Sankhya : The Indian Journal of Statistics
1989, Volume 51, Berios B, Pt. 3, pp. 302-374.

INDICES OF GROWTH

By MANORANJAN PAL
Indian Slalistical Institute

SUMMARY. Ia this paper an attompt is mado to construct an index of growth from s
sorios of obsorvations on an sconomio variablo. Focus is givon ta tho axiomatio approach based

on somo norms and proporti Mod axi hich & good index of growth should satidy,
The istical approsch basod on ion principles is also di 4 and tho dorived for.
muloo are parod with thoso obtained from tho axi i P h.  Furthor. the cass of

non-equidistant obsorvalions is also tacklod through the axiomatio approach and a generalized
formula for the indox of growth haa beon dorived by invoking sn axiom concerning timo factor,

1. INTRODUCTION

One of tho common measurement problems in economic analysis is that
of rate of the growth of an economic variablo over a period of timo. For
examplo, ono may bo interested in examining whether ono state is in a better
position at a certain point of time compared to another stato so far as the
growth of agricultural production, say, is concerned, considering the agri-
cultural production data for the past ten years (say) of the two states. To
answer this type of questions what we need is a summary measure of growth
rate. Tho growth measures enablo us to compare between two timo series
data of different regions or of different time periods.

The purpose of this paper is to focus on the necessity of a rigorous analysis
towards construction of such a measure and to discuss different ways of arriving
at indices of growth which fulfil certain basic properties,

Let z = {zy, 7y, ..., z,} donoto a scrics of obscrvations on a particular
economio variable at time points 0,1, ..., n respectively, considered in a
backward direction (i.o., Z, is tho observation at the present time point, z,
at the previous timo point and 8o on, the time points being assumed equidistant
for the time being).

If wo forget the intermediate values z,, 2;, ..., 2,_;, then we can think
of an index

T = (%/z,)Un—1. v (1
which is easily ostablished assuming that the growth rate is uniform during
this period, and then one gots

zy = 2,(141)? w2
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where r i3 tho rate of growth. Thia is a highly simplistic way of finding
the rato of growth which does not consider tho intermediato values, For
examplo, tho sequences
{8,4,2,1) and (8,8,8,1}

should not be considered sameo go far as the implicit growth psttern is con-
cerned. This is becauso the first scquenco shows a steady growth pattern
compared to tho sccond ono. Tho magnitude of growth rate, however, de-
pends on how one gives weights to the recent timo points.

In what is discussed above wo have used words like steady growth pattern
ete., which are very difficult to defino and hence call for a rigorous snalysis.
Tho basis of calculating rate of growth through ratios of consccutivo values
is, however, unambiguous i.e., for two periods 0 and 1, wo have no doubt
that the rate of growth will bo

r=2z,/z,—1. e ()

Once we accept this as our basis, wo must first make ourselves suro that
Zg, Ty, -ons T4 810 0ll positive and sccond, that the index lies in the interval
(=1, c0).

In the next scction we discuss the case of equidistant timo points and
derive an index of growth by utilizing somo desirable axioms. Next two
sections oxtend this formula to non-cquidistant time points. Econometric
estimates of growth index have also been found and compared with those
derived from the axiomatic approach.

2. THE OASE OF EQUIDISTANT TIME POINTS

Let z = {26, 2, ..., Z,)
where n ¢ N, the set of natural numbers, z is a typical element in R}Y where
Ry} is tho strictly positive orthant of the Euclidean (n+1)—spaco R+,
Consider

D= |J RYM
meN—{1}
For any function F : D—» R wo denote the restriction of F to R3] by Fnti,
An indox of aggregative growth is a function I:D— (=1, c0).

We shall now state a number of properties which may be regarded as
intrinsio to the concopt of & growth index. These proportics seem to be appeal-
ing within a quite general framework.

(i) XNormalisation aziom : For sll (n41)e N-{1},

In#t (6101} = 0 - (4
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whero 1941 is the (n+1)-coordinated vector of ones and ¢ > 0 is a scalar, ie.,
if tho value of tho cconomic variable concerncd remains same over tho time
period, then we havo o zero growth rate.

(ii) IHomogeneity of degree zero or dimensionalily axiom : For all (n41)
€ N—{1}, for all z ¢ R{}! and for all scalar A > 0,

InM(Az) = [n¥(z), e {B)

i.e., if the values aro multiplied by a positive constant then tho index remains
unchanged. In other words, the index is invariant under change of unit, This
axiom cssentially leads the growth index to a function of ratios of observations,

- Sinco the growth index is & function of observation ratios as implied by
the dimensionality axiom, we can think of the index as a function of basic
indices. That is,

I (g, 2y, 0 2,) = Py Ty oo 1), o ()

where Iy=1 {zj_,, 7} = z;_,/zy—1. If these values aro samo for all the periods,
(say ¢), then the overall index should remain same as c—1. In other words

(iii) Identity axiom: For any ¢> 0 and for all (n41)e N—{1},
Intifen, en1, ¢, 1} =c—1, e (T

i.e., if tho relative change in the values over time takes place along a ray of
constant proportion, then the index valuo is equal to tho proportionslity
factor minus one.

Wo shall introduco another axiom which involves multiplication of two
serics,

(iv) Multiplicative idenlity aziom: For all (n4-1) 6 N—{1} sad z, 2’ € R}Y,
Intlgor, 27, ..., 2,2} = (144,) (14+2,)—1, . (8)

where A, = Int! {z,, 2, ..., z,} and A, = I"*' {2, z{, ..., zaj. The motivation
behind this is simple. Consider only two points of time 0 and 1. Define

Ay = Iz, z,} = 24/, —1

and
Ay = I{z, 73} = zyfzi =1,
then A = I{z.zy, 2127}
_E%
zz;

= (14A) (1429 —1.
or 142 = (142,) (1+24,) o (9)
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If wo oall 14A tho expansion ratio, then expansion ratio of tho combined
serics i3 the product of the expansion ratios of the individual serics. The
idea becomes clear if we consider the following cxample :

S the population in an y increases by an expansion ratio

PP

¢, and tho consumption cxpenditure of each person incrcases by an expan-
gion ratio e, then tho expansion ratio of total consumption expenditure
in tho economy is tho product of the two expansion ratios.

The following theorem gives the growth index formula which is a direct
consoquence of axiom (iv).

Theorem 12 The only non-trivial' growth indez that satisfies multiplicdlive
identity axiom is given by

Intifz) =2 ¢ﬁ1 (@1nfm) =1

= =§°‘i (+2)*-1, . (10)

where Ay = 2i_y/zy—1 and a’s are given conslants,
Proof : Let, for a fixed n

fe)y=1'{p,p,...7), p>0. - (1)
Now, by multiplicative identity, we have
LHf(pupa) = (1-+H/(2y) (1-+/(24)- . (12)
Defining 1+f(p) as g(p), we have
9(p.2y) = 9(py) 9(p2)- .. (13)
This i 8 well-known Cauchy functional equation whose solution is given by
g(p) = p™ e (14)
for any constant m,.
Thus, I p, p, ..,p) = p °—L. e (16)
Again, define Sp) =11 {1, p, ..., 5}
and a(p) = 1+/(p).

$Thore are two trivial growth indicea watislying axiom (iv). Theso are I m 0 or
lmw)l, I=0 is, however, a special caso of (10) which can be verified by putting all a; values
1 r0,
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We apply the same argument to get
{13, p) = 701 o (18)

By repeating the same argument, we have,

Inet{1,1,p, .., p) =p *—1

Inti (1, ., ) =p "L

Now 141042 {(z,, 7y, .0, 2,)
= 1414 (zo, 207, [2y, ., 292020}

= (1104 (24, Zg, ooy ZYNHIM (1, 22, .0, Z4[25))

= zo'o [l+1nﬂ {l, z,/20, %::. Zy[Zgy oeey Z"Tﬁ-: sz,}]

= I, 22 o, NI L 1, 2yf2y, 0y 2,)21))

= 20z AT (L, 1, 2230 oy Zof2})
by repeating arguments
= 2%z e (EafZmn) ™

Hence Inti{z), z,, ..., 2,}

n
=2° Il (fz-0™ =1

= 2:"‘& (@2 =1, e (17)

where @y =mg,ay=—my¥ {>0. QED.

Corollary 1: Aziom (iv) logether with normalisation axiom () implies
that a, = 0.

Proof: 1410 {z, 2, ...,2) = &"(z/x)") ... (zfz)"". Hence, by axiom
(i), @,=0. QE.D.

Corollary 2: Aziom (iv), idenlity axiom (iii) and normalisation axiom
logether imply that

)-: a=1
=1
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Proof : Intifem, cn1, e, 1)
= & enjen-1)Herm1fennt | (o)1)t

"%, oty

=¢

ence, by axiom (iii) and (i),
Zeg=1  qep,
Corollary 3: Aziom (iv) and aziom (§) imply aziom (is).
Proof : Sinco axiom (iv) and axiom (i) imlply that a, =0, we have
Hezgs oy 62,) = (cxofezy)™ ... (cz,_Joz,)™

=(@lz)™ o (202
= I{zy, 2, ..., 7). QED.
This can also be proved in a direct monner.

1+ I{exg, czy, -y 62} = [141{c, ¢, ..., YA+ {zo, 7y, v Zp))

= 141z, . ..., z,}. QE.D.

Let us now see what happens if we try to tackle the problem from s
statistical or rather an econometrio angle. In the statistical approach we
may assume the simple relation

2y =4zt eni=1,..,0 o (18)
where A is the rate of growth to be estimated. This may bo viewed as an
sutoregressive model a3 described in Kendall and Stvart (1966) and Muth
(1960) if we assume E(z;) = 0%+ i. In other words, they consider a time
series which can not be explained by trend, scasonal or any other systematio
factors, e have, instcad, considered the case where there is a clear trend
in the timo serics, what we call growth. Though there are different ways
to handlo this typo of models, we shall restrict ourselves to the least squares
(LS) and the weighted least squares (WLS) solutions only. This in fact,
serves our purposs as illustrations.

The LS solution of A of the equation (18) is

A=SAu, . (19)

v =z{fLz}. Hence A is the weighted arithmetic average of the basio in-

dices, woights being proportional to the square of the valuo of the variable.

Naturally, higher weight is given to the basio indices in the peried with a

higher valuo of the variable. This is not at all desirable so far as estimation

of rate of growth is concorned. According to the economio viewpoint, more
B3-13
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weight should bo given to the recent output. Tho weights should gradually
decreaso towards past values, We can use WLS solution to solve this prob-
lem, in which caso, we get,
A = Zhoat
¢
= ZAdi[Zb; e (20)
whero b = aw}/Easz].
Since the definition of growth rate involves ratio of two consccutive values,
a more reslistic approach would be to take a multiplicative crror model of
typo
2y = (1+2A) 24 e (21)
and to take logarithms on both sides to get the WLS solution

A= (MQ+AYH . (22)

Observe that, this index is samo as tho index given in (10) since a, = 0 and
X e =1 in equation (10).

If wo take tho relation
z5 = (14+A) 2 . (23)

which is a different way of expressing (21), we get the WLS solution after
taking logarithms on both sides as

A = (Mzfzy ™1, - (29)

Theorem 2: The estimalors given by (22) and (24) are equivalent forms if
and only if a4 is @ monolonic non-increasing function of 3. i.e. a; > @y, for all i,

Proof: A in (24) can bo written as

£ ipy MECH
=g
{Mam™ ) -
Heneo o= % ity ond b= (er—osn,)lj . (29
t=f

ossuming that a,,, = 0. Naturally & » 0y imply a; > 0% i, We
must havo the restriction (aj—ag,,)fi » 0% 4, or a; » ay,, % 4. It only
remaing to show that
4% by = Taq.
Now, 4% by = Tfay—~ay4,)s from (25)
={ay~a,)+2a,—a))+...+{n—1)(@,,—a,)+ (@, — ;1)
= Zay sinco a,,y = 0. Q.E.D.
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3. Tie CASE OF NON-EQUIDISTANT TIME POINTS

To tacklo tho situation of varying time points, wo must rovise our formula
accordingly. Let us assume that the two sories are

{Zor 241 w0s z“l) and (g, Y1» oves 3/»,)
taken at timo points
{tortys s by} and {t, 85, 0 2 )
respoctively. Tho primary requiroment for comparison is that tho timo
spon for the two sories aro tho samo. i.e.,
by —lo =t~

Otherwise comparison becomes meaningless. The sccond requirement is
tho coteris paribus requiroment along with conformity, i.o., the situation pre-
vailing in the first place must bo samo as that of the sccond, 8o that wo can

place ¢, and {, as comparablo starting points and can put ¢ and f; a3 zoro.
Naturally ¢, = . The consocutive points in each sorics however, nced
1 1

not be equidistant.
Assuming that the relation between zp and zy_, is
Ty =g (1+A)"-‘"‘l
in the ideal case, where A is the rate of growth ; we have the WLS solution,
after taking logarithms on both sides, as
A= (n(rl__l/xk)(lk"k-x)q)lInk(lx-lk.l)'_1. - 29)

This is a genoralisation of our formula in theorem (1) together with the im-
posed constraints ay = 0 and Ta; = 1 as implied by Corollary 1 and Corollary
2. It becomos clear if we take some special cases as discussed below :

Casel: Ifty—tyy =1%k=1,2,.., nthen
A= (n (Ik-xlzk)‘k)"u‘—l
which reduces to our original formula.

Case 2: Ifty—ty , =rAfk=1,..,n,then

A= (T (zeyfe)™) 221
= {1+Ar—1,

where A® is the growth indox that one would obtain if the longth of timo
intervals are ignored.
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Comment 1 : Tho index given by theorem (1) is an asymmetric function
of z¢s. It bocomes symmetric when a; values aro all oqual. In such a easo
the index ignores all tho intermediato values and bocomes a function of
extreme two valucs only (see Rudra, 1982, 317-320).

Comment2: The theorem docs not also say anything regarding the
choice of tho weights a;'s. Thoro aro various weights which have appeared in
tho economotrio literature on distributed lag modols and general forocasting.
Since a planner will naturally put more stress on the recont periods an obvious
choice ia to take the soquence {a;} a3 a decreasing function of i, If it is linear,
one may assume

o = 2n—i+1)nin+), §=1,2..,2 e (28)
There can be other choices among non-linear functions of i for spocific situa-
tions. Exponontial woight i3 one of thom.

In the other model where

0
2o = (142) 2y o5 - (29)
Ve have the WLS solution after taking logarithms on both sides, as
= ([(zolz7) iy 80)

Theorem 3 : The formula (26) and (30) are equivalent if and only if
=415 2 (hn—1) G1a

Jorall i =1,2,..,n, where t,=0 and a,,, = 0.

Proof : The proof goes in & similar way as given in the proof of Theorom
2. Here the relations batween a;'s and b’s are as follows :

n
([I_ll—l)af =}: by, j =12 ..,n

and =
Also, b= {—t) g~ Ca—t o dfty, F=1,2 .

RUL A El (‘1('1_'l—l)“l_’!(’lu—ll)ah-l)
=hiti—t)ay—t)(t,—ty)a,
+’z(‘ﬁ—’1)a:—'z(‘s—’x)az
F o, e .
+ i, _‘n—l)a —’n(’nu"’u)ann

=% (=t oy
=1

sinco, f, = 0 and a,4; =0. QE.D.
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4. CHOICE OF WEIGUT FUNOTIONS
Tho choieo of weight functions for a¢'s and by's are quite subjoctive except
that b¢'s and a,’s must bo positive and
(—tday > (e —Hag,y
for all 5. Wo can improve tho woight function to make it more detorministic
by introducing an axiom. In fact we get an explicit form of & or rather b,
as a function of £.  The function howevor, involves a parameter which intro-
duces somo amount of subjectivity. For this purpose we reformulate our
model as follows :
In our new formulation we viow the weight function b; a3 a function of
t; and not as a function of 5 only and writo it 83 f{t)). Similarly, instead of
7, wo writo :“.
Heonce
L)
F| 4 fit)) log (z/zy))
S —
I /i)
ja1

Supposo after time ¢ wo get o value z_c. Now, this bacomes our recent value,
Hencs, we have

log (14-3) = 31

£ wrafyrologeadn,)

log (14-3°) = (32)

£ wrar syt

Aziom (v): log (14+2%) =log (14]), if z_. = (14+A¥ z,.
Theorem 4 : Axiom (v) implies that

fa e

where a ia a conslant.
Proof: See Appendix.
By virtue of Theorem 4, we can write

oty log (o/z,)
log (148 = —— 4 (33)
4y &
Further, impossing the restriction that f(!) is a monotonie non-increasing

function of #, wa got a > 0. The restriction

(~t-s)ay—(l1—H))agsy 2 O,
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to prove the equivalonce, i3 satisfied for any non-negative ‘a’, once we defino

(y—t4-1) o =‘§', S =12,..,n

Case 3: a= 0, Here, ay= 1;—1—%1 and log (14}) can equivalontly be
—1
writton as
log T (zy_,/zj)n-34
log (143) = 8= 7 |
¢ D = S G-t

If, furthor, {y—t_y = 1, wo have
log (14-3) = log IT (zy_, [z 2tn—d+1)/nin+1y

which is ssme 88 tho growth rate formula defined for the equidistant case
when tho woight function is chosen as in (28).
Case 4: Whon a— o0, log (l+ﬁ)—)ll— log (::o[zh), i, it ignores all
1
the previous obscrvations except the last.

5. CONCLUDING REMARKS

A few remarks on tho axiomatio index of growth that wo have developed
hero is 1n order. TFirst, it may be noted the index of growth as expressed in
its final form by formula (33) is not deterministic in the sense that the value
of the index depends on the subjective choico of the weight function implicit
in the measurement, Ve have, however, succeeded in restricting the weight
function in such & manner that it depends on a single parameter, viz., ‘a’.
Although the range of ‘" is wide (and hence it is diffienlt to choose a specific
valuo of o without inviting criticism), it gives applied economists a freedom
of being anywhere between most conservative (ie., when e =0 is chosen)
to most sceptical about tho past values beyond the immediate past (i.e., when
a=00). Uso of moro than ono observation in the computation of the index
is unavoidable as is evident from the definition itself. Surprisingly, the
conventional measure of rato of growth, viz., (2,/z,)V/7—1 is not consistent as
this does not correspond to any non-negative choice of ‘a’. and this is due to
the sssumption that a's are non-increasing.

Next, it is possiblo to have measure of rate of growth by our proposed
index in cases of missing obscrvations as well. In tho caso of equidistant
obgervations, ono can oither treat tho missing observations, say, By Ty e Fy

as unknown porameters and minimize the WLS function with respect
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to Aand Zyps ernr By OF olse wo can uso the general set up in which consecutive

observations nced not bo equidistant. In cither case, at can bo demonstrated,
that tho resulting estimator A will be identical, namely
2 by by log (z,/z))
log (14%) = u . (34)
2‘. b; l'
J#’A Tsees 0
Finally, it may bo noted that in developing the index of growth here,
we havo considered a series of obscrvations on an economic ‘flow’ variable
comprising tho periodwiso values of the variablo measured at the end of each
period. In caso of economie ‘stock’ variables like the population of an area
or capital stock, say, tho valucs measured at the end of cach period would
be the value of the stock up to that timo and not the incremental valuo for
tho period. In such a case, tho interpretation of the index of growth would
be somewhat different.

Appendix
Proof of Theorem 4 :

g (141) = E (04l log (043 2/ E Ukl

£ (4ol log Gl )+ Eely+fty+e) og 1-47)

2 kol i)
=log (141) by saxiom (v).
Howe,  log (4R E (ko ko) — % clybolfty+)

= £ (ra) e logtals,)

E (4oftyho) log (o).

or, log (143) =
2 Hllyte) flty+c)

By filog(zafz,)  Z(g+e)flty+e)log (-'fa/I,’)
=4 fit) =T oSt
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This ia true for any 2z, Zy e By Hence, we can put z, # 7, z,l =2z,

forj=1..,mn and j #14.
tf(t) log (’o/zu) (o) (e Nog(zo/z, )

o DoY) B 17 OR ) (2]
W) (Utofthte)
on SE0) T TltaEo)
Z4fy) _ Ehytflyte)
on A0 ttette)
Subtracting ¢ from both sides and inverting, we get,
_ gl (toflhto)
I 4ft) T iteflyto)
e 2y
gt _ _alhto) | chere g(t) = tf(
o Sha0) b+ =10
Fi] ia
T 4ol
glhte) _ L:«"g(l.H)
on a(t) ;E T
Since, RHS does not involve {;, we can write it as a function of ¢ only,
or glyte) = glty) kc)- e (35)

The solution of (35) is well-known as
g) = e = e, (say)

Hence, Sy = —‘l-e‘d‘ .. (36)

where ‘a’ is & constont. Q.E.D.
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