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Chapter 1

Introduction and a Brief Review of

Literature

1.1 Introduction

One of the main objectives of statistics is the comparison of random quantities. These
comparisons are mainly based on the comparison of some measures associated to these
random quantities. For example, it is very common to compare two rvs in terms of their
means, medians or variances. In some situations, comparisons based only on two single
measures are not very informative. For instance, let us consider two rvs X and Y with
respective cdfs F(t) =1—e'" and G(t) = 1 — e~ V7" for all ¢ > 0 respectively. Here we have
E[X] = E[Y] = y/7/2. If X and Y represent the random lifetimes of two devices, or the
survival lifetimes of patients under two different treatments, then we would say that X has
the same expected survival time than Y, if we just considered the mean values.However, if
we took into account the probability of surviving at a fixed time ¢ > 0, then P[X > t] <
PlY >t] for all t € [0,2/y/7] and P[X >t] > P[Y > ], for t € [2/\/7, 00).

Consequently here sfs provide more concrete information to compare these two rvs. The
necessity of providing more detailed comparisons of two random quantities has motivated
the development of the theory of stochastic orders, which has grown significantly during
the last 50 years. Stochastic order refers to the comparisons of two random quantities in
some stochastic sense. It is an important tool which has been used in many diverse areas
of statistics, mathematics, economics, physics, biology and so on.

One of the most important area where stochastic orders studied extensively is reliability
theory. Reliability is a popular concept that has been studied for decades as a commendable

attribute of a living organism or a mechanical system. After the experience of second world
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war with complex military systems, the demand of reliability theory has grown up. An
early application of the reliability theory could be found in the area of machine maintenance
(cf. Barlow and Proschan [12]). Reliability theory describes different aspects of a system,
namely, whether a system is good or bad, how long a system may survive, what the failure
rate of a system is, etc. In reality, we deal with many different complex systems. In most of
the cases, the basic structures of these systems match with those of the well known coherent
systems (to be discussed later). Thus, the reliability study of a coherent system has received
considerable attention from researchers/engineers. Indeed, one may be interested to know
about the useful tools/theories developed so far to study the reliability of a system. Clearly,
this is case-dependent. For example, if we want to know whether a system is good or bad,
then the stochastic orders are useful tools for this; if we want to know how long a system
will survive, then the mean residual life function is one which gives some idea about this.
Thus, it is important to study different reliability tools/theories in order to study system

reliability.

In reliability, stochastic orders are basically used to compare the lifetimes or the remain-
ing lifetimes of two systems; in econometrics, these are used to compare different income
inequalities from various random prospects; in biological sciences, these are used to know
the effectiveness of a particular drug by comparing the lifetimes or residual lifetimes of the
control group of living organisms. Like stochastic orders, stochastic ageing is also another
important concept which has many applications in reliability theory. Different stochastic
ageing properties describe how a system improves or deteriorates with age. Study of differ-
ent closure properties of various ageing classes is one of the important problems in reliability
theory. For example, if the components of a system have some ageing property, then it is
important to study whether the corresponding system has also the same ageing property
or not. Such a study is meaningful because this helps us to find out how the reliability of

a system can be determined from knowledge of the reliabilities of its components.

Now-a-days, the systems which are used in industry, are very costly as well as compli-
cated in nature. The failure of such systems may create a great monetary loss. Thus, the
researchers want to find out new ways by which the system lifetime may be increased. One
of the popular/useful ways to enhance the lifetime of a system is the allocation of redundant
components into the system. Thus, the study of different allocation strategies is one of the

frontier areas of research in reliability theory.

Another area where stochastic orders also applied extensively is actuarial science. One
of the important problems in actuarial science is the study of comparing risks. Risk describe
the potential loss of an individual or a company and defined by a rv X. Very often a decision
makers has to choose an action given some uncertain alternative. For example an investor

who wants to allocate his resources in different investment opportunities, an individual who
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has to decide weather he/she will buy a policy or not. Famous expected utility hypothesis
states that for a rational decision maker there exist a utility function « such that Y will be
more risky than X if and only if Elu(X)] < E[u(Y)]. However very often for every decision
maker it is almost impossible to express the utility function explicitly. Therefore a natural
question arises whether there any criteria available to compare two risk X and Y when
there is only partial knowledge available about the corresponding utility function, say, u
belongs to some prescribed class F of functions. Also there are situations where a group of
decision makers with different utility functions, then a natural question can occur whether
all the members of the group come to the same decision. Each of the above mention cases

lead to the stochastic order relationship s.t.
X XY if E[u(X)] < E[u(Y)] for all u € F. (1.1.1)

Clearly for different choices of u will lead to different stochastic orders.

1.2 Review of Literature

A detailed literature survey concerned with the problems studied in this thesis is given in
this section. We divide this section into eleven subsections. The subsection [[.2.7] consists
of notation, nomenclature, acronym and abbreviations. Some important measures, namely,
failure rate, reverse hazard rate and mean residual life are discussed in subsection In
subsection [1.2.2] we give the definitions of different majorization. In subsection Some
important reliability measures are discussed. In subsection [1.2.4] different stochastic orders
and their application have been discussed. Different stochastic ageing classes are discussed
in subsection In subsection Copula theory is discussed. A brief discussion on
the coherent system and its applications is given in subsection The different kind of
redundancies and their usefulness are discussed in subsection In subsection |1.2.10
we discuss different type of claim amounts. In subsection different semi-parametric

models have been discussed.

1.2.1 Notation, Nomenclature, Acronym and Abbreviations

Below we give notation, nomenclature, acronyms, and abbreviations that will be used
throughout the thesis.

Notation

X underlying nonnegative rv.
fx(-) probability density function of X.
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cumulative cdf of X.

survival (reliability) function of X.

hazard (failure) rate function of X.

reversed hazard (failure) rate function of X.

mean residual life function of X.

(X —t|X >1).

(t— X|X <t).

An array of new components.

Lifetime of a coherent system having n number of components.
Lifetime of a k-out-of-n system.

min{ X, Y'}.

max{X,Y}

state of 7, (X) at time ¢.

state of 7x.,(X) at time t.

Reliability function of 7y,

Reliability function of 7j.;,.

hin) (P1,D25 -+ 5Pn), 0 < p; <1, foralli=1,2,...,n.
hin (P1, D25+ yPn), 0 <p; <1, foralli=1,2,...,n.
hin(P) whenever p; = p, for all i = 1,2,... n.
hi.n(p) whenever p; = p, for alli =1,2,...,n.

Acronym and Abbreviations

cumulative distribution function.
survival (reliability) function.
probability distribution function.
usual stochastic.

stochastic precedence.

hazard rate.

reversed hazard rate.

likelihood ratio.

up shifted hazard rate.

down shifted hazard rate.

up shifted rhr.

up shifted likelihood ratio.

down shifted likelihood ratio.
dispersive.

increasing likelihood ratio.
decreasing likelihood ratio.
increasing failure rate.
decreasing failure rate.
increasing in failure rate average.
decreasing in failure rate average.
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NBU new better than used.
DMRL decreasing mean residual life.
IMRL  increasing mean residual life.

Nomenclature

~—

1—Fx(-).

first derivative of k(t) with respect to t.
second derivative of k(t) with respect to t.
third derivative of k(t) with respect to t.

™

N N N
~

~— N —

a
(&)
=1

a and b have the same sign.

a
[e]
™
S o

b is defined as a.

X=4Y X and Y have the same distribution.
X=5Y PX>Y)=PY > X).

Fil(y) inf {z : Fx(z) > y}.

SIS
I

R {z: —00 <z < o0}.
log(x) logarithm of = with base e.
iid independent and identically distributed.

increasing non-decreasing.
decreasing nonincreasing.

We use the convention of a/0 to be equal to co whenever a > 0.

1.2.2 Preliminaries

Given a vector * = (x1,x2,...,2,) € R™, denote zy < 2@ < ... < Ty as increasing

arrangement of x1,x2,...,T,.

Definition 1.2.1. Let * = (z1,22,...,2,) and y = (Yy1,Y2,.--,Yn) in R™ be any two

vectors.

(i) The vector x is said to majorize the vector y, i.e., x is larger than y in majorization

order (denoted as x Tin y) if (cf. [90])

J

i n n
Zx(i)§2y(i), forallj=1,2, ...,n—1, and Zx(i):Zy(i).
i=1 i=1 i=1

=1

w
(ii) The vector x is said to weakly supermagjorize the vector y, denoted as x = y if (cf.
196])

J

j
Z‘E(i) < Zy(i), forallj=1,2,...,n.
i=1

i=1
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(iii) The vector x is said to weakly supermajorize the vector y, denoted as © =, y if (cf.

[96])

=7

Za:(i) > Zy(i), forallj=1,2,...,;n—1.
i=j

P i
(iv) The vector x is said to be p-larger than the vector y (denoted as x = y) if (cf. [25])

J

J
Hx(l) S Hy(l)7 fO'f’ all] = 1,2,...,71.
=1

i=1
It can be seen that

m w p
Xxr-ry=>x>y=x>y.0

Definition 1.2.2. (c¢f. [90]) Let A and B be two m x n matrices. Further let alt, ... ak

m

and b{%, . ..bffl are the rows of A and B respectively, so that each of these quantities is a

row vectors of length n. Then A is said to

(i) row majorize B (denoted by A >"°" B) if all g bR i=1,...,m.
(i3) row weak magorize B (denoted by A >" B) if af g bR, i=1,...,m.
(iii) chain majorize B (denoted by A > B) if there exists a finite number of n x n T-
transform matrices, 11,15, ..., Ty such that B = AT15...T.

Any T-transform matrix has the form
T=MN+(1-M)Q

where 0 < A <1 and @ is a permutation matrix that just interchanges two coordinates. It
is to be noted that A > B = A >"" B = A >" B.

Lemma 1.2.1. [96] Let I C R be an open interval and let { : I" — R be continuously
differentiable. Necessary and sufficient conditions for ¢ to be Schur-convex (resp. Schur-

concave) on I™ are that ¢ is symmetric on I, and for all i # j,
(u; — uj) (C(l)(u) — C(j)(u)) > (resp. <) 0 for all w = (uy,ug, ..., up) € I",

where (i (u) = 9C(u)/uy.
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Lemma 1.2.2. [96] Let A CR", and ¢ : A — R be a function. Then, for x,y € A,

-y — (@) > (resp. <) ((y)

if and only if ¢ is both decreasing (resp. increasing) and Schur-convex (resp. Schur-concave)

on A.

Lemma 1.2.3. [72] Let ( : (0,00)" — R be a function. Then,

zry = C(x) > (resp. <) ((y)

if and only if the following two conditions hold:

(i) C(e*,...,e") is Schur-convez (resp. Schur-concave) in (vi,...,v,),
(ii) C(e',...,e") is decreasing (resp. increasing) in each v;, for i =1,...,n,
where v; =Inx;, for i=1,... n.

In what follows, we introduce a notation. Let

U, = < (z,y)= o I cx; > 0,9; > 0,and
Y1 ... Yn

S, = e o sy > 0,y; > 0,and
cee Un
(i —z5)(y y])<0V23—1 ,n}.

Notation. Let us denote the following notations:

(1 D ={(z1,22, ..., Tp) : x1 > T2 > ... > xp > 0}.
D?—JL_ = (2717(1727...7117”) | Z X9 2 Z Ty > 0}
E=A(z1,29,.;wp) : 0< 1 <o < ... <}
5+:{($1,%‘2, wn):0<z <x9 < .. <y}

n

Lemma 1.2.4. [96] Let ¢ : £ — R is continuously differentiable on the interior of €. Then,
forx,y €&,

iy — ¢(a) > (resp. <) oly)
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iff o) (2) is increasing (resp. decreasing) ink =1,...,n, where o4y = 0p(2)/0z, denotes

the partial derivative of @ with respect to its kth argument.

Lemma 1.2.5. [96] Let ¢ : S — R be a function, S C R™. Then, for x,y € S,

Ty = (@) > (resp. <) p(y)

iff v is increasing (resp. decreasing) and Schur-convex (resp. Schur-concave) on S. Simi-

larly,

w
vy = ¢(x) = (resp. <) p(y)
iff ¢ is decreasing (resp. increasing) and Schur-convex (resp. Schur-concave) on S.

Lemma 1.2.6. [57, [96] Let ¢ : D(E) — R be a continuous function and continuously
differentiable on the interior of D (£). Then

o(x) > ¢(y) whenever x =, y on D (&)

iff @) (2) is a non-negative decreasing (increasing) function in k for all z in the interior of
D (&). Similarly,
o(x) > ¢(y) whenever x g yon D (£)

iff o) (2) is a non-positive decreasing (increasing) function of k for all z in the interior of

D (€).
Lemma 1.2.7. (¢f. [906])

(i) For all increasing convex function h, x =<, y = (h(z1),h(x2),..., (xy)) =<w

(h(yl)’h(QQ)uah(yn))
(ii) For all increasing concave function h, x =* y = (h(x1),h(z2),....;h(zy)) <V

(h(yl))h(yQ)aah(yn))
(iii) For all decreasing convex function h, = <* y = (h(x1),h(z2),....,h(xy)) =w

(h(y1), h(y2), .- h(yn))
(iv) For all decreasing concave function h, x =, y = (h(z1),h(x2),...,h(zy)) ¥

(h(y1), h(y2); .., h(yn))

Lemma 1.2.8. [/5] For two n-dimensional Archimedean copulas Ko, and K, , if ¢2 0 @1

is superadditive, then K, (u) < Ky, (u) for all w € [0,1]".
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Lemma 1.2.9. ( Chebyshevs inequality) If a1, as, .., ayp; by, ba, ..., by be all real numbers,then

(1) (% py ai) (% > bi) < (l Sy aibi) if either a1 < as < ... < a, and by < by <
. Z by, 0ra1 > ag > ... >a, and by > by > ... > by

(i) (230 a) (A b) > (25 aibe) of either ar < o
w.>bp,0ora; > a3 > ... >a, and by < by < ... < by,

IN
A

< ap and by > by >

1.2.3 Some Important Measures in the Theory of Reliability

In this subsection we discuss some important measures which are very useful in reliability

theory, namely, hazard rate, rhr, mean residual life and so on.

Definition 1.2.3. Let X be a nonnegative rv. Then the sf of X is given by

Fx(z) = P(X > x),

e Hazard rate (hr) function

The lifetime of a system is completely characterized by its cdf. A realization of a
lifetime is manifested by failure, death or some other end-event. So, the information on the
probability of failure of an operating item in the next (usually sufficiently small) interval of
time is really important in reliability analysis. The hr function is the one which measures
this probability. The reliability analysts show their keen interest in studying this function.
The hazard rate has variety of names in different fields, e.g. in extreme value theory, it
is called the intensity function (cf. Gumbel [51]); in actuarial work, it is called the force
of mortality. Sometimes it is also called age specific force of mortality and intensity of
mortality (cf. Steffensen [126]). In statistics, its reciprocal for the normal distribution is
called Mills ratio (cf. Barlow et al. [13]); in epidemiology, it is called the age specific failure
rate, whereas in reliability theory we call it failure rate or hazard rate (cf. Barlow and

Proschan [12]). Mathematically, hr function of a rv X is defined as

. Pe<X<z+AlX>2x)
rx(z) = Alg{)lJr A

)

If X is an absolutely continuous rv then rx(z) can be represented as

Another important fact about the hazard rate function is that it uniquely determines the
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distribution by the relation

T

Fre(a) = exp { — / rx(u)du
0

The system reliability could be judged by the monotonic behavior of its hr function. For
example, if the hr function is increasing, then the system is usually degrading in some
suitable probabilistic sense. The different monotonic behavior of the hazard rate function
such as increasing, decreasing, bathtub-shaped, reversed bathtub-shaped, roller-coaster,
etc. have been extensively studied in the literature (cf.Lai and Xie [83]). To know more on
the other properties of the hr function, we refer the reader to (Barlow and Proschan [12],
Marshall and Olkin [95], and Finkelstein [46] among others).

¢ Reversede hazard rate (rhr) function

Like hr function, rhr function has also drawn attention due to its various useful proper-
ties in different areas of mathematics, statistics, economics and other related fields. It was
first introduced by Mises [97] (as mentioned in Marshall and Olkin [95]), and was discussed
briefly by Barlow et al. [I3]. The rhr function has been shown to be used in modeling left-
censored data by Andersen et al. [3], Sengupta and Nanda [121], and many other researchers.
Andersen et al. [3] have stated that, in analyzing left-censored data, the rhr function plays
the same role as the hr function plays in the analysis of right-censored data. In forensic
science, it is used for estimating exact time of failure (death in case of human being) of a
system. It can also be used in actuarial science, specially by the insurance companies, to
decide on the premiums to be fixed for a new policy holder. For other applications of rhr
function, one may refer to Sengupta and Nanda [120]. The rhr function of a rv X is defined

as

. Ple-A<X<zX<2x)
Px(z) = Algng A ’

If X is an absolutely continuous rv then 7x(z) can be represented as

Like hr function, it also uniquely determines the distribution by the relation

o0

Fx(z) =exp —/FX(u)du

x
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Many different properties of the rhr function are studied by different researchers viz. Block
et al. [19], Chandra and Roy [33], Sengupta and Nanda [I21] and the references there in.

e Mean residual life (mrl) function

We have already discussed two important measures in the theory of reliability, namely, hr
and rhr. Mean residual life is also another such important measure. It has huge applications
in many diverse areas of statistics, physics, economics, biomedical science and related fields.
In actuarial science, it is used to fix rates and benefits for life insurance; in biomedical
science, it is used to analyze survivorship study. Demographers use it to study the human
population. It is used to determine the optimal burn-in time which is an important screening
method used in reliability theory. In replacement and repair strategies, although the shape
of the hr function plays an important role, the mrl function is found to be more relevant
than hr function. The hr is the instantaneous hr at any point of time whereas the mrl
summarizes the entire residual life. Thus, the mrl has more intuitive appeal for modelling

and analysis of failure data than the hazard rate. The mrl function of a rv X is defined as

E[X —z|X > x|, forz < o,
px () =
0, otherwise,

where 2¢ = sup{z : Fix(z) > 0}. If X is an almost surely positive rv, then ux(0) = E(X).
By the finiteness of E(X) we have that px(z) < oo, for all x < co. However, it is possible

that limy_,o px () = co. It is worth to mention here that

px(z) = Fxl(l‘)

/ Fx(u)du, when z¢ = co.

Similar to the other measures discussed above, mrl function also uniquely determines the

distribution by the relation

T

Fx(z) = B(X) exp —/ uj?u) over {z : P(X > x) > 0}.

0

In literature, many different properties of the mrl function are studied by different re-
searchers, namely, Shaked and Shanthikumar [122], Marshall and Olkin [95], Finkelstein
[46], Barlow and Proschan [12], Lai and Xie [83], and the references there in.
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1.2.4 Stochastic Orders

Suppose we have two different systems, and we want to compare their reliabilities. Then the
key question is — how to decide that one system is more reliable than the other? Stochastic
orders are the effective solution to this problem. This is because once the cdfs of two
lifetime rvs are known, stochastic orders use the complete information available regarding
the underlying rvs through its distribution, whereas the other kind of comparison (say, in
terms of means and/or variances) do not utilize the complete information as available with
the distributions. So it is quite natural that stochastic orders will give better comparison
than what is done in terms of means or variances. In literature many different types of
stochastic orders have been defined. Each stochastic order has its individual importance.
To study in details of these orders we refer the reader to Shaked and Shanthikumar [122],
Kochar [78].

The concept of usual stochastic order was first introduced by Mann and Whitney [92].

This order compares the sfs of two distributions. The definition is given below.

Definition 1.2.4. Let X and Y be two rvs. Then X is said to be smaller than'Y in usual
stochastic (st) order, denoted as X <4 Y, if

Fx(t) < Fy(t) for allt € (—o0,00).
This can equivalently be written as
Fit(u) < Fy'H(u) for all w € (0, 1).

There are many situations where more stronger concept than stochastic order is needed.
For example as mentioned by Miiller and Stoyan [102], suppose a person wants to buy a
car and he/she has to choose between two types cars with different lifetimes X and X and
Y. With the same price if X <g Y then he/she will choose the second one. But if someone
wants to buy a used car which is two years old, with remaining lifetimes X’ and Y’ ,then
he/she will decide according to the better remaining lifetimes i.e. X' < Y’ or Y/ < X',

Here
PX'>t)=P(X >t+2|X >2); t>0.

Now one may ask is the second type still better, i.e. X’ <4 Y’ ? Unfortunately, this is not
the case as shown in example 1.3.1 of Miiller and Stoyan [102]. Consequently, more stronger
assumption needed which ensures that usual stochastic order also holds for remaining life-
times. i.e. when [X|X >t] <y [Y|Y >t] forallt?
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l.e.

P(X>s+tX >t)<P(Y >s+t|]Y >t) foralls>0and all t.
Z?Y(t) < l?y(s—i-t)
Fx(t) = Fx(s+1)

for all s > 0 and all ¢.

This is a motivation for hr order. Hazard rate order is the one which ensures the above
fact. This order compares the hrs of two distributions. Below we give the definition of the

hr order.

Definition 1.2.5. Let X and Y be two absolutely continuous rvs with respective supports

(Ix,ux) and (ly,uy), where ux and uy may be positive infinity, and lx and ly may be

negative infinity. Then X is said to be smaller than Y in hr order, denoted as X <p, Y, if
Fy (t

— is increasing int € (—oo, maz(ux,uy)). (1.2.1)
Fx(t)

This can equivalently be written as
rx(t) > ry(t), where defined. (1.2.2)

Further, we have that X <, Y if, and only if the P-P plot is star-shaped w.r.t. (1,1), i.e.

Fy (Fx'(u)) —1
u—1

is increasing in u. (1.2.3)

rhr order is an another important stochastic order which is developed based on the concept
of rhr function. It can obtained by replacing the sf by the cdf. This order was introduced
by Keilson and Sumita [70]. The definition is given below.

Definition 1.2.6. Let X and Y be two absolutely continuous rvs with respective supports
(Ix,ux) and (ly,uy), where ux and uy may be positive infinity, and lx and ly may be
negative infinity. Then X is said to be smaller than Y in rhr order, denoted as X <,p. Y,

if

is increasing int € (min(ly, ly), 00). (1.2.4)
Fx(t)

This can equivalently be written as

Fx (t) < Fy (t). (1.2.5)
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Further, we have that X <,p, Y if, and only if the P-P plot is star-shaped w.r.t. (0,0), i.e.

Fy (Fx'(u))

is increasing in u. (1.2.6)
u

It is to be noted that X <p, Y if and only if [X|X > t] <y [Y|Y > t] for all real ¢ which
actually compares lifetimes at the time t. Now if someone wants to know [X|X € A] <y
[Y]Y € A] for all possible events A then this leads to the introduction of likelihood ratio
order. Ross [117] introduced this useful stochastic order . This order is basically used as a

sufficient condition for the above mentioned orders to hold.

Definition 1.2.7. Let X and Y be two absolutely continuous rvs with respective supports
(Ix,ux) and (ly,uy), where ux and uy may be positive infinity, and lx and ly may be
negative infinity. Then X is said to be smaller than Y in likelihood ratio (Ir) order, denoted
as X <, Y, if

fy(t)
fx(t)

is increasing int € (Ix,ux) U (Iy,uy). (1.2.7)

This is equivalent to the fact that
P(X e B)P(Y € A)< P(X € A)P(Y € B)

for all measurable sets A and B such that A < B, where A < B means that for all x € A
and y € B, we have x < y (cf. Miiller [102]). Further, we have that X <, Y if, and only

if the P-P plot is convex i.e.
Fy (Fy'(u)) is convex in u. (1.2.8)

Stochastic orders define till now compares size of the corresponding rvs. In many situation
variability of the rv is of important. Suppose two rvs X and Y with same mean describes
the return of two risky investments. Then to avoid risk any decision maker will choose the
the one having less variability.

Also variability orders are useful for detecting the heterogeneity of a random sample with
limited information. Suppose from the observe lifetimes of a “black box” parallel system
someone want to determine whether the types of composing components are the same
based on the available data (Kochar and Xu [77]). Variability ordering of heterogeneous
and homogeneous systems will lead to the answer of this questions. Thus the variability

ordering are of interest in the field of reliability and risk.
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The two useful variability orders, namely, dispersive order and star order are discussed

below.
Definition 1.2.8. A rv X is said to be smaller than another rv'Y in

(a) dispersive order, denoted as X <gisp Y, if

F'(0) — Fi'l(a) < FyH(b) — Fy'la) forall0 < a < b < 1.

(b) star order (denoted by X <, Y ) if Fy.,'(Fx(x))/x is increasing in x € Ry.

The dispersive order is used to compare spread among the probability distributions.

This order is sometimes called tail order (Jeon et al. [67], Kochar [75], Shaked and Shan-
thikumar [122]). Star order have been introduced in the literature to compare the skewness
of probability distributions. The star order is also called more IFRA (increasing failure rate
in average) order. If one rv is smaller than another in terms of star order, then this can be
interpreted as the former rv ages faster than the later in the sense of the star ordering. For
more discussion and applications see Barlow and Proschan [12] and Kochar [75].
Many applications of convolution operation are found in different areas of mathematics and
engineering. It is of interest to know whether different stochastic orders are preserved under
convolution. It is well known that the Ir order is closed under convolution of independent
rvs if the rvs under consideration have log-concave density functions. Shanthikumar and
Yao [123] have introduced shifted Ir order which is preserved under convolution without
log-concavity condition. Later, Lillo et al. [90], and Di and Longobardi [39] have defined
some other shifted stochastic orders. These orders are frequently used to study different
stochastic inequalities. Many properties of these orders are studied by different authors,
viz. Nakai [104], Belzunce et al. [16], Lillo et al. [90], Hu and Zhu [66] and the references
there in. Below we give the formal definitions of shifted stochastic orders (Lillo et al. [90],
Di and Longobardi [39], and Shanthikumar and Yao [123]).

Definition 1.2.9. Let X and Y be two rvs with respective supports (Ix,ux) and (ly,uy),
where ux and wy may be positive infinity, and lx and ly may be negative infinity. Then X

1s said to be smaller than'Y in

1. up shifted likelihood ratio (Ir 1) order, denoted as X <;q Y, if X —x < Y, for all

x > 0. This can equivalently be written as

Ty (1)

—————gsincreasingint € (Ilx —r,ux —x)U (ly,u
Folit 2) g (Ix x —x) U (ly,uy),
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for all x > 0;([90, [122]).

. down shifted likelihood ratio (Ir |) order, denoted as X <, Y, if X <jp [Y —2]Y > z],

for all x > 0, or equivalently, if

fy(t + l’)

fx(t)

1s increasing int > 0,

for all x > 0;([90, [122]).

. up shifted hazard rate (hr 1) order, denoted as X <p4 Y, if X —a <p, Y, for all

x > 0, which can equivalently be written as

Fy ()

——————1sincreasing int € (—oo,u

for all x >0 ([90]).

. down shifted hazard rate (hr ) order, denoted as X <p,| Y, if X <p, [Y —2|Y > z],

for all x > 0, or equivalently, if

Fy(t + a:)

= 1s tncreasing int > 0

for all x>0 ([90]).

. up shifted rhr (thr 1) order, denoted as X <;pt Y, if X —a <y, Y, for allz >0, or

equivalently, if
Fy (t)
FX (t + x)

for allxz >0 ( [39]).

is increasing in t € (Ix, 00),

. down shifted rhr (thr |) order, denoted as X <;pm Y, if X <ppy [Y — 2|Y > ], for

all x > 0, or equivalently, if

Fy(t + 1‘)

ts increasing in t € (Ix,00),
P (@) g ( )

for allz >0 ( [39]).

. up shifted mean residual life (mrl 1) order, denoted as X <,p3 Y, if X — 2 < Y,

for all x > 0, or equivalently, if

Ji%, Fyrtu)d

= 4sincreasing int € (Ix, o0
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for all z > 0 (Nanda et al. [106]).

8. down shifted mean residual life (mrl|) order, denoted as X <) Y, if X <pri Y — 2,
for all x > 0, or equivalently, if

[ Fy (u)du

“t———— isincreasing int € (lx,00),
Jo, Fx(u)du

for all x > 0 (Nanda et al. [1006]).
9. up shifted mean inactivity time (mit 1) order, denoted as X <piny Y, if X —2 <pnit Y,
for all x > 0, or equivalently, if

fg+x Fy (u)du

is decreasing int € (lx,00),
fg Fx (u)du ( )

for all x > 0 (Nanda et al. [105], Kayid et al. [69]).
10. down shifted mean inactivity time (mit |) order, denoted as X <piu) Y, if X <pnit
Y —x, for all x > 0, or equivalently, if

2 d
M is decreasing in t € (Ix,00),
fo Fx (u)du
for all x > 0 (Nanda et ol. [105], Kayid et al. [69]). O

The following diagram depicts relationship among the stochastic orders (cf. Shaked and
Shanthikumar [122] and Lillo et al. [90]).

X ShrT Y - X< Y X <iee YV
T T N\ S
X SZTT Yy - X <ir Y X <st Y
3 1 S N\
X SrhrT Yy - X <rhr Y X <iw Y
X Shri Y —- X< Y X <iee YV
T T N\ /!
X SZTJ, Y - X<,Y X<aY
+ / p
X <rhr Y X < Y

The diagram shows that the up (resp. down) shifted likelihood ratio order is the most

strongest order whereas the increasing convex order and the increasing concave order are
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the weakest ones, and other orders lie between these orders. It is to be mentioned here that,
in general, there is no relation between up and down shifted orders.

Clearly shifted stochastic orders are stronger than their respective usual versions of
stochastic orders. Also, these shifted orders can be considered as generalization of their
usual counterparts in some aspects. For instance, unlike Ir ordering, shifted Ir ordering
preserves the order under convolution (Lillo et al. [90]). If X <;4 Y, then kx(t1) < Ky (t2)
fort; > to > 0, where kx = f/f and ky = g/g (Lillo et al. [90]). Note that if X <;. Y, then
kx(t) < ky(t) for all t > 0. It is shown in Di and Longobardi [39] and Lillo et al. [90] that
X <prp Y <= rx(t1) > ry(t2) for t1 > to > 0. Note that X <j, Y implies rx(t) > ry(t)
for all t > 0. Similarly, X <,p4 Y <= 7x(t1) < Fy(t2) for t; > ¢t > 0 (Di and Longobardi
[39]). Note that X <,; Y implies 7x(t) < 7y (t) for all t > 0. Also if X <,p1 Y, then
F(t1) < G(t2) for t1 >ty > 0. If X <,y Y, then mx(t1) < my(t2) for t; > to > 0,
where mx (t) = [ F(u)du/ﬁ’(t) is the mean residual life (mrl) of X (Nanda et al. [106]).

If X <, Y, mitx(t1) > mity(t2) for t1 > to > 0, where mitx(t) = f(f F(u)du/F(t) is
known as mit (or reversed mean residual life) of X. Similar results are also shown for down
shifted orders, e.g., if X <j,| Y, then rx(t1) > ry(tg) for to > t; > 0 (Lillo et al. [90]).
Thus these shifted stochastic orders give us the flexibility that even at different points of
time for the two variables, we can compare their hr, rhr, sf, mrl etc. One such specific
instance is that we can compare the reliability of an used device and a new device using
the shifted stochastic orders. For more discussion on those shifted orders including their
applications and preservation properties, we refer to Aboukalam and Kayid [I], Naqvi et al.
[108], Kayid et al. [69] and references therein.

1.2.5 Stochastic Ageings

Ageing describes how a unit ages with time. There are three types of ageing notions,
namely, no ageing, positive ageing and negative ageing. By no ageing we mean that the age
of a device has no effect on the distribution of the residual lifetime of the component. A
component whose lifetime follows exponential distribution, has no ageing property. Positive
ageing occurs when residual lifetime tends to decrease, in some probabilistic sense, with
increasing age of a unit. Many different kinds of positive ageing classes viz. ILR, IFR,
IFRA, DMRL etc. have been defined and discussed in Bryson and Siddiqui [27], Barlow
and Proschan [12], Launer [84],Deshpande et al. [38],Loh [91], Klefsjo [74] and others. On
the other hand, by negative ageing we mean that the residual lifetime of a component tends
to increase, in some probabilistic sense, with increasing age of a component. The negative
ageing is sometimes called anti-ageing or beneficial ageing. Besides the positive ageing
classes, different negative ageing classes, namely, DLR, DFR, DFRA IMRL etc. are also

found in the literature. A more extensive discussion on this topic could be found in Lai and
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Xie [83]. The following well known definitions of ageing classes may be obtained in Barlow

and Proschan [12], Franco et al. [47], and Lai and Xie [83].
Definition 1.2.10. Let X be an absolutely continuous rv. Then X is said to have

1. increasing likelihood ratio (ILR) (resp. decreasing likelihood ratio (DLR)) if
fx(t+x)/fx(t) is decreasing (resp. increasing) int, for all x > 0.
2. increasing failure rate (IFR) (resp. decreasing failure rate (DFR)) if
rx(t) is increasing (resp. decreasing) int > 0.

3. increasing failure rate in average (IFRA) (resp. decreasing failure rate in average

(DFRA)) if

t
1
n /rX(u)du is increasing (resp. decreasing) int > 0.
0

The interrelations among different ageing classes of a nonnegative rv, are given in the

following flowcharts (Franco et al. [47], and Lai and Xie [83]).

ILR — IFR — IFRA

!
DMRL

DLR — DFR — DFRA

0
IMRL

1.2.6 Copula

Let X = (X1, Xo,...,X,) have joint cdf F and joint sf F. The marginal cdf and sf of X
are F; and Fj, respectively, i = 1,2,...,n. If there exist C, C : [0,1]" + [0, 1] such that
F(z1,...,2,) = C(Fi(z1),. .., Fu(zn)) and F(z1,...,2,) = C(Fi(21),. .., Fu(z,)) for all
xi, 1 € I,, then C and C are called the copula and survival copula respectively.

If o : [0,400) — [0,1] with ¢(0) = 1 and lim;, 4 @(t) = 0, then C(uq,...,u,) =
el Hur) + ... + o Hun)) = o>, ¢(w;)) for all u; € (0,1], i € I, is called an
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Archimedean copula with generator ¢ provided (—1)¥¢®)(t) > 0, k = 0,1,...,n — 2 and

1

(—1)"2¢("=2)(¢) is decreasing and convex for all t > 0. Here ¢ = ¢! is the right contin-

uous inverse of ¢ so that ¢(u) = ¢~ 1(u) = sup{t € R: p(t) > u}. Archimedean copulas is
a very important and widely used class of copulas, mainly because they are relatively easy
to construct and study (we need only to find and study the generators) and a great variety
of important families of copulas belong to this class (Nelsen [112]). For instance, Clayton
family, Gumbel family, Frank family, Ali-Mikhail-Haq family, Gumbel-Hougaard family and
Gumbel-Barnett family are in the families of Archimedean copulas (Nelsen [112]).

Lemma 1.2.10 (Navarro et al. [I10]). Let T' = ¢(X1, .., Xy) be the lifetime of a coherent

system based on possibly dependent components with lifetimes X1, .., X,,, having a common

reliability function F(t) = Pr(X; >t). Then, the system sf can be written as

Pr(t) = h(F(t)), (1.2.9)

where h only depends on ¢ and on the survival copula of X1, .., X,.

Example 1.2.1. Consider a system consisting of 8 components such that the system func-
tion if component 1 function and at least one of the components 2 and 3 function. Let X1, Xo
and X3 be the lifetimes of the components. The system lifetime is T = min(X, max(Xs, X3)).
Hence the minimal path sets are {1,2},{1,3} The sf of T can be written as

FT(t) - P’T’ ({X{LQ} > t} U {X{1,3} > t})
= Pr (X{LQ} > t) + Pr (X{173} > t) — Pr (X{172’3} > t)
= F(t,t,0)+ F(t,0,t) — F(t,t,t)

= K(F(t),F(t),1)+ K(F(t),1,F(t)) - K(F(t),F(t), F(t))
= h(F(),

where
h(u) = K(u,u, 1) + K(u, 1,u) — K(u, u,u),
If K is exchangeable, K (u,u,1) = K(u,1,u) and then h(u) = 2K (u,u, 1) — K(u,u,u).

1.2.7 Coherent System

We frequently use the term system, although we do not briefly mention — what a system

is. A system could be a mechanical system or it could be a living organism, for example,
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Radio, Car, TV, Airplane, etc. Roughly, we could think of a system that is formed by
a collection of components, and they are connected in some fashion to create the whole.
The basic principle of a system is that the failure or the survival of a system completely
depends on the failure or the survival of its components. The functioning state of a system
can be characterized in two ways — whether it is fully functioning or partially functioning.
However, we consider only those systems which are either fully functioning or completely
failed at any given point in time. This notion of two-state system was originally proposed
and studied by Birnbaum et al. [I8]. To identify the two states of a system, we assign a
binary variable which takes value unity if the system is functioning, and zero if the system
has failed.

Suppose T'(X) denote the lifetime of a system X = (X1, Xo,...,X,). Further, let
x(t) = (x1(t), z2(t), ..., zn(t)) € {0,1}™ be the state vector of X, where z;(t) = 1 if the ith
component is working at time ¢, and z;(t) = 0 if it is not working at time ¢. Without any
loss of generality, we write x in place of x(¢), for mathematical simplicity, when there is no
ambiguity. Suppose that the components are in some specific states. Then the question is —
how to determine the state of the system? The mapping called structure function, denoted
by &7(x), is the inter-link between the states of the components and that of the system, and

is defined as

¢ _J 1, if the system is functioning at time t
T 0, if the system has failed at time t.

The reliability function of T(X), denoted by hp(-), is defined as the probability that it is

working at time ¢. Thus,
hr(t) = P(T(X) > t) = P(érx) =1).

If the components are independent then the system reliability can be written as a function

of component reliabilities, and hence
P(T(X) > t) = hr (Fx, (t), Fx, (1), ..., Fx, (1)) -

Design engineers always like to design those type of systems which satisfy two basic require-
ments. Firstly, each of its components should have some importance to run the system.
Secondly, if we replace a failed component by good one, then the system life must increase.
On the basis of these two fundamental considerations, design engineers defined a system,

called coherent system. Before discussing coherent system we give some basic definitions.
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Definition 1.2.11. The ith component of a system having structure function &(-) is said
to be irrelevant if £(-) is constant in x;, i.e., £(1;,x) = £(0;,%x) for all (+;,x), where (-;,x) =

(331,.%2, vy Li—1y s L1y - - - ,.Z‘n).

Definition 1.2.12. The ith component of a system having structure function &(-) is said

to be relevant if it is not irrelevant.

Definition 1.2.13. A structure function £(-) is said to be monotonically increasing if
&(x) < &(y) whenever x <y, where the latter vector inequality is understood to be ap-

plied component-wise.

Now we are in a position to define a coherent system.

Definition 1.2.14. ([12]) A system is said to be coherent if each of its components is

relevant and its structure function is monotonically increasing.

Let 71,)(X) be the lifetime of a coherent system formed by n independent components
having lifetimes X = (X1, X2,...,Xy). Then its structure function fT[n] (x) is defined as
¢ _ ) 1, if the coherent system having lifetime 7, (X) is functioning
el () 0, if the coherent system having lifetime 71, (X) has failed,

and its reliability function is given by

P(TM (X) > t) = h[n](Fxl (t), FXQ(t), . ,Fxn(t))
= hp)(p1,p2s- - Pn)
= hy(p),

where p; = Fx,(t), i = 1,2,...,n. This hy,(p) is sometimes called distorted function
(Navarro and Spizzichino [I11]),Navarro [I09]); the corresponding distribution may be called
distorted distribution. We write hy,)(p) in place of hp,(p) whenever components are identi-
cally distributed.

Another well known system is k-out-of-n system which is a special type of coherent
system. Many examples of k-out-of-n system are found in reality. An airplane which is
capable of functioning if, and only if, at least two of its three engines function is an example

of a 2-out-of-3 system.

Definition 1.2.15. A system of n components is said to be a k-out-of-n system if and only

if k of the n components function.
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Let 7., (X) be the lifetime of a k-out-of-n system formed by n independent components

X = (X, X2,...,Xy). Then its structure function is given by

1, if Y x>k
érk:n(x) = . 1?11
0, if Z x; < Kk,
i=1
and its reliability function is given by
P(Tk;n(X) > t) = hk:n(FXl (t), FX2(t), e ,FXn (t))
n—k
= > > (H(l - F)@(ﬂ)) <H in(t)> ,
§=0 {J:|J|=j} \ieJ igJ

where J is any subset of {1,2,..,n} with at least k elements. |J| is the cardinality of the
set J. If X, Xo,..., X, are iid rvs then hy.,(-) can be written as

hen®) = 3 () —p)"
ken (D ;(Jp p
n! f k—1 n—k
= w1 —w)" "du, forpe (0,1).
(n—k)!(k—l)!o/

The special cases of a k-out-of-n system are n-out-of-n system, known as series system and
l-out-of-n system, called parallel system. These systems are well studied in the literature
by different researchers (cf. Barlow and Proschan [12], and Samaniego [118]).

Let 7,,.,(X) be the lifetime of a series system formed by n independent components

X = (X, X2,...,Xp). Then its structure function is given by

n
an;n(x) = min{xla T2y e 7xn} = Hxiv
i=1

and its reliability function is given by

P(Tan(X) > 1) = hpn(Fx, (1), Fx,(t),..., Fx, (1))
- HFXZ. (t).
=1

Let 71.,(X) be the lifetime of a parallel (1-out-of-n) system formed by n independent com-
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ponents X = (X1, X2,...,Xy). Then its structure function is given by

$rn(x) = max{Ti,x2,...,Tn}
n
= 1-JJ(0—a),
=1

and its reliability function is given by

P(Tl;n(X)>t) = hl;n(Fxl(t),FXQ(t),...,FXn(t))
= 1T P,
i=1

Definition 1.2.16. ([76/,[9]) A multiple-outlier model is a set of independent rvs Xi, ..
X, of which X; s Xt =1,...,n1 and X; 2 Yi=n1+1,..,n wherel < ng < n
andX; 2 X means that cdf of X; is same as that of X. In other words, the set of inde-
pendent Tvs X1,.., X, s said to constitute a multiple-outlier model if two sets of random
variables (X1, .., Xpn,) and (Xpy+1, --s Xni+ny) (Where ny+ng = n), are homogeneous among

themselves and heterogeneous between themselves.

1.2.8 Order Statistics

Let {X1, Xs,..., X, } be a collection of rvs. If we arrange these rvs in an increasing order of
magnitude, then there exists a unique order arrangement within X, Xo,..., X,,. Suppose
that X7., denotes the smallest of X7, Xo,..., X,; Xo., denotes the second smallest;... and
Xp.n denotes the largest. Then Xi., < Xo., < --- < X,,.;,, and these are collectively called
the order statistics corresponding to the rvs X, Xo,..., X,,. The kth smallest, 1 < k < n,
X, is called the kth order statistic. If X;,7 =1,2,...,n represents the lifetime of the ith
component, then the reliability function of a k-out-of-n system formed by the components
having lifetimes X7, Xo,..., X, is the same as that of the (n — k + 1)th order statistic
Xn—ka1n- Thus, to study a k-out-of-n system it is enough to study X, _gi1.n, and vice
versa. Different order statistics have different applications, for example, X,,.,, is of interest
to study of floods and other extreme meteorological phenomena; Xi., is used in the survival
analysis to measure the minimal survival time of a system; X,,., — Xi., is a measure of
dispersion, etc. In the literature, order statistics have been extensively studied in the case
when the observations are independent and identically distributed. Due to the complicated
expressions of the distributions in the non-identical case, only limited results are found

in the literature. One may refer to David and Nagaraja [37],Balakrishnan and Rao [7],
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Balakrishnan and Rao [§] for results on the independent and non-identically distributed

rvs. To know more on this topic, one may refer to Arnold et al. [4].

Let X1, Xo,...,X,, be n independent rvs. Then the cumulative cdf of the kth order

statistic is given by

k—1
Fx, (t)=1- > <H Fx, (t)) (H Fx, (t)) .

J=0{J:|J|=5} \ieJ igJ
If Xy, Xo,...,X, are iid, then the above becomes
" /n S
Fo, 0 = Y (1) P 0RO
i=k
Fx, (t)
n! k-1 —k
= 1 —u)""d
(n—k)l(k — 1)! / w1l ),
0

and the corresponding pdf is given by

n!

S () (n—Fk)!(k-1)

T (OFR, () fx, (1),

1.2.9 Standby Component

It is an eternal truth that every system must collapse after certain time. For this reason,
reliability engineers show their keen interest to find out different ways by which reliability
of a system could be increased. Allocation of standby (also known as redundant or spare)
component(s) into the system is an effective way to enhance the lifetime of a system. We
may like to provide for each vital component of the system as many standby components
as possible. Standby components are mostly of three types — hot (or active) standby, cold
standby and warm standby. In hot standby, the original component and the redundant
component work together under the same operational environment. In cold standby, the
redundant component has zero hr when it is in inactive state. It starts to function under the
usual environment (in which the system is running) only when the original component fails.
On the other hand, warm standby describes an intermediate scenario. In warm standby,
the redundant component undergoes two operational environments. Initially, it functions
in a milder environment (in which a redundant component has non-zero failure rate which
is less than its actual failure rate), thereafter it switches over to the usual environment after
the original component fails. It might happen that the redundant component fails before

switching over to the usual environment. Warm standby is sometimes called general standby
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because it contains both the hot standby and the cold standby as extreme cases. All the
three types of redundancies are well studied in the literature cf. Barlow and Proschan [12],
Brito et al. [26], Boland et al. [22], Boland et al. [23], Boland and El-Neweihi [21], She and
Pecht [124], Sinha and Misra [125],Misra et al. [99], Misra et al. [I00], Misra et al. [I01]),
Misra and Misra [98], Li and Hu [88], Valdés and Zequeira [12§]) and the references there
in.

Airplane engine is one of the examples of hot standby. Most of the small airplanes have
three engines, and the airplane functions if at least two engines function. Here the third
engine may be considered as the active redundancy of the airplane. Many examples of the
cold standby are found in reality, for example, mobile batteries. Most of the mobiles (which
are made in China) have two batteries — one battery is kept aside with the understanding
that it will be used when the original battery stops to function. Here the battery kept
aside is a cold standby of the system. As an application of warm standby, one may think
of a situation where no non-zero lead time (the time between failure of a component and
reinstate of a standby into the system) is allowed. To be specific, in an operation table
if there is a power failure, non-zero lead time to get the lamp back to work cannot be
allowed. For this, a switching and censoring device is used so that the shadowless lamp on
the table does not get interrupted during operation in progress. As an another example,
one may think of the players who are waiting outside the field while play is going on, with
the understanding that if there is a need, a player from the pool may have to start playing.
In this case the players in the pool cannot sit idle, rather they will keep on warming them

up to get themselves activated as and when necessary.

1.2.10 Claim amounts

An insurance premium is the amount of money an individual or business pays for an insur-
ance policy. Insurance premiums are paid for policies that cover healthcare, auto, home,
and life insurance. Once earned, the premium is income for the insurance company. It also
represents a liability, as the insurer must provide coverage for claims being made against
the policy. Failure to pay the premium on the individual or the business may result in the
cancellation of the policy. In this regard, the smallest and largest claim amounts can have an
important role in insurance analysis since they provide useful information for determining
suitable annual premium. Assume that I,,, ..., I,, are independent Bernoulli rvs, indepen-
dent of rvs X;s, with E(I,,) = p;, ¢ = 1,...,n. where X; represent total random claim
that can be made during insurance policy. Associated with each X; there is a Bernoulli rv
I, define as follows: I, = 1 if i-th policy holder make claim and I,;, = 0 if claim do not
made by the policy holder. Then X;I,, represent the claim amount of a portfolio of risk. In

actuarial science the vector (X11p,, Xolp,, ..., Xp1p,) is called portfolio of risk. Now define
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Xy, =max(X7{,..., X7). In actuarial science, it represents the largest claim amount in a
portfolio of risks (Barmalzan et al. [I5], Balakrishnan et al. [10], Zhang et al. [136]). Again

>oiy XiI,, represents the aggregate claim amount for this portfolio of risks.

1.2.11 Different semi-parametric models

The Coxs PHR model is a popular and widely used semi-parametric model (Finkelstein
[46]). A rv X is said to follow the PHR model, written as X ~ PHR(F, ), if its sf can be
expressed as

Fx(t) = FA\(¢), (1.2.10)

where A\(> 0) is a constant and F(-) is the baseline sf. From it follows that rx (t) =
Ar(t), where r(-) denotes the corresponding baseline hr function. Then the sf of X can be
written as
Fx(t) = e M, (1.2.11)
where R(t) = fg r(u)du is the baseline cumulative hazard rate.

A rv X is said to follow the PRH model Gupta and Gupta [54], written as X ~
PRH(F,\), if its cdf can be expressed as

Fx(t) = FA(t), (1.2.12)

where A(> 0) is a constant and F(-) is the baseline cdf. From it follows that the
rhr function of X is given by 7x(t) = A\7(t), where 7(-) denotes the corresponding baseline
rhr function.

A rv. X is said to follow the accelerated life (AL) model (also known as the scale

model), if its cdf can be expressed as
Fx(t) = F(at), (1.2.13)

where a(> 0) is a scale parameter and F' is baseline distribution function. It is an well-known
semi-parametric model and widely used in various applications (Finkelstein [46], Hazra et al.
[61], Kochar and Torrado [79]).

Proportional odds (PO) model introduced by Bennett [I7] is another very important
model in reliability theory and survival analysis. Let X be rv with cdf Fx(-) and sf Fx(-)
and hr function rx(-). The odds functions of X is defined by 7x(t) = Fx(t)/Fx(t). If the
rv X represents lifetime of a component, then the odds function 7x(¢) represents the odds
of surviving beyond time ¢. The rv X is said to satisfy PO model if 7x(t) = a7(t) for all

admissible ¢, where 7 is a baseline odds, i.e. odds function of the baseline variable, and «
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is a proportionality constant known as proportional odds ratio. Then the sfs of X can be

represented as B
_ _aF(t)

Fx(t) = T=aF@)’ (1.2.14)

where @ = 1 — «, and F(-) is the corresponding baseline sf. That means X is following the
PO model with baseline sf F(-) denoted as X ~ PO(F,«). For more interpretation and
applications of the of PO model we refer to Collett [34], Kirmani and Gupta [73], Kundu
et al. [B1], Ross [117] and the references therein. Also, the model (1.2.14)), with 0 < a < oo,
provides us a method of generating more flexible new family of distribution by introducing
the parameter « to an existing family of distributions (Marshall and Olkin [94]). The family
of distributions so obtained is known as Marshall-Olkin family of distributions (Cordeiro
et al. [35], Marshall and Olkin [94]).

Let X be a rv with cdf F and sf F =1 — F, and A be a continuous rv with cdf H,pdf
h and hr function rp. A rv X* is said to follow multiplicative frailty model with baseline

distribution F' and frailty rv A if its sf is given by
F*(t) = / FAt)dH(\.) (1.2.15)
0

Here the frailty rv A serves as an unobserved random factor that modifies multiplicatively
the underlying hr function rr of an individual such that the individual is supposed to
have hr rp-(t) at age t, so that given A = A, the conditional hr function of X* will be
re=(t|\) = XA rp(t), t > 0.

In analogy to the frailty model, to account for unobserved /unexplained heterogeneity
in the rhrs of the experimental units, the resilience model (reversed frailty models) is intro-
duced. A rv X* is said to follow resilience model with baseline cdf F' and resilience rv A if
its cdf is given by .

F*(t) = / FMt)dH(N). (1.2.16)
0

1.3 A Brief Discussion on the Main Results of the Thesis

From the discussion given in the previous section, we have seen that stochastic orders
and ageing properties have large applications in reliability theory, operations research, eco-
nomics, actuarial science, biological science, forensic science, queuing theory, inventory, and
related fields. In reliability theory, these are used to study different system reliabilities.
Keeping the importance in mind, the present thesis is devoted to study different stochastic
orderings and ageing properties, and their various applications in system reliability.

The thesis consists of seven chapters of which Chapter 1 is introductory. Here we discuss
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basic definitions, notations and a detailed survey of the literature related to the problems
which are considered in the thesis. A brief discussion on the main results considered in

Chapters 2-7 are presented below.
Chapter 2 : Stochastic comparisons of lifetimes of series and parallel systems

In this chapter, stochastic comparisons of series and parallel systems are discussed.
First, we consider two series systems consisting of heterogeneous and dependent components
with lifetimes following proportional odds models. Joint distribution of X, Xs,.., X, is
modelled by Archimedean copula. Let X1, Xo, .., X,, be the lifetimes of the components of a
series system. It is assumed that X; ~ PO(F(z),;),i = 1,...,n. Then the sf of the lifetime

of the series system can be written as

Fx,. (@) = P(X1y > ) = ¢ <Zf (Fai (a:))) = S1(F(2),a, ) (say), (1.3.1)
i=1

where «; is the odds of survival of X; and ¢ is the generator of the Archimedean copula
with &(u) = p~1(u), u € (0,1].

We establish sufficient conditions for usual stochastic ordering for the lifetimes of two
heterogeneous and dependent series systems. With proper conditions on baseline rv and
generator of the Archimedean copula it is established that one system dominates the other
systems in the usual stochastic order under p-majorization of the odds vectors of the two

systems.

Next, we consider the hr ordering of the lifetimes of two series systems. The hr function
corresponding to system ([1.3.1)), can be written as

P (i1 ¢ (Fa(2))) Z”: 6 (Fu () —22l®)_ (139)

P = S () & T Ry

We established that with proper conditions on baseline rvs and the generator of Archimedean
copula, hr ordering of two series systems holds under weak super majorization of their cor-

responding odds vectors.

Similarly, in another section, we consider stochastic comparison of lifetimes of parallel
systems consisting of heterogeneous and dependent components with lifetimes following
proportional odds models. The cdf of the lifetime of an n component parallel system, where

the lifetime of ith component follows PO(F(z),;),i = 1,..,n, can be written as

Fx,..(2) = P(Xpn <z)=P(X; <wzicl,)=¢ <Z¢ (F., (x))) . (1.3.3)
=1
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We establish the usual stochastic ordering for the lifetimes of two parallel systems with
heterogeneous and dependent components. With proper conditions on baseline rv and
generator of the Archimedean copula one parallel system dominates the other the other
system in usual stochastic order under weak super majorization of odds vectors of two
systems. Next we consider the rhr function corresponding to system , which can be

written as

N (00 vt T DA
) = R e 6 2 e PO (134

where & = ¢ (Fy,(x)).

With proper conditions on baseline distribution and the generator of Archimedean cop-
ula, rhr ordering of two parallel systems holds under weak super majorization of their
corresponding odds vectors. Established results extend the results of Li and Li [86] from
PHR, PRH and AL models to PO model.

Finally, we proposed two potential areas where the established results will be useful,
one in comparing two series systems under random shock, and another in comparing the

two smallest claim amounts in a portfolio of risk.

Chapter 3 : Dispersive and star ordering of sample extremes

In this chapter, we compare the lifetimes of series and parallel systems using two well-
known variability orders, dispersive and star orderings. In many situations, it is important
to investigate whether there is a significant effect on system lifetime as the heterogeneity
among component lifetimes increases. We consider one coherent system with d.n.d. (depen-
dent and non-identically distributed) components and another coherent system with d.i.d
components. In both systems, component lifetimes follow PO models. The joint distribution
of the components lifetimes is modelled by the Archimedean copula.

First we compare the lifetimes of these two series systems in terms of dispersive order.
With proper conditions on generator of the Archimedean copula and odds vectors it is
established that lifetime of a heterogeneous series system is dominated by the lifetime of
a homogeneous series system in terms of dispersive order when the baseline distribution
is decreasing failure rate (DFR). We also established sufficient conditions for star ordering
of these two series systems by properly conditioning the generator of Archimedean copula
and odds vectors. It is observed that dispersive ordering holds for series systems if zr(x) is
decreasing, where r(z) is the hr function of baseline rv.

Similarly, we consider the comparison of parallel systems in terms of dispersive order.
Here also, we consider two parallel systems with dependent components, one heterogeneous
and another homogeneous. In both systems, component lifetimes follow PO models. Under

certain conditions on generator of Archimedean copula and odds vectors, it is established
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that lifetime of heterogeneous parallel systems is dominated by homogeneous parallel sys-
tems in terms of dispersive order. It is observed that dispersive ordering holds when the
baseline distribution has increasing rhr property. We also established sufficient conditions
for star ordering of these two parallel systems under certain conditions on the generator
of the Archimedean copula and odds vectors. It is observed that star ordering holds when
x7(x) is increasing, where 7(x) is the rhr function of the baseline rv. It is worth to mention
that Fang et al. [43] established results for dispersive and star ordering of sample extremes
when baseline follows PHR or PRH models. Li et al. [85] establish same results for AL
random variables. Results in this chapter further extend these results from PHR, PRH and
AL models to PO model. Throughout this chapter we provide counterexamples to validate

the sufficient conditions. Finally some numerical examples are considered.

Chapter 4 : Stochastic comparisons of finite mixture models

In this chapter, we consider stochastic comparisons for finite mixture models. In many
areas of reliability theory, survival analysis, and risk theory, finite mixture models play a
significant role. Therefore, stochastic comparisons of finite mixture models pose significant
problems to address. There are few research works in this direction. Let X = (Xy,...,X,)
be a vector of n rvs, where X; denoting the lifetime of an item in the ¢th subpopulation
with the cdf, sf and pdf as Fj(-), Fi(-) and f;(-), respectively. Then the cdf, sf and pdf of

mixture of an item randomly drawn from these subpopulations are given by

Fp(t) =Y piFi(t), Fp(t) =Y _piFi(t) and fo(t) = > pifi(t), (1.3.5)
=1 =1 =1

respectively, where p; (> 0) is the mixing proportion (weighting factor) with > 1 | p; = 1.

Recently, Hazra and Finkelstein [59] have derived some stochastic comparison results
for two finite mixtures where corresponding rvs follow PHR, PRH or accelerated lifetime
model, using the concept of multivariate chain majorization order.

We compare stochastically two finite mixture models where corresponding rv follow PO
model in terms of weak mejorization of odds ratio and mixing portion. Next we consider
multiple-outlier finite mixtures of n = nj +no components where n; components are drawn
from a particular homogeneous subpopulations and rest no components are drawn from
another homogeneous subpopulation. We provide sufficient conditions on the odds ratio
vectors and the mixing proportion vectors under which the lifetime of two finite mixtures
models can be compared with respect to the star order.

Next we generalize some of the results of two-component mixture models in Hazra and
Finkelstein [59] to n(> 2) component mixture model in case of multiple-outlier model and
the results are obtained under weaker condition, namely row majorization order. When
component lifetimes X1, .., X, follow the PHR model with X; ~ PHR(F,\;),i = 1,..,n,
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we established sufficient conditions on the hazard ratio vectors of the components and the
mixing proportion vectors under which the lifetimes of two finite mixture models can be
compared with respect to the hr order. Next we provide sufficient conditions on the base-
line distribution, hazard ratio vectors and the mixing proportion vectors under which the
lifetimes of two finite mixture models can be compared with respect to the star order. Sim-
ilarly when components lifetimes X7, .., X, follow the PRH model with X; ~ PRH(F, \;),
we established sufficient conditions for rhr order and star order. Finally, the results are

illustrated with numerical examples.

Chapter 5 : Some stochastic comparisons results on continuous mixture model

This chapter considered various shifted stochastic orderings of finite mixture models.
Suppose {F,} be a set of probability distributions, where the index « is governed by the
distribution G. Then cdf F' of continuous mixture of Fy, is given by [12]

Flz) = / " Fa(2)dG(a) (1.3.6)

—00

Two important continuous mixture model, frailty and resilience model are considered
in this chapter. It may be noted that component may be subject to different levels of
operating environments (e.g. voltage, stress, temperature) which is not fixed but changes
over time. Component lifetimes and reliability depend on these random environmental
variations. These environmental factors are unobservable and at the same time they are
not ignorable either. In such cases a natural question arises whether the effect of these

unobserved factors throughout lifetime will be dominating or not.

We study the effect of unobserved/unexplained heterogeneity in the hrs of the exper-
imental units through frailty model. Similarly we consider the effect of unobserved or
unexplained heterogeneity in the rhrs of the experimental units through resilience model.
We established sufficient conditions for both up and down shifted likelihood ratio orders of
frailty rv with its baseline rvs based on the condition that the baseline is ILR or DLR. Next
we established up and down hr orders are established when baseline distribution belongs
to IFR or DFR ageing classes. Up and down shifted mean residual life orders are also
established when baseline distribution belongs to IMRL or DMRL ageing classes.

Similarly, we established sufficient conditions for both up and down shifted likelihood
ratio orders of the resilience rv with its baseline rv. These orders are obtained when the
baseline rv belongs to either ILR or DLR ageing class. Next we established up and down
hazard rate orders when the baseline belongs to IRFR or DRFR ageing classes. It is also
established up and down shifted mean inactivity time order when baseline belongs to IMIT
ageing classes. Nanda and Das [107] established various shifted ordering for Marshall-Olkin

extended distribution. In this chapter further investigation of various shifted ordering from
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Marshall-Olkin extended distribution to frailty and resilience models have done.

Finally, two real data sets are analyzed for illustration purpose. One data set consists
of Survival times in leukaemia (Hand et al. [58]) where the survival times of 43 patients
suffering from chronic granulocytic leukaemia measured in days from the time of diagnosis.

Another data set consists of the fatigue-life failures of ball-bearings (Hand et al. [58]).

Chapter 6 : Stochastic comparisons of coherent systems with active redundancy

This chapter considers various stochastic orderings for coherent systems under active
redundancy allocation. Let X = {Xi,...,X,} be a set of rvs denoting the lifetimes of
the original components of a coherent system with common cdf Fy. The sf of the coherent
system with dependent and identically distributed (d.i.d) components can be written as
Fx(t) = h(Fy(t)), where h is the domination or distorted function. Suppose that for each
of the n original components, m redundant components with lifetimes Y7,...,Y;, having
the cdfs F1, ..., Fy,, respectively, are allocated in parallel.

Kelkinnama [71] considered that the lifetime distributions of the original and redundant
components follow the PRH or PRH model. In this chapter, we provide sufficient conditions
to optimal selection of redundant components in a coherent system of dependent and identi-
cally distributed components in the sense of some stochastic orders based on the underlying
distribution of the components lifetime. We considered that both original and redundant
component lifetimes follow two important semi-parametric models, namely accelerated-life
and proportional-odds models.

Let S, denote the lifetime of this coherent system with active redundancy at the com-

ponent level. The sf of S, can be written as

Fs_(t) = hy (1 -] - Fﬁ))) : (1.3.7)

1=0

where 6; is the parameter associated with the dependency structure (copula).

Suppose S, and S} are the lifetimes of two coherent systems with active redundancy at
component levels. We establish sufficient conditions under which the lifetime of S, and S
can be compared in terms of usual stochastic, hr and rhr orders.

Next we compare the lifetimes of coherent systems with redundancy at the system level.
Let Sy be the lifetime of a coherent system consisting of d.i.d components, each having a

common sf Fy. Then the sf of Sy is represented by
Fiy(t) = hoy (Fo(t))

where 6 is the parameter associated with dependency structure (copula). Let S; be the

lifetime of ith redundant system consisting of d.i.d components, each having a common sf
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Fi,i—1,2..,m. The sf of .S; is represented by
Fg,(t) = hy,(Fi(t)), 1=1,2,..,m.

0; is the parameter associated with the dependency structure (copula). Active redundancy

at the system level is allocated by connecting these m redundant systems in parallel with

the original system Sp. Then the sf of this system with lifetime, say Ss can be written as
m

Fs.(t) = 1 - [[(1 - h(E0)). (13.8)

1=0

Let Ss; and S} be the lifetimes of two such coherent system with active redundancy
at system levels. Sufficient conditions are established for comparing the lifetime of S. and
S¥ under usual stochastic, hr and rhr order. Finally, we consider a real-world data set to
illustrate the results Hand et al. [58]. The data set consists of the tensile strengths (in kg)

of some cables, where each cable is composed of 12 wires.

Chapter 7 : Ordering properties of largest and aggregate claim amounts

In this chapter, we studied different types of stochastic ordering for the largest and
aggregate claim amounts. The problem of comparison of number of claims and aggregate
claim amounts with respect to some well-known stochastic orders are of interest from both
theoretical and practical view points.

Let X;, Xo,.., X, be the random claim amounts that can be made by a policy in an
insurance period. Consider Iy, ,...,Ip, are independent Bernoulli rvs representing the oc-
currence of these claims with E(1),) = p;, i = 1,...,n, where I, = 1 if the i-th policyholder
makes the random claim X; and I, = 0 if the policyholder does not make a claim. Then
X = max(Xilp,,...,X,Ip,), represents the largest claim amount in a portfolio. It is
assumed that odds function of each X; is proportional to that of a baseline rv with pro-
portionality constant (odds ratio) a; > 0, that is X; ~ PO(F,«;), i = 1,...,n, where F'
denotes the sf of the baseline rv.

We establish usual stochastic order for largest claim amount of two sets of portfolios.
Usual stochastic ordering holds under the the weak super majorization of odds of claim
vector o = (ay, .., @, ) when both the portfolios are having common occurrence probability
vector p = (p1,..,pn). Similarly we establish stochastic ordering under the weak sub ma-
jorization of occurrence probability vector p = (p1,..,pn) when both the portfolio having
common odds of claim vector. It is also established that the usual stochastic ordering results
for the largest claim amount holds when the occurrence probabilities are dependent. Our
results further extend the results of Barmalzan and Najafabadi [14], Balakrishnan et al. [10]

to different choice of semi-parametric models (Ex. PO, PRH).
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Further we establish the rhr order of largest claim amounts for two sets of heterogeneous
portfolios, assuming that the odds ratios are the same but the probabilities of occurrence
of claims are different. We also considered stochastic comparisons on the largest claim
amounts in case of multiple-outlier claims model with respect to the star order.

Next we consider the aggregate claim amount represented by » " | I; X,,. We estab-
lished stochastic ordering of aggregate claim amount of two sets of portfolio under the
majorization of odds of claim vector a = (ay, .., &) when both the portfolio of risks having
common occurrence probability vector. Established esults extend the results of Torrado
and Navarro [127], Zhang et al. [140}, [I36] Numerical examples are provided to illustrate the

results.

Chapter 8 : Future research directions
In this chapter, we discuss some possibilities of future research in the section Future

Research Direction followed by a list of relevant references.






Chapter 2

Stochastic comparisons of series &

parallel systems H

2.1 Introduction

There have been a number of works on stochastic comparisons of system lifetimes where
component lifetimes follow different family of distributions (Khaledi and Kochar [72], Bar-
malzan et al. [I5], Ding and Zhang [41], Fang et al. [43], Gupta et al. [53], Hazra et al.
[61], Li and Fang [87], Navarro and Spizzichino [I11]). However, most of the works have
considered mutual independence among the concerned rvs. Recently, Fang et al. [43], Li
and Fang [87] and Li and Li [86] have considered stochastic comparison of system lifetimes
with dependent and heterogeneous component lifetimes following the proportional hazard
rate (PHR) model.

Navarro and Spizzichino [I11] have derived usual stochastic ordering for lifetimes of
series and parallel systems having component lifetimes sharing a common copula, with the
idea of mean reliability function associated with the common copula. Li and Fang [87]
investigated stochastic order between two samples of dependent rvs following PHR model
and having Archimedean survival copula. Fang et al. [43] derived some stochastic ordering
results for minimum as well as for maximum of samples equipped with Archimedean survival
copulas and following PHR model and proportional reversed hazard rate (PRH) model,
respectively. Li and Li [86] investigated hr order on minimums of sample following PHR

model, and reversed hr order on maximums of sample following PRH model, where both

!One paper based on this chapter has appeared under:

1. Stochastic comparisons of lifetimes of series and parallel systems with dependent and heterogeneous
components. Operations Research Letters, 49(2), 176-183, 2021.

37
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the samples coupled with Archimedean survival copula.

However, there is no work on stochastic comparison of system lifetimes with dependent

and heterogeneous component lifetimes following PO model.

In this chapter, the stochastic comparisons of lifetimes of series and parallel systems
with dependent and heterogeneous components having lifetimes following the PO model.
The joint distribution of component lifetimes is modelled by Archemedian survival copula.
It is shown that the usual stochastic ordering and hr ordering hold for series systems under

certain conditions, whereas for parallel system stochastic ordering and reversed hr ordering
hold.

The organization of the chapter is as follows. In Section 2.2, we investigate stochastic
comparisons between series systems of dependent and heterogeneous components having
lifetimes following the PO model and dependency is modelled by Archimedean survival
copulas. Section 2.3 investigates the same in case of parallel systems. Section 2.4 presents

some potential applications of the proposed results.

2.2 Comparison of series systems

Here, the comparison of lifetimes of two series systems with heterogeneous and dependent
components is considered. It is assumed that the lifetime vector X = (X1, Xo, ..., X;,) is a set
of dependent random variables coupled with Archimedean survival copula with generator
¢ and following the PO model with baseline sf F', denoted as X ~ PO(F,a, ), where

a = (a1, az,...,a,) € R is the proportional odds ratio vector.

Lemma 2.2.1. For any = € [0,1], Si(z, ¢, ) (1.3.1) is increasing in o, i € I,,. Further-

more S1 is schur-concave with respect to cx.

Proof: For s € I,,,

951 - ;T , [ asx z(1—x)
day 7 <§¢<1—aix>>¢ <1—0_¢sx) (1—asx)?

Since both ¢(u) and ¢(u) are decreasing for all u > 0, g%i > 0. As a result S1(z, o, ) is

increasing in «;, ¢ € I, for any = € [0, 1].
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For s # t,

(00— o) (221 9%
Qs — 1 Oag Oy

- — e <Z¢ (1 — &y x)) [qﬁ/ (1 fS@i:ﬁ) (f(_l ;532 ~¢ (1 ft;x> (f(—l ;tgz]
(g — ay) <—¢’ (Zé(w))) [(—cﬁ’ (us)) (1_2@2 = (=¢' (w)) (1_10[1513)2} » (22.1)
=1

/

T ‘sign . . . . /
&z and = means equal in sign. Since both ¢ and ¢ are decreasing, and ¢

where u; =

is increasing, it follows from (2.2.1)) that (s — o) (% — %) < 0. So from Lemma [1.2.1

P

Sy is schur-concave in a = (aq, g, ..., ).

Suppose there are two series systems formed out of n statistically dependent and hetero-
geneous components where the component lifetimes follow the PO model. The joint distri-
bution of lifetimes of components is represented by Archimedean copula. Consider two such
series systems with lifetime vectors X = (X1, Xs,...,X,) and Y = (Y1,Y53,...,Y,,) having
respective proportionality odds ratio vectors a = (a1, aq,...,ay) and B = (b1, B2, ..., Bn),
where a, 3 € R}

The following theorem compares the lifetimes of these series systems in the sense of usual
stochastic order.

Theorem 2.2.1. Suppose the lifetime vectors X ~ PO(F,c, 1) and Y ~ PO(F, 3, 2).

If p1 or o is log-convex and ¢o o @1 is superadditive, then

p
a = 3 implies X1., <st Y1in-

Proof: Write v; =Inay, i =1,2,...,n. Then as per (1.3.1)),

P (Z o (=i F(JC))) = 1P, (7, ™), 1)

Here S1(F(z), (e*t, €2, ...,e"), 1) is symmetric with respect to (vq,ve,...,v,) € R™. Now,
for s € I,

gil ot (Z ” (1—((12—2)9:)) . (1 - (iv:xevs)x> (1 ifl_—xgi;)”
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so that Sy (z, (€', €e"2,...;e""), ¢1) is increasing in each v;, i = 1,2, ...,n for any x € [0, 1].
Now, for s # t,

s Ou

= (0 —w) <—</>'1 (Z b1

=1

(5
K‘d’; <1 - <1—$>m>> FETErTE
- <‘¢3 (1 = —>>>

(vs — 1) (851 05‘1>

sign 3 [ e1(01(us)) 1 R21C) 1
= () [( 80'1(¢1(us))> 1—(1—e%)z < 90/1(¢71(ut))> 1-(1- e”t)x} ’
(2.2.2)
where ug; = k(ii%s)z

If o1 is log-convex, from (2.2.2)) it follows that (vs—uvy) (gil - %—‘gtl) < 0. Hence from Lemma
Si(x, (e, e, ...,e"), 1) is schur-concave in (v1,va, ..., v,) if @1 is log-convex. Then
from Lemma it follows

o = B implies S1(F(z), a, 1) < S1(F(z), 8, 01). (2.2.3)

Since ¢9 o 7 is superadditive, from Lemma we have
S1(F(x),8,¢1) < S1(F(x), B, ¢2). (2.2.4)

Thus combining (2.2.3) and (2.2.4) it follows that S1(F(z),a, ¢1) < S1(F(z), B, p2), that

is X1., <st Y1.n. Now suppose 9 is log-convex, then

S1(F(z), 0, 2) < S1(F (), B, ¢2). (2.2.5)

Since ¢9 o 7 is superadditive, it follows

Sl(F(SU),O{,ng) S Sl(F(m),a,QOQ). (226)

So combining and it follows that X7., <s Yi.n.

Corollary 2.2.1. Suppose the lifetime vectors X ~ PO(F,a,¢) and Y ~ PO(F,3,¢). If
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@ s log-convex, then

p
o = B implies X1.p <st Y. O

The following counterexample shows that one may not get the the ordering result in

Theorem [2.2.1] if the sufficient conditions on the generator functions are dropped.

Counterexample 2.2.1. Consider two series systems, each comprising of three dependent
and heterogeneous components with respective survival functions F, ,(z) = S1(F(x), a, 1)
and Fy, ,(z) = S1(F(z), 3, 2) with F(z) = e~ @'’ 2 >0, a = (2,3,5.5), 3 = (2.5,3.5,3.8)
so that a é B. First we take o1 (z) = (2/(14€%))1/%, 6 = 0.9 and po(z) = '~ (12" with
n = 0.3 so that ¢g o ¢y is not super additive, and ¢; and ¢y are not log-convex. Fy, ()
and Fy, ,(x) are depicted in the Figure for some finite range of z. From this figure it is
clear that the stochastic ordering result in Theorem is not attained.

S S S T S SR

0.8 0.9 1.0 1.1 1.2 1.3 1.4

Figure 2.1: Plots of Fx,,(z) and Fy,,(z) when ¢ o ¢; is not super additive, and ¢ and
g are not log-convex.

Since p-larger order is weaker than weakly supermajorization order, the following the-
orem shows that one can get the ordering result in Theorem under weakly superma-

jorization order with fewer condition.

Theorem 2.2.2. Suppose the lifetime vectors X ~ PO(F,a, 1) and Y ~ PO(F, 3, ).
If @9 0 1 is superadditive, then

w
a = B implies X1., <st Y1in-
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Proof: From Lemma and Lemma it follows that
w — —
a = (3 implies $1(F(z), ¢, p1) < S1(F(2), B, ¢1).

Since ¢ o ¢y is superadditive, so from Lemma [1.2.8] it follows that, Si(F(z),3,¢1) <
S1(F(x), B, 2). Combining the above results it follows S1(F(z), c, 1) < S1(F(z), B, p2).
That is X1., <st Y1in-

Remark 2.2.1. It is to be noted that super-additive assumption of ¢o o 1 is satisfied
by many members of Archimedean survival copulas. For example, Archimedean survival

1
copula with generators (i) ¢1(t) = 0407 and po(t) = where 0 < 6 < 1, (ii)

0
log(e?+t)’ )
p1(t) = ﬁ and @o(t) = log(e + t)~'/¢, where 6 > 1 and (iii) ¢1(t) = =497 and

1
14t) b2

©o(t) = el ~( , where 0y > 01 > 1, satisfy super-additivity.
Corollary 2.2.2. Suppose the lifetime vectors X ~ PO(F,a, ) and Y ~ PO(F,3,p).
Then

(84 g B implies X1, <st Y1:n-

Lemma 2.2.2. I1(u) = M >ic1 Lf/((ﬁ)) (1 — ¢ (u;)) is increasing in us, s € I, and

Schur-conver with respect to w = (ui,...,un) if @ is log-concave and

1— . .
w is decreasing

and concave.

Proof: Here I;(u) is symmetric in u. For s € I,

oh(w) 0 (SO,(Z?NM)) — ¢ ()
u Ous \ ¢ (Lizywi) ) = ¢ (w)

o (i ui) 0 (Sﬁ(us)
@ (30521 ui) Ous

+

Since ¢ is log-concave, =2— M <0 As (1 - ' is decreasing implies
¥ 15 108 dus \ o( j pll—9p)/¢

i=1 Wi

8<cp(us)

e (=) <o

Then using the fact that ¢ is deceasing, it implies %(Su) > 0. So I(u) is increasing in us
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for any s € I,,. For s,t € I, with s # ¢,

0 (w’(ZLm))Z 0 <90’(Z?:1u¢)>'

us \ ¢ (37 wi) duy \ ¢ (D7, ui)
Then
(agl 8[1 ))
B3 (b ) (0w

where the inequality follows from the fact that W is concave. So from lemma |1.2.1

P

I1(u) is Schur-convex with respect to u. Next theorem established hr ordering of two
series systems formed out of n statistically dependent and heterogeneous components having

lifetimes following PO model.

Theorem 2.2.3. Suppose the lifetime vectors X ~ PO(F,c,p) and Y ~ PO(F,B,¢). If

@ s log-concave and “0(@ )

is decreasing and concave (or conver), then

w
o= B implies X1 <pr Yim.

Proof: From (1.3.2)), it follows

. ¢’ (Z?: d)(FOéz(x))) ~ o r Fo()
P ) = ) e o ) 27 ) TR
_ @) ¢ (L9 (Fau(@)) 5~ Fa () F(x)
F(z) ¢ (31 ¢ (Fau (@)

where

It is easy to check that ¢ (Fi,(z)) is decreasing and convex in a;. From Theorem A.2 (Chap-
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ter 5) of Marshall et al. Marshall et al. [96], g B implies (¢ (Fa,(2)) ..., ¢ (Fa,(2))) =uw

(¢ (Fp,(x)),...,¢ (Fp,(x))). From Lemma I1(u) is increasing in u; for ¢ € I,, and
p(1—¢)
7

Schur-convex with respect to u whenever ¢ is log-concave and is decreasing and
concave. Then from Theorem A.8 (Chapter 3) of Marshall et al. Marshall et al. [96], it

follows that

L (¢ (Fa, (), ¢ (Fa,(2)) = I (¢ (Fp, (%)), ..., ¢ (Fp,(2)))

which implies rx, . (z) > 7y, (z), that is X1, <pr Yiip.
Next the theorem will be proved when "9(1%0_,@) is convex. Let z; = ¢ (Fai (:1;)) Then the hr

function is given by

i (%) = F(2) o (X0, %) = 7 (=)

Now, for s € I,

TXl:n(x) _ T(x> 0 90, (Z?:l 0z (P zz 1_ Zz))
Oag -~ F(x) |0z <g0(2 - > Oag ; (z)
v (Dim %) 0 («p( zs) (1= (z s))> 325]
2 (Z?:l 2;) Ozs ¢’ (2s) das |

Note that z; is decreasing in «s and gjj is increasing in «a,. Since ¢ is log-concave and
S

(g}, ?) js decreasing, it follows %jm) < 0. Again

2 (L) 2 (£2h)
0zs (@(Z?l zi) du \p (X z) ) 7t
For s #£ t,
"X1in "X1in
(a5 —a ><aas aa>
sign 825 821& 90/ (Z:L: Zi)
2 (oo ‘aat> Hlos—a) T

Oovg
(o (P20 (5:)

(5 () ()=
w(1-¢p)

. : . . 1—
whenever o 1s convex in addition to the log-concave ¢ and decreasing %. Thus
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rx,., () is decreasing in oy, i € I, and Schur-convex in a = (a1, a9, ...,ap). Then from
Lemma [1.2.2] it follows

w
a = B implies rx,., (x) > rx,., (z).

Hence the theorem follows.

Corollary 2.2.3. Suppose the lifetime vectors X ~ PO(F,c,¢) and Y ~ PO(F,al, ).

. . 1—p) . .
Then, X1.p <pr Y1n if a > % Z?:l oy, @ is log-concave and w 1s decreasing and concave

(or convex). This follows from the Theorem|6.1.4 and using the fact that (a1, o, ..., ay) g

(a,a, ... ), for a> %Z?’:l Q.
—————

n terms

Remark 2.2.2. Tt is to be noted that Archimedean copulas with generators o(t) = 2/(1+¢t)

and p(t) = (=1 +60)/(—e' + ) for —1 < 0 < 0 are some examples of survival copula such
that ¢ is log-concave, and W is decreasing and convex.
The following counterexample shows that one may not get the the ordering result in

Theorem [6.1.2] if the sufficient conditions on the generator functions are dropped.

Counterexample 2.2.2. Consider two series systems, each comprising of three dependent
and heterogeneous components with respective hr functions rx, ,(z) and ry, (), with com-

mon baseline sf F(z) = ¢ 052”2 > 0, a = (0.2,0.4,0.6), 8 = (0.35,0.55,0.95) so that

—1/a

w
a = (3. First we take the common generator ¢(x) = log(e + z)~"/%, a = 0.1, which is not

log-concave but w is decreasing and convex. Next, consider ¢(x) = (2/(1 + %))/,

a = 0.2, which is log-concave but W is neither decreasing nor convex. For both the cases
X, () and 7y, ,(z) are depicted in Figure 2.2|(a) and [2.2b) respectively for some finite
range of . From both the figures, it is observed that the hr ordering result in Theorem [6.1.2

is not attained.

2.3 Comparisons of parallel systems

Here, the comparisons of the lifetimes of two parallel systems consisting of dependent and
heterogeneous components having lifetimes following the PO model, with respect to some

stochastic orders, is considered.

Lemma 2.3.1. For any x € [0,1], So(z, a, ) (3.3.1) is decreasing in «;, i € I,. Further-

more Sy is Schur-convex with respect to oo whenever ¢ is log-concave.
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35

30}
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20f
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20 25 30 35 40 45 50

(b)

Figure 2.2: Plots of rx,.,(x) and ry, () for (a) ¢(x) is not log-concave, (b) W(;T“D) is neither

decreasing nor convex.

Proof: For s € I,,,

gi = (§¢ <1—0_¢;€1—a:)>> ¢ <1 - ajl - x)> a —méi(I f):z;))2'

Since both ¢(u) and ¢(u) are decreasing for all u > 0, % < 0. So Sa(z, o, ) is decreasing

in o for any x € [0, 1].

Let v; = 1= (7= then for s # ,
@00 (5o~ o)
= (s — )y (2:; 0 (vz')> [¢' (vs) m ~¢ ) M]
2 oo [ () e () ]
> 0

where the last inequality is derived using the fact that ¢ is log-concave. So from Lemma
Sy is Schur-convex in o = (o, g, ..., ).

Suppose there are two parallel systems with lifetime vectors X = (X1, Xo, ..., X;,) and
Y =(1,Ys,...,Y,), formed out of n dependent and heterogeneous components where the
component lifetimes follow PO model. The following theorem compares the lifetimes of two

such parallel systems in the sense of usual stochastic order.

Theorem 2.3.1. Suppose the lifetime vectors X ~ PO(F,a, 1) and Y ~ PO(F, 3, ).
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If p1 or po is log-concave and ¢1 o o is superadditive, then
w
a = B implies Xy.n <ot Yo
Proof: If y; is log-concave, then from Lemma and Lemma it follows
w
o = B implies Sa(F(x), o, 1) > S2(F(x), B, ¢1)- (2.3.1)

Since ¢1 0 o is superadditive, so from Lemmam (by replacing ¢1 by ¢2 and vice versa),

it follows
So(F(x),B,¢1) = Sa(F(x), 8, v2). (2.3.2)

Combining (2.3.1)) and (2.3.2)), we get Sa(F(x), o, 1) > So(F(z), B, p2). That is Xy <g

Y:n- Now suppose o is log-concave, then

SQ(F(x)’aﬂOl) > SQ(F(x)7a7902)
> 53(F(x), 8, ¢2),

where the first inequality follows from the fact that ¢; o @9 is superadditive, whereas the

w
second inequality follows from the fact that a > 3. This proves the result.

Corollary 2.3.1. Suppose the lifetime vectors X ~ PO(F,a, ) and Y ~ PO(F,3,¢). If
@ 1s log-concave, then

w
a = B implies Xy <st YO

The following counterexample shows that one may not get the the ordering result in
Theorem if the sufficient conditions on the generator functions are dropped.

Counterexample 2.3.1. Consider two parallel systems, each comprising of three depen-

dent and heterogeneous components with respective distribution functions
0.5

Fx,,(x) = S2(F(z),a,¢1) and Fy,,(z) = S2(F(x),3,¢2), where F(z) = 1 —e ™,
x>0, a =1(091.45,2.15), 8 = (1.2,1.95,2.65) so that « g B. First consider ¢1(z) =
61/ log(x + e’) and po(x) = el=(142) V%2 iy 61 = 0.9 and #; = 8 so that neither ¢
nor s is log-concave but ¢; o s is super additive. Next consider ¢;(z) = e(1=€")/01 and
©a(z) = (2/(e* +1))/%2 with 6; = 0.9 and #y = 0.2 so that ¢ is log-concave but ¢; o s is
not super additive. For both the cases Fyx,,(z) and Fy,,(z) are depicted in Figure [2.3(a)
and (b) respectively for some finite range of . From both the figures it is observe that

the stochastic ordering result in Theorem [2.3.1] is not attained.
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10 15 20 25 30 35 40
(b)

Figure 2.3: Plots of Fx, . (z) and Fy,,(z) for (a) neither ¢ nor ¢y is log-concave, (b) ¢10p2
is not super additive.

Next theorem established the reversed hr order of lifetimes of two parallel systems of

dependent and heterogeneous components.

Theorem 2.3.2. Suppose the lifetime vectors X ~ PO(F,a,¢) and Y ~ PO(F,3,¢). If

(<P)

¢ is log-concave and £ 7 1s decreasing and convex, then

ls% >— ,3 zmplzes Xnn >rhr Yn:n-

Proof: From (1.3.4), the rhr function of X,,., is given by

L ) P () N Fale)

nl®) = F ) G (S, 6 @) 2= 7@ Fa@)) )
@) ¢ (T 6 (P (@) R (6 (Fu(@)) . )
@) e 6 (@) & P @@y @ )
@) ¢ (T E) e ()
@) e e L)

where & = ¢ (Fy,(x)). Now, for s € I,

T X (2) r(x)

. 0 90/(2?:152 0 = @ éz 1_ (Ez))
das B F(m) 05 <90(Z?—1 &) > Z;
¢ (i &) O (@(Es)( -
¢ (e &) 9&s @' (&)

ol gi] |

Note that & is increasing in ag and 655 is decreasing in «a,. Since ¢ is log-concave and
S

‘p(}p_,“ﬂ) is decreasing, it follows Xgin() > 0. Again
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2 (L5820 (¢

9 \ ¢ (Z?:l {z) - © (Z?:l gz) > , for s #t.

For s # t,

(Oé —« ) fX'n:'n _ /FXn:n
s t Oovg ooy

o (3 - 5%) o0 (25

(o (0™ e~ (e (@)l

< 0,

p(l—p) . . ~ . . . o
o s decreasing and convex. Thus 7, (x) is increasing in «;, i € I, and schur-

concave in a = (a1, @2, ..., ap). Then from Lemma it follows

as

w
a = B implies 7x,,., (x) < Ty, ().

Hence the theorem follows. The following counterexample shows that one may not get the
the ordering result in Theorem if the sufficient conditions on the generator functions

are dropped.

Counterexample 2.3.2. Consider two parallel systems, each comprising of four dependent
and heterogeneous components with respective reversed hr functions rx, ,(z) and 7y,,, (z),
with common baseline sf F(x) = e >0, a= (0.2,0.6,1.5,3.5), B = (0.8,0.9,4.5,5.5)
so that « g B. First consider the common generator ¢(z) = (1/(az+1))**, a = 0.2, which

is not log-concave but W is decreasing and convex. Next consider ¢(z) = (2/(1+€%))'/¢,

a = 0.2, which is log-concave but M

cases Tx,,(z) and 7y,,(z) are depicted in Figure 2.4(a) and [2.4(b) respectively for some

is neither decreasing nor convex. For both the

finite range of x. From both the figures it is observe that the reversed hr ordering result in

Theorem [2.3.2 is not attained.

2.4 Applications

This section highlight some potential applications of the established results. Consider a
series (or a parallel) system of n components having dependent lifetimes. It is quite prac-
tical that the odds functions of all the components (i.e. the odds of surviving beyond a

specified time t) may not be the same for various possible reasons, like the components
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Figure 2.4: Plots of 7x,,, () and fy,,, (x) for (a) ¢(x) is not log-concave, (b) “D(f;,w) is neither

decreasing nor convex.

are manufactured by different manufacturing units or they are subjected to different levels
of stress. So let the odds function of ith component is proportional to a baseline odds
function with proportionality constant (odds ratio) a;, i = 1,2,...,n. Now consider an-
other series (or parallel) system of n dependent components having different odds ratios f;,
i=1,2,...,n. Even if a same system operates in two different levels of environments/stress
(e.g., voltage, temperature, compression and tension), then reliability characteristics (e.g.,
odds function) of a component of the system generally will not be the same in the two
different environments. So it is a subject of interest to compare lifetimes of two such sys-
tems, i.e. under what conditions one system will be more reliable than other. Theorems
2.2.1] and [7.2.1] (resp. Theorem give the conditions on the corresponding odds ratio

vectors and the generators of the survival copulas under which a series (resp. parallel)

system will have stochastically longer lifetime than that of the other. Similarly Theorem
6.1.2| (resp. Theorem gives the conditions under which failure rate of a series (resp.
parallel) system will be smaller than that of the other. Next it is shown that using proposed
results one can compare the lifetime of two series systems whose components are subjected
to random shock instantaneously Fang and Balakrishnan [42]. Suppose rv X; denotes the
lifetime of i-th component of the series system. Define Bernoulli rv I, associated with
X, where I,, = 1 if shock does not occur and 0 if shock occurs with p; = P (I,, = 1),
t=1,...,n. Assume that I, ,...,I,, are independent rvs, and also they are independent
of X1,...,Xy. Let X} = X;I,,,i=1,...,n, and denote X}, = min(X7,..., X}). Similarly
assume that I, ,..., I, are independent Bernoulli rvs, and also they are independent of
Yi’s with ¢ = P (I, = 1), i =1,...,n. Denote Y7}, = min(Y}*,...,Y,), where Y* = Y;I,,,
it =1,...,n. Here X7, represents the lifetime of a series system whose components are
subjected to random shock instantaneously. Similarly Y%, represents the the lifetime of an-
other such series system. Now, if X ~ PO(F,a, 1) and Y ~ PO(F, 3, ¢2), then with the
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help of the Theorems [2.2.1] [7.2.1], [6.1.2] and the associated corollaries we can

establish following stochastic comparisons between such smallest order statistics from the
fact that P(X},, > z) = P(X1 > z,..., X, > 2)P(Ip, = 1,i € I,) = P(X1., > ) [ [ ps-

Theorem 2.4.1. Suppose the lifetime vectors X ~ PO(F,c, 1) and Y ~ PO(F, 3, 2).
If p1 or po is log-convex, ¢o 0 @1 is superadditive and H? pi < H? qi, then

P
o = B implies X7, <st Y1

Corollary 2.4.1. Suppose the lifetime vectors X ~ PO(F,a, ) and Y ~ PO(F,3,¢). If
¢ is log-convex and [[" pi <[\ ¢, Then

P
o = B implies X7, <st Y1

Theorem 2.4.2. Suppose the lifetime vectors X ~ PO(F,c, 1) and Y ~ PO(F, 3, 2).
If ¢2 0 @1 is superadditive and [} p; <[} ¢, then

w
a = B implies X7, <st Y1

Corollary 2.4.2. Suppose the lifetime vectors X ~ PO(F,a, ) and Y ~ PO(F,3,¢). If

[T} pi <11} ai, then
w
o = B implies X7, <st Y1

Theorem 2.4.3. Suppose the lifetime vectors X ~ PO(F,c,p) and Y ~ PO(F,B,¢). If

. 1— . .
@ 1is log-concave and % 1s decreasing and concave, then

w
o > B implies an <hr Yi*n

We will end this section by mentioning an other potential application. In actuarial

*
1in

science, X7. corresponds to the smallest claim amount in a portfolio of risks Barmalzan
et al. [I5], Li and Li [86], Zhang et al. [I36], where X;’s represent sizes of random claims
of multiple risks covered by a policy that can be made in an insurance period and the
corresponding I,,;’s indicate the occurrence of these claims. That means I,, = 1 whenever
the ¢th policy makes random claim X; and I,, = 0 whenever there is no claim. Similarly
suppose Y}’ represents the smallest claim amount in an another portfolio of risks. The
above theorems can be used in stochastic comparisons between the smallest claim amounts

of two different portfolio of risks.






Chapter 3

Dispersive & star ordering of

sample extremes H

3.1 Introduction

Stochastic ordering has been widely used to compare the magnitude and variability
of extreme order statistics. However, despite the importance and wide applications of the
variability orders (e.g. dispersive order and star order), there are less research works in this
direction as compared to the magnitude orders (e.g., stochastic order,hr order, rhr order,
and Ir order).

Skewed distributions often serve as reasonable models for system lifetimes, auction the-
ory, insurance claim amounts, financial returns etc. and thus it is of interest to compare
skewness of probability distributions (Wu et al. [130]). Recently, there have been a num-
ber of works on dispersive and star ordering of extreme order statistics of random samples
from different family of distributions (Ding et al. [40], Fang et al. [43, [44], Kochar and Xu
[77, [76], Li and Fang [87], Nadeb et al. [I03], Zhang et al. [138, [137]). There are some
research works on sample spacings also, like Xu and Li [132] established dispersive and star
ordering for sample spacing from heterogeneous exponential distributions. An extensive lit-

erature review has been done in Balakrishnan and Zhao [I1] on the stochastic comparison

1One paper based on this chapter have appeared as under:

1. Dispersive and star ordering of sample extremes from dependent random variables following the
proportional odds model.  Communications in Statistics - Theory and Methods, 2022, DOI:
10.1080/03610926.2022.2037643.
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of order statistics corresponding to independent and heterogeneous rvs.

In case of dependent samples Zhao et al. [141] discussed stochastic comparisons of
extreme order statistics from heterogeneous interdependent Weibull samples having a com-
mon Archimedean copula. They derived the results for usual stochastic order, rhr order
and Ir order when shape parameters are common but scale parameters are different and
also when scale parameters are common but shape parameters are different. Li and Fang
[87] derived the dispersive order between maximums of two PHR samples having a common
Archimedean copula. For samples following scale model, Li and Li [86] obtained the dis-
persive and the star orders between minimums of one heterogeneous and one homogeneous
samples sharing a common Archimedean copula. Fang et al. [43] investigated the dispersive
order and the star order of extreme order statistics for the samples following PHR model
with Archimedean survival copulas. Fang et al. [44] obtained the dispersive order between
minimums of two scale proportional hazards samples with a common Archimedean survival
copula. With resilience-scaled components, Zhang et al. [137] derived the dispersive and the
star order between parallel systems, one consisting dependent heterogeneous components
and another consisting homogeneous components sharing a common Archimedean survival
copula.

In case of PO model, some authors, e.g. Kundu and Nanda [82], Kundu et al. [81],
Panja et al. [I14], Li and Li [89] have investigated stochastic comparison of this family of
distributions and sample extreme in the sense of magnitude orders. To the best of our
knowledge, there is no related study on the variability of extreme order statistics arising
from independent or dependent rvs following the PO model. Motivated by this, in chapter,
is devoted to the dispersive and the star ordering for comparing the minimums and the
maximums of dependent samples following the PO model.

The organization of the rest of the chapter is as follows. In section consider the com-
parisons of minimum order statistics from dependent samples following the PO model in
terms of the dispersive order and the star order. Section investigates the comparison
of maximum order statistics in terms of dispersive and star orders. In section some

examples are provided for illustrative purpose.

3.2 Ordering for sample minimums

This section consider the dispersive ordering of minimums of dependent rvs. We compare
stochastically the minimums of two dependent samples, one formed from heterogeneous
rvs and another from homogeneous rvs. The following theorem consider the comparison
of minimums of two samples, one from n dependent heterogeneous rvs following the PO

model and another from n dependent homogeneous rvs following the PO model, in terms of



3.2. ORDERING FOR SAMPLE MINIMUMS 55

dispersive order. The result holds for the decreasing failure rate (DFR) baseline distribution
F'. The distribution function F' is said to be DFR if the corresponding hr r(-) is decreasing

and increasing failure rate (IFR) distribution if r(-) is increasing.

Theorem 3.2.1. Suppose X ~ PO(F, o, ) andY ~ PO(F,al,¢). Then X1.n <disp Yin
if the baseline distribution F' is DFR, ¢ is log-convex, % is concave and o > = 3"y,

for0<a<1.

Proof: The cdfs of X;., and Y., are Fi(z) = 1 — ¢ (Z?:l 1) (F’XZ. (:c))) and Gi(z) =

1 — ¢ (n¢ (Fy,(z))), respectively, where Fx,(z) = lf;Fl(;&) and Fy, (z) = lf‘gg&), z € R

The respective pdfs of Xi., and Yj., are given by

o= o (36 (Fe) | ST 2@EE)) @)
file) = <;¢(in< ”) 2 o @) ar@ 2
and
e ) e (6 (Fr @)
ale) =g n0 ) T5FG)  6 (B @)
Therefore
“1(p) — -1 @(%d)(l—a:))
G (@) =F (a%—oap(rlld)(l—a:)))
So
-1 _ -1 90(% i1 ¢ (Fx,(2))) _ p-1
Gy (Fi(e)) = F (aﬂ_w T (Xi(w)))) SFGe), (22
_ (2 o(Fx, (@)
levfhere = af&w(%ml o(Fx; ()’

- 0r(x)
WG F(@) = ng <n¢< ay(x) >> r(F () ¥ (¢ (pr(a:)))

(3.2.3)
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Note that Fly,(z) is increasing and concave in «; and 1/(1 — &;F(x)) is decreasing and
convex in «;. Also ¢ (F' X, (:L')) is decreasing and convex in «; if ¢ is log-convex. Now
denote L 3" | a; = a9 and n(a;) = ¢ (Fx,(z)). Then for a > 13" | o; = a9, from
the convexity and decreasing property of n(a;) = ¢ (F’ X; (a:)) with respect to «;, implies
LS (as) > n(@) > n(a), which gives

L o) = 6(Fu) (320
=1
- +‘P<i ¢(FXl(33))> < T+FY1(x)
=1
= e Oy s @) S L T @
PO (Fu@)  _ Fn@
o tap (LY, 6 (Fn@) - atafn@)

This implies v(z) < F(z). As a result it implies F'~!(y(x)) > z. Now if r(-) is decreasing
then

r(FE7H(y(2))) < r(2). (3.2.5)

Now (3.24), gives

since ﬁ is decreasing and convex in «;. If % is concave, then

DT o(Fe) 1 wlo(Fen)
¢ (5 X ¢ (Fx,(2)) = n prill (¢ (Fx,(2)))
Thus

@ - _SOE (Fx,(2))) 1 n R
S 1( ¢ (¢ (FX-(a:)))> n21—diﬁ(x)' (3.2.6)
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#(¢(Fx; (@)))
¢ (¢(Fx; (@))
So by Chebyshev’s inequality the following inequality follows

If ¢ is log-convex, then —j,(é)) is increasing in x, so that —

is decreasing in «;.

I e(e(Fx,(@)) | 1¢ 1 I (¢ (Fx,(2) 1

n ; < o (6 (FXz(x)))) n Zz; 1—a;F(x) =5 Zz; < o (6 (sz(m)))> 1—a;F(x)
(3.2.7)

From (3.2.5)), (3.2.6), (3.2.7) and the fact that the common factor ¢’ (37, ¢ (Fx,(z))) in

(3.2.1) and (3.2.3) is negative, implies g1 (G7*(Fi(z))) < fi(x) for all 2 € R. Hence the

theorem follows.

Remark 3.2.1. [t is to be noted that following generators of the Archimedean copula satisfy

the conditions of the above theorem

(i) o1(x) = (012 +1)"Y% 0, € (1,00).

(7’7’) @2(:6) = W(ﬁ#ﬁgyg? € (0,00)

It may be of interest to know whether as in case of Theorem [3.2.1] it is possible to
establish dispersive ordering for a@ > 1 when the baseline distribution is IFR or DFR. The
following counterexample shows that with these conditions, Theorem [3.2.1| cannot establish

dispersive ordering even in case of samples from independent rvs.

Counterexample 3.2.1. Consider the minimums of two samples, one having three in-

dependent and heterogeneous rvs, and another having three independent and homogeneous
- - 3

rvs with respective cdfs Fy(z) =1 — [, (ﬁ%ﬁ;f(%) and Gi(z) =1 — (1551(;(;)) , where

a1 =7, ap =25, az = 100, a = (a1 + az + a3)/3 = 44, and F(z) = 6_(9‘”)0‘9, so that the

baseline distribution is DFR. Therefore

3 3 1/3
9 (G (Fi(z)) = é 3 (H FX;-(?J)) a+a (H Fx, (96)) r(F~ ' (y(x))),
i=1

=1
(I, Fx,(0)'°

where y(x) = a+a([T_; Fx, (x))

1/3>

and
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g1(GTYH(Fi(z)))— fi(x) plotted by substituting x = t/(1—t), implies x € [0,00), andt € [0,1).
The plot is shown in Figure (a) it is observed from the plot that g1(G7 (Fi(x))) £ fi(x)
and also g1(GT (Fi(2))) # fi(x).

Next consider a; = 0.78, g = 0.97, ag = 67, a = (a1 + a2 + a3)/3 = 22.9167, and
F(z) = e, so that the baseline distribution is IFR. Figure (b) illustrates the plot
of g1(GTH(Fi(x))) — fi(x) by substituting x = t/(1 —t), so that for = € [0,00) implies
t € [0,1). From Figure (b) it is observed that g (G7'(Fi(2))) — fi(z) £ 0 and also
g1 (G (Fi(2) = fi(z) 2 0.

0.4}

0.2

I L L
0.2 0.8 1.0

.04

01 02— o4 0s 06 osl
(@) (b)

Figure 3.1: Plot of g;(G7'(Fi(2))) — fi(z) for = t/(1 —t), t € [0,1] when baseline
distribution is (a) DFR and (b) IFR.

The following theorem compare the minimums of two samples, both from n dependent

homogeneous rvs following the PO model and with different Archimedean copulas.

Theorem 3.2.2. Suppose X ~ PO(F,al,¢1) and Y ~ PO(F,al,¢s). Then X1 <disp
Yi., if the baseline distribution is DFR, @a(pa(w)/n)/p1(¢p1(w)/n) is increasing in w and
0<a<l.

Proof: The cdfs of Xy., and Y7., are given by Gi(z) = 1 -1 (ngbl (F'X1 (m))), and
Ga(z) =1 — @3 (nds (Fx, (x))), respectively, where Fiy, (z) = ST}%’ x € R. The respec-
tive pds are given by

91(z) = ng' (ng (Fxl(x)))(p, e @) (3.2.8)

and
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Therefore

- _ 1 [ 2 (G2 (@1 (nd (Fx, (@)))))
Gy (Gi(z)) = F <Oé+5é(,02 (%¢2 (61 (nn (FX1($)))))>

_ _22(5o2(e1(nd1 (Fx, (2)))))
where 77(1’) N af@@z(%(ﬁ;p(@l (n¢1(F’X1 (70))))>

F~H(n(x)),

92(G3 1 (G1(2))) = nih (d2 (1 (ng1 (Fx,(2)))))

2 (1 (nd1 (Fx, (2))))) r (F~'(n(=)))
¢2 (p1 (n¢1 (Fx, (2))))) a
+ ap (1 b (1 (no1 (P ( )))))). (3.2.9)

From Lemma 3.9 of Fang et al. [43], for increasing wa(¢2(w)/n)/ev1(é1(w)/n) implies
@2 (ng2 (Fx, (z))) > o1 (ng1 (Fx, (z))), which implies

Fx,(z) > ¢ <71l¢2 (1 (no1 (Fx, (iv))))) :

Again this gives F(z) > n(x) which implies F~!

(n(x)) > 2. Thus if r(-) is decreasing then

r(F~ (@) < r(a).

(3.2.10)
Also for & > 0, w9 (%Qﬁg ((pl (n¢1 (Fxl (a:))))) < Fx, (x) implies
a-tagn (0 (1 (01 (@) ) < o (3:2.11)
Again from Lemma 3.9 of Fang et al. [43] by substituting w = ¢ (ngbl (FXl( ))) in increas
ing £L@1(w)/n) 4 liag
& pa(62(w)/n) P
5 (92 (21 (né1 (Fx, (2))))) @2 (02 (1 (nd1 (Fx, (2)))))
5 (302 (1 (nér (Fx, ()
 ALA PR 2 o o) s
Al (Fu@) i

Now using (3.2.10), (3.2.11)) and (3.2.12)), from (3.2.9) and (3.2.8) implies
92(G51(G1(2))) < g1(x) for all 2 € R. This completes the proof

Remark 3.2.2. It is to be noted that Archimedean copula with generators as specified in

(i) and (ii) below satisfy the condition that @o(p2(w)/n)/p1(d1(w)/n) is increasing in w for
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alln e Z.

(i) p1(x) = (1+x1/91)791 and @o(z) = m where 6; € (1,00),02 € (1,00) and
1 < 60 < 03 < 00, then for any n € Z,

<1 - (M)l/&)el

22 <1 + <W)1/92>2 .
(l/m )1/92 < (((1/:?1 )02 )1/92> <( 71/: o )

( (x1/01-1) <1+ (z—1/01— 1)91)1/91>

%(¢2(¢2(x)/n)/801(¢1 (z)/n)) =

(tazee )1/92 ( (e )1/92) (ezmoun)
+ 1/91 N (1 (a=1/01—1)%1 )1/91> .

Since 1 < 61 < 03 < oo, from the last expression it can be easily concluded that the

derivative is non-negative for all x € [0, 1].
(ii) p1(z) = (01 + 1)_1/‘91 and @o(z) = [fax + 1]_1/92, for 0 < 61 < 62 < oo, then for
any n € Z,

d (TL B 1) (x_91:n71> % <m_92;n1)912 (x91 _ $92)
2 (pa(ala) ) r(1(a) ) = T e .

From the above expression it is very clear that for 0 < 67 < 62 < oo it is non-negative

for all « € [0, 1].

The following corollary follows from Theorems [3.2.1] and [3.2.2] This corollary compare
the minimums of two samples, one from from n dependent heterogeneous rvs following the
PO model and another from n dependent homogeneous rvs following the PO model and

with different Archimedean copulas.

Corollary 3.2.1. Suppose X ~ PO(F,a,p1) and Y ~ PO(F,al,¢3). Then for a >
%Z?:1 i, X1n Zdisp Y1.n if the baseline distribution is DFR, @1 is log-convex, %,1 18

concave, pa(p2(w)/n)/p1(d1(w)/n) is increasing in w, and 0 < o < 1.

Proof: Let Z ~ PO(F,al,¢;). Then Theorem gives X1 <disp Zim- Again
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Theorem implies Z1.p, Sdisp Y1.n. This yields Xi.p Sdisp Yin.

Remark 3.2.3. It is to be noted that for any n € Z Archimedean copula with generators
e1(z) = (1 —i—xl/@l)_el and @a(z) = m where 6; € (1,00),602 € (1,00) and 1 < 6; <
02 < oo satisfy the condition that pa(pa(w)/n)/p1(P1(w)/n) is increasing in w for alln € Z.

The following theorem compare the minimums of two samples, one from n dependent
heterogeneous rvs following the PO model and another from n dependent homogeneous rvs

following the PO model, in terms of star order.

Theorem 3.2.3. Suppose X ~ PO(F,a,p) and Y ~ PO(F,al,p). Then for a >
%Z?:1 a; we have Xi1., <, Y1, if xr(zx) is decreasing, ¢ is log-convez, % is concave and

0<a<l.

Proof: Using equations (3.2.1), (3.2.2) and (3.2.3)), implies

2d (Gﬁ(m@)))

dx x
= ol (@ (AG)) - ¢ ()
= o I o (R

g1 (G1' (F1(2)))

1 e(8(Fx, (@)
azr(z)y Y iy # (6(Fx,@)) 1=a:F @)

_ 7 )
F(F0() (a+ap (AT 6 (P (@))) Lzt
(3.2.13)
In Theorem for 0 < o < 1 it is already proved that F~1(y(z)) > .
Now, if zr(x) is decreasing in z, then zr(z) > F~'(y(z))r (F~*(y(z))), that is
@) S (). (3.2.14)

r(F=1(y(x)))
According to the equations (3.2.6) and (3.2.7) of Theorem ([3.2.1)), one can conclude that

a gn (¢(Fx;(@)))
" Zi:l a <:§(¢( Fy, (:Jc)))) 1—073F(z)
o |

> 1. (3.2.15)
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Using (3.2.14) and (3.2.15)), (3.2.13]) gives

ol (G#(Fl(:c))) o

dzr T

G (Fi(2))

So, is increasing in x > 0. Hence X,.,, <« Yn.n.

Remark 3.2.4. The expression zr(z) is known as the proportional failure rate (also known
as the generalized failure rate) Righter et al. [I16]. The concerned rv is said to have the
Decreasing Proportional Failure Rate (DPFR) property if xr(z) is decreasing in z, and in
that case, domain of the rv will be (0, 00).

It is of interest to know whether as in case of Theorem [3.2.3|it is possible to establish star
ordering for « > 1 when zr(x) is decreasing or increasing. The following counterexample

shows that with these conditions, it is not possible establish star ordering even in case of

samples from independent rvs.

Counterexample 3.2.2. Consider maximums of two samples, one having four independent
and heterogeneous rvs, and another having four independent and homogeneous rvs. Consider
ar = 0.75, ag = 0.95, as = 23, ay = 43, a = (1 + as + ag + a4)/4 = 16.925, and

F(z)=(1+ %)%, so that xr(z) is increasing. Therefore

(I P )

o +a (I Fx @)

G (Fi(x)) = F!

Gy (Fi(x))/x plotted by substituting x = t/(1 — t), so that for x € [0,00), t € [0,1). From
the Figure (a), it is observed that Gy ' (F1(x))/x is neither increasing nor decreasing.

Next consider ay =2, ag = 33, a3 = 63, ag = 183, a = (a1 + e + a3 +ay) /4 = 281 /4, and
F(z) = ?12’ x € [1,00) so that xr(z) is decreasing. Gy'(Fi(x))/x plotted by substituting
x = 1/t, so that for x € [1,00), implies t € [0,1). From the Figure[3.4(b), it is observed

that G7'(Fi(2))/z is neither increasing nor decreasing.

The following theorem compares the minimum of two samples, both from n dependent
homogeneous rvs following the PO model and with different Archimedean copulas. The

proof can be done similiar to the theorem Theorem and hence omitted.

Theorem 3.2.4. Suppose X ~ PO(F,al,p1) andY ~ PO(F,al,ps). Then X1, <+ Yin

if xr(z) is decreasing, p2(pa(w)/n)/p1(¢p1(w)/n) is increasing in w, and 0 < a < 1.
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1050
1045
10.40 -
1035
1030

1025

(a) (b)

Figure 3.2: Plot of G7'(Fi(z))/x for (a) x = t/(1 — t) when zr(z) is increasing and (b)
x = 1/t when zr(z) is decreasing, t € [0, 1]

The following corollary follows from Theorems and

Corollary 3.2.2. Suppose X ~ PO(F,a, 1) and Y ~ PO(F,al,¢2). Then for a >

%Z?:l @iy X1 <i Y1 if xr(x) is decreasing, o1 is log-convex, £ is concave %w);z;

- ©} 7 p1(p1(w)
1s increasing in w and 0 < a < 1.

3.3 Ordering for sample maximum

This section stochastically compare the maximums of two dependent samples, one formed
from heterogeneous rvs and another from homogeneous rvs. The distribution function of
X; and Y; are Fy,(x) = 1_25%)(:0) and Fy, (z) = 1—2(}9752@’ respectively, where a; = 1 — ; for
1=1,2,...,n,and & = 1 — a. The cdfs of X,,.,, and Y., are given by and

Fy,.(x) = ¢ (n¢ (Fy,(z))) , (3.3.1)

where ¢(u) = o~ (u), u € (0,1].

The following theorem compare the maximums of two samples, one from n dependent
heterogeneous rvs following the PO model and another from n dependent homogeneous rvs
following the PO model, in terms of dispersive order when the baseline distribution function
is increasing rhr (IRHR). A distribution F is said to be IHRH distribution if the rhr 7(-) is
increasing. If 7(-) is decreasing, then F' is called decreasing rhr (DRHR) distribution.

Theorem 3.3.1. Suppose X ~ PO(F,a,¢) and Y ~ PO(F,al,p). Then for a >

%Z?:l a; we have Xp.n >aisp Ynn if the baseline distribution s IRHR, ¢ is log-concave

and £ is convexz.

o
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Proof: Equations (??) and ({3.3.1)),implies the cdfs of X,,.,, and Y,,., are

Fy(z) = ¢ (Z o (Fx, <w>>>
=1

and
Ga(z) = ¢ (n¢ (Fy,(2)))
respectively, where Fx,(z) = %f&(i% and Fy, (x) = M%;)(x), z € R. The respective pdfs
of X,,., and Yj,.,, are given by
- - Fx, (@)  air(z)
z) =o' o (Fx.(z (9 (Fx; - , 3.3.2

Therefore,

and hence

ap (3 Xy ¢ (Fx, ()
1—ayp (5 X0 o (Fx,(2))

_ap(2 3 6(Fx,(2))
where () = =SS U @)

Gy (Fa(z)) = F ( )> = F~'(B(x)), (3.3.3)

Now

- (P BSx)
o = o 27)) L. )

o (e ) )
- <;¢(in( ”) 7 (E X, 0 (Fx, (@)

x (1 —ap (; > 6 (Fx, <x>>>> (P (B(@))). (3.3.4)

Note that a;/(a; + @;F(x)) is increasing and concave in «;. It can be seen that ¢ (Fx,(x))
is increasing and concave in «; if ¢ is log-concave. First consider & < 0. Now for o >

% >, «;, the concavity and increasing property of ¢ (Fx,(x)) with respect to «;, implies
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— 1-

6(Fa@) > -3 6(Fx, (@) (3.3.5)

i=1

e 1-aRy () < 1-ap (i Zqﬁ(FXi(:v))) (3.3.6)
1 > 11— 71 -
1—ap (3 iy ¢ (Fxi(2))  — 1 - aFy, (z)
oy (%Zz 1¢ FX )) > O‘FY1(m)
1_5‘90(7121 10 (Fx, (:B))) — 1—aFy(z)
= B(z) F(z).

v

Similarly for & > 0, (3.3.5) implies 8(z) > F(x). Thus F~Y(B(x)) > 2. Now if 7(-) is

increasing then

FF~H(B(x))) > 7(x). (3.3.7)

w<i2¢<in<x>>> < > e (Fr@)
=1

— ay (;qu(in(m))) <y (335)
. =1 Y 7

I 1 F(x)
N n;az'n;ai—i—aiF(m)

nS + dZF(m)

IN

i i=1 " ¢

_ liL
o part a; + a; F(x)

Now for & < 0, (3.3.6) implies

o (1¢ -
l—aw(n;(b(FXi(x))) 2 M_TF(@
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1 n
— 3.3.9
on ; i F o F ( )
where the second inequality holds from the fact that m is increasing and concave in

Q5.

If % is convex, then

¥ (% Z?:l (FXi (.T)))

1
T OY e (P @) - e (6(Fx,@)

consequently

> m (3.3.10)

If ¢ is log-concave, then () 1 decreasing in x, so that (e @) is decreasing in «;

and ?‘71) increasing in «;. So by Chebyshev’s inequality from Lemma it follows

a;+a; F(z

I~ (_ v (in(af)))> BN Qi 1¢ (_ p (¢ (FXi(i’)))> a;
3 (~EG ) 2@ 2 n = oG @) o arm
(3.3.11)
From (3.3.7), (3.3.10), (3.3.11) and the fact that the common factor ¢’ (>_" , ¢ (Fx,(x)))
in and is negative, it implies go(Gy ' (Fa())) > fo(x) for all 2 € R. Hence

the theorem follows.

Remark 3.3.1. A rv having support [0,00) cannot be IRHR, however, a distribution
function with finite support or the support of the form (—o0,b], 0 < b < co, can be IRHR.
For example, the following distributions are IRHR:
(i) F(z) = e (2" X >0, 8< 1 for x € (—o0,0].

1—
(ii) F(z) = (w>q/( q), q>1for z € (—o0,b].

b—p
It is to be also noted that Archimedean copula with generator ¢(z) = e=%*"; for § > 0, >

1. satisfies the condition that ¢ is log-concave and % is convex.

It is of interest to know whether in case of Theorem [3.3.1] one can establish dispersive

ordering when baseline distribution is DRHR. The following counterexample shows that
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with these conditions, dispersive ordering cannot establish even in case of samples from

independent rvs .

Counterexample 3.3.1. Consider maximums of two samples, one having four independent
and heterogeneous rvs, and another having four independent and homogeneous rvs with

4
respective cdfs Fa(z) = []i_, ( Flz) ) and Go(x) = ( F(x) ) , where ap = 0.9, ag =

1-a;F(x) 1—aF(z)
095, a3 = 27; gy = 37; o = (061 + (6% + Qs + 064)/4 = 164625, and F(.ZU) =1 67(555)0'57 SO

that the baseline distribution 1s DRHR. Now

o= (S o)

4

2

and

4 4
92(Gy (Fa(x))) = 4 (H in($)> (1 —al] (in(w))l/"> F(FH(B(2))),
i=1 =1

1/4

o(TTE, Fx. (=
where B(r) = 1_8}_41 ;;( (2))1/4.

=1 i

Now g2(G5  (Fa())) — fa(x) plotted by substituting x = t/(1 —t), where x € [0,00), implies
t € [0,1), as shown in Figure . It is observed from Figure that go(Gy ' (Fa(z))) —
Fa(a) £0 and also g2(G3 ' (Fa(2))) — faz) £ 0.

0.015

0.010

0.005

0.2 0

- 0.005

Figure 3.3: Plot of go(G5 ' (Fa(x))) — fa(x) for x = t/(1 —t), t € [0,1] when baseline
distribution is DRHR.

The following theorem compare the maximums of two samples, both from n dependent

homogeneous rvs following the PO model and with different Archimedean copulas.
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Theorem 3.3.2. Suppose X ~ PO(F,al1,¢1) andY ~ PO(F,al,ps). Then X,., > disp
Yo if baseline distribution is IRHR, ¢1(¢p1(w)/n)/p2(p2(w)/n) is increasing in w, and

a>1.
Proof: The cdfs of X,,.,, and Y,,.,, are

Gi(z) = ¢1 (ng1 (Fx, (2)))

and

Ga(z) = @2 (nda (Fx, (x))),

respectively, where Fx, (z) = S f;(;)(x), x € R. Therefore the pdfs of X,,., and Y., are

ar(x) p1 (91 (Fx, (2)))
a+al(z) ¢ (¢1(Fx, ()

g1(z) = g (ny (Fx, (x))) - (3.3.12)

and
af(xz) w2 (P2 (Fx,(2)))

a+aF(z) ¢ (¢2 (Fx, (1))

g2(x) = neh (ngs (Fx, (z))) -

respectively. Hence

aps (202 (@1 (ng1 (Fx, (2)))))
1—aps (L2 (o1 (ng1 (Fx, (x))))

Gy ' (Gi()) = F~ ( )) = F7(¢(2)) (say),

02 (202 (01 (o1 (Fx, (2)))))
o (502 (o1 (nd1 (Fx, (2)))))

i (@) (1= apa (02 o1 (0 (P, (@))) ) - (33.13)

92(G3 1 (Gi(2)) = neh (¢ (o1 (g (Fx, (x))))) -

From Since ¢1(¢1(w)/n)/¢2(p2(w)/n) is increasing in w, using Lemma 3.9 of Fang et al.
[43], it follows that

p2 (nd2 (Fx, (2))) < @1 (nd1 (Fx, (2))),

— P <<p2< (o1 (né (Fi, (a >>>>)-
_ F-1<<< >>z

Thus if 7(-) is increasing, then
FEN(( () > (). (3.3.14)
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Also for a <0, 9 (%@ (p1 (no1 (Fx, (x))))) > Fx, (z) implies

a

1 —aps <;¢2 (¢1 (no1 (Fx, (:c))))) > o taF@) (3.3.15)

Again from Lemma 3.9 of Fang et al. [43] by substituting
w = 1 (g1 (Fx, ())) in p1(d1(w)/n)/p2(d2(w)/n), gives

wh (¢2 (01 (ngr1 (Fx, ())))) pa (32 (1 (ngn (Fx, (2)))))
o (02 (o1 (nd1 (Fx, (2)))))
S PiL(nd1 (Fx, (2))) ¢1 (61 (Fx, (7))
- @1 (1 (Fx,(2))) .

(3.3.16)

Now using (3.3.14)), (3.3.15) and (3.3.16), (3.3.13) and (3.3.12) implies g2(G5 ' (G1(z))) >
g1(x) for all z € R. This completes the proof.

Remark 3.3.2. It is to be noted that Archimedean copula with generators as given in (i)
and (ii) below satisfy the condition that p1(¢1(w)/n)/p2(p2(w)/n) is increasing in w for
alln € Z,

() @1(2) = exp (U522) 01 € (0,1) and o) = exp (1 - (1+2)1%) 0, € (0,0).
Therefore, for any n € Z

ex — — oa(x 1/n _ oa(z —141/n
L (61 (2) /) = p (1 —(1—tilog(x))/™) (1 — blog(x))

dx n

is non-negative. Which implies that ¢;(¢1(z)/n) is increasing in x. Again for any

nez,

n

n — —loa(x 02 1/62
%((’02(%(9@')/”)) = —exp (1—<1+ (1 —log(x)) ) )

n

—1+-L
(M) 02 (1 _ log(w))71+92

nx

Which implies that 2 (¢2(x)/n) is decreasing in . Now it can be easily conclude that
o1(p1(w)/n)/p2(p2(w)/n) is increasing in w for all n € Z.
(ii) Suppose @y (x) = 107" and @y(z) = ?2(1=¢") for 0 < fy < 6; < 1. Then for any



70 CHAPTER 3. DISPERSIVE & STAR ORDERING OF SAMPLE EXTREMES

n ez,

og(x —l4y oalx -1+1
2 (or(en(@)/m) a(a(a) /) = [((1_ ) (o) >

-0 - (- 52) " ()™

X exp )
nx

which is non-negative, since for 0 < 0y < 61 < 1, therefore

O I

The following corollary follows from Theorems [3.3.1] and [3:3:2] This corollary compares
the minimum of two samples, one from from n dependent heterogeneous rvs following the
PO model and another from n dependent homogeneous rvs following the PO model and

with different Archimedean copulas.

Corollary 3.3.1. Suppose X ~ PO(F,c, 1) and Y ~ PO(F,al,¢s2). Then for a >
LS™ i, Xon Sdisp Yon if the baseline distribution is IRHR, o1 is log-concave, £+ is
n i=1 14 ©1

convez, p1(¢p1(w)/n)/pa(d2(w)/n) is increasing in w, and o > 1.

Remark 3.3.3. It is to be noted that Archimedean copula with generators () =
e 9, € (0,1),y € (1,00) and o(x) = e(l_(lﬂ”)l/%),ﬁg € (0,00) satisfied the condi-

tions of the corollary(3.3.1)).

The following theorem compares the minimum of two samples, one from n dependent
heterogeneous rvs following the PO model and another from n dependent homogeneous rvs

following the PO model, in terms of star order.

Theorem 3.3.3. Suppose X ~ PO(F,a,¢p) and Y ~ PO(F,al,p). Then for a >

%Z?:l i, Xpm s Yo if x7(2) is increasing in x, ¢ is log-concave, % 18 convew.

Proof: Equations (3.3.2), (3.3.3) and (3.3.4), implies

dx T

v (G5 (Ba(a)) — O (Fa(w))

ad <G51<F2<x>>>
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- Gy (Fa(2))

~ 1 n ¢(¢(FX1(SC))) Q;
e ()5 D i ¢ (6(Fx, (x))) @itaiF (@)

S e - F(B())
F(F1(B@)) SRSt (1 ap (LT, 6 (Fx. (@)
(3.3.17)
In Theorem [3.3.1}, it’s already proved that
F1(B(x)) > =. (3.3.18)

Now, if x7(z) is increasing in z, then from (3.3.18)), z7(z) < F~1(3(x))7(F~1(B(x))), that
is

xr(zx)
F(FH(B(2)))
According to the equations (3.3.10) and (3.3.11)) of Theorem gives

< F71(B(x)). (3.3.19)

n (¢(Fx, (®))) a;
%Zi:l (_;Dl(d)(px(x)))) o;+0; F(x)

i BT <1. (3.3.20)
— 1 n Pln 2vi=1 X, \T
(1 —ap (5 X ¢ (Fx,(2)))) (_sO’(i S ¢(in(x)))>
Using and (3.3.20)), (3.3.17) implies
m2% <G2_1(5M> <0. (3.3.21)

S0, G2 (B2(2)

shows that one cannot establish star ordering as in case of Theorem when z7(z) is

decreasing or increasing even in case of samples from independent rvs.

is decreasing in x > 0. Hence X,,.,, >« Yn.n. The following counterexample

Counterexample 3.3.2. Consider maximums of two samples, one having four independent
and heterogeneous rvs, and another having four independent and homogeneous rvs. Consider
a1 =5, ag =15, ag = 25, ag = 45, o = (o1 + ag + ag + aq)/4 = 45/2, and F(x) =
1—(1+2)7%6, so that x7(x) is decreasing. Gy (Fa(x))/x plotted by substituting x = t/(1—t),
so that for x € [0,00), implies t € [0,1). Therefore
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1/4

o (TTL, Fx, (@)
t-a (T Fr @)

Gy (Fy(x) = F~

From the Figure it is ovserved that Gy ' (Fy(z))/x is neither increasing nor decreas-
mng.

1.38

136

134

132

1.30

1.28

0.2 0.4 0.6 0.8 1.0

Figure 3.4: Plot of G5! (Fy(z))/x for 2 = t/(1 —t), t € [0,1]

The following theorem compare the minimums of two samples, both from n dependent

homogeneous rvs following the PO model and with different Archimedean copulas.

Theorem 3.3.4. Suppose X ~ PO(F,al,¢1) and Y ~ PO(F,al,p3). Then for a >
% Yoy iy Xnin =5 Yoo if a7 () is increasing in z, o1(¢1(w)/n)/p2(d2(w)/n) is increasing

mw, and o > 1.

Proof: The proof can be done using the results of proof of Theorem in the same
line as of Theorem and hence omitted.

The following corollary follows from Theorems and

Corollary 3.3.2. Suppose X ~ PO(F,a, 1) and Y ~ PO(F,al,ps).Then for o >

/
%Z?:l i, Xpin >« Yo if of(z) is increasing in x, 1 is log-concave, % 1§ convez,

v1(p1(w)/n)/p2(p2(w)/n) is increasing in w, and o > 1.
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02 04 ” 0.8 1.0

-02

Figure 3.5: Plot of ¢i(G7 (Fi(z))) — fi(x) for = t/(1 —t), t € [0,1] when baseline
distribution is DFR.

3.4 Examples

This section demonstrate some of the proposed results numerically. The first example
illustrates the result of Theorem [3.2.1]

Example 3.4.1. Consider the minimums of two samples, one from three dependent and
heterogeneous rvs, and another from three dependent and homogeneous rvs, with respective
cdfs Fi(z) =1—¢ <ZZ 10 (f‘:fl(f )>) and Gi(z) =1 — <3gz§ (10‘5?) )), where a1 =
0.34, s = 0.65, a3 = 1.23, v = 0.88 > 0.74 = (o + a2 + 13) /3, and F(z) = e~ so that
the baseline distribution is DFR. Let us consider ¢(z) = a/log(z +€%), a € (0,00) (4.2.19,
Nelsen [I12]) which satisfies all the conditions of Theorem For this example let us
consider a = 5. g1 (G (Fi(z))) — fi(x) plotted by substituting = = /(1 — t), so that for
x € [0,00), implies ¢ € [0,1). The plot is shown in Figure and it is observed from the
plot that g1 (G1'(Fi(2))) < fi(z). Thus X135 <gisp Yi:3.

The following example illustrates the result of Theorem [3.2.3

Example 3.4.2. Consider the minimums of two samples, one from four dependent and
heterogeneous rvs, and another from four dependent and homogeneous rvs. Consider o =
0.24, ag = 0.45, a3 = 0.57, a3 = 0.57, ay = 1.23, & = 0.73 > (a1 +ag+az+as)/4 = 0.6225,
and F(x) = 1/y/z, z € [1,00) so that xr(x) is constant. Consider p(z) = a/log(z+e%), a €
(0, 00) which satisfies all the conditions of Theorem For this example let us consider
a="T. (Gl_l(Fl(x))/a:), plotted by substituting x = 1/t, so that for « € [1,00), implies
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t € (0,1], as shown in Figure From the figure, it is observed that G{*(Fi(z))/z is

increasing. Thus X1.4 <x Y1.4.

1.4
1.2
1.0
0.8
0.6
0.4

0.2

| . . . | . . . | . . . | . . . |
0.2 0.4 0.6 0.8 1.0

Figure 3.6: Plot of (G7'(Fy (a:))/a:), for x = 1/t, t € [0, 1]when xr(x) is decreasing.

The following example illustrates the result of Theorem [3.3.3

0.2 0.4 © 0.8 1.0

-10

-20
-30}
-40 -

-50+

Figure 3.7: Plot of (GQ_I(FQ(.I'))/l')/, x €]0,1]

Example 3.4.3. Consider the maximums of two samples, one from three dependent and
heterogeneous rvs, and another from three dependent and homogeneous rvs. Consider

a1 =05, a,=08,a3=17,a=16> (1 +az+a3)/3=1,and F(z) = (e* —1)/(e — 1),
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x € [0, 1] so that x7(z) is decreasing. Let us consider the Archimedean copula with generator
o(x) = 7 0 € (0,00),7 € [1,00) which satisfies all the conditions of Theorem m
(G2_1<F2(.’IJ)>/.%')/ plotted in Figure |3.7|for § = 2,~v = 2.. It is observed from the figure that
G5 Y (Fy(x))/x is decreasing. Thus X3.3 >, Y3:3.






Chapter 4

Stochastic comparisons of finite

mixture models [

4.1 Introduction

Finite mixture models appear naturally in many areas of reliability theory, survival
analysis, and risk theory. In literature, some researchers have studied the properties and
applications of finite mixture model for the random samples drawn from a finite number of
heterogeneous populations. Consider an absolutely continuous rv X having pdf fx(.), cdf
Fx(.), sf Fx(.), hr function rx(.) and rhr function 7x (.). Formally, these functions describe
a homogeneous, infinite population of items meaning that if we draw an item at random
from a population it’s lifetime will be characterized by these functions.

However, if we have different infinite populations (to be called now subpopulations)
and draw an item with certain probabilities from each subpopulation, this item will be
already described by the corresponding mixed characteristics and the whole population will
be heterogeneous. In practice, populations are finite and, for instance, the user draws items
either from homogeneous or heterogeneous populations.

Now, we briefly discuss some practical situations where the finite mixture models play

a significance role.

e Consider a component having cdf F' that should operate in a specific regime or level
of stress, e.g., voltage, temperature, compression and tension. However, the future

regime (stress) is uncertain and its probability is given by a discrete distribution

1One paper based on this chapter has appeared under:

1. On stochastic comparisons of finite mixture models. Stochastic Models, 38(2), 190-213, 2022.

7
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p = (p1,p2,...,pn) (Hazra and Finkelstein [59]). Each regime results in a cdf F,, as
function of the baseline cdf F' through a parameter «;(> 0) which defines relationship
with the baseline distribution for regime 4, ¢ = 1,...,n. Then mixture distribution
gives a modeling of the stress influence on reliability characteristics of the component.

e There is a considerable number of research works on portfolio construction/optimization,
where the stock/asset returns are modeled as a mixture of rvs. Recently, Kocuk and
Cornuéjols [80] have analyzed the stocks in Standard & Poors (S&P) 500 index over
a 30-year time span, and modeled the stock returns as a mixture of normal rvs to
grasp the randomness of the stock returns that have typically heavier left tails which
directly relates to the investment risk. In Kocuk and Cornuéjols [80] one can find
many relevant references in this regard.

e For a coherent system having n i.i.d. components, the sf can be expressed as a finite
mixture of sfs of k-out-of-n systems (Balakrishnan et al. [6], Samaniego [118]). If T
is the lifetime of the coherent system, then P(T > t) = >"}_ ppP(Xg: > t), where
Xk.n is kth order statistic from the random sample X7, ..., X,, and the probabilities
pr, k=1,...,n, are the elements of the signature vector of the system.

e Usually, there is more than one reason (Amini-Seresht and Zhang [2]) causing the
failures of a component or system. Then, the overall distribution can be modelled as

a finite mixture of the failure distribution of the component for each reason.

Motivated by these facts in this chapter, we consider finite mixtures of rvs are drawn from
one of the very important parental family of distributions, namely, proportional odds (PO),
proportional hazards (PHR) and proportional reversed hazards (PRH).

First it is considered a finite mixture of lifetimes of n different subpopulations X1, ..., X,
where each X;,i = 1,2, .., n following the PO model with some baseline sf F' and proportion-
ality constant (odds ratio) «;, denoted as X; ~ PO(F,c;), i =1,...,n. Let My.qp be a
random variable representing the lifetime of an item randomly selected from the finite mix-
ture of Fy,, Fy,, .., Fu, where a = (aq,. .., ) is the odds ratio vector, and p = (p1,...,Pn),
pi (> 0) is the mixture proportion (weight) such as Y ;" ; p; = 1. Stochastic comparisons
between two such finite mixture models for the case when both, the mixing proportion
vector p and the odds ratio vector « are different for the two variants under comparison
established. Next finite mixture of rvs following the PHR (PRH) model with some baseline
distribution function F', in case of multiple-outlier model are considered. Then stochastic
comparisons between two such finite mixture models with different mixing proportions are
made.

The rest of the chapter is organized as follows. In Section [£.2] we investigate stochastic com-
parisons between two finite mixtures where corresponding rvs follow the PO model, PHR

model or PRH model. In Section 4.3, we illustrate the theoretical results with numerical
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examples.

4.2 Stochastic comparisons of two finite mixtures

In this section, we compare two finite mixtures having different mixing distributions as
well as with different vectors of mixture proportion in the sense of some stochastic orders.
Throughout this chapter it is assumed that X = (Xi,...,X,) and Y = (Y3,...,Y,) are

two sets of independent rvs.

4.2.1 Finite mixtures under the PO model

Let X; ~ PO(F,q;) and Y; ~ PO(F, ;) with a; > 0 and 3; > 0, for all i = 1,2,...,n.
Suppose My.q,p and M,.g 4 are rvs representing the finite mixtures of X;’s and Y;’s re-
spectively where i = 1,2,...,n, a = (aq,...,ap) and 8 = (B1, ..., ) are the odds ratio
vectors, and p = (p1,...,pn) and q = (q1,...,q,) are the vectors of mixture proportion
(weights) for the two variants under comparison. We establish the conditions under which
one mixture dominates the other in some stochastic sense.

The following theorem provides sufficient conditions on the odds ratio vectors and the mix-
ing proportion vectors under which the finite mixture M,;.q p is smaller than the another

mixture M,.g q with respect to the usual stochastic order.

Theorem 4.2.1. Let My.q,p and My,.3 4 be two finite miztures. Then

0 Gy e an ), Br B2 ... Ba

i Mn;a7p <St Mn;137q7
b1 P2 ... Pn qQ 492 ... (gn

provided (o, p) € Sy, (B,p) € Sp, and (B, q) € Sy,.

Proof: Here Fu,, (t) = Y7 piFx,(t), where Fx,(t) = ailF(t) F,,(t) (say). Note

_ T 1-aF()
that F,,, is increasing and concave in «;. Let ¢(a,p) = —Fiy,, ,(t). We have
o) OF o, (t
(b(avp) S al( ) <0.
80éi 6@1'

Now, for 1 <i < j <mn,

80[2‘ 804]' J 8aj pi 80[1'
< (=)0,
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if a; < (resp. >) a; and p; > (resp. <) pj. Thus we have %o‘;p) is non-positive increasing

(resp. decreasing) function in oy, k = 1,2,...,n for a € &, (resp. € D;f). So from Theorem
w

1 of Haidari et al. [57] (see also Theorem A.4 of Marshall et al. [96]), we have a > 3 =

(o, p) > ¢(B,p), whenever (a,p) € S,. Thus we have if (a, p) € Sy, then
a>B= Fy,,t) < Fu,, (1) (4.2.1)

Now, let ¢(8,p) = —Fu,., (1) = S0 piFy;(t), where Fy,(t) = 240 — By (say). We
have%i’p):—]}gi < 0. Now, for 1 <i < j<n,

5¢((§);p) _8¢é§;p) = Fg,(t) = Fg,(t) = ()0,

if B; < (resp. >) B;. So from Theorem 1 of Haidari et al. [57], we have p g q=¢B,p) >
#(B,q), whenever (3,p) € S,,. Thus, if (3,p) € S, we have

w — —
P>a= Fu,p,(t) < Fuppg(f) (4.2.2)

Then the theorem follows from combination of and .
Note: The result in Theoremwill also hold true if the condition (8, p) € Sy, is replaced
by («,q) € S, with all the other conditions remaining the same.

A counterexample is provided to show that the ordering result in Theorem does

not holds if one of the sufficient conditions is dropped.

Counterexample 4.2.1. Consider finite mixtures M3.q p and Ms.3q, where a = (0.55
,0.85,2.5), B = (0.15,2.5,3.5), p = (0.55,0.2,0.25) and q = (0.45,0.4,0.15) so that the
condition of row majorization in Theorem is not satisfied. We take F'(r) = exp(—ax)?
with @ = 2 and b = 0.7. We depict Fi,, ,(z) and Fiy, 5 («) in Figure [4.1) by substituting
x =1/(1—t), so that for x € [0,00), we have t € [0,1). From the figure it is observed that

the stochastic ordering result in Theorem |4.2.1]is not attained.

Theorem 4.2.2. Let Mo p and Mo.g 4 be two finite mixtures. Then

a1 oo B1 B2
> = Maia,p <hr M2,,q,

b1 P2 q 492

provided (a1, ), (81, B2) € &5 (DY), (p1,p2), (¢1,q2) € DY (E)), p1a? = p2a3 and q1f? =
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Figure 4.1: Plot of Fi,, ,(x) and Fiy, 5 () for z =t/(1—t), t € [0,1].

@53,

Proof: We have the hr function of M. p as

9 _
Zi:l pilia,(t) #F(t)
2?21 piFai (t)

TMasap (1) = 7(1 (4.2.3)

Now,

OMyap r(t) - F(t)F(t) 1
Doy (52 ,(t))2 [(Z“Fc”(t)> n <(1—a1F(t))21—a1F(t)

- Am@wwlQLWOP[@ﬂaxw+pﬂaxw)@au>—Fm@»—
) + pQFOtQ (t)Faz (t))]
5 [=p1F2 (t) + poFl, (1) — 2paF, (1) Fay(1)]

r(t)
o

(Zzz:1 piFai(t))

where Ay, oy =

arMqup p F t — — — —
(%;::“mu_gé@ﬂPmﬁﬂﬂmﬁiw—ﬁﬁawﬂﬂﬂ
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Then
aTMZa,p a7‘1\42;0471) sign 2 2 b1 P2
dar T das “mﬁ¢@+mﬂﬂm(u—mF@V+u—®Fmv)
_ 1 1
—2p1paFn, Fy — - —
Pip2Ten 2<ﬂ—aﬁﬁn2 O—mF@P>

> (resp. ) 0,

1
175[1‘}?’(15)
is decreasing in a;. Thus from Theorem A.3 of Marshall et al. [96] and Lemma 3 of Hazra

if a1 > (resp. <) ag and piaf = paa3. This inequality follows from the fact that

et al. [60], we have

m
(a1, 02) > (B1,82) = "My = Mo (4.2.4)

if (a1, a2), (B1, B2) € & or (a1, a2), (B1, B2) € Dy and p1of = pra3. Now

87"]\/[2; P 7 3 3 !
S22 = A Fa(®) | (Pt + mFa(0) -
_ 1 . 1
<p1F/31 (ﬂm + P2k, (t)l—_BgF(t))]
= A,Blﬁ2p2F/31 (t)F52 (t) <B2 = Bl)F(t)

(1= BLF(t)(1 = B2F (1)
Then

arM?:ﬂ,p _ arMQ;ﬁ,p sign
Ip1 Op2

p2(B2 — B1) — p1(B1 — B2)

= —(B1—B2)(p1 +p2) > (resp. <) 0,

for 1 < (resp. >) P2. As per our assumption, (p1,p2) € D; when (81, 82) € €2+, and
(p1,p2) € & when (B1, 82) € Dy . Thus again from Theorem A.3 of Marshall et al. [96] and

Lemma 3 of Hazra et al. [60], we have

m
(P1,p2) > (01, 92) = TMyg, = TMap o5 (4.2.5)

if (p1,p2), (q1,42) € D3 and (By, fa) € & or (p1,p2), (q1,42) € & and (b1, B2) € Dy . Then
the theorem follows from combination of (4.2.4]) and (4.2.5).

Next, we establish star ordering result for comparing two finite mixtures in multiple-
outlier model. The star order compares the skewness of probability distributions. The
skewness of the distribution of finite mixture play a key role in many practical scenarios.

In order to compare the skewness of the distributions of the finite mixture, it is natural to
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establish sufficient conditions for some transform orders between them to analyze the effects
of the heterogeneity among mixture proportion and the corresponding parameters on the
skewness of their distributions. With the help of star ordering results, lower bounds can be
established for the coefficient of variation of the finite mixture from a set of multiple-outlier
mixture proportion and corresponding parameters of interest. The star order is also known
as more IFRA (increasing failure rate in average) order. If one rv is smaller than another
in terms of star order, then this can be interpreted as the former rv ages faster than the
later in the sense of the star ordering. The following results show how the changes among
the mixture probabilities of finite mixture and corresponding parameters of interest affects
the skewness of the distribution of the finite mixture model.

We consider finite mixtures of n(= nji + n2) components where n; components are
drawn from a particular homogeneous subpopulations and rest ny components are drawn
from another homogeneous subpopulations. Let X; ~ PO(F,q;) such that a; = «; for
i = 1,2,...,n1 and o = ap for i = ny +1,...,n. Let My.qmopmo be the random
variable representing the finite mixtures of X;’s, and p; are the corresponding mixture
proportion such that p; = p; for ¢ = 1,2,...,n7 and p; = p2 for ¢ = ny +1,...,n, so

that ni1p; + nopa = 1. Here we use the notations a™° = (ay,aq, ..., a1, ag, @9, ..., a2) and

ni terms no terms
p"° = (p1,p1,---, P1, P2, D2, ---, P2). We use the following lemma which we derive from Saun-

ni terms no terms

ders and Moran [119] to prove the Theorem

Lemma 4.2.1. [119] Let {F,,a € Ry} be a class of distribution functions, such that F, is

supported on some interval (c,d) C (0,00) and has a density f, which does not vanish on

any subinterval of (c,d). Then F, >, Fy, for a > b, if and only if % s decreasing in

x.

The following theorem provides sufficient conditions on the odds ratio vector vectors
and the mixing proportion vectors under which the finite mixture M, qmo pmo is greater
than the another mixture M, gmo ymo with respect to the star order. In other words, this

theorem can be used to compare the skewness of the distributions of two finite mixtures.

Theorem 4.2.3. Let My,qmo pmo and My.gme ymo be two finite miztures with same mizture

proportion and F(x)/xr(x) is decreasing in x. If oy > 1 > P2 > ag, p1 < p2 and
w

a™’ = ﬁmo} then Mn;am07pm0 Zx Mn;,@mo,pmo'

Proof: We have the distribution function of Myqme pmo as Fiu,,. mo ymo () = np1Fo, (x)+

nop2Fa, (z), where F,, () = F(z)/(1 — & F(x)), i = 1,2. We prove the theorem using the
i

w
concept of Lemma [4.2.1, Under the conditions a; > 81 > B2 > a9 and a™° < G™°, we
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have niaq + noa > n1 B + nofo.
Case I: n1a1 + ngag = n161 + nofe. Without loss of generality we consider niaq + noao =
n1p1 + n2Bz = 1. Let a1 = v and 5y = 3, where o, 8 € [1/ (n1 +n2),1/n1), and we write

Fu,, qmo ymo () = Far, (), just to indicate that it becomes an expression of a. Now,

OFw,(¥) _ mpr nip
e = F@F@) | (- (1_1%;) Fo)
Again
e (@) = 1@ \ 7oy (1- (1-15me) F)
Now
OFy, (x)/0a_  F(z) T (1 - (1 - %) F(x) . mpa(l — aF(z))?
 far, () zr(z) | nipra (1 _ (1 _ ﬁﬂ) F(:c))2 +po(1 —nya)(1 — aF ()2
g [rme (- (12 59) F@) - ) (1 aF @)
O (1- (1- 522) F@)” - nips(1 - aF(@)?
_ -1
_ F(z) - p2(1 — aF(z))?
TE (1 (1= 1522) P@) — nipa(1 - aF (@)
_ -1t
Flx pr(1—(1- (5 Fz))’
2| @) (P ) |
— DA (sa)

1-nia)\ & 2 -1t
where A(z) = |a+ (72) (Pl(l—(l(z((ﬂ;(zzc))Z)F(x)) _p2> ] .Fora = a; > ay =

(m» (1—-aF(z)?>1- (1 — w) F(z))2. So for p; < pa, from (4.2.6)) it follows

n2

() P@) o . .
Again, e is increasing in x for a > (%), so that from (4.2.6)) it follows

(1-aF(z))
that A(x) is also increasing in x. So z}:,(é)) (—A(x)) is decreasing in x. Hence % is
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decreasing in z.
Case II: Suppose nijag + ngas > n1f1 + n2f2. In this case there must exist some o)
such that a1 > o} > 1 such that nia) + neag = n18; + nefa. Let us denote a/™° =

/ / / .
(a7, aq,...,aq, a2, a2, ...,a2). Then from previous case we have My,.q/mo pmo >, My.gmo pmo.

ni terms no terms
Now we need to show that M. qmoe pmo >, My.qmo pmo. Let n = a1 — a2, ' = o) — g, and

n* = a; —n. then n > 7' > 0. According to Lemma it is sufficient to show that

oF,

o _ F) [ n2g92(1—071F( x))? ]
fy(x) ar(x) Larmpi (1 —n*F(z )) + napan*(1 —alF( )
_ F) nipray (1 —
N xr(w) ot nap2 ( 1 —alF ]
_ F@)
N xr(m) z)

I -
is decreasing in z, where Q(z) = [17 + B <( —7 1;(@)) } . Note that - (%) =

n2p2
dFy

(n*—an)f(z) * . . L 5
(= Fla)? > 0asag > n*. SoQ(x) is non-negative and decreasing in x. Consequently sz)

is decreasing in x.

Remark 4.2.1. It is to be noted that the condition F(x)/xr(x) is decreasing in = is
satisfied by many class of distributions. For evample, Burr distribution with sf F(x) =
(1+ 297" a > 0,8 > 0 satisfies the condition for 0 < a < B < oo, and Gompertz dis-
tribution with sf F(z) = exp([—B(a® — 1)]/log(a)),a > 0,8 > 0 satisfies the condition for
l<a<ooand0 < f < 0.

Corollary 4.2.1. Under the same setup of Theorem if ap > 1 > B2 > ag and

w
a™ < B™°, we have My;ame pmo > Lorenz Mn;ﬁmo,pmo-

4.2.2 Finite mixtures under the PHR and the PRH model

Here we establish the hr order between two finite mixtures in multiple-outlier model with
PHR and PRH distributed components under the majorization order between the vectors
of corresponding parameters. Let us consider finite mixtures of n(= n; + ny) components
where n; components are drawn from a particular homogeneous subpopulations and rest no
components are drawn from another homogeneous subpopulations. Let us denote A™° =
(A1, A1y ey AL, A2y A2, oy A2). First let X; ~ PHR(F,)\;) and suppose By, ny.ame pmo be

ni1 terms no terms
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the random variable representing the finite mixtures of X;’s, and p; are the corresponding
mixture proportion, where A\; = Ay, p; = p1 for i = 1,...,nq1, and \; = Ao, p; = po for
i1=mn1+1,...,n, and n1p; +neps = 1. The following theorem provides sufficient conditions
on the hazard ratio vectors of the components and the mixing proportion vectors under

which the finite mixture B,,, n,.ame pmo is greater than B, n,:ume gme in terms of hr order.

Theorem 4.2.4. Let By, y,.ame pmo and By, pnypymo gmo be two finite miztures. Then

)\1 Al )\2 AQ M1 ... M1 M2 ... U2

row
>

pr ... P1 P2 ... D2 q --- @1 Qg2 ... Q2

= Bm,m;)\m",pmo Zhr Bnlﬂ%lﬂ’w,qmo

provided (A1, A2), (u1, p2) € € (D3), (p1,p2), (q1,¢2) € D3 (E5) and ny > (<) ny.
Proof: The hr function of B, ,.ame pmo is given by
S piAFN(t) S pidi () + D it piNiF(t)

TBn Nneo:AMO pmo t r t n =) . r n =) - n ) -
prate W ) > i pili(t) ) Doty P (t) + 2 imny 41 pil™i(t)
(4.2.7)

For 1 <i < nq,

OB,y py:xmo pmo t Pt 7 3
1,m2;A P = ;r.( )nlpl (7) P} [(nlplFOd (t) + n2p2F>\2 (t)) +
O\ (naprFX (t) + ngpa P2 (1))

t
napa(A = A2) 2 (1) log F(1)] |

and for n; +1 < j <n,

67“3 . \TO MO t F/\Q t 7 F
n1,n9;AMO, p — T( )n2p2 ( ) [(nlplF/\l (t) =+ TZQPQF)\Q (t)) +

9N (n1p1FA1(t) + nopa FA2 (t))z
’nlpl(AQ — )\1)}‘:')‘1 (t) 10g F(t)] .

aTBn;)\mo7pmo aT‘Bn;)"rno’prn

Forl1<i,j<miorni+1<ij<n, 2 =0. Againfor 1 <i <my

o - N,
and n; +1<j <n,
87"3 87~B ; _ _
on Y 1pL 7 (t) + napa 72 (t)

X (nlplFAl (t) — nopa F2 (t))
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+ 2n1n2p1p2F/\1 (t)FAz (t)()q — )\2) log F(t)
< (resp. 2) 0,

if \y > (resp. <) A2, p1 < (resp. >) p2 and ny < (resp. >) ny. Thus we have from Theorem
A.3 of Marshall et al. [96] and Lemma 3 of Hazra et al. [60],

m
}\mo 2 umo = anl,’nQ:)\mo,pmo S T.Bnl,ng;pmo,l}mo7 (428)
if (A1, Ao), (p1, p2) € 5;(17;), (p1,p2) € D;(é’;) and n1 > (<) ng. For 1 <1i < ny,

aanl,7,L2;”"r77.071:)7rw . 7“(15)

Ip; (nip1 FH(t) + nopg Fi (t))2

ningpa F* () FF2 (t) (1 — p2),

and forn; +1<j5<n,

8703%1,"2;#7”0,137”0 T(t) 1 2
P = = = saneprFH (8 FF2 (8) (p2 — ).
Pj (napr Fr(t) 4 napa Fr(t))
.o .. BTBnl,nQ;umo,p""o 67'3,,11’TLQW’moypmo .
For 1 <i,j<mniorn+1<i,j<n, B — Bp: = 0. Again for
1<i<nandn +1<j<n,
aan o Mo Mo aan ne: Mo Mo L —
S T T T PR — ) (b + p2)
? J

if g1 < (resp. >) po. As per our assumption, p; > (resp. <) pa when uj < (resp. >) uo.

Thus we have from Theorem A.3 of Marshal et al. Marshall et al. [96] and Lemma 3 of
Hazra et al. Hazra et al. [60],
m

p"’>q" =rp (4.2.9)

r
n1ngiumo,pmo = "' Bry nyumo gmo

if (p1,p2), (q1,q2) € Dy (&), and (1, p2) € £ (DF). Then we have the desired result by
combining (4.2.8)) and (4.2.9).

By taking niy = no = 1 in the above theorem, we get the following corollary.

Corollary 4.2.2. Let By p and Ba,, ¢ be two finite miztures. Then

A1 A2 row [ 1 K2

b1 P2 q1 Qg2

= Baxp Zhr Bo.u,q
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provided (A1, X2), (p1, p2) € E5(DS) and (p1,p2), (q1,q2) € Dy (EF).

The corollary follows by taking n; = no = 1 in Theorem Next we extend the
Theorem to compare B, nyame pmo and By ps.mo gmo, where ny, nf and ny, nj may
be different but ny +ng = nj +n3 =n.

Corollary 4.2.3. Let By, pyame pmo and Bps nx.ymo gmo be two finite miztures. Then

By ngiame pme Zhr Bugnipme,qme;

provided all the conditions of Theorem |4.2.4| hold along with the condition (ni,ns) Tin

(n1,n3).

Proof: From equation (4.2.7)), we have

nipt M FM (t) + nopado FA2(t)

’I”Bnl,nz;kmoypmo (t) = 'I"(t) nlplF‘Al (t) T RQPQF)‘Q (t) (4210)
Then
8TB"1,n2;>\m°,pm° . 87”3”1,”29\7”071””0 = T(t)plp2p>\1+)\2 (t)()‘l — )\2)(711 + n2)
onq onsg (nlplF_‘)\l (t) 4 nopa FH2 (t))2

< (resp. 2) 0,

if A} < (resp. >) A2. As per our assumption in Theorem ny > (resp. <) ng when
A1 < (resp. >) Ag. Thus we have from Lemma 3 of Hazra et al. Hazra et al. [60] (see also
Marshal et al. Marshall et al. [96], pp. 83-84),

ny,ng; Ao, pMmo —

m
(n17 n2) Z (niu n;) :> TB < TBnT,n;;)\mo,me. (4211)
So

Bnl,nz;k’"“,pm" Zhr Bn{m;;km",pm"

Zhr - B ngipme qme,

where the first inequality follows from the equation and the second inequality follows
from Theorem This completes the proof.

The following theorem provides sufficient conditions on the baseline distribution, hazard
ratio vectors and the mixing proportion vectors under which the finite mixture By, ,,,.ame pmo

is greater than the another mixture By, n,;ume pmo With respect to the star order. In other
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words, this theorem can be used to compare the skewness of the distributions of two finite

mixtures under study.

Theorem 4.2.5. Let By, p,.ame pmo and By, poume pmo be two finite miztures with same

mizture proportion and log(F(x))/xr(x) is decreasing in x. If A1 > u1 > po > Ao, p1 < pa

w
and Amo j “m07 then Bnl’n%)‘mo’pmo Z* Bnl’n%umo’pmo.
Proof: We have the cdf of By, n,.qmo pme as
FBnl,nQ;am"ypmo (IL’) =1- [mmﬁ)‘l (.56) + nQpQF)\Q (.CC)

The theorem is proved using the concept of Lemma Under the conditions A\; > p; >
fo > Ao and A™° % pn"° we have niA + ngda > nqpq + nopo.

Case I: n1A1 + naA = niug + napo. Without loss of generality we consider njA; + nadg =
nip + nops = 1. Let Ay = X and py = p, where A\, € (1/(n1 + n2),1/n1], and we write

FB, 0amo pmo (x) = F, (), just to indicate that it becomes an expression of A\. Now,

L) — tog(P) [ ) - mape () ).
Again )
IB,(z) =r(z) {mpl)\]*:’)‘(x) + pa(l — nlx\)F_’< n )(:c)] .
Now
OFp, (x)/0OA _ ~ log( F(2)) i npt A () — nlpgp(li’z;ﬂ) (x)
RENC) zr(@) | 1 pI AFA () + pa(l — nl)\)F< o )(x)
~ log(F(2) | P2\ (P a-imr o\ o
= a7 () (G ) ]
= _loi(:zi?)) x O(z) (say).
here ©(z) = p2 (oo, A -7 - 1—ng A
where ©(z) = /\+(m><m'F 2 (x)—l) . Since A > =12, so for p1 < pa we

have O(z) is non-positive (follows from the first equation) and also increasing in x (follows

) OF X . .
from the second equation). Consequently we have % is decreasing in .
A

Case II: Suppose n1A1 +noXa > nypuy +nope. In the same line as of Case II in Theorem
it can be shows that the theorem holds for this case also.
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Remark 4.2.2. [t is to be noted that the condition logx(jg)) is decreasing in x is satisfied by

many class of distributions. For example, Burr distribution with sf F(z) = (1+2%) 7%, a >

0,8 > 0 satisfies the conditions for 0 < a < 8 < 00, and log-logistic distributions with sf

F(z) = 1/(1 + (ax)?),a > 0,8 > 0 satisfies the condition for 0 < a,B < oo. The term

log(F ()

ar(w) . Can be expanded as

log(F(z))  — " r(u)du :_[ A’(m)]1’

xr(x) B xr(x) ’ A(x)

Hence the condition loi(rlig)) 1$ decreasing in T equivalent to x% is decreasing in x, where

A(z) is the cumulative hazard function. It is also to be noted that if F' is DFR (decreasing

failure rate) distribution, then % 1s decreasing in x. It follows from the fact that,

DFR = DFRA (decreasing failure rate average), which implies @

s decreasing in
x. Hence as an itmmediate consequence we can say that the above theorem holds for all DFR

baseline distribution.

Corollary 4.2.4. Under the same setup of Theorem [[.2.5 if \1 > p1 > p2 > Ao, p1 < p2

w
mo mo
and A = /72 then Bnl’nz;)‘mo’pmo ZLO’I‘@TLZ Bnl’n%“mo’pmo.

Next let X; ~ PRH(F,)\;) and suppose Jy,, n,:ame pmo be the random variable repre-
senting the finite mixtures of X;’s. The following theorem compares .J,, p,.ame pmo and
Jny nazpumo qmo With respect to rhr order. The proof is similar to that of Theorem [.2.4] and
thus omitted.

Theorem 4.2.6. Let Jy,, po.ame pmo and Jy, py:pmo gmo be two finite miztures. Then

)\1 Al )\2 AQ M1 .. M1 M2 ... U2

>r0w
pr ... P1 P2 ... D2 q --- @1 Qg2 ... Q2
= Jnymaam pmo Srhr Jng ngsume gme,

provided (A1, A2), (p1, p2) € &5 (DY), (p1,p2), (q1,q2) € Dy () and ny > (<) na.

The following corollary follows from the Theorem by taking ni = no = 1.

Corollary 4.2.5. Let Jo.x p and Jo, ¢ be two finite miztures. Then

A1 A2 row [ F1 K2

b1 P2 q1 Qg2

= J2;)\,p <rhr J2;y.,qa
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provided (A1, X2), (p1, p2) € E5(D3) and (p1,p2), (q1,q2) € Dy (&F).

Remark 4.2.3. Hazra and Finkelstein [59] have obtained the hr ordering and reversed hr

ordering results for two-component mixture as in corollaries [4.2.2] and [4.2.5] respectively

under the chain majorization. As chain majorization is stronger condition than row ma-
jorization, so Theorems and serve as improvement of the previous results in terms

of multiple-outlier model and row majorization.

Next we extend the Theorem @ to compare Jp, pyame pmo and Jps s yme gmo, where
n1, n] and ng, n3 may be different but n1 + ng = n] +n3 = n. The proof is similar to that
of Corollary and thus omitted.

Corollary 4.2.6. Let Jy, pyame pmo and Jpx ps;pymeo gmo be two finite miztures. Then

Iy mgiame prmo Sehr g ng;pmo gmo

provided all the conditions of Theorem |4.2.6] hold along with the condition (ni,ns) Tin

(’I?,T,TLE).

Theorem 4.2.7. Let Jy,, py.ame pmo and Jy, pypmo pmo be two finite mixtures with same
mizture proportion and % s increasing in . If Ay > p1 > po > pa, p1 < p and
A % P then Jny ngamo pme 2k Jny ny;gme pmo-

Proof: The proof can be done in the same line as of Theorem using the Lemma
d2.11

Remark 4.2.4. The condition loi%g” s increasing in x is satisfied by many class of
distributions. For exzample Weibull distribution with sf F(z) = exp(—(az)?),a > 0,8 >0
satisfies the condition for 0 < a < B < 1, and Gompertz distribution with sf F(z) =

exp([—B(a® —1)]/[log(a)]), a > 0, 8 > 0 satisfies the condition for 1 < a < oo and 0 < § <

log(F'(x))

o0o. The term -
z7(x)

can be expanded as

x7(x) x7(x)

log(F(x)) _ 5 7(u)du {#’@)]17

A'(z)

so that the condition becomes x @) is decreasing in x, where A(x) is the cumulative rhr

function.

Corollary 4.2.7. Under the same setup of Theorem [{.2.7 if \1 > p1 > pa > p2, p1 < p2

w
and Amo j l.l/mo, th@n Jnl’nz;amoﬂ,mo zLorenz Jn17n2;ﬁmo7pmo.
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4.3 Examples

Here we demonstrate some of the proposed results numerically. The first example illustrates
the result of Theorem 2.1

Example 4.3.1. Consider two finite miztures Ms.o p and Ms.g 4, where o = (0.2,0.6,1.7),
B = (0.5,0.95,2.5), p = (0.5,0.3,0.2) and q = (0.6,0.3,0.1) so that all the conditions of
Theorem are satisfied. We take F(z) = exp(—ax)® with a = 2 and b = 0.7. We plot
Figy (@) and Fap, z (x) by substituting x = t/(1 —t), so that for x € [0,00), t € [0,1).
From Figure it is observed that Fyp,, (x) < Fap, 4 (2).

10

08

06

04

02

10

Figure 4.2: Plot of Fi,, (%) and Fiy, , (x) for z =t/(1—t), t € [0,1].

The following example illustrates the result of Theorem [4.2.2

Example 4.3.2. Consider two finite miztures Moo p and Mo.g 4, where oo = (4,2), B =
(3.5,2.5), p=(0.2,0.8) and g = (25/74,49/74) so that all the conditions of Theorem[{.2.9
are satisfied. We take F(z) = exp(—az)® with a =5 and b = 0.5. We plot ryy,,, (z) and
TMy.g,,(T) by substituting x = t/(1 —t), so that for x € [0,00), t € [0,1). From Figure

it is observed that rip,., ,(T) > Tas4 (7).
Next example illustrates Theorem
Example 4.3.3. Consider two finite miztures M3 2.qmo pme and M3 o.gme pmo with p1 =

1/6, po = 1/4, a1 =8, ap =2, f1 =5, fo =3, n1 =3, ng =2 and F(z) = 1/(1 +
1) with a = 1, b = 4, so that all the conditions of Theorem are satisfied. Let us
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Figure 4.3: Plot of raz,,,, () and raz, 5 () for z =t/(1 —1), t € [0,1].

denote the respective cdfs of the two miztures as Fy(x) and Fy(x) respectively. We plot
the derivative of the function Ffl(Fg(:v)) n Fz'gure by applying the transformation v =
t/(1—t), t € [0,1]. Figure indicates that F; ' (Fy(z)) is increasing in x which implies that
M3 0.qmo pmo () >4 M3 2.gme pmo(x). We also calculate coefficients of variations of the two

miztures as 1.12515 and 1.09363 respectively. So, cv (M3 2,qmo pmo) > cv (M3,2;ﬁm07pmo).

100}
80|
60|
40}
20}

0.2 0.4 0.6 0.8 1.0

Figure 4.4: Plot of derivative of F| '(Fy(x)) for x = t/(1 —t), t € [0,1].

Next example illustrates Theorem [4.2.4

Example 4.3.4. Consider two finite mixtures By o.zme pmo and By o,mo gmo, where \; =

0.38, \a = 1.74, 1 = 0.5, pug = 1.5 p1 = 0.175, pa = 0.15, ¢ = 0.18, g2 = 0.14,
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n1 = 4, and ny = 2 so that all the conditions of Theorem are satisfied. We take
F(z) = exp(—(ax)?) with a = 5, b = 0.8. We plot T By o xmo pmo () and T By gy pumo gmo (x) by
substituting x = t/(1 —t), so that for x € [0,00), we have t € [0,1). From Figure it is

observed that 1B, 5 ymo ymo(T) < TBy 5 mo ymo (T)-

Figure 4.5: Plot of 7, , \mo mo (7) and T By gumo qmo () forz =t/(1—1t), t €0,1].

Next example illustrates Theorem

Example 4.3.5. Consider two finite miztures Bgg.xmo ymo and B3 z.ymo gno, where p1 =
1/6, po = 1/4, Ay =9, Ao =2, 3 =5, pz = 3, ny = 3, ng = 2 and F(z) = 1/(1 +
(ax)®),with a = 3;b = 5 so that all the conditions of Theorem are satisfied. Let us
denote the respective cdfs of the two miztures as Gi(x) and Gao(x) respectively. We plot
the derivative of the function G7'(Go(x)) in Fz’gure by applying the transformation x =
t/(1—t), t € [0,1]. Figure indicates that GT'(Go(x)) is increasing in x which implies that
B3 9. amo pmo(x) >, Bgo,ymo gmo(x). We also calculate the coefficients of variations of the

two mixtures as 0.329296 and 0.266123 respectively. So cv(Bs g xme pmo) > cv(B3 2;mo gmo ).

Example 4.3.6. This example for Theorem . Consider two finite miztures J3 9. xmo pymo
and J3 g.ymo gmo, where p1 =1/6, pp=1/4, \1 =12, \g =3, p1 =9, po =6, n1 =3, ng =
2 and F(z) = exp(—(ax)®) with a = 0.5,b = 0.9 so that all the conditions of Theorem
are satisfied. Let us denote the respective cdfs of the two miztures as Hi(x) and
Hy(x) respectively. We plot the derivative of the function Hy'(Ha(z)) in Figure by
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1.5
1.0
0.5

0.05 0.10 0.15 0.20

Figure 4.6: Plot of derivative of G (Ga(x)) for x = t/(1 —t), t € [0, 1].

applying the transformation x = t/(1 —t), t € [0,1]. Figure indicates that Hy ' (Ha(x))
is increasing in x which implies that J3 9. xmo pmo () >4 J3.9.mo gno(x). We also calculate
the coefficients of variations of the two mixtures as 0.688144 and 0.583667 respectively. So,

cv (J372;>\ma,pmo) > cv (J3,2,mo gmo).
05
04f
osf
02}

0.1}

0.2 0.4 06 0.8 1.0

Figure 4.7: Plot of derivative of H; *(Ha(z)) for x = t/(1 —t), t € [0,1].






Chapter 5

Stochastic comparisons of

continuous mixture models

5.1 Introduction:

Heterogeneity is a very common issue in many areas including reliability, survival analysis,
demography and epidemiology. For instance, in mechanical systems, heterogeneity occurs
due to unit-to-unit variability, changes in operating environments, the diversity of tasks and
workloads during its lifetime. Ozekici and Soyer [113] mentioned that a complex device like
an airplane has large number of components where the failure structure of each component
depends on a set of environmental conditions (e.g. the levels of vibration, atmospheric pres-
sure, temperature, etc.) that vary during take-off, cruising and landing. So incorporating
heterogeneity into hazard (failure) rate modeling is a common practice to achieve accuracy
in the estimation. The proportional hazard rate (PHR) model is the most applied model
in the case where factors (covariates) influencing the environment/operating condition are
known and can be quantified. In such case, hazard rate of an individual is considered to
be constant multiplicative to the baseline hazard. However, in many practical situation it
may happen that some factors influencing the operating condition are unknown, and hetero-
geneity occurs in an unpredicted and unexplained manner. Proschan [115] pointed out that
observed decreasing failure rates could be caused by unobserved heterogeneity. A compo-
nent may be subject to different levels of operating environment (e.g. voltage, temperature)
which is not fixed but changes over time. Component lifetimes and reliability depend on

these random environmental variations. Frailty models (Cha and Finkelstein [30], Da and
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Ding [36], Hougaard and Hougaard [65], Gupta et al. [52], Gupta and Peng [56], Li and Li
[89], Vaupel et al. [129], Zaki et al. [I34] ) provide a way to introduce random effects in
the model by a rv, called frailty rv, to account for unobserved (unexplained) heterogeneity
among experimental units in their hazard (failure) rates. For instance,Vaupel et al. [129]
discussed that in survival analysis, mortality of individuals differ due to large number of
factors beyond age, e.g. the individual’s susceptibility to causes of death, response to treat-
ment and various risk factors. They considered a frailty rv to cope with the unobserved
individual differences in mortality rates while defining the force of mortality of individuals.
Cha et al. [31] considered a frailty rv in the model for mission abort/continuation policy
for heterogeneous systems, to justify heterogeneity which may occur due to various reasons
such as quality of resources used in the production process, operation and maintenance
history, and human errors.

Ageing properties and stochastic comparisons of frailty models, arising from different
choices of frailty/baseline distributions, have been studied in (Gupta and Kirmani [55],
Kayid et al. [69], Misra et al. [99], Xie et al. [I31]). On the other hand ageing properties and
stochastic comparison of resilience models have been studied in Gupta and Kirmani [55], Li
and Li [89] considering different baseline distributions and/or resilience distributions. He
and Xie [64] derived comparison results for general weighted frailty models with respect to
some relative stochastic orders. The frailty model is also regarded as mixture (continuous)
distribution of the PHR model with baseline cdf F, and mixing rv A (Da and Ding [36]).
Similarly resilience model is regarded as the mixture distribution of the PRH model (Li and
Li [89]).

In this chapter we study the effect of frailty and resilience rvs on the baseline rv (X)
using some shifted stochastic orders based on some ageing properties of X. In Section [5.2
we study the effect of frailty rv on the baseline rv, with respect to some shifted stochastic
orders, where in Section [5.3] a similar study is carried out in case of resilience model. In

Section [5.4] we illustrate some of our derived results with real-world data.

5.2 Results for frailty model

Here we study the effect of frailty rv on the baseline rv with respect to some shifted stochas-
tic ordering based on some ageing properties of concerned baseline rvs. Throughout this
section, we consider X and X* be two rvs having sfs F, F* respectively, with corresponding
pdfs f and f*. The sf of X* is given by the equation . Also consider that X an
absolutely continuous non-negative rv.

In the following theorem we derived that, for a baseline rv X with ILR (resp. DLR)
property, effect of a frailty rv A with P(0 < A <1) =1 (resp. P(A>1)=1) on X is that,



5.2. RESULTS FOR FRAILTY MODEL 99

X* will be greater than (resp. less than) X in the sense of the up shifted likelihood ratio
order.

Theorem 5.2.1.

(i) X* >4+ X if X is ILR, provided 0 < A <1 with probability 1;
(1) X* <;4 X if X is DLR, provided A > 1 with probability 1.

Proof:

(i) We have

fr=z) f(ﬁ) ) A1
s = T t)x/ AP (2)dH (M)

_ E[f:v)AFAl KA o))

e (5.2.1)

Now X is ILR implies 70 (+)t) is increasing in x for any ¢ > 0. Again AFA~!(2) will be
increasing in x for any 0 < A < 1. Now if we consider A such that P(O <A <1)=1
the result follows immediately.

(ii) Similarly X is DLR implies % is decreasing in . Again AF*~!(z) will be de-

creasing in z for any A > 1. Now if we consider A such that P(A > 1) = 1, the result

follows immediately.

Examples and illustrate (i) and (ii) of the Theorem respectively.

Example 5.2.1. Suppose X follows gamma distribution with pdf f(x) = xe ™, x > 0.

)

Then clearly X is ILR. Consider the frailty rv A to be uniformly distributed on [0,1]. Then
it is easy to check that f*(x)/f(x +t) is increasing in x for all t > 0, giving X <;p X*.

Example 5.2.2. Suppose X follows Weibull distribution with pdf f(x) = 322", 2 > 0.
Then clearly X is ILR. Consider the frailty rv A to be uniformly distributed on [1,3]. Then
it is easy to check that f*(x)/f(x +t) is decreasing in x for all t >0, giving X >4 X*.

The following corollary follows immediately in case A is a degenerate rv
Corollary 5.2.1.

(1) X* >4 X if X is ILR, provided 0 < A <1 ;
(1) X* <;p4 X if X is DLR, provided A\ > 1 .

Theorem 5.2.2.



100 CHAPTER 5. COMPARISONS OF CONTINUOUS MIXTURE MODELS

(1) X* > X if X is DLR, provided 0 < A <1 with probability 1;
(1) X* <y X if X is ILR, provided A > 1 with probability 1.

Proof:
(i) We have

f*;zgt) _ f(Jff(” / AFA (@ + t)dH(N)

. [f@:ﬂ)z}l;j) 1(a:+t)} '

(5.2.2)

Now X is DLR implies £ Efg)t) is increasing in x for any ¢ > 0. Again AFA 1 (2 +1) will
be increasing in z for any 0 < A < 1. Now if we consider A such that P(0 < A <1) =1
the result follows immediately.

(i) Similarly X is ILR implies L5 s decreasing in 2. Again AF*1(z + 1) will be
decreasing in x for any A > 1. Now if we consider A such that P(A > 1) = 1 the result

follows immediately.

Remark 5.2.1. Theorem (z) implies that under the stated assumptions on X and A,
kx«(t) > kx(t') for t >t > 0. Similarly, Theorem [5.2.9(ii) implies that rkx«(t) < kx(t')
fort' >t >0.

The following theorem shows that, for a baseline rv X with IFR (resp. DFR) property,
effect of a frailty rv A with P(0 < A <1) =1 (resp. P(A > 1) =1) on X is that, X* will
be greater than (resp. less than) X under up shifted hr order.

Theorem 5.2.3.

(i) X* >ppp X if X is IFR, provided 0 < A <1 with probability 1;
(1)) X* <ppp X if X is DFR, provided A > 1 with probability 1.

Proof:
(i) We have

F*(x)
F(z +1)

(5.2.3)
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Now X is IFR implies Fljéi)t) is increasing in = for any ¢ > 0. Again F’)‘fl(x) will be

increasing in x for any 0 < A\ < 1. Now if we consider A such that P(0 < A <1)=1

the result follows immediately.

(ii) Similarly X is DFR implies e Fle +)t) is decreasing in . Again F*~!(z) will be decreasing

in x for any A > 1. Now if we consider A such that P(A > 1) = 1 the result follows

immediately.

Remark 5.2.2. Theorem (z) implies that under the stated assumptions on X and A,
rx«(t) < rx(t') fort' >t > 0. Similarly, Theorem [5.2.5(ii) implies that rx«(t) > rx(t)
fort>1t>0.

Examples and (i) and (ii) of the Theorem respectively.

2

Example 5.2.3. Let X follows Weibull distribution with sf F(x) = e ", & > 0. Clearly,
X is IFR. Let the frailty rv A be uniformly distributed on [0,1]. Then it follows that
F*(x)/F(x +1t) is increasing in x for all t > 0.

Example 5.2.4. Suppose X follows Weibull distribution with sf F(x) = 6_10‘5, xz > 0.
Clearly, X is DFR. Let the frailty rv A be uniformly distributed on [2,5]. Then it is easy to

check that F*(z)/F(x +t) is decreasing in x for all t > 0.

Theorem 5.2.4.

(1) X* >pp) X if X is DFR, provided 0 < A < 1 with probability 1;
(11) X* <pr; X if X is IFR, provided A > 1 with probability 1.

Proof:

(i) We have
Flat+t) _ Fl+ )X/ FAY(z + t)dH(\)
0

F(x
Alx
:E{ +tF (+t)]

(5.2.4)

Now X is DFR implies F%I)t) is increasing in z for any t > 0. Again F )‘_1(:U +t) will
be increasing in z for any 0 < A < 1. Now if we consider A such that P(0 < A <1) =1

the result follows immediately.



102 CHAPTER 5. COMPARISONS OF CONTINUOUS MIXTURE MODELS

(ii) Similarly X is IFR implies ng:)t) is decreasing in z. Again FA~!(z + t) will be

decreasing in « for any A > 1. Now if we consider A such that P(A > 1) = 1 the result

follows immediately.

Remark 5.2.3. Theorem |5.2.4|(1) implies that under the stated assumptions on X and A,
rx«(t) < rx(t') fort >t > 0. Similarly, Theorem |5.2.4\(ii) implies that rx«(t) > rx(t')
fort' >t>0.

Theorem 5.2.5.

(1) X* >pmp X if X is IMRL, provided 0 < A <1 with probability 1;
(1) X* <ppiy X if X is DMRL, provided A > 1 with probability 1.
Proof:

(i) We have

> **u u ooiu y— fO f:p+t dH()\)
/mF“d//x Flu)du = fF

= E[/HtFA du// F(u du]. (5.2.5)

Now if X is IMRL then [}, F(u)du/ [° F(u)du increasing in x for any ¢ > 0. That

is we have

F(x+1) < F(x)

[ose Flw)du = [ F(u)du (52.6)
Let us define a function a(\) = %. A > 0.
) 2 [ P llos o +1)) - log(F(u))]du
z+
Z>0. (5.2.7)
Therefore from ([5.2.6)) and (5.2.7)) we have for any 0 < A < 1 we have
FANz +t) < F(z+1) < F(x) (5.2.8)

Jove FMw)du = [2, F(u)du = [° F(u)du
Hence from we can easily conclude that - is increasing in z if P(0 < A <
1)=1.
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(ii) Since X is DMRL, hence f;j—t F(u)du/ [° F(u)du decreasing in x. This implies

F(x+1) S F(x)

_ = . 5.2.9

St F(u)du = [ F(u)du ( )
Therefore from (5.2.9) and (5.2.7) we have for any A > 1,
_ _ _

FAx +1) < F(x+1) S F(x) (5.2.10)

fxoit FMu)du ~ fxoit F(u)du ~ fmoo F(u)du

Hence from ([5.2.9) we can easily conclude that (5.2.5)) is decreasing in = if P(A >
1) =1.

Remark 5.2.4. Theorem (z) implies that under the stated assumptions on X and A,
mx«(t) > mx(t') fort’ >t > 0. Similarly, Theorem[5.2.5(ii) implies that mx~(t) < mx(t)
fort >t >0.

Theorem 5.2.6.

(1) X* >y X if X is DMRL, provided 0 < A <1 with probability 1.
(11) X* <;piy X if X is IMRL, provided A > 1 with probability 1;

Proof: We have

(i)

52 22 P w)dH )

/x B (w)du/ /x : Pl = et

= E[/:OFA(u)du//xiF(u)du]. (5.2.11)

Now, if X is DMRL then [7, F(u)du/ [° F(u)du is decreasing in 2. This implies

F(z+1t) - F(x)

_ = . 5.2.12
fxoit F(u)du = [7° F(u)du ( )
Therefore from (5.2.12)) and ([5.2.15|) we have, for any 0 < A < 1,
F t F FA
2+t  Fl@) (z) (5.2.13)

[ Fudu = [ F(u)du =~ [ FAMu)du’

Hence from ((5.2.12)) we can easily conclude that (5.2.11)) is increasing in z if P(0 <
A<1).
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(i) If X is IMRL then [}, F(u)du/ [° F(u)du increasing in z. This implies

F(x+1) < F(x)

_ = . 5.2.14
S F(u)du = [ F(u)du ( )
Let us define a function B(\) = % A > 0.
g 2 [ P @llos(Fla) ~ log(F () Jdu
>0 (5.2.15)
Therefore from ([5.2.14]) and ([5.2.15)) we have, for any A > 1,
n n A
Fatt) Fa) OOF,A(‘T) _ (5.2.16)
Jore Fw)du = [ F(u)du = [~ FMu)du

Hence from (5.2.16]) we can easily conclude that (5.2.11]) is decreasing in x if P(A >
1)=1.

Remark 5.2.5. Theorem (z) implies that under the stated assumptions on X and A,
mx«(t) > mx(t') fort >t > 0. Similarly, Theorem[5.2.6|(ii) implies that mx~(t) < mx(t)
fort' >t >0.

5.3 Results for resilience model:

Here we study some shifted stochastic ordering of resilience models based on some ageing
properties of concerned baseline rvs. Let X* follow resilience model with baseline distribu-

tion G, and resilience rv {2 having cdf K so that the cdf of X™ is given by

G*(x) = /OOO G¥(z)dK (w). (5.3.1)

Throughout this section, we consider X be a rv with cdf G and X* be the rv as defined
above for which the cdf is given by equation . Also consider that X be an absolutely
continuous non-negative rv

Following theorem shows that for a baseline rv X with ILR (resp. DLR) property, effect
of a resilience rv  with P(Q2 > 1) =1 (resp. P(0 < Q2 <1)=1) on X is that, X* is greater
than (resp. less than) X in the sense of the up shifted likelihood ratio order.
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Theorem 5.3.1.

(1) X* 214 X if X is ILR, provided Q > 1 with probability 1;
(1) X* <;4 X if X is DLR, provided 0 < 2 < 1 with probability 1.

Proof:
(i) We have
P I T NV N
A R AL
- 9(x)QG " (2)
E{ D ] (5.3.2)

Now X is ILR implies g(gag—xi-)t) is increasing in x for any ¢ > 0. Again wG¥~!(z) is
increasing in x for any w > 1. Now if we consider 2 such that P(Q2 > 1) = 1 the result
follows immediately.

(ii) Similarly X is DLR implies % is decreasing in z for any ¢ > 0. Again wG*~!(x) is
decreasing in z for any 0 < w < 1. Now if we consider €2 such that P(0 < Q2 <1)=1

the result follows immediately.

The following corollary follows immediately in case €2 is a degenerate rv.
Corollary 5.3.1.

(1) X* >4 X if X is ILR, provided w > 1 ;
(1) X* <;p4 X if X is DLR, provided 0 < w <1 .

Theorem 5.3.2.

(1) X* >, X if X is DLR, provided > 1 with probability 1;
(1) X* <ipy X if X is ILR, provided 0 < Q < 1 with probability 1.

Proof:

(i) We have

gx+t) _ glx+t) Oow w1y "
g@ = g /0 ¢y k()
_ & [g(az—i—t)QGQ_l(x—i-t)] .

g9(z)

(5.3.3)
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Now X is DLR implies gégz:)t) is increasing in z for any ¢ > 0. Again wG“~1(z) is
increasing in = for any w > 1. Now if we consider  such that P(Q2 > 1) = 1, the

result follows immediately.

g(z+1)
9(x)

x for any 0 < w < 1. Now if we consider 2 such that P(0 < 2 < 1) = 1, the result

follows immediately.

Similarly X is ILR implies is decreasing in z. Again wG*~!(z) is decreasing in

Following theorem shows that, for a baseline rv X with DRFR (resp. IRFR) property,
effect of a resilience rv Q with P(2 > 1) =1 (resp. P(0 < Q2 <1)=1) on X is that, X* is
greater than (resp. less than) X in the sense of the up shifted rhr order.

Theorem 5.3.3.

(1) X* >4 X if X is DRFR, provided Q > 1 with probability 1;
(1) X* <,pp X if X is IRFR, provided 0 < Q < 1 with probability 1.

Proof:

(i)

(i)

We have

G'@) @) [ ek
Gx+t) G+t ></0 G (@)dK (@)
_ G(2)G ! (2)
—_ E [CW] . (5-3.4)

Now X is DRFR implies % is increasing in x for any ¢ > 0. Again G¥~1(z) is
increasing in x for any w > 1. Now if we consider  such that P(Q2 > 1) = 1 the result

follows immediately.

Similarly X is IRFR implies G%i)t) is decreasing in x. Again G*~!(z) is decreasing
in z for any 0 < w < 1. Now if we consider 2 such that P(0 < 2 < 1) =1 the result

follows immediately.

Remark 5.3.1. Theorem (@) implies that under the stated assumptions on X and €,
Fx«(t) > Fx(t') for t' >t > 0. Similarly, Theorem [5.3.3(ii) implies that 7x«(t) < Fx(t)
fort >t >0.

Example 5.3.1. Let X follows Weibull distribution with cdf G(z) = 1 — 2" 2 > 0.
Clearly, X is DRFR. Let Q) to be uniformly distributed on [2,5]. Then it is easy to check
that G*(x)/G(x +t) is increasing in x for all t > 0.
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Theorem 5.3.4.

(i) X* >ppy X if X is IRFR, provided 2 > 1 with probability 1;
(1) X* <,ny X if X is DRFR, provided 0 < Q <1 with probability 1.

Proof:
(i) We have
G*(r+t)  Gl+t) ® w1 . "
C@) lreTy X/o Gz +t)dK (w)
B G+ )Gz + 1)
= E[ 5 e } (5.3.5)

Now X is IRFR implies Gc(f(:)t) is increasing in z for any ¢+ > 0. Again G*~!(x) is
increasing in = for any w > 1. Now if we consider Q such that P(Q2 > 1) = 1, the

result follows immediately.

(ii) Similarly X is DRFR implies G&z)t) is decreasing in z. Again wG*~!(z) is decreasing
in z for any 0 < w < 1. Now if we consider €2 such that P(0 < Q < 1) =1, the result

follows immediately.

Remark 5.3.2. Theorem [5.5.4|(i) implies that under the stated assumptions on X and €2,
Fx«(t) > 7x(t') for t >t > 0. Similarly, Theorem [5.3.4(ii) implies that Tx«(t) < 7x(t')
fort' >t>0.

Example 5.3.2. Let X follows Weibull distribution with cdf G(z) =1 —e*, 2 > 0 so
that X is DRFR. Let Q be uniformly distributed on [0,1]. Then it is easy to check that
G*(x +1)/G(z) is decreasing in x for all t > 0.

Theorem 5.3.5.

(1) X* <pirr X if X is IMIT, provided 2 > 1 with probability 1;
(11) X* >ie) X if X is IMIT, provided 0 < Q> 1 with probability 1.
Proof:

(i) We have

L - _ T G K (w)du
/0 G (u)du//o Gu)du = 7 Glu)du
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-+t ~Q
G d
_ E w . (5.3.6)
Jo G(u)du
. . . S Glu)du . . . .
Now X is IMIT implies OIIGW is decreasing in x for any ¢ > 0. That is, for any
0
t>0
Gz + t) G(x)

(5.3.7)

Jo T a( fo (u)

Also it is easy to verify that for any w > 0
from ([5.3.7)) for any 0 <w <1

G¥(x+1) < Gz +1) < G(z)

G (2)

) T Go(wda B increasing function of w. So

_ 5.3.8
Hence from (5.3.8]) we can conclude that (5.3.6)) is decreasing in z.
(ii). Again we have
fown ] [ - o
Iy I G u)dH (w)du

d

- —xfgt u)du (5.3.9)
[T GO w)du

As FG# is increasing function of w for any w > 1 we have

G(z) < Gz +1) < GY(xz +1) (5.3.10)

Jo G(u)du — (;Ht G(u)du ~ 0x+t G (u)du
Consequently from ((5.3.10) we can conclude that ([5.3.9)) is decreasing in x.
Remark 5.3.3. Theorem (@) implies that under the stated assumptions on X and €,

mitx«(t) > mitx(t') for t > t' > 0. Similarly, Theorem (u) implies that mitx«(t) <
mitx (') fort >t > 0.

5.4 Data analysis

Here we illustrate some of our results in two real scenarios considering two data sets, namely
Survival times in leukaemia and Fatigue-life failures (Hand et al. [58]) data. In scenario I,
we illustrate results (Theorems and [5.2.4)) for frailty model. In scenario II, we illustrate
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results for resilience model (Theorems and [5.3.3)).

Scenario I: We consider the data set Survival times in leukaemia (Hand et al. [58])
which contains the survival times of 43 patients suffering from chronic granulocytic leukaemia,
measured in days from the time of diagnosis. From the quantile-quantile (Q-Q) plot (Figure
and results of Anderson-Darling test (Table for the observed samples, it is observed
that Weibull distribution fits well. Estimated values of parameters of the fitted baseline
Weibull (X) with the cdf F(z) =1 — e(=#/8)" 2 > 0,8 > 0,k > 0 are presented in Table

Table 5.1: Results of Anderson-Darling test
AD-value p-value Critical value(cv)
0.3616 0.8852 2.4978

Table 5.2: Estimated parameters of Weibull distribution
Parameters Estimated value 95% confidence interval

Scale (,3) 986.672 [766.52, 1270.06]
Shape (k‘) 1.24044 [0.973535, 1.58052]
3500
3000 - /,/'/'/
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(*,g)_ 2000
é 1500
CS; 1000
500
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Figure 5.1: QQ plot of sample data vs Weibull distribution

With shape parameter £ > 1, this baseline Weibull distribution is ILR and and so it is
IFR. Next we consider well known Gamma-frailty i.e. A ~ T'(1/a%, 1/a?) where A > 1 with
probability 1. According to Theorem (ii), the effect of considered gamma frailty on X
is that, X* <;.; X, which implies that xx-(t) < kx(t') for ¢ > ¢ > 0. Similarly, according
to Theorem [5.2.4(ii), X* <p,; X, which implies that r% (t) > rx(t') for ¢’ > ¢ > 0. Also, we
have X* > 45, X, where ‘disp’ stands for dispersive order (Shaked and Shanthikumar [122]).
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It follows from the fact that for two non-negative rvs X and Y, X <3, YV = X <4sp Y
(Lillo et al. [90]).
To demonstrate the above mentioned stochastic orders, we proceed as follows. The sf

and pdf of the above frailty model (Gamma-frailty Weibull-baseline) are

(1/02) % (@2 4 )10 (a2 15
) = : : (5.4.1)
F(a?) (1 - C2(a7707a2))

ktgk_l (1/a2)_1/“2(a2 + éik)—l—l/aQ(l (a%, a’ + éik)
d (1) — , 5.4.2
and f ( ) F(ai?) (1 _ CQ(a%aochQ)) ( )

respectively. Let t1, %9, ...,t, be the observations under consideration. We now obtain max-
imum likelihood estimation of the parameter a under the Gamma-frailty Weibull-baseline.

The likelihood function is given by

Claltr b t) = @) e L T+ e
1,025 .5 ln F(ai?) (1 - CQ(a%aOaGQ)) P v P Bk

n k
<[[a <alz a® + ;;ﬂ) , (5.4.3)
=1

T a—1,—t
where (1(a,z) = fx"o t*~le~tdt and (o(a,z) = W are upper incomplete gamma

functions and regularized lower incomplete gamma functions respectively. Estimated value
of a is obtained as 0.784 with P(I" > 1) = 1.

We then plotted f*(z + t)/f(x) taking some finite range of x and ¢ as shown in Figure
which is clearly showing that the ratio is decreasing in x, giving X* <;,.; X. To demonstrate
that X* <p,; X, we plotted F*(z + t)/F(a:) in Figure |5.3| showing that it is decreasing in
x.

Scenario II: Here we consider the data set Fatigue-life failures (Hand et al. [58]) on
the fatigue-life failures of ball-bearings. The data give the number of cycles to failure.
From the quantile-quantile (Q-Q) plot (Figure and the results of Anderson-Darling
test (Table for the observed samples, it is observed that the samples can taken to be
from Weibull distribution. Estimated values of parameters of baseline Weibull with the cdf
G(x)=1- e(_””/ﬂ)k, xz>0,8>0,k>0 are given in Table

Table 5.3: Results of Anderson-Darling test
AD-value p-value Critical value(cv)
0.1496 0.99 2.503
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0.985

Figure 5.3: Plot of F*(z + t)/F(x)

Table 5.4: Estimated parameters of Weibull distribution
Parameters Estimated value 95% confidence interval
Scale 232.9 [198.758, 272.906]

Shape 3.0721 [2.13732,4.41572]

With shape parameter & > 1, this baseline Weibull distribution is ILR and also is DRFR.
Next we consider Gamma resilience i.e. Q ~ I'(1/a?,1/a?) where Q > 1 with probability
1. According to Theorem m(i), the effect of considered gamma resilience on X is that,
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Figure 5.4: QQ plot of sample data vs Weibull distribution

Figure 5.5: Plot of g*(:v)/g(w +1)

X* <y X. Similarly, according to Theorem i), X* <;ppy X, which indicates that
(1) < Fx () for t >t/ > 0.

To demonstrate the above mentioned stochastic orders, we proceed as follows. The cdf

and pdf of the above resilience model (Gamma-resilience Weibull-baseline) are

k2

(1/a2) 1% (@2 — in(1 - )1 (&, a2~ (1 - o))

o = T (1= G(L.0,07)
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ktg—;l(l/aQ)_l/“Z(aQ “In(1 — By 11 (a_lb a® —In(1— e(%)k))
and ¢g*(t) = . : . 7
F(EE) (1 - CQ(QT,O,G ))

respectively. Let 1,19, ...,t, be the observations under consideration. We now obtain max-
imum likelihood estimate of the parameter ¢ under the Gamma-resilience Weibull-baseline.

The likelihood function is given by

()~ " k11T, 2 (B)E\\—1-1/a2
Lalty,ta, .., t,) = & t; | | —In(1 —¢'B /a
(Cl| 1,025 ) <F(al ) (1 _ C2(a1 70)@2)) i:1( ) i:1(a H( € ))

<[« (é,cﬂ ~In(1 - e*“)) ,
=1

where (1(a,x) and (3(a,z) are defined in previous case. Estimated value of the parameter
a is obtained as 4.0558 with P(2 > 1) = 1.

Then we plotted g*(x) / g(x +t) taking some finite range of x and ¢ as shown in Figure
which is clearly showing that the ratio is increasing in z, giving X* <;4+ X. To
demonstrate that X* <, X, we plotted G*(:c)/G(x + t) in Figure [5.6| showing that it is

increasing in x.

Figure 5.6: Plot of G*(x)/G(m +1t)






Chapter 6

Stochastic comparisons with active

redundancy allocation

Incorporating redundancies (standby components/spares) into a system is an effective way
to enhance system reliability. Among the various types of redundancies, e.g. hot, cold
and warm standby, the commonly used redundancy is active redundancy. In active redun-
dancy, standby components are allocated with the original components in parallel, and start
functioning along with the original components of the system. In practice, while a system
is running, when the replacement of a failed component is not possible or replacement is
time-consuming and will result in a huge cost, in such cases active redundancy allocation
is economical. In general, the matching and non-matching aspects of active redundancy
allocations are considered. In matching allocation standby components are identically dis-
tributed as of the original components, whereas in non-matching, standby and original
components are non-identically distributed. Several researchers studied active redundancy
allocation focusing on how to allocate the standby components into the system at compo-
nent or system levels so that the reliability of the system is improved in some stochastic
sense (see Brito et al. [26], Da and Ding [36], Hazra and Nanda [63], Misra et al. [99], Zhao

et al. [I41] and references therein).

It is also to be noted that in all of the aforementioned works, components are assumed
to be statistically independent. However, in many practical scenarios, components of a
system may not be independent but are dependent because of various factors like different
environmental factors (stress, load, voltage, etc.) and system design (Ghoraf [50], Gupta
and Gupta [54], Yang et al. [I33]). Hence it is of natural interest to study active redun-
dancy allocations policy when system components are statistically dependent. Gupta and

Gupta [54] first investigated component and system level active redundancy allocations pol-

115
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icy with respect to some stochastic orders for matching spares when system components are
statistically d.i.d. Later on, [I35] further investigated in that direction and provided more
conditions for comparing component and system redundancies (considering non-matching
spares). Hazra and Misra [62] considered the comparison of coherent systems with ac-
tive redundancy at the component level versus at the system level for d.i.d. components
and matching spares. However, for statistically dependent components and non-matching
spares, not many works are available may be due to the complexity of structure function.

On allocating active redundancies, it is of interest to know which sets of redundant
components will provide more improved reliability of the system. Here we consider the case
when the original components of a coherent system are d.i.d., and redundant components are
non-identical (non-matching spares). Also, we discuss active redundancy at the component
level as well as redundancy at the system level.

Our aim to investigate the optimal selection of redundant components in coherent
systems based on the underlying distribution of component lifetime. To the best of our
knowledge except Kelkinnama [71] there is no considerable work done in this direction.
Kelkinnama [71] considered that the lifetime distributions of the original and redundant
components follow the PHR or PRH model. In this chapter we provide sufficient conditions
to optimal selection of redundant components in a coherent system based on the underlying
distribution of the components lifetime. We consider that component lifetime follow two
important semi-parametric models namely AL and PO models.

In Section we derive stochastic comparison results for coherent systems with redun-
dancy at the component level when components lifetimes follows AL model. In Section 77,
we derive the same for redundancy at the system level when components lifetimes follows
AL model. In Section we derive stochastic comparison results for coherent systems
with redundancy at the component level when components lifetimes follows PO model. In
Section we derive the same for redundancy at the system level when components life-
times follows PO model. In section, we demonstrate some of the derived results with

real data.

6.1 Component redundancy: AL model:

Here we present stochastic comparison results for coherent systems of dependent and iden-
tically distributed components with redundancy at the component level, where original and
redundant components follow AL model. Suppose that each of the n original identically
distributed components of a coherent system is connected with m redundant components in
parallel, where the original and m redundant components follow AL model with a baseline

distribution function F', and corresponding scale parameters ag, ai, - - , a,, respectively. Let
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S. denotes the lifetime for this coherent system with active redundancy at the component

level. The reliability function can be written as

m

Fs.(t)=hg | 1= ] (F(ast) |, (6.1.1)

=0

where, hg : [0,1] — [0, 1] is the distorted function. It may be noted that as along with the
structure function of the system, h also depends on the dependence structure (associated
copula) of the components, here § represents the dependence parameter of the associated
copula. For convenient we denote this system as (F,a,hy), where a = {ag,a1,--- ,an}.
We also denote the survival, hazard rate and reversed hazard rate function of the baseline

distribution as F(-), (-) and 7(-), respectively.

Lemma 6.1.1. The function log(F(at)) is increasing and concave in a if 7(x) is decreasing

m .
Proof. Let D(a) = log(F(at)). Then we have

D'(a) = t7(at) (6.1.2)
D"(a) = t*# (at) (6.1.3)

From (6.1.2]) and (6.1.3) we can easily conclude that log(F'(at)) is increasing and concave

in a if 7(x) is decreasing in x. O

We now derive some results that could help us design more reliable systems by allo-
cating appropriate redundant components from the available spare components. Theorem
6.1.1] provides us the sufficient conditions under which survival (reliability) function of a
coherent system of dependent and identically distributed components with a set of redun-
dant components is larger than that of the same system with another set of redundant

components.

Theorem 6.1.1. Let the coherent system with component level redundancy following the
AL model (F,a,hg,), has the lifetime S, and following the AL model (F,a*, hg,) has the
lifetime S}. If hg(u) is increasing (decreasing) in 6 and 7(x) is decreasing in x, then for
01 < (>) 02,

w
a = a*t = Sc <st (zst) S:
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Proof. Since 7(x) is decreasing, using Lemma [[.2.7](ii) and Lemma we can conclude
that if a % a™ then

(In(F(agt)), In(F(art)), ..., n(F(amt))) <* (In(F(ait)), In(F(alt)), ..., n(F(a%,t)))

m

which implies

((F(aot)), (F(ait)), ..., (F(amt))) =" (F(agt)), (F(a1t)), -, (F(ap,1)))

which implies

1— ﬁ F(ajt) <1 [ F(ajt) (6.1.4)
j=0 ‘

Since hg(x) is an increasing in x, we have for any 6 > 0

m m
ho | 1= ] Flajt) | <hg [ 1—]J[Flajt) | (6.1.5)
j=0 j=0

Now for 01 < 03, as hy(zx) is an increasing in 6, we have from (6.1.5))

m m
ho, (1= ] Flajt) | <he, (1-]]F(ajt) ] . (6.1.6)
7=0 §=0
Reverse equality follows in similar way when hg(z) is decreasing in 6 and 6; > 6. Hence

the desired result holds. O

The following example provides some copulas and coherent structures for which the

distortion functions satisfy the conditions of Theorem [6.1.1

Example 6.1.1. [t is to be noted that the distributions having 7(x) decreasing in x belong
to the decreasing reversed hazard rate (DRHR) class. Some well-known DRHR distributions
under suitable parameter restrictions are given in Table[6.1. In Table[6.3, we present some
well-known copulas and coherent structures for which the condition (ii) of Theorem is

satisfied.

Theorem provides us the sufficient conditions under which hazard rate (failure
rate) function of a coherent system with redundancy at the component level is smaller than

that of another such system.
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Table 6.1: Some distributions having the property that 7(z) is decreasing in z

Distribution CDF Parameter restriction
Weibull 1 —exp(—(az)?),z>0,a>0,3>0 a>0,0<8<1.
Generalised Gamma W, xz>0,a,d,p>0 a,d,p>0,d # p.
Generalised Pareto 1—( —%m)lk, 0<z<o/ko k>0, 0<k<lo>0.

Table 6.2: Some copulas and coherent structures for which hy(u) is increasing in 6

Copula | Coherent system ho(u)

(i), (ii) | Xa:3 (2-out-of-3) Increasing in 6 > 1
(iv) X2:4(3-out-of-4) | Increasing in 0 < 6§ <1

Theorem 6.1.2. Let the coherent system with component level redundancy following the
AL model (F,a, hg, ), has the lifetime S, and following AL model (F,a*, hg,) has the lifetime
Sk If

(i) z7(x) is decreasing and concave in x.

(ii) % is decreasing in u and is increasing (decreasing) in 6,

then for 61 < (>) 02,

m
a=<a* = S.>, S

Cc

Proof. Let us define
hos (1 - T (F(ajt))

R (1 =TI (Flagt))

Now differentiating £(¢) w.r.t. ¢t we have

o M (LTI Flagt) m m
() = (F(a;t)) a7 (a;t)
hoy (1T} Flat)) H Z
Py, (1T Flajt)) m m
= (F(a3t)> " ati(ait) (6.1.7)
hay (1 =TT} F(at)) Liries Zeirt

Since z7(z) is decreasing and concave, we have by using Lemma [1.2.7{iv), if a <,, a* then

> aji(ajt) =) alF(alt) (6.1.8)
j=0

j=0
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(I—w)hg (u)

’
. . —Uu ) . . . ~ . . . ~ .
Again, since T, is decreasing in u and 7(x) is decreasing in z (as x7(x) is de-

w
creasing in z), applying (7.2.2)) we have if a < a* then

. h/91 (1 - H;nzo F(a;ft)) m )
ho, (1~ T1o Flast)) jl_[O(F(ajt)) 2 (T Fn) jl_IO(F(ajt)), (6.1.9)

for all £ > 0. Now if % is increasing (decreasing) in 6, then for 6; < 6y (61 > 65),

using (6.1.9) and (6.1.8), from (6.1.7) it follows that @ <™ a* implies £(t) is decreasing in
t, so that S, >, S». [

Example 6.1.2. It is to be noted that x7(x) belongs to the proportional reversed hazard
rate class. The condition x7(x) is decreasing and concave, satisfied by some well-known
distribution under suitable parameter restrictions as given in Table[6.3. In Table we

present some well-known copulas and coherent structures for which the condition (ii) of

Theorem is satisfied.

Table 6.3: Some distributions having the property that z7(x) is decreasing and concave

Distribution CDF Parameter restriction
Generalised Gamma W, x>0,a,d,p>0 l<p<d<a
Generalised Pareto 1—( —%x)lk, 0<z<o/ko k>0, 0<k<lo>0.

Table 6.4: Some copulas and coherent structures for which (1 —u)hy(u)/hg(u) is decreasing
in u and 0

Copula | Coherent system %

(i), (iii) | X2.4(3-out-of-4) | Decreasing in u and 6
(ii), (iii) | min(Xo.4, X4) | Decreasing in v and 6

Theorem provides us the sufficient conditions under which a coherent system with
redundancy at the component level is better than that of another such system with respect

to reversed hazard rate function.

Theorem 6.1.3. Let the coherent system with component level redundancy following the
AL model (F,a,hg,), has the lifetime S. and following AL model (F,a*, hy,) has lifetime
Sk If
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(i) xr(x) is decreasing and convex in .
(i) (11 uh) (“’u( Y s increasing in u and increasing (decreasing ) in 0,
then for 61 < (>) 6a,
a % a* = S. <;n S
Proof. Let us define
1= ha, (1= TIo(Fla3t)
1= hoy (1T (Flast))

Now differentiating x(¢) w.r.t. ¢ we have

x(t) =

, Py, (1= TIp(Fagt)) m
(t) = (F(ait) Y ati(at)
* 1 — hg, (1 . Hgf;O(F(a;t)) [1re Z i

3

7=0

iy, (1= TI7o(Fazt)) m

— (F(ajt) ajf(ajt) (6.1.10)
1= oy (1= TI(F(ayt)) g ;

Since z7(x) is decreasing & convex we have by using Lemma [1.2.7](iii) if @ <" a* then

>_ai(ajt) > ) aji(ast) (6.1.11)

(L—u)hj(u)

Again, since T=h (a)

is increasing in w and 7(z) is decreasing in x, applying (7.2.2

w
we have if a < a*

By, (1= T (F(ajt )
1—h62( HJ o(

) ﬁ hl@g <1 [T2o(F(ay )

j=0 — hy, < Hj o(F(a;t > 1;[ Wi 011

for all £ > 0. Now if % is increasing (decreasing) in 6, then for 6; < 6y (61 > 65),

using (6.4.18]) and (6.4.19), from (6.4.17) we have a <* a* implies x(¢) is increasing in ¢,
so that S¢ <,p, Si. [

Example 6.1.3. The condition x7(x) is decreasing and convez, satisfied by some well-
known distribution under suitable parameter restrictions as given in Table [6.5 In Table

6.0, we present some well-known copulas and coherent structures for which the condition
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(ii) of Theorem[6.1.5 is satisfied.

Table 6.5: Some distributions having the property that x7(z) is decreasing and convex

Distribution CDF Parameter restriction
Weibull 1 —exp(—(az)?), 2>0,a>0,3>0. a>0,0<8<1.
Generalised Gamma %, z>0,a,d,p>0 O<p<lyd,a>0;
Generalised Pareto 1—(1—’%)1 k, O0<z<o/ko k>0, k>1,0>0.

Table 6.6: Some copulas and coherent structures for which (1 — u)hjy(u)/(1 — he(u)) is
increasing in u and increasing/decreasing in 6

Copula Coherent system %
(ii) Xo:3(3-out-of-4) Increasing in v and increasing in 6 > 1
(i) X3.4(3-out-of-4) Increasing in v and decreasing in 6 > 0
(1) min(X7, max(Xo, X)) | Increasing in v and decreasing in 6 > 0

6.2 Systems redundancy:AL model

Here we present the stochastic comparison results for coherent systems of dependent and
identically distributed components with redundancy at the system level, where original and
redundant components follow AL model. Suppose that the original system is connected
with m same structured coherent systems (redundant systems) in parallel, where all the
components of the original and m redundant systems follow AL model with a baseline
distribution function F, and corresponding scale parameters ag,aq, - ,a, respectively.
Let S5 denotes the lifetime for this coherent system with active redundancy at the system

level. The reliability function can be written as
Fs. (1) H (1= ho,(1 = F(ajt))), (6.2.1)

where hg, and hy;, j = 1,--- ,m are the distorted functions of the original and jth redun-
dant systems, respectively. Here we consider different parameters 6; for the original and
each redundant system, as, the distorted function also depends on the dependence structure
(associated copula) of the components, so for different distributions, the dependence pa-
rameter of the copulas may be different. For convenient we denote this system as (F, a, hg),
where a = {ag, a1, ,am} and hg = {hg,, ho,, - - , ho,, }

The derived results in this section could help us to design more reliable systems by

assigning appropriate system level redundancy from the available options.
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Theorem provides sufficient conditions under which survival function of a coherent
system of dependent and identically distributed components with a set of redundant systems
is larger than that of the same system with another set of redundant systems. This theorem
also applies if scale parameter of the original component of a system is different from that

of the other system.

Theorem 6.2.1. Let the coherent system with system level redundancy following the AL
model (F,a,hg), has the lifetime Ss and following AL model (F,a*, hg~) has the lifetime
S2 with

(i) r(u) is decreasing in u,

(ii) hy(u) is increasing in u and decreasing in 0; hg(u) is decreasing in 6,

)

(iii) % is decreasing in u and increasing in 0.
Then for a,a*,0,0* € D,
m m
a=<a*and <0 = S; <4 S;.

Proof. Let us write

Fap(t) =log(Fs,(t) = Y log(1 — hg,(1 — F(ait))) (6.2.2)
i=1
Then we have
OFao(t) (1= F(ajt))hy (1 - F(ajt))
Toa T, 0 Fa) (029

Now

’

(1= F(ait))hg, (1 — F(ajt)) . (1 = F(ajt))hg, (1 = F(a;t))
1-— hgi(l — F(ait)) B T(a] ) 1-— hgj(l — F((th))

From condition (i), we have

a; > a;j = r(ait) < r(ajt) (6.2.4)
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Applying (ii), we have

(1 = Fagt))hy, (1 — Fait)) _ (1= F(agt)hy, (1 - F(ajt))
1 — hg, (1 — F(ast)) < =g (- F(a;0)) (6.2.5)

aZ-Zaj ——

and

((1 = Fajt)hy (1 = F(agt)) _ (1= F(ajt))hy (1 — F(a;t))
0;>0; = - hjei(l “ Fla) 1< = ho (1= Flaj0) (6.2.6)

Now for 1 <i < j < m, using (6.2.4))-(6.2.6) we have if a; > a; and 6; > 6;,

aFa,B(t) _ aFa,O(t) <0
da; 8aj -7

So we can conclude that M#‘f” is increasing in k, k = 1,2..,m for a,0 € D;". Hence from

Lemma 2 of [? | we have for a,a*, 8,0* € D,
m
a=a* = Fap(t) > Faeglt) (6.2.7)
Again,

8/19‘7. (l—F(ajt))
OFg0(t) - a0,

80, 1 hg,(1— F(ast)) (6:28)
OF o(t) ) OFaslt) _Bhgi(l(;gf(ait)) ) _8hej(18;j(ajt))
00; 00; ~ 1—he,(1—F(ait)) 1—hg,(1— F(a;t))
From condition (iii), along with the condition hg(u) is decreasing in 6 we have
_ Ohg,(1-F(ait)) _ Ohg; (1=F(ast))
bi=b = 1= hgi(ld—eiF(ait)) STz hgj(laij(ait)) (6:2.9)
and
_ Ohg,(1-F(ait)) _ Ohg; (1-F(a;t))
a; > a; = %, % (6.2.10)

T ho, (1~ Flagt)) = 1— hg (1— Flast)
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Now for 1 <14 < j < m, we have if a; > a; and 6; > 0;,

OFaolt) _ OFaolt) _
00; 39] -

Hence from Lemma 2 of [? | we have for a,a*,0,0* € D,

0% 0% = Fop(t) > Fap-(t) (6.2.11)

From (6.2.7) and (6.2.11)), we have the desired result. O

Example 6.2.1. [t is to be noted that distributions having r(x) decreasing in x belong to
the decreasing failure (hazard) rate (DFR) class. Some well-known DFR distributions under
suitable parameter restrictions are given in Table[6.7 In Table we present some well-
known copulas and coherent structures for which the condition (i)-(iv) of Theorem[6.2.1] is
satisfied.

Table 6.7: Some distributions having the property that r(z) is decreasing in x

Distribution CDF Parameter restriction
Weibull 1 —exp(—(az)?),z>0,a>0,>0| a>00<p<1.
Burr 1— (1429 2>0,a,¢>0, a>0,0<c< 1.
Generalised Gamma W, z>0,a,d,p>0 a>0,0<d,p<l.

Table 6.8: A copula and a coherent structure for which hgy(u) is decreasing in 6, and hj(u)
is increasing in u and decreasing in 6

Copula Coherent system ho(u) hy(w)

(i) max (X7, min(Xeo, X3, X4)) | Decreasing in 6 | Increasing in u and decreasing in 6

Next, we provide an example to show that under sufficient conditions in Theorem [6.2.1

the hazard rate ordering would not hold in general.

Example 6.2.2. Consider F(z) = exp(—(ax)¥) where a = 3,k = 0.8. It is easy to check

that r(x) is decreasing in x. Next, we consider the following one-parameter copulas
C(ut, u,uz, ug,0) = (u7? +uy? +uz? +uy® —3)71% e [-1,00)\ {0}.

Now consider the following coherent structure with distortion functions underlying the above
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one parameter copula Cs(u1,ug, us, u4,0)
(Z)l(X) = max(Xl, min(Xz, X3, X4))

and

ho(u) = Cslu,1,1,1,0] + Cs[u, u, u, 1,0] — Cs[u, u, u, u, 0]

Here hy(u) satisfies the condition (ii) and (iii) of Theorem |6.2.1,

Now consider a = {ag,a1,a2,a3} = {1.8,1.2,0.8,0.2}, 0 = {6y, 61,02,03} = {10,7,6,4},
m m

a* = {1.8,1.5,0.5,0.2}, 6* = {10,9,7,1}. Here a = a* and 6 =< 0*. In Figure (a), it

s shown that Sg <4 Si; however, from Figure (b) it is evident that hazard rate order is

not satisfied.

(a) (b)

Figure 6.1: Plots of (a) Fs, (), Fs:(z), t = /(1 — z) and (b) rs,(t), rs:(t)

Theorem [6.2.2] compares two coherent systems of dependent and identically distributed
components with different sets of redundant systems with respect to the reversed hazard
rate order. Here we consider that the systems have the same dependent structures (i.e.
0; =0,vYj.).

Theorem 6.2.2. Let the coherent system with system level redundancy following the AL
model (F,a,hy), has the lifetime S o and following AL model (F,a*, hy) has the lifetime
S;a*. Suppose the following conditions hold.

(i) ur(u) is decreasing and conver in u.

hy(u)
(ii) T=h,() 1S increasing and convex in u.
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Then

a="a" = Ss,a Zrhr Sy qx-

s,a
Proof. We have

(1 = F(a;t))hy(1 = F(ajt))
1-— hg(l — F(ajt))

Fsa(t) = Y ajr(ajt) (6.2.12)
=0

87”5’,& (t)

From the conditions (i) and (ii), we can conclude that —5**= is non-positive and increasing

in a;. Now for for 1 <i < j < n, we have

6’/’5 a(t) afs a(t)
i — Qj ’ — ’ > 0. 6.2.13

(az aJ) ( 8&@ aaj o ( )
So from Theorem A.4 of [95], 7g,4(t) is Schur-convex in a. Hence g q4(t) is decreasing in
a;, i =1,2,...,n and Schur-convex in a. Thus from Theorem A.8 of [95], we have

a=a* = Fsq(t) < Fsqn(t) (6.2.14)

9’

O]

Example 6.2.3. The condition ur(u) is decreasing and convez, satisfied by some well-
known distribution under suitable parameter restrictions as given in Table. In Table
we present some well-known copulas and coherent structures for which the condition (ii) of
Theorem is satisfied. Consider F(x) =1—x7% x> 1,k > 0. Then it is easy to check

that xr(x) is decreasing and convez in x > 1 for all k > 0.

Table 6.9: Some well-known copulas and coherent structures for which why(u)/(1 — hg(u))
is increasing and convex in w

Copula Coherent system %
1 Xo.3(2-out-of-3) Increasing and convex in u, V6 > 0.
1 min (X7, max(Xs, X4)) | Increasing and convex in u, V6 > 0.
4 X3:4(3-out-of-4) Increasing and convex in u, V6 > 1.
4 X2:4(2-out-of-4) Increasing and convex in u, V6 > 1.
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6.3 Component redundancy under PO model:

Here we present the stochastic comparison results for coherent systems of d.i.d. compo-
nents with redundancy (non-matching) at the component level. Suppose that each of the
n original identically distributed components of a coherent system is connected with m
redundant components in parallel, where the original and redundant components follow the

PO model with a baseline survival function F with corresponding odds ratio parameters as

po and pi,-- -, pm, respectively. So the survival functions of the original and m redundant
components are given by ij (t) = 1fj;g()t), 7 =20,1,--- ,m. For this coherent system with
J

active redundancy at the component level (let us denote the lifetime by 7), the reliability

function can be written as

Pr.t)=ty [ 1-JJ(1— F, ) (6.3.1)
j=0

where, fg : [0,1] — [0,1] is the distorted function. Here 6 indicates the parameter of the
dependence structure (associated copula) of the dependent components. For convenience,

we say that this system is following the PO model (F, p, £g), where p = {po, p1," " , pm}-

In Theorem [6.3.1] we derive sufficient conditions under which the survival function of
a coherent system of d.i.d. components following the PO model with a set of redundant
components at the component level is larger than the same system with another set of
redundant components. In practice, the quality of manufactured components varies due to
various factors (e.g., human errors, defective resources, instability of production processes,
etc.). Hence the optimal choice of spares will provide improved reliability. Theorem m
will be useful in determining the optimal set of redundant components from some available
options concerning the reliability function of the system lifetime. Based on the characteris-
tics of component lifetimes (odds ratios/tilt parameters) and system design (distortion), a

design engineer can choose a set of redundant components that optimize system reliability.

Theorem 6.3.1. Let the system with redundancy at the component level following the PO
model (F', p,¥lq,), has the lifetime T. and under PO model PO(F, p*,ts,) has lifetime TJ.
If y(u) is increasing (decreasing) in 0, then for 61 > (<) 62,

w
ppt = T.>aT).

Proof: Let us consider the function g(p) = In (F,(t)) = In <1f;%)(t)) . Then it is easy

to check that g(p) is decreasing and convex in p. Therefore from Lemma [L.2.7](iii) we have
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p % p* implies
(9(p0), 9(p1), 9(p2), -y 9(Pm)) =w (9(05), 9(P1): 9(03), s 9(P))
which implies

((F(pot)). (F(p11)). (F(p2t)). .. (F(put))) = (F(0§). (F(031)). (F(p51)). .. (F(31)))

which gives

m m
1-T[a-F,0) ] = [ 1-][(—=Fx () (6.3.2)
j=0 §=0
Since ¢p(u) is an increasing function in u for all # > 0, using equation (6.3.2)) we immediately
have
m m
o 1=-T[O=FE,@) | =6 [1-][0-Fx@) (6.3.3)
§=0 §=0

Now if ¢p(u) is increasing (decreasing) 6, then for 6; > (<)fs, from we can easily
conclude that 7. >4 7.

Theorem compares the hazard (failure) rates of two coherent systems with different
sets of active redundancy at the component level. According to the definition of hazard
rate, this theorem enables us to compare the failure or hazard rate of a system with two
different sets of active redundant components, whether at the start or after a certain time
of successful system operation. Another interpretation is that it allows us to compare the
failure rate of two used systems. Based on the characteristics of component lifetimes (odds
ratios/tilt parameters) and system design, this theorem will be helpful in determining the
optimal set of redundant components from some available options concerning the failure

rate of the system.

Theorem 6.3.2. Let the system with redundancy at the component level following the PO
model (F', p, g, ), has the lifetime T. and under PO model (F, p*,{y,) has lifetime T*. If

/
o (T=u)ly(u) .. . .
(Z W 18 tncreasing in u,

(ii) izgzg increasing (decreasing) in 0,

then for 01 > (<) 02,

w
Pjp* = 7Z§hr7;*-
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toy (1-T1L01- 1 )
(

Proof: Let ¢(t) = 11170 (- Fp, (1))

7 . Now differentiating w.r.t. ¢ we have
01

& (1)L ﬁ(l 7 (t))%z (1 — I (1 - Fp;f (t))> i”: pir(t)
- - - Lpk ™ — Y
Jj=0 ’ 502 (1 - szo(l - ij (U)) j=0 1 ij(t)
m / — I _F m
o R (LT - B ®) &0 o), Y
J m _ - .
=0 o, (1~ TLo(1 — By, (1)) 4= L = piFlE
Let us now consider the function {(p) = 717/% ok It is easy to check that £(p) is increasing

and concave in u. Hence we have from Lemma [1.2.7](ii)

p =P p* = (&(po),&(p1),E(p2), - E(pm)) = (&(p0), §(P1), €(P2), -, €(rm))

)
N i 1_@@ < Zm: 1’“@ (6.3.5)

Since % is increasing in u we have from (6.3.2

If ﬁZEZ; increasing (decreasing) in 6, then for 1 > (<)fy from (6.3.6) we can easily

conclude that 7. <p, T*.

Example 6.3.1. Consider any survival function F(z). Next, we consider the following

four-dimensional one-parameter copulas

0
ln(ea/ul + ee/ug + 69/U3 _ 269)7

C1(u1,uz, u3, uq,0) = 0>0

Now consider the coherent structure max(Xa.3, Xy4), where Xo.3 denotes a 2-out-of-3
system. Then the distortion function of this coherent structure underlying four-dimensional

one-parameter copula Cy(uy,ug,us, uq,0) can be written as

lo(u) = Ci(u,1,1,1,0) + 3Cy (u,u, 1,1,0) — 5Cy (u, u,u, 1,0) + 2C (u, uw, u, u, 9).
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Here ly(u) satisfied the conditions (i) — (it) of Theorem[6.3.3

Theoremcompares the reversed hazard (failure) rates of two coherent systems with
different sets of active redundancy at the component level. In many situations, it happens
that when a system is running, it is not monitored continuously due to the complexity of the
system, cost of monitoring, etc. Suppose the systems failed at time ¢ or sometimes before
time t. For such cases, the exact failure time of individual components can not be observed,
which sometimes refer as Black Box. Engineers and reliability analysts often need to make
inferences on the inactivity time ¢ — X|(X < t), the time elapsed since the system’s failure.
Now if a system fails at time ¢ or sometimes before time ¢, the concept of reversed hazard
rate provides us an estimate of the system’s failure rate just before the time t. Based on
the characteristics of component lifetimes and system design, Theorem [6.3.3| will be useful

to compare the reversed hazard rate of a system with different sets of active redundancies.

Theorem 6.3.3. Let the system with redundancy at the component level following the PO
model (F', p,lg,), has the lifetime T. and under PO model (F, p*,{y,) has lifetime T. If

(i) % is increasing in u,

(ii) 1%"4(;?“) increasing (decreasing) in 0,

then for 61 > (<)6
p = P* - 7; Zrhr 7?;*

1—Lo, (17 ﬂo(lfﬁp;(t)))
Proof: Let ¢(t) = o, (T Fy, @)

prove that ¢(t) is decreasing. Now differentiating w.r.t. ¢ we have

To prove our theorem, it is sufficient to

o b, (=TI = Fr () & ()
ot)*Z 1—F, ’ I
O O ) 2T O
" b, (1= =) & o
_ 1—-F. I 6.3.7

(1—u)th(u)

Since ~=———£5= is increasing in u we have from (6.3.2
1—Lp(u)
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If 13(;&) increasing (decreasing) in 6 then for 01 > (<)fy from (6.3.8) we can easily

conclude that 7 >,p, 7.

Example 6.3.2. Consider any survival function F(x). Next, we consider the following

three-dimensional one-parameter copulas (Gumbel family)
Cy(uy, ug, us, 0) = exp(—[(—Inuy)? + (—Inu)? + (—lnu;;)e]l/@), 6> 0.

Now consider a Xa.3 (2-out-of-3) coherent structure. Then the distortion function of this
coherent structure underlying three-dimensional one parameter copula Co(u1,us,us, ) can
be written as lop(u) = 3Ca(u,u,1,0) — 2Cy(u,u,u,0). Here ly(u) satisfied the conditions
(i) — (ii) of Theorem|[6.5.5

6.4 System redundancy under PO model:

Here we present the stochastic comparison results for coherent systems of d.i.d. components
with redundancy at the system level. Suppose the original system is connected with m
same structured coherent systems (redundant systems) of d.i.d. components in parallel.
Let the identical components of the original and each m redundant systems follow the PO
model with a baseline survival function F', and corresponding odds ratios pg and p1, - - , pm,
respectively. So for this coherent system with active redundancy at the system level (let us

denote the lifetime by 7s), the reliability function can be written as

m
Pr.t)y=1-[] (1 -t (F,, 1)) (6.4.1)
j=0
where, g, and fp,, j = 1,--- ,m are the distorted functions of the original and jth re-

dundant systems, respectively. Here 6y and 6; indicate the parameter of the dependence
structure (associated copula) of the dependent components of the original system, and m
redundant systems, respectively. For convenient we denote this system as (F, p, £g), where
p=A{po.p1,- ,pm}, 0 ={60,01, - ,0p} and Lg = {ly,, lo,, - .o, }

In Theorems [6.4.1] we derive two sets of sufficient conditions under which the survival
or reliability function of a coherent system of d.i.d. components following the PO model
with a set of system-level redundancies is larger or smaller than the system with another
set of system-level redundancies. These theorems enable us to select the most favourable

system-level redundancies among available options to enhance system reliability.
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Theorem 6.4.1. Let the system with redundancy at the system level following the PO model
(F,p,Lg), has the lifetime T, and under PO model (F, p*,£e+) has lifetime T;. Then for
all reliability functions F with

_uw)2/
(i % is decreasing in u,

(ii) 1f9£(;L(L) decreasing in 0,
(iii) lo(u) is increasing 0,

9Ly (Fp(t))
(iv) WE’W decreasing in u and 0,

and p, p*,6,0* € & (or DY),
p=Yp*and @<V O* = T; >4 T,
Proof: Let us define

Fs,p0(t) = log(1— Ly, (F,, (1)), (6.4.2)
j—1

so that Fg p9(t) = log(F7,(t)). Now,

_ o p,-th)
Wooall) o (PO ', o), (6.43)
ap; 1—piF(t piF(t) h
PJ p] ( ) 1-— fej (17;;]F(t)>

OFs,p0(t)  OFs,p0(t)
0p; dp;
- o (F, (t
2 x Lo Feul®)

sl (B, (1)

X W (6.4.4)

+ (1= F,, (1))

4 (Fo(t))
1—£g(Fy(1))

Now let p € &. Then for < i < j < n, we have from the fact that F,(t) is increasing

Now let us define £(p,6) = (1 — Fp(t))2 X

in p and from (i),

pi < pj = Fylt) < F, (1) = L(pi.0) > L(p;.0). (6.4.5)
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From (ii) for 1{‘2(;&) is decreasing in 6 and 6 € £, we have
Combining (6.4.5) and (6.4.6) we have for p,0 € &, 8gf)§t) is non-positive and increasing
in pg,k=1,--- ,m. In a similar way, we can show that for p,0 € D, 8%;” is non-positive

and decreasing in pg, k = 1,--- ,m. Hence by Theorem 1 of Haidari et al. [57] for p, p* € &
and 0 € £ (or p, p* € D} and 0 € D;}') we have

P =¥ p* - Fs’p,g(t) > Fg’p*’g(t) (647)
Now we have

0Fs(t) sgn 90; (6.4.8)

0, 1 — g, (F,, (1))
consequently
Oty (F, i) %
OFs(t) OFs(t) swn  —0 o7 (6.4.9)
a0, 89]‘ 1- Eﬁi (Fpi (t)) 1 Eej (FPJ' (t))

9L (Fp(t))

Let us define H(p, ) = S e

. By (iv) we have
0; < (9j - H(p, 91) > H(p, 9]'), (6.4.10)

and

pi < pj = H(pi,0) = H(p;,0). (6.4.11)

From (6.4.10) and (6.4.11) we have for 8 € & and p € &, 2558 s non-positive

00,
increasing in k. In a similar way, we can show that for @ € D} and p € D;, agglgt) is

non-positive decreasing in k. Hence by Theorem 1 of Haidari et al. [57] for 8, 0* € £ and
pe&F (or 6,0% € Df and p € D;f ), we have
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Combining (6.4.7) and (6.4.12)) we have for p, p*, 8,0* € £ (or D;") we have

p =" p*,0 =" 0" = Fg,9(t) > Fs o= 0+(t), (6.4.13)

which proves the theorem.

Theorem [6.4.2] provides sufficient conditions on the characteristics of component life-
times (odds ratios) and system design to compare the reversed hazard (failure) rates of
two coherent systems with different sets of system-level active redundancies, when the two

systems have the same dependent structure.

Theorem 6.4.2. Let the system with redundancy at the system level following the PO model
(F, p,Lo), has the lifetime T, and under PO model (F, p*,£q) has lifetime Ts ,«. Then for
all reliability functions F with

(i) u(l —u) 1{%‘) is decreasing and convez in u,

(ii) % is increasing in 0,
and p, p*,0 € £ (or D),

P 2w P* = 7;,p <rhr 7;p*-

o (1_%]' (1i;;fl(7‘t()t))>
Proof: Consider the function ¢g(t) = ( L . We prove that ¢g(t) is

m * . F Vi P;_fj(t))
o) E Y oW N (L _pE) 0; <l—ij<t)
1— p* piF(t) L ¢ <F>
05 1—-p5 F(t)

_ i ( piF() > <1 __pF(®) ) t (%5)
1—piF(t) L=piE()) 14, (71—,5%))

Let us define

(6.4.14)
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Now for k=1,--- ,'m

_ _ oL E(t)
oA 0 pel(t) (1  pF(®) ) b, (1—’;3kﬁ(t))
t)

Blpk, Ok) = 57— = 75— — — _ (6.4.15)
0 0 1—piF 1—prF(t _ prE(t)
ok Opk R ( pE) ) 11, (kpkﬁ(t))
Hence
0A 0A
— 22 B(pi,6;) — B(p;, 6 6.4.16
If u(l—wu) () i decreasing and convex in w, then from the fact that L8 is increasin
10y (u) g ; 1-pF(D) g

and concave in p, we have for p € £,

i<j = pi<p;j = B(pi,0) < B(pj,0) (6.4.17)

Again if 12(;&) increasing in 6, then for 8 € & we have

1<j = 0; < Hj — B(p, 9@) < B(p, QJ) (6.4.18)

From (6.4.17) and (6.4.18) we have for p,0 € &,

ie. g—pAk is non-negative and increasing in k. In a similar way, we can show that for p, 8 €
D, % is non-negative decreasing in k. Hence by Theorem 1 of Haidari et al. [57] for

p, p*,0 € EF (or D;f) we have
p 2w pt = A(p,0) < A(p*,0), (6.4.20)

showing ¢y (t) is increasing in t. Thus p <y p* = Tsp <phr Tsp-

6.5 Data Analysis:

We consider the data set “Strength of cables” [58], which gives the tensile strengths (in
kg) of 12 types of wires (Wire #1-Wire #12) that are used to make cables. The data
contains the tensile strengths of a sample of 9 wires for each type of wire. Uniform cables of

high tensile strength are essential for a high-voltage electricity transmission network. Also,



6.5. DATA ANALYSIS: 137

a reliable, real-time signal transmission network is crucial for an efficient power network.
Failure of critical signal transmission network components, e.g., cables, can result in signal
disruptions that can lead to power outages. Signal transmission redundancy (Miclot, 2011),
redundancy in power circuits (Csanyi, 2019) are common practices to ensure continuous
operation and high availability. Here we have demonstrated how our derived results can be
applied to compare two cable networks with redundancies formed by different wires, taking
into account various reliability concepts such as the reliability function and reversed hazard
rate function.

To choose baseline distribution for strengths of cables, we first consider some well known

distributions:

(i) Exponential with rate parameter p. The pdf is given by
-
flasp) = =" 2>0,u>0.
W
1 eibull with scale parameter o and shape parameter a. e pdf 1s given by
ii) Weibull with scal d sh The pdf is gi b
f(z;0,a) = (a/o)(x/o)* Lexp (—(x/0)*) a>0,0 >0,z >0.

(iii) Pareto with location parameter 7 and shape parameter 6. The pdf is given by

o) = 0,0 >0,z >
f(x,n, )_Wv n>0,0>0z2=mn.

(iv) Frechet with location parameter a, scale parameter b and shape parameter s. The pdf

is given by

f(x;,b,8) = % (U;)lsexp{— (;)s}, ,b>0,8>0,2 > 0.

(v) Burr with shape parameters o and 7 and scale parameter 6. The pdf is given by

(/9"
1+ (/6]

f(x;a,'y,G):x a>0,v>0,0>0,2>0.
Goodness-of-fit test are performed and results are tabulated in Tables Among them
Weibull is the best fitted according to AIC and BIC values. Estimated scale and shape
parameters are obtained as ¢ = 342.3578,a = 57.0885.

Scenario I: In this scenario, we illustrate some theoretical results for the system with re-
dundancy at the component level following the AL model.Let us consider a three-component

cable network system made by Wire #3, which follows a Xo.3 (2-out-of-3) coherent structure.
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Table 6.10: Goodness-of-fit criteria

Distribution Parameter estimates AIC BIC
Exponential i = 0.00294784 1476.563 | 1479.246
Weibull o = 342.3578,a = 57.0885 720.2729 | 725.6371
Pareto 7 = 1047978942, 0 = 3090327 1478.564 | 1483.928
Frechet b = 335.8897, 8 = 53.2325 731.7465 | 737.1107
Burr & = 128.6677,4 = 57.43633, 0 = 2684.366 | 722.0600 | 730.1064

Where components lifetime follows random identical but dependent variables X, X2, X3
respectively. The distortion of this coherent structure ¢(X) under any three-dimensional
Archimedean copula C(uy,ug2,us) is given by hg(u) = 3C[u, u, 1;0] — 2Cu, u, u; 0]. Next we
consider two different sets of active redundancy (cables), where the first set of two cables
made by Wire #1 and Wire #2, respectively, and the second set of two cables made by Wire
#10 and Wire #12, respectively. Here we reasonably assume that all components follow
the AL model for which the corresponding Al-constants (scale parameters) corresponding
to the baseline distribution function F(x) =1 — e~ (3m2557)"""™ are given in Table

Table 6.11: Estimated parameters under F(z) = ¢ (sasss)” "

wrie Al- constant | odds ratio
wrie 1 1.005192 0.8098226
wrie 2 1.006458 0.6562225
wrie 3 1.000894 0.9917941
wrie 4 0.9942 1.932896
wrie 5 0.9887188 1.225557
wrie 6 0.9967861 0.9702483
wrie 7 1.005974 0.5752256
wrie 8 0.9994444 1.528433
wrie 9 1.000404 1.032759
wrie 10 1.002343 1.070463
wrie 11 1.005716 0.51783
wrie 12 1.004117 0.8152945

Our aim is to compare the reliability of the considered system having the first set of
standby components at the component level with the same system having the second set
of standby components at the component level. Let us denote their lifetimes as S, and
S, respectively. To capture the dependency among the original and standby components
for component label allocations, we consider three commonly used Archimedean copulas
(1)-(iii).

The estimated parameters, test statistics, and p-values of these three copulas for the
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original and two different sets of allocated standby components are reported in Table
We adopt a goodness-of-fit test that uses the rank-based analogue of the Cramér-von Mises
statistic to select the best copula. The technical details for Cramér-von Mises test are taken
from Fermanian [45] and Genest et al. [48] . From both the tables it can be seen that the

Gumbel copula is the best candidate.

Table 6.12: Goodness of fit

Set of Wires Family | Parameters estimate () | Test statistics | p-value
Clayton 0.8405 0.1194 0.68
(Wire : 3,1,2) | Gumbel 1.6074 0.0761 0.78
Frank 3.1241 0.1024 0.65
Clayton 1.5770 0.0558 0.85
(Wire : 3,10,12) | Gumbel 1.8052 0.0524 0.89
Frank 4.5964 0.0566 0.89

It is easy to check that hy(u) is increasing in 6, and also (1.000894, 1.006458, 1.005192) %
(1.000894, 1.004117,1.002343). Therefore conditions of the Theorem 3.1 are well satisfied,
which gives us S¢ <& S;. In Figure we have plotted the survival functions of the two

systems, denoted as S; and Ss, respectively, which clearly shows this fact.

50
S, (x)

| I I I I | I I I I | I I I I NI — e I

P 320 330 340 350 360

Figure 6.2: Plots of S(x) and Sa(z)

(1—u)hg(u)
AlSO, Tg(gu)

3.3 are also satisfied. Therefore we have S, <, S¥. In Figure we have plotted the

reversed hazard rate functions of the two systems, denoted as 7g, and 7g,, respectively,

is increasing in both w and 6. Therefore conditions of the Theorem
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which validate this result.

0.6

Fg, (X)

0.5

g, (%)

0.4

03+
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01+

310 320 330 340 350 360

Figure 6.3: Plot of (1 — Sa(x))/(1 — Si(x))

Scenario II: In this scenario, we illustrate some theoretical results for the system
with redundancy at the component level following the PO model with real data set. Let
us now consider four-component cable network made by wire #7 having the structure
function ¢(X) = max(X1, min(Xs, X3, X4)) where X7, Xo, X3, X4 are d.i.d. The distorted
function of this coherent structure ¢(X) under any four-dimensional Archimedean copula
C(u1,u2,us, uq, 0) is given by lg(u) = C(u,1,1,1,0)+ C(u,u,u, 1,0) — C(u, u, u, u, d). Next,
we consider two different sets of standby components (cables), the first set of three cables
made by wire #8, wire #9 and wire #10, respectively, and the second set of three cables
made by wire #1, wire #2 and wire #3, respectively. With the fitted baseline Weibull
distribution, we then model the distribution of individual wires as extended Weibull dis-
tributions, incorporating estimated tilt parameters to leverage the flexibility and improve
the fit to the data. This also gives us another realization that the odds function of the
distribution of an individual wire is related to the baseline distribution with a proportion-
ality constant (p). Under this consideration of the PO model for the distribution of the
considered wires, the odds ratios (tilt parameters) corresponding to the baseline distribu-
tion function F(x) =1— e~ (am5m)” "™ are given in Table In Table we present
the Cramer-von Mises (CVM) test statistic of goodness-of-fit and corresponding p-values
while fitting the distribution of the individual weirs as Marshall-Olkin extended Weibull
(MOEW) distributions and Weibull distributions, respectively. This table clearly shows the
superiority of MOEW over Weibull in fitting the data.
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Table 6.13: Cramér—von Mises test

Wire # | Test statistic | p-value | Test statistic | p-value

(MOEW) (MOEW) (Weibull) (Weibull)
1 0.1154957 0.52 0.1285011 0.47
2 0.08867033 0.65 0.1214296 0.50
3 0.05176394 0.88 0.05168517 0.88
4 0.04806504 0.90 0.1282451 0.47
5 0.180623 0.31 0.1519284 0.38
6 0.07582544 0.73 0.07711442 0.72
7 0.04046622 0.94 0.1283638 0.47
8 0.1089786 0.55 0.195199 0.28
9 0.1063032 0.56 0.1055502 0.57
10 0.1102138 0.55 0.1111536 0.54
11 0.04884404 0.89 0.2151886 0.24
12 0.02378149 0.99 0.036573 0.96

Our intensity is to compare the reliability of the considered system having the first set of
active standby components at the component level with the same system having the second
set of standby components at the component level. Let us denote their lifetimes as 7. and

T, respectively.

Active standby components started working immediately after allocating them in paral-
lel to the original components. Lifetimes of spares are independent of original components
while allocated parallel to the original components. After this allocation, our newly allo-
cated system’s lifetime will be governed by both original and standby components. As the
original components of the considered system are dependent, after active standby allocation
in parallel to the original components, the original components coupled with their allocated
spares will be dependent for the system lifetime. To capture the dependency structure for
allocated system lifetime based on the original and standby components, here we consider
three commonly used Archimedean copulas: Clayton, Gumbel and Frank. We adopt a
goodness-of-fit test that uses the rank-based analogue of the Cramér-von Mises statistic
to select the best-fitted copula. We refer interested readers to Genest et al. [49] for more
technical details. Table [6.14] and Table ?? collect the estimated parameters, test statistics,
and p-values of these three copulas for the original and two different sets of three allocated
components. From both the tables, it can be seen that the Clayton copula is the best

candidate.

It is easy to check that ¢y(u) as given above under the four-dimensional Clayton copula

~1/6
C(u1,u2,u3,uq,0) = (ufg + uge + u;e + uze — 3) ,0 > 0 is increasing in 6. Also we
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have 6; = 1.1436 > 0.8651 = 05 and
(0.5752256, 1.528433,1.032759, 1.070463) % (0.5752256, 0.8098226, 0.6562225,0.9917941)

. Therefore conditions of Theorem [6.3.1| are well satisfied, which gives us 7. >5 7. In
Figure [6.4], we have plotted the survival functions of the two systems, which clearly shows
this fact.

Also, %
6.3.3] are also satisfied. Therefore we have 7. >, 7. In Figure [6.5, we have plotted
(1 = F7=(x))/(1 — Fr.(x)) showing that this ratio is decreasing, and thus validating this

is increasing in both u and 6. Therefore the conditions of Theorem

result.
Table 6.14: Goodness of fit
Set of Wires Family Parameters estimate () | Test statistics | p-value
Clayton 1.1436 0.09638418 0.68
(Wire : 7,8,9,10) Gumbel 1.5056 0.133003 0.58
Frank 2.9624 0.1359992 0.52
Clayton 0.8651 0.08261695 0.79 ‘
(Wire : 3,10,12) | Gumbel 1.4382 0.09410233 0.63
Frank 2.4498 0.1060551 0.62 |

30 % 3 %5

Figure 6.4: Plots of Fy,(x) and Fr+(x)
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Figure 6.5: Plot of (1 — Fr=(2))/(1 — Fr.(z))






Chapter 7

Stochastic comparisons of claim

amountsm

7.1 Introduction

An insurance policy is an agreement between the insurer and the insured. Consequently,
there are two thought processes in any insurance policy, namely, one from insurer side and
the other one from insured side. An insured always looks into the plan (that contains the
annual premium amount, total time period, whether it is the individual or the group insur-
ance policy, etc.) and the key benefits (namely, sum insured amount, withdrawal facility,
tax saving facility, etc.) of a policy before having it. On the other hand, the insurer comes
up with a policy whose existence and upgradation (as and when necessary) depend on dif-
ferent key factors, namely, number of claims in a given time frame, size of the portfolio,
aggregate claim amount, largest claim amount, smallest claim amount, etc. Thus, numer-
ous researchers have shown their keen interest in studying useful characteristics of these key
factors.

It is also important for an actuary to be able to compare different portfolios of risks
according to these important information. In this prospect, stochastic comparisons of max-
imum, minimum and aggregate claim amounts arising from two sets of portfolios have great

importance in actuarial science on both theoretical and practical grounds (see,Barmalzan

1One paper based on this chapter has appeared under:

1. Stochastic comparisons of largest claim and aggregate claim amounts. Probability in the Engineering
and Informational Sciences, 2024, DOI: 10.1017/S0269964823000104.
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and Najafabadi [14], Barmalzan et al. [I5], Balakrishnan et al. [I0], Torrado and Navarro
[127], Zhang et al. [140], 130]).

In this chapter, we investigate stochastic comparisons of the largest claim amounts from
two sets of heterogeneous portfolios in the sense of some stochastic orderings under the setup
of the PO model. We also investigate stochastic comparisons of aggregate claim amounts.
It’s worth noting that our results are not limited to be applied in actuarial science. For
instance, our proposed results can be used to compare the lifetimes of two parallel systems
whose components are subject to random shocks instantaneously. Suppose that the r.v. X;
denotes the lifetime of the i-th component of a parallel system which may receive a random
shock defined by the Bernoulli r.v. I, where I, = 1 if the shock does not occur with
pi = P (Ip, = 1) and 0 if the shock occurs. Then X

».n, Tepresents the lifetime of a parallel
system whose components are subject to random shocks instantaneously.

The rest of the chapter is organized as follows. Section presents some stochastic
comparisons results for largest claim amounts of two sets of independent and also for inter-
dependent portfolios under the setup of the PO model. Section [7.3]| presents star ordering
result for two sets of independent multiple-outlier claims. Section [7.4] presents comparisons

results on aggregate claim amounts under two sets of independent portfolios.

7.2 Comparisons of largest claim amounts

In this section, we derive some stochastic comparisons results for largest claim amounts of

two different portfolios of risks. Unless otherwise specified, we assume that X = (X1,...,X},)
and Y = (Y1,...,Y,) are two sets of independent r.v.’s.

Assume that I, i = 1,...,n, are independent Bernoulli r.v.’s, independent of X;’s,
with E(I,,) = p;. Denote multivariate Bernoulli random vector I = (I,,,...,I,,). Let

X =XIp,,i=1,...,n, and denote X, = max(X},...,X}). Then X7, corresponds to
the largest claim amount in a portfolio of risks, where X;’s represent random claim amount
that can be made by a policy in an insurance period, and I,,’s indicate the occurrence of
these claims. Further suppose odds function of each X; in X is proportional to that of a
baseline r.v. with proportionality constant (odds ratio) a; > 0, i.e. X; ~ PO(F,q;), i =
1,...,n where F denotes the sf of the baseline r.v. Let us denote X2, = max(X{,..., X2),
where X7 = X;1I,, and I, i = 1,...,n, are independent Bernoulli r.v.’s, independent of
Xi'’s, with E(1y,) = g;.

Similarly suppose Y; ~ PO(F, 3;), i > 0,i = 1,...,n. Denote Y,%,, = max(Y},...,Y}),
where Y;* = Y;Ip,, and Y,),, = max(Y°,...,Y?), where Y° =Y., i=1,...,n.

Theorem established that more heterogeneity among the odds of claim in terms

of the weakly supermajorization order results in less largest claim amount in the sense of



7.2. COMPARISONS OF LARGEST CLAIM AMOUNTS 147

the usual stochastic orders when both portfolios having common occurrence of claim p.
Theorem [7.2.1] established that more heterogeneity among the odds of claim in terms of
the weakly supermajorization order results in less largest claim amount in the sense of the

usual stochastic orders when both portfolios having common occurrence of claim p. By the

symbol a *2" b we mean that a and b have the same sign.

Theorem 7.2.1. Suppose k : [0,1] — R4 be a differentiable and strictly decreasing function.
Let Ip,, i =1,...,n, be independent Bernoulli r.v.’s, independent of X;’s, with E(Ip,) = p;.
Then, for (r(p), ) € Un and (r(p),B) € Uy,

w

a; F(x)

Proof: We have Fx: (z) = [[7,(1 — k() Fx,(x)), where Fx,(z) = (o and
u; = k(p;), i = 1,2,...,n. Note that F, is increasing and concave in «;. Now,
OFx.
OFx;, () —k " (uy) aoiz ()
Oa 1= kY (uy) Py, ()
~1(,,.\_ F@)F(z)
— F (UZ)(l_aiF(l’))Q ( )
- N 5 M
;) F(z)F
_ K ) F(a)F (o S

Joi(l = &P (@) ()

where z; = k71 (u;). Again,

SO g P [(2 - 67 () (1 - F@) + 20— 6 )i ()] <0,

So g(z;, a;) is decreasing in «;. Further,

0g. sign

1—_1}?‘ 2>
R )

so g(zi, ;) is increasing in z; = k~1(u;), and so it is decreasing in u; as z; = k=1 (u;) is
decreasing in u;. Without loss of generality we assume that a; > ag > --- > «, so that

(k(p), ) € Uy, implies k(p1) > K(p2) > -+ > Kk(pn). Now for any pair ((7,7)) such that
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1 <i<j<n,wehave o; > oj and u; > u;. Thus we have

aFX;;m (l’) < aFX;;m (l’)
80éj - O

9(zi, a5) < g(z5,4) < g(z5,05) = < 0. (7.2.1)

So from Lemma [[.2.6] we get
w * *
o= 16 = Xn:n st Yn:n'
The following example demonstrates the Theorem [7.2.1]

Example 7.2.1. Suppose that {X;, X9, X3, X4} and {Y7,Ys, Y3, Y} are two sets of inde-
pendent non-negative r.v.’s with X; ~ PO(F(z), ;) and Y; ~ PO(F(x),5;), i = 1,2,3,4,
where F(z) = e_(0'5’”)2, x > 0. Further, suppose that {I,,, Ip,, Ip,;, Ip, } is a set of Bernoulli
r.v.’s, independent of X;’s and Y;’s. Set (aq, a2, ag, aq) = (0.2,0.6,1.5,2.8), (B1, B2, 3, B4) =
(0.5,0.8,2.5,4.8), (p1,p2,p3,p4) = (0.95,0.65,0.5,0.35) and x(p) = 1/p?, satisfying all the
conditions of Theorem We consider the transformation « = ¢/(1 — t) so that, for t €
[0,1), we have = € [0,00). Then denote the cdfs of X;., and Y5, by Fx: (t/(1—1)) = (1(t)
and Fy: (t/(1 —1t)) = (2(t), respectively. Figure shows that (1(t) > (a(t), for allt €
[0,1), and hence, X}, <q Y,",.

10

08

06

04

02

02 04

Figure 7.1: Plots of (1(¢) and (2(t), t € [0,1]

Next we provide a counterexample to show that the stochastic ordering result in The-
orem may not hold if we relax the weakly supermajorize condition under a strictly

decreasing function.



7.2. COMPARISONS OF LARGEST CLAIM AMOUNTS 149

Counterexample 7.2.1. In Example let us take (a1, g, ag, aq) = (0.2,0.9,1.5,4.5),
w

(B, B2, B3, Ba) = (0.35,0.4,2.9, 3.8) so that o * B. In Figure|7.4 we have plotted (i (t)—C(a(t)

for allt € [0,1), from which it is clear that stochastic ordering result of Theorem does

not hold.

(010 0y
00 |
oo
[0Xe 01

0000

02 4 06 08 10

-0001L |

-002

Figure 7.2: Plot of (i (t) — (a(t), t € [0, 1]

Theorem establishes that largest claim amounts of two portfolios of risks might
be increased in terms of the usual stochastic order with the increased heterogeneity among
the probabilities of occurrence of claims, when both the portfolio of risks having common

odds of claim vector o.

Theorem 7.2.2. Suppose k : [0,1] — R4 be a differentiable and strictly increasing concave
function. Let Ip,(1,,), i =1,...,n, be independent Bernoulli r.v.’s, independent of X;(Y;)’s,
with E(Ip,) = pi(E(1y,) = gi). Then, for (k(p), ) € Uy, and (k(q), ) € Uy,

(H(pl)v H(p2)7 ) ’i(pn)) Zw (H(q1)> ’i(q2)7 ) K(qn)) = X:;:n st XZ:n'

Proof: Here Fx: () = [[/_,(1 — & '(u;)Fx,(z)), where Fy,(z) = 2 };&). It is to

be noted that F,(z) is increasing in ;. Also £ 1 is strictly increasing and convex. Let
¢(u) = —Fx» (). We have

nmn

R kL Uj
op(u) _ Fx,(x)" 75"

Ou; 1 —rkY(u;)Fx,(x)

F)(:m (w) Z 0

as k~1(.) is increasing.



150 CHAPTER 7. COMPARISONS OF CLAIM AMOUNTS

D)

= ﬁz(”uz)w where 7; = Fx,(z). Then

Ti

Let £(7;,u;)

ot sign. P
o0, Ti(1 — 7 (w;))

_ _ 2
d%d 12(uz) a2 (de;(ui)> >0,
u ;

which holds as x71(u;) is convex. So, £(7;,u;) is increasing in u;. Further,

i k1 Uy k1 Uy _
gfi G- Tin_l(ui))d ( ) _ Tz‘d ( )(—,‘i Yuy)) =

du; -7

since k~!(u;) is increasing in u;. Then £(7;,u;) is increasing in 7; (i.e., in F,(x)), so that
it is increasing in «; as Fy, () is increasing in ;.

Without loss of generality we assume that a3 > ag > -+ > ay, so that (k(p),a) € U,
implies k(p1) > K(p2) > -+ > k(pn). Now for any pair (4,7) with 1 <1i < j < n, we have

a; > o & u; > uj. Then if /fl(uz-) is increasing and convex in u; we have

K(Ti,u,;) Z e(’i‘j, ul) Z E(Tj,uj')

L 20(w) _ 90w
. ou; — 8Uj

> 0. (7.2.2)
So from Lemma [.2.6] we have

(”(pl)) H(pg), A Ii(pn)) Zw (’i(ql)v ’i(q2)’ ) H(qn)) = X;kz:n 2 st X;L:n'

We illustrate Theorem [7.2.2] with the following example.

Example 7.2.2. Suppose that { X1, X2, X3, X4} is a set of independent non-negative r.v.’s
with X; ~ PO(F(x),q;),i =1,2,3,4, where F'(z) = 67(1/2)1.5’ x> 0.Set a = (a1, g, a3, aq)
= (0.9, 1.36, 2.55,3.5),(p1, p2, p3, pa) = (0.35,0.5,0.8,0.9), (q1, g2, g3, q4) = (0.2,0.4,0.65,0.8)
and k(p) = p/(1+p), satisfying all the conditions of Theorem We consider the trans-
formation z = ¢/(1—t) so that, for ¢t € [0,1), we have z € [0, 00). After this substitution, let
us denote the respective distribution functions of X}, and X, by Fx: (t/(1—1t)) = & (t)
and Fixo (t/(1—1t)) = &2(t). From Figure it is clear that &;(t) < &(t), Vt € [0,1), and

* (¢]
hence, X.,, >st Xi.ph-

Next we provide a counterexample to show that the stochastic ordering result in The-

orem [7.2.2l may not hold if we relax the weakly submajorize condition under an increasing
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0.2 04 06 08 10

Figure 7.3: Plots of & (¢) and & (t), t € [0,1]

concave function.

Counterexample 7.2.2. In Example let us take (p1,p2,p3,p4) = (0.1,0.2,0.85,0.95)
and (q1,q2,93,q4) = (0.5,0.55,0.75,0.8) so that

(H(p1)7 /i(pQ)v "i(p?))a H(p4)) %w (K(QI)a H(QQ); H(Q3)7 /i((]4))

. In Figure we have plotted & (t) — &2(t) Vt € [0,1), from which it is clear that none of

these distribution functions dominating each other.

0010

00B

02 o4 06 08 10
—-000B |

Figure 7.4: Plot of & (t) — &2(t), t € [0, 1]

Cai and Wei [29] proposed some multivariate dependence notions based on SAT (stochas-
tic arrangement increasing) notion, including LWSAI (weakly SAI through left tail proba-

bility), to model multivariate dependent risks. Since then it has been applied in finance and
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actuarial science to model dependent stochastic returns and risks (Cai and Wei [29], Zhang
et al. [139, 140]). For a random vector X = (X7, Xo, ..., X;,), one of the ways to define or
describe its dependence notion is to characterize the expectations of the transformations of
the random vector (Cai and Wei [28]). For any (i,7) with 1 <14 < j < n, denote

gli\gsai(n) = {g(=x) : g(x) — g(mij(x)) is decreasing in x; < z;},

where 7; ; is the special permutation of transposition defined as m; j(x) = (z1, ., zj, ., T, ., Tp).
A random vector X = (X1, Xo, ..., X;,) or its distribution is said to be the LWSAI (Cai and
Wei [29)), if E[g(X)] > E[g(7,;(X))] for any g(x) € g;';jsm(n) and any 1 <i < j <n.
Next, we present a stochastic ordering result when the occurrence probabilities are
interdependent in terms of LWSAI Let us denote Sy, = {x|x;i =0o0r1, i=1,2,...,n, x1+
e xn = kY k= 0,0, and S () = {x € Sklxi = i xg = 1y, ey € {0,1}),
forany 1 <i#j<n,k=1,....,n—1. Then Sy = |J Sy’ (ni,m;). Also denote

p(X) = P(I = X) = P(IIH = X17'-~7Ipn = Xn)-

Lemma 7.2.1. ( [29/;[10]) A multivariate Bernoulli random vector I is LWSAI iff p(x) >
p(mii(x)) for all x € S,i’j((),l), 1<i<j<n,andk=1,....,n—1.

Theorem 7.2.3. Suppose that I = (I,,,...,Ip,) is LWSAL If
« g,@ such that a1 < ag < ... < ay and B < B2 < ... < By,

then X <& Y., .

Proof: From Theorem 4.1 of Kundu et al. Kundu et al. [81], it follows that g B =
Xnn <st Yom, i€, Fx,. (t) > Fy,, (t) for all t, where X,,.,, = max(X1, Xo,..., X;;). We
desire to show that Fxx (t) > Fy: (t), forallt € R, . By the nature of majorization order,
it suffices to prove the result when (o, a;) g (Bi, Bj) for some pair 1 < i < j < n, and

ar = B, for all r #£ 4, j. Now, we have

Fx« (t) = Pmax{l, Xi,...,1p, X} <1)

= > Pmax{I, X1, ..., I, Xn} < I = x)p(x)
k=0 x €Sk

n—1
= p(0) + p(D)P(max{ X1, .., Xn} <) + > Y pO)P(max{x1 X1, .., xnXn} < 1)
k=1 x€Sk
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n—1 n
= p(0)+p(1)Fx,.. )+ > 4 >, »p(x) [] POeXr <)

k=1 Xesliaj (070) 7‘757:,]‘

+ > p00Fx, ) [ PoeXr <)+ > plm00)Fx () ] POGXr < 1)

x€S,7(0,1) T#,J x€S,7(0,1) T#L]

+ Y pFOF O ] BoeX, <)

XS (L) —y
Similarly,

Fon(®) = p(0)+p(WF, 0+ 320 S p00 [] Pou¥s <)

k=1 XGS;i’j (0,0) r#1,J

+ 3 p00Fy ) [[PeYe <+ S plrs)Fr ) ] POaY, <t)

X€S17(0,1) T#1,j x€557(0,1) T#4,j

Y p0FOF, @) [] e <)

XE€S(1,1) T#i1,j

Upon using the condition that P(y, X, <t) =P(x, Y, <t) for all r # i, j, we have
Fxy, (t) = Fyy () = p(1)[Fx,.,(t) — Fy,.,(t)]

POO[Fx, () — Fy,(0)] [ POeXr <t)
=1 | xesy’ 0) ri.j

+ > g0 Fx () - F@)] [ BOeXr <)

X<} (0.1 r#id

XES;i’j(l,l) r#i,j

v

(i () [Fx, (8) = Fy, (0] T] POxXr < 1)
X€S57(0,1) r#i,j

xes,i’j(OJ) r#i,j
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+ Y P (OFx, () — Fr()Fy, ()] [T POeXr <)

x€S;7 (1,1) T#i,]

= Tz,j(X))[FXi () + Fix;(t) — Fy,(t) — Fy;(t)]

H (X Xy <t>+ > (p(x)[FXi(t)FXj() Fy, (1) Fy, (1)]

x€S,7 (1,1)

where the first inequality follows from the fact Fx,,, (t) > Fy,, (t), Lemma [7.2.1] and the
fact that Fx, () = = (Q( 5
explanation. Since F'y, () is convex in a, it follows that Fix, (t) + Fx;(t) > Fy,(t) + Fy;(t).

Let

is decreasing in «;. For the last inequality we have the following

- F2(t)
¢, aj) = Fx, (1) Fx; (t) = (1—aF)1—a;F(t)

Then, for 1 <i < j < n,

99 99 _ (a; — aj) () <0
day  Oay  (1—aF(t)2(1—a;F(1)2 ~

So, from Lemma |1.2.4] we get that (o, o) Q (Bi, Bj) = d(ai, o) > ¢(Bi, B5), and thus the

proof is completed.

Remark 7.2.1. Here it is to be noted that in Theorem 3.11 of Balakrishnan et al. Bar-
malzan et al. [15] they derived the similar results under the assumption that the sf F(z;a)
is decreasing and conver in o > 0 which does not satisfy by the PO model. Here our estab-
lished results in Theorem can be generalised for any semi-parametric model for which

F(z; ) is increasing and concave in o > 0.

We illustrate Theorem with the following example.

Example 7.2.3. Suppose that {X;, Xo} and {Y7,Ys} are two sets of independent non-
negative r.v.’s with X; ~ PO(F(z),;),i = 1,2, and Y; ~ PO(F(x),;),i = 1,2, where
F(z) = e (0080°% "0 5 0. Set (ay, ) = (0.55,1.45), (1, B2) = (0.65,1.35),p(0,0) =
P(I,, =0, I, = 0) = 0.14,p(0, 1) = 0.47, p(1,0) = 0.25,p(1,1) = 0.14. Then I = {I,,,, I,,}
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is LWSAI We consider the transformation z = t/(1 — t). After this substitution, let us
denote the respective cdfs of X5, and Y%, by Fxx (t/(1—t)) = ¢1(t) and Fyx (t/(1-t)) =
pa(t). Figure [7.5|shows that ¢1(t) > ¢a(t) for all ¢ € [0,1). Hence X, < Y .

01%

010

0185

0180

017

0170

016 02 04 06 08 10

Figure 7.5: Plots of ¢1(t) and ¢a(t), t € [0, 1]

Theorems compare the largest claim amounts of two interdependent hetero-

geneous portfolios of risks where the joint cdfs are modeled using copulas.

Theorem 7.2.4. Let X1, Xo, ..., X, (Y1,Y2,...,Y,) be non-negative r.v.’s with X; ~ PO(F, o;)
(Y; ~ PO(F,$)), i = 1,2,...,n, and let the associated copula be C. Further, suppose that
{Ip,, Iy, ... I,, } is a set of independent Bernoulli r.v.’s, independent of X;’s (Y;’s). Then

aigﬁi,Vizl,Q 7’LZ>X

n:

n _St Y*
Proof: The cdf of X. can be obtain as

GX;:n(t) = P(Xik §t,X§ St,...,X;; <t)
= P(Iple <t,. I, X, < t)
= Z P(Iple <t.., Iann < t|I = X)p(X)
x€{0,1}"

P(X)P (1 X1 <t,...,xnXn <t)

)
x€{0,1}
2

p(X)C ([FXI)]X17 o [FXn]Xn) :

x€{0,1}"
Since Fy,(z) = T 1;( F)( ) is decreasing in «; and the copula is component-wise increasing, we
have that Gx: (z) is decreasing in o, for ¢ = 1,2,...,n. Hence, the desired result follows.
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Theorem 7.2.5. Let X1, Xs,..., X, be non-negative r.v.’s with X; ~ PO(F,q;), i =
1,...,n, and let the associated copula be C (C/). Further, suppose that {Iy,, Ip,, ..., I, }

is a set of independent Bernoulli r.v.’s, independent of X;’s. Then
c’ < (C = X:;n <st X;:n

where the rvs X, and X,iiln
c(C).

represent the largest claim amount with the associated copula

Proof: The proof follows from Theorem and the fact C’ is less positively lower
orthant dependent (PLOD) than C”.
For the next theorem, proof follows from Theorems [7.2.4] and and hence, omitted.

Theorem 7.2.6. Let X1, X, ..., X, (Y1,Y2,...,Y,) be non-negative r.v.’s with X; ~ PO(F, o)
(Y; ~ PO(F,B)), i = 1,2,....,n, and let the associated copula be C (Cl). Further, suppose
that {I,,, Ip,, ..., Ip, } is a set of independent Bernoulli r.v.’s, independent of X;’s (Y;’s).

Then

al S 517VZ - 1727 "'7n7 and C/ _< C :> X:LTL SSt Y;::n‘
The following example demonstrates the result given in the above theorem.

Example 7.2.4. Suppose {X1, X2} and {Y7,Y5} are two sets of independent non-negative
r.v.’s with X; ~ PO(F(x),;), i = 1,2, and Y; ~ PO(F(z),5;), i = 1,2, where F(z) =
e~ (0:052)™ " 5 0. Set (ay, a2) = (0.5,1.25), (81, B2) = (0.75,1.55), p(0,0) = 0.89, p(0,1) =
0.06, p(1,0) =0.04, p(1,1) = 0.01. Here we take C(z1,z2) = ef{(log(wl))glHlog(”))el}1/01
and C'(r1,22) = ef{(log(xl))92+(log(x2))92}1/92, where 0; = 2 and 0 = 5. We consider the
transformation x = t/(1 — t). After this substitution, we denote the cdfs of X, and Y,
by Fxx (t/(1—=1)) = vi(t) and Fy: (t/(1—t)) = va(t), respectively. Figure|7.6{shows that
v1(t) > va(t) for all t € [0,1). Hence X, <g Y

nn =st inmn:

The following theorem compares the largest claim amounts of two sets of heterogeneous
portfolios of risks in terms of the rhr order. It is assumed that the odds ratios are the same

but the probabilities of occurrences of claims are different.

Theorem 7.2.7. Let X1,...,X, be independent r.v.’s with X; ~ PO(F,a), i =1,...,n,

and let I,, (1), i =1,...,n, be independent Bernoulli r.v.’s, independent of X;’s. Further,
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Figure 7.6: Plots of v4(t) and v(t), t € [0, 1]

let X7 = X;Ip, and X? = X1, i = 1,...,n. Let k : [0,1] — R4 be a differentiable

function. Then

(Z) (K’(pl)a H(pQ)v ) K(pn)) g (K(ql)v ’Q(QZ)v 3 ’{(qn)) = X;;:n Zrh Xg:n:

if k(x) is strictly decreasing and convez in x;

(“) (’i(pl)a ’Q(pZ)a ) K(pn)) Zw (/{(ql)a K(q2)7 ey H(qn)) == X'::n Zrh Xri:n’

if k(x) is strictly increasing and concave in .

Proof: We have Fx: (t) = [[7;(1 — k7! (u;)Fa(t)), where k(p;) = u;, i = 1,...,n.

Since X; ~ PO(F,a) for i = 1,..,n. We have F,(z) = 1?5}%)

Now fxy.,(t) =324 (%) Fx (t) and therefore

n

) B K Hwg) fa(t)
Fxx, () = Z 1— k1 (u)Fa(t)

=1
So, we have
O s 10 +%}f%-1(unfa<t>ﬁa<t>
oui (L= ke (w)Fa(D) (1= () Fall))?
and
O () Ty P ) falt) Fa(h)
du; (= r (uFa(D) | (=) Fa()?

Now, consider the following two cases.

Case-I: Let & be strictly decreasing and convex. Then 7! is strictly decreasing and convex.
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Consequently, 7xx (t) is decreasing in u;. Further,

- . dr= 1 (u; dr ™ (uy)
(Ui o ) 87")(;:” (t) B 8TX;§;n (t) Sﬁ" (UZ . ) dug )7 - T, J
J Ou; Ouj J 1 — kN u)Fo(t) 11— w1 uy)Fu(t)
—1/, AT (W) —1/,, \dk L(uy)
n K (Uz) dlii B K (U]) duj . >0,

1 — kN u)Fo(t) 11—k uy)Fa(t) -

which follows from the fact that x~' is decreasing and convex. Consequently, we have
Fxx (t) is decreasing and Schur-convex in u;. So, from Lemma the first part of the
theorem follows.

Case II: Let x be strictly increasing and concave. Then x~! is strictly increasing and

convex. Consequently, 7xx (t) is increasing in w;. Further,

(u' Cu ) 87:)(;:” (t) B 877X;kml (t) sign (u _u ) %u(luﬂ B dn;ugw)
L Ou; Ou, B L 1—r Yw)Fa(t) 1—r"1(uj)Fu(t)

_ -1/,
- (Kﬂ(ui)d“dii“” n‘l(u»d“duiuj))

>0,

1=k Y(w)Fa(t)  1—rY(us)Fult)

which follows from the fact that x~! is increasing and convex. Consequently, we have
Txx (t) is increasing and Schur-convex in u;. So, from Lemma the second part of the
theorem follows. We illustrate Theorem with the following example.

Example 7.2.5. Suppose that {X1, X2, X3, X4} is a set of independent non-negative r.v.’s
with X; ~ PO(F(x),a),i = 1,2,3,4, where F(z) = e_(0'5”3)1‘5, x>0, and a = 0.75. Fur-
ther, suppose that {I,,, Ipy, Ips, Ip, } and {1y, I4,, 14, 1q, } are two sets of Bernoulli r.v.’s, in-
dependent of X;’s, i = 1,2,3,4. Set (p1,p2,p3,ps) = (0.35,0.65,0.85,0.96), (q1, q2,43,q4) =
(0.15,0.35,0.55,0.82). Let x(z) = log(1l + x) which is strictly increasing and concave. We
consider the transformation x = t/(1 —t). After this substitution, let us denote the respec-
tive reverse hazard functions by ¥x» (t/(1 —1t) = 71(t) and 7xo (t/(1 —1t)) = 72(t). From
Figure it is seen that that 71 (t) > 72(t) for allt € [0,1). Hence X}'.,, >rn X7,

Next, we provide a counterexample to show that the ordering result in Theorem [7.2.7]

may not hold if we relax the stated majorization conditions.
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Figure 7.7: Plots of 7 (¢t) and 75(t), t € [0, 1]

Counterexample 7.2.3. In Example let us take (p1,p2,p3,p4) = (0.1,0.2,0.85,0.95)
and (q1,2,q3,q4) = (0.5,0.65,0.8,0.85) so that (k(p1), £(p2), £(ps), £(pa)) Fw (K(ar), x(g2),

r(q3), £(ga)). In Figure[7.8 we have plotted 71 (t) — Fo(t) for all t € [0, 1), which shows that
the hr ordering result of Theorem (z'z') does not hold in this case.

06 —68 1.0
—_os5L
Figure 7.8: Plot of 71(t) — 72(t), t € [0,1]
7.3 Star order for multiple-outlier claim
Let X;, i = 1,2,...,r have a common distribution F', and X;, j = r+ 1,r +2,...,n
have a common distribution G, where r = 1,2,...,n — 1. This type of model is known

as outlier model, where F' is called the original distribution whereas the G is called the

outlier distribution. For » = 1,2,...,n — 2, it is called multiple-outlier model. In actuarial
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practice, even for a portfolio of risks consisting of similar kind of insureds, it may happen
that some insureds have different (higher/lower) probabilities of occurrence of claims, claim
sizes or odds of claims than the rest. Then this phenomena falls in the multiple-outlier
claims model.

Star order is one of the most important transform order used to compare the skewness
of probability distributions. Since in general the insurance claims follow positively skewed
and heavy-tailed distributions, it is therefore of interest to establish sufficient conditions
for star order between them to analyze the effects of the heterogeneity among occurrence
probabilities and claim severity parameters (e.g. the odds ratio in our considered model)
on the skewness of their distributions.

In Theorem [7.3.1} we derive stochastic comparisons on the largest claim amounts in
case of multiple-outlier claims model with respect to star order.

The following lemma is derived from Saunders and Moran [I19] which will be used in

proving Theorem

Lemma 7.3.1. Let {G|\ € Ry} be a class of cdfs such that Gy is supported on some

9G ) (=)

interval I C Ry. Then, Gy >x Gy for A < \* iff Igi?x) s increasing in x, where the

density gy of Gy does not vanishes on any subinterval of 1.

Theorem 7.3.1. Let X; ~ PO(F,a1) (Y; ~ PO(F,p1)), fori = 1,2,....,n1, and let
X; ~ PO(F,as) (Y; ~ PO(F, 3)), for j =n1+1,n1+2,...,n1 +n2 (=n). Assume that
Xi’s are independent and that the Y;’s are independent. Further, let I,,,, 1 =1,2,...,n1, be
independent Bernoulli r.v.’s such that E[I,,] = p1, and let I, 7=m1+1,...,n, be another
set of independent Bernoulli r.v.’s such that E[ij] = po. Then, for nip1 > nops, p1 > pa,
ar; < ag and B1 < P,

a B

P S D G

az T B =

Proof: Consider the following two cases.
Case I: Let ay + a3 = 51 + 2 = ¢ (say). Further, let oy = a < ag and ;1 = f < f2 so
that « € [0,¢/2]. Then the cdf of X}, is given by

Fro(z) = [1=piFa(x)]™ [1 = poFea(z)]™. (7.3.1)
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The pdf corresponding to (7.3.1)) is

Fra(@) = [1=piFa(@)]" 7 [1 = ppFeca(@)]™ " f(2)
nipro(l —P_zpc—a(x)) + napa(c — a)(1 — plpa(f))
(1—aF(x))? (1—(c—a)F(z))?
Now,
W — F(@)F(x) [1 = prFa(@)]™ ' [1 = poFoa(@)]™ "
—n1p1(1 — paFe_o(x)) | nopa(l—p1 )
(1 — aF(r))? (1—(c—a)F(x))?
Let Ay(z) = % and Ag(z) = %. Then, by using Lemma|7.3.1
to show that
Hala) _ F(@)F(2) —n1p1Ai(z) + nopaAs(z)
T fr.a(T) a;f(fc) niprali(z) + napa(c — a)Az(x)
— F(xx}(i()x) x A(z)

is increasing in « € Ry, for a € [0, ¢/2], where

Ar) = [naprad(z) 4+ nopa(c — a)As ()
—n1p1A1(z) + nopaAa(z)
_ cngpafa () _ a] -
| nep2Aa(x) — nip1As(x)
[ nip1 A (x) ) - )
= C 1 _ —
i ( nop2 Ao ()
Further, let
Ay (z)
A _
3(£) A2 ($)

-

161

it suffices
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_ ([F(x) + (1 —p)(c—a
[F(z)+ (1 —p1)aF(x)
= Al(l‘) X AQ(.T)
where Ay (z) = <[F([?(Z)(:fi¥f%¥£(f)]) and Ag(x) = (1_1(2;%)(5)(:”)) It is clear that Ay (z) >
0 and Ag(z) > 0 Vz € Ry. Now we have

which holds as a < ¢ — « and p; > ps. Further,

Ay) L (c=a)1-aF(x)(1 - c - aF(z))

sign

(c—a)—a<o.

Hence ultimately we have A5(z) < 0. Consequently As(z) is non-negative and decreasing in

z. Now

and

(c—a)>a,p1 >po

M)
&
V
/’}j\
8
+
_
|
=
T
=
8

= F(z)+ (1 —p2)(c— a)

and hence, Ag(x) > 1.
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Now if n1 > no then nyp; > nopo. On combining all of these results, we have

nip1

PL (@) > 1

na2p2

— (1 _ b Ag(x)) <0.
n2p2

-1

-1
Hence (1 - A3($)> is increasing in x, which implies [(1 - A3($)> -« is

increasing in z. So ultimately we have A(x) is increasing in x. This completes the proof.

Case II: Let ag+ag # [f1+F2. In this case there exists some x > 0 such that ag+ag = Kk(B1+
B2). Now, let Z,., be the largest claim amount from I1 71, ..., Iy, Zn,, Iny 412041, oy InZn,
where Z1, ..., Z,, have the distribution Fy,, and Z,, 11,..., Z, have the distribution Fy,,.
Finally, on using the result of Case I and the scale invariant property of the star order, the

desire result follows.

Example 7.3.1. Suppose that {X;, Xo} and {Y1,Y>} are two sets of independent non-
negative r.v.’s with X; ~ PO(F(z),;),i = 1,2, and Y; ~ PO(F(x),5;),i = 1,2, where
F(z) = e, z > 0. Set (ai,az) = (0.5,1.9),(B1,82) = (0.8,1.2), (p1,p2) = (1/4,1/8),
(n1,n2) = (3,2). Then all the conditions of Theorem are satisﬁed.flln Figure we

Fyi () . . .
have plotted 4 -z with respect to ¢ from which it is clear that =% is increasing
dt Fy* (t) FY*4 ®)

for t € (0,1). Hencen:)n(;::n >, Y.

-1

Fol (¢
Figure 7.9: Plots of derivative of Xin ! with respect to ¢ for ¢t € (0,1)

—1
By, ®
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7.4 Comparison of aggregate claim amount

The aggregate claim of a portfolio is the sum of all amounts payable during the reference
period. Our next theorem derives sufficient conditions that the aggregate claim amount
increases on reducing the heterogeneity in the sense of majorization among the concerned
parameters of a considered semiparametric family of distributions when they are in ascend-

ing order. Here we assume that occurrence probabilities are arranged according to LWSAI.

Theorem 7.4.1. Suppose that I = (I,,...,1,,) is LWSAL Let Xo, ~ F(z;0;) (Xg, ~
F(x;8:)),i=1,...,n, be independent 1.v.’s. Suppose that the following conditions hold:

(i) F(z;) is increasing and concave in a > 0; and

(11) the sf of X, + X, is Schur-concave in (p1, p2), g1, p2 > 0.

If o g B such that a1 < ag < ... < ay and Bi1 < P2 < ... < By then D0 I, Xa, <st
Z?:l Ipz’Xﬁi'

Proof: Let A(I,a) = Y7 | I; Xo, and A(I,B) = > | I; X3, We have to prove that
Fa(1,0)(t) > Farpy(t) Vt € Ry. By the nature of majorization order, it suffices to prove it
when (o, o)) g (Bi, B;) for some pair 1 < i < j < n, and o = 3, for all r # i, j. The cdf
of A(I, ) is

FA(I,a)(t) = P <Z IpiXai < t)

=1
_ P ZIPZX% <t|I= x) p(x)
k=0 xSy
= p(0 <ZX <t>+zz <inXai§t>
k=1 x€ESk =1

= p(0) +p(1)P <§: Xa; < t) +n§_: > Z XrXa, <t

=1 k=1 Xesiﬁ’ (070) r#i,j

n
2 POOP | Xeg o+ Y xrXa, <t
X€Sy7(0,1) T

n
+ > PP | Ko+ Y xrXa, <t
X€Sy7(0,1) T#4,J
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n
+ > PP | Xay + Xa; + Y XeXa, St
X€Sy7 (1,1) T#4,J

Similarly,

Farp)t) = P (Z I;Xs, < t)
=1

n n—1 n
= p(0) +p(1)P (ZX@- < t> +>° POOP | D xeXp, <t
i=1 k=1 | yes(0,0) i,

+ Y. PP Xp + D> e Xp, <t
X€S;7(0,1) r#i,j

+ Y PP Xs + D X, <t
X€S7(0,1) T#4,J

+ > PP | X+ X + > xeXp, <1t
X€SEI(1,1) T#4,J

Under assumption (7), it holds that

P (zn: X, < t> > P <zn: X, < t> (7.4.1)
=1 =1

and, for any x € S,i’j(l, 1),k=1,...,n—1,
n n
P| Xo, +Xa, + > XoXo, St | 2P| Xg, + X5, + > xoXp, <t ] (7.4.2)
r#ig r#ig

Then combining above two we have

Fara)(t) — Faap)(t)

=p(1) [IP’ (iXai < t> -P (iXﬁi < t)]
=1 i=1
n—1 n n
+Z{ > px) P(Xaj+ Zerar<t> —P(XBJAF > XrXar<t)]

k=1 | xe5.7(0,1) r#i,j ri,j




166 CHAPTER 7. COMPARISONS OF CLAIM AMOUNTS

+ Z p(7i5%)

x€Sy7(0,1)

+ > p(x)|:IP’(X + X, +ZXTX <t)>}P’(XB +Xﬁ+ixrx&<t)]}

X€S,’;"j(1,1) r#£i,j r#i,j

: (X O3 < ) e <X S )]

T#4,] T#1,3

i
v

> { > )

L \xes;(0,1)

+ Z p(Ti iX) {P (Xa,i + 2": XrXa, < t) -P (X,Bi + zn: rXa, < t)] }

x€S9 (0, r#ij r#ij

E
Il

T#%,J T#4,]

P (Xaj + z”: XrXa, < t) - P (ng + Z": XrXa, < t)]

n—1

Z Tz ]X)

k=1 \xes;7(0,1)

+ PTiix) [P [ Xo, + D xoXa, St | =P | Xg + > xoXa, <t
x€S17(0,1) r#i,J r#i,J
n—1 n n
= Z Z p(Ti,jX) / o / g P Xa,; S t— Z XrZa, + P onj S t— Z XrZa,
=1 i RY™

X€ESH7(0,1) r#i,j r#i,j

n n n
Xp, <t— Z XrZa, | =P Xﬁj <t- Z XrZa, H 9Xa, (:L‘a,,_)dxm,
T#1,J T#1,j T#1,j
{XGS

n n
Tl X / / FX[gi t— Z XrZa, + FXﬁj t— Z XrZa,
—y -y

n n n
—FXai t— Z Xra, | — FXa]- t— Z XrZa, H 9Xa, (Ta,)dTq,
r#£i,j r#i,j r#i,j

>0

T#4,J T#1,]

P (Xaj + i XrXa, < t) —P (Xﬁj + i XrXa, < t)]

k
P
n—1
= 2
k=1

i(0,1)

b

where gx, () is the pdf of X,,. The first inequality follows from and , the
second inequality from Lemma and finally the last inequality is due to the fact that

Fx, is concave in o € R as per the assumption (i).

Remark 7.4.1. Theorem hold true for the PO model, i.e. for X, ~ PO(F,a;) (X, ~

O(F,B;)),i = 1,...,n, with F(t) = e, X\ > 0. This family of distribution is known as
Marshall-Olkin extended exponential (MOEE) distribution. Note that Fx_(t) = 13‘5};()0 is
increasing and concave in o. The condition (ii), i.e. the sf of X, + X, is Schur-concave

in (p1,u2) follows from the Corrollary F.12.a. (p. 235) of Marshall et al. [96] with the fact

that both the sf Fix,(t) = % and pdf fx,(t) = % are concave in .
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It is to be noted that exponentiated Weibull distribution having the cdf F(t;a,5)) =
(1 - e*tﬁ>a, a, > 0 also satisfy both the conditions (i) and (ii) of Theorem |7.4.1| with

respect to the parameter o.

Remark 7.4.2. It is worth to be mention that in Theorem 4.7 of Zhang et al. [136], they
compared aggregate claim amounts of two sets of heterogeneous portfolios under the assump-

tion that the survival function F(z;a) is decreasing and conver in a > 0.
The following example illustrates the result given in Theorem

Example 7.4.1. Suppose that {X;, Xo} and {Y7,Y5} are two sets of independent non-
negative r.v.’s with X; ~ PO(F(z),;),i = 1,2, and Y; ~ PO(F(x),5;),i = 1,2, where
F(z) = e %3 2 > 0. Set (a1, a2) = (0.4,2.6), (B1,82) = (0.8,2.2),p(0,0) = P(I,, =0,
I,, = 0) = 0.15,p(0,1) = 0.46, p(1,0) = 0.34,p(1,1) = 0.05. Then I = {I,,, I,,} is LWSAL
We consider the transformation x = t/(1 — t) so that, for ¢t € [0,1), we have = € [0,00).
After this substitution, we denote the cdfs of Z?Zl I, X, and Z?Zl Iy, X, by Fa(1,0) and
Fa(1,p) respectively. Fyq)(t/(1—1)) = 1(t) and Fu1)(t/(1 —t)) = 1a(t), respectively.
From Figure it is clear that vy (t) > 4a(t) for all ¢ € [0,1). Hence 37 Ip, Xo, <st
25:1 i X

0.8
[ Y1 ()
L P2 (1)
0.6 )
L 4
2,
’,
’
- 4
’
0.4 .’
L4
I P
0.2 .
0.2 0.4 0.6 0.8 1.0

Figure 7.10: Plots of 1 (¢) and 2(t), t € [0,1]






Chapter 8

Future Research Direction

In this chapter we discuss some specific research problems, which can be taken up as

future research work.

(i)

(iii)

Stochastic orders are very useful tool to compare the lifetimes of two systems. Many
different kinds of stochastic orders have been developed in the literature, for example,
likelihood ratio order, hazard rate order, usual stochastic order, etc. (cf. Shaked and
Shanthikumar [122]). Blyth [20] proposed a new stochastic order called stochastic
precedence order (or probabilistic order). Many applications of this order are found
in reliability theory (cf. Singh and Misra [125], Boland et al. [24]). But the detailed
properties of this order are not studied yet. Thus, our aim is to study this order in
detail.

Order statistics play an important role in reliability theory. Some comparison results
of smallest and largest order statistics from exponential distribution, gamma distri-
bution and Weibull distribution are studied in the literature (cf. Balakrishnan and
Balakrishnan and Zhao [I1], and the references there in). We want to study the prop-
erties of k-th order statistic so that results related to the smallest and the largest order
statistics will come as particular cases. In addition to this, our goal is to study the
order statistics from some other distributions, namely, generalized gamma distribu-
tion, power generalized Weibull distribution, etc. Order statistics from scale model,
proportional hazards model, proportional reversed hazards model are also another
prime interest of our research.

The concept of sequential order statistics is a generalized concept of order statistics
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(vi)

(vii)

CHAPTER 8. FUTURE RESEARCH DIRECTION

(cf. Kamps [68]).Bairamov and Arnold [5] studied various stochastic orderings and
ageing properties of residual life lengths of live components in a k-out-of-n system.
We want to study the same problem under the sequential order statistics framework.
Design engineers always try to find out different strategies to allocate the standby
component(s) into the system so that the system reliability becomes optimum. Cha
et al. [32] proposed a new technique to handle the general standby (or warm standby)
based on the concept of accelerated life model and virtual age model. We want to
study different strategies to allocate the redundant component(s) into the system (for
example, series system, parallel system and k-out-of-n system) under the different
environmental set up, for example, perfect switching, imperfect switching, random
warm-up period case.

Multivariate hazard rate function is well studied in the literature (cf. Marshall [93]).
A similar kind of study for multivariate reversed hazard rate function may be taken
up as a future research project.

In the field of reliability and survival analysis, mean residual life (MRL) is a very
well known and central concept. It plays an important role in reliability theory and
survival analysis. To model parametric and/or nonparametric lifetime data, the life-
time distributions having decreasing, increasing or bathtub-shaped MRL are used.
We want to model different lifetime distributions through MRL function and study
their properties.

It must be mentioned here that the dependent structure of systems are more practical
in nature, and where ever, in the above problems, dependency makes sense, we also

shall study the same for the dependent components.
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