conditions given in the
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statement of this claim and Claim|14.11] one can think that we are checking the presence
of l%l randomly chosen edges in G, and the corresponding edges in (5 according to
some bijection ¢' : V(G,) — V(Gy), where ¢’ is a bijection with dy (G,, Gr) <
(511 + 2 )n?.

So, E {Q (Cu,m,w,aﬁ)} < (57 + #3). Now, applying Hoeffding’s inequality

(Lemma [2.14)) and taking |W| = C’ % for suitably large constant C’, we have

P (C(Cu;ﬁi;¢a ) > 571 + g(% - 71))

= P (C(Cu,nuw,c@) Wl > (571 + %72 _%)) |W|) < e OUWD < =

]

Now we are ready to prove the completeness property using Claims 14.10}
14.11}14.14{and Theorem [14.2

Lemma 14.15 (Completeness Lemma). If G, and G, are v,-close to isomorphic, then

our algorithm reports the same with probability at least 2 /3.

Proof. Observe that from Claim we know that, with probability at least 20/21,
there exists a C, € C, and an embedding 7; : C,, — V(G}) such that dgy (X¢,, YC;’; ) <
(1 + &) n|C,| where Cf = 7;(C,). Similarly, from Theorem we can say
that, with probability at least 20/21, the algorithm ALG-EMD returns all embeddings
n; such that dgy(Xe,, Yoy ) < (11 + Z52+) n|Cy|. Now from Claim we know
that, with probability at least 20/21, conditions of Equation (I4.1)) hold. Again, from
Claim we can say that constructing partial bijection at Step 3 of Phase 3 does
not change isomorphism distance by more than (4, + 72;271)”2 with probability at least
18/21. Finally, from Claim we can say that the algorithm will correctly detect
the distance at Step 4 of Phase 3 by testing ((C,,, 7;, ¥, QAS) < 571 4 2(72 — m1) with
probability at least 20/21. Thus, using union bound, we can say that when G}, and G,
are ~y;-close to being isomorphic, TolerantGI(G,, Gy, 71, 72) reports the same with

probability at least 2/3. O
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14.3.2 Proof of soundness

Similarly for the soundness property of our algorithm, let us consider the case when G,
and G, are 7o-far from being isomorphic. Then we will show that the algorithm will
output the correct answer with probability at least 2/3.

Recall the definition of the set 'y, with which we started Phase 3 of our algorithm.

I'w = {(Cu,ni, ) : (Cy,m;) € I such that Equation[14.T holds}.
By Observation [I4.5] we have

8
Pr (V (Cuv i ¥) € Tw (X, Yop) < %Cum) = (14.10)

From now on, we work on the conditional space where dpy (Xc,, Yo ) < 2|Cyln for
all (Cy,n;, 1) holds. By Observation (i), we know that |Tyy| < 200es”n/(2=m)),
So, the following claim about any (C.,, 7;,¢) € 'y, along with union bound over all the

elements in I'y,, we will be done with the proof of soundness property.

Claim 14.16. Let (Cy,n;,) € I'y and gg be the embedding of W into Gy, constructed
while executing Step 3 of Phase 3 for (Cy,m;, ¥). Also, let dpy(Xe,, Yoi) < £|Cl

2 .
9Ilw|*

n,

where C} = n;(C,,). Then the following holds with probability at most

~

C(Cuymiy ¥, 0) <571 + g(% - 7).

Proof. Let ®(C,, C?) be the class of all bijections such that the following hold for each
¢ € D(Cy, Cy).

* ¢(x) = n;(z) foreach z € C,, and

* Y |DECIDERy(v) NCy| < En|C,|.
UGV(G'LL)

Consider the following observation, about the bijections in ®, that we will prove

later.
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Observation 14.17. Let ¢ be a bijection in ®. Then with probability at least 1 — =

ITw|”
> |DECIDER4(w) N Cy| < 22 |C, | W] holds.
weWw

Our algorithm constructs ¢ : W — {¢;,...,¢;} in Step 2 of Phase 2 satisfying
© Y dy(Le,(w), Y(w)) < 22[C,||W], and

weW

) € [t], we have [{w: v(w) = }] < [V,

Note that Y dy(Lc, (w),¥(w)) = > |DECIDERy(w) N Cy|, where ¢ is some
weWw weW

bijection in ®. After getting ), we construct a partial bijection 5 : W — V(Gy) that
satisfies the above two conditions. So, one can think of W is taken uniformly at random

from the set of all 11"’s satisfying ZW IDECIDER4(w) N C,| < 222 |C, | [W]. Now, from
we
Observation we have the following observation.

Observation 14.18. ¢ is a random restriction of a random bijection ¢ € ®(C,, C}) by
the set 1 with probability at least 1 — m.

Proof. Let us consider a ¢ such that ¢|y = qg Let W = {ox = ¢|x : X C
V(G,) and |X| = |W|}, and W C W is defined as:

R 2
W = {gbx €W: ) [DECIDER,(w) N C,| < % |Cul |W|}

weX

Observe that ¢ = gy € W. By Observation we know that if we take a set
X CV(Gy)(e,a bx uniformly at random from V), then the probability that bx EW,
W= (1= g ) W,

Observe that the partial bijection ¢, constructed by our algorithm, is same as that of
dw, and ¢ is in W'. Now, using the fact that |[W'| > (1 - m> |W|, the observation
follows. U

; __1
is at least 1 S So,

Recall that W is a subset of V' (G,,) taken uniformly at random in Step 1 of Phase 2
and we paired up the vertices of I/ randomly in Step 1 of Phase 3 respectively. Also, we

are checking the edge mismatches of the paired up vertices of W and their corresponding
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mapped vertices in GG according to the mapping éﬁ\ : W — V(G) in Step 4 of Phase

3 to compute ((C., 7,1, ¢). Considering the discussion here, one can think of that, we

are checking the presence of @ randomly chosen edges in G, and the corresponding

edges in GG, according to some bijection ¢ € P.
Note that ds(G,, Gx) > ~an®. Thus, E [C(Cu,m,@/},g/b\)] > v,|W|. Now we can
deduce the following.

P (C(Cmni7¢a Gg) <57 + 2(72 - 71))

~ 1

— P (C(Cu,ni,¢,¢) W < (5y; + g(% — ) |W|> < e OIWD < >
Tw|

~

Note that we were deriving above bound on P <C (Cusniy 0, 0) < 571 + %(72 — 71)>

assuming that <$ is a random restriction of a random ¢ € ®. Hence, combining Observa-
tion |14.18| with the above bound on PP (g((]u, M, Y, ngS) <5y 4 2(y — 71)> (when ¢ is

a random restriction of a random ¢ € P), we get

9| Tw|
O
Proof of Observation Since W is taken uniformly at random,
2
E DECIDER <=
> (W) NG| < = [Cu][W]
weW
Using Hoeffding’s inequality, we get
272 —o(w)) 1
P Z |DECIDER,,(w) N C,| > == |C,,| W] | <e < :
5 9|Tw|
weW
O

“Here we are assuming vz > 117;.
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Now we are ready to prove the soundness property of our algorithm.

Lemma 14.19 (Soundness Lemma). If G, and G}, are yo-far from isomorphic, then the
algorithm reports the same with probability at least 2 /3.

log2 n

Proof. From Observation [14.7] (i), it follows that || is at most 2" %=1, In the

Claim 14.16 we are proving that ((Cy, n;, ¥, 5) < 571 + (72 — 71) holds with proba-
for any particular (Cy, m;,¢) € I'w with dpa(Xe,, Yo ) < £[Culn.

bility at most z=— 9\F |

So, using the union bound, the probability that there exists a (C,,n;,¢) € 'y with
dpv(Xe,, Yei) < %|Culn such that C(Cumis ¥, 0) < 57 + 2(y2 — m), is at most 3.
Now From Equation [I4.10}

@IOO

Pr <V (Cu777i7w7 é;) € FWvdEM<XCu7YC,i> |C | >

Putting everything together, the probability that the algorithm reports that G, and G, are
~o-far, is at least 2/3. 0

Till now we have proved the completeness and soundness property of our algorithm
TolerantGI. We will prove the query complexity property in the next section when we

prove the final theorem.

14.4 Proof of upper bound result

Proof of Theorem From the Completeness Lemma (Lemma |14 and Soundness
Lemma (Lemma [14.19), we can say that our algorithm TolerantGI correctly decides
whether d(G,, G},) < vin? or d(G,, G},) > ~on? with probability at least 2/3.

Now, we calculate the query complexity of our algorithm. Note that Step 1 and Step
2 of Phase 1, Step 1 and Step 3 of Phase 2, Step 1, Step 2 and Step 3 of Phase 3, of
the algorithm TolerantGI, do not require any query to the adjacency matrix of GG,,. Let

CosST¢, denote the query complexity corresponding to a particular C,, € C,. So, the
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total query complexity of the algorithm TolerantGlis >  CoOST,. Observe that
Cu€Cuy

CosTe, = Query Complexity of algorithm ALG-EMD + COST¢, w

where COST¢,, w denotes the query complexity of Step 1 of Phase 2 corresponding to
W and C, € C,.

Note that ALG-EMD is the algorithm corresponding to Theorem In Step 3
of Phase 1 of our algorithm, for each C,, € C,, we call ALG-EMD with parameters
d= 0O (logn),t = 20(1°g2”>, £ = (71 + 722&%1), g2 = £ and § = O(1). So, the query
complexity of each call, to ALG-EMD from our algorithm, is O (min{n, 29}) = O(n).

Further note that, from the description Step 1 of Phase 2, COST¢, w = O (log2 n)

Y2—71

Since |C,| = (9< 1 >, the total query complexity of our algorithm is O(n). O
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Chapter 15

Tolerant Bipartiteness Testing in Dense

Graphs

15.1 Introduction

In this chapter, we present our result on tolerant bipartiteness testing. We will prove the

following theorem.

Theorem 15.1 (Restatement of Theorem [12.4). Given query access to the adjacency
matrix of a dense graph G with n vertices and a proximity parameter € € (0, 1), there
exists an algorithm that, with probability at least %, decides whether dbip(G) < en?
or dip(G) > (2 + Q(1))en?, by sampling O (& log 1) vertices in 20(21922) time, and

makes O (6% log? %) queries.

before proceeding to the proof, let us first recall the notion of bipartite distance

which will be used in our proofs in this chapter.

Definition 15.2 (Bipartite distance, Restatement of Definition [12.3)). A bipartition of
(the vertices of) a graph G is a function f : V(G) — {L, R} ﬂ The bipartite distance of

'L and R denote left and right respectively.
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G with respect to the bipartition f is denoted and defined as

dip(G.f):=| Y NSO+ Y NN SR
veV:f(v)=L veV:f(v)=R
The bipartite distance of G is defined as the minimum bipartite distance of GG over all

possible bipartitions f of G, that is,
dbip(G> = IIlfiH dbip(GJ f)

For a set of pairs of vertices Z, we will denote the set of vertices present in at least
one pairin Z by V(Z). For afunction f : V(G) — {L, R}, f~'(L) (f~'(R)) represents
the set of vertices that are mapped to L (R) by f. (V(QG)) denotes the set of unordered
pairs of the vertices of ¢

In Section we present an algorithm of estimating the bipartite distance of a
dense graph by applying the result of Alon et al. [AdIVKKO3] of estimating the size of
MAXCUT of a dense graph (with larger query complexity compared to our final algo-
rithm). In Section[15.3] we formally describe our algorithm, followed by its correctness

analysis in Section (15.4

15.2 Estimation of bipartite distance with O (&) queries
Formally, we state the following theorem.

Theorem 15.3. Given an unknown graph G on n vertices and any proximity parameter
e € (0,1), there is an algorithm that performs 5(6%) adjacency queries, and outputs a

number c/l\bip(G) such that, with probability at least 1%, the following holds:

dyip(G) — en® < dyp(G) < dyip(G) + en?,

where dy;,,(G) denotes the bipartite distance of G.
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We have the following two corollaries of the above theorem.

Corollary 15.4. There exists an algorithm that given adjacency query access to a graph
G with n vertices and a proximity parameter ¢ € (0, 1) such that, with probability at

least %, decides whether dy,(G) < en® or dyy(G) > (2 + Q(1))en? using O (%)

queries to the adjacency matrix of G.

Corollary 15.5. There exists an algorithm that given adjacency query access to a graph
G with n vertices and a proximity parameter ¢ € (0, 1) such that, with probability at
decides whether dy;,(G) < en? or dyy(G) > (1+k)en? using O (75z5) queries

to the adjacency matrix of G.

9
least 35,
To prove Theorem [[5.3] we first discuss the connection between MAXCUT and bi-

partite distance of a graph G. Then we use the result for MAXCUT estimation by Alon,
Vega, Kannan and Karpinski [AdIVKKO3] to obtain Theorem [15.3

Connection between MAXCUT and dy;,(G): For a graph G = (V, E) on the vertex
set V' and edge set F, let S be a subset of V. We define

Cut(9) :=| {{u,v} € E | {u,v}NS|=1}]|

Maximum Cut (henceforth termed as MAXCUT), denoted by M (G), is a partition of the
vertex set V' of G into two parts such that the number of edges crossing the partition is

maximized, that is,
M(G) := max CUT(95).

SCVv

The following equation connects MAXCUT and the bipartite distance of a graph G-
diin(G) = | E(G)| = M(G). (15.1)
So, dyiy(G) can be estimated by estimating | E(G)| and M (G).

Result on edge estimation: Observe that estimating |E(G)| with en? additive error

is equivalent to parameter estimation problem in probability theory, see Mitzenmacher
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and Upfal [MU17, Section 4.2.3].

Proposition 15.6 (Folklore). Given any graph G on n vertices and a proximity param-

eter ¢ € (0,1), the size of the edge set E(G) can be estimated within an additive en?

9

S, using O(2) adjacency queries to G.

error, with probability at least

MAXCUT estimation by using O (%) queries:

Let G = (V,E) be an n vertex graph. Both Alon et.al [AdIVKKO3] and Mathieu
and Schudy [MSO0S8] showed that if S is a ¢-sized random subset of V', where ¢ =

O (Zrlog 1), then, with probability at least -, we have the following:

| ™

n2

‘M<G s) M<G>' 3

12 -
where GG | denotes the induced graph of G on the vertex set S. So, the above inequality
tells us that if we can get an £t?/2 additive error to M (G |g), then we can get an en?
additive estimate for M (G). Observation implies that using O (6%) =0 (E% log %)
adjacency queries to G |g, we can get an % additive estimate to M (G |g). There-
fore, the query complexity of MAXCUT algorithms of Alon, Vega, Kannan and Karpin-
ski [AdIVKKO3]] and Mathieu and Schudy [MSO08] is at most O (E% log %)

Now we state and prove the following observation.

Observation 15.7 (Folklore). For a graph GG with n vertices and a proximity parameter
e € (0,1), with probability at least %, © ( 8%) adjacency queries to GG are sufficient to

get an en? additive approximation to MAXCUT M (G).

Proof. We sample ¢ pairs of vertices {a,b1},..., {a;, b} uniformly at random and
independent of each other, where t = ©(Z;). Thereafter, we perform ¢ adjacency queries
to those sampled pairs of vertices. Now fix a subset S C V(G and let us denote (S, S)
to be the set of edges between S and S.

Let us now define a set of random variables, one for each sampled pair of vertices as

follows:
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1, lf {Cl,i,bi} € (S,?)

X; = .
0, Otherwise

— o~ n t
We will output max Mg as our estimate of M (G), where Mg = @
SCV(G) i=1

X;.

t
Let us denote X = ) X;. Note that
=1

and hence

n

E [z\?s] - %E

ZX] = (5, 9)].

i=1

Using Hoeffding’s Inequality (See Lemma[2.14]), we can say that

— | en? et o2 —6(n
P(“(S,SH—MS Zﬁ) SP(lX—E[XHZE) < 2079057 <2700,

Using union bound over all S C V(G), we can show that with probability at least
3/4, for each S C V(G), Mg approximates | (.S, S)| with en? additive error. Therefore

vaa(}é : Mg estimates M (@) with additive error en?, with probability at least 9/10.  [J
C

15.3 Algorithm for Tolerant Bipartite Testing

In this section, we formalize the ideas discussed in Section [12.4.2] and prove Theo-
rem [12.26]

Formal description of algorithm TOL-B1pP-DIST(G, ¢)

Step-1 Let (', Cy, C5 be three suitably chosen large constants and ¢ := [log g—;}

(i) We start by generating ¢ subset of vertices X1,...,X; C V(G), each with
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(k%_ log ,}61 vertices, sampled randomly without replacement

(ii) We sample [kg% log k—U random pairs of vertices, with replacement, and de-
note those sampled pairs of vertices as Z. Note that X,..., X;, Z are gen-

erated independent of each other.

(iii) We find all the edges with one endpointin C = X; U X5U. .. X} and the other

endpoint in one of the vertices of V(Z) [ by performing O (755 log® &)

adjacency queries.

Step-2 (i) Let {a1,b:},...{ay, by} be the pairs of vertices of Z, where A = [$% log L.

kde2

Now we find the pairs of Z that are edges in (G, by performing adjacency
queries to all the pairs of vertices of Z (after this step, the algorithm does not

make any query further).
(ii) For eachi € [t], we do the following:

(a) Let F; denote the set of all possible bipartitions of X, that is,
Fi={fi; X; > {L,R}:j e 2%I2]}.

(b) For each bipartition f;; (of X;) in F;, we extend f;; to f/, : X; U Z —
{L, R} to be a bipartition of X; U Z, such that the mapping of each

’Since we are assuming n is sufficiently large with respect to %, sampling with and without replace-
ment are the same.
“Recall that V' (Z) denotes the set of vertices present in at least one pair in Z.
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vertex of X; are identical in f;; and and is defined as follows:

Zj’

( fij(Z), z € Xz

L, z ¢ X; and
— ke|X;|
) ’N( mfm ’ ‘N ﬂfijl(L)|+225000

fzg(z) =93 R, z ¢ X, and
— ke|X;
[N(2) N D) > IN(2) N (R + st

LorR

\
arbitrarily, otherwise

Note that this step can be performed from the adjacency information
between the vertices of C and Z, which have already been computed

before.

(c) We now find the fraction of the vertex pairs of Z that are edges and have

the same label with respect to f;;, that is,

oy, et} € [ fan b € BG) and f(or) = £ bg}‘H
ij — i

(d) If §;; < (2+ 25) e, we ACCEPT G as e-close to being bipartite, and
QUIT the algorithm.

(iii) If we arrive at this step, then (;; > (2 + %) e, foreachi € [t] and f;; € F; in
Step-(ii). We REJECT and declare that G is (2 + k)e-far from being bipartite.

We split the analysis of algorithm TOL-BIP-DIST(G, ¢) into five parts:

Completeness: If G is e-close to being bipartite, then TOL-BIP-DIST(G, ) reports the

same, with probability at least =

*2 is multiplied, as in the definition of dp;, (G, f), each edge {u,v} € E(G) with f(u) = f(v) is
counted twice.
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Soundness: If G is (2+ k)e-far from being bipartite, then TOL-BIP-DIST(G, ) reports

the same, with probability at least 1%.
Sample Complexity: The sample complexity of TOL-BIP-DIST(G, £) is O (725 log ).
Query Complexity: The query complexity of TOL-BIP-DIST(G, ) is O35 log® -).
Time Complexity: The time complexity of TOL-BIP-DIST(G, ¢) is 20z log 52,

Above three quantities follows from the description of TOL-BIP-DIST(G,¢). In

Step-1(i) of TOL-BIP-DIST(G, €), we sample vertices of G to generate ¢ = [log <]

subsets, each with [k% log é} vertices. Then in Step-1(ii) and Step-1(iii), we randomly

Cs
k5e2

choose | log é} pairs of vertices and perform adjacency queries for each vertex in
any pair of Z to every X;. Thus the sample complexity of TOL-BIP-DIST(G,¢) is

(’)(k&%82 log kie) and query complexity is O(# log® kis) The time complexity of the
1

algorithm is 2003 °8 %) which follows from Step-2(ii), that dominates the running

time.

15.4 Correctness of our algorithm

In this section, we present the correctness proof of our algorithm TOL-BIP-DIST(G, ).
Before proceeding to the proof, we introduce some definitions for classifying the ver-
tices of the graph, with respect to any particular bipartition, into two categories: (%)
heavy vertices, and (ii) balanced vertices. These definitions will be mostly used in the
proof of completeness. Informally speaking, a vertex v is said to be heavy with respect
to a bipartition f, if it has substantially large number of neighbors in one side of the

bipartition (either L or R), as compared to the other side.

Definition 15.8 (Heavy vertex). A vertex v € V is said to be L-heavy with respect to a

bipartition f, if it satisfies two conditions:

) [N() N f1(L)] > [N(w) 1 R)] + ke

150°
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i) If [N (0) N f7Y(R)| > (1 + o) £, then

IN() N D) = (14 555) IN() N R

We define R-heavy vertices analogously. The union of the set of L-heavy and R-
heavy vertices, with respect to a bipartition f, is defined to be the set of heavy vertices
(with respect to f), and is denoted by .

Similarly, a vertex v is said to be balanced if the number of neighbors of v are similar

in both L and R, with respect to a bipartition f. We define it formally as follows:

Definition 15.9 (Balanced vertex). A vertex v € V is said to be balanced with respect

to a bipartition f,ifv ¢ H ¢, that is, it satisfies at least one of the following conditions:

() Type 1: |[N(v) N f7H(R)| = IN(v) 0 fH(L)]] < 55

(ii) Type 2: Either

NN D)< Ve 0] < (1455 ) N0 )
NN )] < (NN )] < (14 505 N0 0 R

The set of balanced vertices of Type 1 with respect to f is denoted as B}, and the set
of balanced vertices of Type 2 with respect to f is denoted as BJ%. The union of B} and

BB} is denoted by B;. Note that 3} and 37 may not be disjoint.

In order to prove the completeness (in Section [15.4.1]), we also use a notion of SPE-
CIAL bipartition to be defined below. The definition of SPECIAL bipartition is based on
an optimal bipartition f of VV(G), and notions of heavy and balanced vertices. We would
also like to note that, later in Lemma we show that when dbip(G) < en?, the bi-
partite distance of G with respect to any SPECIAL bipartition is bounded by (2 + 5—’%)5712.
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Definition 15.10 (SPECIAL bipartition). Let dy;,,(G) < en?, and f : V(G) — {L, R} be
an optimal bipartition of V(G), that is, dy;,(G, f) < en?, and there does not exist any
bipartition g such that dy;,(G,g) < dpip(G, f). For an X; selected in Step-1(i) of the
algorithm, let f;; € F; be the bipartition of X; such that f

x,= Jij. Then bipartition
SPLlf : V(G) — {L, R} is said to be a SPECIAL bipartition with respect to f by f;;
such that

« SpL/

X = f

X;= fij;

* There exists a subset 1/, C H such that |H);| > (1 — o(ke))|Hy|, and for each
v € H',, SPL! (v) is defined as follows:

s/ R, v ¢ X,;andvis L — heavy
PL; (v) =
i) L, v ¢ X;andvis R — heavy

* Foreachv ¢ (H} U X;), SpL! (v) is set to L or R arbitrarily.

In our proof of the soundness theorem (in Section [15.4.2)), we apply the notion of
DERIVED bipartition. Unlike the definition of SPECIAL bipartition, the definition of
DERIVED bipartition is more general, in the sense that it is not defined based on either

any optimal bipartition, or on heavy or balanced vertices.

Definition 15.11 (DERIVED bipartition). Let f : V(G) — {L, R} be a bipartition of
V(G). For an X; selected in Step-1(i) of the algorithm, let f;; € F; be the bipartition of
X, such that f
bipartition with respect to f by f;;, if DER{

x,= fi- A bipartition DER! : V(G) — {L, R} is said to be DERIVED

Xi— f

x,= fij-

15.4.1 Proof of completeness
In this section, we prove the following theorem:

Theorem 15.12. Let G be c-close to being bipartite. Then TOL-BIP-DIST(G, €) reports
the same, with probability at least 9/10.
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The proof of Theorem will crucially use the following lemma, which says
that the bipartite distance of G with respect to any SPECIAL bipartition is bounded by
(2+ &) en.

Lemma 15.13 (SPECIAL bipartition lemma). Let f be a bipartition such that dy,(G, f) <
en? and there does not exist any bipartition g such that dy,,(G, g) < dy;,(G, f). For any
SPECIAL bipartition SPL] with respect to f, dy,(G, SPL]) < (2 + &) en?.

We will prove the above lemma later. For now, we want to establish (in Lemma
that there exists an ¢ € [t] and a f;; € F; which can be thought of as a random restric-
tion of some SPECIAL bipartition with respect to f by f;;. In other words, Lemma 15.15]
basically states that if G is e-close to being bipartite, then the extension according to the
rule in Step-2(ii)(b) of the mapping obtained by restricting an optimal bipartition to a
random Xj is likely to correspond to a SPECIAL bipartition, and therefore, the number
of monochromatic edges (with respect to a SPECIAL bipartition) in the randomly picked
Z is likely to be low with respect to that bipartition. Thus, ¢;; must be low for some i
and 7 with high probability.

To prove Lemma [I5.15] we need the following lemma (Lemma [I5.14) about heavy
vertices. In Lemma we prove that a heavy vertex with respect to a bipartition f
will have significantly more neighbors in the part of X, that corresponds to the heavy
side of that vertex (with respect to f). Basically, if a vertex v is L-heavy with respect to
f, it has more neighbors in the subset of X; on the L-side as compared to the subset of

X, on the R-side of f. Formally, we have the following:

Lemma 15.14 (Heavy vertex lemma). Let f be a bipartition of G. Consider a vertex

v € V. Then we have the following:

. _ _ 2e|X;
(i) Foreach L-heavy vertexv, |N(v) N f~YL) N X;|—=|N(v)n f7Y(R) N X;| > %
holds with probability at least 1 — o(ke).

N(v) N fHL) N X =N (o) N HR) N XG> G

225000

(ii) Foreach R-heavy vertex v,

holds with probability at least 1 — o(ke).
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We would like to note that Lemma holds for any bipartition. However, we will

use it only for completeness with resepct to an optimal bipartition f.

Lemma 15.15. If dy;,(G) < en? then there exists an i € [t] and fi; € F; such that
Gj < (2 - %) e holds, with probability at least 1 — o(ke).

Proof. Let f be an optimal bipartition such that dy;,(G, f) < en?. First consider a SPE-
CIAL bipartition SPL/, and consider a set of random vertex pairs Y such that |Y| = | Z|.
Now consider the fraction of monochromatic edges of Y, with respect to the bipartition

SPL{, that is,

. H{a, b} €Y : {a,b} € B(G) and SpL! (a) = SpL/ (b)}‘
Xij = 2- |Y| .

Observation 15.16. With probability at least =5, v/, < (2 + &) ¢ holds.

Proof. By Lemmall5.13| we know that if dy,;,(G) < en?, dy, (G, SPL]) < (2 + &) en?.
So, E[x{] < (2+ &) e. Using Chernoff bound (see Lemma(2.13), we can say that

P2 (2+5)e) S sy < &

2 (Elrelogk%)

Now, we claim that bounding lej is equivalent to bounding (;;.

Claim 15.17. For any i € [t], there exists a bipartition f;; € F; such that the probability
distribution of (;; is identical to that of ij for some SPECIAL bipartition f with respect
to f;;, with probability at least %

As t = O(log 7-), the above claim implies that there exists an ¢ € [t] and f;; € F;
such that the probability distribution of (;; is identical to that of X{j’ with probability at
least 1 — o(ke).

Now we prove Claim Recall the procedure of determining (;; as described in
Step 2 of algorithm TOL-BIP-DIST(G, ¢) presented in Section [15.3]
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Fact 1: For any vertex v € H;NZ, SPL! (v) = +;(v), with probability at least 1 —o(ke),
where H ; denotes the set of heavy vertices of X; with respect to the bipartition f.
This follows according to Claim 15.14} along with the definition of fj;(z).

Fact 2: Consider a bipartition f;; € F; of X;, and its extension fi/j to X; U Z, as con-
sidered in the algorithm. Assume a bipartition f;; of V(G), constructed by ex-
tending f;; according to the rule of Step-2(ii)(b) of the algorithm. From Heavy
vertex lemma (Lemma [15.14), we know that the expected number of vertices in
H s such that f;; (v) # f(v), is at most o(ke) |Hs|. Using Markov inequality, we
can say that, with probability at least %, the number of vertices in #; such that
fi;(v) # f(v),is at most o(ke) |H|. Thus, with probability at least 3, there exists
a set of vertices H'; such that f;; (v) = f(v) holds for at least (1 — o(ke)) !HH

vertices. Note that the bipartition f;; is a SPECIAL bipartition f with respect to f;;.

From Fact 1 and Fact 2, we can deduce that, there exists a SPECIAL bipartition SPL{

such that SPLY (v) = +;(v) for each z € Z. Since we choose Z uniformly at random,
Lemma follows. O

According to the description of algorithm TOL-BIP-DIST(G, ), the algorithm re-
ports that dy;,(G) < en?, if there exists a (;; such that (;; < (2 + %) ¢, for some i € [{]
and j € [2%i72]. Hence, by Lemma we are done with the proof of the complete-
ness theorem (Theorem [I5.12).

Now we focus on proving SPECIAL bipartition lemma (Lemma [15.13)) and Heavy

vertex lemma (Lemma [I5.14), starting with the proof of SPECIAL bipartition lemma.

Proof of SPECIAL bipartition lemma (Lemma

The idea of the proof relies on decomposing the bipartite distance with respect to a
SPECIAL bipartition into a sum of three terms and then carefully bounding the cost of
each of those parts individually.

Let us first recall the definition of bipartite distance of GG with respect to a special
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bipartition SPL{ .
diip(G, SPL{) = H(u,v) € EG): SPLf(u) = SPL{(U)H ) (15.2)

By abuse of notation, here we are denoting F/((G) as the set of ordered edges.

We will upper bound dy;,,(G, SPLZf ) as the sum of three terms defined below. Here
H¢ and By denote the set of heavy vertices and balanced vertices (with respect to f),
as defined in Definition and Definition , respectively. Also, H} C H denotes
the set of vertices of H  that are mapped according to f, as defined in the definition of
SPECIAL bipartition in Definition [I5.10] The three terms that are used to upper bound
dyip(G, SPLY) are as follows:

v € H;UX;, SPL! (u) = SPL! (v)}].

(b) DHf\(H/fUXi),V(G) = |{(u, U) S E(G) Tu € Hf \ (,H} U XZ) &
v e V(Q),SpL! (u) = SPL! (v)}].

(c) DBf\Xi,V(G) = |{(u,v) S E(G) Tu € Bf \ X; &
v e V(G),SpL! (u) = SPLY (v)}].

Now from Equation [I5.2] along with the above definitions, we can upper bound
dyip(G, SPLY) as follows:

dyip(G, SPLY) < Dyyux,pux; + Dupaguxve) + Depx,vie): (15.3)

We now upper bound dy,;,, (G, SPL{ ) by bounding each term on the right hand side of

the above expression separately, via the two following claims which we will prove later.

Claim 15.18. (i) DH}UXZ',’H}UXi < dbip(G7 f) — II, where
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= Yoo NSO Y INwN B

veB\X;: f(v)=L veB\X;: f(v)=R

(i) Dyp\e,uxnvie) < olke)n®;

Claim 15.19. D\ x, vy < 2 (1 + £5) 1T+ ke,

Assuming Claim [5.18] and Claim [I5.19] hold, along with Equation [15.3] we now
upper bound dy;, (G, SPL{ ) as follows:

k ken?
, N < g I 2.9 (1 i
dpip(G,SPL) ) < dpp(G, f) + o(ke)n® + ( + 100 + 0

k ken?
< d I+ —TII .
< dpp(G, f) + +200 + 100

Note that IT < dy,;,(G, f) and dy;, (G, f) < en?. Hence, we can say the following:

k
dyip(G, SPLY) < (2 + %) en?.

So, we are done with the proof of the SPECIAL bipartition lemma. We now proceed with
the proofs of Claim [I5.18]and Claim[I5.19

Proof of Claim [15.18l (i) We use the following observation in our proof. The observa-

tion follows due to the fact that the bipartition f considered is an optimal bipartition.

Observation 15.20. Let v be a L-heavy vertex v with respect to f. Then f(v) = R.
Similarly, for every R-heavy vertex v with respect to f, f(v) = L.

Following the definition of SPECIAL bipartition, we know that there exists a set of
vertices 1/, C H s such that |#;| > (1—o(ke)) |H|, and for each v € H’;, the following

holds:
R, v ¢ X,;and vis L — heavy

SpL! (v) =
@) L, v ¢ X;andvis R — heavy
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By Observation|15.20| we know that for every v € H’, SPL! (v) = f(v). Moreover, for
each v € X;, SPL! (v) = f(v), following the definition of SPECIAL bipartition SPL.
Thus for every v € H'; U X;, SpL! (v) = f(v). Hence,

Dayux, a,0x,
- H(u,v) € B(G):ueH,UX;andv € H,U X, SpL! (u) = sPL{(v)}(
= [{(u,v) € E(G) :u € H; UX;, andv € H; UX;, f(u) = f(v)}]

(- forevery v € H} U X;, SPL! (v) = f(v))

=dy(G. )= | >IN+ ) NN fR)
UGV\('H’fUXi): ’UGV\(H}UX”:
f(v)=L f()=R
< dyip(G, f) — >IN+ Y IN@) N (R
_UEBf\Xi:f(v):L veB\X;: f(v)=R
- dbip(Ga f) — 1L

(i) By the definition of 7;, we know that |7, \ (H; U X;)| is upper bounded by

o(ke) |H¢|. Following the definition of Dy, F\(H,UX),V(G)» We can say the following:

D’Hf\(H}UXi),V(G) = |{(U,U) € E(G) U e %f \ (Hlf U Xl) &
v e V(G),SpL! (u) = SPL! (v)}]
< M\ (HUX))| x [V(G)| = o(ke) [Hy| x n < o(ke)n®.

The last inequality follows as |# /| is at most n. [

Proof of Claim Observe that

Depxavier = [{(wv) € BG):ue B\ Xi &veV(G), el (u) = seLf(v) }]
< {(uv) € BG):ueB\Xi&kveV(@)}= > [N
'UGBf\Xi
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As By = B} U BJ%, we have

Dppxovier < Y. INWI+ > [N@). (15.4)

’UEB}\XZ' ’UEB?\XZ'

We will bound Djs .\ x,,v(c:) by bounding ZUGB}\XZ, |N(v)| and ZUGB?\XZ, |N(v)| sep-

arately, which we prove in the following claim:

Claim 15.21. Let us consider Ty and T5 as follows:

ken?

150

T, =2 > IN(v) N fHL)] + > IN(w)n FYR)| |+

vef~HLINBIX;) vef U RN(BIX,)

T, = (2 + %) > IN(v)n fH(L)| + > IN(w)n f(R)]

vefHL)N(BE\X) vefH(R)N(BF\X,)

Then

(i) For balanced vertices of Type 1, we have > |N(v)| < Tj.
’UEB}\Xi

(ii) For balanced vertices of Type 2, we have ), B2\X; N©w)| < Ts.

The proof of the above claim is presented in Section[I5.4.2] Using Claim[I5.2T]and
Equation (15.4), we have the following:

Dppx.vc) = Z [N (v)| + Z [N (v)]

vEB}\X; veBI\X;
<Ti+71
<214 i I+ ken” (From the definitions of 77, T and II)
- 400 150 b

O
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Proof of Heavy vertex lemma (Lemma

Before proceeding to prove the Heavy vertex lemma, we will first prove two intermediate
claims that will be crucially used in the proof of the lemma. The first claim states that
when we consider a bipartition f of GG, if a vertex v € G has a large number of neighbors
on one side of the partition defined by f, the proportion of its neighbors in X; on the
same side of f will be approximately preserved, where X is a set of vertices picked at
random in Step-1(i) of the algorithm TOL-BIP-DIST(G, €). The result is formally stated

as follows:
Claim 15.22. Let f be a bipartition of G. Consider a vertex v € V.

(i) Suppose |N(v)N f~Y(L)| > ’f‘%. Then, with probability at least 1 — o(ke), we have

IN(w) N fHL)NX;| = (1 + %) |N(v) N f=H(L)] %

(ii) Suppose |N(v) N f~H(R)| > Y&, Then, with probability at least 1 — o(ke), we have

_ _ X;
INw) N fHR) N X = (14 55) IN(0) N FH(R)|

The next claim is in similar spirit as that of Claim [I5.22] Instead of considering
vertices with large number of neighbors, it considers the case when a vertex has small

number of neighbors on one side of a bipartition f.
Claim 15.23. Let f be a bipartition of G. Consider a vertexv € V.

(i) Suppose [N(v)N f~1(L)] < (1+ 2—’80)_1 ke Then, with probability at least 1 —

o(ke), we have

O\ ke | X
N ynx| < (142 ) R
[Ny n )0 |—( +300) 150

(ii) Suppose [N(v) N fH(R)| < (1+ %)_1 ke Then, with probability at least 1 —
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o(ke), we have

kYT k2| X
300 150

IN(w)n fTHR)NX;| < (1+

Claim [15.22] and Claim [[5.23] can be proved by using large deviation inequalities
(stated in Section [2.3)), and the proofs are presented in Appendix [[5.4.2]

Assuming Claim|15.22|and Claim hold, we now prove the Heavy vertex lemma

(Lemma [I5.14).

Proof of Lemma[15.14] We will only prove (i) here, which concerns the L-heavy ver-
tices. (i7) can be proved in similar fashion. We first characterize L-heavy vertices into

two categories:

(a) Both [N(v) N f~*(L)| and |N(v) N f~Y(R)] are large, that is, [N (v) N f~1(L)|

f
n —1 ken _
% and \N( )N Y (R)| > (1+%) ’fﬁ. Moreover, |N(v) N f~1(L)|

(14 55) IN(w) N f7H(R)].

AVARAY

(b) [N(w)N f~Y(L)|is large and [N (v) N f~1(R)| is small, that is, [N (v) N f~1(L)|

EN -1 EN
?50 and |[N(v) N f7Y(R)| < (1 + 200) %.

v

Case (a): Here [N(v) N f7H(L)] > (1+ o) %2, and [N (v) N f71(R)| > %2, From

Claim [15.22] the following hold, with probability at least 1 — o(ke):

[N@)n )N X = (li%) e n )
and .
‘N(U> ﬁfil(R) ﬂXZ| = (1 :I: ﬁ) |N f*l(RM %
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So, with probability at least 1 — o(ke), we have the following:

IN() N L) N XS] = |N@) N fHR) N X

2 (1 - %) [N(v) N f7H(L)] |)§| - (1 + %) IN(v) N f7(R)] 'ii_|

Lk 1) IN NS K
500 1+% n

( NN )] 2 (1 ! %) [N@nf _I(R)‘)

k % ke |Xl|
— 1500 150
]{325 |X7,|
>
— 225000

Case (b): Here [N (v) N f~(L)] > %2 and |N(v) N f7(R)| < (1 + 5£) 7" &2 From

Claim [I5.22] and Claim [15.23] the following hold, with probability at least 1 —
o(ke):

(- k < 100)

IN(w) N FHL)NX| = (1 + %) IN(w)n L) %

and [N (v) N f~Y(R) N X;| < (14 &) =X Thus, with probability at least

1 — o(ke), we have the following:

[N(v) N fHL) N X5 = |N(v) N fFHR) N X

>(1——=)|Nwnf L —
5007 150 1+ 5 150
2 )

> 1 ok _ k7N ke | X

1500 100/ 150

]{726 |Xz|
> k<1
— 225000 (2 k=100

This completes the proof of part (i) of Lemma|l5.14 O
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15.4.2 Proof of soundness

In this section, we prove the following theorem:

Theorem 15.24. Let us assume that G is (2 + k)e-far from being bipartite. Then
ToL-B1P-DIST(G, €) reports the same, with probability at least 9/10.

Assume f is a bipartition of V' (G). Now let us consider a DERIVED bipartition DER{
with respect to f by f;;, and choose a set of random vertex pairs Y such that |Y| = |Z].
Let Xzfj denote the fraction of vertex pairs of Y that are monochromatic with respect to

the bipartition DER{ , that is,

. H{a, b} €Y : {a,b} € E(G) and DER! (a) = DER/ (b)}‘
Xij = 4 ]Y] :

Observation 15.25. Xzfj < (2 + 2—%) ¢ holds with probability at most 1(+N’ where N =
90 (33 o 1)

Proof. Since G is (2 + k)e-far from being bipartite, the same holds for the bipartition
DER/ as well, that is, dy;,(G, DER]) > (2 + k)en®. So, E[x{] > (2+k)e. Using
Chernoff bound (see Lemma|2.13)), we can say that, P (Xf - < (2 + %) E) < —L_ Since

J 10N *
|Z] = O (5 log =), the result follows. O

We will be done with the proof by proving the following claim, that says that bound-

ing Xzfj is equivalent to bounding ;.

Claim 15.26. For any i € [t|, and any f;; € F;, the probability distribution of (;; is

identical to that of X{j for some DERIVED bipartition with respect to f by f;.

Proof. Consider a bipartition f;; € JF; of X;, and the bipartition fi/j of X; U Z, con-

structed by extending f;;, as described in the algorithm. For the sake of the argument,

/
ij

the same rule of Step-2 (ii) (b) of the algorithm. Observe that f;; (v) = fij(v), for each

let us construct a new bipartition f;; of V(G) by extending the bipartition f/;, following

v € X;. Thus f;; is a DERIVED bipartition with respect to some f by f;;. Hence, the
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claim follows according to the way we generate (;;, along with the fact that Z is chosen

uniformly at random by the algorithm in Step-1 (ii). [

Let us now define a pair (X, f;;), with ¢ € [t] and f;; € F; as a configuration. Now
we make the following observation which follows directly from the description of the

algorithm.
Observation 15.27. Total number of possible configurations is N = 90z lee 5 ).

Note that Claim holds for a particular f;; € F;. Recall that in Step-2(iii),
our algorithm TOL-BIP-DIST(G, ¢) reports that G is (2 + k)e-far if ¢;; > (2+ %) €,
for all ¢ € [t] and fi; € Fi. So, using the union bound, along with Observation
Claim[15.26]and Observation[I5.27] we are done with the proof of Theorem[15.24

Remaining proofs from this section

Here we include proofs of four claims that were not formally proven before in this sec-

tion.

Claim 15.28 (Restatement of Claim (1)). Let

ken?

150

Ty =2 > IN(v) N fHL)| + > IN(v) N fH(R)]

vef~HL)N(BF\X:) vef~HR)N(BF\X;)

Then for balanced vertices of Type 1, > |N(v)| < T1.
’L)GB}\X,L

Proof. Let us consider an optimal bipartition f. Then, for any vertex v € f~'(L)N(B}\

X;), we can show the following:

—ken
150

<|N@) N L) = |N@) N fHR)| <0
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Thus

—ken |1 B} i
ken |f (i})oﬂ AL s vwnsw)

vef~H(L)N(BI\X,)

- > [N(w) N (R

vef~HL)N(BIX;)

Similarly, we can also show that

—ken |fH(R) N (B} \ X;
€ |f (15)Oﬂ( f\ )l < Z |N(v)ﬂf_1(R>‘

ve -1 (RNBIX)

- > [N(v) N f7HL)]

vef~HRN(BIX)

<0.

Since f~Y(L)Uf~Y(R) = V(G),and f~1(L)N f~Y(R) = (), we have the following four

inequalities:

—ken |B} \ X; _

s S 2 INonsiml+ o X INenfiR)|
vef—l(L)m(B}\Xi) vef—l(R)m(B}\Xi)
—~ > IN(v) N fHR)| + > |N()n (L)
ve fHL)NBIX,) vef~H(R)N(BI\X;)
So,
> IN() N F7Y(R)| + > IN(v) N fH(L)]
vef~H(L)N(BF\X:) vef~H(R)N(B}\Xi)
< > IN(v)n f(L)| + > IN(v) N fH(R)]
veffl(L)ﬂ(B}-\Xi) veffl(R)ﬂ(B}-\Xi)
ksn\s}\xi|
150
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Therefore

> [N ()] + > [N ()|

vef~1(L)NBY\X) vef~L(R)N(BI\X:)
-1 . ken?
< 2 Y. Wt Y N R+
ve S~ 1 LINBX;) vef~1(B)NBIX,)
So we conclude that ZveB}\Xi IN(v)| < Th. O

Claim 15.29 (Restatement of Claim|[15.21(ii)). Let

T, = (2+ %) > IN(v)n fH(L)| + > IN(v)n f(R)]

vef~H(L)N(BI\X,) vef~H(R)N(B2\X)

Then, for balanced vertices of Type 2, > |N(v)| < Ts.
’UEB;\XZ'

Proof. Recall the definition of balanced vertices of Type 2 from Definition Sum-
ming over all the vertices of f~'(L) N (B7 \ X;), we have

Y. INwnfi) < Y. INwnfB)

vef~H(L)N(BF\X;) ve fmHL)N(BI\X)

< (1vgg) X W@

vefL(L)N(BA\X;)

Similarly, we can also say that

> IN(w) N fY(R)| < > IN(v)n f7H(L)|

vef -1 (R)N(B2\X) vefLR)N(BI\X))

< (1 + %) > IN(v) N fH(R)].

vef~1(RN(B2\X)
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Summing the above two inequalities, we get the following three inequalities:

> IN(w) N fFHR)| + > IN(v)n f7(L)|

vef~H(L)N(BF\X;) vef~H(R)N(B2\X,)

g(1+i) S Noafo+ Y IN@ N R

200
vefL(L)N(BA\X;) vef~LR)N(B2\X;)
So,
> IN(v)| + > [N (v)|
vef~HL)N(B2\X;) vef U R)N(BA\X,)

Crgg) | T Wonrols X Nonse)

vef~HL)N(BF\X;) vef L (R)N(BI\X;)

Thus, we have ZUG(B?\XZ') N@w)| < T O

Claim 15.30 (Restatement of Claim [15.22). Let f be a bipartition of G. Consider a

vertexv € V.

(i) Suppose |N(v) N f~'(L)| > %2. Then with probability at least 1 — o(ke), we have

IN(w) N FHL) N X = (1£25) [Nw)n (L) B holds.

(ii) Suppose [N (v) N f~'(R)| > %% Then with probability at least 1 — o(ke), we have

IN@) A FUR) N X = (1 ) [N (o) 0 F 1 (R)|

500

Proof. We prove only part (7) of the claim. Part (i7) can be proven analogously.

From the condition stated in (i), we know that

ken
N@)n L) > —.
V@) N L) 2 e
Since X; is chosen randomly, we can say that

B [|N@)n 100 X) 2 8
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Using Chernoff bound (see Lemma [2.13]), we have

P (}N(v) NFHL) N X # (HE %) IN(v) N f(L)] %) < 9okl

The last inequality follows from the fact that | X;| = O( log %). O

Claim 15.31 (Restatement of Claim [15.23)). Let f be a bipartition of G. Consider a

vertexv € V.

(i) Suppose [IN(v) N fH (L) < (1+ o) - ke Then, with probability at least 1 —
1 ke i
o(ke), we have \N(v) FUD) N X < (14 )7 B
(i) Suppose IN(v) N fH(R)| < (1+ o) - ke Then, with probability at least 1 —

o(ke), we have \N(U) FHRINX] < (L4 555) B kallséil‘

Proof. We will only prove part (7) here. Part (ii) can be proven in similar manner.

From the condition stated in (), we know that

» E\ 7' (1+k)en
IN(w)n f (R)lﬁ(Hm) C150

Since X is chosen at random, we can say that

i)l (1 +k>€’Xi‘.

E[|N@)nf (RN X[ < (1 + 200 150

Using Chernoff bound (see Lemma [2.13)), we have
E\ 7N+ k)e | X a(kelx.
PN T NX| > (14— ) STEEINL) o 0(ReX) < o (e),
(\ ()N F (L) Z\_( +3OO) DER) < < ofke)

The last inequality follows due to the fact that | X;| = O(z: log ). O
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Chapter 16
Conclusion

In this thesis, we considered sample and query complexities of various properties of
distributions and graphs. There are several open problems that have come out of these
works. We discuss them below:

In Part[l| (Chapter 4] Chapter[5| and Chapter [6), we studied the relation between the
sample complexities of non-tolerant and tolerant testing of label-invariant distribution
properties. We proved that this gap is at most quadratic, which is almost tight. We
also proved lower bound results of non-tolerant and tolerant testing of non-concentrated
properties, where the probability mass of the distributions in the property are sufficiently
spread. We further designed an algorithm of learning a concentrated distribution, even
for the case when the support of the distribution is unknown apriori. It is interesting to
note that our proof technique does not immediately generalize for non-label-invariant

properties. So, a natural open question is:

Can one show a relation between the non-tolerant and tolerant sample complexities of

non-label-invariant properties?

In Part [IT] (Chapter [§] Chapter O] Chapter [[0] and Chapter [IT), we studied several
properties in the huge object model introduced by Goldreich and Ron [[GR22]. In this
model, distributions are defined over n-dimensional Hamming cube {0, 1}", and the

samples obtained from the oracle representing the distribution are n-bit strings. We have
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sampling access to the distribution, along with query access to the sampled strings, and
the goal is to optimize the sample and query complexities of the testers. We defined the
notion of a new class of properties, namely index-invariant properties, which are prop-
erties that are invariant under the permutation of the indices of the strings. In particular,
in Chapter 8, we studied the problem of learning distributions that can be clustered, and
designed an efficient algorithm for learning such distributions in the huge object model.
Then in Chapter 9] we proved that every index-invariant property whose VC-dimension
is bounded has a tester with a number of queries independent of n, and depends only on
the VC-dimension and the proximity parameter. Moreover, the dependencies of the sam-
ple and query complexities on the VC-dimension are also tight. Later, in Chapter[[0]and
Chapter [T} we explored the power of adaptive testers compared to their non-adaptive
counterparts in this model. We showed that for index-invariant properties, there is a
tight quadratic gap. However, for general non-index-invariant properties, there is a tight
exponential gap between the query complexities of adaptive and non-adaptive testers.
Since this is a very new model, it would be very interesting to explore how the query
complexities of testing various properties depend on different measures other than the

VC-dimension.

In Part [T of this thesis (Chapter [I3] Chapter [14] and Chapter [I3), we studied the
query complexities of some graph property testing problems in the adjacency matrix
model. In this model, the graphs are stored as adjacency matrix, and the tester can ask
queries of the form if there is an edge between two vertices, say v and v. The oracle
storing the adjacency matrix corresponding to the graph will return 1 if there is an edge

between v and v, and 0 otherwise.

In particular, in Chapter[I3]and Chapter[I4] we studied the problem of tolerant testing
of graph isomorphism (GI) between a known graph GGy, and an unknown graph G, each
with n vertices. We proved that the query complexity of tolerant graph isomorphism test-
ing between G, and G, is the same as tolerant testing of Earth Mover Distance (EMD)
between a known multi-set Sy and an unknown multi-set .S,, when we have samples with-
out replacement from S, ignoring polylogarithmic factors. Here the multi-sets Sy and

S, are constructed suitably from the graphs G and G,,, respectively. We also showed
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when we are sampling with replacement from S, 2(n/log n) samples are required for
tolerant testing of EMD. However, when we are sampling without replacement from .S,,,

the only known lower bound is 2(1/n). So, a natural open question is:

What is the tight sample complexity of tolerant EMD testing when we have samples

without replacement from the unknown multi-set S,,?

Fischer and Matsliah [EMOS]] studied graph isomorphism testing for both the cases
(i) when one graph is known and the other graph is unknown and (ii) when both the
graphs are unknown. They resolved the query complexity of (i), whereas Onak and
Sun [OS18] resolved (i1). With this work, we initiate the study of tolerant graph iso-
morphism problem in the query and communication world. So, another natural open

question to look for is:

What is the query complexity of tolerant graph isomorphism

when both the graphs are unknown?

Finally, in Chapter [I5] we studied the query complexity of tolerant bipartiteness
testing of dense graphs. Here, given query access to the adjacency matrix of an unknown
dense graph G, the goal is to distinguish whether dp;,(G) < en? or dy;,(G) > cen? for
any ¢ > 1, where dy;,(G) denotes the bipartite distance of G. For ¢ > 2 4 Q(1),
we designed an algorithm that solves this problem by sampling O (5% log %) vertices
in 20(21e ) time, and performs O (E% log? %) queries. For the case of distinguishing
dpip(G) < en? from dp,(G) > (1 + k)en? for some k > 0, there is an algorithm that
performs O (75=5) queries, which can be derived from the work of Alon, Vega, Kannan
and Karpinski [AdIVKKO3] (see Corollary [I5.5]in Section [I5.2)). So, a natural open

question is:

Is there an algorithm for distinguishing dy;,,(G) < en? from dy,(G) > (1 + k)en? with

query complexity o (kﬁ—lgﬁ) ?
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