A NOTE ON A AND (r, A) SYSTE)MS

By A. C. MUKHAPADHYAY
Indian Stafistical Institute
SUMMARY. For the A- and (r, A) systora dofinod by Mullin and Btanton (1906) with v varis.

tiee, 3 blocks and average replication por varioty 7 [7 = r for & {r, A}-aystom}, it is proved that b > ;.'
Ae=1) °
B

where kg = +1, tho equality implying that the systom is a 2130, It Is also proved that any

#uch aystom with Ao—1) > r(r—1) is & eymmotrical BmD if b = v. A counter exemplo to conjocturs 1
in the roforence is also provided,

1. PRELIMINARY DEFINITIONS AXD NOTATIONS

The dofinitions of A and (r,A) systems occur in Mullin and Stanton (1066). A
systems do not includo (r, A) systems, becauso blocks consisting of a single element are not
permitted in the formor, whilo thoy are permitted in tho latter. So, deleting the condition
L, of A systoms in Mullin and Stanton (1968}, lot us define (ns2) systems as follows:

A colloction of b subsats (called blocks) of a 8ot ¥ of v varietics is said to form s (ned)
systom when the following axioms are satisfied :

I: every pair of variotics ocours in precisoly A blocks ;

II: sum of the block aizes, giving tho total number of points in tho system is n.
Associated with overy (ne})system there is s soquenco of non-negative integers B = (b;,
by, by ...), whero J; is the numbor of blocka containing exactly 1 varieties, i > 1, b/'s being all
zero after a cortain stage. Also iated is & seq of non.negativo integers {ry, g, v.r, o)
whero g is tho number of blocks which contain i-th varicty (also called the replication of i-th
varioty), 1 > A, § = 1,2, ..., v, the incquality being strict for at least one f.

Obviously for a (ned) systom with v varictics,

Siy=Ernan
=1 (25

and E(;)r;.=,\(;')

A (nel) systom becomes an {r, A) syatom of Stanton and Mullin (1860) whonr = 7, =ry.u= 1y
For a (ned)-aystem lot us dofine averago replication of the varictics as

T
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v v
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2, Mamx nravLTS
Theorem 2.1:  Tn & (ned) system with v oariclica, {he tolal number of blocks b salizfes
the lneguality b > £, whee k.-“"T'“H. The equality implics the syslem is a 33D
with parameters v, 5,7 = F, & = ky, A,

Proof: For a (ned) syatom with v varictics

£ umo 1))
Sty mnmer - (89
=1
e v
:ﬁ(z)"""‘(z)' - &8
From (2.2) and (23),
‘z:;lﬂ, = d{o=1)+7

= vi{ky—1)+1#, from the giren expression for ko
= oty - (24)

By Cauchy-Schwartz inequality,

£ (5%)> (59"

which on sjmplifieation gives

[ '}! w (28)

Equality n (2.5) impliu%/%‘ == { is constant for all i » 1, which Ia impossiblo unless § takes

only ono value, say k. o that case b; = O foc all § 3 & and by = b. iie., 1oy = of and B
= ok, Henco k =k, This implics that k, must bo a positivo integer. Tho resulting
{rod) system with v varictics is such that there aro 3 blocks, each of samo sizo Iy and each
pair of variotios oceurs togother in precisely A blocks. Then by Theorem 2 of Mullin snd
Stanton {1060), the system is & 210D with replication for each varicty #. This implics
again that 7 Is & positive integer.

Tt ia to be noted that we did not assume # and ky to bo positive integors, but tho equality
in (2.8) implies that thoy are so.

Corollary : Non-existence of a BIBD with paramelers v,b, v and A s} ths non-
exislence of a (xed) aystem, » being given by vr wilh v varietics and b Blocks and in particwlar,
the non-exislencs of a (r, A) sysiem with v varicties and b blocke.
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Foltowing Mullin and Stanton (1966), wo can define a (ned) system to be elliptic,
parabolia or hyperbolic ling ns tho expression A(z—1)—#{P—1) is negative, zero or posi-
tivo,

Theorom 2.2: A non-Ayperbolic (ned) system with v variddies and b blocks ie a
symmelrical DIBD {f b = v.

Proof:  As tha (ned) system is non-hyperbolic,

#F~1) > Alv—1). . {26)
Dofining ky= @.}.1,
k1) = Av=1) < K7~1)
L - 27
Again, tho resuit (2.5) with b = v jmplies
k> F . (28)

From (2.7) and (2.8), k, =#. Thie jmplics oquality in (2.5). So, the system is BIBD by
Theorem 2.1 and it ia symmetrical bocauso b = v.

3. CONJECTURE BY MULLIN AND BTANTON

A counterexamplo is provided to conjecturo 1 in Mullin and Stanton (1966), in the
following lincs. Tho conjocturo states :

“For A & 2(and perhaps aH A), A{v—1) = r(r—1J implics v = & if the corresponding
desiga is irreducible’,

Hero by ‘design’ is meant an (r, A)-syste.  In Mullin and Stanton (1066}, & design
has been termed itredueiblo if it ine neither a completo block consisting of all v varietics
nor a sot of v single clomont blocks whose union js V.

Tho following countor plo disp tho conji for A= 2. Tho cxamplo
gives an irreducible {r, A)-system with r = 4, A = 2 and v =7, eo that A{v—1) = r{r—1),
but b =8,
Blocks in tho system aro :
1es
M zs e,
{1 387
M <an
234667, (2N, (30), ({45}
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Similar counter exampics can bo easily provided for (r, A) systems with A > 2. Ifence, it
can Lo asseried that tho condition A{v—1) = r(r—1) ia sufficient for an irreduciblo (r, A)
system to bo a symmotrical BIBD only whea A = 1.

Rerzrzncz
Mrru, R, C. and Staxvox, R, Q. {1966)1 Inductivo mothodn for BIBD's. Ann. Aoth. Sit., 37,
1348-1384.

Paper recesoed : Oclober, 1971,



	001
	002
	003
	004

