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Chapter 1

Introduction

This thesis explores certain topological results on quotients of Stiefel manifolds. The perspective
behind these results are cohomology calculations which in turn lead to geometric consequences.
The quotients of Stiefel manifolds form a nice collection of homogeneous spaces which are

amenable to computational techniques. We consider
Vo = real Stiefel manifold of k-orthonormal vectors in R" = O(n)/O(n — k),

Wi = complex Stiefel manifold of k-orthonormal vectors in C" = U(n)/U(n — k).

These manifolds are ubiquitous in the literature, and many of their features have been extensively
studied.

The Stiefel manifolds have an action by the orthogonal group O(k) in the real case, and
U(k) in the complex case, whose quotients are the Grassmann manifolds. This is in a sense the
quotient of a Lie group by a parabolic subgroup. One may instead take the quotient by a Borel
subgroup and end up with flag manifolds. These manifolds are also widely studied in topology
and algebraic geometry.

A different viewpoint is provided when we consider actions by cyclic subgroups of the or-
thogonal group. As an example, one has the action of S! on W, ; by diagonal matrices in
U(k). The quotient space is called the projective Stiefel manifold PW,, ;.. The real version of
this is the quotient PV,, , =V}, x/C2, where the cyclic group C5 of order 2 acts via £1. One
may also consider a cyclic group action on W, ;. by mt" roots of unity, and call the quotient
Wi kesm.-

The projective Stiefel manifolds have been of interest in connection with a varied spectrum
of topological questions. On one hand, they are useful in studying equivariant maps between

the Stiefel manifolds [33], and on the other, they form a part of an obstruction theory for

1



2 Chapter 1. Introduction

constructing sections of multiples of a given line bundle [6]. In the real case, they play an

important role in the immersion problem for real projective spaces [37].

1.1 BP-cohomology of complex projective Stiefel manifolds

The cohomology of PW,, , with Z/p-coefficients was computed in [6], which is analogous to
the Z/2-computation for real projective Stiefel manifolds in [19]. Among other applications,
this has been used to prove the non-existence of S'-equivariant maps between complex Stiefel
manifolds [33].

A natural idea here is that extending the computations to generalized cohomology theories
would yield further results about equivariant maps. We follow through along these lines and

compute the BP-cohomology as (Theorem 3.3.7)

Theorem 1.1.1. The BP-cohomology of PW,, ;. is described as

BP*(PWyi) = Apppt)(Yn—k+2,- s ) @Bp=(pt) BP(pt)[[2]]/1

where ;s are of degree 25 — 1, x is of degree 2, and I is the ideal generated by {(?)xﬂn— k<

j<n}.

The method used to compute the BP-cohomology is the homotopy fixed point spectral
sequence. This works for any complex oriented cohomology theory, where the class x comes
from the choice of complex orientation. Consequently, the K-theory of the complex projective
Stiefel manifold has an analogous formula, which was computed in [20] using the Hodgkin
spectral sequence for the cohomology of homogeneous spaces. The same method is also likely to
work for P,W), i, the quotient by a variant of the Sl-action, whose cohomology was computed
in [12]. Here, ¢ refers to a tuple of integers (I1,---,l;) and the action of S! is given by
z-(vy, - yvp) = (2B, -+ 2.

We observe that the BP-cohomology ring of PW,, ;. is just the extension of coefficients
from Z, in ordinary cohomology to Z, [v1,v2, -] in BP-cohomology. Therefore, the pri-
mary multiplicative structure does not yield new results for equivariant maps between Stiefel
manifolds. However, BP has the action of Adams operations [5], which yield the following new

result on equivariant maps. (see Theorem 3.4.8)

Theorem 1.1.2. Suppose that m,n, [, k are positive integers satisfying
1) n — k <m —1 and there is an s such that m < 2+ m — 1 < n.

2) 2 divides all the binomial coefficients (njléﬂ)’ cee (mril)
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3) 2 does not divide ( )and 2fm — L.

m
m—I+1
Then, there is no S'-equivariant map from Wik to Wy, .

We also obtain some new results using the action of Steenrod operations on H*PW, ;.
We point out that the analysis of equivariant maps on Stiefel manifolds also leads to results in

topological combinatorics [11].

1.2 p-local decompositions of projective Stiefel manifolds

We explore homotopical results about the quotients of the Stiefel manifolds after localization at
primes. The cohomology of the Stiefel manifold is an exterior algebra, so a natural question is
how much homotopically alike it is to a product of spheres. If it is so, the fibration W, ;, — G§2n—1
must have a section S?"~1 — W, 1, the existence of which has a precise answer [4], [7]. On the
other hand, one may try to write down conditions under which W, ;. is p-regular, that is, when
does its p-localization become equivalent to a product of spheres? This has been studied by
Yamaguchi [39]. His results imply that if p > n, W, i is p-regular. We consider the analogous
question for the quotient PW), ;.

The cohomology of PW,, j, matches that of CP" kx H;L:n_k+2 S2=1if p > n. We explore
whether, after localization at p, the two spaces are homotopy equivalent. Elementary arguments
imply that if p is more than half the dimension of P, , this result holds. More precisely, (see
Theorem 4.2.7)

Theorem 1.2.1. If p > 20E=k=1 4

(PWn,k)(p) ~ {(CP”_I‘? x §2n2hA3 oL g2l »

For a significantly better bound on p in the equivalence above, we look at the obstructions
to forming a map from PW,, , to the product CP" ¥ x [Tj_, ;.5 S~ !. We see that if p > n,
these obstructions (localized at p) belong to the “stable range”. This leads us to consider the
stable homotopy type of the projective Stiefel manifold, for which we prove the following result

using certain calculations with the Chern character. (see Theorem 4.3.15)

Theorem 1.2.2. If p > n, the projective Stiefel manifold PW), ;. stably splits into a wedge of

spheres in the p-local category.

The path to proving the theorem above goes via a homotopy theoretic result which says that
for a CW-complex of dimension < 2p? — 2p, if p-local cohomology is torsion-free, and the Chern

character takes values in Z,, the space stably splits into a wedge of spheres in the p-local
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category (see Theorem 4.3.7). The stable splitting of the projective Stiefel manifold allows us
to construct stable maps to the desired space. The obstruction theory to lift this to the unstable
category involves another intricate argument with the Chern character that introduces a new

bound on & for which the p-local decomposition result holds. (see Theorem 4.4.3)

Theorem 1.2.3. Suppose p >n +1and k < p+n — /p2 +n2 — 4p + 2. Then,

(Pka)(p) ~ [(CP"—k w §2n—2hAB Ly g2l "

The homotopical decomposition results for PW), ;. imply that with the bound above, the
p-regularity result for the Stiefel manifold is indeed S'-equivariant (see Theorem 4.4.4). The
techniques also imply decomposition results (see Theorem 4.4.5) for the finite cyclic quotients
of Stiefel manifolds W,, y.m, and that of P,W,, j for £ = (l1,--- 1), l; € Z, which is W,, ./ S!

with the action on the " vector by 2.

1.3 Characteristic classes for quotients of Stiefel manifolds

The Stiefel manifolds are parallelizable except for the spheres. For the quotients of Stiefel
manifolds one has a nice approach towards calculation of their tangent bundle [27]. There is
also a direct method to compute their cohomology via the Serre spectral sequence [19],[6]. This
allows us to calculate explicitly characteristic classes for these manifolds, such as the Stiefel-
Whitney classes, or the Pontrjagin classes. These computations may then be used to deduce
non-embedding and non-immersion results into Euclidean spaces. Further, we may explore the
question whether these manifolds are parallelizable, and obtain bounds on the number of linearly
independent vector fields. Partial answers to these questions are provided in [35].

One may also consider skew embeddings of these manifolds, that is, embeddings in which
the affine spaces corresponding to the tangent spaces in the embedding are skew. This is related
to an embedding of the tangent bundle of the ordered configuration space. Bounds on such
embeddings are also related to Stiefel-Whitney classes in [8]. This allows us to compute bounds
on skew embeddings of PV, (5.1.2).

Recently in [26], in an attempt to compute the cohomology of the oriented Grassmannian,
the authors considered the question of representing cohomology classes via Stiefel-Whitney
classes of bundles. More precisely, they consider the subalgebra of H*(X;Zy) generated by
Stiefel-Whitney classes of vector bundles. The question posed for a space X is the highest

degree d such that every class of degree < d lies in this subalgebra. Such a d is called the
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ucharrank(X'). This was computed for the Stiefel manifolds in [25]. We compute the same for
PV, 1 in a significant number of cases (5.1.4).

We also consider the diagonal inclusion of S! inside a maximal torus of O(k), and quotient
the Stiefel manifold with the associated action. This is the space Y, = Vn,gk/sl with the
action via S 2 SO(2) included in O(2k) as blocks. The manifolds Y,, . are called circle quotient
Stiefel manifolds. We compute it's tangent bundle (5.2.1), and show that it is not parallelizable
if n—2k > 3 (5.3.1). Further, we compute it's cohomology (5.2.3), skew embedding dimension

(5.3.3), and upper characteristic rank (5.3.4).

1.4 Organization

In Chapter 2, we recall methods to compute the cohomology of certain quotients of Stiefel
manifolds, via the Serre spectral sequence. In Chapter 3, we produce the calculation of BP-
cohomology for the complex projective Stiefel manifolds and explore the applications for such
a computation. In Chapter 4, we discuss product splittings of projective Stiefel manifolds and
similar quotients after localization at a prime. In chapter 5, we discuss certain characteristic

class computations for these quotients of Stiefel manifolds.






Chapter 2

Cohomology of certain quotients of

Stiefel manifolds

In this chapter, we recall well known computations for the cohomology of Stiefel manifolds and
certain quotients of them. The main technique used is the Serre spectral sequence. All the
spaces considered are homogeneous, so any such G/H fits into a fibration G/H — BH — BG.
The associated Serre spectral sequence is then computed to derive the cohomology of G/H

with suitable coefficients.

2.1 Stiefel manifolds and related homogeneous spaces

We begin with the definitions of some homogeneous spaces we are going to deal with.

Definition 2.1.1. e The manifold consisting of all orthonormal k-frames in C™ will be called

the complex Stiefel manifold W, ;..

e The manifold consisting of all orthonormal k-frames in R™ will be called the real Stiefel

manifold V/, ;..

W, can be realized as the orbit space U(n)/U(n—k) and V,, ;, can be realized as the orbit
space O(n)/O(n—k). If n > k, V,, ; can also be realized as the orbit space SO(n)/SO(n—k).

Hence we have the following fibrations:
e W, — BU(n) — BU(n — k)
e V., — BO(n) — BO(n — k)

o V. — BSO(n) — BSO(n — k), for n > k.
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Definition 2.1.2. e A complex projective Stiefel manifold PW,, ;. is defined to be the

orbit space of the free S'-action on Wi, i described as follows:

¢ A real projective Stiefel manifold PV, ;. is defined to be the orbit space of the free

Cs-action on V,, ;. described as follows:

—1- (Ula' © 7,Uk:) = (_Ula' ce ,—’Uk).

There is a canonical complex (resp. real) line bundle ¢, over PW,, (resp. PV, 1)
associated to the principal S! (resp. C3) bundle mentioned in the above definition. We also

have the following fibrations:
L nk — Pka — CP™>®
® Vnk —)PmG — RP°°.

The bundles ¢, i, over projective Stiefel manifolds (PV,, ;, or PW, ;) enjoy a certain universal
property. They classify the line bundles (real or complex) with the property that their n-fold
Whitney sum has a (real or complex) rank k trivial subbundle. This leads to the following

pullback diagrams:

PV, x — BO(n — k) (2.1.1)
RP> BO(n),

where the map at the bottom is classifying map of n-fold Whitney sum of canonical real

line bundle. [19]

PW,,  — BU(n — k) (2.1.2)
cp>= BU(n),

where the map at the bottom is classifying map of n-fold Whitney sum of canonical

complex line bundle. [6]
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The complex projective Stiefel manifolds can be realized as special cases of a more general class

of manifolds known as generalized complex projective Stiefel manifolds.

Definition 2.1.3. A generalized complex projective Stiefel manifold P,V ;. is defined to

be the orbit space of the free S! action on Wi, i, described as follows:

z - (wlv'” 7wk) - (Zl1w17' te 7Zlkwk)7

for a primitive tuple £ = (Iy,--- , 1) € ZF.

These generalized complex projective Stiefel manifolds also satisfy a universal property as

described in the following theorem,[12].

Theorem 2.1.4. The space P,W, . classifies the line bundles L for which there exists an

(n — k)-bundle E such that E &; L7 is a trivial bundle.

Definition 2.1.5. An m-projective Stiefel manifold W, ;..,, is defined to be the quotient space
of Wy, i under the free action of the cyclic group of order m, C,, considered as a subgroup of

the circle group.

2.2 The Serre spectral sequence for quotients of Stiefel manifolds

Our aim is now to compute the ordinary cohomology with suitable coefficients of the spaces
described in the previous section. In order to doing so our main computational tool will be the

Serre spectral sequence.

Theorem 2.2.1. For a fibration F' — E' — B with the action of 71 (B) on H*(F') being triv-
ial, there is an associated multiplicative spectral sequence called the Serre spectral sequence

converging to H*(E), whose Es-page is given as follows:
EYM = HP(B; HY(F)) = HPTI(E).

In most of the cases the space B turns out to be simply connected and hence we won't
have to bother with the condition of triviality of the action of w1 (B) on H*(F).

We shall consider appropriate fibrations involving the homogeneous spaces of our interest
and calculate differentials of the associated Serre spectral sequences. The general pattern of
our cases is as follows: G be a subgroup of U(k) (resp. O(k)). Then we consider the free
action of G on W, (resp. V,, 1) as restriction the free action of U(k) (resp. O(k)). Orbit
space under the free action of U(k) (resp. O(k)) is the Grassmann manifold Gri(C™) (resp.



10 Chapter 2. Cohomology of certain quotients of Stiefel manifolds

Gr(R™)). The homogeneous space we are interested in are Wy, /G (resp. V,, 1/G). Hence

we may consider the following comparisons of fibrations:

Wiy =———= Wy Ve == Vi Vg == Vi

| | L |
Wi 1/ G —> Gi(C™) Vo i/G — Gi(R™) Vi i/G — G(R")

L L i |
BG BU (k) BG BO(k) BG BSO(k).
(2.2.1)

Now our job is to calculate the Serre spectral sequence associated to the fibration on left of
each diagram by doing so for the fibrations on right and then comparing spectral sequences. But
for that we need the knowledge of the cohomology of W), ;, (resp. V,, ;) and Borel's theorem

stated below provides us that [14]. Recall that

e H*(BU(n);Z) = Z[ci,- - - , cy), where ¢;'s are universal Chern classes.
e H*(BO(n);Z2) = ZaJws, - - ,wy], where w;'s are universal Stiefel Whitney classes.
Zplp1,- -+ ,pn-1] if n is odd
2

e H*(BSO(n);Z,) =
Zplp1,- - ,panz,en] if n is even,

where p;'s are mod p reduction of Pontrjagin classes and e, is the Euler class.

Theorem 2.2.2. o H*(Wy i3 Z) = Ag(2n—k+1,- -+ »2n), With deg(z;) = 2i—1 and z;'s are

characterized by the property that in the Serre spectral sequence associated to
Wy — BU(n — k) — BU(n)

they are transgressive and transgress to ¢;'s, the universal Chern classes.

o H*(Vy i Zo) = Vgy(wp—k, - -+ swn—1), with deg(w;) = i and w;'s are characterized by

the property that in the Serre spectral sequence associated to
Vo, — BO(n — k) — BO(n)

they are transgressive and transgress to w;11's, the universal Stiefel-Whitney classes.
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A@ntto,  ,Tn-1,0,_f) if kis odd, n is odd
2 2
ANTnrir, -+, Tn-1) if k£ is even,n is odd
H* (Vi3 Zp) = 2 2 (2.2.3)
ANZnrsr, - ,Tn-2,€) if k is odd, n is even
2 2
ANZpry2, -+ ,Tn-2,0,_,€,) if kiseven,n is even
2 2

where deg(x;) = 4i — 1,deg(0;) = j,deg(en) =n — 1.
Now calculation of the Serre spectral sequences associated the fibrations on right of (2.2.1)

is done via the following commutative diagrams of fibrations

U(n) Wk O(n) Vik
G1(C™) Gk(lcn) Gk(l]R") — Gk(iw)
B(U(k) in(n — k) BUl(k:) B(O(k) XJ/O(n — k) — BOl(k)
S0(n) Vik
ék(lR") C~?k(lR”)
B(SO(k) x SO(n — k)) BSg(k:).
(2.2.2)

The top rows of these diagrams above are given by the quotient maps, and the bottom rows
by the projections onto first factors. Then for complex case computation of the differentials of
spectral sequence associated to the right column in (2.2.2) was done in [12] and as a consequence

the following theorem was obtained.

Proposition 2.2.4. The cohomology ring H*(W,, ;:; Z) is the exterior algebra A(zp,—j+1, -, 2n),
with |z;| = 25 — 1. For the spectral sequence associated to W,,;, — G,(C") — BU(k),

: . o,
the classes z; are transgressive with dy;(z;) = —c

i where c;- are defined by the equation

QI+ + )1+ +-+c) =1

Similar arguments work for the real case and the following analogous results are obtained

in [11].
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Proposition 2.2.5. With Z-coefficients, the cohomology ring H*(V}, ;;) has a basis given by the
square-free monomials in wy,_j, -+ ,wn—1, With |w;| = j. For the spectral sequence associated
to Vi x — Gi(R") — BO(k), the classes w; are transgressive with d;(w;) = —w} 4, where w}
are defined by the equation (1 +wj +---)(1+wi + - +wg) = 1.

Proposition 2.2.6. Assume that k is odd. With Z,-coefficient ( p > 2 ) in the spectral sequence
associated to V;,; — Gri(R™) — BSO(k), the classes z; are transgressive and dy;(;) = —p)

where p/ are defined by the equation (1+p} +---)(1+p1+---px) = 1. The classes o,,_, (for

n odd) and €, (for n even) (2.2.3) are permanent cycles.

2.3 Cohomology of projective Stiefel manifolds

Cohomology of projective Stiefel manifolds with various coefficients are calculated by Comparing

spectral sequences associated to the columns of the pullback diagrams in (2.1.1) and (2.1.2).

2.3.1 Real projective Stiefel manifolds

In the real case the map in the bottom row of (2.1.1) is the classifying map of k-fold Whitney
sum of canonical real line bundle and hence it pulls back w; to (Z‘)azZ Comparing spectral

sequences associated to the columns of (2.1.1) the following theorem was obtained in [19].

Theorem 2.3.1. Suppose k <n. Let N =min{j |n—k+1<j<nand (})isodd}. Then
H*(PVy 1 Zs) = Zoz]/(2) ® V(A) additively, where deg(z) = 1 and V(A) is a Zo-algebra
with simple system of generators {y,_k, - ,YyN—2,YN -** ,Yn—1} and deg(y;) = i. That is,
V(A) has a basis given by the square-free monomials in {yn—, -+, YUN—2, YN " ** , Yn—1}-

Also note that, whenever 2 is invertible in the coefficient ring R, H*(RP*°; R) = R and
hence H*(PV,, 1; R) = H*(V i; R).
2.3.2 Complex projective Stiefel manifolds

By an entirely similar method used for real projective Stiefel manifolds, the Z,-cohomology of

complex projective Stiefel manifolds was determined in [6].

Theorem 2.3.2. Let p > 2 be prime and N =min{j [n—k+1<j<nandpt (?)} There

exist classes y; € H¥ "1 (PW,, x;Z,) for n — k < j < n such that
H*(PWnyk;ZP) = Zp[x}/(.%']v) ® A(yn7k+17 e ay/l\\ﬁ T 7yn),

and deg(z) = 2.
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Theorem 2.3.3. Let N =min{j |n—k+1 < j < nand (7;) is odd}. There exist classes
y; € H¥=Y(PW,, k;Zs2) for n — k < j < n and € H?(PW,,1; Z2) such that

e If n# 2 (mod 4) or k < n, then
H*(PWn,ksz) = ZQ[‘T]/(‘TN) ® A(yn—k-i-h Tt 7(7;]\\77 e 7yn)
e If n=2(mod 4) and k = n, then

H*(PWy g Za) = Lo/ (1) @ Ays, -+ 1 yn)

and z = .

Computation of rational cohomology for complex projective Stiefel manifolds is done by
computing the transgressions in the spectral sequence associated to W, — PW, —
CP®. The algebra generators of H*(W, ), y;'s transgress to (?):rj So ﬁyn_k_i'_]_ kills

k—1

2" k+1 on 2(n — k + 1)-th page and one obtains the following:

Theorem 2.3.4. The rational cohomology of PW,, 1 is

H*(PWy1;Q) = Q] /(2" ") @ Ag(Yn—kt2, -+ »Yn),

where deg(y;) = 2j — 1 and deg(z) = 2.
Calculation of Z,)-cohomology of PW,, ) requires little extra care.

Theorem 2.3.5. The Z,-cohomology of PW),  is

H*(PWh g L)) = Ly [2]/T © Az (In—ky2s = ),

where [ is the ideal of Z, [r] generated by the set {(?)l‘] | n—k < j < n}, deg()) =
2j —1,deg(z) = 2.

Proof. In the spectral sequence associated to W), . — PW,, ;. — CP*°, the exterior algebra
generators y; € H* (Wi Z()) = Az, (Yn—k+1," -+ yn) transgress to ()27 € H*(CP>) =
Zp)|x]. We see that the first non-trivial differential is dy(,,_j41) and the generator y,, 41 and

all its multiples do not survive in the next page since

n n—
d2(nfk+1)(yn—k+1) = (n ke 1>l’ L
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For the y; of higher degree, it may happen that the only non-trivial differential on it

n .
= (1)
2593 ]

may be zero. This precisely happens when (?) lies in the ideal generated by (}) forn—k+1 <
i < j inside Z,. This condition may be interpreted in terms of p-adic valuations of these
numbers. For j > n — k + 1, even if dyj(y;) # 0, we still obtain a multiple p®y; on which
the differential is 0, determined by the formula s + v,((})) = min,_j+1<i<; vp((7))- So for
Jj > n—k+1, even if y; doesn't survive in the F; 1 page, some p-power multiple of it would and

that multiple becomes a permanent cycle detecting an element v; € H* =1 (PW,, 1;; Z(,)). O

2.4 Cohomology of other quotients of Stiefel manifolds

2.4.1 Generalized complex projective Stiefel manifolds

The cohomology of PyW,, ;. with Z,-coefficients was computed in [12] by the method described
in the last section. One calculates the differentials in the Serre spectral sequence associated
to the fibration W, ;, — PyW,, , — CP. It turns out that the exterior algebra generators
zj's of H*(Wiy, k;Z(p) are transgressive and da;(z;) = Z|I|:j(—1)jllaﬂ, where ¢! := Hfj-j for
0= (ly, - L) and I = (iy, - ,ig).

Theorem 2.4.1. For an odd prime p,
H*(PEWn,k; Zp) = Zp[l‘]/(l‘N) & A(yn—k-‘rla e 7?7]\7) e 7yn))

where N =min{j | j >n—Fkand > _; ¢ 20 (mod p)}.

The similar calculation for PW,, ;. with Z,)-coefficients yields the formula
H*(PWy k3 Z(p)) = AZ(p) (Yn—k+2," "+ s ") ® Zp) [x]/J,

where ;| = 2j—1, || = 2 and J is the ideal of Z;)[x] generated by the set {3 ;_;(—1)/1"a7 |

n —k < j < n}. Note that for a prime p not dividing Z\I|:n—k+1 1!, we have the following

reduction

H* (PZWTLJC; Z(p)) = AZ(P) (’Ynfk+27 T 7'771) ® Z(p) [x]/(xnkarl)’ (2'4'2)

which is exactly same as rational cohomology except the coefficients are now replaced by Q.
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2.4.2 m-projective Stiefel manifolds

The cohomology calculation of W, 1., is done by considering the fibration St —s W kom —
PW, 1 and the associated complex line bundle is shown to be (", [21]. Its Z,-cohomology was
computed in [21]. In the associated Serre spectral sequence the cohomology generator of S*

transgresses to mx, where x is the Euler class of (,, ;. and da is the only non-trivial differential.

Theorem 2.4.3. Suppose that 2 < k <mn, m >2and N = min{j | pt (?) andn—k+1<

J<n},
o If ptm, H* Wi ksm; Zp) = Az, (Tn_ps1,- - ,Tn), where |x;| = 20 — 1.

o Ifp| mandpisodd, H (W, j.m; Zp) = Zp[a:]/(a:N)@)AZp(xl,:cn,kﬂ, S IN, ),

where |z| = 2, |2;] = 2i — 1.

® 1. If4 | m—2, then H*(ka;m; Zg) = ZQ[.ZUl]/(x%N)@AZP (1'1, Tn—k+1y " ,.7L’\N, s ,.%'n),

where |z;| = 2i — 1.

2. 1f 4 | m, then H*(Wy s Zo) = Zo[2]/(#™) @ Az, (21, Tn—ps1, -+ s EN, -+ 5 Tn),

where |z| = 2, |z;| = 2i — 1.

Following the same method, the cohomology with Z, coefficients (for p | m) may be

computed. For p > n, the formula takes the following form

H* (W ksms Zip)) = (Mg (ki 15 Ynk2s -+ ) © Ly [x])/ (maz, 25y g pq2),
(2.4.4)
where |y;| = 2j — 1, and |z| = 2. Again we compute the Serre spectral sequence associated
to the fibration S — Wy keom — PW,, i and the only non-trivial differential do sends the

n—k

degree 1 class e generating H*(S'; Z(p)) to mx. Note that the class e ® = survives in the

E-page detecting the degree 2n — 2k + 1 class vy, —k+1-






Chapter 3

B P-cohomology of the projective

Stiefel manifolds

In this chapter, we compute the BP-cohomology of the complex projective Stiefel manifold
PW,, 1. using the homotopy fixed point spectral sequence. Following this computation we discuss
applications to equivariant maps between complex Stiefel manifolds. Most of the arguments
carry over to any complex oriented cohomology theory. The same method is also likely to
work for P,W, ., the quotient by a variant of the Sl-action, whose cohomology was computed
in [12]. Here, £ refers to a tuple of integers (I1,---,l;) and the action of S! is given by
z-(vy, -, vp) = (Zhwg, -+, 2.

We observe that the BP-cohomology ring of PW,, ;. is just the extension of coefficients
from Z, in ordinary cohomology to Z,[v1,v2, -] in BP-cohomology. Therefore, the pri-
mary multiplicative structure does not yield new results for equivariant maps between Stiefel
manifolds. However, BP has the action of Adams operations [5], which yields new results on
equivariant maps. (see Theorem 3.4.8)

We also obtain some new results using the action of Steenrod operations on H*PW, ;.
We point out that the analysis of equivariant maps on Stiefel manifolds also leads to results in

topological combinatorics [11]. The results in this chapter are written up in the paper [9].

3.1 Homotopy fixed point spectral sequence

The purpose of this section is to set up the computational tools for the following sections. The
main idea here is the homotopy fixed point spectral sequence for (naive) G-equivariant spectra:
for a spectrum Z with a G-action, there is a spectral sequence with Es-page H*(G;m:Z) which

converges to m;_,Z"C [17] (see also [22]).

17
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The principal example for our paper is when G acts on a function spectrum F'(X, F) for a
spectrum FE and a based G-space X. Let us make this more precise. Let E be a spectrum so that
the reduced E-cohomology of based spaces is computed as (note here that the cohomological

grading is negative of the usual homotopy grading)
E"X)=[X,X"E] = n_,F(X,E).

Here we use the notation [—, —| for the homotopy classes of maps between spectra. We follow
the construction of function spectra in [28]. If X has a G-action, the function spectrum
F(X,E) is a spectrum with G-action (that is, a G-spectrum indexed over a trivial G-universe).
We write [—, —]tci for the equivariant homotopy classes in the category of spectra with G-action,
and F(—, —) for the equivariant function spectrum with G-action. We have the following result

regarding this construction.

Proposition 3.1.1. [28, Ch. XVI, §1, (1.9)] Let X be a based G-space, and E a spectrum.
Then,
w8 (X, E) 2 [X, 2Bl 2 [X/G, X" E] = EM(X/G).

For a free G-space X, we may apply Proposition 3.1.1 by adding a disjoint base-point. The
homotopy fixed points of a spectrum Z with G-action are Z"¢ = FS(EG 1, Z)Y, where EG is
the contractible space with free G-action. We know that for a free G-space X, the projection

X X EG — X is a G-equivalence. Therefore, we have the following equivalence of spectra.

Proposition 3.1.2. Let X be a free G-space, and E a spectrum. Then
th“;(X+7E)hG = Ft?(X-l-v E)G = F(X/G-I-v E)

In this paper, we apply Corollary 3.1.2 to the case X = W, ;, the Stiefel manifold of k-
orthogonal vectors in C™. This action is free and the quotient space is the projective Stiefel

manifold PW,, ;..

Corollary 3.1.3. Let F be a spectrum. There is an equivalence of spectra

1 1
F(PWyy, E) ~ F (Wyy  E)'S.

We attempt to understand thl(Wn E)hS1 via the homotopy fixed point spectral se-

ko
quence. For a spectrum Z with S'-action, we follow the exposition in [15] replacing homology



3.1. Homotopy fixed point spectral sequence 19

with homotopy groups. We have a S'-equivariant filtration of ES' given by
gcSC)csSC*Hc---csC)ycsCcHc..-,

so that
z"" ~im FJ (S(CT)y, 2)5.

We index the filtration of ES! as

S(CzHY)  if ris even
EMgSt =

Er=DSY if ris odd,

so that
E(QT)sl/E(Qrfl)Sl ~ Si A S2T, E(2T+1)51/E(2T)S1 ~ %,

where the action of S on S?" is the trivial action. The filtration on the induced tower of
fibrations is written as
hSt St 1 St
Zp5 = Fy (BVSY, 7)%,
so that
Slral St y—r : :
Zhsl/Zhsl N F (SENS",Z)” ~¥X7"Z ifriseven
(r) /2(r-1) — o
* if ris odd.
We may now follow [15] to obtain a conditionally convergent spectral sequence [13].

Proposition 3.1.4. Let Z be a homotopy commutative ring spectrum with S'-action. There

is a conditionally convergent multiplicative spectral sequence
1
Eyt = H(SY,m(2)) = m_s(2"57).

In this expression, the group cohomology H*(S';7m;Z) of S with coefficients in the discrete

group mZ equals Z[y] ® m Z with |y| = (2,0).

Example 3.1.5. If Z = E with trivial S'-action, the homotopy fixed point spectrum ZhS' ~

F(BS}HE). In this case, the homotopy fixed point spectral sequence becomes

Ey' = HY(CP®) @ mE = m_ F(CPYX, E).
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Making identifications E"(CP*°) = 7_,F(CP, E), we observe that this reduces to the
Atiyah-Hirzebruch spectral sequence for CP°. If E is complex orientable, the class y becomes

a permanent cycle.

Next we specialize to the case Z = Ftﬁl(XJF,E) where X is a free S'-space, and F
is a spectrum. The homotopy groups of thl (X4, E) in Proposition 3.1.4 are computed by

forgetting the S' action, and thus we have,
mFS (X, E) 2 mF(X,,E)~ E'(X).
On the other hand, we apply Corollary 3.1.2 to deduce
mFS (X, B 2P (X, B)® = mF(X/SL,E) = E7Y(X/SY).

We now switch the sign of the ¢t-grading in the spectral sequence of Proposition 3.1.4 to obtain

a conditionally convergent multiplicative spectral sequence
Ey' = H3(S% E'(X)) 2 Z[y) ® EY(X) = E*T(X/S").

We summarize these facts together in Proposition 3.1.6. For the rest of the section, X is a free

Sl-space and E a homotopy commutative ring spectrum.

Proposition 3.1.6. There is a conditionally convergent multiplicative spectral sequence
Ey' = H*(SY EN(X)) = Z[y| ® B'(X) = E*T(X/S").

1) If E is complex orientable, the class y is a permanent cycle.
2) The differential d,. changes the grading by (s,t) — (s+r,t — 7+ 1).
3) If X, X/S? are finite CW complexes, and E is complex orientable, the spectral sequence is

strongly convergent.

Proof. The degree of the differentials follow from the construction of the exact couple for the
spectral sequence. We also have the map X, — S° which gives a map £ — thl (X4, E) which
is S'-equivariant. Thus we have a map between the homotopy fixed point spectral sequences
which maps the classes y to one another, and so, 1) follows from the identification in Example
3.1.5.

It remains to prove 3). For this, we show that for k sufficiently large, y* lies in the image

of a differential. It will then follow that for r sufficiently large the classes " and their 7w, F
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multiples are 0 in the E,.-page for m > k. Therefore, the E,-page will be concentrated in
the columns between 1 and k, and F = FE, by increasing r further if necessary. Hence, the
spectral sequence converges strongly [13, Theorem 7.4].

The space X/S! being finite dimensional implies that the classifying map X/S' — BS* (for
the S'-bundle X — X/S!) factors through a finite skeleton. Hence, we have an equivariant
map X — S(CF*1) for some k, and thus a map Fté;l(S((CkH)Jr,E) — Ftﬁl (X1, E). As E'is

complex orientable,
T Fy (S(CHY) ., B) = n, F(CPF, B) = E~*(CP") = m B[y / (/")

for some choice of complex orientation y. Observe that the homotopy fixed point spectral
sequence for the space ES! as in Example 3.1.5 matches with the Atiyah-Hirzebruch spectral
sequence for CP°. It follows that the class y represents the complex orientation in the Fo-
page. For S(CF*!) and hence also for X via the equivariant map X — S(CF+1), the class y
represents a nilpotent class whose k + 1-power is 0. Therefore, **1 must lie in the image of a

differential, and 3) follows. O

Example 3.1.7. Suppose that £ = HR for a commutative ring R, the Eilenberg-MacLane
spectrum with mgH R = R. In this case the spectral sequence in Proposition 3.1.6 matches the

Serre spectral sequence (from the E%-page onwards) associated to the fibration
X — X/S' - Ccp>

obtained by identifying the homotopy orbits space X,¢1 ~ X/S', and the classifying space
BS! ~ CP>. In this case, the spectral sequence is strongly convergent from the corresponding
result for the Serre spectral sequence. Moreover, due to the fact that X/S! is a finite complex,

the E.-page vanishes beyond the dimension of X/S1.

Next we provide a method to compute the differentials in the spectral sequence of Proposi-

tion 3.1.6. In the tower of fibrations used to construct the spectral sequence, the spectrum at
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the bottom of the tower is FS (S! x X4, E)S' ~ F(X,4, E).

1

FZH(S(C) x X4, E)S
¥

F3'(S(C?) x X4, B)Y

_— |

F(X/S}, E) ~ F3 (X4, E)"S" —= F3'(S' x X1, B)%" ~ F(Xy,E).

Let @ denote the homotopy cofibre of the map X — X/S'. In the category of spectra,
F(X7'Q,FE) ~ ©F(Q, E) is the homotopy cofibre of the map F(X/SL, E) — F(X4,E). In

view of the commutative square

F(X/SY,E) F3N(ES' x X4, E)%

|

FFH(S(CH) x X4, B)S' ——= F(X4, B),

F(X,, E)

we obtain coherent maps Py : SF(Q, E)—»SFS (Q(k), E)S', where Q(k) = [S(CF+1)/S(C)|A
X, is the S'-equivariant homotopy cofibre of X x S(C) — X x S(CF*1). Projecting onto the
first factor gives a map Q(k) — S(CF+1)/S(C) which gives a map

F(CP*, B) ~ F3' (S(CFY)/S(C), ) — FS'(Q(k), E)".

Let an element 2 € E™(X) be represented by the map S~ % F(X,,E). Our hypothesis

about such an z is a factorization in the following commutative diagram for 0 < k < oco.

s —2Y - NF(CP*E) (3.1.8)

Before applying this hypothesis we note

1

Proposition 3.1.9. Suppose that the composite S~ 5 F(X,,E) — SF5 (Q(k), E)S" is
null-homotopic. Then, d,(z) =0 for r < 2k + 1.

Proof. The statement follows from the fact that the composite being null-homotopic implies

that x lifts in the tower of fibrations to F (S(CF1) x X, E)S". O
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Example 3.1.10. In the case £ = H R, the spectral sequence is the Serre spectral sequence of

the fibration X — X/S! — CP* according to Example 3.1.7. Note that

F(CP*HR)~ \/ ©7%HR,
1<i<k

so in the diagram (3.1.8) y may be non-trivial only when n is odd, and k > “tL. If n is odd

and (3.1.8) holds for k = $1, the class z is transgressive, and d,,11() is the composite

n+1

ST A SF(CPY HR)~ \/ Y *"'HR— X "HR.

1§i§%+1

We assume now that E is connective, and that (3.1.8) holds for k& = co. In this case we

have

Proposition 3.1.11. Suppose that (3.1.8) holds for & = oo and that E is connective. Then,
dy(x) = 0 if r < n. Further, dy11(z) = df, | (qu(z)), where gy is the map E — HmoE, and
d,ﬂl is the (n+4 1) differential for the spectral sequence of Proposition 3.1.6 for HmoE. (Here
we observe that the spectral sequence is one of g E-modules, so this allows us to interpret the

last statement.)

Proof. We observe that E is connective implies that S F (CP¥, E) is (—2k+1)-connective (that

is, the homotopy groups are 0 in degree < —2k). Therefore, the composite
s~ % S F(CP*®, E) = SF(CP* E)

is trivial for degree reasons if —n < —2k. From the commutative square

SL” Y - SF(CP®,E) SF(CP* E)
F(X,,E) SF(Q, B) — = SFS (Q(k), B)S".

we deduce that the composite map from S~ to Ethl (Q(k), E)S1 along the lower row is trivial.
Hence, from Proposition 3.1.9 we get that d,(z) = 0 if r < n.

Via the map gy : E — HmoE, we observe that (3.1.8) also holds for qg(z) when we
replace £ by HmoE. Therefore, in the associated spectral sequence d” (qg(x)) = 0if r <n
and df,;(qu(x)) is described in the formula in Example 3.1.10. Also we need only assume n

is odd, as the result is vacuously true in the other case. We fix k = ”TH so that n = 2k — 1.
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With this choice of n and &,
m_2XF(CP* E) = mnE, n_,XF(CP*1 E)=o.

It follows that the composite of i to XF(CP*, E) lifts to y : S~ — LF(CP*/CP* 1, E).

The differential d,,+1(x) may be described as the composite

1

ST B (S(CF) x Xy, B)Y — BFT ([S(CHY)/S(CH) A X4, B)S

where x is a lift of x along the map Ft*gl(S((Ck) x X4, E)S" — F(X,,E). We expand this in

the diagram below

TLM}E?([S«C’C“ /S(CH)] A X4, E)S'
@k)xxﬁmslﬂzﬂil([( <) /S(CE A Xy, E)S'
F(X.,E) SFSNQ, E)S

Observe that the bottom square is a homotopy pullback square of spectra as the homotopy
fibre of both the vertical maps are F5' (Q(k — 1), E)S". Therefore, the map  is determined
from z and the map S~ — SFS ([S(C>®)/S(CK)] A X, E)S". This may now be computed
using the lift of y to SF(CP>/CP*1 E)S" as it's restriction to CP*~1 is 0. We may now

compute dp,+1(x) via the following commutative diagram

Yk

B _
§=n SF(CP>/CP*1 E)S SF(CP*/CPF1 E)

FS(S(CF) x X4, B)S" ——= XF5 ([S(C®)/S(CH A X4, B)S ——=SFS ([S(CH1)/S(CH] A X4, E)S

The middle vertical map is the one which quotients out the factor X, and this also in-
duces the right vertical map. Under the identification S F(CP*¥/CP*!  E) ~ ¥=2+1F, and
T_p X7 E =m0 F, we identify yj, with df, | (z). O

3.2 The cohomology of W, ;,

In this section, we calculate the generalized cohomology of W,, ;. with respect to a complex
oriented spectrum E. Later in the section, we specialize to £ = BP, the spectrum for Brown-

Peterson cohomology.
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Recall that a complex orientation for a homotopy commutative ring spectrum E' is a class
x € E?(CP>), which restricts to a generator of the free rank one myE-module E?(S?) =

E%(pt). For a complex oriented spectrum E, we have [3].
E*(CP") = E*(pt)[a]/(z"F1), E*(CP%) = E*(pt)[[z]].

For the complex Stiefel manifold, the classical computations of their cohomology [31] pro-
ceeds using the Serre spectral sequence as for other homogeneous spaces. It is proved that the
cohomology of W), ;. is an exterior algebra with generators in degrees 2n — 2k + 1,2n — 2k +

3,--+,2n — 1. The Stiefel manifold also has a filtration

Wi Wy pq22— - Wy_1 p1—— Wp 1,

52n72k+1

where the inclusion W,y ;1 < Wy, is given by adding the last vector e,. The filtration
quotients are computed using the following homotopy pushout ([38, Chapter IV] defines the
maps in the diagram below, and [32, Ch. 5, Proposition 2] proves the entirely analogous result
in the real case)

S(CPY2) X Wiy g ———

W1 k1 (3.2.1)

S(CPY Y X Wh1 1 fo Wk

In order to construct u, one defines
StxcP™! - U(n)

by (z,L) — A(z,L), where A(z,L) : C" — C™ is the unitary transformation which multiplies
the elements of L by z and fixes the orthogonal complement. The map p,, is induced by matrix
multiplication in U(n) and the left action on W), ;. From the construction of 1 and the fact

that Wy, . = U(n)/U(n — k), one obtains the induced map
fin g : D[CPYL/CP R 5 W, 4.
It follows from (3.2.1) that

Woke/Wn—1k-1 = S[CP"H JCP" ) AWy g 1 ~ 7 (W o1 y)-
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In the case of ordinary cohomology, the exterior algebra generators for the cohomology of W, ;.
pull back under p,, ;. to Y2~ (¥ : H*X — H*YX is the suspension isomorphism). We now

use this filtration to prove analogous results for the E-cohomology of W, ;.

Proposition 3.2.2. Let F be a complex oriented cohomology theory, such that there is no

2-torsion in E*(pt). Then,

E*(Wn,k) = AE*(pt) (Zn—k—Ha T ,Zn)a

is an exterior algebra with |z;| = 2i — 1. These generators satisfy
1) The inclusion W;,_1 ;1 < W, sends z; to z; if n —k+1 < i <n—1 and sends z, to 0.

2) il () = B,

Proof. We prove the results by induction on k, constructing the generators z; along the way.
For k = 1, the Stiefel manifold is the sphere S>*~! and in this case, we know that the

FE-cohomology is the exterior algebra on one generator. This starts the induction.

In the induction step, we know that E*(W,,_1 ;1) is as described in this Proposition, and
attempt to derive the same for E*(W), ;) via the pushout (3.2.1). This gives us the following
maps between long exact sequences corresponding to the columns of (3.2.1).

> BN (T (W1 ko1,)) ———— E" (W) E"(Wp 1) ——>

\Lid \Lu* l
L BN (Wi 1k-1,)) —= E(S(CP ) X W1 6-1) == E"(S(CPP2) X W1 k-1) —>
(3.2.3)

We now justify the various identifications described in (3.2.3). The fact that E is complex
oriented implies E*(CP"~ 1) — E*(CP"2) is surjective, and the induction hypothesis gives

us that E* (W, —1) is a free E*(pt)-module. This implies that
E"(S(CPY Y x Wyeq 1) = E"(S(CPY2) x Wie1 1)

is surjective. This implies the identifications in the bottow row of (3.2.3). Note that the
map Z((CP]FL_Z) X Wy—1 k-1 = Wy_1 -1 has a section corresponding to the inclusion of the
base-point of E((CP_ﬁ*Z), and thus, the map induced on F-cohomology is injective. The identi-
fications on the top follow from the ones of the bottom row, and the fact that E"(W,,_1 ;1) —

E’"(Z(CPf‘Q) X Wp_1x—1) is injective. It follows that we have short exact sequences

sk

0= B* (S Wipe1,) 5 E*(Wai) 5 E* (W1 4-1) = 0.
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Forn—k+1<i<n-—1, we choose z; € E%_I(Wnﬁk) so that they map to z; under i*. The
class z, is chosen so that it maps to Xz~ ! under pi,, ,—1. From (3.2.3), it follows that 2, is a
generator for the ideal of E*(W,, ;) given by image of j*. By the construction 1) and 2) follow.
As the classes 2; are in odd degree and E*(pt) has no 2-torsion, we have z? = 0, and (3.2.3)
implies that E* (W), ;) additively matches with the exterior algebra on the z;. The result now

follows by induction on k. O

We now proceed to define the generators of the exterior algebra E*(W), ;.) in a strict fashion
which will satisfy 1) and 2) of Proposition 3.2.2. From the proof, we note that for any classes
z; satisfying 2), E*(Wy k) = Age(py)(2n—kt1, - ;2n). Although the results in the following
will have analogous consequences for any complex oriented E, we fix our attention to the case

E = BP, which will be used in the following sections. Recall [34]
BP*(pt) = Z(p)[vla V2, - ']7

where v; denotes the Araki generators [34, A2.2.2] that lie in degree —2(p’ — 1). We also fix
from now on = € ﬁz(CPOO) to denote the fixed orientation for a p-typical formal group law
over BP*(pt). We also assume that z is such that it maps to the first Chern class under the
map A : BP — HZ).

The method of choosing the generators y; for BP*(W,, 1) is by relating them to the BP-
Chern classes cfp [16]. We start with the case & = n, when W, , = U(n). Recall that
H*(U(n); Zg)) = Az, (i’ -+ yi') with [yff| = 2j — 1, and in Serre spectral sequence for
the fibration

U(n) — EU(n) — BU(n),

yJH transgresses to the j*"-Chern class cf. This follows from [14] which identifies the trans-
gression for the above spectral sequence. We also know that A*(yf) = Emgl, where
A : X(CPY™Y) — U(n) is induced from (z,L) +— A(z,L), and xy is the first H-Chern
class of the canonical line bundle over CP>°. Write o : ¥U(n) — BU(n) for the adjoint of the

equivalence U(n) ~ QBU(n), and form the composite diagram

24 SU(n) —Z= BU(n).

s2cpyt

¢

For a cohomology theory E, denote by ¢}, (respectively o};) the map induced by ¢ (respectively

o) on E-cohomology. We have ¢7,(¢c;) = E%gl as o3;(cj) = EyJH.
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Proposition 3.2.4. There are classes 7; € BP% (BU(n)) of the form

Tn:cfp, andV1<j<n7'J—c Zukc
k>j

for v, € BP*(pt), such that

PupTi = X227,

The standard map BU(n) — BU(n + 1) classifying the canonical bundle plus a trivial bundle
sends 7; to 7; for j < m, and 7,41 to 0. Define yBP € BP¥~Y(U(n)) by the formula
Eyj = oppTj- Then,

1) The classes yPF ... yBP are generators for the exterior algebra BP*(U(n)).

2) )\(yfp) = y;{ (That is, the classes y]BP are lifts of the cohomology classes yf to BP.)

Proof. We note that using Proposition 3.2.2, it suffices to prove the statements about ;.

Consider the following commutative diagram

BP*(22(<CP3¢—1§) BP*(XU(n)) 75r \BP*(BU(n)) (3.2.5)

Al Al lk
H*(SYH(CPY ) Zy)) ; H*(BU(n); Zy)-

< H —

We have )\(CBP) = ¢j, and also that A maps the complex orientation of BP to that of H. It
readily follows that ¢ p(cP”) — 322771 lies in the kernel of A, which is the ideal (v1,vg,---).
As

BP*(S*(CPI™Y) = Zy [vr, v2, - - - {E%1, 8%, -+ 522"

the left vertical arrow of (3.2.5) is an isomorphism in degree 2n. It follows that ¢’ (c2P) =
%2271, and so, 7P = ¢BP maps to the element of BP*(X2(CP?!)) required by the
Proposition.

We proceed to construct the 7; such that ¢5p7; = ¥249=1 . Starting from j = n, suppose
that 7j,1 has already been defined. We now have ¢5p(cP”) — X227~ € (v1,v,---). For

degree reasons we have,

$p(cf’) =St = ST =Y e (),

k>j k>j
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for some pi € (v1,v2,---). Rearranging terms and substituting the formula for 75, we obtain

an equation

2, j—1 BP BP
YT = gpp(e]t + Zukck ),
k>j

where vy, is a BP*(pt)-linear combination of the classes pj; in the preceeding equation. It
follows that 7; = CjBP + D kg vpePT satisfies the required criteria. We note that ¢%p has
image in BP*(X2(CP? 1)) which is a suspension. It follows that the decomposable elements
over BP*(pt) map to 0 under ¢%p. Also the formula ¢%p(7;) = X22971 implies that ¢%p
induces an isomorphism when restricted to the module of indecomposables. This shows that
the elements vy, are unique, and so the classes 75 are coherently defined over n as required in

the Proposition. ]

We now provide a strict definition for the generators of BP*(W),, ) following Proposition

3.2.4. Recall that there are maps
i anl,kfl — Wn,ky q: Wn,k — W’n,k717

where i adds the vector e, at the end, and ¢ forgets the last vector. We have already seen
in (3.2.3) that ¢* is surjective in BP-cohomology. We also note that ¢* is injective. For, ¢*
applied to the generators of BP*(WW,, 1—1) as in Proposition 3.2.2 together with a generator of
BP*(S?n=2k+1) = BP*(W,,_j1.1) satisfies 2) of Proposition 3.2.2. This provides a tuple of
exterior algebra generators for BP*(W,, 1,). Therefore, the quotient map 7 : U(n) — Wy, is

injective in B P-cohomology.

Proposition 3.2.6. With notations as above, 7* maps BP*(W,, 1) to the subalgebra of BP*(U(n))

generated by the classes yffkﬂ, o yBP,

Proof. We have a diagram of fibrations

U(TL) Wn,k

| |

EU(n) ——= BU(n — k)

| |

BU (n) BU (n),
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which induces the commutative diagram

... —= BP(U(n)) —2= BP™Y(EU(n),U(n)) BPHYEU(n)) —— -

-] -] T
-+ —> BPY (W) o BP*Y(BU(n — k), Wy ) —= BPTYBU(n — k) — - --
d
BP ' (BUM)).

(3.2.7)
From the construction of the classes y]BP we have, m*a(7;) = 5(ijP). On the other hand, if
J > n—k, the class a(7;) maps to 0 in BP*(BU(n—k)). The map BP*BU(n) - BP*BU (n—
k) is the map on BP-cohomology associated to the standard inclusion BU(n — k) — BU (n)
classifying the sum of the canonical bundle with k-copies of a trivial bundle. This maps cfp
to 0 for j > k, and hence, from the formula in Proposition 3.2.4, the classes 7; to 0 if j > k.
It follows that for j > k, there are classes y; € BP*(W,, 1) such that a(7;) = §(y;), and from
(3.2.7) that 7*(y;) = yfp. Also the property ¢’ (7;) = 222771 implies that the classes y;

satisfies 2) of Proposition 3.2.2. The result follows readily. O]

3.3 BP-cohomology of PW, ;

In this section, we describe the BP-cohomology ring of PW), ;. using the homotopy fixed point

spectral sequence (Proposition 3.1.6). This is a strongly convergent spectral sequence
Ey' = Z[x] @ BPY (W, ) = BP*"'(PW,}) (3.3.1)
Recall that

BP*(Wn,k) = ABP*(pt) (yn—k-i-b t 7yn)

by Proposition 3.2.6. We start with a proposition describing the initial differential on the classes
Yj-
Proposition 3.3.2. In the spectral sequence (3.3.1), the differentials on y; are described by

0 if r<2j

dr(yj) = ‘
(?)xﬂ if r=2j.
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Proof. The proof will follow from the existence of a diagram as in (3.1.8). We have the
commutative diagram
Wn,k PWnJg (CPOO

T

Wk — BU(n — k) — BU(n),

in which the rows are fibrations [6]. The map f classifies the n-fold Whitney sum of universal

canonical complex line bundle. It leads to the following commutative diagram

BP%~Y(W,, ) — BP%(BU(n — k), W, 1) <— BP%(BU(n))

| l |7

BPY=Y (W, 1) BP%(PW,, 5, Wo.k) BP%(CP>).

Suppose that the class 7; of Proposition 3.2.4 is mapped to v; under f*. In the first row,
the image of y; and image of 7; coincide (Proposition 3.2.4 and (3.2.7)), hence, the same must

happen in the bottom row leading to the following homotopy commutative diagram

@) Y spCp,BP) (3.3.3)

|

F(VmG+7 BP) —— YXF(PWy /Wy i, BP).

The Whitney sum formula for Chern classes over B P-cohomology implies that f*(cfp) =

(?)x] The description of 7; in Proposition 3.2.4 now leads to the following form for );

Y; = (?) 2w (Z) . (3.3.4)

k>j

Now apply Proposition 3.1.11 to get d,(y;) = 0 if r < 2j, and da;y; is determined from the
corresponding spectral sequence over HZ,). This may be computed as in [6] to be dajy; =

(?)xﬂ Hence the result follows. O

We now proceed to compute the E,-page of the spectral sequence. The main idea here is

that (3.3.3) may be used to determine all the differentials on the classes y;.

Proposition 3.3.5. The E-page of the spectral sequence (3.3.1) is given by

Eoo = Appe(pt) (Yn—k+2, " ¥n) @Bp=pey BP* (pt)[[x]]/1



32 Chapter 3. BP-cohomology of the projective Stiefel manifolds

where ; are certain elements in BP*(W,, ) with deg(v;) = 2j — 1, and I is the ideal of
BP*[[z]] generated by the set {(})z/|n — k < j < n}.

Proof. The class = is a permanent cycle by Proposition 3.1.6. The multiplicative structure
determines all the differentials once they are known on the classes y;. We notice that E3,1 is
the Eo.-page because da,(y,) = =™ (Proposition 3.3.2) and so all the higher powers of = are
killed in the Es,-page.

From Proposition 3.3.2, we see that the first non-trivial differential is dy(,_11) and the

generator ¥, k41 and all its multiples do not survive to the next page since

n .
do(n—t+1) Yn—ks1) = (n k4 1>m k+1

For the y; of higher degree, it may happen that the first non-trivial differential on it

n _
d2jy] — <]>.Tn k+1

may be zero. This precisely happens when (?) lies in the ideal generated by (:L) forn—k+1<
i < j inside Z,). This condition may be interpreted in terms of p-adic valuations of these

numbers. We then obtain a multiple p®y; on which the differential is 0, determined by the

n

formula s + vp((j

)) = min,_pyi1<icj vp((?)). The class p®y; may now support higher order

differentials. Their formula is determined by computing p®; using (3.3.3) in the form of (3.1.8)

Y SF(CPN,BP)

- |

F(Wyk, BP) — SES ([S(CN+Y) /ST AW,

K BP)Sl

for N > 2j. According to the formula (3.3.4), the next possible differential is
d S _ .8 n J+1l _ s d
2j+2(P°Y;) = PVt ir1)T TP 2j+2(Yj+1)-

We now rectify this class as p®y; — p®v; 11,41 and obtain a cycle. This process continues until
we reach the Ejs,1-page following which there are no further non-zero differentials.

We now formalize the above process by writing down a series of modifications to produce the
element ;. Starting with 7](2)

be denoted by 'yj(.T)

:= y;, in r-th step of the modification, the modified element will

. Below we describe transformations, exactly one of which will be performed

to produce 'yj(-TH) from fyj(.r).
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1 If dw](-T) = 0, then it survives to the next page and we call that element 7(r+1).
2. If r =25 and 7](23') = y; and dr(,yj(?")) - (?)xﬂ Define s by the formula s + vp((?)) =
min, 11<i<j vp((7)), and declare ,7]('7“—1-1) = psyj(r).

3. Ifr> 25, and dr('yj(r)) # 0, then we know r is even, and there is a BP*-multiple of yz
mapped by d, onto the same class (this follows from the formula for ?; in the same way

as demonstrated for p°y; above). That is, dr(yf)) = )\dT(y%) for some A € BP*(pt).

We declare 7](r+1) = 'yj(-T) — Ay%.
We finally write v; = 7](2n+1) which survives to the E,,-page. Hence, we have shown that
the 0-th column of the E-page is App+(Yn—k+2," * »7n) - Also on the E.-page the ideal

generated by {(’;’)aﬂm —k < j < n} goes to 0, as each of the generators are hit by the

differentials da;(y;). This completes the proof. O

It remains now to solve the additive and multiplicative extension problems to obtain BP*PW,, ;.
from the expression in Proposition 3.3.5. In the following lemma, we show that the part
BP*(pt)[x]/I forms a subalgebra of BP*PW,, ;.. Recall the fibration W,, , — PW,, 1, 2% cp.

We prove

Lemma 3.3.6. The kernel of the map p* : BP*(CP*°) — BP*(PW,) contains the ideal I
generated by {(})2/|n — k < j < n} in BP*(pt)[[z]].

Proof. The proof goes by induction on k. For k = 1, the fibration is up to homotopy the

following sequence
Wy =821 — pW,, = CPr 12 cp,

so that the kernel of pj is the ideal generated by z", satisfying the statement of the lemma.

Suppose that the lemma is true for PW,, 1. To show the result for PW,, . , we consider the

diagram
Tn k
PWn,k ’ BU(n — k‘)
&\ (
g Cp> ! BU(n).
Pr—1 L /
PWy -1 T BU(n—k+1)

In the above diagram, f classifies the bundle ny where « is the canonical line bundle over

CP, and q is induced by the S'-equivariant projection Wik — Wy k—1. The three squares in
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the diagram are homotopy pullbacks. Our aim is to understand the kernel of ¢*. We see that
PW,  — PW, x—1 is, up to homotopy, the sphere bundle associated to the complex bundle
classified by the map 7T}, ;1. This is because BU(n—k) is (up to homotopy) the sphere bundle
of the canonical n — k + 1-plane bundle over BU(n — k + 1). As BP is complex oriented, we

obtain a Gysin sequence

eBP(Tn,kfl)

++ ——= BP*PWp 1 BP*PWp 1 = BP*PW, ), — - -

It follows that the kernel of ¢* is the ideal generated by eB(T,, 1) in BP*PW, ;1. The
bundle T}, x_1 is obtained by lifting the composite PW,, ;1 5" CP> X BU(n) to BU(n—k)
so that T), 51 + (k — 1)e = np}_,7. We readily compute e®%" as the top BP-Chern class

* mn _
eBP(Tn,kfl) = pk—lcn7k+1(n7) = <n ok N 1>xn k,’—i—l.

Therefore, (,, . ,)z" ! lies in the kernel of p; : BP*CP> — BP*PW, . By the inductive

formula for the kernel of p; |, : BP*CP* — BP*PW,, ;_1, the proof is now complete. ]

We now apply Lemma 3.3.6 and Proposition 3.3.5 to complete the calculation of BP*PW,, ;..

Theorem 3.3.7. For every prime p, the BP-cohomology algebra of PW), ;. is described addi-
tively by BP*(pt)-module

BP*(PWni) = Apppt)(Yn—k+2, s ) @Bp=(pt) BP (pt)[[2]]/1

where ;s are of degree 25 — 1, x is of degree 2, and I is the ideal generated by {(?)xﬂn— k<

j < n}. This isomorphism is also multiplicative if p # 2.

Proof. Lemma 3.3.6 implies that p* induces a ring map of BP*-modules BP*(pt)[[z]|/] —
BP*(PW,,1). Choosing representatives for generators -y; of Proposition 3.3.5 in the E-page
we obtain a BP*(pt)-module map Agp«(pi)(Vn—k+2, - ,Yn) to BP*PW,, 1. The multiplica-

tion as a bilinear map on these factors gives a map

App(pty (Vn—k+2, M) @ppe(pry BP*(pt)[[z]]/I — BP"PWy,

of BP*(pt)-modules. This is an isomorphism by Proposition 3.3.5 and the multiplicative struc-
ture of the spectral sequence (3.3.1). Further if p # 2, we have 7]2 = 0 as ; lies in odd degree.

Therefore, the isomorphism is also multiplicative. ]
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We observe that in Theorem 3.3.7, we do not expect the isomorphism to be multiplicative

when p = 2, as it does not even hold over HZ/p [6].

3.4 Equivariant maps between Stiefel manifolds

In this section, we demonstrate how the computations of B P-cohomology operations may be
used to rule out S'-equivariant maps between the Stiefel manifolds. The results of [33] can be

improved in this way.

3.4.1. Applications using Steenrod operations. We start with an example using Steenrod
operations in Z/2-cohomology. The Steenrod operations on H*(PW), 1;7Z/2) are described in

[6, Theorem 1.2]. We have from [33] that if there is an S'-equivariant map from W, . to W,,,

n . m
<n—k+1> divides <m—l+1>’

which is then used to rule out such equivariant maps in many cases when n — k = m — [ and

with n — &k = m — [, then

n > m [33, Theorem 3.10]. The Steenrod operations allow us to rule out equivariant maps for

cases where the above divisibility is valid. An example is given in the Theorem below.

Theorem 3.4.2. Suppose r = —1, =2, or 3 (mod 9) and r = 2, 1, or —2 (mod 7), and

m = 16r — 2. Then, there is no S'-equivariant map from Wi—37 to Wiy 10.

Proof. Write n =m — 3, k = 7 and [ = 10. Observe that the following are satisfied by these

integers
1. m,l even and n,k odd, and m — [ =n — k.

2. 2 divides both (mfZJrl), (n—2+1) but 4 does not divide either.

3 (k)1 G 1)

An S'-equivariant map f from Wi i to Wi, induces a map of fibration sequences

Wy —> PWy,  —> CP>®

]

W —> PW,,; —> CP>,

We compare the associated Serre spectral sequences with Z-coefficients in the case n — k =

m — I. The condition (2) implies that f*(ym—1+1) = CYn—k+1 , where ¢ is odd. This is
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because in those spectral sequences y; transgresses to (?)xf and (T]”)xj respectively. The
classes y,,—x+1 and y,,—;11 also survive in the Z/2-cohomology spectral sequence by (2), and

we have f*(Ym—i1+1) = Yn—k+1- [6, Theorem 1.2] implies

SE (Ym—i1+1) = (M — DYm—i+2 + MYy—141 = 0,

and

S (Yn—t+1) = (0 — E)Yn—kt2 + NTYn—k+1 = TYn—k+1-
This is a contradiction. O

3.4.3. Results using B P-operations. We have seen how Steenrod squares yield some results
on non-existence of S'-equivariant maps between complex Stielfel manifolds. We now derive
stronger results using B P-theory and cohomology operations associated to it. The operations
we use here are the Adams operations defined via [5, 2.4]. These are multiplicative, stable

operations with the formula
bp(z) = o [a]pp(2), (3.4.4)

where a € Z(Xp), and [a]pp denotes the a-series using the BP-formal group law. These

operations act on the coefficient ring via U} p(v;) = a?' L.

Denote the ideal (v1,v9,---) in BP*(pt) = Z(p)[’l)l,’l)g,"'] by J. We fix the {v; | i > 1}
to be the Araki generators [34, A2.2.2]. The formal group law upp , associated to BP with
respect to our chosen orientation is strictly isomorphic to the additive formal group law over

BP*(pt) ® Q and the isomorphism is given by BP-log series. The choice of generators imply

that the BP-log series has the form

logpp(z) =z + Z L,

i>1

where [; are determined by the relations

0<i<n

with [p = 1 and vy = p. This implies the formula
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Now we consider the expression of [3, Part Il, Proposition 7.5] (mod J?) to obtain the

following relation for the exppp-series

exppp(T —x—Zlm’p :x—z Ui ia:pi (mod J?).
i>1 i>1 p—pF

This implies

z+pp Yy = exppp(logppr + logppy)

= loggpr + loggpy — Z li(loggpx + loggpy)?  (mod J?)
i>1

=wty+ Y L@ +y") =D Lty + Y L +yP)P (mod J?)

i>1 i>1 5>1
o ty+ S U@+ — (@ +y?) (mod J?)
i>1
=ty + > —— @y — (@ +y)”) (mod J?),

1>1 p—
(3.4.5)

where by +pp we mean the formal sum under the formal group law ppp.
We now restrict our attention to p = 2, and obtain the following reduction for ¥%, (3.4.4)

by applying (3.4.5) multiple times.

1
Vp(r) = 3 Blsr(2)
1
g(w +5p [2|BP(7))
1 i
g(m +5p (22 +ppvi12® +pp voz’ +pp - +ppvia® +pp---))
1 i
g(q: +pp 2z +pp (nz? + -+ vx® +---)) (mod J?)
= 5((Bz+ > 5 _”1221. (22 + (22)* = 32)%)) +5p (x> + - +viz® +--+)) (mod J?)
i>1
A S (e e )t ] oo
i>1
1-3%1 i
=z+ Z —ry vir?  (mod J?)
We note that B i liesin Z, and in this notation we have

2(1-22°—1) (2)’

)=+ Z vz (mod J?) (3.4.6)
i>1
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We shall now determine the action of \IJ%P on BP*(Wy ) = App+(Yn—k+1," - »Yn) modulo

the ideal 12, where I is the ideal of BP*(W, 1) generated by yn_k11," " ,Yn -

Proposition 3.4.7.

\IJ?BP(%) =y;+(—-1) Z Q;ViYgiyj—1 (mod I? +J?)
i>1, 2i4j—1<n
Proof. Recall the map ) : y[CPrt/CPrt] = YP,r — Wy, for which we had

,u;k(yj) = Y2971 Hence this will give us the isomorphism
fi i 2 BP*(Wy i) /1? — SBP*(Py )

By naturality of the Adams operations, ¥%,, commutes with 7 . The action of ¥%, on y;
is determined up to I? from the computation for £z7~!. The Adams operation being stable,
commutes with the suspension, so it is enough to compute the action of \IJ%P on z7~1, which

comes from the multiplicative structure and the formulas above.

Wip(a?™h) = (Wip ()~

=(z+ Y awa?)’ ™! (mod J?) (using 3.4.6)
i>1

=z 4 Z(] — 1)0%,%3;24]'*2 (mod J?).
i>1

Hence the proposition follows. O

We now use the action of B P-Adams operations to prove new results about equivariant maps
between complex Stiefel manifolds. We note from [33] that the existence of a S'-equivariant
map Wy, 1. — Wy, implies that n — k < m — [. It states a number of hypotheses on n, k,m, |
in the case n — k = m — [ for which equivariant maps do not exist. Proposition 3.4.2 proves
some further results for this case. We use B P-operations to rule out equivariant maps in some

cases where n — k < m — [.

Theorem 3.4.8. Suppose that m,n, [, k are positive integers satisfying
1) n —k <m —1 and there is an s such that m < 2°+m — 1 < n.

2) 2 divides all the binomial coefficients (n—ZH)’ ()

3) 2 does not divide (,, ", ;) and 2 m — 1.

Then, there is no S'-equivariant map from Wk to Wi, .
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Proof. We assume the contrary that g : Wy, ), — W, ; is an Sl-equivariant map. This induces
a map of homotopy fixed point spectral sequences, and also a compatible map between the
associated projective Stiefel manifolds. The formula for the differentials in the homotopy fixed
point spectral sequence (Proposition 3.3.2) and the fact that (m_T;H) must be odd due to the
hypotheses 2) and 3), implies that the pullback satisfies

9 Um-i41) = BYm-trr+ Y pjy; (mod I* +.J%).
j>m—Il+1
for some 3 € ) and p; € BP*(pt). Note that |y;| = 2j — 1 and [v;| =2 — 27F1 For degree

reasons, the second term in the above expression will be of the form

Z k0¥ 4 m—i
j>1, n>2i+m—I
where kj € Z ).

Now we shall compute W%, 5 (g* (Ym—1+1)) and ¢*(¥% p(ym—1+1)) modulo the ideal 12 + J2.

\I]%P(g*(ym—l+1)) = \IngP(Bym—l—H + Z kjvjy2j+m_l) (mod 12 + J2)

= BWm—1+1+ (m =1 Z QViY2i4m—1)
i>1, 2i4m—I<n

> kUhp(0)¥Ep(Yism) (mod I 4 J%) (3.4.9)

j>1, n>29+m—1

= BWm—1+1+ (m =1 Z QViYi 1)+
i>1, n>2t4m—I

Z kj - 32j_lvj Yoiomt  (mod I* + J?).

j>1, n>29 +m—1

On the other hand, we have

9 (UhpWma141) = 0" Wmoti1 +(m =1 D aivithiymy) (mod I% +.J%)
i>1, m>24+m—I

= BYm—i+1 + E kjviYai m—1
§>1, n>29+m—1

+ > @ivig*(Yaiym—1) (mod I? + J?).
i>1, m>24+m—1

(3.4.10)
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Note that for degree reasons,
aivig*(yzz‘+m—z) = VOUY2igym— (mOd I’ + Jz),

for some v € Zg). Since U 5(g* (Ym—i+1)) = 9" (V% p(Ym—i+1)), the coefficients for yzs
(for s as in 1)) in the expressions (3.4.9) and (3.4.10) must be the same modulo the ideal
I? + J%. This implies

6(m - l)as + 32571]‘35 = ks

— B(m—1)=2(1—-2%"Hk,.

This contradicts the fact that S(m — 1) € Z(XQ). Hence no such S'-equivariant map ¢ can

exist. O

Example 3.4.11. One may easily figure out values of m,n,[,k for which the hypothesis of
Theorem 3.4.8 are satisfied. For example putting K = n and m — [+ 1 = 2, we obtain : If
n is even and (’3) odd, and there is some s such that m < 25 +1 < n, then, there is no

S1-equivariant map from Whn to Winm—1.



Chapter 4

p-local decomposition of projective

Stiefel manifolds

The main objective of this chapter is to analyze the p-local homotopy type of the complex
projective Stiefel manifolds, and other analogous quotients of Stiefel manifolds. We take the
cue from a result of Yamaguchi about the p-regularity of the complex Stiefel manifolds [39]
which lays down some hypotheses under which the Stiefel manifold is p-locally a product of odd
dimensional spheres. We show that in many cases, the projective Stiefel manifolds are p-locally
a product of a complex projective space and some odd dimensional spheres. As an application,
we prove that in these cases, the p-regularity result of Yamaguchi is also S'-equivariant. These

results appear in the paper [10].

4.1 Cohomology of projective Stiefel manifolds

We recall the cohomology of projective Stiefel manifolds and other associated quotients of

Stiefel manifolds pointed out in Chapter 2.

H*(PW, 1 Zn) 2 A L)l 411
( n,ks (p)) - Z(p) (Vn—k-‘r?a ,’Yn) ®Z(p) ((n) ( - )

: i |n—k+1<j<n)

with |v;| = 2i—1 and |z| = 2. The computation is carried out using the Serre spectral sequence
for the fibration W, , = PW,, ;, = CP> [6, (2.1)]. One identifies the cohomology of W, . as
the exterior algebra A(2p—g41,---,2n) with |z;| = 2j — 1, and computes the differentials by

the fact that the z; are transgressive, and the equation da;(z;) = (j)z/. If p > n, one observes

41
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that the binomial coefficients (;‘) are units in Z,), so we have the following reduction of (4.1.1)

H (PWn,k, Z(p)) = AZ(p) (vn_k+27 . ,'Yn) ® W (411)

In this case, observe that the cohomology of PW), . matches with that of the product M, ;, =
CP™ % x [T, o S* 1. We now follow [6, §3] to identify the generators ~; of (4.1.1). Let

E be a contractible space with free U (n)-action. We have the following homotopy commutative

diagram in which all the squares are homotopy pullbacks,

Wi —> PWy e —= BU(n — k) (4.1.2)
E cP> BU(n),

0

where fj classifies the bundle ny. This gives rise to the following diagram

0 (4.1.3)

HY=YPW,, 1; L)) 0

6 |

H2(CP>, PWhy, g L)) ~ H?(BU (n), BU(n — k); Z,))

H2j((CPOO;Z(p)> HQJ(BU(TL),Z(p))

*

We identify H*(BU(n), BU(n — k);Z,)) with the ideal of H*(BU(n);Z,)) generated by
the universal Chern classes c; for n — k < j < n, and write ull = f*c;. In this notation,

j
i€ H?*=Y(PW,1; Zy)) s defined by the equation

H H i—(n—k Hj H
oy; = pj =wuy —a’ o +1)Mn_7;+1un—k+1a (4.1.4)

where p; = (?) In order to observe how this formula makes sense, one should note that
foleg) = ().
4.1.1 Other quotients of Stiefel manifolds

One may proceed in an analogous manner to the above to write down the cohomology ring

structure for the other quotients of Stiefel manifolds. Let £ = (Iy,--- ,lx) such that the gecd of
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the [; is 1. The cohomology of P,W,, ;. with Z/p-coefficients was computed in [12]. The similar

calculation with Z,)-coefficients yields the formula

H*(PoWa i3 Zip)) = Az (Yn—ks2: 0+ 9n) @ Ly lal/ J,

where |7;| = 2j—1, |x| = 2 and J is the ideal of Z;)[z] generated by the set {Z‘Ilzj(—l)jflacj ]
n —k < j <n}. This formula is obtained by calculating the differentials in the Serre spectral
sequence associated to the fibration W), , — P, W), ;. — CP°°. It turns out that the exterior
algebra generators z;'s of H*(W,, x;Z,)) are transgressive and da;(z;) = Z|I|:j(—1)jfij.

Note that for a prime p not dividing 3 ;_, ;1 %, we have the following reduction

H*(PiW ki Zip)) = Az, (Tnkr2s - ) @ L[]/ (a5, (4.1.5)

In this case P;W),, . and M,, ;. have isomorphic cohomology rings. The analogue of the pullback

(4.1.2) is the diagram [12, (2.1)]

W —"> PiW,j, —> Gry(C") (4.1.6)

L

0

where ¢ classifies the bundle >~ ~%. One may now consider a diagram similar to (4.1.3) by
working with the pair (BU(k), Gri(C™)) to identify the cohomology generators for P,W), j.
The cohomology of W, k.., with Z/p coefficients was computed in [21]. For p { m, this is
equivalent to the cohomology of W, 1, so the interesting case is when p | m. Following the
same method, the cohomology with Z, coefficients (for p | m) may be computed. For p > n,

the formula takes the following form

H* (Wi kims Zp)) = (Az,y (Yn—k+1, Yn—k+2, - 5 n) ® L) [z]) / (me, 2" R ),
(4.1.7)
where |v;| = 2j—1, and |z| = 2. The method requires determining the Serre spectral sequence
associated to the fibration S — Wy keom — PW,, 1, and the only differential da sends the

n—k

degree 1 class e generating H*(S'; Z(p)) to mx. Note that the class e ® x survives in the

E-page detecting the degree 2n — 2k + 1 class 7y, k1.
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4.2 Decomposition results at very large primes

In §4.1, the expressions for the cohomology of the various quotients of W, ; say that for
large primes, the cohomology of PW,, ;. and P,W,, ;. matches that of M,, ;. For W,, r.;,, the
expression matches the cohomology of a product of the lens space L,,(2n — 2k + 1) and a
bunch of odd dimensional spheres. Using elementary arguments, in this section we observe that
these isomorphisms may be lifted to p-local homotopy equivalences for a sufficiently large lower
bound on p.

The first step towards a homotopical result starting from a cohomology isomorphism is a
rational homotopy calculation. Note that the Serre spectral sequence for the fibration W, , —

PWy, 1, — CP® with rational coefficients tell us that

H*(PWp Q) = Qa]/ (2" ") @ Ag(Yn—tt2s -+ M)

where |z| =2, |y;| =25 — 1.

4.2.1. Rational splittings for PW,, ;.  The rational homotopy type of simply connected
spaces are determined by its minimal model [18]. For a space X, we denote its minimal model
by mx. We shall show that mpw, , is isomorphic to my, ,, which will tell us that they are
rational homotopy equivalent.

We know that

mu, , = Mepr—k ® Mgan—2k+3 @ -+ & Mgan—1.

Also mgzj-1 = (A(y;),d = 0), where |y;| = 2j — 1, and m¢epn—r = (P(2) @ AYn—k+1),d),
where |z| = 2,|yn_rs1] = 2n — 2k + 1 and d(z) = 0,d(yp_r11) = " *+1 [18]. In this

expression, P(z) stands for the polynomial algebra on the generator x.

Proposition 4.2.2. The minimal model for PW,, ;, is given by

mPWn,k = P(‘%) ® A(:&n—k-}—l’ e 7:&71)’
where |Z| = 2,|7;| = 2j — 1 and the action of differential is determined by the following:

d() = 0,d(Jn—r+1) = ﬂj“n_k—H, d(g]j) =0,Vn—k+1<j<n.

Proof. We only need to construct a differential graded algebra (DGA) morphism ¢ from the the
minimal Sullivan DGA given in the statement to the DGA A%}, (PW,, 1) (following the same
notation as [18]) which will also be a quasi-isomorphism. Actually it turns out that PW,, , is

a formal space ie. its minimal model is determined by its cohomology ring which we will see
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below. Define ¢ by the following action on generators
() = w, P(Un—k+1) = 0,0(7;) =05,Vn —k+1<j<n (4.2.3)

where w and o; are cocycles in A}, (PW,, 1) such that [w] = 2 € H*(PW,;;Q), [oj] =
vj € H*(PW,1;Q). Since 2" *+1 = 0 in H*(PW,,4;Q), there will be some element 0 €
AZZ2RL(PYY, 1) whose image under the differential in A%, (PW,, ;) will be w" *¥+1. This is

the 6 used in 4.2.3. With this definition, ¢ is clearly a DGA quasi-isomorphism. O

Now it is evident that both PW,, ;. and M,, ;, have the same minimal model. Therefore,

PWnka ~ Mn,k@-

4.2.4. Splitting at large primes. We now replicate the rational result of §4.2.1 in the p-local
homotopy category. The rough estimate is so that 2p — 3 is larger than the dimension of the

manifold, for which we obtain a result by elementary means. We note
dim(PW,, 1) = 2nk — k* — 1 = dim(P,Wy ), dim(Wy, pm) = 2nk — k.

In the following we use the class x € H2(PW,, ;) to obtain the map PW,, , — CP>.

Proposition 4.2.5. For all primes p > %4—]{;—71, there is a map (PWp, )y — (CP(T;)_’“
which is a lift of the map (PWn,k)(p) — (CP(‘;?) up to homotopy. The same conclusion holds for

PyW, ;. under the additional assumption that p*2|1|:n—k+1 128

Proof. The homotopy fibre of the inclusion CP*~* — CP> is $?"2k*1  Therefore, obstruc-
tions for lifting the map PW,, ;, — CP> on p-localizations lie in H"(PW,, x; 7'['771(5(21?)72k+1)),
which are 0 under the given hypothesis. As dim(PW,, ;) < dim(S?"~2k+1) 4 2p — 3, the only
obstruction that may arise is if 7 = 2n — 2k + 2, in which degree the cohomology of PW,, ;. is 0

from (4.1.1). The same argument also works for P,W,, ;. under the additional hypothesis.  [J

Let Z, = (SQ”_2k+3 X §2=2hAD oL SQ”_1>( . The cohomology of Z, is the
P
exterior algebra

H*(Zn k) = M ean—2k43, €2n—2k+5, " €2n—1),

where the classes €5;_1 are pullbacks of the generators of H*(S%~1) via the corresponding

projection. We prove

Proposition 4.2.6. Suppose p is as in the hypothesis of Proposition 4.2.5. There is a map
p i (PWnk)p) — Znk such that p*(ezj—1) = 7; for all n —k +2 < j < n, with v; as in
(4.1.4). The same result holds for PyWi k. if p1 3212 ji1 28
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Proof. Suppose L = K(Z ), 2n—2k+3)x- - -xK(Z,),2n—1), thenwe getamapv : Z,  — L

which classifies the cohomology generators of Z,, ;.. Now,

7T7”(Zn,k) = WT(S(Q;S—Qk:-‘rS) DB WT(S(Q;:)—l)7

and WT(S?IZL)_Zk+j) =0for2n—2k+j <r <2n—2k+j+2p—3, imply that m(Z,, 1) = Zp),
for r odd and r =2n — 2k +3,--- ,2n — 1 and 7,.(Z,, ;) = 0, for all other r < dim(PW,, ).

So v must be a dim(PW,, j)-equivalence.

From the conclusion of the paragraph above, we will get the following isomorphism
[(PWoio) (p)s Zne) =3 [(PWaie) ), L) = H*" 725 553(PW,, 1 ) @ -+ @ H 7L (PWo i Zy))-

Hence we get a map p : (Pank)(p) — Znk that pulls back the cohomology generators

€2j—1 € H*(Z, ) corresponding to the generators of H*(S?g)fl) to vy € H"(PWyk, Zy)).

This argument works entirely analogously for P,W,, ;.. O

We may now assemble the two results from Propositions 4.2.5 and 4.2.6 to get maps for p

large

(PW"”“><p) - <M”"“)<p>’ <P£W”"“><p> - <M""“>(p>

which are cohomology isomorphisms. Thus, we have proved the following result.

Theorem 4.2.7. Suppose p > % + k —mn. Then we have,

(PWn,k)(p) = |[CPTR s §2E L g2 o

If further p 32 112 g 1 £

(Pngk)(p) ~ [(CP”—k X G223 Ly 52”—1} o

Theorem 4.2.7 may be used to provide an S'-equivariant decomposition of the Stiefel man-

ifold.

Proposition 4.2.8. For p > % + k — n, we have the following splitting as S'-spaces.
(Wn,k)(p) ~ [§hAL o G2k S2n71](p).

Proof. For the bound on p stated in the proposition, there is a map ¢y : (PWy, 1)) — (CP(T;)_’“

lifting the classifying map of the S'-bundle Wpr — PW, . Hence we have the following
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homotopy pullback diagram,

2n—2k+1
(Wn,k:)(p) - S(p) -

| |

n—k
(PWn,k)(p) —_— CP(p)

leading to an S'-equivariant map (ka)(p) — 5(2;3_2k+1. We also have an S'-equivariant

map (Wik)p) — (Wagk—1)(p) arising from the Sl-equivariant projection W, — Wy k1.
The product of these two maps is evidently a cohomology isomorphism. So we obtain an
Sl-equivariant equivalence

(ka)(p) ~ S(QIIL)_QIH_I X (Wn,k—l)(p)‘

And by induction on k, we arrive at the result stated in the proposition. O

Now observe that both W, .., and L, (2n — 2k + 1) x §2n=2k+3 o ... % §2n—1 have the

same Z,)-cohomology whenever p > n.

Proposition 4.2.9. For p > % + k — n we have the the following splitting

(Wn,kz;m) ) ~ [Ly(2n — 2k 4+ 1) x §2n=2hA3 % S2n—1}(p)‘

Proof. For p > %’“2_1 +k—n, we have the S'-equivariant map W — 52n=2k+1 35 shown
in Proposition 4.2.8. So we get a map W, k. — L (2n — 2k + 1) by considering the Cy,-orbit

spaces. Now comparing the spectral sequences associated to the fibrations
S* = Wi kam — PWo, and St — L, (2n — 2k +1) — CP"F,

we can see that the map W, j;m — L (2n—2k+1) induces an isomorphism on H7(—; Z,)) for
j <2n—2k+1. We also have the maps W,, j.m — PW,, , — S22+ for k> 1 > 0 and
they map the cohomology generators of 5%/ ~! to the corresponding generator of H* (W, k.m)
in (4.1.7). Hence we have a map from W,, . to Ly, (2n — 2k + 1) x S2n=2643 ... §2n—1
that induces an isomorphism on cohomology, and both spaces being simple, we get the desired

equivalence. 0
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4.3 Stable decompositions of projective Stiefel manifolds

In this section, we prove stable decomposition results for the projective Stiefel manifold PW,, j,
at primes greater than n. The crucial observation here is that if p > n, we have the stable
equivalence

n o~ Q2 4 2n
CPy) = S VSp) V-V Sh):

This fact may be proved by showing that the attaching maps of the cells of the p-local complex
projective space are stably trivial if p > n. The reason is that the first non-trivial p-torsion in
the stable homotopy groups of S? occurs in degree 2p — 3, which is greater than the degrees of
the attaching maps of CP™ if p > n. However one requires a more delicate argument to make

this work for PW,, i, because there are cell attachments of degree greater than 2p — 3.

4.3.1. Minimal cell structures. We recall the minimal cell structures for CW complexes
from [23, §4.C]. For a simply connected CW complex with finitely generated homology groups,
we have a CW complex structure with “minimum number of cells". More precisely, writing
the homology groups using generators and relations, we have one “generator” n-cell for every
generator of a cyclic copy of H,(X), and one “relator” n + 1-cell whose boundary is k times
a “generator” n-cell in cellular homology whenever the cyclic copy in H,,(X) corresponding to
the generator is Z/k.

We will use a version of the above result for p-local spaces. In this case we use p-local

n—1

cells D&) which is the cone of S(p) , and a p-local n-cell attachment to a p-local space X is
the attachment of D?p) along a map S&;l — X. A p-local finite CW complex is one which
is obtained by attaching finitely many p-local cells in increasing dimensions. The following

proposition follows directly using the arguments of [23, Proposition 4.C.1].

Proposition 4.3.2. Suppose that X is a simply connected p-local space such that H,(X; Z(p))
is finitely generated and torsion free. Then, X has a p-local CW complex structure with one

p-local n-cell for each basis element of H,,(X;Z,)) = Zl(p).

Remark 4.3.3. Suppose that X is as in Proposition 4.3.2. We observe that as the boundary
map in cellular homology is 0, the attaching map of such a cell factors through the (n — 2)-

skeleton.

4.3.4. The Chern character. Recall the Chern character [24, Chapter 5]

ch: K*(X) - H*(X;Q)[u]
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where u is a degree 2 class inducing the 2-periodicity in the second factor. We restrict our
attention to p-local finite CW complexes of Proposition 4.3.2, and note that the arguments in

page 73 of [24] implies the following result.

Proposition 4.3.5. Suppose that X is a simply connected p-local space such that H,(X; Z(p))
is finitely generated and torsion free. Then, K*(X)®Zy) is torsion-free and the Chern character
induces an isomorphism K*(X) ® Q = H*(X;Q)[u*].

4.3.6. A criterion for stable splitting. We now formulate a general criterion to have a p-local
stable decomposition into a wedge of spheres. This involves ruling out attaching maps in the
image of the J-homomorphism using an assumption on the Chern character. For the remainder
of this section, we work in the category & which stands for the stable homotopy category,
whose objects are sequential spectra and morphisms are the homotopy classes of maps between
them. For a space X, we use the same notation for the suspension spectrum as an object of
S. We also use the Chern character for cellular spectra with finitely many cells. Note from [34,
Theorem 1.1.14] that elements in 73 (SY) for k > 0 lie in the image of the J-homomorphism if

k < 2p% — 2p.

Theorem 4.3.7. Let X be a simply connected p-local finite CW-complex satisfying the following

conditions

1. dim X < 2p® — 2p.

2. H*(X;Zy)) is free as a Z,)-module.

3. The Chern character map for X has image in H*(X;Z,)) C H*(X;Q).
Then, X ~ a wedge of p-local spheres.

Proof. We consider the minimal cell structure of X of Proposition 4.3.2 and prove that the
attaching maps are 0 in the stable homotopy category. We show this by induction over k for
X&) which is the kt"-skeleton of X. The properties of the minimal cell structure, the naturality
of the Chern character together with Proposition 4.3.5, implies that any sub-complex A of X
satisfies the three hypotheses stated in the theorem.

We assume that X %) splits as a wedge of p-local cells, and we want to conclude the same
for X(¥t1) " Since there are finitely many cells, it suffices to prove that every attaching map
o : Sfp) — X®) s trivial. We write Y for the mapping cone on ¢. From Remark 4.3.3, this

attaching map will actually land n1)(gg‘”. Writing

(k) ~ qni /... Ny
X = 5oy Ve VS,
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g

the attaching map of the p-local (k + 1)-cell in X,y must factor through \/n#k S(p), and is
therefore a sum of maps of the form f; : S&) — S?pj). Note that k —n; < 2p? — 2p by condition
1), so that the homotopy class of these maps lie in the image of J homomorphism. Since these
classes are in odd degree, we may assume k —n; is odd. Now we have the following homotopy

commutative diagram

») S (4.3.8)

L

M ) k+1
®» 7, S CUfi) —= 5

where the second vertical map from left is induced by the retraction

Sy V' VS T S

To show that f; is trivial it suffices to show that the K-theoretic e-invariant [2, §7] of f;, ex(f;)
vanishes. Note that [2, Proposition 7.14] implies that we may compute this using complex K-
theory as p # 2. We also notice that since we are dealing with p-local spheres, the e-invariant
will take values in Q/Z.

We look at the following diagram of short exact sequences induced by the Chern character:

* * k+1
Ky (Y) Ky (87 =——0

. | |

0<~— H*(XW;Q)ut] <— H*(Y;Q)[u*] =—— H*(S*1Q)[u] <—0

where the short exactness of the first row follows from the short exactness of the bottom row
along with the injectivity of the Chern character map for p-local sphere. As Y is a subcomplex
of X, the image of the Chern character lies in H*(Y;Z,)) by condition 3). Now from the

following diagram (the injectivity of the horizontal arrows follow from (4.3.8))

K (C(fj) =Ky (Y)

o Jen

H(C(f;); Q)uf]—— H*(Y; Q)[u™],

we conclude that the image of the Chern character for C(f;) also lies in Z;,)-cohomology.
Applying the reformulation of the e-invariant in [2, Proposition 7.8], we deduce that e(f;) =0,
and hence f; ~ 0. O
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4.3.9. Algebra generators for K*(W,, ;) and K*(PW,, ). We now write down the structure
of K*PW,, 1, (and K*W,, 1), identifying algebra generators as was done in (4.1.4) for ordinary
cohomology. The coefficient ring for p-local complex K-theory is Z,) [3F] where 3 stands for
the Bott element lying in degree 2. Recall that complex K-theory is complex oriented, and
rx = 7Y(L —1) is a choice of complex orientation for the canonical line bundle L over CP>.
This implies that every complex vector bundle is K-orientable, and defines universal Chern
classes C]K such that Kz‘p)(BU(n)) = Zp) [BE][[eK, -, cK).

We note that the complex orientation expressed as a map
zx : CP™ — $°K
may be expressed as a composite via the connective cover ku,) of K,
CP™ ™ ¥k, — S7K ()

as CP™ is 1-connected. This implies that the universal Chern classes ¢

; are the image of

ku,)-Chern classes c;?“. Following the method described in [9, Proposition 3.4 and Proposition
3.6] we obtain classes Tf“ € ku’(kp)(BU(n)) such that Tf“ = c?” + 2 ks vpekt, where vy, €
k:uz"p)(pt). We use the map o : (BU(n — k), Wy, ) — (BU(n),*) arising from the fibration
Wy — BU(n — k) — BU(n), and the diagram

7 ) i i
e ol (Wi ) = kul b (BU (n = k), Wy, ) — kul L (BU (n — k)) —> -+

ku(yy (BU(n)).

to define y;“” by the equation 5(y§““) = a*(Tf“) for j > n—k+ 1. The classes y;““ serve as

generators of ku’(kp)(Wn’k), that is,

*
P

ku?p)(Wn,k) = Aku( )(yﬁikﬂ, Tt ,y,’iu)
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Pushing forward to K¢, by the map ku,) — K(;), we obtain classes TjK € K(*p)(BU(n)) such

that TjK = CJK + D ks vgel, and yJK € szp)(ka) such that in the diagram

i 4 ; i
o Ky (Wap) —— K[ (BU(n = k), Wy ,) —= K (1 (BU (n — k)) — -+
a*T

Ky (BU®)),

5(yJK) = Oé*(’TjK), and one can show yJK give a set of generators for Kz‘p)(ank). We now

multiply yJK by a power of 3 so that yJK € K@;(Wnk) For the projective Stiefel manifold we

have

Ky (PW i) = Ky @pp BPY(PWak) = Aice o) (k355 70) @k (o) K ) (PO [[2]]/1

where |v;| = —1 and || = 0 and I is the ideal generated by {(’;):cjln —k<j<n}[9]. We

are assuming p > n, so that

K (PWak) 2 Ay o0 Oty 30) @1, ) Ky () 1]/ 2"

where |y;| = —1 and |z| = 0. We may construct the K-theoretic algebra generators fy]K via the

following analogue of (4.1.3)

0 (4.3.10)
Ky (PW,) 0
6
K, (CP>, PWy 1) < K, (BU(n), BU(n — k))
0 00 0
K{, (CP>) 7 K, (BU(n))

Identify K?p)(BU(n), BU(n—k)) with the ideal in K?p)(BU(n)) generated by C]K forn—k <

j <n, and write uJK = f*TjK. Since

N n\ n j
firk = (")l + 3 () ke = ot

i
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where ,uf is a unit in K(*p)(CPOO), we see that

(n—k+1) MK

s K j—(n—k+ j K _

i (uy — — Uy _j 1) = 0.
Mn—k-‘rl

Let VJK € K(;;(PWnk) be defined by

K
oK =l — o K (4.3.11)
Hn—k+1

In the following proposition, we show that VJK generates the exterior algebra part of szp) (PWyk).

Proposition 4.3.12. With notations as above,
Ky (PWyi) = AK(*p)(pt) (s> QK (ot) K, (pt) [2]/(z"F ).
Proof. Consider the homotopy fixed point spectral sequence [9, Proposition 2.1]

By = Zly) @ Kl (Wox) = KUSH(PW,y),

and from the analogous computation of [9, Proposition 4.5] deduce that a set of elements
form generators of the exterior algebra part if they pullback to corresponding exterior algebra
generators of szp)(Wn,k)- Consequently, it suffices to prove that F*’YJK = yJK in K(*p)(Wn,k).

From the diagram (4.1.2) we get the following commutative diagram extending (4.3.10)

(B, Wak) <—— K? (CP>, PW,.) ~— K? ) (BU(n), BU(n — k).

KO

(p) (p) (p

Here we compute for j >n —k + 1,

_ K g—(n—k+1) Hyj
=7 (U’j —Ti K un—k+1)
'un—k’-i-l
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On the other hand, we have the following diagram

Ul(n) %
A e
Wk BU(n — k)
)/ |
E BU (n)

which leads to the diagram below

§(Wn,k) = KO

() (B> W) =— K

0 (BU(n), BU(n — k)

| l

K (U (n) —= K0 (B, U(n))

In the bottom row of above diagram image of yJK and image of TjK coincide by the construction of
yJK. So in the first row the same will happen for j > n—k. Hence we must have (57T*’y]K = (5yJK,

and J being injective, we get our desired result. O

4.3.13. Stable decompositions for PWn,k(p) . We verify the hypothesis of Theorem 4.3.7
for PW,, i, if n < p. First, we prove a lemma regarding the image of the Chern character. Recall
that

H (PWo ki Z) = Az(ri gz 78) © Ty ] (@)

with |7JH| =2j—1asin (4.1.4), |z| = 2. In the following lemma, we use the construction
of 'yJK of (4.3.11) which generate the exterior algebra part of the K-theory of Pank(p) by
Proposition 4.3.12.

Lemma 4.3.14. Forn —k+2 < j < n, ch(’y]K) is a Q-linear combination of {y7zt |

n—k+2<s<n, 0<t<n-—k}.

Proof. Consider the commutative diagram

K=Y (PW, )2 K(CP>®, PW, )

o o

HOM(PW, 13 Q"> H*(CP*, PW,1; Q)

K(BU(n),BU(n —k))

Jo

H®(BU(n), BU(n — k); Q)

(fo.f)*

(fo. )
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with f, fo as defined in (4.1.2). Now H*(BU(n), BU(n —k);Q) is the ideal (¢p—g+1," - ,¢n)

of H*(BU(n); Q) = Q[c1,- -+, ¢y). In these terms, we must have an equation of the form

K
Ch(Tj ) =Cp—k+1" Pnfk:+1,j + Cn—k+2 - Pnfk+2,j et Pn,j

for some power series P; j € Q[[c1, - -, ¢p]]. The right commutative square in the above implies

(as (fo, f)* preserves the multiplication of relative cohomology classes)
ch(uf') = ch(f*71*) = f*(cntt1)-J§ (Paois1)+ I (Cnrr2) J§ (Paegag)+ -+ (cn) 5 (Pj)
with f5(P; ;) € H*(CP*;Q) = Q[[z]]. We may now compute from (4.3.11)

Sch(y) ) = ch(dy]")

K
j K 174 un—k+1)
[ |

K
_ ch(uK l’j_(n_k—H) ,U’]

(ki) M

_ * K Jj—(n—k+ J x K

= ch( TP — T 7 o ki1)
Hon ka1

= f*(cn—k—H) . fS(Qn—k—&-l,j) + Pn—k+2 * f(ak(Qn,]) + -+ Pn * fE)k(Qn,j)a
where p; is defined in (4.1.4) as,

i—(n— Ky * j—(n— Hj *
Pj = Uf — a2l kH)ij“g—kH = ["(¢j) — 2’ (kD) 20 (),
Hn—k+1 Hn—k+1

and for some polynomials Q; ; in the ¢;. The element 5ch('yjK) maps to 0 in H*(CP) from

which it follows that fjQ,—x+1,; must be 0, so that

Sch(v]%) = pn-tr2 - [ Qnoti2j) + + pn - 5 (Qny)-

We now write f3(Q; ;) = ¢ j(x), and use the fact that § : H*(PW,, ;) — H**1(CP>, PW, )

is a map of H*(CP*°)-modules, which implies

Sch(v]) = pn—is2 - f§ (Qu-rt25) + + pn - f3(Qny)
= 5(’Y£Ifk+2) COn—kr2,i (%) + o+ () - P ()

=0V i) - ntro (@) + -+ P ().

As ¢ is injective, we have that ch(7;) is a linear combination of fyf{af wheren—k+2<j<n

and 7 < n — 1. Further as 2" **! maps to 0 in H*(PW,,x;Q), ch(fyjK) must be a Q-linear
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combination of the set described in the statement of the lemma. O

We now have all the ingredients in place to prove that the projective Stiefel manifold splits

into a wedge of spheres in the stable homotopy category.

Theorem 4.3.15. Let p be a prime > n. Then, the p-localization of the projective Stiefel

manifold Pka(p) stably splits as a wedge of p-local spheres.

Proof. We verify that PW,  satisfies the conditions of Theorem 4.3.7. The condition (2)
already follows from the expression of (4.1.1). We also have
k?

dim(PW,, 1) = 2nk — k* — 1 = 2n(k — )~ 1

<2n(n—1)ask<n-—1

<2p(p—1)asn<p,

which verifies the condition (1). Finally, we have to verify that the Chern character ch has
image in H*(PW,,; Z)). As ch is a map of rings, it suffices to verify this on the generators
x and VJK of Proposition 4.3.12. The class z is the pullback of the complex orientation class
via PW,, , — CP*, so we have

n—k
T 1 £ n—k+1 __
ch(z)=e 1—22,! as x =0,
i=1
which clearly lies in H*(PW,, x;Z,)) as p > n — k. The Chern character on the classes fyjK is
described by Lemma 4.3.14 on which we now apply the integrality result of Adams [1, Theorem

1]. As Wy, i is 2(n — k)-connected, from the fibration
Wiy = PWy j = CP™

we obtain that there is a cell structure on PW,, j, whose 2(n—k)-skeleton is homotopy equivalent
to CP™%. It follows that the restriction of the classes 'yJK to PWy(%,gn*k)) is 0 with respect to
this cell structure. The expression of Lemma 4.3.14 implies that the highest degree term which
may occur in the expression of ch(%K) is v 2"~k and this lies in degree 2n — 1 4 2(n — k).
Therefore, following [1], we have chQ(n_k)HJrgr('yf() =0ifr>n—1. Forr<n—-1<(p—1),

the m(r) appearing in [1] is not divisible by p; so by [1, Theorem 1], the proof is complete. [

Remark 4.3.16. The argument above may be easily modified to deduce that the spaces P,W,, ;,

have a p-local stable decomposition into a wedge of spheres under the condition p > n, and



4.4. Unstable p-local decompositions 57

Z|I\:n—k+1 ¢! is not divisible by p. The latter condition implies that the cohomology of PWh, i
with Z,)-coefficients is torsion-free by (4.1.5). The K-theory is also torsion-free, and the
generators may be chosen via the diagram (4.1.6) using the pair (BU(k), Gri(C™)) in place
of (BU(n), BU(n — k)) in the calculations above. An analogous calculation implies that the
Chern character has image in Z;,) and then, we realize the p-local decomposition using Theorem

4.3.7.

4.4 Unstable p-local decompositions

In this section, we use the stable decomposition of the p-local PW,, ;, of §4.3 for p > n, to
deduce an unstable product decomposition. Throughout this section, we work in the category of
p-local spaces. As in §4.2, we compare PW,, ;. with the product M,, ; = CP"~* x §2(n=k)+3
G2(n—k)+5 5 ... % §27—1 \hich also stably decomposes into a wedge of spheres for p > n.
Note that if p > n, PW, x and Y both have the same cohomology with Z,)-coefficients.

In order to show the equivalence between PW,, ;. and M,, 1., we construct maps from PW, ;.
to the individual factors of M,, . in the p-local category. This is possible for small values of k
in comparison to p and n. We first construct maps from PW), ;. to CP"™ % which lift the map

PW, — CP* ~ K(Z,2) classifying the class x € H*(PW,, ).

Proposition 4.4.1. Suppose that p > n -+ 1 and k < min{n,p +n — \/p*> +n2 —2p+ 1}.
Then, the map PW,, ;, — CP™ lifts to CP"*.

Proof. For n = k, there is nothing to prove. We assume n > k, and that we have a p-local
minimal cell structure on PW), ;. via Proposition 4.3.2. The (2(n —k) +2)—ske|eton of PWp, 1
is homotopy equivalent to CP™~*_ It suffices to prove that this equivalence extends all the way
to a map PW,, — CP"F.

We prove the extension by considering one cell attachment at a time. Suppose we have an
extension PW — CP"* for a subcomplex PW of PW, .. We consider the following diagram

which attaches a single cell to PW
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and prove that the dashed arrow exists. This will be ensured if the composite S — CP" % is
trivial. Up to homotopy, this lifts to S7 = $2(»=k)+1 and it's enough to show that this lifted
map is null-homotopic. We first check that o belongs to the stable range using [39, Corollary

3.2], which happens if ¢ < 2(n — k)p + 2p — 3. Observe that
q < dim(PW, ;) — 1 = 2nk — k* — 2,
and that the quadratic equation in k
2k —k?—2=2(n—k)p+2p—3

has the positive zero (over R) as the second bound in the Proposition. Therefore, we are in the
stable range, and further dim(PW,, ;) < 2p? — 2p (which holds for p > n) guarantees that it
is in fact in the image of J-homomorphism as in the proof of Theorem 4.3.7. We prove that
the e-invariant of this map vanishes.
Note that a induces a map & : C(¢) — CP™ %+ on mapping cones. We consider the
diagram
PW ——CP"

o

C(¢p) —“=CPrrtl —
L]
gatl o g2n—2k+2
In this diagram the squares placed vertically come from the map between cofibre sequences and
so do the squares placed horizontally. It suffices to show e(X«) vanishes. If not, there exists
7 € K*(C'") such that ch(r) & H*(C’;Z(p))[ui] from [2, Proposition 7.8]. Note that this
implies also that the Chern character of the image of 7 in K*(C') goes outside of the image of
H*(C; Z))[u*] € H*(C;Q)[u*]. Our task boils down to checking that the Chern character
map for C takes value in the image of H*(C;Z,))[u™] C H*(C;Q)[u*].
We note that the diagram
PW cpr*

.

C(d)) K CPnfk+1

]

PW s Ccp>




4.4. Unstable p-local decompositions 59

commutes, where the bottom row is the classifying map of the S'-bundle S — Wokx — PWy k.

Hence we get the following map between cofibrations,

C(¢) _E o Cprktl (¢

Lk

PW, i cp> D

with D being the homotopy cofiber of PW), , — CP>. Applying K;), we obtain the diagram

K} (C(0) = K () (C) — K (CP"™) —= K(,)(C(4))

| | | |

K(;;(PW”:’C) - K@) (D) K (CP*) K p) (PWy 1)

Now surjectivity of the two terminal vertical arrows follow from the fact that C(¢) is sub-
complex of PW,, ; under the minimal p-local CW structure (Proposition 4.3.2). In the proof of
Theorem 4.3.15, we have checked that the image of the Chern character for PW,, ;. lies inside
cohomology with Z,)-coefficients, and so, the same is true for the image of K(;;(C(qb)) inside
K@) (C).

To complete the proof, we show that the Chern character carries ker(x*) to H*(C; Zy)) [u®].
The composition CP" % — (C(¢) s CP"**1 is homotopic to the inclusion, and so,

n—k+1

ker(x*) must be equal to the Z,)-module generated by = , Where z is the complex ori-

entation of K-theory. Now consider the diagram obtained from (4.3.10),

K ) (BU(n), BU(n — k) —— K, (D) —— K,,(C)

| | |

K(,)(BU(n)) K(,)(CP®) — K, (Cpn—htly,

We see that w*f*cX || € K,)(C) is mapped to (,,_},,)z" **! € K, (CP" ") As

(n_pi1) isaunitin Z,, it suffices to show that ch(w* f*ek 1) liesin H(CP™ M1 Z, ) [v™].

We also notice that using computations analogous to Lemma 4.3.14

ch(w* fr el i) = w* f*(ch(ch_ii1))
=W f(entks1 Pookr1+ -+ cn- Pn) [where Py € Q[ler, -+, cn]] ]

= W ettt - Qnokt1 + o+ w fren - Qy [where Q; € Q[]/(z"F2) ]
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This computation shows that the maximum degree of the homogeneous parts of ch(w* *cff_kﬂ)

is

len| + |2 = 20+ 2(n — k +1).

As 1 : C(¢) — CP" %+ is a (2n — 2k + 1)-equivalence, C is (2n — 2k)-connected. Therefore,

as p>n+ 1, we apply [1, Theorem 1] to deduce the result. O

Proposition 4.4.1 constructs for us the map from PW,, . — CP™ % The remaining factors
in the product decomposition of M, ;. are spherical and maps are constructed via a connectivity

argument.

Proposition 4.4.2. If p > n and k& < min{n, (p +n) — \/p? +n% —4p + 2}, then for 1 <
r < k — 1, there is a map from PW,, to S2(»=K)+27+1 which pulls back the standard Z(p)-

cohomology generator of S2("=k+7)+1 1o the class v, 1y € H*(PWiy 1; Zyy)-

Proof. From the equivalence of X*°PW, . and X*°M,, ;. we get maps
Uy EOOPWn E = EoosQ(n—k-l—r)—‘rl

for 1 <r < k—1, which satisfy y;k(eQ(n_k+T)+1) = Yn—k+r- By the usual 3% —Q° adjunction,
we obtain a map of spaces

Dyt PWy g — QS2(n—ktr)+1

Now as we are in the p-local category, the fibre F'(2(n — k + r) + 1) of the natural map
S§2n—ktr)+l _y Q82n—k+r)+1 is (2p(n — k + r) + 2p — 4)-connected [39, corollary 3.2]. The
given bounds on k imply that dim(PW,, ;) < 2p(n — k +r) + 2p — 4. Hence, the map 7, lifts

to S2(n—k+r)+1 and we are done. O

We let M(n,p) =p+n — \/p2 +n2 —4p + 2, and summarize the results of Propositions
4.4.1 and 4.4.2 in the following theorem.

Theorem 4.4.3. Let p > n+ 1 and k < min(n, M(n,p)). Then, in the p-local category
PWnk ~ (CPnfk % S2n72k+3 Yo X Sanl'

Observe that the bound on k holds whenever k < n/2. As in §4.2, the product decomposi-
tion of the projective Stiefel manifold implies an S'-equivariant decomposition of the complex

Stiefel manifold.
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Theorem 4.4.4. Let p > n+ 1, and k < min(n, M(n,p)). Then, we have an equivalence of
Sl-spaces

ka(p) ~ |g2=R)+1 o g2n—2k+3 oy SQn—l]

(p)
Proof. As both sides of the equivalence possess a free S'-action, it suffices to exhibit an S'-

equivariant map which is a weak equivalence. We use the map
o1 : PWy — CP™F

from Proposition 4.4.1 and pullback the circle bundle ¢ : S2(*=K)+1 s CP"F via ¢y. As ¢y, is

a lift of the classifying map of the circle bundle W,, . — PW,, 1., we have a commutative square

ka bx SQn—Qk—H

L

PW,, , —>CP"*,

We now observe that ¢y, is S'-equivariant as it fits in a pullback diagram of S'-bundles. We

now form the equivariant map
Wn,k — S2n_2k+1 X Wn,kfl-
Now k—1 < M(n,p), and we proceed by induction assuming that W), 1 supports the splitting

stated in the theorem, to deduce the result. O

There are also analogous splittings for the spaces W, i..,, and PyW,, 1.

Theorem 4.4.5. Let p > n+ 1, and k < min(n, M(n,p)). Then, we have equivalences

(Wn,k;m)(p) ~ {Lm(Qn —2k+1) x §2n—2k43 L x 52"71] ) if p|m,

~ n—k 2n—2k+3 , | .. 2n—1 ; 1
(Pngk)(p) ~ [CP % 8 X% S Lp) |fp)[l|:nzk+1€ .

Proof. The S'-equivariant map Wok — §2n—2k+1

in Theorem 4.4.4 yields the map
Wi ksm = L (2n — 2k + 1)

on Cj,-orbits. The other factors receive maps via the composite

Wn,k;m N PWn,k N S2n72k’+2r+1
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where the latter map is defined by the equivalence of Theorem 4.4.3. The product of these
two maps imply the first p-local equivalence in the theorem. For the second equivalence, one
applies the stable decomposition for PyW,, ;. outlined in Remark 4.3.16. After that, observe
that Proposition 4.4.2 works verbatim for P,W,, ;. and Proposition 4.4.1 works analogously by
using the pair (BU (k), Gri(C™)) instead of (BU(n), BU(n — k)). O



Chapter 5

Characteristic classes on certain

quotients of Stiefel manifolds

In this chapter, we compute some topological invariants of projective Stiefel manifolds and
similar quotients of Stiefel manifols. In particular, we consider the circle quotient manifolds
which is defined as the quotient Vn,zk/Sl with the circle acting via the diagonal embedding of
SO(2) inside SO(2k). The tangent bundle for these manifolds are computable, and together
with the cohomology calculation, we determine the characteristic classes of these manifolds.

We then discuss topological consequences for these manifolds.

5.1 Computations for projective Stiefel manifolds

In this section, we describe some geometric consequences for the real projective Stiefel manifolds,
which are derivable from the cohomology. We only use the cohomology with Zs-coefficients in
this section. Computations with Z-coefficients or Z)-coefficients is more involved even in the
case of Stiefel manifolds particularly when n < 2k.

Recall that the Zs-cohomology of PV}, ;, was determined in [19].
H*(PVy 13 7o) = Zofz]/(z™) @ V(A), for k < n,

where N = min{j | n—k < j <n, and (?) isodd }, A={y;j |n—k<j<n}—{yy ,}
and |z| = 1,]y;| = j. This is computed using the Serre spectral sequence for the fibration

Vo — PV, — RP®. The differentials are computed using the commutative diagram of

63
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fibrations

Vn,k Vn,k

| l

PV, —= BO(n — k)

| |

RP> BO(n).

In fact, the bottom square is a homotopy pullback diagram, which may be used to describe
homotopy classes of maps into PV, ;. Proceeding in this direction, one discovers that the
PV, i, classifies line bundles L such that nL has k linearly independent sections.

The tangent bundle of PV}, was determined in [27] and satisfies the following relation

E+1

T(PV, 1) ® < 9

>e = nkn i, (5.1.1)

where (, 1 is the Hopf bundle over PV}, .. The computation of the tangent bundle is done
via the 2~ 1-sheeted covering space PV, — Fi(R™), where the latter is the space of flags
Vo C Vi C -+ C Vi of subspaces of R™ with dim(V;) = i.

The computation of the tangent bundle (5.1.1) allows us to calculate the Stiefel Whitney
classes of PV}, ;. These Stiefel-Whitney classes may also be calculated using the cohomology
and Steenrod operations via Wu's formula. Note that the total Stiefel Whitney class of ¢, 1 is
described by

w(Cpr) =14+

By the Whitney sum formula, we obtain,
w(T(PVpy)) = (14 z)"". (5.1.2)

5.1.1 Skew embeddings of PV,

The Stiefel Whitney classes for a manifold may also be viewed as obstructions to trivializing
vector bundles, and also to constructing linearly independent sections therein. The span of a
manifold is the maximum number of linearly independent sections. For the projective Stiefel
manifold, there are bounds on the span proved using the Stiefel Whitney classes and also by
K-theory calculations [35].

A general embedding problem for a manifold M™ of dimension n seeks to find the precise k
such that M™ embeds in R"t*. An analogous statement may also be formulated for immersions.

In this case, the Stiefel Whitney class of the stable normal bundle provides an obstruction to the
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immersion dimension. More precisely, consider w(M) = w(M)~!, and suppose wy(M) # 0.
Then, the manifold does not immerse in R T+—1

An embedding of a manifold inside the Euclidean space RY is called totally skew if the
affine subspaces of RV associated to the tangent space at different points are skew. Two affine
subspaces V, W of RY are called skew, if their affine span has dimension dim (V") +dim(W)+1.

For a smooth manifold M, we define
N(M) = min{n | M admits a skew embedding in R"}

Suppose an n dimensional manifold M admits a skew embedding inside RY. Then the “skew-

ness’ condition ensures that there is a vector bundle monomorphism
T(Fy(M)) ® e — Fy(M) x RY,

where Fo(M) = M x M — A(M), and this in turns implies that if wy(T(F2(M)) # 0 then
N > 2N + k + 1. In particular, this gives us a lower bound for N (M) :

NM)>2n+k+1.
The authors in [8] then found a condition in terms of the Stiefel Whitney classes of M to

produce a k for which wy (T (Fa2(M)) # 0.

Theorem 5.1.1. [8] If k& := max{i | w;(M) # 0}, then war(T'(F2(M)) # 0 and hence
N(M) > 2n + 2k + 1.

Then we have a direct consequence of the above result for M = PV, ;..

Theorem 5.1.2. N(PV, ;) satisfies the following inequality
N(PV,;) > 2dim(PV, 1) + 2m + 1,

where m = max{j | ("*1771) #£0and 0 <j < N —1} and N = min{j | (j) odd and n —k <

j<nj.

Proof. From the description of the stable tangent bundle of PV, ;,, we obtain the total Stiefel-

Whitney class of PV, ;. as follows

w(PVy i) = (1+ x)”k
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From this we can see

k+j5—-1
m = max{J | <nn—l:il > #0and 0 <j <N —1} =max{j | @;(PV,) # 0}.

Applying 5.1.1 we get N(PV,, 1) = 2dim(PV, 1) +2m + 1. O

5.1.2 Characteristic rank of projective Stiefel manifolds

Let X be a connected finite CW-complex and £ a real vector bundle over X. The characteristic
rank of £ over X, denoted by charrankx(§), is by definition the largest integer k,0 < k <
dim(X), such that every cohomology class = € H?(X;Z/2),0 < j < k, is a polynomial in the
Stiefel-Whitney classes w;(§).The upper characteristic rank of X, denoted by ucharrank(X),
is the maximum of charrankx (£) as £ varies over all vector bundles over X.

The main result regarding the characteristic rank for Stiefel manifolds shows that the lowest
degree non-zero class in cohomology usually does not arise as a Stiefel-Whitney class of a vector
bundle, [25]. On the other hand, when we consider a quotient of a Stiefel manifold mG/G,
the classes in low degrees naturally arise from characteristic classes of G-representations. In
the case of the projective Stiefel manifold with Z/2-coefficients, the class = and it's powers
are expressable in terms of Stiefel-Whitney classes of bundles. The remaining part which is
additively an exterior algebra pulls back non-trivially to the Stiefel manifold, and this is usually
not representable in terms of Stiefel-Whitney classes of bundles. We elaborate this in the next
few results.

We start with a lemma which will be used later.
Lemma 5.1.3. For any real vector bundle § over Vg1 19 with r > 1, the class wg,(§) = 0.

Proof. We have the following pushout diagram

)
RP"™ = X V1 k-1 — Vo1 k-1

| |

RP"™ X Vo151 Vnk

This tells us that the cofiber of the map V,,_1 1 — V1 is E”_I(Vn_l,k_l)Jr.

Now taking (n, k) = (8 + 1,2) gives the following cofiber sequence

587"71 ‘/ér+1,2 ESTS—S’—T—]..
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Applying KO on it we get the following exact sequence
KOXZ¥ S ™Y) — KO(Vay112) — KO(S¥ 7).

Now we know KO(S¥ 1) = mg, 1 (BO) = m7(BO) = 0. So KO(£8 S¥ 1) — KO(Viy412)

must be a surjection. But we have

[/{\6(287"5?—1”71) — 1?6(5167"—1 vV SST)
_ [”(VO(Slﬁr—1) ® [”(VO(SST)
= m7(BO) ® KO(S%")
— KO(S%)

So we have a surjection 1?5(58’") — I?a(Vng,g). This means any stable bundle over Vg, 12
is a pullback of a stable bundle over S® by this composed map. But w,(£) = 0 for any vector
bundle £ over S™ whenever n # 1,2,4,8 [29]. So for r > 1, wg,(§) = 0 for any vector bundle

£ over S8 and hence same is true for Var41,2 as well. O

Theorem 5.1.4. If n — k=5, 6 or > 9, the upper characteristic rank of PV}, ;, is given by

n—k—1 if2]("
ucharrank(PV,, ;) = (%)

n—k if24 (")

Proof. First we consider the case n — k # N — 1, then ucharrank(PV, ) < n — k, since
Yn—k € H”_k(PVnJC) can not be a polynomial combination of Stiefel-Whitney classes of some
bundle £ over PV, ;. Because otherwise the pullback of y,,_j via the map V,, . — PV,
would be a polynomial combination of Stiefel-Whitney classes of the pullback bundle of £ over
Vi contradicting [25]. Moreover we can easily see charrank(¢, 1) =n—k — 1. So in this case
ucharrank(PV,, ;) =n —k — 1.

On the other hand for n — k = N — 1, H" *(PV,, ) = Zo(2" %) and H" *T1(PV, ;) =
Zo(Yn—k+1)- 1fn—k+1is not a power of 2, then y,_r11 cannot be a polynomial combination
of Stiefel-Whitney classes because of the cohomology ring structure of H*(PV}, ;; Z2) and from
the fact that the Stiefel-Whitney classes of a bundle are generated by the Stiefel-Whitney classes
of degree powers of 2 of that bundle over the Steenrod algebra (this fact is a consequence of

Wu's formula) [30]. So in this case ucharrank(PV;, ;) = n — k since charrank((, ;) = n — k.
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Now we consider the case where n—k = N —1, and n—k+1 = 2%, for some s > 3. In this
case the only way ¥, _11 can be a polynomial in Stiefel-Whitney classes is if ¥, k11 = Wn_k11-

But the lemma 5.1.3 rules out this possibility and we get ucharrank(PV}, ) =n — k. O

We also note that one may carry the argument above forward to even obtain partial results
in the cases n — k = 1,2,3,4,7,8. For example, if n — k = 1, we observe that if n = 2,3
(mod 4), then N = 2, so the first class in the exterior algebra part is y2. This pulls back non-
trivially to V,, ., where yo = y?, and y; is a first Stiefel-Whitney class. Thus, ys is expressible
using Stiefel-Whitney classes over V;, ;.. However, this does not allow us to deduce that g is
thus, expressible over PV, ;.. On the other hand if n = 0,1 (mod 4), the first possible value
of N is 4, and if we further assume that (') =0 (mod 2), then ys survives in the cohomology
of PV, ;. From [25], we know that y3 is not expressible in terms of Stiefel-Whitney classes in

Vi i, so we have ucharrank(PV,, ) = 2 in this case.

5.1.3 The complex case

For the complex projective Stiefel manifold PW,, ;, = Wn,k/Sl, recall that the Zs-cohomology

is determined additively in [6].
H*(PW,, 13 Z2) = Zalz]/(z™) @ Az, (A), for k < n,

where N = min{j | n —k < j <n, and (?) isodd }, A={y; [ n—k<j<n}—{yy .}
and |z| =2, |y;| = 2j — 1. We compute the characteristic rank in the proposition below, which

turns out to be much easier in this case.

Proposition 5.1.5. The upper characteristic rank of PW,, j, is given by

2(n — k) if 2 "
ucharrank(PW,, ;) = ( | (k 1)

20n—k)+2 if2¢1 (")

Proof. Here the first class which appears in the exterior algebra part of the cohomology is in odd
degree. The lower classes belong to the algebra generated by x which is closed under products
and Steenrod operations. By Wu's formula, a Stiefel-Whitney class in degree which is not a
power of 2, is expressible in terms of lower degree Stiefel-Whitney classes via the multiplication
and Steenrod operations. This implies that the first generator of the exterior algebra part of the

cohomology cannot be expressible in terms of Stiefel-Whitney classes. The result follows. [



5.2. The circle quotient Stiefel manifolds 69

5.2 The circle quotient Stiefel manifolds

There may be many circle actions defined on a real Stiefel manifold V;, ;.. The ones that give us
a homogeneous space act via a homomorphism S! — O(k), where the latter acts on the Stiefel
manifold by an orthogonal transformation on the vectors. This comes from a homomorphism
into a maximal torus of O(k), and up to conjugation they are a block diagonal inclusion of
products of SO(2). As in the case of projective Stiefel manifolds, we look at the diagonal
inclusion of S' in the maximal torus. This gives us a manifold that we call the circle quotient
Stiefel manifold, which is more precisely defined below.

We define the space Y, ;. as the orbit space of the Sl-action on Vi,2k defined as follows:
We consider S! as SO(2) embedded inside the maximal torus SO(2)* C SO(2k) by diagonal
map. Then the action of our interest is the restriction of the action of SO(2k) on V}, o1 from
right by matrix multiplication.

The construction gives a principal fiber bundle
Sl — Vn,gk — Yn,k-

The complex line bundle associated to this principal bundle over Y}, ;. will be denoted by (. We
denote the realification of ¢ by (.

From the definition of Y, 1, it is clear that we have the following diagram of fibrations:

50(2) Vi,2k Yok (5.2.1)
SO(2)F Viok F }q

|/
0(2)* Vin2k F,

where F is the 2%-sheeted cover of F', the space of flags Vo C V4 C --- C Vi of subspaces
of R™ with dim(V;) = 2i. The canonical real vector bundles over F' will be denoted by ¢;,

for 1 <7 <k+1andrank of {; =2, for 1 < j < k. Recall that the tangent bundle of F,

TF = ®cicjcr & Or &G, [27].

5.2.1 The tangent bundle of Y, ;

We now identify the tangent bundle of Y,, ;. in following theorem.
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Theorem 5.2.1. The tangent bundle of Y7, ;. is described as

TYn,k = (S) Cr QR <r ©® (k?Cr KR q*§1€+1) D (k‘ — 1)6,

and additionally it satisfies the following relation

E+1

TYn,k S ( 9

)cr ®r G = 1k & (k — 1)e.

Proof. From 5.2.1 we obtain the principal bundle

SO(2)k

7A(SO(2)) — Y, — F.

The tangent bundle is a direct sum of pullback of the tangent bundle of the base and the vector
bundle which restricts to the tangents along each fibre, with the latter being a trivial bundle.

Now we can determine the tangent bundle of Y}, ;. as follows:

TYpi = 7TF @ (k —1)e
=¢'TF @ (k—1)e

=¢( P &erg)ok-e

1<i<j<k+1

= <I;> CT ®R Cr ©® (k?Cr ®R q*§k+1) S (k - 1)6

Since @1<j<k+1 §; = ne, by pulling back both sides via ¢* we have k¢, @ ¢*§+1 = ne. So

from the previous formula for T'Y;, ;,, we have

E+1

TY, ) ® ( 9

)Cr ®R G = nk( @ (k - 1)6'

O

Once we have the formula for the tangent bundle of Y;, ;,, we may start analyzing questions
regarding the number of linearly independent vector fields, restrictions on immersions into Eu-
clidean space, skew embeddings, and characteristic rank. The necessary ingredient in the entire

matter is the cohomology calculation for Y, ;.
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5.2.2 Zy-cohomology of Y, ;

As the action of S' on Vi,2k occurs via a homomorphism D : St — O(2k), we have the

following commutative diagram

s O(2k)
V2K Vi,2k
Ymk —_— G’l‘gk (Rn)

CP> — BO(2k),

where the rows are part of a homotopy fibration sequence. As a consequence the bottom square

gives a homotopy pullback diagram

Yn,k —_— G?”Qk; (Rn)

-

CP> — BO(2k).

This implies that the circle quotient Stiefel manifold Y}, o1 has the following universal property.

Proposition 5.2.2. Up to homotopy, the space Y, ;. classifies complex line bundles £ such that

for the realification r(§), kr(§) has a complimentary bundle p of dimension n — 2k. (That is,

@ kr(€) = ne.)
The fibrations above allow us to compute the cohomology of Y, ;.

Theorem 5.2.3. The Zy-cohomology of Y}, ;. is (additively)

H*(Yn,k,ZZ) = AZ2 (yn—Qka te 7@\2J_17 T 7yn71) & ZQ[J/‘}/(IL‘J%

where deg(y;) = j and x is the mod 2 Euler class of the bundle ¢, and J = min{r |

(k-kirZIl) isodd and n — 2k < 2r < n — 1}.
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Proof. We consider the following commutative diagram of fibrations

Vi,2k Yok Cp (5.2.2)
Vn,Qk GTgk(Rn) BO(Qk‘)

It is known that H*(V}, »; Z2) is additively exterior algebra on generators {y; | n —k < j < n},
with deg(y;) = j, [14]. We want to compute the action of differentials on y;'s in the spectral
sequence associated to first row of 5.2.2. This is done by comparing the spectral sequences
associated to the diagram 5.2.2. But the spectral sequence for the bottom row of 5.2.2 was
done in [11] and says that y;'s are transgressive with 7(y;) = W41, where w;41 is the (j+1)-
th inverse universal Stiefel-Whitney class. So we know y;'s are transgressive in the spectral
sequence of our interest and image of the transgression is given below.

The map CP>*® — BO(2k) is the classifying map for the k-fold Whitney sum of the
underlying real 2-plane bundle r(y') of the canonical complex line bundle 4!. So we can
conclude w(kr(y')) = (1 + x)* and hence w(kr(v')) = (1 +z)7%. So
(72 if s odd

7(y;) = Wiy1(kr(yh)) = k=1

0 if j is even.

This calculation enables us to determine the F,.-page of the spectral sequence associated to

the first row of the diagram and will be equal to
Es = V(8) ® Zola]/(2”),

where S = {y; [ n—2k<j<n—-1}—{y,, ,}and J = min{r | (kZZzl) is odd and n — 2k <

2r < n — 1}. Now choosing lifts of the elements in S we can conclude that additively

H*(Yn,ksz) = AZQ (yn*2k7 o 7@\2(1717 T 7yn—1) & ZQ['x}/(xJ)?

where deg(y;) = j and x is the mod 2 Euler class of the bundle ¢, and J = min{r |

(kiﬁl) is odd and n — 2k < 2r < n — 1}. -
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5.3 Computations for the circle quotient manifolds

Computations described in section 3 will allow us to obtain numerical information for certain

topological invariants for spaces Y, .

5.3.1 Stable span and paralleizability of Y, ;

We shall check the parallelizability of Y;, ;. using the relation obtained for 7Y, ;, in 5.2.1.

The total Pontryagin class for ¢ is p(¢,) = 1 + 23, where 2 € HQ(Y,M;Z) is the Euler
class of ¢ and whose mod 2 reduction is z. To determine the total Pontryagin class for
¢ ®r ¢, we note that the complexification of (. ®g ¢, is (¢ @c ¢) @ (¢* ®¢ ¢*) & 2¢. Hence
PG ®r Gr) =1+ 4.

So from the following relation relating the first Pontryagin classes:

k+1

p1(TYn k) = p1(nkG.) — p1(< 9

><r R Cr)>

we get pi(TY, ) = (nk — 2k* — 2k)23. Considering n — 2k > 4, if we look at the Gysin

sequence for the circle bundle V;, o), — Y7, 1, we have

Uzo
—_—

OZHg(Van)*)HQ(Yn,k) H4(Yn,k)*>"'

This ensures 3 is non-zero and hence p1(TY,, ;) # 0. Hence we obtain
Theorem 5.3.1. If n — 2k > 4, Y, ;. is not parallelizable.

The above theorem is a special case of a very general result due to Singhof and Wemmer
[36], which further guarantees that for n — 2k > 4, Y}, ;, is not even stably parallelizable. Their
theorem also implies for n — 2k =1 or 2, Y}, ;. is stably parallelizable whereas for n — 2k = 3 it
is not.

Recall that span of a vector bundle is its maximum number of linearly independent sections.
We know Stiefel Whitney classes for a manifold M provide an upper bound for its stable span,

span’(M) = span(T'M @ €) — 1 . That bound for Y,, ;. is described in the theorem below.
Theorem 5.3.2. If

k+j—1
m = max{j | (”n;:l >§é0(mod2),0§j<J—1},
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then 2m-th inverse Stiefel-Whitney class of Y}, 1., W, (Y, k) is non-zero and hence stable span

of Y, ;. satisfies the following inequality
span’(Y,, 1) < dim(Y,, 1) — 2m.

Proof. The formula 5.2.1 for tangent bundle of Y;, ;. allows us to calculate its total Stiefel-

Whitney class.

w(Yn k) = w(nk(,) - w((k —;- 1) ¢ on Cr) -1

3.1

=(1+xz)". ’U)(Cr ®R Cr>_(

To determine the total Stiefel-Whitney class of (. ®gr (., we apply splitting principle for this
bundle. Suppose the bundle ¢, splits as L1 & Ly over Y. Then ¢, ®r(; splits as @, ¢; j<o Li ®r

Lj over Y'. We calculate the total Stiefel-Whitney class of €, ; ;<o Li ®r L; below:

w( @ LierL)= [[ wlierL)

1<i,j<2 1<i,j<2

= H (1 + w1 (L;) +wi(Ly))

1<4,5<2
= (1 +wi(Ly) +wy(Ly))?

= (14w (L1 & Ly))* = 1.
Hence we must have w({r ®Rr CT) = 1. So from 5.3.1, we get
w(Yng) = (1+2)"* = w0(Y,,) = (1+2)"" (5.3.2)
Then from the definition of m, we see that w,,, (Y, 1) # 0 and the theorem follows. O

5.3.2 Skew embedding and immersion dimensions of Y,

The result concerning non-vanishing of inverse Stiefel-Whitney class stated in theorem 5.3.2

immediately produces lower bounds of skew embedding and immersion dimension of Y7, ;..

Ynyk)+2m—1

Theorem 5.3.3. Y}, ;. does not admit an immersion in Rim( and a skew embedding

in R24im(Yo,k)+4m \yhere

k+j—1
m = max{Jj | (nn—]:il )¢O(m0d2),0§j§J—1}.
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Proof. The statement concerning immersion follows since Stiefel-Whitney classes of the normal
bundle of an immersion in an Euclidean space are same as the inverse Stiefel-Whitney classes
of tangent bundle.

The statement about skew embedding follows directly by combining theorems 5.1.1 and

5.3.2. O

5.3.3 Characteristic rank of Y, ;.

We shall determine the upper characteristic rank of Y, ;, for a large number of cases.

Theorem 5.3.4. If n — 2k =5, 6 or > 9, the upper characteristic rank of Y}, ;. is given by

n—2k—1 if2]| ("
ucharrank(Y,, ;) = (2k 1)

n — 2k if 21 (5" ,)-

Proof. The proof is similar to the proof of theorem 5.1.4. First we consider the case n — 2k #
2J—1. Then there is a non-zero class y,,_op € H"_%(Ymk) which is pulled back to the generator
of H”_%(Vn’gk; Z2) = Z2 and which is not expressible as a polynomial in Stiefel-Whitney classes
of some bundle over Y}, ;, because that would contradict the fact that ucharrank(V}, 2;) =
n — 2k — 1, [25] otherwise. So in this case we must have ucharrank(Y,, ;) = n — 2k — 1 since
charrank(¢) = n — 2k — 1.

Next we consider the case n — 2k = 2J — 1. Then @, _op H (Yn ki Z2) = Zola]/(2”)
and H" 2k+1(Y,, 1 7o) = Zo{yn_ox11}. So for n— 2k + 1 # a power of 2, Wu's formula rules
out the possibility of y,,_2r+1 being Stiefel-Whitney class of a bundle over Y}, ; and we get
ucharrank(Y,, ) = n —2k. And for n — 2k + 1 = a power of 2 greater than 8, invoking the

lemma 5.1.3 one again obtains ucharrank(Y}, ;) = n — 2k.
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