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SUMMARY. A method is given for obtaining PBA's of strength 3 from oquireplicato pairwiso
balanced arrays. Xt is proved thot tha oxistence of 8 PBA of strength 2 with 2 lovela implies tho oxistenco

of a PBA wilh 2 lovels of strongth 2141, for any positivo integer 4. A simplo mothod of” obtaining two
Jovel PBA's of strongth 2 snd 3 from tho incidonce matriecs of BIBD'a is slso discussed.

1. DerrxrTioNs AXD NotatioN

‘Partially balanced array’ (Ppa) was first introduced by Chakravarty (1950) as o
substituto for ‘Orthogonal array’ (0A), both scrving the purposo of fractionsl roplicates of
factorial experiments. It is shown by Chakravarty (1050) that by considering a pea in
place ofan oa it may bo possiblo to reduco the sizo without sacrificing tho essential ortho.
gonality propertics of tho cstimates of the factorial effects satisfied by tho corresponding
04, although catimation may bo s bit moro complicated in PBa. Tho dofinition of a rna
as given by Chokravarty (1050; 1061) is as follows :

ArBa(N,k,¢,4d] of strongth d, sizo N with k constraints or factors and ¢ lovels
for cach factor is & subsot of N treatment combinations from an o factorial experl.
ment with tho property that for any group of d factors (d  £), & combination of tho
lovels of d factors (i, fy, ... ig) (i;=0, 1,2, ..., s—1, % ;) occurs Agl_g....¢‘(>0) times,

whero /\.y'....,‘ romains tho samo for all permutations of & givon set (iy, iy, «v. 4
and for any group of d factors. If in tho definition of ¥za, A..d, ias constant,

not dopending on thoe lovels 4y, 4y, ..., ig, the resulting array is an oa.
For tho presont paper & few moro definitions aro given.

An equiroplicato pairwiso balanced design (Boso ¢f al, 1960) with parsmeters (v;
kyy kg voos kmi by, By ... bai 7,2) I8 8n arrangement of v varictics in blocks of m differont sizes
ks Ry ooy kme there boing b; blocks of sizo &y, ::E'b‘ = b satisfying tho condition that (i) no
block contains a singlo varioty moro than once, (if) each varicty occurs in r blocks and (iii)
any two varictics occur togother in A blocks,

An oquireplicato triple-wiso balanced design is an equireplicato pairwiss balanced
design where any threo varictics occur together in & constant number, say g, of blocks and
may bo represented as tho design (v; &y ..., ks by .., O 7, A, ).

2, PBA’s or sTRENoTH 3

Lemma 2.1: The existence of an: equireplicate pairicise balanced design with para-
melers (9; Ky, o.., kui byy ooy b 1, A) implics the ezistence of another painwise balanced design
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with parameters (v; v—ky, v—ky, s v=kmiby, oo, bni b—7, b—2r+A) and the o sets of blocks
given by the tiwo designs together conslitule a triply balanced design of v variclies in 2b blocks
seith each pair of varielies occurring logether in b—2r-4-24 blocks and each iriplet occurring in
b—3r+3A blocks,

Proof : The second design is obtained from tho firet as follows. To cach block of
tho first design, thero corresponds a block of tho sccond design consisting of all the varictics
absont in the former.  Tho parameters of the second design are obvious and henee tho number
of times & poir of varictics occur together in tho combined design is b—2r422. Now, let
4 bo tho number of times a given triplot of variclics ocours together in the first design. Then,
tho number of times tho triplet occurs in tho second design is b—3r+3A—x. 8o, in tho com-
bined design the triplet occurs d—3r-4-3A times,

Theorem 211 The existence of an equireplicate triple-wise balanced design with para-
meters (V; ky, oov Bmi Bps vor, i 72 A, 1) and O&% (pIY, 14, K1, 3), § = 1, 2, ..., m implica the exis-
fence of EBA (p ?1 4o, 8,0, 3), where ¢ = min (1, by ..., la) and Qg = pr,y 6; Ay = pA, Ay
=pAEESLYLT Ap =pu S AFFL YL

Proof : The proof is similar to that of Thoorom 4.1 of Chakravarty (1050).

bal

Theorem 2.2: The existence of an equireplicate pairwise d design with para-
meters (0; ki, . weosbai 1, A) O kY, b, kii3) and oa's [plo—kiP, &', (v—Fi), 3]

im1,2,...,m implies the existence of a PBA[ p’EI {l’f +(v—h)').l. v, :l], where t =

min (ty veos b '3 oy ) and Ay = by W 5 Ay = p(d=2r+22), Ay = p(d—2r+22), i £,
Vi Aq=pb—=3r43A), i £i £ kyijk

Proof: Tho result follows from Lomma 2.1,

Corollary 2.1: The. existence of a BiBD (v,4,7,k,Q), oA [pl3, &, &, 3] and
oA [plo—k), 1y, (v—E), 3) implies the existence of @ PBa [pb{i+(v—k)},1, v, 8) with A
paramelers same as in Theorem 2.2.

3. Two LrvEL PoA’s

Let zand y bo twoix 1 column voctors with z' = (2, 25, .oy Z1)y ¥’ &= (¥, Ygu oo 08)
whero 2; # y; and x;'s and #;'s aro elementa in the closs of residuca med 2,y 5. Hero, y may
bo called tho complement of z.

From tho definition of a PBa, in any {XN submatrix of tho matrixof s rBA
[N, %, 2,1), tho number of times 8 X 1 column vector z oocurs deponds only on the number
of 1's in tho vector and not on thicr arrangoment.

Lemma 2.1: Let in atx N malriz with elements in the class of residues mod 2, 1chich
ia 7BA of slrength t—1, a 41 column vector 2 occurs s times. Then its complement y occurs
c+{—1)tp limes, where ¢ depends only on the number of 1's in z.
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Proof : Tho number of times y occurn in evidently ¢4 (~1), whero

]
cm N- SNyt I Nypt.(=1 z iy -1
=1 =l S50 ey f gl
W<t <. <
and
N, <<, < k=12, .01 . (31)
S e

denotes tho number of columns in the matrix with v‘,-lh clement samo as that of =z, viz. 1,
v i The matrix being a rBa of strenth (1~1), N'x"-""'n in (3.1) dopends only on the
number of :,l'a oqual to 1, yis. Thus ¢ dependa only on tho number of 1's in 2.

Theorem 3.1:  The existence of a PoALN, k, 2, 2p] impliea the existence of a pBA
[2N, K, 2, 2p+1), for any positive inleger p.

Proof: Let A;, a kXN matrix givo tho roa [N, £, 2, 2p] with 2 lovels 0 and 1,
Let A, bo another kx N matrix, obtained from A4, by writing 1 for cach 0 and 0 for cach 1
in ;. A =[A;:4,) gives the required rpa of strength 2p+1 = ¢, the numbor of times a

tx 1 column voetor z oceurs in any {x 2N submetrix of A is, from Lemma 2.1, e4(—1)u
<4 = ¢ L.e. depends only on tho number of 1's in =.

Corollary 3.1: The existence of a ¥Ba [N, k,2,2) with
4\,‘,. -y, =0, =z2=0
=2 =1, =l
= A, one of z, and z,'is 1 and the other 0,
implics the existence of a ¥0a [2N, £, 2, 3) with
R n=n=n=0
oy =zmr=]
= N=A—A,—2,, oneof z’sis, others 0
or one of 'a € 0, olhers 1,

From Theorem 2.1 of Chakravarty (1061) it is known that the incidenco matrix of
n BIBD with parameters v, b, 7, k, A gives a PBA[D, v, 2, 2] with

,\.‘,’=,\ Bnmr=l
=b=2r42, T mry=0
=r=A, one of ='s is 1, other 0.

From thia oA of strongth 2, s PBa of atrength 3 can bo derived. In general, tho
of a tactical guration A—u—v of m clements implica the existence of a P
of strength s141 with 2 lovela under tho conditions of Theorem 2.1 of Chakravarty (1961)

provided p is sn oven integer.
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