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ON CONSTRUCTION OF BALANCED TERNARY DESIGNS

By G. M. SAHA
Indian Statistical Institutc

SUMMARY. Two mothods of construction of bolanced temnary block designs for V
treatments in blocks of size K, whore K «< ¥, aro described in this paper.  Uslike many of the
oxisting balsnced tornary dosigns {BTD) which uaunlly have either K > V, or K< V, but B
very lorgo, whore B donotes tho number of blocks in the design, tho BTD constructed in this
papor are likely to bo useful as incomplete block designs in many practical situations, The first
method ia simple, and it yiclds & number of efficient designa in a useful rango of veriolics and
replications. A tablo of such designs with their cfficiency factors ln presonted herein. The
second mathod of construction of BTD usea ‘initial blocks’. An application of this metboed is
mndo to obtain two now serics of balanced ternsry designs. Somo useful BTD belonging to
theso sorics and their officiency factors aro reported in anothor tablo,

1. InNTRODUCTION

A balanced n-ary block design has been defined by Tocher (1952) o8
one which has : (i) the incidence matrix N = (ng), where-ny; is tho number
of times the i-th treatment occurs in the j-th block, ny being one of the a
distinet numbers 0,1,2,...,2—1;i=1,2,.,,V;i=1,2,..., B; and {(ii) the
property that the variances of comparisons between any two treatments are
the same. Tocher (1952) gave some examples of balanced ternary designs
and discussed their uses as incomplete block designs. He did not, however,
consider any method of construction of these designs.

The above definition of n-ary designs with frequencies (0, 1,2, ..., n—1)
replaced by a sct of any n distinct positive integers (f,, fi, ... f._,) is 8 more
general version of the definition of a balanced n-ary block design. Now it is
known that if for an n-ary block design :

v
(i) Zny=K, a constant for all j;
=1
B
iy Z ny=RH, a constant for all §; and
§=1

B
(i) E agnpy=A, oconstantforalliandi’; i%i'=12.."V
7=1
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then tho design is balanced in the senso explained earlier. Since

,55' Mok AY—1) = z [,,,,(m,+x niy)] = (£ ) (E ny) = RE

=1 =1

woe 8eo thnt,}.: n} is also a constant for all { and is equal to = RR—A(V—1).
£3}

One can also easily establish that the efficiency factor of a balanced n-ary design
having tho paramelers V, B, R, K, A, defined in the same fashion as in the
case of BIB designs, is given by E = AV/RK.

Murty and Das (1867), Das and Rao (1969) have given methods of cons-
truction of balanced n-ary, in particular ternary, designs. But these designs
are all useless as incomploto Llock designs, for, they require X » V. These
designs were found useful for construction of weighing designs only. Recently,
Dey (1070) has used the incidence matrices of GD and affine a-resolvable BIB
designs to construct BTD. His designs have K < V, but they require in
general a large number of blocks. The existing literature, thus, does not
appear to have any method of construction of balanced ternary designs which
may really be of any uso as incomplete block designs. This brings us to the
problem considered in this paper.

Two methods of construction of balanced ternary block designs in small
block sizes are presented in this paper, of which the first method is simple
to apply, and leads to a number of uscful designs, and tho second method
utilizes ‘initial blocks’. A table of some efficient BTD, obtained through the
first method, is presented. The second method is based on a result of Saha
and Doy (1973) on construction of BTD using differences.  An application of
the second method of construction of BTD yields us two new series of BTD
which are reported in the last section of this paper. Some designs in useful
range are reported.

2. A METHOD OF CONSTRUCTION OF BTD

Tho ternary designs to be constructed in this section have the entries
0,1 and 2 in the incidence matrix N. Let v,b,r, &, A be the parameters of
& BIB design whose vx b incid matrix is denoted by 3/, and such that
(i) 2k < v, and (i) v is even. Let m,, m,, ..., m, denote the row vectors of
M. Setting 2V = v, we define the vectors

=mtm; ¢=12,..,Vii#j=12.,9 . (20)
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s0 that the pairs of symbols (i, 5) form any ¥ mutually disjoint subscts of the
set (1,2, ...,0). One can then prove

Theorem 1: The incidence matriz N = {n], ny, ..., ny), where ng's are
as defined above and n, ia the transpose of ng, i that of a balanced ternary design
having the paramelers,

V=v/2, B=bR=2,K=FkA=4A

v, b, r, k, A being as explained above. We nole that Theorem 1 iz valid even
without the condition 2k < v which only ensures K < V. e also nofe that
E = AV/RK for these BTD reduces to E = Avfrk.

Proof :  Let ngs = mye{-mys, and ng be as in (2.1) where i £ §*, j £ j°,
g # ¢°. Then the inner product of the vectors ng and nge is

ngnge = (my+-mg)(mp+mye) = 4A.
Hence the theorem.

The above method of addition of row vectors of thoe incidence matrices
of BIB designs in a disjoint fashion can be extended to the incidence matrices
of cortain group divisible (GD) designs. In a GD design v = mn and the
treatments can be divided into m groups of # each such that any two treat-
ments of the same group are first associates and oceur together in A, blocks,
while two treatments from different groups are second associates and oceur
together in A; blocks of the design. One can immediately establish the
following.

Theorem 2: (a) The addition of row veclors corresponding lo lrealmenis
of the same group of the incidence malriz of a GD design havingn = 2, A, # 1,
A >0, A;> 0, gives us a BTD with the parameters ;

V=mB=bR=2K=F A=4d,

v=2m, byr,k,m,n =2, A, A, being the paramelers of QD design taken.

(b) Similarly, for GD design having m = 2, Ay 3 r, Ay > 0, the addition
of row veclors, in a disjoint fashion, corresponding lo two (reatments belonging
lo different groups, gives us a BTD with

V=n B=b R=2r, K=1k A=20+A,),
v=2n, byr,k,m=2n,2A,A, being the paramelers of the GDD taken. We

nofe that we have to take only those GD designs whick satisfy 2k < v, lo oblain
BTD having K < V.
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Proof : 'We noto that the inner product of any two row vectora of the
incidence matrix of & GD design is A; and A, nccording as they correspond to
fiest associate or second iate pair of tr ta, A’s of tho resulting
BTD's can now be evalunted on the same lines as in the proof of the
Cheorem 1.

The condition (i) 0 < A, 3 r in (a) and (ii) 0 < A, # r in (b) are imposed
to mako tho resulting design a ternary design with frequencies 0, 1 and 2,
It is easily scen that if these conditions are violated, the resulting d
become binary with frequencies 0 and 2,

Ezample 1: Let us construct a BTD having V =8, B = 20, R =10,
K =4, A= 4. The initial block (1, 4, 5, 10, 12), mod 21, provides a solution
for tho BIBD (v =b = 2l,r = k = 5, A = 1). (Sco Fisher and Yates, 1067).
Delete from this solution the last block and treatments of the last block from
the remaining 5—1 blocks. This obviously is a solution of the BIBD {v = 18,
b=20, r=5, k=4, A = 1) with the incidence matrix,

()

where the treatment and block numbers are taken in ascending order of
magnitude for writing down M., Define ng=mgq_+my, i=12..,8.
Then,

is the incidence matrix of the BTD (V =8, B =20, R=10, K =4, A =4),
the solution of which is given by (the numbers 1 through 8 denote the eight
treatments and parenthesos are used to denote & block) :

1,2,4,4) (1,226 (2346 (33,56 (2350
(2,467 (3,467 (3478 (4578  (45358)
(1,5,6,8  (1,4,6,6) (1,567 (1,577  (2678)
26,88 (23,78 (1,237 (L1,38  (L3,48)

The efficiency factor of this design s evidently 0.8.
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3. SOME USEFUL BTD

Some efficient balanced ternary designs having K < V, and R < 20,
constructible from BIB and GD designs aro presented jn Table 1.

TABLE 1. SOME USEFUL BALANCED TERNARY DESIONS

typo of tho  roforonce of

o, | 4 B R K A E original  thoe original
no. dosign dosign®
1 3 15 10 2 4 0.00 BIB u
2 4 28 4 2 4 0.57 BB u
3 4 24 18 3 10 0,74 aD R1
4 5 48 18 2 4 0.50 BIB u
] 5 30 18 3 8 0.74 BIB 15
[] ] 15 12 4 8 0.83 BIB 3
7 [ 24 12 3 4 0.67 GD RI17
8 [] 32 18 3 L] 0.75 aD R19
9 8 12 8 4 4 0.15 aD R15
10 8 20 10 4 4 .80 BIB (28
1 8 16 12 [} 8 0.89 BIB 5
12 8 24 18 L] 12 0.99 BIB 17
13 9 84 18 3 4 0.67 GD R4l
14 I 63 18 4 4 0.78 BIB 21
15 4 38 18 1 8 0.89 BIB 22
16 15 ki 20 4 4 0.75 GD R57
17 32 72 13 8 4 0.39 BIB oa.

® For BIBD, refer to tho Statistical Tablos by Fishor and Yetes (Roprinted, 1907), and
for GDD, refer to the tables of partinlly balanced designs by Boss, Clatworthy and
Shrikhando (1954).

4. A METHOD OF CONSTRUCTION OF BTD USING INITIAL BLOCKS

Saha and Dey (1973) have shown that, like the balanced incomplete
block designs, the balanced ternary block designs can also be constructed
through suitably chosen initial blocks. In fact, if these initial blocks have
symmetrically repeated non-zero differences, they yield a BTD. In this
section, a method of obtaining the initial blocks for BTD in moderate block
sizes i3 put forward, An application of this method yiclds us two new series
of BTD,

Let (0,1,2,...,v—1) be the elements of & finite Abelian group O(v) of
order v, addition mod v being the operation of the group. Let the set of ¢
initial blocks

Ii=(an, 0y o)y §=1,2,.8ags (0,1,2,..,v—1),
when developed modulo v, yield a BIBD with the parameters v,b=1Iv,

r=tk k A Let A denote the set (I;, —I;| § =1,2,...,#), where the sct
—1I is that of the additive inverses of the elements of I;. Let, further, every
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non-zero element of G(v) oceur ¢ times in 4. For such a set of initial blooks
{3} of a BIBD, wo defino another sct of initial blocks {I}} by

p times
.| N
I =(0,0,...,0a,a0,..,0n), $=12..,1
We then havo tho following.

Theorem 3 : The initial blocks (I7} as defined above yicld a balanced n-ary

design with the paramelers

V=v,B=1tv, R=1t(k+p), K = k4p, A = A+tep.
When none of the I's contains the zero (0) of G{v), we have n = 3 and 0,1, pas
the frequencies; and when each of the I's conlains 0, we still have n = 3 wilh
Jrequencies 0,1 and p+1. If, however, some but not all of the I,'s conlain 0,n
is then equal to four and the frequencies are 0, 1, p amd p+1.

Proof : Expressions for V, B, R and X are obvious. Only A need bo
proved. Consider the set S of #(k+p) (k+p—1) differcnces arising from the
t initial blocks {I7}. Obviously, every non-zero element of G{v) ocours exactly
A+cp times in S. Now, one can argue out, as in Saha and Dey (1973), that
the number of times & non-zero element of G(v) occurs in the set of differences
arising from the initial blocks of a BTD is equal to the value of A. Hence,
for the BTD given by {I7}, we have A = Ad-cp.

Ezample 2: It is known that (0, 1, 3, 0) is an initial block for the BIBD
with v=54=13, r=k=4, A =1, But, unfortunately, 4 =(0,1,3,9,0,
12, 10, 4) does not contain every non-zero element of G(13) equally often.
We however, observe that

I,=(0,1,3,9) and I, = (0, 2, 6, 5) together also yicld a BIBD having
v=13,b=26r=8, k=4, A=2 Further in this case, 4 =(0,1,3,9,0,
12,10,4,0,2,6,5,0,11,7,8) which satisfies the required condition with
¢=1, We take p =1 to obtain a BTD with frequencies 0,1 and 2. Thus,
the initial blocks for & BTD having V=13, B=20, R=10, K =5, =3,
are

I =1(0,0,1,3,9) and 13 =(0,0,2,86,5).
Since it is wellknown {refor book by Raghavaro, 1071) that when
= 4n4-3 (n > 0) is & prime power, the initial black (2%, 22, ..., z¢") developed
modulo v always provides a solution for the balanced incomplete block design
with the parameters v = b = 4n+3, r =k = 2n+1], A = n, provided z is a
primitive clement of GF(»), wo have as an immediato consequenco of Theorom 3
the following corollary :
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Corollary 3.1: [Vhen v = 4n+3 (n > 0) is @ prime power and z is
primitive element of the Galois Field, GF(v), the initial block

plimes
—r—
I=(0,0,..,0;2% 2% 2%, ..,2z), 452
yields a BTD with frequencies 0,1 and p and the paramelers
V=B=4n+3, R=K =2n4p+1, A=n+p.

It is also wellknown that (sco Raghavarao, 1971) when v = 4n4-1 (n > 0)
8 & prime power, the two inilial blocks

L= (0,20, 24, .., 289, and I, = (2, 2% 2%, .y 29-1),

developed modulo v, where z is a primitive element of GF(v), provide solulion for
the balanced incomplete block design with the paramelers v = 4n41,b = 2(4n+1),
r=4n k=20 A= 2n—1. Hence we have

Corollary 3.2: Let z be a primilive elemend of GF(v) where v = dn+1
(n > 0) is a prime power. The two inilial blocks

P limes

I—A’_\
Iy = (0 0,...,0),29, 2% 24, ..., 2%s-3),
plimes*
—A
I;=(0,0,...,0;z, 2%, 2% ...,z%-1), p>2

yield a BTD with frequencies 0,1, p and the paramelers
V = dn+41, B = 2dn+1), R = 2n+p), K = 2n4p, A =2ntp)—1.

5. SOME MORE USEFUL BTD

As in Sootion 3, we can apply the method of construction of Scotion 4
and obtain a fow more efficiont balanced tomary block dosigna having X < V
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and R € 20. Tho designs obtained have paranieters and E-valuos ae given
in Tablo 2.

TABLE 2. SOME USEXUL BALANCED TERNARY DESIONS WITH
FREQUENCIES 0,1,2, CONSTRUCTIBLE THROUGH THE

METHOD OF SECTION 4
scrial 14 B R K A E
no.
1 1 10 8 4 11 0.78
2 7 7 1] 1] 3 0.8¢
3 0 18 12 [} 7 0.88
4 1 11 7 7 4 0.80
5 13 20 16 8 L] 0.91
8 17 AH 20 10 11 0.84
7 19 19 11 11 8 0.94
8 23 23 13 13 7 0.95
9 27 27 15 15 8 n,98
10 31 31 17 17 9 0.96

Nofe: It is noted that E ionds to unily as n increascs indofinitely.
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