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SUMAARY. In this paper general solutiona (X} are oblained for matrix equations (i) XBX = 0,
(ii) XBXB = XB snd (i) XBXBX = XBXx.

1L AND FPBEL

In sn earlier paper one of the authors, Mitrs (1008) obtained the most general solution
(X) of matrix® equations XBX = X and BXBXB = BXB. Inthe present paper wo solvo
womo other motrix equations of rclated interest.

Tho following notations aro used. Matriccs and vectors are denoted by bold faco
Jotters such as B, C, D, X, a, b etc. matrices by capital lettors and column vectors by lower
caso letters. 0 indicates & null matrix snd ® & null vector, A matrix B of order mx» will
sometimes bo denoted by B(mxn). For s matrix B(mXn),

R(B) donotes its rank.

B- denotes & generalised inverso (sco Rao, 1067).

By denotes s reflexive g-inverse,

Bt denotes s matrix of rank m—R(B) such that B'B* = 0.

2, SoOME RESULTS ON IDEMPOTENT MATRIOES
Lemma 2.1: The most general form of an idempolent malrix of order n is given by
H=CC
where m as well as C(m X n) are arbilrary.

Proof : Obscrve (hat by Theorem 2a of Rao (1067), H = C-C ls idempotent.
Converely, if H(nXn) is idompotent, M s & g-inversa of iteclf, Choosing m = », C=C-=H
wo have C-C = H*=H. Q.ED.

Lemme 22: For a malriz B(mxs), XB is idempolent ie. XBXB = XB if and
only if Xiaxm) is of the form

=(CB)-C+E(BY
where p, g p m—R(B), Clexm), E(axg) and Bi{mxg) are othenwise arbilrary,

Proof: ((CB)-C+E(B*Y1B = (CB)"CB s obviously Kl C y, it
XB is idempotent XB is & g-inverso of itsell. Choosing p = n, c X, (CB)>- = XB wo
havo (CB)-C = XBX. Check that [X—(CB)-C)B = [X—XBX]B = 0. QED.

I this paper we considor matricos over tha field of roal numbors. The minor modifications nocos:
sary for the complex ¢s40 are obvious,
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Lemma 2.3: If X and B are symmelric matrices of order m then XB is idempolent
if and only if X is of the form
C(CBC');C+B'\D(BY

where p, g > m=R(B), C(pXm), B (mxq) are arbitrary, Digxq) is an arbitrary diagonal
matrix and (CBC'); = GCBC'G’, G being an arbitrury g-inverse of CBC'.

Proof : Qbscrve that
[C(CBC);C+B*D(B*Y1B = C(CBC');CB

I8 idemp c Iy, i XB is idempotent, BXB is & sy o g of XBX.
Choosing C= X,
G = BX8, (CBC'); = BXBXBXBXB = BXB
e have C(CBCYC = XBXBX = XBX.
Rest of the proof follows as in Lemma 2.2. QE.D.

3. NONNEOATIVE DEFINITE OENEZRALISED INVERSE
In this scction we state a fow lemmas which are easy to establish.

Lomma 3.1: 4 symmelric malriz has a nonnegative definite (n.n.d.} g-inverse if and
only if the matriz iteelf is n.nd

Lemms 32: (The most general form of s p.n.d. g-inverso): Let B=MM bea
®.n.d., mairiz of order m where M(mxr) is @ malriz of rank r. Then G is a n.nd. g-inverse
of B if and only if G can be expressed as K'K where

K=LM+UI-MM")
where
n i arbilrary posilive inleger,
L(nxr) ia an arbilrary eemiorthogonal matriz ie. L'L = [,
Ulnxm) is arbitrary,
and M- is any g-inverse of M.
Lemma 3.3: Let B be a n.n.d. malriz of order m and X (6 Xm) of rank s, then XBX'
ia idempotent if and only if X can be expressed as X = YC, whers
Y = LINNY'N+UU-NIN'N)*N),
C(pXm) is an arbilrary mairiz of rank p, the mairiz
N(px1) satisfics the equation CBC' = NN, t = R(N) = RICRC"),
L{axt) ie an arbitrary semiorthogonal mairiz, se. L'L = I,
Ulsxp) is asbitrary otherwise except that
RU(I=NIN'N)N')) = s—t.
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4. SoLuTioN or EqQUaTIONS XBX = 0 a¥p XBXBX = XBX
Lemama 4.1 1 For a matriz B(mx»), XBX = 0 if and only if Xin X m) is of the form
X=YC

where p a8 well as Clpxm) are arbitrary and Y s an arbitrary solulion of the equation
CBY =0.

Proof: The "if”" part is trivial. To prove the “only if” part, let X bo a solution of
the equation XBX = 0 of rank R(X) = p and let X = DC be a rank factorisation of X.
Check DCBDC = 0= CBD =0.

Q.ED.
Lemma $.2: For malrices B{mxn), Wigxm),
XBX =0 asd WBX =0
if and only if Xtsxm) ia of the form
X=YC
where p as well as C{pxm) are arbitrary and Y{(n X p) iz an arbitrary eolution of the equation
) pr=o.

Proof : ‘The proof is similar to that of Lemms 4.1.

Lemma 43: Forg malriz B(mxn), XBXBX = XBX if and only if X = Z+W
where W is a solution of the equation WBW = W and Z salisfies the equations

ZBZ =0 and WBZ =0.
Proof : 1f Z and W ero determined as in Lemms 4.3 wo have
(Z+W) B(Z+W) = ZBZ+WBZ+ZBW+WBW
=ZBW+W
(Z+W)B(Z+W) B(Z+W) = (ZBW+W) B(Z+W)
=ZBWBZ+ZBWBW+WBZ+WBW
=ZBW+W.

Hence X = Z-- W satisfies tho equation XBXBX = XBX. Converscly, lct X be a solution
of the equation XBXBX = XBX. Obscrvo that W = XBX satisfica tho equation WBW
=W end
(X-XBX) B(X—-XBX) = XBX—XBXBX-XBXBX+XBXBXBX.
=0
Also, WB(X—XBX)=XBXBX—XBXBXBX =0.

and

QED.

It was shown in Mitra (1008) that tho moet general solution of the equation
WBW = W is given by

W = QIPBQ)rP
3355
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wherw P and Q aro arbitrary.  Using Lemma 4.2 wo obecrve thereforo that the most general
solution of tho cquation XBXBX = XBX is given by

X=2+W
whero W = QPBQ); P
and Z=YC
C, P and Q being arbitrary and Y an arbitrary solution of the cquation
c
(w)BY=0

5. CONCLUDING REMARKS
If the vector-valued random variablo x follows & N,,(9, Z) distribution, the quadratio
form x'Bx has a chi-squaro distribution if and only if

ZBIBZ = IBZX (Ogosawars and Takshashi, 1951 ; Khatri, 1963 ; Rao, 1065).

Given s symmetrio matrix B, Lemmas 3.3 and 4.3 aro uscful in determining the class of
n.nd. matrices T for which tho chi-squaro distribution holds for x’Bx.
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