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PREFACE

The present volume had its origin mainly in the recognition of a need
repeatedly brought up by our students and colleagues, as well as by a number of
professional statisticians and research workers engaged in various applied fields,
for a handbook which is not merely a collection of snathematical and statistical
tables but which contains reference material that will aid memory and offer guidance
on various points of statistical theory and practice. With this end in view we
started on a project some years ago, and have since evolved and incorporated in
this volume a method of presenting formulae and tables so as to offer a great facility
in their use for statistical data analysis.

Part T of this volume entitled “General Notes and Formulae” provides a fairly
comprehensive but selected set of formulae together with brief explanations, under
the following heads : (I) moments and cumulants, (IT) discrete and (III) continuous
distributions, (1V) standard errors, (V) sample survey estimates and standard
errors, and (VI) numerical analysis. The formulae, together with related notes, will
be found to be a collection in one place of what are usually scattered in different text
books, or other sources, and of what are usually required for statistical applications.
In the presentation of the material in this section, special attempts have been made
to highlight certain aspects (such as the use of interpolation formulae) which the authors
have considered important and, at the same time, which have not been adequately
discussed elsewhere. The list of discrete distributions given in Part I would be of
interest to even research workers in theoretical statistics. In the presentation of
the formulae and notes, emphasis has been placed on furnishing necessary guidelines
for practical use rather than derivations of proofs.

The sixtyseven tables given in Part II of the volume fall under two broad
categories : firstly tables associated with probability distributions and relating directly
to tests of significance and other analytic statistical methods, and secondly, tables
which find direct use in the processing of statistical data.

A special feature in the presentation of these tables is that, before each table,
an explanatory note, giving a description of the table and containing illustrative
examples, is provided. Where necessary, the type of formulae to be used for inter-
polation in the tables and the accuracy attainable are also indicated. Where the
nature of interpolation is not indicated, in general, it could be assumed that linear
interpolation would suffice. In the explanatory note on each table, a section is devoted
to give references to other available publications containing more extensive tables.

Some of the special features of the section on tables are : i) a table of inter-
polation co-efficients, ii) an expanded table of numerical integration co-efficients,
iii) percentage points of the beta distribution so as to give directly the significant



values of the multiple correlation co-efficient, iv) expanded tables for angular trans-
formation of the binomial proportion and z-transformation of the correlation co-
efficient, v) a comparatively extensive table of the normal distribution, vi) mathe-
matical tables of a wide variety, vii) tables to facilitate conversion of number systems
for special use in programming for electronic computers, viii) a handy arrangement
of control chart factors, ix) a collection of tables for lot quality estimation, x) a

simplified set of lot acceptance sampling inspection tables, xi) random permutations
of digits and random numbers, etc.

It is hoped that the collection of tables and formulae, together with associated
notes in this volume, will form a fairly adequate and handy aid to professional statisti-

cians, research workers and others who have to deal with problems involving statistical
analysis and inference.

Notation

In Part I (General Notes and Formulae), Roman numerals (I, II,...... ) are
used to number the chapters and lower case Latin alphabet (a, b,...... ) for sections.
Thus, a reference such as ITb means section b in chapter IT of Part 1.

In Part II (Tables with Explanatory Notes), the chapters are numbered as
1,2, ... ; sections as 1, 2, ... , and subsections as a, b, ...... Thus a reference such
as 15.2b means the subsection b in section 2 of chapter 15. When a Chapter does not
contain sections, references to subsections are made such as 19¢, i.e., subsection

c in Chapter 19. Tables in a chapter are numbered serially ; thus, Table 13.2 stands
for the second table in chapter 13 of Part IL.

Calcutta, India

C. R. Rao
June, 1966

S. K. MiTrA
A. MarrrEAI
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d. Probability and moment generating functions

For a discrete distribution assigning probabilities pg, py, py. ... o variabie
values 0, 1, 2, ... consider the following generating functions :

(i) the probability generating function (pgf)

Pty =% pf,

=0

(ii) the factorial moment generating function (fmgf)
My(t) = é) ki £t
where for the factorial moments yu; the origin ¢ = 0 and b = 1, and
(i) the moment generating function (mgf)
M) =:§0 Wil
where for the raw moments g; the origin ¢ = 0.

We have here the relations

M(t) = P(1+1), M(t) = P(e).

e. Sheppard’s correction for grouping

For a distribution function F(z) the proportion of observations in an interval
(@, 447) is given by

7= f dF
&
Let the system of intervals (a;, @] for i = 0, +1, 42, ... cover the enfire range
of the distribution. Consider the grouped frequency distributio n with variate values
b == ﬁi__‘*;z% and relative frequencies 7;. The r-th raw moment of the grouped

frequency distribution is vepresented' by &, = I (by—cYn

1= =00

Cumulants and
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fagtorial moments calculated from the grouped frequency distribution will be similarly
indicated by &, and Jiy; respectively.

Consider the case where intervals are of equal width % and the distribution
admits s density function f(z). Assume further that: (a) f(x) and its first 2s derivatives

. e . dif(z) . .
are continvous for all x, (b) x#+2 —{%1 is bounded for all z and for¢ =10,1, 2,...,2s,
. ax

where % and s ave certain positive integers. Under these conditions for all r < k

G) p = 2( )(21~7-—1)Bhfﬁ,_,+R

(i) py = E ,/\'J )B"“’( ) W, +R

{lil} Koy = Ky +R

%

Kor == Kop==Dgr—, 2 +R

where B's are the Bernoulli numbers tabulated in table 17.9 and the Bernoulli poly-
nomial B+ (3/2) is equal to

(=1)y+1(25)! .
B (5 et g o> L
B® (% } i, BY <E~> = 0. The remainder term R in each case is of the order O(%%*).

Whenever the frequency curve y = f(x) has a contact of high order at the ex-
tremities, conditions (a) and (b) are usually satisfied for moderate values of s and &.
In such cases it has been found in practice that theresult of applying the corrections
is usually good even when 5 is not small. Putting r = 1, 2, ... and ignoring R we have

the following Sheppard’s corrections for the moments, factorial moments and
eumulants,

mean and central moments ‘ factorial moments cumulants
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12 FORMULAE AND TABLES FOR STATISTICAL WORK

b. Some non-central distributions (density functions)

(i) Bivariate normal (with means p,, y,; variances o, o5 and correlation p)

Ny, 2o | o1, o3 01, O, P)

= (2700, VI—p%)1 exp 2(11_ ){ (xr—éh)z —2p (22— iy ) (20— 25) + (y— p19)* }

o1 0102 0%
(1) Multivariate normal (with mean vector g and variance-covariance matrix Z)
N(x|wp, ) = (27)~72|Z| 12 exp (Xx—p) T Ux—p)
where Z-1 is the inverse of Z.
(iii) Wishart distribution

W, (S|v, Z) = [Qplznp(p—1)/471}- I‘(_\_':;_"‘__L> }—1

X | S| 12| 8| 0—P-Di2g=(tr Z18)/2

i=1

If X,,X;...,X, are independent N (0, Z) variables then S = Z:l XX has the above
1
distribution.
(iv) Noncentral x*
x

Hx|v,A)=r¢ §71_<,;>r (xl—;-,%+r>,0<x<oo

7

where v is called degrees of freedom, A the noncentrality parameter, and
((x |, p) = o?[T(p)]Teea?—L.
Note : The distribution of Zz2, where 2. is distributed as Ny(x;, 0%) and z; are all
independent, is non-central x(v, (Zpf )/o?).
(v) Noncentral t
. 2 —52/2

i 8= I‘(l> (v+:cz)<”+1>/2 éop (.Vi%ﬂi) <f_) <V—§2—>H2
2

with—oo < x < 0, where v is the degrees of freedom and ¢ is the noncentrality
parameter.

Note: The distribution of X [V/(T]v) where X and Y are independently distri-
buted, X as N(5, 1) and Y 4&s x%v) variates, is noncentral #(v, §).
(vi) Noncentral F

_)\2/2

B (3, 3){1+20)

F(wlvl, \)2, A) = ¢

<v1—}—v2 vi Az
V1—2+-vZ o 2 72 2(v2+v1x)>
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with 0  # < o0, where F, is the hypergeometric function of the first kind defined by

_ % Matn) TO) ¥
= (O ek

Note :  The distribution of (X[v;)/(¥[v,), where X and ¥ are independently distri-
buted, X being non-central x*(v;, A) and Y a central y*(v,), is noncentral F(vy, vy, A).

(vil) Multiple correlation

Let R? be the square of the multiple correlation, based on a sample of size n, of

one variable on p—1 other variables. If the latter are considered fixed, then the
density function of R? is

lp—1 mn n—1 p—1 &2R?
RBx|p, n, 6) = e? /2B< \pz *2p>1ﬂ1< 5 32—> 5 )

with 0 & < co, which is called multiple correlation distribution of the first kind. If
variations in the (p—1) variables are allowed, then the density function is

lp,np)_(l_pz)m—sz( p—1 n——p>2F (n—l n—1 p—1 )

' T3 2,2,,0

with 0 < 2 < 1, where p is the population multiple correlation coefficient and ,F; is
the hypergeometno function of the second kind defined by

_ 3 Dlatr) Fo+r) Te) o
2F1(a’> b Y y) —TEO P((L) P(b) F(C+T) H“;

and  B(z|a, b) = %%%) 2 (1—z)0-1,

(viit)- Hotelling’s T%, Mahalanobis’ D?

T*x|p, v, c7%) =

v—p-+1 F< v—p--1

—pt1, er?
7 e z{p, v p+,m)

where the function F is that of non-central F distribution.

Note : The distribution of d° S-1 d has the above form if d has the p-variate
normal distribution &V,(8, ¢ Z), ¢ a scalar, and the elements of Yhe matrix S have an
independent Wishart distribution W,(S, Z). In sucha case 72 = §Z71§'.



IV STANDARD ERRORS
a. Apphcatmn k

In 1arge sample theory, hypotheses concerning unknown :population para»

meters, can- be tested in"a simple way by usmg efficient” estimators and thelr
standard errors. o

Thus if T is'an estifnator of 6 based on n observatlons ando‘ /\/n is the

standard error of T, then to test the hypothesw Hy:0= 00 \/;L T 6% /0'(60) will be
used as-a standard normal deviate.

To test Whether two parallel 1ndependent estlmators T, and T‘ 'with standard

errors o,(6)/v/n, Ty and oo(0)/ V1, are in agreement (i.e. Whether they estimate the same
parametric value) the appropriate standard normal deviate will be

(T, “Tz);\/ U%(Tﬂ + U%gz)

Where in the e‘{pressmns for standard errors, estlmates are-substituted for unknown
parameters prOVIded .(0) and o) are contmuous functions of 4.

To test Whethel k: parallel mdependent estimators T, T, .., T, having stan-

dard errois 0‘1(6 )/ \/ Ny, 0'2(0 / Y Vn. nz,.‘..., 0(0)/V/ 1y, are in agreement, the test-statistic

Y=y (T Ly
; . . "=l 1;( 1,)
may be used asra,"'ch‘i;-s‘qlié;rp with l‘c;"‘l d.£; where
RN vk‘ T, :/,‘k n;
i=1 oHTy) "

=2
i=1" 03 (T)

b. Standard errors of some statlstxcs :

Notatlons for populatlon parameters £
lh = mean, i - s — 7-th central moment
q’:’b;zn = ﬂ2n+2/ﬂ2 i’ ﬁ2n+1 = ﬂ3ﬁ2n+3//l’12l+3 |
Mgy = (r, 5)-th bivariate central moment

‘ p‘= correlation coefficient *
0= percénta,ge coefficient of variation

&'d = mean deviation about the mean

A = Gini’s mean difference

¢ =E|X—Y||X~Z| where X, ¥, Z are three independent
observations drawn from the same population

Y, = ordinate at the p-th quantile.
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The standard errors of some of the more common statistics are given below

STANDARD ERRORS OF SOME STATISTICS

(To obtain the standard error, divide the tabular entry by =, the sample size and take the square root)

statistic arbitrary distribution normal distribution
mean % g (= a?) 8 o2
variance s2 py — 2 2qt
standard deviation s ' (1q —ud) /4y, ¥
k-th central moment my op —p2+ kzp,zp.%_l —ék;xkd By —
coefficient of variation (%) 62 [ MaTHE L B2 us } LS [1 +2( 8 \*

4u3 #q? Haity 2 100

saraple o/ 8, [484—24824+36+98,B, —12B5+350,3/4 6
sample Bz B3—4ﬂzﬁ4+4B:—B:+163231—833+16ﬂ1 24

mean deviation about

sarmple mean 62 —§1 o2(1—2/)
Gini’s mean difference 4(¢ —AZ) (0.8068)252
medisn z 1/4y3., (1.2533)202
quartile ‘ 3/4y*(y = Yo-25 OF Yo.15) (1.3626)202
p-th quentile® (L=p)ly2 —
.. . — -2 1 -1, -
semi-interquartile range —%— [ T36 Wo2s +yo.;s)—'g‘y0.ésy0}5] (0.7867)252
02 [ 22 _{_l_( K40 + Ho4 -+ 2uge ) (I_Pz)z
el 4 \udo Ei2  Hzofor

correlation coefficient

__( 31 + H13 )]
Hiiphz0 Hi11lto2

* for a normal population the standard errors of the sample deciles are as follows :

4th and 6th declies : 1.26800/+/ 7, 3rd and Tth deciles : 1.3180a/ A/

2nd and 8th deciles : 1.4288¢ (N 7, lst and 9th deciles : 170940 /N n.

The asymptotic covariance between the p-th and p’-th quantiles (p < p') is
P4’ [ny,y, where ¢ = 1—p’. Thus for a normal distribution the asymptotic covariance
between the first quartile and the median is equal to 0.98600%/n.



i6 FORMULAE AND TABLDS FOR STATISTIOAL WORK :

. Transformatlon of StatlSthS -

For .the apphcatlon of techniques such as the analysis of variance it may be
necessary to use transformed value .of an estimate so that the asymptotic variance
(square of the standard error) is mdependent of the unknown parameter. Some

standard transformations and the oorrespondmg ‘asymptotic variances appear in the
table given in the next page g T

d. Normahsatlon of frequency functlons ,

A large number of statlstlcs tend to be normally dlstrlbu‘oed as sample size n
increases. Let T be such a statlstlc with k; as 1ts i-th cumulant. Assume further
the existence of constants # and o such that

‘ p1 = (ky—p)fo = O(n—*)
Pz— (kg —0'2)/0'2 On-1y
and U pi=lo" = O(nl iy j' for r=3,4,.

Define z = (T ——,u)/cr The fo]lowmg equatlon gives to order n~2, an expression
for a transformed vauable y Wthh has standard normal dlstrlbutlon

z—y =‘P1+ *Ps( H‘ g P¥— g P1P3x+ 54 p4(x —317)

36 93(4‘”3 7’”)_‘” P1P2+ P1P3 12 Paps(5% )'“"‘ P1P4(x"“1)

‘ 1
—}—120 p5(oc4 x2+3)+ 6,0193(1295 7) Tid p3p4(11x4 %2x2+15)

3 1
v + 648 /73(69“74 187x2+52)"f 8 P2x+ 6 P192P3x+ p1p4:v' 48,02/34(7% —15z)
1
384 p4(5x5 32x3—}—35x)—}—36p1p3p4(11x 21x)- 360 403,05(7.@5 —48x%-}-51x)

32 p p1p3(138x3—187x)+m p3p4(1}1x5 547x3+456x) o

771’76 p3(948x5 628x3+ 2473x)

The followmg equatlon connectmg x Wlth yis equally useful

z— J—pl+ p3(y —1)y pzy+24p4(y 3y)—~~P(2y —5y) ——pzps(y —1)

1
+ 120 pa(y 6y2+3) 4p3p4(y4—5y2+2)+ 391 P3(12y1—53y+17)

R} | 1
8 sz 6 p2p4( - y)+m Pe(y®—10y°+15y)++5 pp3(10y°—25y)
1
ETY p4(3y —24y3+29y) 180 (55 PaPs(2y°—17y"+21y)

1 1
+588 p§p4(14y5—103y3+107y)——ﬁ7—6 P3(252y5—1688y24-1511y).

Special cases of this formula corresponding; to the ¢, x> and F distributions are discussed

in appropriate sections dealing with the different tables relating to these statistics.
S o
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V. SAMPLE

a. Notatlons

SURVE

ESTIMATES AND THEIR STANDARD

 ERRORS

‘The foﬂowmg notatmns‘l 2 are used f01 ‘sample statlstlcs and the corresponding
population ehaﬁ’acterlsmcs where y 1nd10ates the primary Varlate under investigation,

za supplementar v variate and r uhe varlable ratio y/x

) ’1\-" , Tpoi‘ﬁj_rl}su'.ion, o

number of units
sampling fraction

raising factor .
summation over .
constituent units

arithmetic mean
of y,x, v

ratio of means

variance of "

covariance of
zandy "

]

revl eSS10N coefﬁeleni. ;

(yonz) '

| saxxiblé
-
1
| 7

f=7

g == < |

S

i g: —'57
l .
.
H A
| 1

nz _— —— _
E T p—1 Sy
L
i

b

— 6’51/

82

~ : :
;,7\7 o R
A¥ e 3

1
= N Z(@—pa)(y—py)

= ZTu

2
0%

(1) A sufﬁ:;" 7 to these symbols will imply that the corresponding definition has to be understood
in terms of the ¢.th stratum. '

(2) A curl on top will represent sample estimate.
7 1'op1'§sents an estimate of V(fiy) the variance of p;.

(3) Sample (population) variance of @, r denoted by s2

"in a similar manner.

Thus {y represents the ostimate of u, and V(i)

, (62, 0,%) and 52, (o2, 6,%) aro defined
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b, CGommon methods of sampling, estimates, and standard errors

method of sampling estimate formula for variance
of estimate'h¥

simple random sampling g in:ji oy

1—£)
stratified simple 2 Zm} (-—i) Oy
random® sampling (m; = NN} g ‘

(1) The formula is given for ‘without replacement’ sampling. For sampling with replacement
the formula is obtained by putting the corresponding f == 0 and dropping the prims (') from the corres-
ponding ¢’2. .

(2) The expression for an estimate of this variance is obtained by substituting 2 s, for oy? {or cy)

2 ‘2 2
and sZ, for o, (or ¢ ) wherever necessary.

(3) For stratified sampling, in the general case, the formulae for estimate and its variance are
by = Sriuys, Viey) = Znf V(wyi)
where {ZW is the estimate for ¢-th stratum mean and ¥V (ayi) is the variance of the estimate

c. Methods of estimation using supplementary variable

For simple random sampling, when g, is known, the formulae are as follows :

method of estimation estimate formula‘t, 2 for variance of
estimate!3
. 7] 1— o PR
ratio method % Ho . -—%j—? (o, 2—2E0,,+E2o,2)
. iz 1— . . .
product method %f Tf (024280, E*a,?)
€T

1=f

L (02— 207, +072)

difference method (G—Z)+ i,y

1 -, . .
"‘n—f (O—yz _ﬂfzo—mz)

regression method® F+-b(p,—2z)

(1) The formula for variance is approximate except for the dlffelence method. The approximation
assumes that the sample size is large.

@ The formula is given for ‘without replacement’ sampling. For sampling with replacement
the formula is obtained by putting f = 0 and by dropping the prime (') in 5. c and o] -

) The expression for an estimate of the variance is obtained by substituting s2 for o_% (or o2),
,c;’: for ¢.% (or 05), Szy for g, (OF ozy) E for £ and b for B wherever necessary.

4 The regression coefficient b is estimated from the sample on (y, z) by the formula smjls2 (see the

table of notations). .



20 FORMULAE AND TABLES FOR STATISTICAL WORK:
d. Modifications required for two-phase sampling

Consider the situation when g, is unknown and sampling f01 ¢ is cheaper than
sampling for y. In such cases, we take a sample of size n umts for obtammg zr and y
and an independent and larger sample (of size n’ and samphng fraction f’ > f) cover-
ing the 2’s only. Then an estimate of u, is obtained from the second sample and
substituted in the formula for estimates in sect’on c. For such estimates of u,,
expressions for variance would be as follows. : :

Loy

method of estimation formulaﬁ1 2 fOI

variance of esmmate‘a) in two-phase sampling

ratio met{hod l%f (0,2—2E0,,+ £, f 252
. 1 v 1 f ‘2 2 f 272
product method - —\o— +2£a'w+£ o2 Eo,
difference method ;f 4——20,1,—1—03 )+ f o2
essi _Ji 2,2 f 2
regression method ,8 ot H— yis o‘x

@, 2> gnd 3. See footnote to table in section c.

e. Sampling with replacement and with pmbabilitiés proportional to cize (x)

Estlmate . ‘ fy=ru,

of ostims i
Variance of estimate : V(ily) =

) R Pz

Estimate of variance : Vip,) = =2

f. Two-stage sampling schemes

A two-stage sampling scheme specifies m,, the number of first stage units that
will be selected in the sample out of a total of M, such units in the population and
also mgy;, the number of second stage units (subunits) that will be included in the
sample out of a total of M,; subunits contained in the i-th first stage unit in case
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this particular first stage unit is chosen through the first stage selection. Let

g, = L _ M,

* fi my
__1 _Mzs

T8 = f T g

Note that though g, is necessarily a constant gy could possibly vary from one first
stage unit to another. Tor the i-th first stage unit let the total, mean and variance of
all the second stage units be denoted by 7,:, Hy and ¢,? and if the ¢-th first stage unit
is ineluded in the sample, let the corresponding sample figures be denoted by Ty, 7

and s%. If the first stage selection is based on simple random sampling, we
have
Esti N gl*??yi

stimate : By = e
and
Variance : v = =henet LT VG

. Ky! = my 1 NT i
. M2 - - 1 N

where N=XM,;, (o‘l)zz——N—z-{Ml—_——l Z ('ry,-—'ry)z},'ry= T, 1= W, ty. Forexample

for a simple random sample of second stage unit g,; T',; provides an unbiased estimate

2 —_—

for 7,z and V(gy Tyo) = M_z'%__f?l (0,92 In the special case where M,; = M, and
%

Mgy = My(t == 1, 2, ..., M) this estimate of 7,; leads to the following estimate of

1
m,

w2t

ﬁy = ‘%'y-i

the giandmean of all the sample observations. We have

vH = L o

1—fo , -
o3)?
1m2( g

m
where
1 ,
(0'1) = ——Tl Z(,um—‘u,u)z and (0'9)2 == —_;Z% (O'ya)2;
and :
A - 1—f. 1—f,
4 1.2 2 o2
P@) = St im, ©
where
do L g and E= 5 s



Vi. NUMERICAL ANALYSIS
a. Interpolation -

Interpolation is a process for determining approximately the valus of a function
= f(z) at an untabulated value x of the argument within the range of tabulation,
on the basis of a given set of tabulated values of the function.

in polynomial inber-
polation the knowledge of the tabulated values is used to estimate tho function, the

form of which may be unknown, b v a polynomial of su‘:ﬁmeﬁﬂy high degree and the
approximating polynomial is used to compute the required intermediate value.
formulae for polynomial interpolation are given in this chapter. These are appro-
priate for tables in‘ which values of the argument are given ,s,-i-, equidistant intervals.

»‘\

Some

The formulae involve first and higher ord:lr differences which are caloulated
as shown below. ! Note that '

¥

‘ Ay; = ?/i+1—3/g, A%y, = Ay, —Ay; ete...

TABLE OF DIFFERENCES

@ Yo ¥ Differenges )
z-3 Yus
Ay_; g
a?.—z 3/—5 Azy_ 5 ean
Ay_y _ A?;__g‘
’v—1 y_i : A © Ay, . ;
B Ay_y o ‘A:""y-zil ~sy_;
’60 1 o Ay g Aty ‘ ASY_,
Ayo Ay A%y,
: Ayy Alyg
P2 Y2 Ay,
Ay,

T3

Note : Differences underlined or in bold face have special significance only with respect tc
the explanation of certain formulee appearing in “he next section.

Those underlined appear in Bessel’s
formuls snd those in bold face in Stirling’s formule
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. Forinulae

g’

Lat z be the value of the argument av which it is desived to interpolate and 7 the
interval of the argument at which ths ordinates ars tabulated. Write w = (z—x)/h

v T
where %, is & chosen valus of the argument called the initial argument. Four inain
formulze are given depending on the nature of the subsequent arguments chosen in
relation to initial argument x,.

KNewton’s Forward Formula using arguments x,, 2;, <o,

. - wu—1) ., wu—1 u—m--1
Y = Yo Fulye- ‘_(_2—1_}‘ 8% Lt 777(,1 + )A”%r ot

Note that the first (m-1) terms give a polynomial of the m-th degree fitted
50 Yp, Y The difforsnces used arve chosen from the principal diagonal (down-
wards) o difference table starbing from: the initial ordinate y,. The addition of
the ordinate y,,., brings in the correction term

ulu—1) ... (u—m~+1+4+1)
(m—+1)!

A?’n'|‘1y0

which involves the (m--1)th order difference at y,.

Newton’s Backward Formula using arguments 2y, 2y, Xy, -..

Cu{u-3 t+m— 1
¥ = Yohuwldy_s+ v A%y ..+ —(’"-—i_—) 1'( R ) ATyt

Note that the frst (m—‘i—i) terms give a polynomial of the m-th degree fitted
0 Yo» Yty --» Yom- The differences usec are chosen from the principal diagonal
(upwazds) of the difference table staz*t'mg from the initial ordinate y,. The addition
of the ordinate y_,,_; brings in the correction term

w1 ... (utm41—1) y
(m—l—jlr) ! A"y s

Stirling’s Formula (for —1/4 < u < 1[4, using arguments) xy, ¥y, &}, Ty, Xy, - .-

Y10y, _1_~

é /4'

w[1d—1%] A3U 2+A3y 1 wur—1%]
3! 2 + 41

Ay s+

Ady_. -t

w18 L [uP—(m—1)3] Ay

e 1 _ J—ht | g —m+3
* T

wHut—12) (- )"f] =y
2m! E —m
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Note that the first 2m-4-1 terms give the polynomial of degree 2m fitted to o,
Yets Yits Yoo Yoz o> Y Yum The differences used are chosen as indicated (in bold
face) in the table of differences. The addition of ordinates y_,_; and #,,; brings in
the correction terms :

M) ) Ay Ny ] ) sy
@mt 1)1 g ‘ (2m+2) "

Bessel’s Formula (for—1/4 < v < 1/4, v = u—4%) using arguments o, 3, ¥y, %y .-

y = ——y‘)';yl +vAyo+—————~[vzm g%> ] Ayt By l;L B | [UL g?:)-—]— Ay s+
1.2 3.2 2, 2
LI D 175 126D
LI L] s
(2m—2)! 2

, 12 2 . /2m—3\?
+v[v —<_§) ][vz— <(;2:n>_§)' [v _< m2 ) jAszy_mu-l". .

Note that the first 2m terms give the polynomial of degree 2m-—1 fitted to
Yo» Y1s Y—1> Y -+ > Y—ms1> Ym- The differences used are chosen as indicated (underlined)
in the table of differences. The addition of ordinates y_y,, Ypuyy, brings in the correc-

tion terms
=) o= () T [ (50 ] aomypiaomy

2m! 2

o Tl (3 ) -2

(2m4-1)!

AZily

¢, Choice of formulae

Once the tabulated values to0 be used for interpolation are selected, it is
immaterial which formula is used to obtain the desired value. For example if f(7),
£(9), f(11), f(13), f(15) are available and it is decided that all these values should be
used for obtaining f(11.4) one may stop with the fifth term of either Newton’s Forward
formula (with xy =7 and %= (11.4—7)+2 = 2.20) or Stirling’s formula (with
xy =11, w = (11.4—11) =2 = 0.20) the vesult obtained being the same, as the m-th
degree polynomlal whese values coincide with the values of the function at the
(m--1) selected arguments is unique. But in practice, after obtaining an interpolated
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value based on a certain number of arguments, one may decide to consider a few
more and compute the necessary correction to the value already obtained. The
different formulae listed above are useful in different situations, depending on the
positions of the additional arguments in relation to those already used. Newton’s
formulae requires the knowledgevof additional tabulated values for arguments that are
always on one side of z,, moving further away from 2, at each successive step. With

Stirling’s and Bessel’s formulae the extra terms utilised will be chosen symmetrically
from either side of x,.

To begin with, the tabulated value of the argument close to z is chosen as
%, giving the first approximation to y as y,. If the subsequent values chosen are
Ty, Ty, ... , Newton’s Forward formula is used for step-by-step correction. If the subse-
quent values choseri are z_j, Z_,, ..., Newton’s Backward formula is used. If the
subsequent values chosen are in pairs (z_,, @), (¥_s, %,), ... Stirling’s formula is chosen.
Or, one may begin with the pair (z,, x,) giving the first approximation to y as
(Yo+v1)/2+(u—3)Ay,, and then add the pair (z_,, z,) and so on. In such a case,
Bessel’s formula is used. ‘Note that in each case, we add extra terms to the formula
already obtained, as we bring in additional arguments either individually or in pairs.

d. Switching from one formula to another

It is not necessary to choose the arguments in only one particular manner
throughout, in any given problem. If the tabular entries are limited on one side,
it is not possible to carry out the central difference formula (Bessel or Stirling) to
any sufficient length. Then the procedure is to use the central difference formula so
long as the tabular entries permit, and then switch over to Newton’s Forward or
Backward formula, depending upon the direction in which subsequent values are
chosen. The switching over is done only to obtain the correction terms by the new
formulae without altering the approximation already obtained by the earlier formula.
Thus, suppose in the numerical example considered above the fourth degree polyno-
mial approximation obtained through Stirling’s formula is found inadequate and
further tabulated values are available only on one side of 11.4, say f(17), f(19), ..., then

corrections to the interpolated value could be obtained from the sixth and succeeding
terms of Newton’s Forward formula.

u{u—1) ... (

D) oy M O gy

where u = (x—7)/2 = 2.2.

e, Some gquadrature formulae

Numerical differentiation and integration are processes for approximate evalua-
tion of derivatives and of definite integrals respectively when the function
concerned 1s defined only by a table of ordinate values at discrete points. In either
process, the function is first replaced by an interpolation polynomial which is conveni-
ently differentiated or integrated. The num-rical integration coefficients in Table
15.1 were obtained on the basis of Stirling’s formula.

4
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Simple quadrature formulae using the ordinates within the range of integration
are given below.

(1) Simpson’s one third rule (3 ordinates)
b a-+b
frads =2 j@+iy (57) He)).
(i) Eaxtension of Simpson’s rule by repeated application (2n-}1 ordinates)

(@) = 1 (@) +4(@-+ R+ 2 20+ 4@+ 30+ -+

where h = (b—a)/2n and » is an integer to be chosen.

(iliy Three etghths rule (4 ordinates)

ff@its = = Latfarrion-+6 [ £ (2250 ) 4 22 ).

(iv) Hardy's formula (5 ordinates)

0 oy e

fwn =2 oasti@fonres [ £ 58 ) (AR re2 s 450)).
(v) Weddle’s rule (7 ordinates)
f ) = 0.3 b (f(@)+fB)]-H50f b+l 0]

+(f(a-+2h)+-fla+4h)]+6f(a+3R)]}, A = (b—a)/6.
(vi) Shovelton’s formula (11 ordinates)
F et = S0 {8[f(a)+AB)]350f(a-+ )+ fla- 30+ f (- T+ (@ 9B+

+15[f(a-+2h)+f(a+4h)+f(a+6h)+fla+8h)]+36f(a+5h)}, B = (b—a)/10.

For other formulae using external ordinates and the values of the multiplying
co-efficients, see Table 15.1.

£, Summation formulae

Summation formulae given here are also useful for numerical integration
(i) Ewuler-Maclaurin sum formula.

fl@)+fla+h)+...+fla+nh)

1 etna 1 ) . 5 pas d2s+1 atnk
=5 § @dt [fa) flarnbl+ S 65 | ey f0)],
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where ¢, = By4/2(s+1) ! and B, are Bernoulli numbers given in Table 17.9. with

the first few cocfficients as follows, ¢, = %2, 6 = ——7;—0-, &y ::—3_0%40‘ ,63 = ——1—2—3—%0—0 )

1 . .
% = 900160 - In practice, only the first two or three terms in the last summa-
tion need be considered

(il) Gregory’s sum formula

f@)+f((a+R)+...+fa+nh)
= %QEM f(t)dH‘“;—' [f(a)+fla+nh)]+ :Elgs [A® f (@+n—s B)+(—1)A'f(a)]

where the coefficients g,, are given by & ¢, t* = t/log (1—¢) and the first few co-
8==0

efficients are as follows gl=—1— g =L g3 = Bg:i g _ 863
12° 72 724773 7T 720774 160 7 °° T 60480

275

98 = 94192

g. Solution of equations by algebraic methods.
(i) Quadratic equation
The roots of ax?+4bx-4-¢c = 0 are

—b-+v/b2—dac —b—+/b2—dac
1= % y Ly = R e

(ii) Cubic equation
The general cubic may be written
23 4¢3+ 4-cy = 0. .o (@)
Setting # = y— % ¢;, the equation takes the simple form

Y3 +py+q =0 _ o (2)
1 1 2
where p = 02*—“370%, q=Cg—5 Gt 57 ¢}. The roots of (2) are obtained by sub-

tracting ¢;/3 from each of the roots of (2). The roots of the reduced equation (2)

are all real if g24-(4/27)p® < 0. In such a case find a value of ¢ using Table 17.7 such
that
sin 30 = —4q/rd oo (3)

where r = 2V —p/3. If0=ais a solution of (3), then the three roots of (2) are

. . T .
Yy, = —rsina, Yy, = rsn <-§~+oc>, y3=rsm<—-%+a). e (4

When ¢2-(4/27)p® > 0, two of the roots are imaginary. Let @ denote any one
of the three values of

=g+ V@ 4272°)° e (5)
and ® be an imaginary cube root of unity. Tben the three roots of (2) are
¥ = Q—p[3Q, ¥, = w@—wp3Q, ¥3 = W @—wp/3Q. . (6)
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(iii) Quartic equatlon
The general quartlo equatlon is written

»»f,?i",, N ax4+4bx3+60x2+4dx+e _”

(7)
First ﬁnd a Toot of the cubic I 3
3csz+(4bd ae)s+3(ace—2ad2 2eb2) =0 .®
by the method mdlcated in (ii). Let s1° be a rootb. Then compute tl = ($,—¢)/2,
= \/at1+b2—ac ny _:(2bt1+bc—ad)/m1 o e (9)
Then the four roots of the equation (7) are the roots of the two quadratlcs
x2+2bx+c+2t1 = 2m1x+n1 1 (10)

qx2+2bx+c+2t1 = '->_'(2m1x+n1) Je
Note: Polynomial equations of higher degree than 4 cannot be’ solved by algebriac reduction. The

roots have to be found numerically by methods of successive approx1mat10ns The following book may
be consulted for. such methods

J.B. Scarborough (1962 Numerical mathematical analysis._w5th. edition, Johns Hopkins Press,
Baltimore. -
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1. THE BINOMIAL DISTRIBUTION

“'iL ,V_A;f,
1.1, THE BINOMIAL COEFFIOIENTS( 7) o

a. Imntroduction

Table 1.1 contains values -of'(? > = F(_EL.T, n= 3(1)30 r = 2 [n/2]
" n—r

The following formulae help to obtam( )for the values of r, that are not given
in Table 1.1, et

b. Application

Table 1.1 can be used for ékompuﬁng individual terms b(z| 7, n) = ( Z ) 7 (l—m)"—*®

of the binomial distribution.

Example. Let n = 10, 7= 0.73; then 0 =n/(1—7n)= 2.70370. The tabular
scheme below shows the essential steps in computation. The first entry in column (3)

is (1—m)10 = 0.05205891. The values which follow are obtained by successive multi-
plication with 4. ‘ '

x (n) “ wHL—gr)n—2 L bz, n)
(1) (2) 3 (4)=(2)x(3)
0 1 0.05205891 0.0000

1 10 0.03556667 0.0001

2 45 0.04150506 0.0007

3 120 0.04406923 0.0049

4 210 0.03110020 0.0231

5 262 0.03297461 0.0751

6 210 0.03804245 0.1689 . ¢

7 120 0.02217444 0.2609

8 "~ 4b 0.02587903 0.2648

9 10 0.0158951 0.1589
10 1 0.0429756 0.0430

* From Table I1.1.

If accﬁracy upto k places of decimal is required in b(z |, n), it is advisable to calculate

both (1—7) and @ correct to (k-+2) significant digits and to retain (k--2) significant
digits at each stage in column (3).

The table of binomial coefficients is also useful in éomputing:
(i) multinomial coefficients, since

n! =(n>><<n-rl)x--~ (rk_l—{—rk)

7‘1! Tz! b 7'&! Irl ?.2 Tk_l

and (ii) the individual terms of the hypergeometric distribution, given by

(F)x(aZa )+ (°3°)
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o 1.2. INDIVIDUAL TERMS
a. Introductiom

Table 1.2 ‘gives, to: five ‘ﬁlaces of : decimal, the values of b(x| 7, n)

= (Z)nz(l——n)"‘f, z= O(I)n for n = 5(1)15, and for the following selected values of 7 :

%,0.30, ! 040, &+ 1

5
0.01, 020 5—01 — — =
0 O 0, 3’ 16 97 2

3
—, —, 0.2
16’ 9 16 0.
Note that since b(z|7, n) = b(n—m] 1—#, n)the coverage is automatically extended
to the following additional values of = :

i ".

5 9 ' 3 13 8 15
—, 0.80, —, —, 0. 5,
5 16060 00’4’080’16’9’090 1609 0.98, 0.99.
The fractions correspond to values which occur in genetical studies. The values
0.01, 0 02 0.05 correspond to critical levels generally used in tests of significance.

Table 1.2/ has been obtained by differencing from a table of cumulative
probabilities WI‘nchv‘ ;s.‘correct to 5 places of decimals. Some entries in this table are

therefore in error by +1 in the last place ; this is indicated respectively by — or -
sign against the entry.

b. Interpolation in Table 1.2

The follbwing férmula based on Taylor expansion could be used for interpolating
at a specified value of 7. Let m, be a tabular argument closest to 7. Then

(|7, n) = blx|my, n)—dnA blx—1|my, n—1)

+ C;—z, n(n—1)A% bz —2| 7y, n—2)+ -+

—d)t

44 2 (1), A% (e~ k|, k)R

where
‘ L d = a—m,, (n)y = n(n—1) ... (n—k+1),
dF+1
= FED)!
m* being some intermediate value between 7 and 7, and A, A2
of successive order taken with respect to x.

(1)1 A¥ b —k—1|7*, n—k—1)
,... represent differences

Example 1. To compute b(2|7, n) for n = 10, 7 = 0.27.
d = 0.02.

b(2]0.27, 10) = 0.28156—0.02 X 10(0.30034—0.22526)

(0.02)2
5 X 10X 9(0.31146—2 X 0.26697--0.10011)

Here 7, = 0.25,

+

= O.28156-——0.2X0.07508#0.018(——0.12237) = (.26434.
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Baample 2. Out of 10 tests carried out on parallel sets of data, 3 were signi-
ficant at 19, level. Are the results significant on the whole ?

To answer this question we have to determine the probability of obtaining
3 or more significant results, i.e. the probability of obtaining 3 or more successes in
10 trials when the probability of sucess ateach trialis 0.01. Using Table 1.2, for
n = 10 and 77 = 0°01 the required probability is

1—[P1.'(x = 0)+Pr(x = 1)4-Pr(z = 2)]

==1—(0.90438--0.09135-+10.00416) = 0.00011

which is very small indicating that the results are significant on the whole. If only
one were significant out of ten, then the probability

1—0.90438 = 0.09562

is not small enough to declare overall significance.

Table 1.2 is not exhaustive. For other values of 7, for higher accuracy or
for higher values of n, one may either consult more extensive tables or compute the
values directly as illustrated in .1b

¢. Some other tables

1. NaTIONAL BUREAU OF STANDARDS (1950): Y'ables of the Binomial Probubility Distribution, Applied Math.
Series No. 6, Washington.

Individual terms and cumulative sums (cumulated from above) correct to 7 places for = = 0,01
(0.01) 0.50 and = = 2(1)49.

2. Romia, H. G. (1983): 50-100 Binomial Tables,*John Wiley & Sons, New York and London.
Individual terms and cumulative sums (cumulated from below) correct to 6 places for x = 0.01
(0.01) 0.50 and n = §0(1)100.

3. U. 8. ArMY ORDNANCE Cores (1952) : Tables of the Cunulative Binomial Probabilities, Ordnance Corps
Pamphlet ORDP 20-1.
Cumnulative sums (cumulated from above) correct to. 7 places for w = 0.01(0.01) 0.50 and

n = 1(1)150.

4. HarvAarRD UNIVERSITY, COMPUTATION LABORATORY (1955) : Tubles of the Cumulative Binomial Probabality
Distribution, The Annals of the Computation Laboratory of Harvard University, 55, Cembridge
(Massachussetts).

Cumulative sums (cumulated from above) correct to 5 places for n = 0.01(0.01) 0.50; 1/12(1/12)
5/12; 1/16(1/16) 7/16 and n = 1(1) 30(2) 100(10) 200(20) H00(5¢) 1000.

3. WEINTRAUB, S. (1963) : Tables of the Cumulative Binomial Probability Distribution for Small Values of
p, The Free Press of Glencoe, Collicr—Macmillan Ltd., London,

Cumulative sums (cumulated from above) correct to 10 places for = = 0.00001, 0.0001 (0.0001)
0.0010 (0.0010) 0.1000 and n = 1(1)100.
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-TABLE 1.2. I\TDIVIDUAL TLRN N

THE BINOMIAL DISTRIBUTION

[n = 5(1)15; selected values of 7]

no % (7=00l"7=002 =005 7=1/16 7 =010, 7 =1/9: 7 =316 « =0.20
[ : v Db I : ‘Ji"\"' ' ' o ;““
5 0 .95099 .90392 77378 72420~ .50049 o o .55493 ‘ .35409 .32768 -
1 .04803 .09224 .20363 .24140 4 .32805 , 34683 .40857 . 40960 :
2 .00097 .00376 .02143 032184 .07290° ..08671 . .18857 .20480
3 .00001 .00008 :.00113 .00215 .00810 .01084 T .04352 . ..05120 ..
4 —_ — . -.00003. .00007 . .00045 . :00067+4 100502 100640
5 — — T — .00001 : ¥ %71.00002 .00023: .00032
6 0 .94148 88584 .73509" .67893 53144 5 ¢ 493277 - .28770° . L.26214
1 .05706 10847 ..23214— .27168 — .35429 .- .7 .36995 “ 730835 39322
2 .00144 .00554 — " .03054 04526 - .09842 .11561 122982 -, ,24576
3 .00002 00015 .00214 .00402 ) .01458 .01927 - .07072— .08192
4 —_ R 00009 — .00020 - .00121+.. 00181 < 01224 -, 01536~
5 — — SR .00001 .00006 . .00009 .00113 .00154"
6 - — — Ea T — N = .00004 -00006
7 0 93207 ... .86813 ©1.69834 .63650 .47830: .43846 23376 -~ .20972 -
1 ,06590 <7 0124014 .25728 .29703 .37201 -+ 38366 — .377604+ °.36700:
21 100200 = .00760— ' .04062 ©  .05941 212400 14387 26142 1.27525°
317 .00003 000254 ¢.00357— .00660 .02296 . 02997 .10055 . 11469
4 — 00001 .000184 .00044 00255 . .00375 .02320 .02867
‘5 — — .00001-  .00002  .00017 " -.00028  .00321  .00430°
el — = gt T .00001. -7.00001  .00025  .00036
R Lz _ = — — .00001 00001 -
81 01 .92274 85076 66342 59672 43047, 38974 .18993 16777
1 07457 13890 27934 — 31825 .38263+ i 38975~ .35063 .335556—
21 .00264 00992 05145+ .07426 (14881 —, .17051 .28321—  .29360
3| .00005 00041 00542 ; 00990 .03307 ;. i -13071 .14680
4 —_— 00001 00035+ 00082+ .0045 .03770 ,04587 -+
5 —_ — 00002 00005 — .00041% .00696 .00918
6 — - _.. —_— .00002 .00081 — .00115
o7 — — = - — - .00005 00008
9 ol .91352 183375 83025 55942 38742 34644 15432 134220
.1 .083044 -, (15314 29854 33566 — .38742 38974 .32050 ©:30199 M
' 9| 00336 .- .01250 06285 08951 .17219 19488— 29585 .30199.
3 .00008 . . .00059-+ 00772 01392 .04464 05683 - .15930 17616, .
4 00002 00061 00139 .00744 01066 05514 11.06606
5 — — 00003 00016 — .00083 00133 01273 = .01651 "
6 _— — — —_ .00006 . 00011 .00195+ - .00276 —.
T — — — — — . .00001 .00020 — . 00029+
‘8 —_— e — — — — — .00001 .00002 " ;.
10 . 0l .90438 .81707 .59874 52446 .34868 -~ 30795 12538 10737 -
1 .09135 ~, ;16675 .31512 34964 .38742. 38493 .98934 126844
9 | 00416—"" 01532~ - .07464—~  .10489 1937155 21652 -30047 .30199
3| 00011 . .00083 01047+ .01865 .05730+4  .07218—  .18491 © .20133 .
7 — 1 .00003 100097~  .00218 01117~ 01579 107467 .08808
5 J— § e .00006 00017 L00148- 00236 +- .02068 02642
- — —_ _— 00001 .00014 00025 .00398 .00551
7 — — _ — .00001 00002 .00052 .000784
8 | — — —_ — — — .00005 .00008 —
11 0 .89534 280073 .56880 49168 .31381 27373 .10187 .08590 -
1 .09948 .17976 .32031 36057 .38355 .37638 . 25860 .23622
2 .00502 01834 .08665+ 12019 .21308 .23524 .29839 — .29528.
3 .00016— .00112 .01469 — 02403 + .07103 08821 .20657 .22146
4! — .00005 .00144 00321 .01578 02205 .09534 11073
5 — — .00010+ 00030 .002454 00386 .03080 .03876
6 —_ — .00001 00002 .00028 — .00048 .00711 .00968
7 _ —_ — — .00002 .00005 — .00117 .00173
8 —_ —_ — it — — .00014 .00022
9 —_ —_ — - — -— .00001 00002
Note :

To obtain 5 decimal accuracy for individual terms add (subtract) 1 in the last place if

there is +(—) sign against an entry. ¥or obtalrmg cumulative probabilities to 5 decimal accuracy the
entries have to be added ignoring the 4+ and — sxgns
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION: INDIVIDUAL TERMS

[» = 5(1)15; selected values of ]

s | m=14 =030 r=13 =040 wm=716 m=49 w=1/2
0 123730 .16807 .13169 07778 .05631 05202 103125
1 .39551 .36015 32922 25920 .21900 .21169 .16625
2 26367 .30870 1320214 34560 .34066 .33870 31250
3 108789 113230 116461 123040 .26496 .27096 .31250

4 .01465 .02835 04115 07680 .10304 110839~ .15626
5 .00098 .00243 00412 .01024 .01603 .01734 .03125
0 17798 11765 08779 .04666 .03168 .02940 .01562

1 35596 .302524  .26338—  .18662 14782 .14113 .09375

2 129663 .32414 1320214  .31104 .28743 .28225 .23438
3 131834 .18522 .21948 .27648 .29808 .30107 .31250
4 .03206 .05953 .08231— 13824 .17388 18064 23437
5 .00440— 01021 .01646 .03686 .05410 .057804  .09376
6 00024 .00073 .00137 .00410 .00701 .00771 .01563
0 113348 .08235 05863 .02799 .01782 .01633 .00781

1 31147—  .24707— 20484+  .13084 .09701 .09147 .05469

2 .31146 .31765 .30727 126127 .22635 .21953 -16408

3 .17303 .22689 25606 .29031—  .29342 .29271 .27344

4 .05768 .09724 .12803 19353+  .22822 .23416 127344
5 .01154 .02501—  .03841 07742—  .10650 .11240 116408

6 .00128 .00357 .00640 .01720 .02761 04997 .05469

7 -00006 .00022 .00046 00164 .00307 00343 -00781

0 .10011 .06765 .03902 .01680 .01002 .00807 00391

1 .26697 .19765 115607 .08958 .08237— 05808 03125

2 .31148 (296474 .27313 .200014-  .189764+  .16261 110037

3 .20764 .25413— 27313 .27870— 26408 .26019—  .21875

4 08652 138134+ .17071 .23224 .25674 .28018 27344

5 .02307 .04668 .06828 .12386 15076—  .18652 21875
6 .00385 .01000 .01707 .04129 .062124+  .066BO+ 10937

7 .00036+  .00122 -00244 .00786 .01381 .01522 03125

8 -00002 -00007 .00015 .00086 .00134 .00152 .00391

0 .07508 .04035 .02601 .01008 00564 00504 00195

1 .22526—  .15565 .11706 .06046+  .03946 .03630 .01758

2 .30034 .26683 23411 16125— 12278 11615 -07031

3 .233504  .26683 127313 .25082 . .22282 .21682 116407 —
4 .11680 17153 .204844  .25082 .25995 .26018 24609
5 [03894—  .07352—  .10243— 16722 .202184+  .20815 24609

B .00865 .02100 .03414 .07432 .10484 .11101 .16407 —
7 .001234+  .00386 .007314+  .02123 .03495 .03808 .07031

8 | .00011—  .00041 .00092— 00354 .006794+  .00781 .01758

9 - -00002 .00005 .00026 .00059 .00068 .00195

0 .05631 .02825 .01734 .00605 00317 .00280 .00098

1 18772— (12106 .08671 .04031 .02467— 02241 .00976+
2 (281564 .23347 119509 .12093 .086324+ 08066 .04395

3 26029 .26683 .26012 .21499 17905 .17208 .11718+
4 (145994 .20012 .22761 25082 24371 .24091 .20508
5 .05840 -10292 .13667— 20066 .22746 23127 124610 —
B .01622 .03676 .05690 11148 14743 .15418 .20507+
7 .00309 .00900 .01626 04247 06552 07049~ 11719

8 .00039 .00145 .003044+  .01061+  .01911 .02114 .04395
9 .00003 .00013+ 00034 .00168—  .00330 . .00376 .00976+
10 — .00001 .00002 .00010 00026 -00030 .00098
0 .04224 .01977 .01156 00363 . .u0178 .00156 .00049

1 .15486 .09322 .06359 02660+  .01627—  .0I369 .00537
2 -25810 .19975 .16896 .08869—  .05935 05477 02685+
3 .25810 .25682 .23845 177364+ 13848 .13145 .08057
" .17207 .22014—  .238444  .23649 21542 .21032 .16113
5 08030 .13208 .16691 .22073— 23457 23555+ .22569

B 02677 .056604  .08346 14715 18244 .18845— 22559
7 .00837 .01733 .02981 .07007 101354+ 10768 16113
8 .00106 .00371 .00745 .02336 .03942 -04307 -08057
9 00012 .00053 .00124 00519 .01022 01149 .02685 +
10 .00001 .00005 .00012 .00069 .00159 .00184 .00537
1 — — .00001 .00004 .00011 .00013 .00049
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION: INDIVIDUAIL TERMS

o

[n = 5(1)15; selected values of ]

=005 = =167

7 =010

ioox =001 7=002"
12 0| 88638 784920 54036
! J10745— 192174+ 34128
20 00596+ 02157 -~ .09879"
3.0 .00021—  .00147 . .01733
4 —- .00007 -00206 —
5 — — o .00017
6 - . .00001
7 — _ __
8 - - _
9 — — —
13 0 87752 .76902 .51334
1 11523 .20403 35124 —
2 00698 ,02498. 11091 4
3 00026 001872 02141 —
4 00001 .00010 00281+
5 . = Ee 00027
8 —_ {00002
fi —— v —_—
8 — —_
9 — —
10 — —
14 0| .88875 .75364 .48767 -+
1] .12285 .21533 .35934
21 .008064+  .02856 12294 —
3| .00033 00233 .02588
41 .00001 .00013 .00374 -
5 - .00001 .00040—
6 - — .00003
7 — —_ —
3 — — —
[ — — =
10 — — —
15 0 86006 .73857 .46329
1 1303! .22609 .36576
2 00921 .03230 13475
3 00041—  .00286 .0307%
4 00001 .N0017 00486 —
5 — .00001 .60056
6 — — .00005
[ —_ —_— —_
3 — . —_ —
9 _— — —_—
10 — — —
1 — — —

460952
36876

13522 =
03004 -
00451,
.00048 -
.00004 .

.43214
37453
114980+
03662
.00611—
00073
.00007.-

.40513
.37813 -
.16385
.04370 —
.00801
.001064-
.00011 2
.00001

.37981
37981
17725
.05120
.01025—
.00150
.00016--
.00002—

.25419 ¢
36716+
. 24478 —
.09972
.02770
.00554
.00082
.00009
.00001

L. 28243
37657
..23013
.08523
.02131
.00379
.00049
.00005

.22877
.35586
.26701
.11423
03490
.00776
.00129
.00016
.00002

.20589
.34315
.26690
. 128504
04284
.01047
.00194
.00028
.00002

124332
136497 7
125092
110455 0
1029407
100588
.00086
100009
¢ 100001 - ;

+.21628
*.35146
= .26359

12081
..03775

00850 —

..00142
1.000174
.00002

.19225
.33644
.27335
.13663
.04698
01175
.00220
.00031
.00004 —

.17089
.32041 4
.28037 —
L1K186
.05695
.01566
.00326
.00053 —
.000064
.00001

082717 .06872
192924 % .20616
2200937 ,28347
22379 ¢ 0 .23622

1161947 (132874
,04291 — .05315
.011565 .01551 —
~.00228 . .00332

; .00033 ¢ ... .00052

S 00004~ 4 1.00006
06725 .05498
.20176 .17867
.27935 .268004-
.25638 .24567
.13837 - .15355
05664 + .06909+
.01743 02304 —
.00403—  .00575+
.000694-"  .00108
.00009 .00015
00001 .00002
05464 .04398
.17654 .15393
.26480 .25014
24444 — .25014
.15512 17197
07159 .08599
.02479 — .03224
00653 -+ .00921
.00132 .00202
.00020 00033
.00003— .00005 —
. 04440 .03518
.15368 .13195—
.24825 .230894
.24825 .25014
.17187 .18761 —
.08726 .10318
.02356 .04299
.00996 .01382
.00229+ .00346 —
.00042 — .00067
.00005-+ .00010
L0000 .00001
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TABLE 1.2 (continued). THE BINOMIAL DISTRIBUTION : INDIVIDUAL TERMS

{n = 5(1)15; selected values of =)

n

13

14

T =14 ©=0.30 n =13 n=0.40 1w =17/16 n = 4/9 x=1/2
0 .03168 .01384 .00771 .00218 .00100 .00086 .00024

1 .12670 -+ .07119— .04624 01741 00937 — 200830 .00293
2 7 .23230— 16779 (12717 06385 04006 .03652 — .01612—
3 ¢ 25810 .23970 .21195 14190 — 10386 .09737 .0537!

4 .19358 .23114 .23845 21284 18176 17526 12085

5 .10324 15849+ .19078 .22703 .22619 .22434 19356

6 .04015 .07925 11127 . 17658 .20525 .20928 . 22558
7 .01147 02911 .04769 .10090 13683 .14358 .19336

8 .00239 .00780 .01490 .04204 06651 + 07179 .12085

9 .00035 00148+ 00332 — .01246 .02300— .02552 .05371
10 .00004 .00019 .00049-+ .00249 .00536 + 00613 L01612—
11 — .00002— .00005 .00030 .00076 00089 .00293
12 — — — .00002 .00005 .00006 .00024

0 .02376 .00969 00514 .00131 .00056 .00048 .00012

1 .10295 05398 .03340 01132 .00571 .00499 .00159

2 .20589+ .13881 100194+ 04527+ .02663 . 02398 — .00952

3 .25165 .21813 .18369 .11068 .07595 .07032 .03491

4 .20971 .93370+ .22962 — .18446 14788 .14065 — .08728

5 .12583 .18029 .20665 .22136— . 20875 .20252 4+ 15711 —
6 .05592 .10302 13777 19876 .21441 .21603 .20947

7 .01864 04416 — 06889 — 13117 .16677— 17283 — .20947

8 .00466 01419 .02583 .06559 09727+ .10369 15711~
9 .00086 .00338 007174+ .02429 04204 — .04609 .08728
10 .00012 .00058 00144 006474 .01307 + 01475 .03491
11 .00001 .00007 .000194+ .00118 00278 — 00321+ .00952
12 —_ — .00002 00013 .00036 .00043 .00159
13 — — — .00001 .00002 .00003 .00012

0 01782 .00678 .00343 .00078 .00032 .00027 .00006

1 .08315 .04070 — .023974 00732 — 00345+ .00298 -+ 00086 —
2 .18016 .11336 .07793 .03169 01748 .01554 .00565

3 .24021 .19433 15586 .08452 05437 .04973 — .02222

4 .22019 .22903 .21431 . 15495 .11630 .10939 .06109+
5 . 14680 .19632— .21431 .20659- .18091 17502 .12220—
6 07340 .12620 160754 .20660 .21106 .21003 18328+
7 .02796 06181 09184 15741 .18761 .19203 .20948 —
8 00816 02318 04019 — 09182 197674+ .13442 .183284-
9 ,00181 .00662 .01339 .04081 06621 — .07169 .12220—
10 .00030 00142 .00335 .01360 02574+ 02867+ 06109+
1 .00004 .00022 .000861 .00330 00729 — .00834 .02222
12 |1 — .00003 — .00007-+ .00055 00141+ .00167 .00555
13 — — .00001 .00006 .00017 .00021 00086 —
14 — — — — .00001 .00001 .00006

0 .01336 . 00475 .00228 . 00047 .00018 00015 .00003

1 .06682 .03052 01713 .00470 .00208 00178 .00046

2 15591 .09156 .05995 02194 01135 — 00996 .00320

3 .22520 17004 .12988 06339 .03823 .03453 01389

4 .22520 .21862 .19482 .12678 .08920-- ,  .08287 04165+
5 16514+ 20613 .21431 — 18594 .15264 14585 09165 —
6 .09175 14724 .17859 20659+ 19787 .19447 15274

7 .03932 08112 .11481 .17709- - .19787 .20003 .19638

8 .01311 03477 .05740 11805+ .15390 18002 .19638

9 .00340 .01159 02233 — 06122 — 09309+ .09957 .15274
10 00067+ .00298 00669+ 024484 .04345 04780 — .09165—
11 00011 — .00058 .00152 .00742 .01536 01738 .04185+4
12 .00001 .00008 .00026 — .00185 .00398 00463 .01389
13 — .00001 .00003 .00025 .00072— .00086 .00320
14 — —_ — .00003 — .00008 .00009+ .00046
15 — — — — — .00001 .00003
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1 3 CONI‘IDENCE InTERVALS For THE BINOMIAL PROPORTION
Q. .[ntroductron

Table 1.3 furnlshes two sided 95+9, and 99%9, conﬁdence limits for bhek;\'
unknown bmomlal propormon m, correspondmg to the number of trials 7 .and the

observed value of z. f':‘;:("j”

These ‘confidence lrmxts have the propertv, that «compared to any other *

system of limits with oonﬁdence coefficients not less than 95%, and ! 99%, the total

length of confidence intervals corresponding to x =0, 1,...,n is the least. For details' .
see Crow (1956, Brometrrka 43, 423-435) and Sterne (1954 Blometnka 41, 275-278).

The confidence hmlts given in Table 1.3 are correot “to three places of
decimal and are. for n = 1(1)30 and z = 0(1)[n/2] If = is grea.ter than [n/2], n— z:
would be < [n/2], and the table can be read for confidence limits for the complementa,ry."_;;" ;

proportron (1—m) from Wthh the conﬁdence limits for 7 are obtamed

Emample Suppose n__25 and x = 14 ."Then n— —x=11 Entermg Table 1.3

with & = 11 and 7 = 25 the 95% limits for 1—7 are seen to be (0 238, 0.664) which
means that’ the 90% limits for Would be (1 —0.664, 1—0. 238) = (0 336, 0.762).

b. One srded conﬁdence mtervals

The 10004% lower bound for 7 1s the smalles‘o value of I, satlsfymg the inequality.

P(d; 7r, ny = (xl , _n) > l-a Where d 1s the observed value of z.
x_%d i : o

L

1 1 “le—d

Since : ‘ ‘," P(d 7T ’n/) mj t "—7 i dt,

this lower bound is seen to be the lower 100( —a) % point of the beta distribution

with parameters d and n—d-+1 respectively. . (See Table 6.2 for percentage points of
the beta distribution). Srmﬂarly the 10029, upper bound on 7 is given by the upper -

100(1—a) % pomt of the beta. dlstnbu‘mon with parameters d+1 and n—d respectively.
-~ Tests of srgmﬁcance ‘

Table 1.3 can also be used for testmg a simple hypothesw on 7, when alter- -
natives are both-sided. " If ¢ = d be the observed value of z in n trials, we find, from'

Table 1. 3 the correspondmg lOOa% eonﬁdenee interval “for /7.

100(1—a)% Tevel of significance.

Example. 18 tosses of a coin result in 5 heads.
bypothesm that the:coin is unbiased ?

‘Here ! n =18, x = 5. The corresponding 95%, confidence interval for 7 being
(0 116, 0. 556), the hypothesrs 7= 0.5 cannot be rejected at the 5%, level of significance.

“Table” 6 2 (percentage points of the beta distribution) can be similarly used for
testmg a s1mple hypothesrs on 7, when alternatives are one-sided. Suppose in the
above example the hypothesis 7 = 0.5 is to be tested against alternatives 7 < 0.5.
The 95% upper bound for 7 (which is same as the upper 5%, point of B(6, 13))=0.4978.

Since the hypothe‘mcal value exceeds this value, the hypothesis stands rejected at
the 5%, level of s1gn1ﬁcance

A null hypothesrs
which aSSIgns a value of 7 outside . the ' confidence interval is rejected at the

Is this compatible with the
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TABLE 1.3. CONFIDENCE INTERVALS® FOR THE BINOMIAL PROPORTION
Confidence coefficient : 95+9
n lz=0 z2=1 z=2 =3 x=4 =5 =6 z=7 =8 =9 z=10 r=11 z=12 2=13 s=142=15
1.950
.000
2 1.776  .975
.000 .025
3 1.632 .865
.000 .017
4 1,527 .751 .902
.000 .013 .098
53 1.500 .657 .811
.000 .010 .076
6 ].402 .598 .729 .847
.000 .009 .063 .153
7 1.377 .554 659 .1775
.000 .007 .053 .129
8 {.315 .500 .685 .711 .807
.000 .006 .046 .111 .193
9 {.280 .443 .558 .711 .749
.000 .006 .041 .098 .169
10 |.267 .397 .603 .619 .733 .778
.000 .005 .037 .087 .150 .222
11 {.250 .369 .500 .631 .667 .750
.000 .005 .033 .079 .135 .200
12 {.936 .346 .450 .550 .654 .706 .764
L000 .004  .030 .072 .123 181 .236
13 {.225 .327 .434 .520 .587 .673 .740
.000 .004 .028 .066 .113 .166 .224
14 {.206 .312 .389 .500 .611 .629 .688 .794
.000 .004 .026 .061 .104 .153 .206 .206
15 1,191 .302 .369 .448 .552 .631 .668 .706
.000 .003 .024 .057 .097 .142 .191 .191
16 }.178 .272 .352 .429 .500 .571 .648 .728 728
.000 .003 .023 .053 .090 .132 .178 .178 272
17 1.166 .254 .337 .417 .489 .544 .594 .663 .746
.000 .003 .021 .050 .085 .124¢ .166 .166 .253
18 1.157 .242 .325 .381 .444 .556 .619 .625 .675 .758
.000 .003 .020 .047 .080 .116 .156 .157 .236 .242
16 .150 .232 .316 .365 .426 .500 .574 .635 .655 .688
.000 .003 .019 .044 .075 .110 .147 .150 .222 .232
20 {.143 .222 .293 .351 .411 .467 .533 .589 .649 707 .707
.000 .003 .018 .042 .071 .104 .140 .143 .209 .222 .203
21 1.137 .213 .276 .338 .398 .455 .506 .551 .602 .662 .724
.000 .002 .017 .040 .068 .099 .132 .137 .197 .213 .276
29 1,132 .205 .264 .326 .389 .424 .500 .576 .582 .617 .674 .7306
.000 .002 .016 .038 .065 .094 .126 .132 .187 .205 .260 .264
23 1.127 .198 .255 .317 .360 .400 .457 .543 .591 .640 .640 .683
000 .002 .016 .037 .062 .090 .120 .127 .178 .198 .247 .255
24 1.122 .191 .246 .308 .347 .396 .443 .500 .557 604 .653 .661 .692
000 .002 .015 .035 .059 .086 .ll5 .122 .169 .191 .234 .246  .308
25 |.118 .185 .238 .303 .336 .384 .431 .475 .525 .569 .616 .664 683
000 .002 .014 .034 .057 .082 .110 .118 .161 .185 .222 .238 .296
26 {.114 .180 .230 .282 .325 .374 .421 .465 .506  .542 579 .626 .615 .718
000 .002 .014 .032 .054 .079 .106 114 .154 .180 .212 .230 .282 .232
97 |.110 .175 .223 .269 .316 .364 .415 .437 .500 .563  .570 .598 .636 .684
L0000 .002 .013 .031 .052 .076 .10l 110 .148 175 .202 .223 .269 .269
98 {.106 .170 .217 .259 .307 .357 .384 .424 463 037 .576 .616 .619 .645 .693
000 .002 .013 .030 .050 .073 .098 .106 .142 .170 .192 .217 .258 .259 .307
29 |.103 .166 .211 .251 .299 .339 .374 .413 .451 .500 .549 .587 .626 .661 .661
000 .002 .012 .029 .049 .070 .094 .103 .136 .166 .184 .211 .247 .251 .299
30 1.100 .163 .205 .244 .202 .324 .364 .403 .440 (476 .524  .560 .3%7 .636 .676 .GT6
000 .002 .012 .028 .047 .068 .091 .100 .131 .163 .175 .205 .236 .244 .292 .324
=0 z=1 2=2 z=3 z=4 z=5 =6 z2=T 2=8 =9 =10 2z=11 2=12 s=18 z=142=15

(1) For a different type of confidence intervals see Table 11 in Statistical Tables and Formulae
by A. Hald, John Wiley and Sons, New York, 1952.
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TABLE 1.3. CONFIDENCE INTERVALS FOR THE BINOMIAL PROPORTION

Confidence coefficient : 99+9,.

10

2=0 w=1 z=2 s=38-z=4 o=5 m=6 w=7 z=8 3=9 =10 2=11 ¢=12 =13 =14 v=15

w

'

.990
.000

2 |.900 .995 CoEE T :
.000 .005 Lrnon !
.785  .941 : / }
.000 .003 L S »
.684 .859 .958 . o g

.000 .003 .042 b .
.602 .778 .89%4 -
.000 .002 .033

<t

61.536 .706 .827 .915
.000 .002 .027 .085
71.500 .643 .764 .858
.000 .001 .023 .071. .
g |.451 .590 .707 .802 .87
000 .001 .020 .061...121
9 |.402 .598 .656 .750 829
2000 .001 .017 .053 °.105
376 .512 .624 .703 1.782 .850
000 .00L .016 .048 .093 .150

11 {.359 .500 .593 .660%..738 .806
.000 .001 .014 .043 ~+.084 " .134
12 1.321 .445 .555 .679! .698 .765
.000 .001 .013 .039.°.076. .121 . i
13 1.302 1.429 .523 .594° .698 727 787 .
.000 001 .012 .036.°.069 . .111 .159 -

14 |.286 .392 .500 .608. .636 714 .75l .305
.000 .001 .011 .033'; .064 .102 .146 ..195
15 [.273 .873 .461 .539-1.627 .672 .727 .771
.000 .001 .010 .031, .058 .094 .136 .179 .

16 1.264  .357 .451 .525. .579 .643 .705 .739 .788

.000 -.001 .010 .029 .055 .088 .125 .166 .212

17 |.242 .346 .413 .500 .587 .620 .662 .758 .758

,000 .001 .009 .027  .052 .082 .117 .155 .197

18 |.228 .318 .397 .46G' .534 603 .682 .686 772 .T74

.000 .001 .008 .025 .049 077 .110 .145 184 .226

19 |.218 .305 .383 .455 515 .564 .617 .695..707 .782

.000 .001 .008 .02¢4 .046 .073 .103 .137 .173 .212

20 |.209 .293 .375 .424 .500 .576 .601 .637 .707 .726 .791
,000 .001 .008 .023 044 069 .098 .129 .163 .200 .209

.901 .283 .347 .409 .466 .534 .591 .653 .661 .717 .743

.000 .000 .007 .022 .041 .065 .092 .122 .155 .189 .201

99 1,104 .273 .334 .396 .454 505 .550 .604 .666 .682 727 758

.000 .000 .007 021 .039 .062 .088 .1l16 .147 .179 .194 .242

23 |.187 .265 .323 .386 .429 .500 .5371 .580 .616 .677 .702 .735

.000 .000 .007 .020 .038 .059 .084 111 .140 171 .187 .229

4 ].181 .259 .313 .364 .416 .464 .336 .584 .636 .638 .687 .720 .743
.000 .000 .006 .019 .036 .057 .080 .106 .133 .163 .181 .216 .257

5 1175 .245 .305 .352 .403 451 .500 .549 .597 .648 .658 .695 .755

.000 .000 .006 .018 .034¢ .054 .077 .101 .127 .155 .175 .205 .245

26 1.170 .234 .2908 .542 .393 .442 487 .526 .562 .607 .658 .878 .702 .766
.000 .000 .006 .017 .033 .032 .073 .097 .122 .149 .170 .195 .234 .234
27 1.166 .225 .297 .332 .384- 419 .461 .539 .58} .587 .617 .668 .702 .Ti6
.000 .000 .0068 .017 .032 .05G .070 .093 .117 .143 .166 .185 .224 .225
§1.162 .218 .272 .323 .364 .408 .449 .500 .3551 .592 .636 .636 .677 .728 .728
.000 .000 .005 .016 .03%1 .048 .068 .089 .112 .137 .162 .175 .214 .218 .272
29 1.160 .211 .263 .316 .334 .397 438 .477 .523 .562 .6035 .646 .654 .684 .737
.000 - .000 .00 .015 .030 .046 .065 .086 .108 .132 .157 .165 .206 .211 .260
30 1.151 .206 .256 .310 .345 .388 .430 .469 .505 .538 370 .612 .655 .671 .692 .744
.000 .000 .005 .015 .028 .043 .063 .083 .104 .127 .1581 .151 .198 .206 .249 .256

n lg=0 z=1 =2 =3 x=4 z2=5 =0 x=T7 =8 2=0 =10 2=11 2=12 2=13 z=14 =15




2.4. Inpivipval TERMS

a. Introduction

Table 2.1 gives values of p(x|A) = ¢ A%z, 2 =10,1,2, ... for A = 0.1 (0.1) 1.0,
1.5, 2.0(1.0) 10.0 and also for some small values of A = 0.0005, 0.001(0.001) 0.009. The
values are correct to eight places of decimal for A upto 5.0 and to seven places of
decimal for A from 6.0 to 10.0.

b. Interpolation in Table 2.1

For purposes of interpoiation (A-wise) between the tabuluted values the following
formula based on Taylor expansion will be found useful. Tet the value of p(x|A) be
required for a given A, and A, stand for the tabular argument closest to A; and
let d=A — A,. Then,

2 k
P 1) = Pl | A)—dBpla—1 | A+ A% ple—2| A+ (—1F Ty A% plo—E| A+ B

where A, AZ... are the 1st, 2nd, ... order differences taken with respect to z, and

k+1 . o
R = (’ko-l—i—_l—f' AR+ px—Ek—1]A*), where A* is some value lying between A and A,.
It will thus be possible, by inspection of the tabulated values, to judge the maximum

possible magnitude for the error E.
Example. To compute p(x|A) for A = 5.25, z = 3.

Trom Table 2.1, A, = 5.00 so that d = 0.25. Oumitting terms involving third
and higher order differences,

p(3]5.25) = 0.14037390-—0.25(0.14037390—.0.08422434)

(0.25)2 . o 4an oG .
—- T {0.14037390—2>0.08422434--0.03368974) = 0.12651198
_(0.25)8 wy & 5 -
B= 30 A P(3|A)—WA (3[A%)
where A* is a value between & and 5.25. Since A® p(3]5) = —0.01798735, A® p(3}6) =

—0.0024787 and the absolute vaiue of A® decreases as A increases, we have

0.01796785
srp = ~0.60007019.

<R <~
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When the interpoiation for & given value of A has o be repeaied, zs o7

instance in fitting a ?oisson distribution, the above formula may be rewvitten as foilows:

(i) linear mterpola’clon

\M“G— p(xli‘t +d pz—1{ )
{11} quadratic mtet’polamo'} Do v

~
]
a

2z]a =(11—d—i——‘;—'

and so on. I

E
)
o
2.
4
Wy
|
f1
%
3
——
2
|
pont
=
¢l
+
] ®,
i
3

Example. ¥Tit a Poisson law to. the frequency
misprints per page’ in 377 proof pages of a book.

4

‘r

Loy numberof ... :
. nisprints number of "Poisscn
Der page pages frequency
()
0 . 181 i80.2
i 142 130.2
2 ‘ S 4T 44d.5
3 6 16.1
g 4 1
i 5 and above - 2.2
;,‘ total 377 377.0

The mean of the observed frequency distribution which works out to be 0.684 provides
an estimate for A of the Poisson distribution to be fitted. The nearest tabular argument
Ao, in Table 2.1, is 0.7 so that d=—0.016. Using the formula for linear interpolation,
the values of p(x|A)for x = 10,1, 2,3, 4, 5 are 0.5045, 0.3452, 0.1180, 0.0269, 0.0048,
0.0008 respectively. The Poisson frequencies obtained by multipiying these by
377 are shown in the last column above.

The cumulative Poisson probabilities which will be of interest in some problems,
may be built up fmm ‘the individual terms given in Table 2.1 or from s table of the
incomplete gamma f_unction (see 2.2b). An instance where such probabilities are of
‘use is in constructing acceptance sampling inspection plans.

c. Some other tables of the Poisson distribution,

1. Morina, B. C. (1942) 1 Poisson’s Hrponeniial Binomial Limii, ¥
York.
individual terms and cumaulative jterms cof the distribution,

3% = 0.061 {0.001)0.01 (0.01)0.3(0,}) 15(1)100.
2. Krracawa, Tosto, (1952): Tabies of Poisson Disiribuiion, Baifuken, Tokyo.
Individual terms, correct to 7 and 8 decimal places for A = 0.001 (0.001)2(£.01) 10.06.
Biometrike, Tables for Statisiicigns,

az Mosirand Book Company, New

o

correct S0 6 and 7 places for

3. PparsoN, BE. 8. and Hartriey, H. 3. (Eds.) (1887):

AY

Biometriks
Trast, Cambridge University Press.

Table 7: Probebility integral of the x2 distribution snd the cumulabive sum of the Poisson
distribution correct to five decireal places for x = 0.0005(0.0003) 0.005, 0.005(0.005) 0.05, 6.05(0.05)

1.0, 1.1(6.1) 5.0, 5.25(0.25} 19.0, 10.5{0.5) 2U~0, 21{1.9) 60. and Table 39 : Individual terms of the
. Poisson distribution, A = £,i{0.1} 15.0.
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TABLE 2.1 THE POISSON DISTRIBUTION—INDIVIDUAIL TERMS

(A = 0.1(0.1)1.0, 1.5, 2.0(1.0)10.0]

&

=01

o
0o

2

= 0.2 a = 0.8 x = 0.4 A= 0.5 z

9 .80483742 .81873075 . 74081822 .67032005 .60653066 0

: . 09048374 . 16374615 22224547 . 26812802 .30326533 1

2 . 00452419 01637462 .03333682 .05362560 07581633 2

3 . 00015081 00109164 00333368 00715008 .01263606 3

4 . 00000377 00005458 . 00025003 .00071501 00157951 4

5 . 00000008 .00000218 .00001500 .00005720 .00015795 5

6 . 00000007 .00000075 .00000381 .00001316 6

i . 00000003 .00000022 .00000094 7

8 00000001 .00000006 8

x %= 0.6 y o= 0.9 A= 0.8 = 0.9 A= 10 x
0 .54881164 .49658530 . 44932896 .40656966 .36787944 ]

1 .32028698 . 34760971 .35046317 .36591269 . 36787944 1

2 .09878609 . 12166340 .14378527 . 16466071 .18393972 2

3 .01975722 .02838813 03834274 .04939821 06131324 3

4 .00296353 . 00496752 00766855 .01111460 .01532831 4

5 .00035563 .00069551 .00122697 .00200063 .00306566 5

6 . 00003556 00008114 .00016360 . 00030009 .00051094 6

7 00000305 .00000811 .00001870 .00003858 00007299 7

8 . 00000023 . 00000071 .00000187 . 00000434 .00000912 8

9 .00000002 .00000006 00000017 00000043 .00000101 9

10 .00000001 .00000004 .00000010 10
i1 .00000001 11
© »= 15 =20 A = 3.0 A = 4.0 r»= 5.0 x
0 .22313016 .13533528 .04978707 .01831564 .00673795 0

1 . 33469524 . 27067057 -14936121 . 07326256 ,03368974 1

2 .25102143 .27067057 .22404181 . 14652511 08422434 2

3 12551072 . 18044704 .22404181 . 19536681 .14037390 3

4 04706652 . 00022352 .16803136 . 19536681 17546737 4

5 01411996 .03608941 .10081881 . 15629345 17546737 5

6 .0035299¢ .01202980 .05040941 .10419563 .14622281 6

7 . 00075647 . 00343709 .02160403 .05954036 .10444486 7

8 0001418 . 00085927 .00810151 02977018 06527804 8

9 .0000236¢. .00019095 00270050 01323119 03626558 9

10 00000355 .0000381¢ 00081015 . 00529248 .01813279 10
il .00000048 .00000694 .00022095 .00192454 00824218 11
12 .00000006 00000116 .00005524 .00064151 00343424 12
1 .00000001 00000018 00001275 .00019739 00132086 13
14 00000003 .00000273 00005640 .00047174 14
i5 . 00000055 .00001504 .00015725 15
16 .00000010 .90000376 00004914 16
17 . 00000002 . 00000088 .00001445 17
18 00000020 .00000401 18
19 . 00000004 .00000106 19
20 . 00000001 .00000026 20
21 .00000006 21

00000001

(3]
o
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TABLE 2.1 {continued). THE POISSON DISTRIBUTION : INDIVIDUAL TERMS

8

[\ = 0.1(0.1) 1.0, 1.5, 2.0(1.0)10.0]

[ PRETRNREY

= 6.0

N=170 = 8.0 » = 9.0 x = 10.0 x
0 .0024788 0009119 . 0003355 . 0001234 . 0000454 0
1 .0148725 .0063832 .0026837 .0011107 . 0004540 1
2 04486175 .0223411 .0107348 . 0049681 . 0022700 2
3 .0892351 .0521293 .0286261 .01499432 .0075667 3
4 .1338526 .0912262 .0572523 .0337372 .0189166 4
5 .1606231 .1277167 .0916037 .0607269 .0378333 5
6 .160622 .1490028 .1221382 .0910903 .0630554 6
7 .1376770 . 1490028 . 1395865 L1171161 .0900792 7
8 .1032577 .1303774 .1395865 .1317556 .1125990 8
9 .0688385 .1014047 .1240769 .1317558 .1251100 9
10 .0413031 .0709833 .0992615 .1185801 .1251100 10
11 .0225290 .0451712 .0721902 .0970201 .1137363 11
12 .0112645 .0263499 .0481268 .0727650 .0947803 12
13 .0051990 .0141884 . 0296163 .0503758 .0729079 13
14 .0022281 .0070942 .0169237 .0323844 .0520771 14
15 .0008914 .0033106 . 0090260 .0194308 .0347180 15
16 .0003342 .0014484 .0045130 .0109297 .0216988 16
17 .0001180 . 0005964 .00212338 .0057863 .0127640 17
18 .0000393 .0002319 . 0009439 .0028932 .0070911 18
19 .0000124 . 0000854 .0003974 . 0013704 .0037322 19
20 . 0000037 . 0000299 .0001590 .0006167 .0018661 20
21 .0000011 .0000100 .0000606 .0002643 .0008886 21
22 . 0000003 . 0000032 .0000220 .0001081 . 0004039 22
23 .0000001 .0000010 . 0000077 .0000423 .0001756 23
24 . 0000003 . 0000026 . 0000158 .0000732 24
25 .0000001 . 0000008 . 0000057 . 0000293 25
26 .0000003 .0000020 .0000113 26
27 .0000001 . 0006007 . 0000042 27
28 .0000002 .0000015 28
2 .0000001 . 0000005 29
30 .0000002 30
31 0000001 31
SMALL VALUES OF A
[» = .0005, 0.001 (0.001) 0.009]
® 2 = 0.0005 » = 0.001 A = 0.002 = 0.003 % = 0.004 ©
0 . 9995001 .9990005 .9980020 .9970045 .9960080 0
1 . 0004998 .0009990 .0019960 .0029910 .0039840 1.
2 . 0000001 . 0050005 .0000020 .0000045 .0000080 2
2 » = 0.005 » = 0.006 A = 0.007 A = 0.008 A = 0.009 z
0 .9950125 .9940180 .9930244 . 9920319 .9910404 0
1 .0049751 0059641 .0069512 . 0079363 .0089194 1
2 .0000124 0000179 0000243 . 0000317 0000401 2
3 — —_— . 0000001 . 8000001 0050001 3
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2.2, CoxrFIDENCE INTERVALS For THE PoissoN MEAW

a. Introduction

Table 2.2 gives two sided 95'% and 99¥% confidence. limits for the
Poisson parameter A (which is the mean of the Poisson distribution) based on a
single observation z. Since the sum of n independent Poisson variables is also distri-
buted according to the Poisson law with parameter nl, we can find, by considering
the sum of the observations as the variable, the confidence interval for nA and hence
for A, when there are n observations from the Poisson distribution.

The confidence intervals given in Table 2.2 follow the same principle as
mentioned in 1.3a and are based on tables provided by Crow and Gardner (1959).

The limits in Table 2.2 are given correct to two places of decimal, for values
of # = 0(1)50. For higher values of 2 one may use the following limits derived from
the normal approximation to the Poisson distribution

confidence coefficient lower limit upper limit
0.95 2~—1.96 Nz z+1.96 Nz
0.99 x—~2.58 Nz z+2.58 nz

Example. A total number of 30 seeds were observed in a sample of n=20
glass sheets manufactured by a certain process. It is required to find the 95% con-
fidence interval for the process average number A of seeds per sheet.

Entering Table 2.2 with » = 30 the 959, limits for nA (n = 20 in this example)
are read as (20.33, 41.75). From these the 95%, confidence limits for the process
average number (A) of seeds per sheet eve given by

( 20.33  41.75

5 55 >0r (1.02, 2.09).

b. One sided confidence limits

With ¢ as the observed value of z, the 10029, lower bound on A is the smallest
value of A that satisfies the inequality

Pc; A) = Z plx|A) > 1—a.
Si P =f g
ince (c; A) = Of _W
the 10009, lower bound for A is seen to coincide with half the value of the lower
100(1—a)9% point of the chi-square distributior with 2c degree of freedom (Table 5.1).

Similarly the 100¢%, upper bound for A is given by U/2 where U is the upper
100(1—a)9, point of the chisquare distribution with (2¢+2) degrees of freedom.
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| Example. The upper 59, point of chlsqua,re with 62 a.f’ is’'81.4:." Hence Wlth_'
the same data as in the earlier example one ‘may assert w1th 95%‘ conﬁdence that the

1701
average number of seeds per manufactured sheet does not exceed 3055 = X 81 .4:2.035.

DL

c. Tests of significélnce

.~ Table 2 2 can be used for testmg a snnple hypothe31s regardlng A when “alter-
natives are both-sided. = A hypothesis is re]ected when the value of A b, “specifies faﬂs
outside the” conﬁdence interval correspondmg to the observed value of T.

L
£

" Table 5 would s}mllarly be useful for one sided tes‘cskron 7(

d." ‘Some other tables
1 CROW, E. L and GABDNER R. 8. (1959) : Confidence Intervals for the Expecbatlon of a Poisson Varx

" able, meetmka, Vol. 46, pp. 441-453. L

. 80+, 90+, 95+, 99+ and 99.9+9, confidence intervals correct to two. places of decimal, x =
0(1)300

2. PEARSON E. S. and HARTLEY H. 0. (Eds.) (1957):

" Trust, Cambrldge University Press.

- Table 40: 90+, 95+ 98+, 99+ and 99.8+%, confidence ln’oerva.ls, correot to two places of decimal,
5 obtamed from two, s1ded tests with equal tail areas. x = 0(1)30(5) .

Biometrika Tables for Statisticians, Biometrika

'TABLE .2.2. CONFIDENCE INTERVALS FOR THE POISSON MEAN

95+9, and 99+9%, confidence coefficients

x 959, limits v~ 999, limits x 959, limits 999, limits
0.1 0.000  3.285; 0.000 4.771
21 0.051 5.323" 0.010 6.914 . 26 | 16.77 37.67 15.28 41.39
2] 0.355 6.686 0.149 8.727 27 17.63 38.16 15.28 42.85
3 | 0.818, 8.102 0.436 10.473 28 | 19.05 39.76 16.80 43.91
4 1.366 : 9.598 0.823 12.347 29 19.05 40.94 16.80 - 45.26
5 1.970. 11.177 1.279 13.793 30 1 20.33 41.75 18.36 46.50
6| 2.6137 12.817 1.785 15.277 31 . 21.36 43.45 18.36 47.62
7. 3.285 13,765 2.330 16.801 32| 21.86 44.26 19.46 49.13
8 | 3.285: . 14,921 2.906 18.362 33 | 22,94 45.28 20.28 49.96
.9 4,460 . 16.768 3.507 19.462 341 23.76 47.02 20.68 51.78
10-') 5.323 17.633 4.130 20.676 35| 23.76 47.69 22.04 52.28
11 | 5.323 19.050° 4.771 22.042 36 | 25.40 48.74 22.04 54.03
T12¢) 6.686 20.335 4.771 23.765 371 26.31 50.42 23.76 54.74
1374 6.686 21.364 5.829 24.925 381 26.31 51.29 23.76 56.14
14+ 8.102 22.945 6.668 25.992 391 27.78 52.15 24.92 57.61
15, 8.102 23.762- 6.914 27.718 40 | 28.97 53.72 25.83 58.35
161 9,598 25.400 7.756 28.852 41 ( 28,97 54.99 25.99 60.39
17: 9.598 26.306 8.727 29.900 42 | 30.02 55.51 27,72 60.59
(181 11.177 27.735 8.727 31.839 431 31.67 56.99 27.72 62.13
19 11.177 28.966." | 10.009 32.547 44 | 31.67 58.72 28.85 63.63
20 12.81‘7 30.017 10.473 34,183 45 | 32.28 58.84 29.90 64.26
21 12.817 31.675 11.242 35.204 . 46 | 34.05 60.24 29.90 65.96
22 13.765 32.277 12.347 36.544 47 1 34.66 61.90 31.84 66.81
23 14.921 34.048 12.347 37.819 48 | 34.66 62.81 31.84 67.92
L 24 14.921 34.665 13.793 38.939 491 36.03 63.49 32.55 69.83
25 16.768 36.030 13.793 40.373 50 | 37.67 64.95 34.18 70.05




3. THE STANDARD NORMAL DISTRIBUTION

3.1. ORDINATES AND PROBABILITY INTEGRAL
a. [Introduction

Table 3.1 provides, correct to six places of decimal, values of the ordinates
of the standard normal distribution

N(z) = N(z|0,1) = -7352;77 e 2 = 0(0.01)3(0.1) 4

and the values of the probability integral
P(z) = | Nw)dw for x = 0(0.001) 3 (0.01) 4 (0.1) 4.9,
0
From symmetry N(z) = N(—z) and for non-negative numbers @ and b, (a < b)

{ N(w)dw = P(b)—P(a) = _j:N(w)dw

T N(w)dw = P()+Pla) = yb N(w)dw

Example. The score 8 in a certain test is known to be normally distributed
with mean 50 and standard deviation 10. Determine the proportion of cases for which
the scores lie between (i) 35 and 55, and (ii) 55 and 67.

The distribution of w = (S—50)/10 is standard normal. Hence for (i) the
0.5

answer is | N(w)dw = P(0.5)4P(1.5) = 0.191462-+0.433193 = 0.624655.
-1.5
Similarly the answer for (ii) is
17 '
N(w)dw = P(1.7)—P(0.5) = 0.455435—0.191462 = 0.263973.
0.5
b. Derivatives of N(x)
The Tchebycheff-Hermite polynomials H,(x) are defined by equations

d’N(x)
dx’

— (—1) H,(2)N(z)

, / \
Hr(x):x”——< Z) )x"-2+1><3k ; )x"-4—1><3><5( :,) )x"—6+1><3><5><7( ; )x’-s—.,,
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: The table below glves the coefficients in H(z) for r upto 10 -

v . COEFFICIENTS IN HERMITE POLYNOMIALS -
||_1°—|I Sz ian 5 21 o ‘ p 20wt ewt [ ab z8. 10
1 R A E A P B 1
3| -3 1 o o {‘ 4 3 ——6 _iv"1g
5 15 -0 1 o Lol —150 a5t 15 h
T ~105 (108 a1 IR . l 5 !i 105 —426 210 —-23 1 {
| o | 945 —1260 878 —36 .1 | . 10 | —045 4725 —3150 630 —45 1 |

c. Direct‘interpolation in Table 3.1- _
Formulae for interpolation are derived from the following Taylor expansions :

-

| N@) = o) | 1—aHy@)+%5 Hlm) =% Hiwo)+-. |

. > _ 3
_ N(xo)ll a 0+a2(x0 1) a3(x06 3x,) +]

o

’;‘P(x)l (x0)+N(xo)[ “Hyw) " Hz(wo) -]

<%>+N<wo>[a-—”°+ i N

where x, denotes the tabular argument nearest to # for which answer is required and
a=x—Z.

- For N (x) the maximum error in using upfo linear terms (linear in a) is (.1995q2
and upto quadratic terms is 0.0918¢%. For P(x) the maximum error in using upto
llnea,r terms only is 0. 1210a® and upto quadratic terms, is 0.0665¢>
Example 1. Determine N(0.0149). c
Choosing Zy = 0.01, we have ¢ = 0.0049. Then
a*(z5—1)
N(.0149) = N(xo)[l——axo—l————————]

= 0.398922(1—0.000049—0.000012) = 0.398898 (to 6 decimal places).

Example 2. Determine P(1.0236)

We use a slightly different formula for interpolation of P(x),

Pla) = Plag+ V@) [a— 2 |
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where , is the tabular argument closest to # and } is 2, rounded to two plages of
decimals. The substitution of N(zj) for N(z,) in the originsl formula does nob
mntroduce any serious error and the accuracy of this formule is comparable to the
one considered earlier. Choosing =z, = 1.024, we have o =—0.0004, and 2y = 1.02.
Then P(1.0236) = 0.349432.1-0.237132 X[ —0.0004]

= (.349432—0.000095 = 0.349337 (to 6 places).
d. Inverse interpelation

Suppose it is required to find z corresponding to a given value of Plz) = 4,
between two consecutive tabular entries in Table 3.1. Let x, be the argument corres-
ponding to the nearest entry. The following formula determines x correct to five
places of decimal for z < 1.1.663 and at least to four decimal places elsewhere :

x=x0-l—A -]_\-,“ __(1)(-1?0) .

Example 3. Determine z for which P(x) = 0.25.
As in the formula for P(x) in cxample 2, the above formula can be rewritten as

A —P(z,)

N(wp)

T = Ty

Choosing x, = 0.674, we have x; = 0.67. Then x = 0.674-{——0'%0—1%17—5397— = 0.674+0.0049
= 0.67449 (to 5 decimal places).

e. Some other tables

1. {U.S.] NaTioNAL BUREAU OF STANDARDS (1953): ZTables of Normal Probability Functions, Applied
Mathematics Series 23, Washington

[
Table I gives N{z) and [N{w)dw correct to 15 places of decimal for z = 0(0.0001)1(0.007)

ht’ 2

x
7.800 (various) 8.285. Table II gives N(x) and [N(w)dw correct to 7 significant figures for s =
6(0.01) 10, wE

2. Harvarp Umiversiey CompuratioNn Lasonarory (1952):

Tables of the Error Function and 1ts
First Twenty Derivatives.

The Amnnals of the Computation Laboratory of Harvard University, 20,
Harvard Univ. Press, Cambridge (Massachussetts).
The contents are as follows :

T

JN(w)dw 6 dec 0(0.004) 4.892

0

N(z) 6 dec 0(0.004) 5.216

n-th derivative DN (x) :—

n o= 1(1)4 6 dec 0(0.004) 6.468

n = 3(1)10 6 dec 0(0.004) 8.236

n o= 11(1)15 7 fig 0(0.002) 6.198
and 6 dec €.2(0.002) 9.61

n = 16(1)20 7 fig 0{0.002) 8.398
and 6 dec 8.4(0.002)10.902.
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A 3.2, PERCENTAGE PoinTs
a. Introduction

For various values of p, Table 3.2 provides the upper 100p9%, points of the
absolute value of the standard normal variable, or more explicitly it gives tho
value of = satisfying the equation

p = fN(w)dw{— f—z N{w)dw = 2 F N(w)dw

since % = [ N(w)dw, the tabular values may also be interpreted as the upper 50p%

@

point of the standard normal variable. The lower 50p9% point can be obtained by
prefixing & negative sign to the value of the upper 50p% point. Thus reading
against p = .24 in Table 3.2, the upper 129, point of the standard normal variable is
obtained as 1.174987. The lower 12%, point is therefore —1.174987.

Table 3.2 also provides a short table of p (the probability of an observation
falling outside the range —x to x) for the following values of =

z = 0.25, 0.5(0.5) 5.0.
b. Application

Table 3.2 is useful in tests of significance, particularly in large sample tests
using standard errors (see Chapter IV in Part I) and together with Table 3.1,in a
limited sense, for probit analysis. A further use is in Cornish-Fisher type expansions
for the fractiles of other variables having asymptotically a standard normal distribu-

tion. For ¢, F and X* these expansions are provided in explanatory notes preceding
the corresponding tables.

TABLE 3.2. THE STANDARD NORMAL DISTRIBUTION: PERCENTAGE POINTS
OF ABSOLUTE VALUE

p 0 1 2 3 4 5 6 7 8 9

.0 oo 2.575829 2.326348 2.170000 2.053749 1.959964 1.880794 1.811911 1.750686 1.695398
1 11.644854 1.598193 1.554774 1.514102 1.475791 1.439531 1.405072 1.372204 1.340755 1.310579
‘o |1.281552 1.253565 1.226528 1.200359 1.174987 1.150349 1.126391 1.103063 1.080319 1.058122
'3 11.036433 1.015222 .994458 .974114 .954165 .934580 .915365 .896473 .877806 .859617
4 .841621 .823894 .806421 .780192 .772193 .755415 .738847 .72247%9 .706303 .690309
.5 674490 .658838 .643345 .628006 .612813 .597760 .582842 .568051 .553385 .538836
.6 524401 .510073 .495850 .481727 .467699 .453762 439913 .426148 .412463 .398855
.7 385320 .371856 .358459 .345126 .331853 .318639 .305481 .202375 .279319 .266311
.8 953347 .240426 .227545 .214702 .201893 .180118 .176374 .163658 .150989 .138304
.9 125661 .113039 .100434 .087845 .075270 .062707 .050154 .037608 .025069 .012533
P . .001 .000,1 .000,01 000,001 .J00,000,1 .000,000,01  .000,000,001

x . 3.29053 3.89059 4.41717 4.89164 5.32672 5.73073 6.10941

1

z 0.25 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
P .802587 .617075 .317311 .133614 .045500 .012419 .002700 .000465 .000063 .000007 .000001

3

@

The first digit of p afier tho decimal point is giver ir the colummp and the second digit
in the row.
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a, Introduction

Table 4.1 gives the p-th fractile of the t-distribution, for degrees of freedom
v = 1{1)30, 40(20)100, oo, the values of p being :

0.6, 0.7, 0.75, 0.8, 0.9. .95, 0.975, 0.99, 0.995, 0.999, 0.9995.

Fractiles for the following values of p can also be easily deduced frem Table

4.1, by changing sign because of symmetry (about the origin) of the i-distribution :
p : 0.0005, 0.001, 0.005, 0.01, 0.025, 0.05, 0.1, 0.2, 0.25 ,0.3, 0.4.

Example : To find the fractile of ¢ for v =4, p = 0.05. ~

The required fractile is —2.132 (2.132 being the 0.95-th fractile of ¢ for 4
degrees of freedom).

The first six columns of Table 4.1 directly provide critical values of |¢] for
two-sided tests at the 5%, 1% and 0.19%, 10%, 2% and 0.29, levels of significance
respectively. They also give the critical values of ¢ for upper tail tests at the
significance levels of 2.5%, 0.5% and 0.05%, 5%, 1% and 0.1%. A negative sign
prefixed to these values would provide the critical values for lower tail tests.

The last five columns provide the deciles and quartiles of the ¢ distribution.

3. Computing the fractiles for other degrees of freedom

For higher values of v Cornish-Fisher expansion of ¢, (the p-th fractile of ¢ with
v d.f.) may be used to determine its value to any desired accuracy

1/ 284z
fpy = z+ ""< 4

pY

1 <5x5+ 16x3+3x> —l-i < 3x7 192541728 — 15x>

>+?ﬁ 96 Vi 384

1 7029+ 776271~ 148225192023 — 9452
W ( 92160 >+

where z i3 the p-th fractile of the standard normal distribution.

Values of x(the first term) and the coefficients of 1/v, 1/v2 etc. in the expan-
sion, for the different values of p covered in Table 4.1 are shown below.

COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION

value of »
ol o5 905 .ese5 .95 .90 999 .6 N 5 .8 .9
1 1 1.05096 2.57583 3.20053 1.64485 2.32635 3.00023 0.25335 0.52440 0.67449 0.84162 1.28155
1jv 2.37227 4.91655 9.72973 1.52377 3.72907 8.15013 0.06740 0.16715 0.24533 0.35944 0.84658
1vz | 2.8225 §.8348 26.1330 1.4202 5.7197 10.6925 0.0107 0.0425 0.0795 0.1477 0.5709
1jv3 | 2.556 12.144  53.169 0.983 6.719 36.154 -0.009 -0.012 -0.005 0.017 0.259
vt | 1.6 121 T9.4 04 5.6  48.6 0 0 0 0 0.1

# Bufficient figures are retained to ensure accuracy in the fourth decimal place for n > 30.
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¢. Applications
Some uses of Table 4.1 are illustrated
(i) One sample problem—test and confidence interval

Example : The mean and sample variance of hardness (Rockwell E) determined
from a sample of 10 pieces of die-cast aluminium are :

2(x;—x)?

=685 s*=
n—1

= 2.5.

Are these consistent with the hypothesis that the average hardness u in respect of
the manufacturing process is 70 ?

=

T—p N _
v = 3.0, and |t|=3.0.
The 5% and 1%, level values of |¢] (for a two-sided test) for 9 d.f. being 2.262

and 3.250 respectively, the hypothesis can be rejected at the 5% level. On the basis
of the data a 95%, confidence statement of the following kind can be made :

s

a) u does not exceed z41.833 —= = 69.42,
(@) p + T

or  (b) adoes not fall below z—1.833 —e = 67.58,

V10

s )
lies between 7—2.262 —— = 67.37 and £4-2.262 — = 69.63
or (o) phe N V10 RveT!

where 10 under square root in the denominator is the sample size and 1.833, 2.262
are upper 5% and two-sided 5 9, values of ¢ from Table 4.1 corresponding to
n—1(=9)d.f

(i) Two-sample problem

Example : The impact strength readings in foot pounds in samples of sheets
from two lots were summarised as follows :

Lot 1: Sample size n, =8,

T, = 0.925,5% = e _ g7,
Ny —
Lot 2: Sample size n, = 10,
)2
Z, = 0.857, s} = Z@Eu—%)® _ g,

Np—1

Do the lots differ significantly in respect of the average impact strength?
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Assuming that the lots are of equal variability,

b= (2—%) - \/ <i+ l) (D105 _ g 499

Ty Ty Ny +1ny—2
The 5%, value of |¢| with ny+n,—2 = 16 d.f. being 2.120, the data do not lead to re-
jection of the hypothesis that the two lots have the same average impact strengbh.
(iti) Regression problem

Example © The thickness of zinc coating on 12 pieces of galvanized sheets
were determined by the standard stripping method (X) and a magnetic method (Y).
The least squares line of regression of ¥ on X and other statistics were as follows

Y = —0.23+1.17x.

8o = Zaf—nz? = 208,015, S,, = Ty?—nj? = 410,345, S, = Zay,—nzj = 348,915,
b= 84/[8;, = 1.17, R} = Residual sum of squares = S,,—82,/S,,=1,836. Test if
the regression coefficient is significantly higher than 1 at the 19, level.

TTRE 1836
= (b—1) — 20 (117 —1) — — = 6.849,
t=0-1) = ,\/(n—z)sm (1.17—1) = ,/10)<298015

The upper 1%, value of ¢ with n—2 = 10 d.f. being 2.764, the observed regression cocffi-
cient is seen to be significantly higher than 1 at the 19, level.

(iv) Significance of the correlation coefficient

Example : Is a correlation of r = 0.52 between green weight and yield of jute
fibre, observed on 20 jute plants significant ?

—_ r
i = —2 === 2.583.
v v pmre A
The 5%, and 1% values of |¢] (for two-sided test) with n—2=18 d.f. being 2.101 and
2.878 respectively, the observed correlation is significant at the 59, level but not at

the 19 level. (This test is however valid only under the assumption that the joint
distribution of the two variables under study is bivariate normal).

5. Some other tables

1. Pmarsow, E. S. and Hartrey, H. 0. (EpS.) (1957) :

Biometrika Tables for Statisticians, Biometrika
Trust, Cambridge University Press.

Table 9 gives the incomplete probability integral of ¢ for v= 1(1)24,30,40,60,120, o ; ¢ = 0(0.1)
4(0.2) 8 for v < 19 and = 0(0.05) 2 (0.1) 4,5 for v > 20.

2. Fegperiear, E. T. (1959): Extended Tables of the Percentage Points of Student’s t-distribution.
Jour. Amer. Stat. Asscn., Vol. 54, pp. 683-688.
Gives tp to three 3 places of decimal for the following values p and v.

p = 0.75, 0.90, 0.95, 0.975, 0.99, 0.995, 0.9975, 0.999, 0.9995, 0.99975, 0.99995, 0.999975, 0.99999,
0.999995, 0.9999975, 0.999999, 0.9999995, 0.99999975, 0.9999999,

v = 1(1)30(5)60(10) 100, 200, 500, 1000, 2000 and 10000,
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TABLE 4.1 THE (-DISTRIBUTION : FRACTILES

P t l
v 0.975  0.995 0.9995 l 0.95 0.99 0.999 i 0.60 0.70 0.73 0.80 0.90
1] 12.706 63.657 636.619 6.314 31.821 318.300 | .325 J727 0 1.000  1.376 3.078
2 4.303 9.925 31.598 | 2.920 6.965 22.327 | .289 .617 816 1.061 1.886
3 3.182 5.841 12.92¢° | 2.353 4.541 10.213 @ .277 .584 765 .978  1.638
4 2.776 4.604 8.610 2.132  3.747 7.173 271 .569 .741 941 1.533
5 2.571 4.032 6.869 2.015 3.365 5.893 | .267 .539 127 920  1.476
6 2.447  3.707 5.959 1.943 3.143 5.208 .265 .553 .718 .906  1.440
7 2.365 3.499 5.408 1.895 2.998 4.785 .263 .549 711 866  1.415
8 2.306 3.355 5.041 1.860 2.896 4.501 .262 . 546 .706 -889  1.397
g 2.262 3.250 4.781 1.833 2.821 4.297 .261 .543 .703 .883  1.383
10 2.228 3.169  4.587 1.812 2.764 4.144 . 260 .542 .700 .879  1.372
11 2.201  3.106 4.437 1.796 2.718 4.025 . 260 .540 .697 876  1.363
12 2.179 3.055 4.318 1.782 2.681 3.930 .259 .539 .695 873 1.356
13 2.160 3.012 4.221 1.771  2.650 3.852 .259 .538 .694 870 1.350
14 2.145 2.977  4.140 1.761 2.624 3.787 .258 .537 .692 .868  1.345
15 2.131  2.947 4.073 1.753 2.602 3.733 .258 .536 .691 866  1.341
16 2.120 2.921 4.015 1.746 2.583 3.686 .258 .535 .690 865  1.837
17 2.110 2.898 3.965 1.740 2.567 3.646 .257 .534 .689 .863 1.333
18 2.101 2.878 3.922 1.73¢ 2.552 3.610 .257 .534 .688 -862  1.330
19 2.093 2.861 3.883 1.729  2.539 3.579 .257 .533 .688 .861 1.328
20 2.086 2.845 3.850 1.725 2.528  3.552 .257 .533 .687 .860  1.325
21 2.080 2.831 3.819 1.721  2.518  3.527 .257 .532 .686 .859 1.323
22 2.074 2.819 3.792 1.717 2.508 3.505 .256 .532 .686 .858 1.321
23 2.069 2.807 3.767 1.714 2.500 3.485 .256 532 .685 -858  1.319
24 2.064 2.797 3.745 1.711  2.492  3.467 .256 .531 .685 .857  1.318
25 2.060 2.787 3.725 1.708 2.485  3.450 .256 .531 .684 .856  1.316
26 2.056 2.779  3.707 1.706 2.479 3.435 .256 .531 .684 .856 1.315
27 2.052 2.771  3.690 1.703 2.473 3.421 .256 .531 .684 .855 1.314
28 2.048 2.763 3.674 | 1.701 2.467  3.408 .256 .530 .683 .855  1.313
29 2.045 2.756  3.659 1.699 2.462  3.396 .256 .530 .683 .854 1.311
30 2.042 2.750 3.646 1.697 2.457 3.385 .256 .530 .683 .854  1.310
40 2.021 2.704 3.551 1.684 2.423  3.307 .255 .529 .681 .851  1.303
60 2.000 2.660 3.460 1.671 2.390 3.232 .254 527 . .679 -848  1.206
80 1.990 2.639 3.416 1.664 2.37¢ 3.195 .254 .527 .6178 .846  1.202
100 1.984 2.626 3.390 | 1.660 2.364 3.174 .254 .526 677 .845  1.290
ol 1.960 2.576 3.291 1.645 2.326 3.090 .253 524 674 842 1.282
. 2 sided 5% 1% 0.19% | 109% 29, 0.2%
test deciles and quartiles
1sided| 2.59 0.5% 90.05% 5%, 19, 0.19
test '
levels of significance

Note : 1. v represcuts the degrees of {reedom.”
2. For any given p in the top row, the table provides the value of fy such that the probability of ¢
being less than ¢p 1s equal to p. Forp < 0.5ty = —ta-p, to 50 being zere always.
3.

For obtaining a critical value of {t] for a two-sided or of ¢ for upper-sided test refer to the entry
corresponding to the chosen level of significance indicated in the last row, and the relevant
degrees of freedom. For one-sided tests using the lower tail, the eritical value is the same
as that for the upper tail with the sign changed.



5. THE x*-DISTRIBUTION
a,” ‘Introduction

Table 5.1 essentially provides, fractiles of the x2-distribution for degrees of
freedom v = 1 (1) 30 (5) 40 (10) 100, and for values of - :

» = 0.005, 0.01, 0.025, 0.05, 0.25, 0.50, 0.75, 0.95, 0.975, 0.99, 0.995.

~ Columns (1) and (2) of Table 5.1 gives the lower 19, and 5% values and

columns (3) and (4) the upper 1%, and 5%, values of the distribution of x*. These
entries are useful in one sided tests using only the upper or the lower tail.

.+ For a two sided test one may use equal partition of tails at any given level
of significance. Columns (5) and (6) provide the acceptable interval of x2 at 19, level

and, columns (7) and (8) that at 5% level. Values of y? beyond the interval on
either side will be declared significant.

Columns (9) to (12) provide an alternative set of partitions of x? at the 19
and 59, levels of significance for two sided tests. These are called unbiased partitions
(x2, x2) and satisiy the equations

—x2/2 —x2/2
o Ty

v—2
X3 ) —_—
b e N2 ey T gyt = 1—a = (0.99 or 0.95)

v 2
2V/2F <—2-‘> Xt
where v is the d.f.

~ The last three columns of Table 5.1 give the first quartile, median and the third
quartile of the distribution. ‘

b. Computation of fractiles for other degrees of freedom

~ The following expansion due to Cornish and Fisher may be used for higher
values of v. %2 and x are the p-th fractiles of x* (with v d.f.) and the standard
normal distribution respectively. Then

o, e
X = v+ (@v2) +'§(“’2_1)+W<x )

92
_i<6x4+14w2——32>+ i < 025125623 — 4332 >
v 405 vy 486012

1 (12:1:"'—2433:4-—923322—!— 1472
LET 25515 >

1 3753271 435325 — 28951723 — 289717
—_ ( i )+
v3/y 918540012 )
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Substituting the value of x, from normal tables, X% can be computed to the
desired degree of approximation. To facilitate the computations, the cosfficients of
/v, 1, 1/V/vetc. in the above expansion are given below for p = 0.5, 0.73, 0.95,
0.975, 0.99, and 0.995. To compute Xy We use the same tabulated coefficients as for
© p but with signs of the first, third and every alternate coefficients changed. Thus

one can compute 3 for also p = 0.005, 0.0, 0.025, 0.05 and 0.25 using the tabuiated
values of the coefficients.

COEFFICIENTS* IN THE CORNISH-FISHER EXPANSION

coefficient value of p

of 0.99 0.95 0.995 0.975 0.5 0.75
Jv 1 3.2800527  2.3261743  3.6427727  2.7718076 0 09538726
1 2 041263  1.137029  3.756598  1.894306 —0.666667 —0.363376
1 J5 | —0.200266 —0.554981 —0.073888 —0.486382 0 —0.346842
1/ _0.54107 —0.12206 —0.80252 —0.27240 0.07901 0.06022
vy 0.4116 0.0779 0.6228 0.1948 0 —0.0309
1/v2 —0.3425 —0.1006  —0.4642  —0. 1952 0.0577 0.0393
vz gyl 0.203 0.122 0.183 0.170 0 0.012

* Sufficient figures are retained to ensure accuracy upbo the fourth decimal place for 30 <v<1600.

Tor values of v > 1600, the figures in the first row have to be computed to & higher number of decimal
places.

¢. Application
Some examples illustrating the use of Table 5.1 are given below.

() Variance of a normal populatior —lests and confidence intervals
Example. The sample variance of the blowing time of 10 fuses 1s :
§2 = S(z;—z)%/(n—1) = 384.16 (sec.)”.
Is this compatible with the hypothesis that the population variance is o5 = 300 (sec)?.

Situation 1: Given that the population variance can only equal or exceed 300.

o 300

(n—1)s? _ 938L16) _ ) sogy,

From Table 5.1 the upper 5% point of X with n—1 (= 9) d.f. 1s 16.92. Thus
the hypothesis cannot be rejected.

Situation 2 : Direction in which deviation from the hypothetical value can occur
is unspecified.

If one chooses to apply an unbiased test, the critical values are 2.95 and 20.51.
The computed value of y* is well within this interval. Hence the hypothesis cannot
be rejected.

9
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On the basis of the observed value of s?, one can make 959, confidence state-
ments of the following kind.

(a) o® does not exceed (n—1)s?/3.33 = 1038.72

(b) 6% is not less than (n—1)s?/16.92 = 204.34

(c) 0* lies between (n—1)s2/20.31 = 170.23 and (n—1)s?/2.95 = 1172.01

(d) o? lies between (n—1)s%/19.02 = 181.78 and (n—1)s?/2.70 = 1280.53,
wherve 3.33 and 16.92 are respectively the lower and upper 5%, points, and (2.95, 20.31)

and (2.70, 19.02) are respectively the unbiased and equal tail 59, partitions of x%,
with 9 d.f.

(ii) Combination of probabilities : To judge the overall significance of several
tests.

Ezxample. The following significance levels were attained in 5 independent

tests of the same hypothesis : 0.06, 0.06, 0.07, 0.10, 0.09. Considered together, is the
evidence strong enough to reject the hypothesis ?

The appropriate statistic is
k
P, = —2log, 10 X log;, p; = 25.993.
=]

which, as a x® with 2k (= 10)d.f., is significant at the 19, level. Hence, even
though individually none of the 5 tests leads to rejection of the hypothesis, with the

evidence provided by the five independent tests together, the hypothesis stands
rejected.

(iii) Goodness of fit

For other applications of the x® table in test of goodness of fit, test of

independence in contingency tables ete., see some standard books on statistical
methods.

d. Some other tables

1. Harp, A. and SINEBARK. S. A. (1950) :
dskr, vol. 33, pp. 168-175.
Gives fractiles to three places of decimal for the following values of p : 0.0005, 0.001, 0.005,
0.01, 0.025, 0.05, 0.1(0.1) 0.9, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995 and v= 1(1)100.

2. Harp, A. (1952) :  Stutistical Tables und Formulas, John Wiley & Sons, New York.
Table V gives fractiles to three figures.

A table of percentage point y% distribution. Skand Aktuariesi-

Otherwise the coverage is same asin 1. above. Table

VI gives fractiles of x2/v correct to four places of decimal for the following values of p : 0.0005,
0.001, 0.005, 0.01, 0.025, 0.05, 0.95, 0.975, 0.99, 0.995, 0.999, 0.9995 and v= 1{1) 100(5) 200,
(10) 300 (50) 1000 (1000) 5000, 10000.

3. Puarsor, B. 8. and Hartiey, H. O. (Eps.) (1957): Biometrika Tables for Statisticians, Biometrica

Trust, Cambridge University Press.

o0

Table 7 gives [——————— e-v/2 9712-1 dy to 5 decimal places for v = 1{1) 30(2). 70,
x*aviz [\(Q’. >

(2 = 0.001 (0.001) 0.01 (0.01) 0.1 (0.1) 2(0.2) 10(0.5) 20(1) 40(2) 134.
Table 8§ gives the fractiles of y2 to three and more places of decimal for the following values

of p: 0.005, 0.010, 0.025, 0.050, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95, 0.975, 0.995, 0.999 and v= 1(1)
30(10) 100.
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b Interpolation in Table 6.1 (v,—and v,-wise)

6. THE F DISTRIBUTION

6.1, TFRACTILES
a. Introduction

_ Table 6.1 gives fractiles of the F distribution for various combinations of v,
and v,, the degrees of freedom of the numerator and denominator mean squares

respectively. The values of p and the degrees of freedom covered are :

p = 0.25, 0.5, 0.75, 0.95, 0.975, 0.99, 0.995
v, = 11(1)9, 12, 24, ©©
v, = 1(1)30, 40, 60, 120, co.

‘If F, (vy, vy) denotes the p-th fractile, then we have the relation F,_, (vy, Vo)
' = 1/F (vq, v;), 50 that Table 6.1 can be used to obtain the fractiles for p = .005, 0.01
-0.025, 0.05 (i.e. the lower 0.5%, 1%, 2.5% and 5%, points of F') as shown in example

below.

Example. To find F,,.(vl, vo) for v; = 4, v, = 8, p = 0.05.
The required fractile is 1 /6.04 = 0.166, the value 6.04 being the upper 5%, point

“of F with v; =8 and v, =4 d.f.

"

In Table 6.1, the larger values of v, and v, have been chosen to be in harmonic

"« progression. This is because, for large values of v, and v,, quadratic or even linear

interpolation, with the reciprocal of the d.f. as the argument, is sufficiently accurate. -

Formulae for harmonic interpolation

vy —wise linear vy —Wise \ quadratic
u{u-1 —1).
9 v <12 [(1—u*ys+utyr 10 <<y < 16 (2+ ) ys—(iﬂz—l)ylz-*’u—(?%——)—‘yzq
. 1 _
12< v <24 |(1—uHyss+utys v > 17 “(“;' )ym—(uz~1)y“+..?f(ﬁ‘_z__l)yw

vy > 24 (1 —u*)yss +4* Yo

T finear vz —wise quadratic

B0 Lve <40 (l—u*)y”_";‘*y“ 31 Cva 34 u(u2+l)yz4—(u'.’—1)yco+ u(uz—-l)y“

40 < vz L 60 (1 —2* Yy g0 +u* Yoo 35 < vo € 48 . _"i(_"_‘;‘_l_)yso_(uz_1)y40+~u(u;1)yﬁo

60 < va < 120 |(1—u*)ygo+u™ Y120 49 < vy < 80 U(uz-i-l)ym__(m yert '?-/&;—l)ymo
81 < vy < 119 “(“2+9y00__(u2_1)y120+ u(uz—l)yw

Note : (1) w*=u if u> 0,=1+u if u<0
{e) y,l1s the tabulated value for vy =k in the formulae for yi—wise interpolation and for », = &

in the formulae for y; wise interpolation
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VALUES OF » FOR INTERPOLATION IN TABLE 6.1

1. vi= 8(1)60

Vi w vy w vy uw Vi ’ u 12 u 2% u

8 0 18 0.3333 9§ —0.1420 38 —0.368¢ 48 —0.5000 58  0.4138

9 19 0.2632 29 —-0.1724 39 —0.3846 40  0.4898 59  0.4068
10 0.4000 20  0.2000 30 —0.2000 40 —0.4000 50  0.4800 60  0.4000
i1 0.1818 21  0.1429 31 —0.2258 41 —0.4146 51  0.4706

12 0 22 0.0909 32 —0.2500 42 —0.4286 52 0.4615

13 —0.1538 23  0.0435 33 —0.2727 43 —0.4419 53 0.4528

14 —0.2857 24 0 34 —0.2041 44 —0.4546 54  0.4444

15 —0.4000 25 —0.0400 35 —0.3143 45 —0.4667 55  0.4364

16 —0.5000 26 —0.0769 36 —0.3333 46 —0.4783 56  0.4286

17 0.4118 27 —0.1111 37 —0.3514 47 —0.4894 57  0.4210

9. o= 30{1)120

A2 w va u va (22 \'7] 2 Vg u Vo U
30 0 45 —0.3333 60 O 75 —0.4000 90  0.3333 105  0.1429
31 —0.1290 46 —0.3912 61 —0.0328 76 —0.4211 91  0.3187 106  0.1321
39 _0.2500 47 —0.4468 62 —0.0645 77 —0.4416 92  0.3043 107  0.1215
33 —0.3636 48 —0.5000 63 —0.0952 78 —0.4615 = 93  0.2903 108  0.1ll1
34 _0.4708 49  0.4490 64 -—0.1250 79 —0.4810 94  0.2766 109  0.1009
35 0.4286 50  0.4000 65 -—0.1539 80 —0.5000 95  0.2632 110  0.0909
26 0.3333 51 0.3529 66 —0.1818 81  0.4815 96  0.2500 111  0.0811
37  0.2432 52  0.3077 67 —0.2000 82  0.463¢ 97  0.2371 112 0.0714
38 0.1579 53 0.2641 68 -—0.2353 83  0.4458 98  0.2245 113 0.0619
30 0.0769 54 0.2222 69 —0.2609 84  0.4286 99  0.2121 114  0.0526
40 0 55 0.1818 70 —0.2857 85  0.4118 100  0.2000 115  0.0435
41 —0.0732 56  0.1429 71 —0.3099 86  0.3953 101  0.1881 116  0.0345
49 _0.1420 57  0.1053 72 —0.3333 87  0.3793 102  0.1765 117  0.0256
45 _0.2002 58 0.0690 73 —0.3562 88  0.3636 103  0.1650 118  0.0169
41 —0.2727 50  0.0339 74 —0.378¢ 89  0.3483 104  0.1538 119  ©0.0084

Example. To compute F (v, v) for v; = 6, v, = 44, p = 0.95.

A vywise interpolation is necessary. For v, = 44, we have u = —0.2727, and

w* = 14+ = .7273.  Also from Table €.1 we have y,, = 2.34 and ye = 2.25. Hence
the required value
Yaa = (18" )Yao+u"Ygo = 2.315.
For higher accuracy the Cornish-Fisher expansion of z, (the p-th fractile of
2 = 1log, F) may be used.

e W)= (S VT ()

24 o 72

120 ol 3240 1920

1

oo ) 22 N [ e ()

g ( x5+ 4423-4+183x > . <9x5——-"84x3—1513x >
' 2880 T gt 155520 }

a8 — 2524 — 17722192 428 L1012t 4-11722—480
. e
+{ v 0160 + ( 90720 )

ot 1632960

05 1 125451328+ 84122 —2560 >} ,
5 - T
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where x fis?t_he -p-th fractile of the standard normal distribution,

p=t_1

Vi Vs

1 1
0= =4,
ViooVe
The coefficients in the expansion are given below for selected values of p.

-

QQEFFICIENTS IN THE CORNISH-FISHER EXPANSION

value of p
coefﬁfciem 0.5 0.75 0.95 0.975 0.99 0.995
of .

N2 0 0.67448975 1.64485363 1.95596398 2.32634787 2.57582930
5 B 0.33333333  0.40915607  0.78425724 0.97357647  1.23531574  1.43014943
04’3/2 : ‘:‘"-('o ‘ 0.0970966 0.3910327 0.5587089 0.8153747 1.0340770
N:/qza;ﬂ_ 0 0.1073089 0.3131057 0.4040101 0.5302747 0.6308956
—so s 10.0666667 0.1025116 0.3305821 0.4777495 0.7166304 0.9311327
ss/;} L |7=0.004938  —0.003764 0.007685 0.017025 0.033873 0.050157
o2\ 0/2 0 0.008539 0.065478 0.108805 0.184807 0.257207
32.4/0)2 0 0.047595 0.176687 0.249610 0.363825 0.464148
54/ /307 0 —0.00711 —0.02343 —~0.03114 —0.04168 —0.04971
sor o 0.00952 0.00529 —0.01938 —0.03126 —0.04286 —0.04537
58 —0.00529 —0.00447 0.00722 0.01859 0.04128 0.06515
—ssjoz. [0 0 0 0 0 0.0178
—a? N/c,“/g 10 0.00344 0.01491 0.02660 0.5478 0.09004
so2 0 0.0109 0.0804 0.1534 0.3174 0.5105

c

Sufﬁclent digits have been retained so as to ensure a

ve '> 24 and V2 > 60,

Co Apphcatlons

Some uses of Table 6.1 are illustrated in the following examples.

e (1) Rcmo of Variances—tests and confidence intervals

ccuracy in the sixth place of decimal for

Example ' Use the data given in subsection ¢ of chapter 4 to test if the two lots

‘revea.l equa,l variability in respect of 1mpa.ct strength. Denoting the variances of im-
pact strength in lots 1 and 2 by ¢% and o2 respectlvely, the problem reduces to testing
0= a%/crz.': L. To test against alternatives 0% = o2 compute F by putting the larger
mean square in the numerator and compare it with the upper 2.5%, value of F with
the correspondmg degrees of freedom. Thus F = .087 [.079= 1.101. The upper 2.5%,

value of F (with v; = 7 and v, = 9) is 4.20. Hence the hypothesis § = 1 cannot be
rejected on the basis of the given data.
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One can make 959, confidence statements of the following kind.
(@) o%/oF does not exceed s%/si — 0.27 = 4.08
(b) o¥otis not less than s3/s3 = 3.29 = 0.33

(¢) 0303 lies between s3/s3 + 4.20 = 0.26 and s}/s3--0.21 = 5.24.

where 0.27 and 3.29 are respectively the lower and upper 5% points, and 0.21 and 4.20
the lower and upper 2.59%, points of F with v; = 7 and v, = 9.

(ii) Analysis of variance— one-way classification

Example. TFive sets of six mixes, each mix providing 24 doughnuts, were

cooked in five types of fats. The table below gives in grams the fat absorbed per
mix. Test if the amount of fat absorbed is a characteristic of the type of fat used for
cooking.

QRAMS OF FAT ABSORBED BY MIX OF 24 DOUGHNUTS

type of fat
1 2 3 ¢ 5
24 33 37 38 23
32 21 43 51 25
28 50 57 57 4
37 40 29 42 37
16 57 39 45 25
55 27 47 37 36
botal 192 228 252 970 150

Grand total G = 1092. Total number of observations, n = 30.
Correction facter (C.F.) = G?%/n = G%[30 = 39748.8

Total 8.8, = 24243224282, 4 2524-36°— C.F. == 44592.0—39748.8 = 4843.2

2 m2 2
S.8. due to fats = g—l—{— % —|—...+%—C.F. (where T is the total for the i-th fat with
1 2 k

n,; observations)

1
= (1024228%4 ...+ 150%) — C.F. = 41202.0—30748.8 = 1543.2.

ANALYSIS OF VARIANCE TABLE

sources of

F = ratio of

variation 4.f. 8.8. m.s. m.s.
between fats 4 1543.2 385.8 9.922%
within fats 25 3300.01 132.0
total 29 4843.2

t obtained by subtraction.

The upper 5% and 1% values of F (for v; = 4, v, = 25) are 2.76 and 4.18 respectively.
The results are thus significant at the 5% level and it may be concluded that the amount
of fat absorption depends on the fat used for cooking.
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(iil)  Multiple correlation—test of significance
The multiple corr_el:it‘ioni coefficient between rate of gain in weight (r;) aud

two other variables,” initial “weight (v,) and age (x,), was R,.,; = 0.421, based on
observations on 40 swines.
il e .

To test for its significance, compute

m=k—1  R* 37 (0.421)
ok 1=R* 2 1—(0.421)2

= 3.991

where k is the number Qf ‘-‘in.deﬂpendent variables, and »n is the sample size.

The upper':' 5%, j:'a}n(_ihifcyo values of F (with v, =k =2and v, =n—k—1 = 37)
are 3.25 and 5.23 resp’égti“vely (values obtained by interpolation). Hence the observed
values of R;.,q is sigf_riiﬁcant at the 5%, level (though not at the 19, level).

(iv) Test of mean values in multivariate normal populations

Ezample. ‘f"‘! Differences d, and d, in -head length and head breadth between
first-born and second-born sons were observed on 25 families. Test if the first-born
in a family differs significantly from the second-born, in respect of these two charac-
teristics.

The follovﬁﬁg values were obtained from the data
Mean difference : d; = 1.88, d, = 1.48.

The dispersion matrix of the differences estimated on 24 d.f. (obtained by dividing
the corrected sum of squares and products by 24) is given by
Wy, = 68.03, wy, = 11.52, w,, = 24.01
The inverse of this matrix is,
wi = 0.0159999, w!2 = —0.007677, w? = (.045332.

The problem is equivalent to testing if the sample mean vector (d,, dy) differs

significantly from (0, 0). The appropriate statistic (which is distributed as F on
k and n—Fk d.f.) is

n—k PR 23
('nt_l)k [nE 2w d,,: d?- ]:: _é— .

Ot

- (0.113121) = 1.3548.

B RO
o

where n is the sample size and £ is the number of variables. Note that n(w?) is the
inverse of the estimated dispersion matrix of d; and d,. The upper 5%, value of ¥
(withvy=Fk = 2 and v,=n—k =23)=3.42. Since 1.3548 is less than this value, it is

conecluded that the data do not provide evidence of differences in the dimensions of
the firstborn and second-born sons.

d. Another table

1. MERRI?IGTON, M. and Tuomrsow, C. M. (1943) :  Tables of porcentage points of the inverted bebta (I')
distribution, Biometrika, 33, 73-88.

Gives to 5 figures fractiles of the F distribution for the following valuos of p, vy, and va.

p = 0.50, 0.75, 0,90, 0.95, 0.975, 0.99, 0.995.
vi=1(1)10, 12, 15, 20, 24, 30, 40, 60, 120, oo
vz= 1{1)30, 40, 60, 120,00.
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6.2. Brra FuNCTION REPRESENTATION
a. Iatroduction

Table 6.2 gives upper 1% and 5%, values of the beta distribuion with the density

\_.__1._._ a—1(% ___4,\0-1 . -
Ba. 5 Y 1—u)’ 0 L u L L

for the following values of the parameters ¢ and b :
20 = 1(1) 9, 12, 24, co
95 = 1(1)30, 40, 60, 120, 0.

Fractiles corresponding to p = 0.01, 0.05 (the lower 1% and 5% points) can be
read from Table 6.2 by interchanging a and b and taking the difference from unity of
the table entry. 4

Ezample. To find the {ractile for 2a = 5, 2b =7, and p = 0.03.
The required fractile is 1—0.87222 = 0.12778, 0.87222 being the upper 5% point
(0.95th fractile) of beta with 2¢ = 17, 2b = 5. :

b. Beta distribution—its relation to the distribution of the variance ratio
(F) and the nuli-distribution of the multiple correlation coefficient

Consider the two transformations

i Y

(L w= N

9) 4o o2
@) = V2+V1F ‘

The first equation transforms the variance ratio (F') having parameters v; and v, (d.f.
of numerator and denominator) to a beta variable having parameters a = V—;, b= \;2
2 2
while the second transforms the same variance ratio o a beta variable with para-
Vg
E' >
significant values of R? the square of the multipls corrclation coefficient with 2a =,

meters @ and b interchanged i.e. : & = b= —% Table 6.2 directly gives the

the number of independent variables and 2b=n—k—1, where 7 is the sample size. In
6.1¢ the significance of R? was judged by first computing a function of R* which is
distributed as F and referring to the F table.

c. The incomplete beta function—its relation to cumulated binomial
probabilities

An equation connecting the incompleto bota intogral with the cumulative
sum of binomial probabilitics is given in 1.3b. The use of Table 6.2 in determining
one-sided confidence limits to the paramcter 7 of the binomial distribution and in
providing one sided tests of hypothesis concerning 7 is already demonstrated in
1.3b and c.
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FORMULAE AND TABLES FOR STATISTICAL WORK

6.3. THE DISTRIBUTION OF $y2,/Suin
a. Introduction

Table 6.3 gives the upper 1%, and 5% values of Smax/Smin Where sp3. and
Sun are respectively the largest and the smallest in a set of & independent mcan squares
each based on v d.f.

b. Application

Seven pieces of yarn were sampled from each of 5 spinning frames and tested

for tensile strength. The values of s* for the 5 frames are 0.0297, 0.0429, 0.0381,

0.1181, 0.0467. To test whether the variability is the same for all frames, compute :

Suie/Sutn = 0.1181/0.0207 = 3.98. The 5%, value of s,2,/sp, for k=5 and v = 6 is
12.1, so that the observed ratio is not significant at the 59, level.

TABLE 6.3. UPPER PERCENTAGE POINTS OF s .2 /s 2

(Upper 19% points)

e
2 3 4 5 6 7 8 9 10 11 12
v
2 199 448 720 1036 1362 1705 2063 2432 2813 3204 3605
3 47.5 85 120 151 184  21(6)  24(9)  28(1)  31(0)  33(T)  36(1)
4 23.2 37 49 59 69 79 89 97 106 113 120
5 14.9 22 28 33 38 12 46 50 54 57 60
6 1.1 155 19.1 22 25 27 30 32 34 36 37
7 8.89 12.1 14.5 16.5  18.4 20 22 23 24 26 27
8 7.50 9.9 11.7 13.2 145 15.8 16.9 17.9 189 19.8 21
9 6.54 8.5 9.9 11.1 12.1  13.1 13.9 147 163 16.0  16.6
10 5.85 7.4 8.6 9.6 10.4 11.1 11.8 12.4 12,9 13.4  13.9
12 4.01 6.1 6.9 7.6 8.2 8.7 9.1 9.5 9.9  10.2  10.6
15 407 4.9 5.5 6.0 6.4 6.7 7.1 7.3 7.5 7.8 8.0
20 3.32 3.8 4.3 4.6 4.9 5.1 5.3 5.6 5.6 5.8 5.9
30 2.63 3.0 3.3 3.4 3.6 3.7 3.8 3.9 4.0 4.1 4.9
60 1.96 2.2 2.3 2.4 2.4 2.5 2.5 2.6 2.6 2.7 2.7
0 1.00 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0
(Upper 59, points) .
]
\\\\\\. 2 3 4 5 6 7 8 9 10 11 12
v\
2 39.0 7.5 142 202 266 333 403 475 550 626 704
3 15.4  27.8  39.2  50.7  62.0 72.9 83.5  93.9 104 114 124
4 9.60 15.5 20.6 25.2  29.5 33.6 37.5 41.1 446 48.0 5l.4
5 7.15 10.8 13.7 16.3  18.7 20.8  22.9 24.7  26.5 28.2  29.9
6 5.82 8.38 10.4 12.1  13.7 15.0 16.3 17.5 186 19.7  20.7
7 | 499 6.94 844 970 108 11.8 127 135 143 151  15.8
8 4.43 6.00 7.18 8.12 9.03 9.78 10.5 11.1  11.7 12.2  12.7
9 403 5.3¢ 6.31 7.11 7.80 8.41 8.95 9.45 9.91 10.3  10.7
10 3.72 4.8 5.67 6.3¢ 6.92 7.42 7.87 8.28 866 9.01  9.34
12 3.25  4.16 4.79  5.30  5.72  6.09 6.42 6.72  7.00 7.25 7.48
15 2.86 3.54 4.0l 4.37 4.68 4.95 519 5.40 5.59 5.77  5.93
20 2.46 2.95 3.20 3.5¢4 3.76  3.94 4.10 4.24  4.37 4.49  4.59
30 207 2.40 261 278 2.91 3.02 3.12 3.21 3.20 3.36  3.39
60 ).67 1.85 1.96 2,04 2,11  2.17 2.22 2.26 2.30 2.33  2.36
0 1.00  1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00  1.00

!

Values in the column k == 2 and in the rows » =2 ando are exact. Elsewhere the third digit may
be in ervor by a {ew units for the 5% points and several units for the 19, points. Tho third digit figures
in brackets for v = 3 are the most uncertain.




7. THE CORRELATION COEFFICIENT

In 4c was described a ¢ test for testing the significance of an observed
sample correlation coefficient. Table 7.1 gives directly the significant values of 7
(the sample total or partial correlation coefficient under the assumption of normality)
correct to three places of decimal and d.f. = 1(1) 30 (10) 80, 100(50) 300. With this
table, the computation of ¢ for testing the significance of r, is unnecessary.

The first three columns give 5%, 1% and 0.1% level values of |7| for two
sided tests. The next three columns give upper tail values for one sided tests at
5%, 1% and 0.1% levels of significance. A negative sign prefixed to these upper
tadl critical values provides the corresponding lower tail values.

Example: The value of the sample correlation coefficient between head length
and head breadth computed from measurements on 30 individuals is 0.415. To test
the hypothesis that the population correlation coefficient is zero.

Here the d.f. is 30-2 = 28 and the 5%, tabulated value for 28 d.f. is 0.361 for a
two sided test. The observed value being larger, the result is significant at the 5%,
level. If it is known apriori that under the alternative hy‘pothesié the population
correlation coefficient would be positive, & one sided test is used for judging the signi-
ficance of the observed correlation coefficient. The 59, tabulated value for one sided
test is 0.306, thus establishing significance of the observed correlation coefficient.

TABLE 7.1 THE CRITICAL VALUES OF THE CORRELATION COEFFICIENT
(TOTAL OR PARTIAL)

5%, 19, and 0.19, values for one-sided (upper tail) and two-sided tests

two-sided ‘ one-sided f twosided onersided
d.f 5%, 19, 0.1% \ 5% 1% 0.1% d.f. 59, 1% 0.1% 59% 19 0.19,
1 .9269 .9388 .9188 .988 .9351 .9551 21 413 .526 .640 .352 .482 .610
2 .950  .9200 .9300 .900 .980 .9280 22 .404 .515 .629 .344 .472 .599
3 .878  .959 L9211 .805 .934 .986 23 .306 .505 .618 .337 .462 .588
4 811 917 .974 .729 .882 .963 24 .388 .496 .607 .330 .453 .578
5 .754 .875 .951 .669 .833 .935 25 .381 .487 .597 .323 .445 .568
6 .707  .834 .925 .621 .789 .905 26 .374 .478 .588 .317 .437 .559
7 .666 .798 .898 5682 .750 .875 27 .367 .470 .579 .311 .430 .550
8 .632 .765 .872 549 715 .847 28 .361 .463 .570 .306 .423 .541
9 .602 .735  .847 .521 .685 .820 29 .356 .456 .562 .301 .416 .533
10 .576 .708 .823 .497 .658 .795 30 .349 .449 .554 .296 .409 .526
11 553 .684 .801 476 .634 772 40 .304  .393  .490 .257 .358 .463
12 532 .661 .780 .457 .612 .750 50 .273  .354 .443 .231  .322  .419
13 514  .641 .760 441 .592 .730 60 L2650 .325 .408 .211  .295 .385
14 497  .623  .742 .426  .574 .711 70 .232  .302 .380 .195 274 .358
15 482  .606 L7125 .412 .558 .694 80 .217 .283 .357 .183 .257 .336
16 .468  .590 .708 | .400 .543 .678 100 .195  .254  .321 .164  .230 .302
17 .456  .575 693 | .389 .529 .662 150 159,208 .263 .134  .189 .249
18 .444  .561 679 @ .378 .516 .648 200 L1388 .181 .230 116 .164 .216
19 .433 549 665 © .369 .503 .635 250 L124.162 206 .104 (146 194
20 423 .537 652 . .360 .492 .622 300 113,146 .188 095 134 .177
|

}

Note that for testing the significance of correlation coefficient (total) computed form n pairs of
observations, the appropriate degrees of freedom are n~2. For testing the significance of a partial correla-
tion coefficient between two variables eliminating k independent variables, computed from cbservations
on n individuals (ie. on % sets of observations) the degrees of freedom are n~2-k. Thus the partial

correlation coefficient r12.3456 = 0.63 based on 30 observations is significant against the 59, critical value
on 24 d.f.



8. TRANSFORMATIONS

[d

8.1. Tar S +/p TRANSFORMATION FOrR THE BNomiaL PROPORTION
a. Introduction

Table 8.1 gives the values of sin~'4/p (in degrees, correct to 3 places of
decimal) for p = 0.000(0.001)0.200 (0.005)0.500. For 0.500 < p < 1, use the formula
sin~iv/p = 90—sin"!vi—p. Thus

sin~14/0.785 = 90—sin~14/0.215 = 90—27.625 = 62.375.
b. Interpelation in Table 8.1,

Tor interpolation within the interval 0.000 to 0.030 wuse the formula
sin~t+/p = 57.28578Vp(1-+p/6) degrees. Linear interpolation should suffice in the
inberval (0.030~0.500). To facilitate linear interpolation within the interval
$.200 to 0.500, values of A’( = 200A) have also been provided in an adjacent column,
the formula applicable being

s 1v/p = 1V ot A p 0
where p, is the nearest tabular argument below p. Thus
sin~14/0.3035 = sin~11/0.3004+-A'(0.0035) = 33.211+62.4(0.0035) = 33.429
observing that the tabulated value of A’ for p = 0.300 is 62.4

c. Application

The binomial proportion z/n has mean 7 and standard deviation [7(1—7)/n]t,
but the standard error of sin—14/p (expressed in degrees as in Table 8.1) is
independent of 7 and is equal to 28.64789/v/n degrees. Because of this there is some
theoretical advantage in transforming an observed proportion p to sin~14/p in the
comparison of proportions in one or multiple way classification by analysis of
variance.

The table is also useful in evaluating the inverse of other trigonometric functions.
cos~lz = sin—1/1—x2, cosec™lx = sin~Y(1/x),
tan—lz = sin~1v/2?[(1+a?), sec™lzx = sin—ivV/(x2—1)/z?,-

cot—lz = sin~1V1/(1+a?).
Thus  tan-11.24 = sin—11/0.6059 = 90—gin~1v/1—0.6059 = 90 —sin-14/0.3941.
= 90—38.886 = 51.114
using the table to find sin~1v/0.3941.

d. Some other tables
1. SNEDECOR, G. W. (1946) : Statistical Methods, 4th Ed., Iowa State Univ. Press, Ames, Towa,
gives Sin—1n/p correct to two places of decimal for p = 0(0.0001) .01(.001) .99(.0001)1.

2. F1sEER, R. A. and Yartes, F. (1957) . Statistical Tables for Biological, Agricultural and Medical Research,
5th edition, Oliver and Boyd, London, )

gives Sin—1a/p correct to one place of decimal for p = 0(0.01) 0.99 (Table X) and also for p = z/n;
z = 1(1) [(nl, n = 2(1) 30 (Table XI).

3. HaLp, A. (1952) :  Statistical Tables and Formulas, John Wiley and Sons, New York.
Table 12 gives 2 Sin-1n'p in radians, correct to four places of decimal for p = 0{0.001) 1.000.
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TABLE 8.1. THE SIN™'Vp TRANSFORMATION FOR THE BINOMIAL PROPORTION

Transformation frem proportions to degrees

= 0.000(0.001)0.198

P 0 1 2 2 4 5 8 7 5 9
.00 000 1.812 2.563 3.140 3.626 4.055 4.442 4.780  5.132  5.444
.03 5.730  5.020 6.28% G.5347 G.795 7.035 7.267 7.462 7.7i0  7.928
.02 £.126 2.326 2.£30 8.723 £.012 ¥.008 ©.279 ©.457 9.632 9.805
.03 6.074 10.141 10.205 10.466 i0.525 10.783 10,937 11.090 11.241 11.390
041 11,527 11.682 11.828 11.068 12.108 12.247 12.385 12.521 12.656 12.789
05| 12,621 12.052 12.18% 12.310 13.437 13.363 13.689 13.8i3 13.936 14.058
061 14.1789 14.200 14.418 14.537 14.654 14.771 14.886 15.001 15.116 15.229
071 15.342 i5.454 15.365 15.675 15.785 15.804 1§.003 16.110 16.217 16.324
081 16.430 16.535 16.640 16.744 16.847 16.951 17.053 17.155 17.256 17.357
00 | 17.457 17.557 17.657 17.756 17.854 17.952 18.049 18.147 18.243 18.339
(101 18.435 12.530 18.625 9 18.814 318.007 10.001 19.093 19.186 19.278
1| 19.370 15.46: 19.552 3 19.733 15.823 19.913 20.002 20.091 20.180
1 20.268 20.356 20.444 1 20.618 20.705 20.791 20.877 20.963 21.049
8| 21.28¢4 21.%19 21.304 9 21.47% 2i.557 21.641 21.724 21.807 21.890
4| 21.973 22.055 22.137 9 22,301 22.383 22.464 22.545 22.626 22.700
16| 22.786 22.867 22.946 23.026 23.106 23.185 23.264 23.343 23.421 23.500
16 922.578 23.656 23.734 23.812 23.0880 23.966 24.044 24.121 24.197 24.274
17| 24.350 24.426 24.502 24.578 24.654 24.720 24.804 24.880 24.955 25.029
18| 25.104 25.379 25.253 25.327 25.401 25.475 25.540 25.622 25.696 25.769
191 25.842 25.015 25.988 26.060 26.135 26.205 26.277 26.349 26.421 26.493
P = 0.200(0.005)8.500
P li Sin—1 Np’ Al ‘ p | Sin—tWp A : p i Sinm1 Np A
2001 26.585 7.4 200 ¢ 23.211 62.4 | .400 39.251 58.6
205 1 26.922 0.6 . .305 33.522 82.6 | | .405 39.524 58.2
210 | 97.275 70.0 310 . 33.833 pr.s .410 39.815 58.2
2151 27.695 82.4 3161 34.142 816 415 40.106 58.2
2201 27.972 83.8 . .320 | 24.450C gl.2 | 420 40.397 58.0
225 | 28.316 39.4 ! 825 1 34,756 61.2 425 40.687 57.8
2301 28.658 7.8 .330 35.062 60.8 ! .430 40.976 57.8
235 | 28.9%7 87.4 335 1 35.366 50.8 435 1 41.265 57.8
240 1. 20.334 55.8 {340 | 35.069 60.2 .440 41.554 57.6
245 1 20.668 6.4 345,  35.970 60.92 445 | 41.842 57.8
1 | ‘
250 1 20.000 56.0 |, .350 |  36.271 60.0 .450 42.130 57.6
955 1  50.230 §5.4 i .3551  36.5T1 50.8 455 42.418 57.6
2607 50.657 5.9 {360 | 36.870 59.5 C 460 0 42.706 - 57.4
265 |  30.982 ge.8 i o365 1 37.168 59.4 | 485 £9.993 57.4
270 | 51.308 84.4 1 .270:  37.463 59.2 | .470 143.280 57.4
975 1 31.628 64.0 {8751 37.761 59.2 | 4151 43.567 57.4
.280 $1.048 63.6 280 | 28.057 59.8 L4801 43.85¢ 57.4
.985 52.956 03.4 ! 385 38.851 59.¢ D ¢gs 1 44,141 57.2
200 32,533 62.3 . .200 . 38.643 58.6 I 4901  ad.427 57.4
295 39.897 62.8 1 .395 8.939 58.4 L4951 44.714 57.2
1 B | H
j o 5000 45.000
i !

Inerpolation in Table $.1
For p < 0.02, usc the {am
Iy

n sin=! r\/;_)_: 57.20578{14-p/8)~ 2. Linear inierpolation would suffice
elsewhere. For 6.02 < » < 0.20 if py and 2, Ho two consteutive arguments in the fivst table such that
po < p < P1, wse bhe fotmuln sin-ta/n = 103[(p, —p) sin=1 Py - (p—po)sint ¥ p,]. For p > 0.20 the
values of A’ giver in Tabie 8.7 could be wsed in the following formuia for linear interpolation

sin=1afp = sin=1N Do+ (P —n5)
where pq is tho nravest tabular argwment helow p. For p > .500. use the formuls sin™! W p = 90—sin-1
N i—p.



86 FORMULAE AND TABLES FOR STATISTICAL WORK

8.2, Tur Tawu-! TRANSFORMATION For CORRELATION COEFFICIENT

a. Introduction

1 147
Table 8.2 gives the values of z = tanh~lr =—-log, T% correct to five places

of decimal for » = 0.00(0.02) 0.20(0.002) 0.860(0.001) 0.999.

b. Interpolation in Table 8.2

Within the interval 0.20 < » < 0.95, linear interpolation gwes accuracy to four
places of decimal. For 0 < » < 0.20 the formula

"
tanh=lr = r4 3

could be used. For 0.95 < r € 0.99 quadratic interpolation is necessary to achieve
the same degree of accuracy. Interpolation in the table is not advisable for values
of r> 0.99. In such a case one should compute tanh~!r directly using the formula

1 1+r

z = tanh~lr = S —

c. Application

(i) The product moment correlation coefficient (interclass correlation)

For the sample correlation coefficient r in a sample of size n from the bivariate
normal population,

1 3 1 3\ 9 1
Br) = p (1= g — o+ (g gar ) 9 gr | -
1—p?
~ o 1= 5 {1
and variance

Vi) = 1=pt (14

[ 1—p? 11p? 2
14—
L\/n 1 { - 4(n—1) }]
where p is the population correlation coefficient. For large 7,

¢ = E(z) = tanh-1 p+ 2(np [y e ~ tanhlp

and V(z) ~ —.

The same formulae for expectation and variance hold good for a partial correlation
coefficient with n changed to n—p where p is the number of variables eliminated.
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d. 'The intraclass correlation coefficient

Tor the intraclass correlation coefficient 7, based on k variates within a class,

1 14-(k—1)r

Fisher proposed the transformation z = & log, The transformed value

1—r
in this case may be obtained by first computing 7’ :E_-{T("I]jL—ﬁ)T and reading the value
of tanh~! +' from Table 8.2.
Tor a given value ofé— log, l_‘{'_l(__]f_.';_})’_z ¢ the corresponding value of » may

be obtained in a similar manner by first obtaining the value of 7" = tanh ¢ by inverse
interpolation in Table 8.2 and computing

27’

"= ST

The expected value and variance of z, in sampling from a normal population, are given
by
Lttt l)e,
1—p
V(2) ~ k[2(k—1)(n—2)

E (z)w—;—loge

The transformation to z would be useful in testing for an assigned value of
the correlation coefficient (total, partial or intra-class) or in testing the equality of &
correlation coefficients on the basis of estimates.

e. Another table

HaRvARD UNIVERSITY COMPUTATION LABORATORY (1949): Tubles of Inverse Hyperbolic Functions, The
Annals of the Computation Laboratory of Harvard University, 20, Harvard Univ. Press, Cambridge
‘Massachusetts)
gives tanh-1z to 9 places of decimal for z = 0(0.001) 0.5 (0.0005) 0.75 (0.0002) 0.9 (0.0001)
0.95 (0.00005) 0.975 (0.00002) 0.99 (0.00001) 0.99999.
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TABLE 8.2. THE TANE-1 TRANSFORMATION FOR CORRELATION COEFFICIENY
7 = 0.00(0.02)0.18

r 0 2 4 6 &
.0 .00000 .02000 .04002 .06007 .08017
.1 .10034  .12058 .i4093 .16139 .18198

» = £.200(0.002)0.858

r 0 2 a 6 8 | P e 2 4 6 S

!

.20} .20273  .20482 .20630 .20899 .21108 55 61638 .62125 .62413 .62702 .62992
.21 21317 21526 21736 .21646 .22156 56 . .63283 .63575 .63868 .64162 .64457
.22} .22386 .22876 .232786 22997 .23208 37 64752 65048 .85347 .65646 .085945
.23 | 23415 .23630 .23842 .24053 .24263 58 608248 68548 .66831 .67153 .G7460
.24 1 .24477 .24690 .24902 .2511i5 .25328 39 . .67767 .58074 .63352 .63692 .59003
.25 | .25541 .25755 .25968 .26182 .26386

.26 | .26611 .26825 .27040 .27255 .27471 | .60 69315 69628 .89942 .70258 .70574
.27 .27686 .27902 .28118 .28335 .28551 | .61 70892 71211 71532 .71853 .72176
.28 | .28768 .28985 .20203 .20420 .20838 .62 JT25C1 72826 (73153 .73481 .73811
.29 ] .29857 .30072 .30294 .30513 .350732 .63 JT4142 74474 74800 (75143 .7547¢

.64 73817 76157 .76498 .76840 .77184
.30 1 .30952 31172 .3i382 .31613 .31833
.31 .32055 .32276 .32493 .32720 .32042

.32 | .33165 .33388 .33611 .33835 .34059 .65 JTT530 LTIBTT 78226 78576 .789028
.33 | .34283 .34507 .34732 .34958 .35183 .66 79281 79837 .796%2 .80352 .80712
.34 | .35409 .35636° .35862 .3608% .36317 .67 .61074 .81438 .8i804 .8217i .82540

.68 82911 .83284 .83653 .34036 .84415
.3 136544 .36772 .37001 .37230 .3v459 .69 84796 .85178 .85563 .85950 .86339

.36 | .37689 .37919 .381495 38380 .38611
.37 | .38842 .39074 .39307 .39539 .39772

.38 | .40006 .40240 .40474 40709 .40944 .70 86730 .87123 .875:2 .87016 .88316
.39 ] .41180 .41416 .41633 .41800 42127 R .887i8 .89123 .89530 .89939 .90350

.12 90764 L9118} 81600 .92022 .92446
.40 | .42365 .42603 .42842 .43081 .43321 .13 92873  .93302 .93734 .94169 .94607
.41 | .43561 .43802 .44043 .44285 44527 .74 95048 .95491  .95933 .06387 .96840

.42 | 44769 .45012 .45256 .45500 .45745
.43 | .45990 .46235 .46481 .46728 .46975

.44 | .47223 47471 47720 47870  .48220 .75 97206 97754 .98216 .08681 .99150

] .76 99622 1.00097 1.00575 1.01058 1.01543
(45 1 (48470 48721 48975 .40225 49478 77 11.02033 1.02526 1.03023 1.038524 1.04028
.46 | .48731 .49985 .50240 .50495 .50751 } .78 |1.04537 1.05050 1.05567 1.06088 1.06613
.47 | 51007 .51264 .51522 .5178C .52039 .79 11.07142 1.07677 1.08216 1.08760 1.09308

.48 | .52298 .52558 .52819 .53081 .53343
.49 | .53606 .53870 .54134 .54399 54664

.80 |1.09861 1.1041$ 1.10982 1.1155k 1.12124
.50 | 54931 55108 .35465 .55734 .56003 .81 |1.12703 1.13287 1.13877 1.i4473 1.15074
.51 | .56273 .56544 56815 .57087 .57360 .82 |1.15682 1.16205 1.16915 1.17541 1.18174
.52 | .5763¢ .57008 .58184 .58460  .58737 .83 ]1.18814 1.10460 1.20113 1.20774 1.21442
.53 | .50015 .59293 .59572 .59853 .60134 -84 |1.22117 1.22801 1.23492 1.24191 1.24899
54 | 60416 .60698 .60982 .61266 .51552 .85 |1.25615 1.26340 1.27075 1.27818 1.28571

7 = 0.860(0.001)0.999

, 0 1 2 3 4 5 6 7 8 9
.86 | 1.2933¢ 1.20720 1.30108 1.30498 1.30891 1.31287 1.31686 1.32087 1.32491 1.32898
.87 |1.33308 1.23721 1.34137 1.34555 1.34077 1.35403 1.35831 1.36262 1.36697 1.37135
.88 | 1.87577 1.38022 3.38470 1.38922 1.30378 1.39838 1.40301 1.40768 1.41239 1.41714
.89 | 1.42193 1.42676 1.43163 1.43654¢ 1.44150 1.44651 1.45156 1.45685 1.46179 1.46698
.90 | 1.47222 1.47751 1.48285 1.48824 1.49368 1.40918 1.50473 1.5103¢ 1.5160%1 1.52174
.91 | 1.52752 1.53337 1.53928 1.54526 1.5513¢ 1.55741 1.56359 1.56084 1.57616 1.58256
.92 | 1.58903 1.59558 1.60221 1.60892 1.61571 1.62260 1.62057 1.63663 1.84370 1.65104
.93 | 1.6583% 1.66584 1.67340 1.68107 1.68885 1.69674 1.70475 1.71288 1.721i4 1.72953
94 | 1.73805 1.74671 1.75552 1.76447 1.77358 1.78284 1.75227 1.80188 1.81156 1.82162
.95 | 1.83178 1.84214 1.85270 1.86340 1.87450 1.88574 1.89723 1.00898 1.92100 1.93331
.96 1 1.94591 1.95882 1.97207 1.98566 1.99961 2.01395 2.02870 2.04388 2.05952 2.07565
.97 | 2.09230 2.10950 2.12730 2.14574 2.16486 2.18472 2.20530 2.22602 2.24940 2.27291
.98 | 2.20756 2.32346 2.35074 2.37958 2.41014 2.44266 2.47741 2.51472 2.55400 2.50875
.99 | 2.64665 2.69056 2.75873 2.82574 2.90307 2.99448 3.10630 3.25030 3.45338 3.80020




9. ORDER STATISTICS
9.1, IXPECTED VALUES OF ORDER HTATISTICS

a. introduction

Consider a sample (2, %y, ...,2,) of size n from a standard normal distri-
bution. Let these obsorvations be arvanged in increasing order of magonitude as
follows

-
T S T S v K Ty

Table 9.1 provides the expected value of z; given by

E - «® ni : a:N p ]i*'l cﬂN i .-u—iN i
for ¢ =[(n+1)/2] (1) n, »n = 2(1)30. For 7 << [(n+1)/2] the expected values are
obtained using the relation

Briy = — DL, 1)
b. Appilications

'Table 9.1 is useful in the analysis of ordinat data where one has to replace the
rantks by the expected values of the corresponding normal order statistics. Here
the next step often involves an analysis of variance of these assigned scores. The
sums of squares of the expected values given in Table 9.1 are useful in these
calculations. See aiso the explanatory notes preceding Table 10.3 in this connection.

Another use of Table 9.1 is in obtaining factors by which the range o7 a quasi-
range, in a sample of size n from the ncrmal population N(g, o)has to be multiplied
to give an estimate of the siandard deviation . Thus we see from Table 2.1 that
in a sample of size 20, [xy4—%3]+-2.26 provides an uubiased estimats of the

population standard deviation, since for n = 20, L4 = Er,_, = 1.130 and

Exm == —‘E-'L'(,n_3+1) = —1.130.

¢. Another table of expected values

Harrer, . L. (1960) 1 Bapecled values of Normal Order Statistics, Toshnical report $0-292, Aoronautical
Research Laboratories, Wright-Patterson Air Force Basc, June 1960,

Bxpected values to five places of decimal for n = 2(1)100 and for selected values upto n = 400.

TABLE 9.1. EXPECTED VALUES OF ORDER STATISTICS z;, IN SAMPLES FROM A
TANDARD NORMAL DISTRIBUTION

order = 2 3 4 5 6 7 8 9 10

n | .56 .85 1.03 1.16 1.2 1.35 1.42 1.49 1.54

n—1 : 0 30 .50 .64 .76 .85 .03 1.00

n—2 | 0 2 .35 A7 .57 .66

n-—3 | 0 15 .27 38

n—4 | 0 2

4 |

£ Ex2 | 0.6272 1.4450  2.3018  3.1912  4.1250 5.0452  5.9646 6.9656  7.9320
|




90

FORMULAE AND TABLES FOR STATISTICAL WORK

TABLE 9.1 (continued). EXPECTED VALUES OF ORDER STATISTICS z;, IN SAMPLES FROM A
STANDARD NORMAL DISTRIBUTION

[e]
-
o
@
1

n=ll 12 13 14 15 18 17 18 19 20
n 159 163 1.67 1.70 1.74 176 179  1.82  1.8¢  1.87
n—1 | 1.06 1.12 1.6 1.21  1.25 1.2  1.32  1.35  1.38 1.4l
n—2 73 .79 85 190 95 99 1.03  1.07 110 1.13
n—3 46 54 60 66 1 76 81 85 .89 192
n-—4 .22 .31 .39 .46 .52 .57 .62 .67 L71 .75
n—5 o 10 19 27 34 39 45 50 55 59
n—6 0 .09 7 23 130 35 40 45
n—1 0 .08 15 21 26 31
n—8 0 07 13 19
n—9 0 .06
n
T Boy | 8.8802 0.8662 10.8104 11.7846 12.8232 13.6600 14.7258 15.745¢ 16.686¢ 17.7l44
=1

i
order | n=21 22 23 24 25 26 27 28 20 30
w1 LS9 Lol L3 Le5 19T 188 200 200 2.00  2.04
n—1 | 143 1.46  1.48  1.50  1.52 154  1.56  1.58  1.60  1.62
n—2 | 1.16 1.19  1.21  1.2¢  1.26  1.29  1.31  1.33  1.35  1.36
n—3 | .95 .98  1.00  1.04  1.07  1.09  1.11  1.14  1.16  1.18
n—d4 | .13 .82 85 .88 91 93 196 98 1.00  1.03
n—5 | .63 .67 70 73 76 79 82 85 87 89
n—6 | .49 .53 57 60 64 67 70 73 75 78
n—1 36 41 45 48 52 .55 58 61 64 .67
n—8 24 29 33 37 41 44 48 51 54 57
n—9 12 22 26 30 34 38 41 44 47
n—10 0 06 1 16 20 24 2 32 35 38
n—11 0 .05 10 14 19 22 26 129
n—12 0 05 .09 13 17 21
n—13 0 .04 .09 12
n—14 0 .04
. .
T B, | 8.6242 19.6862 20.6176 21.6040 22.6352 23.5470 24.5092 25.5808 203806 27.5454
=1
order |n=31 32 33 34 35 36 37 38 39 40
n 2.06 2.07 2.08 209 211 212 213  2.14  2.15  2.16
n—1 | 1.63 1.65  1.66  1.68  1.69  1.70  1.72 173  1.7¢ 1.7
n—2 | 138 1.40  1.42  1.438  1.45  1.46  1.48 1.4  1.50 1.5
n—3 | l.20 1l.22  1.23  1.25 - 1.27 1.8  1.30  1.32  1.33  1.34
n—4 | 1.05 1.07 1.0  1.11 1.2 114 1.16  1.17  1.10  1.20
5 9294 196 98 1.00  1.02  1.03  1.05  1.07  1.08
n—6 80 .82 85 87 89 91 .92 ‘94 196 .98
T 89 72 74 76 79 81 83 i85 86 88
8 60 .62 65 67 69 72 73 75 77 .79
n—9 50 .53 56 58 60 63 65 67 69 71
n—10 | .41 .44 47 50 52 54 57 59 61 63
n—i1 | .33 .36 39 41 44 a7 49 51 54 .56
n—12 | .24 .28 31 34 36 39 42 44 46 49
n—13 | .16 .20 23 26 29 32 34 37 139 42
n—1t | 08 .12 15 18 ‘22 24 27 130 33 .35
n—15 0o .o .08 11 14 17 .20 23 26 - .28
n—16 0 04 07 10 14 ‘16 19 22
n_17 0 .03 .07 10 13 16
n—18 0 .03 06 .09
n—19 0 .03
% Bl [28.5730 20,5960 30.5562 31.5152

[E51

32.5618 33.5166 34.5346 35.4840 36.4414 37.4288
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9.2. FRACTILES OF A NORMAL DISTRIBUTION

a. Fractile mean and variance

For a standard normal distribution with the density function N(z) = (2m)*
2
e (—o0 < < o0), consider the system of intervals (a;, a;.4]t=1,2,..,9 where
4, = —, @y, = o and the g—1 other a’s are chosen such that

%41

f N(x)dx:% (=12 ...9)

The interval (a;, ;,,] will be referred to as the i-th g-fractile interval of the standard
normal distribution. Table 9.2 gives the mean

%

Mo =9 af xN(x)dx

and variance

9 %i+1 N () 2
ot = —
G5, 01 ga{ e N(@)dz—p, ,

in the i-th g-fractile interval for ¢ = 1(1)g, g = 2(1)20.

b. Application : graphical tests of normality

Let 2, 2,, ..., ¢, be a sample of n observations from a population. Two graphical
tosts are described for examining whether the parent population is normal.

(i) Normal probability graph

Denote the ordered observations by (), e, --.» L. Consider the pairs
(dy, T(1)s -+ (g, T(noyy) Where d; Is the standard normal deviate corresponding
to the cumulative probability of i/n. The values of d; can be obtained from Table 3.1,
by inverse interpolation if necessary. Then the (d;, ), ¢ = 1, 2, ..., (n—1) are plotted
on a graph paper with orthogonal axes (x and y) with d; on z-axis and x(; on y-—axis.
If the parent population is normal the points will lie close to a straight line.

(ii) Fractile graph*

We consider the order observations ), Z(g, .-« T(n 88 iN method 1. Now
divids the observations into a chosen number, g, of groups such that each group consists
of b = n/g consecutive order observations. The groups so obtained are called fractile
groups. The i-th fractile group consists of the observations

Ty The1ds - Llh+h-1)
The sample i-th fractile mean is the average of the observations in the i-th
fractile group and is represented by

Zim - T Larrh-n

Tig =

= The fractile graphical analysis was recently developed by Mahalanobis {Econometrica, 28, 325-
a51). Tt is capable of a very wide application. The particular application of testing for normality was
suggested by A. Linder in the convocation address at tho Indian Statistical Institute in 1963,
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We consider the pairs

(s, o0 Ty ) 8 =129
whese w4 are the fractile means of the population as defined in section 1, and tabu-
lated in Table 9.2. Then the g points (4, g T ) ¢ = 1,2, ..., g are plotted on &
two dimensional chact representing u, ) on @-axis and Z;, ) on y-axis. if the parent
population is normal the graph will be close to a straight line.

Bzaimple :  Given 100 independent observations on log weight of an individual, it
is required to examine whether the Jistribution of log weight is normal.

first half sample

.08 .204

2 2 2.130 2.207 2.111 2.189 2.230 2.150 2.205 2.19!
2.094 2.174 2.177 2.17 2.098 2.105 2.198 2.083 S5 2,301
2.120 2.186 2.097 2171 2.168 2.215 2.096 2.1i6 2.132 2.062
2.112 2.078 2.1i71 2.177 2.151 2.241 2.167 2.105 2.175 2.151
2.103 2.144 2.204 2.18% 2.108 2.267 2.173 2.076 2.283 2.165
second half sample
2.168 2.046 2.192 2.258 2.236 2.098 2.210 2.267 2.137 2.179
2.159 2.125 2.127 2.138 2.102 2.166 2.192 2.212 2.142 2173
2.185 2.236 2.075 2.079 2.162 2.052 2.153 2.206 2.235 2.215
2.239 2.046 2.131 2.152 2.116 2.172 2.27 2.086 2.124 2.139
2.134 2.140 2.115 2.122 2.132 2.197 2.137 2. 143 2.124 2.135

We illustrate the fractile graph method which is Jess well-known than the proba-
P 1
bility graph method.

In such problems involving graphical analysis of data, it is useful to split the
sample into two independent half samples (of 50 observations cach in the present case)
and draw the fractile graph for each half sample and also for the combined sample.
Such a procedure would enable us to examine the consistency between parallel samples
and also to have an idea of the magnitude of the sampling error (separation between
half sample graphs) involved. The observed deviation from a straight line of the
fractile graph for the combined sample has to be judged agoinst sampling error, o,

the dsviation to be expected due to sampling. )
fractile mean
fractile
group half sample combined thooretical
1 2 sample (from Table
9.2)
1 2.076 2.060 2.068 —1.755
2 2.096 2.102 2.097 —1.045
3 2.108 2.125 2.117 —0.677
4 2.126 2.134 2.131 —0.387
5 2.150 2.139 2.143 —0.126
6 2.169 2.154 2.162 0.126
7 2.175 2.171 2.174 0.387
8 2.186 2.194 2.190 0.677
9 2.204 2.222 2.211 1.045
10 2.247 2.254 2.253 1.755

The two fractile graphs based on samples of 100 observations are in the chart

on page 94. The deviations from a straight line appear to be small compared ¢
the difference between the half sample fractile graphs.
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TABLE 9.2. MEAN AND VARIANCE FOR FRACTILES OF A STANDARD NORMAL
DISTRIBUTION

For each combination of a value of g and a fractile number there are two entries, of which the top
entry represents the mean and the lower entry, the variance

fractiles

g i 2 3 4 5 6 7 8 9 10

2 ] -06.7979 0.7979
0.3634 0.3634

3 | -1.0908 0 1.0908
0.2800 0.0603 0.2800

4 1 -1.2711 -0.3247 0.3247 1.2711
0.2416 0.0372 0.0372 0.2416

5 § -1.3998 -0.531¢ 0 0.5319 1.399S
0.2186 0.0284 0.0212 0.0284 0.2186

6 [ -1.4991 -0.6825 -0.2121 -0.2121 0.6825 1.4981
0.2029 0.0236 0.0154 0.0154 0.0236 0.2029

T 1 -1.5795 -0.7998 -0.3684 0 0.3684¢ 0.7998 1.5795
0.1914 0.0206 0.0123 0.0108 0.0123 0.0206 0.1814

8 | -1.6468 —0.8954 -0.4913 -0.1580 0.1580 0.4913 0.8954 1.6468
0.1824 0.0186 0.0105 0.0084 0.0084 0.0105 0.0186 0.1824

9 | ~1.7046 -0.9757 -0.5922 -0.2832 0 0.2832 0.5922 0.9757 1.7046
0.1751 0.0170 0.0092 ©0.0070 0.0065 0.0070 0.0092 0.0170 0.1751

10 | —1.7550 -1.0446 -0.6773 -0.3865 -0.1260 0.1260 0.3865 0.6773 1.0446 1.7550
0.1697  0.0159 ©0.0683 0.0061 0.0053 0.0053  0.0061 0.0083 0.0159 0.16901

11 -1.7997 -1.1060 -0.7507 -0.4741 -0.2304 0¥
0.1640 0.0149 0.0077 0.0054 0.0046  0.0043

12 | -1.8398 -1.1585 -0.8151 -0.5499 -0.3193 -0.1048*%
0.1597 0.0i41 0.0071  0.0049 0.0040 0.0037

18 | -1.8760 -1.2064 -0.8723 -0.6165 -0.3964 -0.1943 Q*
0.1559 0.0135 0.0087 0.0045 0.0036 0.0032 0.0031

14| ~1.0092 -1.249¢ -0.9237 -0.6759 -0.4645 -0.2723 -0.0868*
0.1525  0.012¢ 0.0063 0.0042 0.0033 0.0029  0.0027

5 1 ~1.9396 ~1.2895 -0.9703 -0.7294 -0.5252 ~0.3411 -0.1681 0*

0.1495 ©0.0125 0.0060 0.0040 0.0031 0.0026 0.0024 0.0023

16 | -1.9677 ~-1.3259 -1.0129 -0.7779 -0.5300 ~0.4027 -0.2375 -0.0785*
0.1467 £.0121  0.0057 0.0038 0.0026 0.0024 0.0022 0.0021

17 | -1.9939 ~1.3596 -1.0520 -0.8223 -0.6298 -0.4584 -0.2996 -0.148] 0*
0.1443  0.0117 0.0055 0.0036 0.0027 ©0.0022 0.0020 0.0019 0.0018

1S | -2.0183 -1.3908 -1.0882 ~0.8631 -0.6754 -0.5090 -0.35568 -0.2106 -0.0697*
0.1420 0.0114 0.0053 0.0034 0.0026 0.0021 ©0.0018 0.0017 ©.0016

16 | —2.0412 -1.4200 -1.1218 -0.9009 -1.7174 -0.5555 -0.4071 -0.2672 -0.1324 0*
0.1400 0.011} 0.0051 0.0033 0.0024 0.0020 0.0017 0.0016 0.0015 0.0015

2.0627 ~1.4473 -1.1532 -0.9361 -0.7563 ~0.5983 -0.4541 -0.3189 -0.1892 -0.0627*
0.1380 0.0108 0.0050 ©0.0032 0.0023 ¢.001% 0.0016 ©¢.0015 °'0.0014 0.0013

*Forg > i1, mean and variance are given only for the first g/2 fractiles if gisevenand (g41)/2
fractiles if gis odd. The rest of the fractile means and variances for any g can be written down by sym-

metry, the sign being changed it the case of the means. Thus the 7th, 8th,........... ractile means for
g="1are 0.2304, 0.4747, ...... ste., and variances 0.0046, 9.0054, ......etc. For g=12, the 7th fractile mean

and variance are 0.1048 and 0.0037 and so on,
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23

e

221

————— HALF SAMPLE 1
...... HALFE SAMPLE 2
COMBINED SAMPLE

21

SAMPLE FRACTILE MEANS

20 | 1 ] { i 1 L | !
-175 - 105 -0:68 =039 -0/3 043 039 068 105
POPULATION FRACTILE MEANS

9,3, Tar MaxiMuM OBSERVATION

Table 9.3 provides the upper 5%, 1% and 0.1% points of the maximum
observation z,,, in a sample of size n from N(0, 1) for n = 1(1)30. Owing to the sym-

metry of N(0, 1) the same table is also applicable to —z(,, %, being the minimum
observation in a sample of size n.

Tt is known from experience that the average and standard deviation of the
weight of individual cigarettes are 6.00 and 1.50 units. 5 cigarettes selected at
random weighed 6.00, 9.50, 4.41, 7.51 and 4.29 units.

Examine if the maximum
observation is an outlier.

The extreme standardised deviate (9.50—6.00)/1.50 = 2.33.
This exceeds 2.319 the upper 59, value given in Table 9.3 forn = 5,

Hence one
has reasons to suspect the maximum observation.

TABLE 9.3. UPPER PERCENTAGE POINTS OF THE MAXIMUM OBSERVATION
! !

no | 0.1% 1% 59 t no01% 1% 5% | | n |0.1% 1% 5%
1 |3.000 2.326 1645 | | 11 |3.743 3.117 2.601 | ' 21 |3.902 3.303 2.815
9 |3.200 2.575 1.955 ' | 12 |3.765 3.143 2.630 | 22 |3.914 3.316 2.830
3 (3,403 2.712 2.121 | { 13 | 3.785 3.166 2.657 | | 23 |3.024 3.328 2.844
4 |3.481 2.806 2.234¢ | | 14 |3.803 3.187 2.682 | | 24 |3.934 3.340 2.857
5 | 3.540 2.877 2.319 | | 15 |3.820 3.207 2.705 | | 25 |3.944 3.351 2.870
6 |3.588 2.934 238 | | 16 |3.836 3.226 2.726 | | 26 |3.954 3.362 2.883
7 13628 2.981 2.442 ! | 17 |3.851 3.243 2.746 | | 27 |3.93 3.373 2.895
8 |3.662 3.022 2.490 | | 18 | 3.865 3.259 2.765 | , 28 |3.071 3.383 2.906
g 13692 3.057 2531 | | 19 |3.878 3.275 2.783 | : 29 |3.98 3.302 2.917
10 |3.719 3.089 2.568 . | 20 |3.890 3.280 2.799 \ | 30 |3.088 3.402 2.928
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TABLE 9.4. UPPER PERCENTAGE POINTS OF THE EXTREME STUDENTISED

9.4.

Table 9.4 is useful in deciding whether to veject an allegedly outlying ob-

Table 9.4 gives the upper 19, and 5%, points of

f‘ . 3 A s
rom a sample of size n drawn from N(u, o), where z is the sample mean 2, and
%(, are the minimum and the maximum observation in the sample and s

servation, as in 9.3 when the population mean and variance are unknown.

independent unbiased estimate for o2 based on v degree of freedom.
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1¢. NONPARAMETRIC TESTS
a. One sample problem

To test the hypothesis that a given sample (v, 2, ..., £,) has arisea fron &
population with a numerically specified distribution function #(x)

The Kolmogorov-Smirnov test (Table 10.1)

Let F,(x) be the proportion of observations in the sample less than or equal to
x. I (x) is called the empirical distribution function. Define

D*(n) = sup {F () —F(x)}
D=(n) = sup {F(x)—F (x)}
D(n) = sup|F (x)—F(z) | = max {D*(n), D-{n)}.

'he choice of the test criterion depends on the specific departures intended to be
detected.

The 1%, and 5%, critical values of D*(n), D=(n) and D(n) are given in Table 10.1
for n=1(1) 20(5)35 in the special case where I'(x) is continuous. A computed value of
the criterion larger than or equal to the critical value given in Table 10.1 is
significant. Table 10.1 also gives formulae for calculating the cvitical values when n
is large.

Example. Test if the observations .068, .098, .117, .136, .317, .628 could have
arisen in sampling from a rvectangular distribution over the interval (0, 1).

Heren = 6,and D(n) = .531. The 5%, value of D(n) for n = 61s.521. Hence the
observed value is significant at the 59 level. .
b. Two sample problem

Consider two samples (%4, Zys, --., xml) and (g, Zog> ..., xan) of size ny and n,

respectively and the hypothesis that both the samples have arisen from the same
population.

(i) The Kolmogorov-Smirnov test (Table 10.2)

Let Flnl and anz be the empirical distribution functions derived from samples

1 and 2 respectively. Define

D+(n17 %2) = sup {Fnl(x)—"Fn2(x)}
-D_(nb nz) = sup {Fnz(x)_Fnl(x)}
D(nb nz) == sup IFnl(x)—'Fnz(x)I

= max {DH(n;, ny), D(ny, n,)}.



NONPARAMETRIO TESTS 97

The choice of the test criterion depends on the specific departures from the
hypothesis intendsd to be detected.

For the special case n, = n, = #n, Table 10.2 provides 5%, and 1%, critical values
for n D*n, n) (or 2D~(n, n)) and nD(n, n) covering the values of n = 3(1) 30(5) 40.
A computed value of nDH(n, n) or nD~(n, n) or nD(n, n) is declared to be significant
if it exceeds or is equal to the critical value given in Table 10.2.

o

When n, and n, are large the following formulae may be used for calculating the
griticai values of the test criterion :

one-sided test statistic two-sided test statistic
DH(ny, ng) or D(ny, ny) D(n,y, ny)
1% 5% 1% 5%
Vi i - 3 N 3
1.52 <?ht”?_z\, 1_22<_7?1—5f%> 1.63 (ﬂliﬁE) 1.368 <ﬁlﬂ%>
Ny Ny T Ny Mg Ty Ny

'The critical values given in Table 10.2 and also the asymptotic formulae given
above are applicable only if the population distribution under the hypothesis is known
to be continuous.

(i) Other tests

Let the observations in the combined sampie of size n = n;+n, be serially
arranged in increasing order of magnitude

T < o S - S B
Let 4y, tg, ..., inz, A<t <...< 73"2< n), be the serial orders of observations

in sample 2.

A general form of test statistic for testing the hypothesis of equality of distribu-
tion functions is
an(i1)+an(%2)+ +a/n(7’n2)
where for each ®, ¢, (i) is a given function defined over the integers 1 = 1, 2, ... n.
The following are well known special cases:
(a) Fisher—Yates test
@, (1) = expected value of the ¢-th order statistic in a sample of stze n
from I (0, 1). These expected values are given in Table 8.1

(b} “Wilcoxon (Mann-Whitney) test

@, (1) = 1.
{¢) Van der Waerden test
() = Kn__'i )-th guantile of N(0, 1} defined by the equatiov
an(i) 7]
N@)dt = —.
_jm ®) n+1

The values of a,(¢) may be obtained by interpolation in Table 3.2,
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(a) The Fisher- Yates test (Table 10.3)

Here observations in each sample are replaced by scores defined in the following
manner. If a particular observation has rank ¢ in the combined sample of size %, the
score replacing this observation is given by the expected value of the i-th order
statistic in a sample of size n from N(0, 1). Define

C, = sum of the scores received by the second sample observations.

Table 10.3. provides the 19, and 5%, critical values of C, for a two sided test and alsc
the upper 1% and 5%, values of C, for a one sided upper tail test. The lower 1%,
and 5%, values are obtained by prefixing a negative sign to the upper 1% and 5%

values respectively. Table 10.3 covers the values of n = 6(1)10 where »; is the size
of the smaller sample.

For larger values of n one may apply the usual two sample (-test (described in )
to the scores.

(Y The Wilcoxon (Mann-Whitney) test (Table 10.4)

Define U, as the number of times an observation in the second sample preccdes
an observation in the first considering all pairs of observations one fromn each samjple.

Clearly

1
Up = nyny+ @gn—;i“‘)“Rz

where R, = sum of the ranks assumed by the second sample observations. Define
U,, in a similar manner and let U = min (Uy,, Uy).

Table 10.4 provides 19, and 5%, critical values of U. An observed value equal to
or less than the value given in table is declared to be significant. The selection of the
statistic U,,, Uy or U depends upon the type of alternative hypotheses. For instance
if it is desired to examine that the variable of the first population is stochastically

larger than the second, one uses Uj,. If the nature of departure to be detected is not
specified one uses U. Table 10.4 covers values of n, and n, = 1(1)20.

For larger values of n; and n,, the sampling distribution of U may be assumed to
be normal with

mean == M;1,/2,
variance = n,M,(n,--n,-+1)/12.

(c) The Wald-Wolfowitz tun test (Table 10.5)

Consider the serial arrangement of observations in mncereasing order of magni-
tude as discussed in (ii) above and replace each observation by 1 or 2 according as it
arises from sample 1 or 2. A run is a succession of like symbols (numerals) preceded
and followed by none or an unlike symbol (numeral). Let W be the total number of

runs (i.e. the total of the nwmber of runs of 1 and the number of runs of 2. Wis
proposed as a test statistic.

Table 10.5 provides the lower 19, and 59, critical values of W for 1y, Ny upto 20,
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For larger values of n,, n, the sampling distribution of W may be assumed
o be normal with

2nn
mean = —+—2--41,
Ny +"Ny
. 27, Mo 2NN — Ny — T
variance = 1 2( 1'v2 1 2)

(ny+15)%(ny +1y—1) '

Bxample : In a certain feeding experiment 6 pigs were kept under a control
diet while 6 others were provided with feed ‘A’ . The gains in weight (in lbs) over
a certain period were as follows : '

Control : 8.1, 6.8, 6.9, 7.5, 8.8 (Sample 1)
A : 8.2 84, 83, 87, 89 (Sample 2)
Examine if feed ‘A’ is an improvement over ‘control’.
Kolmogorov-Smirnov test : Here 5D*(5, 5) = 4 which is equal to the 5% value

given in Table 10.2. Hence the hypothesis that the two feeds are equally good is
rejected (at the 5%, level) in favour of ‘A’.

Fisher-Yates test : We get the following rankings for the combined sample of 10
observations :

Rank order (i) 1 2 3 4 5 6 7 8 9 10
Value 6.8 6.9 7.5 8.1 8.2 8.3 8.4 8.7 8.8 8.9
Sample index 1 1 1 1 2 2 2 2 1 2

Bz ;, (from Table 9.1 forn = 10) —.12 .12 .38 .66 1.54

Hence ¢, = 2.58. From Table 10.3 the 5% value of C, for a one-sided test (for
n = 10 and n, = 5) is 2.58. The observed C is thus significant at the 5% level.

Wilcoxon (Mann-Whitney) test :  Here R, = 36. Hence Uy, = 25+15—36 = 4.
This is also significant at the 5% level, the critical value of Uy, for n; =n, = 5 being
4 from Table 10.4.

Since 5D(5, 5) is also equal to 4 the hypothesis that the two feeds are equally
good cannot be rejected by a two sided Kolmogorov- Smirnov test. It is seen that a .
two sided Fisher-Yates test or a two sided Wilcoxon (Mann-Whitney) test also fails
to reject the hypothesis. When alternatives are two sided one could also use the
Wald-Wolfowitz run test.

Wald-Wolfowitz run test - Total number of runs in the serial arrangement given
above is 4. This is not significant at the 5% level, the critical value for n; = 0, =5
being 2 from Table 10.5.

¢. Matched-pair sample

Consider n pairs of observations (z;, %) 1 =1,2,...,n and the hypothesis that
for each i the distribution of (z,, y;) is the same as that of (y;, ;).
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(1) The sign test

Consider only the n' < n pairs where x;7y; and let r’ be the number of pairs
where x,<<y;. For a given n’ the distribution of ¢, under the given hypothesis, is
binomial with 7 = 4. This hypothesis could be tested in the manner discussed in 1.3.

(if) The Wilcoxon test (Table 10.6)

Compute d;=x; —y;. Here again as in the sign test all the n—n' pairs where
d; = 0 are dropped out. The remaining d; are ranked in increasing order of magni-

tude disregarding sign, the smallest |d;| receiving rank 1. Then to each rank is affixed
the sign of d; to which it corresponds. Define

7_ = sum of all ranks with a negative sign,
T, = sum of all ranks with a positive sign,

T = min{T_,T,).

Table 10.6 gives the 1%, and 59, values of T, 7T_or 7,. A computed value of
T is significant if it is less than or equal to the value given in Table 10.6.

The choice of the statistic 7_, 7', or T depends on the type of alternatives
one wishes to detect.

Table 10.6 covers values of n' = 6(1)25. For larger values of n' the sampling
distributionr of T, (or equivalently 7'_) may be assumed to be normal with

mean =n_(.n,_+}l’
4
variance =n’(n’+ L)@ + 1).
24
’ !’ 1
Note that 77 =",

Example : The following table gives the yield rate of paddy (in :1aunds per acrs)
as observed in ten pairs of concentric circles of radii 2 ft and 4 {ft. Examine if the
yield rate has been over-estimated by the smaller circle.

sample : 1 2 3 4 5 6 7 8 ") 10
2 ft. 6.12 5.39 5.59 6.34 6.29 5.98 5.61 4.43 5.93 5.33 ()
4 ft. 5.50 6.00 4.71 6.12 5.93 5.56 5.41 5.14 5.66 5.67 (x)

Here we have

sample : 1 2 3 4 5 6 7 8 9 10
z—y —0.62 0.61 —0.88 —0.22 —0.36 —0.42 —0.20 0.71 —0.27 0.34
Renk of |z—y | 8 (+) 10 2 5 6 1 9(4) 3 4(+)

T,=4+9+7 = 20. The 5% value of T, (for a one-sided test) for n = 10
is 10 from Table 10.¢. Hence the observed result is not significant.
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d. Spearmman’s rank correlation coefficient

When 2 individuals in a sample are ranked according to each of two different
characteristics, the association between the characteristics may be measured by Spear-
man’s rank correlation coefficient. This is the ordinary product moment correlation
coefficier:t applied on rank pairs. When there are no tied ranks, the correlation coeffi-
clent can be computed by the formula

63 d2
1

7, = 1—

nd—n
where d; is the difference in the two ranks of the ¢-th individual.

Table 10.7 gives the upper 1%, and 5%, values of |r,| for a two-sided test and
also the upper 19, and 5% values of r, for a one-sided upper tail test. The lower
19/, and 5%, values of r, for a one-sided lower tail test are obtained by prefixing a nega-
tive sign to the corresponding upper tail values.

Table 10.7 covers sample sizes upto n = 10. For = larger than 10, the critical
values of r given in Table 7.1 with d.f. v = n—2, may be used as approximate critical
values of 7,.

Example : A set of 10 individuals were ranked by two independent examiners
with respect to their reasoning abilities. The ranks are given below. Test for asso-
ciation between ranks by the two examiners.

Individual : i 2 3 4 5 6 ki 8 9 10
Examiner 1: ki 1 3 5 9 8 4 10 2 6
Examiner 2 : 6 2 4 3 8 10 5 9 1 7

d: 1 -1 —1 2 1 —2 -1 1 1 —1

Td?= 16, n¥—n = 990, 7, = 1—96/990 = 0.9030

This is significant at the 1% level, the critical value for a two-sided test being
0.794 from Table 10.7.
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TABLE 10.1.

FORMULAE AND TABLES

THE ONE SAMPLE

KOLMOGOROV-SMIRNOV TEST

(5% and 19, ecritical wvalues for one-
and two.sided tests)

FOR STATISTICAL WORK

and two-sided tests)

TABLE 10.2. THE TWO SAMPLES
KOLMOGOROV-SMIRNOV TEST

(5% oand 19, critical values for ono-

one-sided test two-sided one-sided two-sided
D+(n) or D~(n) D(n) nD+(n,n) or nD—(n,n} nD(n,n)
n 19 59, 19, 59, n 19, 59, 19, 5%
1 .990 .950 .995 .975 3 - 3 - -
2 .900 .16 .929 .842 4 - 4 - 4
3 .785 .636 .829 .708 5 5 4 5 5
4 .689 .565 .734 .624 .
5 .627 .509 .669 563 6 6 5 6 5
7 6 5 G 6
8 6 5 7 6
6 .577 .468 617 .519~ 9 7 6 7 6
7 .538 .436 .576 .483 10 7 6 8 7
8 507 .410 .542 .454
9 .480 .387 513 .430 11 8 6 8 7
10 .457 .369 .439 .409 12 8 6 8 7
13 8 7 9 7
14 8 7 9 8
u .437 352 468 .301 15 9 7 9 8
.419 .338 .449 .375
13 J404 325 432 361 19 . : N 5
i‘é .390 .314 .418 .349 18 10 s 10 9
.377 .304 .404 .338 19 10 8 10 9
20 10 8 11 9
16 .366 .295 .392 .327 21 10 8 11 9
17 .355 .286 .381 .318 22 11 9 11 9
18 .346 .279 .371 .309 23 11 9 11 10
19 .337 .271 .361 .301 24 11 9 12 10
20 .329 .265 .352 .294 25 11 9 12 10
26 11 9 12 10
25 .295 .238 317 .264 21 12 9 i2 10
30 .270 .218 .290 .242 28 12 10 13 1
35 .251 .202 .269 .224 29 12 10 13 11
30 12 10 13 11
35 13 11 14 12
over 35 1.52 1.22 1.63 1.36 40 14 11 15 13
Nn Nn N _ . __ .
over40| 1.52%n 1.22y2%n 1.63.J2n 1.364%u
TABLE 10.3. THE FISHER-YATES TEST
(6% and 1% critical values for one- and two-sided tests)
one-sided two-gided one-sided two-sided
n = n =
Nn+ny | M 1% 5% 1% 5% n+ng | my 1% 5% 1% 5%
6 3 —_ 2.11 — — 9 2 — 2.42 — —
7 2 — 2.11 — — 9 3 — 2.33 — 2.69
7 3 — 2.46. — — 9 4| 3.26 9.42 — 2.72
8 2 — 2.27 — — 10 2 —_ 2.54 —_ 2.54
8 3 — 2.42 — 2.74 10 3] 3.20 2.32 — 2.66
8 i 4 — 2.59 — 2.89 10 4| 3.32 2.54 3.58 2.82
; 10 5| 3.46 2.58 3.70  2.94
e e s b i i
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TABLE 10.4. THE WILCOXON (MANN.WHITNEY) TREST

(1% critical values of Uy, ur U,y for one-sided test)

\ e e e
\n21234567891011121314151617181920}
ny
1 V- - - - - - - - 4 4 4 -~ - - - - - - -0
2 - - - - - - - - - - - < ¢ 0 0 0 0 0 1 1] 9
3 | - - - - - - 0o 0 1 1 1 2 2 2 3 2 4 4 4 5| 3
4 | - - - - 9090 1 1 2 3 3 4 5 5 6 7 7 8 9 9 10| 4
5 - - -~ 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16! 5
6 - - ~ 1 2 3 4 6 7 8 9 11 12 13 15 16 18 19 20 22| 6
7 - - 0 1 3 4 6 7T 9 11 12 14 16 17 19 21 23 24 26 28 7
8 - - 0 2 4 6 7 9 11 13 15 17 20 22 24 26 23 30 32 34 8
9 - - 1 3 5 7 9 11 14 16 18 21 23 26 28 31 33 36 38 40 9
10 - -~ 1 3 6 8 11 13 16 19 22 24 27 30 32 36 38 41 44 47 10
11 -~ -~ 1 4 7 9 12 15 18 22 25 28 31 34 37 41 44 47 50 53 11
12 - ~ 2 5 8 11 14 17 21 24 28 31 35 33 42 46 49 53 56 60 12
13 -~ 0 2 5 9 12 16 20 23 27 31 35 39 43 47 51 55 59 63 67 13
14 -~ 0 2 6 10 13 17 22 26 30 34 38 43 47 51 56 60 65 69 73 14
15 - 0 3 7 11 15 19 24 28 33 37 42 47 51 56 61 66 T0 75 80 15
16 - 0 3 7 12 16 21 26 31 36 41. 46 51 56 61 66 71 76 82 87 16
17 -~ 0 4 8§ 13 18 23 28 33 3% 44 49 55 60 66 71 77 82 S8 903 17
18 -~ 0 4 O 14 19 24 30 36 41 47 53 5D 65 70 76 82 88 04 100 18
19 -~ 1 4 9 15 2 26 32 38 44 50 56 63 69 75 82 8% 94 101 107 19
20 - 1 5 10 16 22 28 34 40 47 53 60 67 73 80 87 93 100 107 114 20
71
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 {m,
(59, critical values of Uy, or U,y for one-sided test)
n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
ny
1 |- - - - - - - - - - - - - - - - - < 0 0o 1
2 | - - - - 0 0 0 1 1 1 1 2 2 2 3 3 3 4 4 41 2
3 | - - 0 0 1 2 2 3 3 4 5 5 6 7T 7T 8 9 9 10 111 3
4 - - 0 1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 18 4
5 - 0 ! 2 4 5 6 8§ 9 11 12 13 15 16 15 10 2 22 23 25 5
6 - 0 2 3 5 7 8 10 12 14 16 17 19 21 23 25 26 28 30 32 6
7 - 0 2 4 6 8 11 13 15 17 19 21 24 26 28 30 33 35 37 39 7
8 - 1 % 3 8 10 13 15 18 20 23 26 28 31 33 36 30 41 44 47 8
9 -~ 1 3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 o
10 - 1 4 7 11 4 17 20 24 27 31 34 37 41 44 48 51 55 58 62 16
i1 - 1 5 8 12 16 19 23 27 31 34 38 42 46 5O 54 57 61 65 69 11
i2 -~ 2 5 9 13 17 21 26 30 34 38 42 47 51 55 60 624 63 72 77 12
13 - 2 6 10 15 19 24 238 33 37 42 47 51 56 61 65 70 75 80 S84 13
14 - 2 7 11 16 21 26 31 386 41 46 51 56 61 66 71 77 82 87 G2 14
15 -~ 3 7 12 18 23 28 33 39 44 50 55 61 66 72 77 83 83 04 100 15
16 - 5 8 14 19 25 30 36 42 48 5¢ 60 65 71 77 83 89 95 101 107 16
17 - 3 ¢ 15 20 26 33 39 45 51 57 64 70 77 83 83 06 102 100 115 17
18 4 9 16 22 28 35 41 48 35 61 63 75 S 88 95 102 109 116 123 18
19 0 4 10 17 23 30 37 44 51 538 65 72 SO 87 94 101 109 116 123 130 19
20 0 4 11 18 25 32 39 47 54 62 69 77 S4 92 100 107 115 123 130 138 20
- - 5! -
1} o2 3 4 53 6 7 8 9 10 1i 12 13 14 15 16 17 18 19 20 |,
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TABLE

FORMULAE AND TABLES FOR STATISTICAL WORE

10.4. (contrnued): THE WILCOXON (MANN-WHITNEY) TEST
(19, critical values of U for two-sided test)
N t
ey 203 4 5 6 7 8 ¢ 10 11 12 13 14 15 16 17 18 19 20|
LG
1 - - - = = - - - - - = = = - - - - - - 1
2 T T A | N 1) 2
3 - - - - - = - - 0 0 0 1 1 1 2 2 2 2 3 3 3
4 -~ - - - = 0 0 1 1 2 2 3 3 4 '5 5 6 6 7 8 4
5 - - - - 0 1 1 2 3 4 5 6 7 7 8 9§ 10 11 12 13 5
6 - - - 0 11 2 3 4 5 6 7 9 10 11 12 13 15 16 17 18 6
7 - - - 0 1 3 4 6 7 9 10 12 13 15 16 18 19 21 22 24 7
8 - - -1 2 4 6 7 9 11 13 15 17 18 20 22 24 2 28 30 3
9 - - 0 1 3 5 7 9 11 13 16 18 20 22 24 27 29 31 33 36 Y
10 - - 0 2 4 6 9 11 13 16 18 21 24 26 29 31 34 37 39 42 10
11 - = 0 2 5 7 10 13 16 18 21 24 27 30 33 36 39 42 45 48 11
12 - - 1 3 6 9 12 15 18 21 24 27 31 34 37 41 44 47 51 54 12
13 - - 1 3 7 10 13 17 20 24 27 31 34 38 42 45 49 53 57 60 13
14 - - 1 4 7 11 15 18 22 26 30 34 38 42 46 50 54 58 63 67 14
15 - - 2 5 8 12 16 20 24 29 33 37 42 46 51 55 60 64 69 7 15
16 - - 2 5 ¢ 13 18 22 27 31 36 41 45 50 55 60 65 70 T4 179 i6
17 - = 2 6 10 15 19 24 29 34 39 44 49 54 60 65 70 75 31 S6 17
18 - - 2 6 11 16 21 26 31 37 42 47 53 58 64 70 75 81 87 92 18
19 - 0 3 7 12 17 22 28 33 39 45 51 57 63 69 T4 81 87 93 99 19
20 - 0 3 8 13 18 24 30 36 42 48 54 60 67 73 79 86 92 99 105 20
(O3
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 ng
(69 ecritical values of U for a two-sided test)
ny 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
ny

1 -~ - = = = - - - - - - - - L 4 . o 1
2 - - - - - - - 0 0 0 0 ! 1 1 1 1+ 2 g 9 o 2
3 - - - - 011 2 2 3 3 4 4 5 5 6 6 7 7 8 3
4 - - - - 0 1 2 3 4 4 5 6 7 8 9 10 11 11 12 13 13 4
5 - - 0 1 2 3 5 6 7 8 9 11 12-13 14 15 17 18 19 20 5
6 - - 1 2 3 5 6 8 10 11 13 14 16 17 19 21 92 94 925 97 6
7 - -~ 1 3 5 6 8 10 12 14 16 18 20 22 24 2 93 30 32 34 7
8 - 0 2 4 6 8 10 13 15 17 19 22 24 26 29 31 34 36 38 41 &
9 - 0 2 4 7 10 12 15 17 20 23 2 28 31 34 37 39 42 45 438 9
10 - 0 3 5 8 11 14 17 20 23 26 29 33 36 30 42 45 48 52 55 10
11 - 0 2 6 9 13 16 19 23 26 30 33 37 40 44 47 51 55 58 62 11
12 - 1 4 7 11 14 18 22 26 29 33 37 41 45 49 53 57 61 65 69 i2
13 - 1 4 8 12 16 20 24 28 33 37 41 45 50 54 58 63 67 72 76 i3
14 - 1 5 9 13 17 22 26 31 38 40 45 50 55 59 64 67 74 78 83 14
15 - 1 5 10 14 19 24 29 34 39 44 49 54 59 64 70 75 80 85 90 15
16 - 1 6 11 15 21 26 31 37 42 47 53 59 64 70 75 81 86 92 98 16
17 - 2 6 11 1_7 22 28 34 39 45 51 57 63 67 75 81 87 93 99 105 17
18 - 2 7 12 18 24 30 36 42 48 55 61 67 74 80 86 93 99 106 112 18
19 - 2 7 13 19 25 32 38 45 52 58 65 72 78 85 92 99 106 113 119 19
20 -~ 2 8 13 20 27 34 41 48 55 62 69 76 83 90 08 105 112 119 127 20
\’ﬂl
1 2 3 4 65 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 |n, N
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19 20

18

i3 14 15 16 17

12

(19, critical values)
11

THE WALD-WOLFOWITZ RUN TEST

NONPARAMETRIC TESTS
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TABLE 10.6. THE WILCOXON MATCHED PAIR
SIGNED RANK TEST

(5% and 19, critical values of T_, T} and T')

T_or 1y T
(one-sided) (two-sided)
n
19, 59, 19, 5%
6 - 2 - 0
7 0 3 - 2
8 2 5 0 4
9 3 8 2 6
10 5 10 3 8
11 7 13 5 11
12 10 17 7 14
13 13 21 10 17
14 16 25 13 21
15 20 30 16 25
16 24 35 20 30
17 28 41 23 35
18 33 47 28 40
19 38 53 32 16
20 43 60 38 52
21 49 67 43 59
22 56 5 49 66
23 62 83 55 73
24 69 91 61 81
25 77 100 68 89

PABLE 10.7. SPEARMAN’S RANK CORRELATION
COEFFICIENT

(5% and 1%, critical values of r; for one- and two—
sided tests)

one-sided two-sided
n
19, 5% 19, 59,
4 — 1.000 — —
5 1.000 .900 _— 1.000
6 .943 .829 1.000 .886
7 .893 .714 .929 .786
&) .833 .643 .881 .738
EQ .783 .600 .833 .683
10 .746 .564 L7194 .648




11. CONTROL CHARTS

11.1. MEASUREMENTS DATA
a. Introduction

Control charts are used to detect changes in the mean value (centre of
location) and in the variability (dispersion) of a process. The procedure consists in
obtaining measurements on a sample of » items, computing chosen measures of loca-
tion and dispersion, plotting the computed values on appropriate charts and taking
decisions (regarding changes in the processes) depending on the positions of the plotted
points.

How is a control chart drawn for any particular measure of location or dis-
persion ? Let 7' represent any such measure based on n observations in a sample.
The central line of the control chart for T is drawn at E(T), the expected value of 7'
and the upper and lower control limits at E(T)+b,o(T) and E(T)—b,0(T) respectively,
where b, and b, are suitably chosen constants and o(7') is the standard deviation of
T. The limits obtained by choosing b;, b, such that

Probability {(T—E(T) > b,0(T)} = af2
Probability {T—A(T) < —byo(T)} = /2

are called o probability limits. Those obtained by choosing b; = b, = 3 are called
three sigma limits.

As an example for location, 7 may be the average z or the median & of the
sample. Charts using & and & are called the z chart and Z (median) chart respectively.
As a measure of dispersion T may be the standard deviation s, or the range R of the

sample leading to an s-chart or an R-chart.

Let the true process average and standard deviation be represented by x and
o. Under the asumption of normality of the observations, the o(T) for each measure
T considered in Table 11.1 is found to be a multiple of o, the process standard
deviation. Hence the upper and lower control limits in all these cases can be
written as
B(T)+z0, E(T)—2z0
when p and o are specified.

The process mean and standard deviation may not be specified in practice,
but may be estimable on the basis of previous data. If the past data are sufficiently
numerous, yielding stable estimates of 1 and o, the same formulae E(T')4-z, 0, E(T)
—z,0 for control limits can be used substituting estimates for E(T') and o

b. Construction of a control chart

Table 11.1 provides the formulae for E(T'), and multipliers of o or of an estimate
of o for a wide variety of measures, 7. The general procedure for constructing a
control chart is as follows :

(i) Decide on the subgroup (or sample) size n.

(ii) Choose a suitable measure of location andfor a measure of dispersion
(see column (1) of Table 11.1 for measures commonly used).
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(iti) (a) If the standards, i.e., the mean and the standard deviation of the
process arc known, use the formulae in column (3) for (7Y, the central
line, and the formulae in column (6) for multiplying factors z;, z,.  Thus,
if we want a control chart for the meagure s, the sainple stondasd davia-
tion, the central line is at ¢;o and the upper and lower conlrol limits nve
at Byo and Byo.

(b) If the standards are not known, decide to use one of the alternative
estimates of E(T) given in columns (4) and (5) for the central line and one

of the alternative estimates s, R, or R for o as defined in 1LIc below.
The multiplying factors for these estimates are given in columns (7). (8}

and (9). Thus, if we want a control chart for the mediaa # choosing 7 as
the estimate of & and choosing R as an estimats of ¢, the senical line is at
% and the formulae for the upper and lower control limits are, as foun
from column (8) of Table 11.1,

&+ F,R and #—F,R.

(iv) Having chosen the appropriate formula from Table 11.1 we have to
find the numerical values of the symbols A4, 4,, ..., B;, B,, ... ete.
They depend on the value of » and the nature of control limits required
(3 sigma or probability limits). The values of all tho symbols of Table
13.1 for 3 sigma limits are given in Table 11.2 for values of n = 2
(1) 10 and for some symbols upto » = 20. The values of some symbols
for probability limits are given in Table 11.3.

c. Estimation of standards

The methods for computing different estimates of 4 and ¢ from past data are
aa follows. Let z, ..., xy be the available series of past data. Divide the series into
groups of n observations obtaining & = [N/n] subgroups omitiing if necessary a few
observations at the end. It is assumed that N is large compared to n. For each
subgroup compute the value of a measure of location and a measure of dispersion as
shown in the following table.

In theory we can use any of the 8 estimates of # in conjunction with any of the
four estimates of o, but in Table 11.1, we have indicated only some of the combina-
tions for which tables exist for computing the control limits. It is also customary to
examine ths homogeneity of past data before using the estimeatod valaes of uand o for
control limits. This is done by constructing control charts based on $hs esiimates
and plotting the subgroup values. Thus if we are computing the subgroup means

and standard deviations we may construct an z chart using the estimates 7 and 3.
On such a chart we can plot the & consecutive values z,, ..., %, and judgs whether
they were under control.
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ESTIMATION OF STANDARDS FROM PAST DATA

. - alternabive measures
sub- original alternative measures of location of dispersion
group series
no. mean median sum midrange standard range
(post data) deviation
T < Zz M s b4
zy -
1 : Z1 ay (Zz)y M, s1 B,
Tn
Tngr ~
2 : T 2 (22), M, sz R,
Zan
Trtk~1)41 ~
k : Tk Ty (Zak My, Sk By
Tkn
mean % E (=) M s R
median % z ($%) M P R
< v — AN —— —_
providing 8 estimates of . providing 4 estimates of ¢

The symbols used are self-explanatory. Thus  is the median of the subgroup medians
&, &, ... %, ; 7 is the mean of subgroup means Z,, &y, ..., %; § is the median of
subgroup standard deviations s,, s, ..., S, and so on.

11.2, ATTRIBUTES DATA

Instead of providing a measurement such as the length of an item, sometimes
it is scored as bad or good, or as within or outside certain gauge limits, or as having
a certain number of defects. The relevant formulae for the central line and the 3-
sigroa limits in such cases are given in Table 11.4. -

¢ and p charts: When an item is scored as good or bad, the quality of a
subgroup of 7 items is judged by the number defective (d) or the proportion defective
(p). If the number defective is assumed to have a binomial distribution with the

parameter 7, then

E(p) =n, E(d)=nn

o(p) = Va(l—m)fn, o(d) = Var(l—mn)

which provide the formulae for the central line and the upper and lower control limits
for the p and d charts.

If probability limits are required one has to use the cumulative probabilities
of the binomial distribution. Let d, and d, denote the upper and lower limits for d
at a probability «/2 on each side. Then they satisfy the equations

&
2

N

P R R PN 4 ned
] \d>77(1 -t L 2,d§d( \77(1 )

“ H

Vg

i1
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The values of d; and d,, for given 7 and 7 can be determined using the entries of Table

1.2, In the case of the p chart the upper and lower propability limits are d,/n and
dyfn, where d, and d, are as determined above.

If the value of 7 is not specified, an estimate from past data may be substi-
tuted in the above formulae. The best estimate of 7 is p the observed proportion of
defective items in the past data. Of course, the control chart for p or d with an esti-
mated 7 can be used to test the homogeneity of past data by dividing the original

series into subgroups of size n and plotting the individual values of p or d for each sub-
group.

b—a and b+a or g and h charts. In some cases, an item is scored as above an
upper gauge value, as below a lower gauge value or as between the two values. Out of
n items let b be the number of items above a given value and a be the number below
another given value. The quality of subgroup is judged by ¢ = b—a which is sensi-
tive for a change in the average size of the items andjor A = b+a which is sensitive
for a change in the dispersion of the size of the items. The formulae for the central
line and upper and lower 3 sigma limits for ¢ and A are given in Table 11.4, where

7y and 71, denote the hypothetical proportions of the items below the lower gauge
and above the upper gauge value respectively.

The determination of probability limits for small values of » is somowhat

difficult in the case of b—a. For b+a it is done as in the case of the number
defective chart choosing 7 = 7,4,

If the values of 7 and 7, are not known they may be estimated by »,
and p,, the observed proportions of items below the lower gauge value and above

the upper gauge value respectively. The estimate of Y= m—m) is g(= py—p;)

and the estimate of d(= m+m,) is p(= p,+p,). The control charts constructed by

using the estimated values of y and & can be used for testing the homogeneity of past
data.

11.3. CouxnT oF DrrFECTS DATA

¢, C, ¢ charts :  The quality of an item such as a glass pane or a piece of cloth
of given dimensions is judged by the number of defects (c) on it. On the assumption
of a Poisson distribution for ¢, the mean and variance are each equal to A, the
Poisson parameter. The formulae for the central line and the 3 sigma limits for ¢
the number of defects on a single unit, €' the total number of defects on » units and ¢
the average number of defects per unit are given in Table 11.5. The probability

limits can be obtained by first computing the cumulative probabilities from the indivi-
dual terms of the Poisson distribution given in Table 2.1.

When the value of A is not specified it may be estimated from past data by
the average number of defects per unit. The homogeneity of past data can be

examined by considering subgroups and plotting the successive values of ¢ or & on
the appropriate chart based on the estimated value of A.
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TABLE 11.1. FORMULAE FOR CONTROL CHART LINES: MEASUREMENTS DATA

Charts for central tendency and dispersion

{For description of estimates in columns (4), (5), (7), (8) and (9) see sub-section 11.1¢c)

sub-group (sample)

|

central line

|

factors to multiply given standard or estimates

quality to obtain UCL and LCL
. l using given l
description symbol | using given ) using estimate standard using estimate
of chart (statistic)] standard
T mean median ‘ c ‘ s R R
!
(1) (2) ‘ (3) (4) (5) \ (6) ! (M) (8) 9
measures of location
\ as distances from the central line
mean ‘z " = % +4 +4, + 4. +4;
sum Sz ny (Za) (fx) +nd +ndy +nd; +nd,
median ;: n | & T +F +F, +F3
midrange M n \ M M +@ +@G; +GQg
| I
measures of dispersion
| as distances from the origin
standard -
deviation F €30 8 . B, By
B, B
range R l dso R 621‘} D, Dy Dg
‘ D, D, Dy
moving | -
range (n = 2) 7 o 1.128¢ r 1.183r ‘ Dy(n = 2) Dyn = 2) Dg(n =2)
\ | Din=2) Dain = 2) Dsin = 2)
order statistics
as distances from the central line
largest - =
measurement L w+3dso M+3iR ! +H +H,
|
smallest —_ = ; )
measurement S p—3dso M—3iE \ +H +H;
when L and § are for UCL of L : \ +H +H,
plotted together
with M for LCL of S': —H’ -—-H'2

Note : nis the sub-group sample size.

values of n are given in Table 11.2.
bability limits at various levels are given in Table 11.3.

The 3 sigma values of all the symbols 4, 43, ..., H,, H; for different
The values of By, Bs, D, Dy, D¢ for one-sided upper pro-
The values of 4, Ay, A4, A3, F, Fa, Fg,

and @, @, @5 for probability limits are obtained by multiplying the values for 3 sigma limits
given in Table 11.2 by the following factors.

probability level ;

factor to multiply 3-sigma limits :

0.1% 0.5% 19%

0.869

5% 109,

1.097 0.936 0.653 0.548

The values of the other symbols for probability limits are not given.

The values of ¢z, ds and e; aro also given in Table 11.2 for n = 2(1)10.
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TABLE 11.2. FACTORS FOR COMPUTING CONTROL CHART LINES

Three sigma limits

sub-group (sample) size = formula
for genercl
iactor 2 3 4 5 6 7 8 9 10 n

A 2.121 1.732 1.500 1.342 1.225 1.134 1.061

)

000 0.949 3jyn

A1) 3760 2.394  1.880  1.59 1.410  1.277  1.175  1.094  1.028) Afc,
4, | 1.881  1.023 0.729  0.577  0.483  0.419  0.373  0.337  0.308) A4/d,
Ay} 2.22¢  1.091  0.758 0.594  0.495  0.429  0.380  0.343  0.314] AJdp
B, 0 0 0 0 0.026  0.105  0.167  0.219  0.262] cy—3cy
B, | 1.843 1.858  1.808 ~ 1.756 1.711  1.672  1.638  1.609  1.584 cy+3c;
B; 0 0 0 0 0.030  0.118  0.185  0.239  0.284| Bifc.
B, | 3.267 2.568  2.266 2.089 1.970  1.882  1.815  1.761  1.716] Bjc,
D, 0 0 0 0 0 0.204  0.388  0.547  0.687 d,—3d;
D, | 3.686  4.358  4.698  4.918 5.078  5.204  5.306  5.393  5.469) d,+3d;
D, 0 0 0 0 0 0.076  0.136  0.184  0.223] Dy/d,
Dy | 3.267 2.5757 2.282 2.1156 2.004 1.92¢ 1.864 1.816  1.777| Dy/ds
Ds 0 0 0 0 0 0.078  0.139  0.187  0.227] Dyfdy,
De | 3.864 2.744 2,375 2.179 2,055 1.967 1.902  1.850  1.808| Dy/dp

F 2.121 2.009 1.638 1.607 1.390 1.376 1.230 1.223 1.116 30;

—

1.880 .187 0.796 0.691 0.549 0.509 0.432 0.412 0.363] F/d,
Fg 2.224 1.265 0.828 0.712 0.562 0.520 0.441 0.419 0.369{ Fldpm

G 2.121 1.805 1.638 1.532 1.458 1.402 1.358 1.322 1.292] 3oy,

(e 1.880 1.067 0.796 0.659 0.575 0.518 0.477 0.445 0.420, G/d-
G 2.224 1.137 0.828 0.679 0.590 0.530 0.487 0.453 0.427) Gldy
H 2.477 2.244 2.104 2.007 1.935 1.878 1.832 1.793 1.760, 3oy,
H’ 3.041 3.090 3.133 3.170 3.202 3.230 3.256 3.278 3.299] H4-}d:
H. 2.195 1.326 1.022 0.863 0.763 0.694  0.643 0.604 0.572] Hld,
H2 2.695 1.826 1.522 1.363 1.263 1.194 1.143 1.104 1.072| H,+3
Ca 0.564 0.724 0.798 0.841 0.869 0.888 0.903 0.914  0.923

do 1.128 1.693 2.059 2.326 2.534 2.704 2.847 2.970 3.078

din 0.954 1.588 1.978 2.257 2.472 2.645 2.791 2.915 3.024

ey 1.183 1.066 041 1.031 1.025 1.022 1.020 1.019 1.018

part

Note : The constants tabulated in Table 11.2 have been calculated under the assumption
that the population distributlon is normal. The constants in the general formula of the last columa
are defined as foilows,

- /n — /n—1 n—1 i .
02=E(3)="/2F<§)+'Jm‘( 3 >’°3=°3=[T—°3] o d2 = B(R), dy = op, dn=BER).

¢y == dp/dm Wwhere s, R, 1%, otc are as defined in column (2) of Table 11.1. TIn the tabulated values

of dy, E’(I}) is approximated by the median of the distribution of R.
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TABLE 11.2 {(continued). FACTORS FOR COMPUTING CONTROL CHART LINES

Three sigma limits

sub-group (sample) size n

factor 11 12 13 14 15 16 17 18 19 20
A l 0.905 €.866 0.832 0.802 0.775 0.750 0.728 0.707 0.688 0.671
Ay 0.973 0.925 0.884 0.848 0.816 0.7885 0.762 0.738 0.717 0.697
By 0.299 0.331 0.359 0.384 0.406 0.427 0.445 0.461 0.477 0.491
B, 1.561 1.541 1.523 1.507 1.492 1.478 1.465 1.454 1.443 1.433
B; i 0.321 0.354 0.382 0.406 0.428 0.448 0.466 0.482 0.497 0.510
B, 1.679 1.646 1.618 1.594 1.572 1.552 1.534 1.518 1.503 1.490

factor| 21 22 23 94 25 26 27 28 29 30
A 0.655 0.640 0.62 0.612 0.600 0.588 0.577 0.567 0.557 0.548
Ay 0.679 0.662 0.647 0.632 0.619 0.606 0.594 0.583 0.572 0.562

[

B; | 0.504 0.516 0.527 0.538 0.543 0.557 0.5606 0.574 0.582 0.589
B, i 1.424 1.415 1.407 1.329 1.392 1.385 1.378 1.372 1.366 1.360
B, 0.523 0.534 0.545 0.555 0.565 0.574 0.582 0.5%0 0.5697 0.604
By 1.477 1.466 1.455 1.445 1.435 1.426 1.418 1.410 1.403 1.396

TABLE 11.3. FACTORS FOR COMPUTING CONTROL CHART LINES
One-sided uvpper probability limits

proba- : sub-group (sample) size n

bility | facter |

level : 2 3 4 5 6 7 8 9 10

0.19% B, ; 2.3217 2.146 2.019 1.922 1.849 1.791 1.744 1.704 1.670

I B | 4.125 2.666 2.528 2.286 2.129 2.016 1.932 1.865 1.810
o
D, ' 4.65 5.06 5.31 5.48 5.62 5.73 5.82 5.90 5.97
Dy | 412 2.9¢ 2.58 2.36 2.22 2.12 2.04 1.99 1.94
Dy | 4.88 3.19 2.68 2.43 2.27 2.7 2.09 2.02 1.97
0.5% + B 1.985 1.879 1.792 1.72 1.67} 1.628 1.592 1.662 1.536
l B, | 3.518 2.597 2.246 2.051 1.924 1.833 1.764 1.700 1.665
!
| Dy | 3.97 4.42 1.69 4.89 5.02 5.15 5.26 5.34 5.42
I Dg  3.52 2.61 2.28 2.10 1.98 1.90 1.85 1.80 1.76
' Dg | 4.16 2.78 2.37 2.17 2.04 1.95 1.88 1.82 1.79
i% i By . 1.821 L152 634 1.630 1.586 1.550 1.52¢ 1.494 1.472
By . 3.228 2.421 211 1.939 1.826 1.745 1.654 1.635 1.595
D, ;| 3.64 1.12 L. 40 4.60 4.76 4.88 4.99 5.08 5.16
l D, . 3.2 2.43 2014 1.08 1.88 1.80 1.75 1.7 1.68
| Dg | 3.82 2.59 2.22 2.04 1.03 1.84 1.79 1.74 1.71
| 1
3% | B. 1.336 1.418 §.398 1.378 1.358 1.341 1.328 1.313 1.301
' By 2.457 a5 1.752 1.63¢ LH62 1.510 1.45¢ 1.4537 1.410
v Dy , 2.77 3.31 3.63 3.86 1.03 4.17 4.20 4.390 4.47
| Dy 2.46 1.06 .78 1.66 1.50 1.54 1.51 1.48 1.45
; Dg 2.90 2.08 1.83 1.71 1.63 1.58 1.54 1.51 1.48

Note: The values of By, D, and Dy given in Tabls 11.2 provide only approximate proLability
Ihnits.  They bave been calculated using the formulae By = Bofe;, Dy = Dyfdz, Dy = D, [dm.

15
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sub-group (sample)

TABLE 114, TORMULAE FOR CENTRAL LINE AND 3.8IGMA LIMITS: ATTRIBUTES DAT:

upper and iower control limits UCL
quality central line and LCL (as distances from central line)
description symbol | using given using using given using
of chart (statistic) standara estimate standard estimate
1. Auributes Duia—General (—number defective or fraction defuctive chart :
fraction defective D 7 p ﬂ:3\/n(l - + 3\/{)( ! __T_')
m n
number defoctive d nw d +3 \/nn(l —m) 43 \/n5(1 —7))
= np)
2. Attributes Data—double gauging ~—{b—a) and (b+a) charts

by @ and the number above upper gauge by b.

The hypothetical proportion below the lower gouge
is denoted by w; and above the upper gauge by ,)-

change in location

{The number below lower gauge is denoted

b—a =g

change in disper-

bta = B
glon

Note :

nry—=my) = ny

nimy+ms) = 18

h

+3ynp—g/n

+£3np(1—p)

TABLE 13i.5.

n denotes tho sub-group sample size.

FORMULATR fOR CENTRAL LINE AND 3-8IGMA LIMITS

: COUNY OF
DEFECTS DATA
Number of defects or defects per unit chavts
number of defects _
on unit (n = 1) ¢ X ¢ +3 W j:?n_,,c
number of defocts o O 2, s Lol
on group of n ’ ™ ¢ ~ £E a/m E3xne
units (=2c) (== nc)
defects per unit =9 2 3 Lo A . [
; n
Note : 7 denotes the sub-group sample size.

T
4

ke method for obtaining probability limits is explained

in the text. They depend on the tables of individual terms of the binomial and Poisson distribu-
tions (see Tables 1.2 and 2.1).



12, LOT (OR PROCESS) QUALITY ESTIMATION
a. Percentage defective

In sampling with replacement, the number d of defectives in a sample of
size » from any lot foilows a binomial distribution b(n, 7) where 7 is the proportion
of defectives in the lot. This distribution also holds good, as an approximation, in
sampling without replacement, if the lot size is very large compared to the sample size.

Confidence intervals for 7 are tabulated in Table 1.3 for n» < 30. Table
12.1 provides 9579, and 99+9%, confidence intervals for 1007 (percentage defective)
based on the Clopper-Pearson system, for » = 40, 50, 75, 100(100)500, 1000,

b. Average number of defects
Under fairly general conditions, the number of defects per unit, in units of

identical dimension, follows a Poisson distribution.

Two sided 95+9, and 99+%, confidence intervals for the Poisson mean A, the
average number of defects per unit, are given in Table 2.2.

¢. Average measured value of a characteristic

When the measured value of a characteristic is normally distributed as N(x, o®)
confidence limits for its average (1) based on a sample of size n are given by
959, limits : & 4= 1.960/V/n.
999, limits : z + 2.58¢/Vn
if o is known.

When o is not known, the confidence limits for g will be obtained from the
following formula
100(1—a)%, limits : % + t,8/v/n—1
where ¢, is the two-sided 10049, point of the ¢-distribution with n—1 d.f. given
in Table ¢.1 (refer to the bottom row of Table 4.1), and s = V/Z(z;~1)%/n.

When o is not known, instead of the sample standard deviation, the sample

range R or the mean range R from k sub-groups (samples) each of size n may be used
along with Z, to obtain confidence limits for 4. For computing 95% and 99% confi-

dence intervals of the type 7 4+ % I—B: the factor 4 has been tabulated in Table 12.2
for n =2 (1)156 and %k = 1 (1)15.

d. Standard deviation of a measured value

Fither the sample standard deviation s or the sample range B may be used to
obtain the confidence injerval for the parameter o of the normal distribution.
Table 12.3 gives factors f, and f, for computing 95% and 999%, confidence intervals
for o, of the type (f;s, fos). Table 12.4 provides factors g; and g, for computing
959, and 999, confidence intervals for o, of the type (g, R, g, RB).

Example. The range of breaking strength as observed in 10 pieces of hard
drawn copper wire was 50.2 pounds. To obtain 95% confidence limits for o.

From Table 12.4, the 959, values of g, and g, for n = 10 are read as 0.209
and 0.597 respectively. Hence 95%, confidence limits for ¢ are 0.209%50.2 = 10.5
pounds and 0.597x50.2 = 30.0 pounds.
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