BALANCED ORTHOGONAL DESIGNS AND THEIR APPLICATION
IN THE CONSTRUCTION OF SOME BIB AND GROUP
DIVISIBLE DESIGNS

By . BHASKAR RAO
Indian Statistical Institute

SUMMARY. 8ome systomatio study has boon mado for the construction of BOD's and their
appliostion for the oonatruction of B1B, PBIB and BRGD.

1. INTRODUOTION

In the paper (1960a) the author gives a method of construction of group divi-
sible family of esrs designs using row-orthogonal matrices with the elements £1, 0.
These matrices should satisfy that when —1's of them are replaced by 1's, they become
tho incidenco matrices of BIB designs. Such matrices, wo call here, as balanced
orthogonal designs (pop). In Section 3 of this paper an attempt is made to study
them in a systematio way; also, construction of some such designs is presented.
Ia Section 4.1 is given a method of construction of a scries of BIB designs using
BoD's. In Secction 4.2 BoD's have been utilised for constructing sorae PBIB designs,
In Section 4.3 construction of some group divisible designs, which are not available
in tho tables of porB designs of Bose, Clatworthy and Shrikhande (1954), are included.
Though some of the results included in this paper have already been published they
are included in this paper for tho sake of complotoncss.

2. SOME PROPERTIES OF BALAKCED ORTII00ONAL DESIGNS

Definition 2.1 : A matrix of order v b with (+1, 0)is said to be balanced

orthogonal design (BoD) if it satisfics tho following conditions :
(i) inner product of any two rows of it is zero;

(ii) when —1% of it are changed to 1's, the resulting matrix becomes the
incidence matrix of a pIB design.

Let X bo o pop of order vxb, Lot N bo the incidence matrix of the mis
design obtained from X by replacing —1's by 1’sin X. Lot (v, b, r, £, A) bo the para-
moters of tho nmp,

Therefore XX’ = rl, whero X' ia the transposo of X and I, is the idontity
matrix of order v. When b =v =r the Bop becomes tho Hadnmard matrix of
ordor v.

Sowme necessary conditions for the existencs of BOD. From the suthor’s paper
(1000D) and when v = b the following result is true.

Editorial Note: Thia Is tho accond of tho two postbumous publications of Dr. M. D Rao, Tho
popor is publishod with & fow rovisions by Dr. B, Adbikari.
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Theorem 2.1: TWhen v is odd, @ necessary condition for the ezistence of BOD
i3 that r should be perfect square.

Ezample :
vmb r=k A
U] u 1 2
() 16 8 4
iy 2 12 [l

Theso examples violato tho necessary condition in Theorem 2.1 and hence
poD’s with these parametors are not possible,

Theorem 2.2: A necessary condition for the existence of BOD is that A should
be even.

Proof : Without loss of gonerality wo can tako that the first row of X consista

of no negativo units, Then the theorem is i diate b of tho definition of
BOD.
Ezxample :
° b r H A
® [] 10 ) 3 2
(Y] 4 (] 3 2 1

Therefore by Theorem 2.2 wo have that the Bop's with theso paramctera are
non-existent.

Theorem 2.3: 4 necessary condilion for the existence of BOD is that when
E=23mod 4, b should be 0 mod 4 and when k —1 is 4 times an odd inleger, b should
be even.

Proof : Let Ny and Ny be the matrices obtained from X such that

Ny+Ny= N and N,—N, = X. e (201)
Let ky, Ky, ooy ks be the column totals of Ny We have
BNk N, = 3 (IN+XX) - 22)
1
=g {(r—2)Mo+-Ao0+110) - (23)

whon Empa {8 the matrix of order mXn with positive unit elements everywhere.
Consider
ExlNy NNy Ny Eoy = ElN, Ni4+-NNpEn
1
=7 Bol(2r~A o+ Aol Enr. w (24)

[ [y )
Tho1ns of (24)is B K4 T (kK Thomns of (2.4)s Bigk41),

- el
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therofore
> -
I (k=k) by = bw:—l) . (28)
=1

when £ = 3 mod 4, the Lng of (2.6) is even, and I{k—1) is 2 mod 4. Hence from (2.5)
we must have that b =2 0 mod 4 whea f—:—l is an odd intotger and for (1.5) to bo true
wo should have that b is even.

The following examples violate the necessary condition jn Theorem 2.3 and
hence Bop’s with these parameters are not possible.

v ] 4 L A

(0] L} 10 L] 3 2

(i 7 1 . s 2
(&) 1 1 5 s ]
ki [}

{iv) 15 30 15

3. CoNSTRUCTION OF BOME DOD’S
Theorem 3.1: There always exists BOD with the parameters (v, i{v—1),
2fv—1), 2, 21).
Proof : Itissufficient, if we can proveit for the design (v, vlv—1), 2(v—1), 2, 2).

Let N be the incidence matrix of the BIED with the parameters (v,(;), v-1, 2, l).

Every column of N contains only 2 units. Replace one of them by —1. Let this
resulting matrix bo X,. Hence X = (X, N) is the required design.

Example :
1 0 -1 o -1 0 1 0 1 01 0
0 1 1 0 [ | 01 1 0 01
X=
0 =1 0 -1 1 0 01 0 1 1 0
-1 0 ] 1 [] 1 1 0 0 1 0 1

Though the following theorem is not new, since the proof of it is different
from the proof given in Rao and Das (1060), it is presonted here.

Theorem 3.2: There always exists BOD with the paramelers (%4241, 4%,
#'—3) where & is odd prime power,

For proving this we use the two lemmas of Willismson (1944) given bolow.

Definition 3.1 : A square symmotric matrix of order # with +1 in the
off-disgonal and zeros in the diagonal is called S, matrix if

8,9, = #l,—Ey. o (31)
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Lemma 3.1: [Vhen s =pvem1 mod 4 where p {s odd prime power and n,
a posilive integer, there aluays exisls S, matriz,

Definition 3.2: A squaro skew-symmetrio matrix of order # with L1
in the non-dingonal and zeros in the diagonal is called I, matrix if

L, E =o,—E, v (32)

Lemma 3.2: WWhen & = p" =23 mod 4 where p i odd prime and n posilive
inleger, then there always exists T, matriz.

Proof of Theorem 3.2: We know that when & = p», semi regular group
divisiblo (srop) design with tho following parameters v* =& =¥, P m s =&,
A}=0,A; =1, m* =n’ = s alwoys oxists. Let & bo odd prime power. Construct
srop design with the above paramoters. Lot N bo tho incidence matrix of this
design where

8l, Eu .. Eyu

E, 8ls .. E
NN'=NN=}| . . e (3.3)

Ew E4u .. 8l
Since this design is sRoD, N can bo partitioned into sub-matrices as

Ny Ny . Ny

Ny Ny o Ny
N=| . o e (3.4)

LN,, Na o N

whero N is of order s and consists only one unit in every column and row.

By the Lemmas 3.1 and 3.2 we can have cither 8, or Z,.

Let
Xy Xy o Xu
Xy Xy o Xu
x=| 7 oo . (35)

Xn Xn e Xys

442



CONSTRUCTION OF SOME BIB AND GROUP DIVISIBLE DESIGNS
obtained from N, by roplacing Ny by Xiy where X is obtained in the following way.
If f-th row and g-th column of Ny contains unit, replace f-th row of Ny by g-th row
of Syor Ex f,g=12,...,0

Evidently wo havo that

;: XyXy=01,—4Ey . {3.8)
and =t
[
’E‘ XyXy=0 V@ #i)=1,2,..,0 . (37
Lot
Sy={{oy)) [use I, if 43 mod 4] e (3.8)
Then X, the following defined matrix, is our Bop,
Xy Xu oo Xy oyEy oyuEy we OuEn E,J
In Xn o Xy ouEn  oufn .. ouEn Eg

Xon Xun o Xu onEn 0nEy o OuEy Ey

X =|0uEy 03By - 0uEu 1 1 w1 0f.. (39
ouEy ouBy . oyBu 1 1 P | 0
OnEy OnEuw ... OuEp 1 1 w1 0
LE" E, .. E, 0 0 w 0 0

4. SOME APPLIOATIONS OF ZOD's

4.1, Construction of some BIB's using BOD's.

Lemma 4.1: Let N be the incidence matriz of the binary incomplele block
design with v =2k, b=2r, Let N* be the incidence malriz of the complement of the
design. Let x, yy e the column veclors consisting +1° and zeros such that 'y = 0.
Ifwereplace 16, —18, Winx, y by N, N°, 0,» (null tmalriz) then the inner product becomes
; E,, where & i3 the number of non-zero dements common between the veclors & and y.

Proof: Uso tho results NN’ = N°N* and N°N’ = NN",

Theorem 4.1: Existence of BOD (s*44+1, 8, 8*—s) and the BIBD with

paramelers (a+l, 2s, 8, '-i-z—l, ‘%l) implies the existence of BIBD with the paramelers

[6+metetn, aerpot, o Hetl) Hezd) ()
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Proof : Let X be the oD with the above parameters and N, be the incidence
1 o—
matrix of the BB design (l+l. 2s, o, ’—;-—. ‘Tl)- Lot N be its complement.
Substitute Ny, Ny, 0p4y, e (oull-matrix, of order s41X2s) in the place of 19, —1s,
0 respectively in X. We get the incidence matrix of the required design, The proof
of it is simplo. Let x;, &; be tho i-th and j-th rows of X. It is evident that after
replacing 41, —1, 00 by Ny, N7, Opppa0 in 2, 25 (3,5 = 1, 2, ..., s¥+4+1) we have

. . 1 -1
xxy gves "[3-; !l+|+'T‘ E:n,l.u] . (4.2)
and by Lemms 4.1
x; 3)li 5 j) gives 3("2—’) Euir o0 o (4.3)

From (4.2) and (4.3) we can easily see that tho incidence matrix obtained from X,
when we replace 1, —1, 07 by N, N}, 0,,,, 4 i8 incidence matrix of the required B1n
design.

We know that, when s is a power of odd prime, pIBD with the parameters
(a+l, 2,8, ’%l. ‘;1) exists and by Theorem 3.2 the Bop (%4841, o, &'—s)
exists, Hence when & is power of odd prime there always exists BIBD with the para-
meters given in (4.1). Below are given several values of X or X* which may be
utilised for constructing some BIB designs.

-1 1 1 1
-1 1 1
1 X°(4,4,4) =
1-1 1
11 1-1
- -

2. X(6,6,4)=| 1 1 0 1—1~1
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F-xoonolx
l1—=1 0 0 } 0 1

IX(,42)=[0 1 1—-1 0 0 1

4 X(8,7,8) =

1-1-1 1-1 11 (tj
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6, X{9,24,8,3,2)=
1 23406 067 8 9101112131415 10617 1819 20 21 22 23 24

1/1111111-200000O0O0O0CO0O0O0OD0TO0O0OTO0SO
2/ 1—100000011111100000O06O0O0CO0TCO0TO0O

3/l 10-100000-10000011111000°00Q0
4/010-10000010000O01-100011-1090
5/ 0010-100600201~-1020001001-12010
6/ 000001-101000-10200D0100111°P0
71000100-10012020U0-1200120-120200-11
8/ 000 0-1 00-1020-1010100U0=120201 0-1

o[ 0000010100010-1010-1012020 0-1

Designs 5 and 6 are obtained by trial.
4.2. Construction of PBIBD's based on BOD's

Theorem 4.2: The existence of BOD (v, b, #, k, A) implies the existence of
PBIB design with the following paramelers

P20 =2 "=y, K=k A:=/}T=l\;./\;=0

n=v=1,ny =1, ng=v—1, o (44)
v—2 0 [} 0 0 v—1 0 1 v—1
Pl=| 0 0 1| Py= 0 0 o| Pa=| 1 © 0
0 1 v-2 v—1 0 0 v—=2 0 0

Proof: Let X be the pon. Let N, Ny be the matrices obtained from X
and —X by replacing —1's by zeros respectively. Thon

NN,
M= ( e (4.5)
¥, N

is the incidence matrix of the required design. See Theorem 2.3 for tho proof.

This result can bo ensily generalised.
4.3. Construction of GD designs for BOD's.

Definition : A nop becomes balanced matrix if Ny, N,, defined in Theorem
4.2, are tho incidenco matrices of pop designs, Vo call this boD as BoD(e).
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Balanced matrices were defined in Shah (1059).

Tho following theorom is from tho author's papor (1968).

Theorem 4.3 : Existence of BOD (v, by, 1y, k, A,) and the BIBD with the para-
melers (vy = 2ky, by = 2ry, Ay) implies the existence of group divisible design with the
paramelers

v = 20ky, B° = 2byry, 0" vy, BY = Riky, Ay,

x= !%, P —— . (4.8)

Theorem &.4: Existence of BOD(e} (vy, by, 1y, Ky, Ay) and the BIBD's (v,
1y, kg Ay) smpliea the exislence group divisible design wilh the paramelers
o=y, B =bby 1 = ryrebrglbi—ry), £ = ryntrgn—Ky)
A = rady by =2t A0 A = AuntAulb—rh m* = v, 0=y .. (47)
where (vy, by, Ty1, Kyg Apa)s (V40 By, P1gs Kyg, Agy) Gre the paramelers of the BIBD's oblainable
Jrom the BOD(s).
The proof of it is similar to the proof of Theorem 4.1 given by tho author
(1066a).

The following are some group divisible designs which are not available
in the tables of two associate partially Lalanced designs of Bose, Clatworthy and
Shrikhando (1954).

[ v b 3 1 n Roforsnce
no, A A
1 13 12 8 & & 3 1 2 Thid X6 N(3)0,)
2 12 12 1 7 4 3 3 4 comploment of the dosign 1
3 12 12 L] ] L] 2 L] 2 Th.4. 3, X(88,4),N32,1,0)
4 12 24 10 5 4 3 % 4 ropetthodesign]onoe sgain
s 12 H 10 [} L 2 0 4 repoat tho dosign 3
¢ 1 18 7 ki [ 2 L] 3 Thd.3,X{8,7,6,N21,0)
7 20 2 7 7 4 1 3 3
T 2 2 7 ki 7 3 3 §
¢ o2 8 &8 4 & 4 2
0 2 28 6 & 7T 4 2 1 2), ¥(4, 1,0)
n o3 o2 9 0 4 T B 2 ThRALXWLONTLLO
128 2B 0 10 T 4 6 3 ThA4XUL4LDNWLLY
13 2 2 1 10 4 L} [} 2 Th. 4.4, X%(4, 4,4), Ni8, 1, 0)
4 33 38 7 7 7 L] 3 1 Th.3. 4, X%(7,4,2) N(5, 1, 0)
1B 4 2 08 8 7T 8 & 1 Th4XNL4I,N6L0
10 9 9 9T 7 5 1 ThALIL4NTL0)
17 66 o8 10 10 T 8 6 1 Thad X4 2N810

In the above tablo X* (v, K, A} means BOD (s) with the paramoters (v, K, &),
X (v, K, A) means BOD (v, K, A) and XN (v, K, A) means tho inciplenco matrix of the
BIBD with tho parameters (v, K; A).
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