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SUMMARY. In dul noto wo prove that tho spootrum of the unitery operator associated
with a ingul ons i moasure space is the wholo unit circle,

In this note we prove that the spectrum of the unitary operator

iated with a ingular transformation on a continuous measure space
is the whole unit circle, thus, in particular, answering the question, raised by
Feldman (1974, p. 391) of doscribing thoso closod subscts of the unit circlo
which appear as spoctrum of the unitary operator associated with an ergodio
measure preserving transformation. An analogous result for an ergodio
non-singular flow is also proved. These results are rather natural consequonces
of appropriate Rokhlin-Kakutani theorems and wo shall rocall them below as
we need.

1. Let (X, 8, m)denote unit intorval X, Borel o-algebra and Lebesguo
measure m. Let T:X— X be an invertible non-singular ergodio
transformation, i.e., an ergodic automorphism of X (null sots presorving but
nob necessarily messuro prosorving). Let ¢ bo a measurable function on X,
complex valuod and of absolute valuo one. Defino unitary operator U on
L{X, 8, m) by

(U= de 172 (52 @)™

whore mzp is the measure dofined by mp (B) = m(TB).

We now show that tho spoctrum of U is the whole unit circle. To this
end it is enough to show that given any A in the unit circlo and € > 0 thoro is &
function f in L, (X, @,m) of unit norm such that | Uy—Af]) <e. Now
Friedmen (1970, p. 108) proves the following Rokhlin-Kakutani theorem for

- Tar transformati

If T iz an ergodic automorphism on (X, @, m) thep given 8 > 0 and a positive
integer n there exisls a measurable set A such that A, T4, ... Tn-1 A are disjoint

and m(X— {J TrA) < 4,
bmg
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Lot us write G for the set X— 'L"J T*A4. We chooso 4 corresponding to
e
Sond nwhere 8 < S and £ <&
and n where <4an 7’-'<-4-.

Qur dofinition of f is diotated by the requirement that Uf should equal

Af on a large sot. \We sot f equal to a constant a on 4, which will be chosen
presently, Inductively define for

1< k< n=1, f(z) = AYT-%2) ( ;n—"‘r T-lz))' HT-12), = 6 TEA

and finally st f equal to 1 on C, tho rest of X, (¢ denotes the complex
conjugate of ¢). It is easy to sco that

= dm.
T{A 1f1*dm ﬂI f1*dm

~14

Hence |fi* = na*m(4)+m(C). Now choose

1—m{C) \}
a= +( td) ) 80 that |fit = 1.
For this f note that

(UM)=) = Af(@) for ze ;D' TEL .

and
1
] =
L, Wirm< o
hence in particular
1 1 s
JUMam <L, 1 UM < -
Finally using (1) and (2) we got
WOf-Ar= § (Uf=AfI*dm
™o
< 2(%+m(0)) <€,
Honoe || U f—Af}| < € and we are,dono.
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2. Let T, {6 R tho real numbers, bo o group of orgodic non-singular
transformations on (X, 8, m) such that for cech Ae g t—>m(T A) is
continuous. Wo eall 7'y, £6 R, an orgodio flow. Let Uy, ¢6 R be a group of
unitary operators on Ly X, @, m) dofined by

(Vife) = at, ) (Ti) (@)’ e X . @

whero a is & measurable function on X X of absoluto value 1 and satisfying
a(ty+ty, 2) = alty, x) a{y, T, 7). e (4)

This Uy, ¢6 R, is a strongly continuous group of unitary oporators. By Stones
theorem wo have

U = [ e dEQA), teR.
R

Theorem : Support of E is the whole real line, where support means the
amallest closed subset of R complement of which has E measure zero.

The thoorem will bo proved if wo show that given any real A, positive
real X and € > 0 there oxists f in L X, g, m) such that |Iff =1 and

(U f, fi—e| <€ for 0 <t K e (6)

where (U, £, f) denotes the innor product betwoon U, f and f. For this the n
mesns that we can find a sequonco f, of functions in LYX, &, m) of norm one
such that the soquence of moasuros m, on tho real line defined by
m,(4) = (E(A) f,, f,) converges woakly to unit mass at A, which in turn means
that every neighbourhood of A has non-trivial E measuro. We will prove (5)
in Section 4 aftor rocalling in Soction 3 rocont extonsions of Ambroso-Kakutani
thoorem and Rokhlin-Kakutani thoorem to (non-singularj Jows.

3. Given a flow Sy, 6 R on o moasure spaco (Y, 7, ») whero n(Y) =1,
we say that S, fsR is isomorphic to T, {6 R, if thore exists a one-one
bimcasurable map ¢:X— Y which proserves null sots and satisfies
Ty =¢-189, te R. If wo form tho unitery group Vi, ¢ e R on LYY, 7, n) by

i) = v S S0) ( Sew)'s ey - ®)
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whoro
b(t, y) = alt, $~}(y)) and @ is as in (4), . M
then
Vi te R and Uy, t6 R are unitarily equivalent,
Indeed if I=mo¢™?

and

@i =167 o (y)) . )

then Q is an invortiblo isometry from Ly(X, 8, m) to LY, 7, n) such that
Q"V‘Q = U‘, teR.

Consequently the associnted spoctral mensuros are equivalont (unitarily).

Lot (X,, &8,, m;) bo a moasuro spacs isomorphic to unit intorval endoswed
with Borel o-algebra and Lebesgue measure excopt that m,(X,) although finite
need not be one. Let S:X,— X; bo an orgodic sutomorphism and let F
be a Borcl function on X, non-negative and such that [ Fdm,=1. Give

1
R the Borol o-algebra and Lebesquo measure, Give X,xR the product
o-algebra and product measure, Restrict these to the portion under the graph
of F, i.e., to tho set

Y={z1:0<t<F@)

Lot (Y, 7, n) be this now moasure space, Define on Y a flow §,, tcR,
as follows :

Each point (x, ) moves straight up at unit speed until it hits (z, F(z)).
It then gocs to (Sz, 0) and continues to movo up at unit speed and so on up to
timo {. Point thus reached at timo ¢ > 0 is dofined to bo Sy (x, u). S (z, %)
for ¢ < 0 is obtained by moving downward with unit apeed until it hits (z, 0).
It thon moves to (S-1z, F(§-1x)) and starts moving down with unit speed
and so on. Point thus reached at time |¢] is S; (x, u). The flow S, {6 R,
thus dofined is called a flow built under the function F. (Xy, &, m,) is
called the base space and S the base transformation. Krongel (1969) N‘ld
Dani (1976, p. 129) have proved Ambroso-Kakutani th for
flows according to which every orgodio non-singular flow is isomorphio !.o a
flow built undor a function, Now Ornstoin (1074, p. 63) has proved




NON-SINGULAR TRANSFORMATIONS AND FLOWS 63

Rokhlin-Kakutani theorem for measure preserving flows and essentially the
samo proof combined with result of Krongel and Dani yiclds the following
version of Rokhlin-Kakutani thoorem for non-singular flowa.

Let T, ¢ ¢ R, be an ergodic non-singular flow and ¢ > 0, N > 0 boe given,
Thon 7, te R is isomorphie to & flow built under a function F with a base
space (X,, &), m;) where F = N on a set

XC X, mZ) > (1—e)m (X))
and
F & N on the rest of X,

ie., on X;—X,
4. Equipped with this theorem we can now prove (5). Let A real and
K >0, > 0be given. Let N be a positive integer so large thatliv <¢fs.

Replace the flow 7, {6 R, by an isomorphic flow S;, {¢ R, built under a
function F on a base space (X, &,, m,) such that

F = NK onaset X C X, of measure > (l—ﬁ) my (X))
and
F & NK on the rest of X,.

Since total integral of F is one, if N is large m,(X,) would be less than one
and we assume this to be the case,

Let (Y, 7, ») denote the space on which S, te¢R, acts and let
Z = Xx[0, NK). Then #{Y—2) < ¢/4. We also note that

dm

Tn (z,u)=1if (z,4)e Z and u+t << NK. e (9)

Let 3¢, (z, u}) be the plant of the function a ing (3) to the

PP

space (Y, 7, n) {cf.(7)). Then b satisfies the cooycle idontity :
b+, (z, u)) = b, (z, w)) b (s, Si(z, u)) -~ (10)
because a satisfies (4).
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Now dofine
i Bu,(3,0), (@weZ
glx, u) =
1 otherwiss
where

b denotos complox conjugate of b. Cloarly |g| = 1 henco figl = 1.

If V,, teR, bo as in (6) thon using cocycle identity (10) of b and
(9) wo get
(Vi 9)(z, 1) § (z, u) = e, for 0 < ¢ < K,
zeX,0 u< NE—t.
A caloulation also shows that for 0 ¢ < X
[Vig.Gdr<y
B

where
Bwm Y—X%[0, NK—t).

Thus we have for 0 I K

(V2. 9) = ¢ (X ]9, NK—‘)H-_‘{ Vig.gén.

WEX[O, NK—0) > 2= > 1=,
we seo that
(ig.0)—e¥| <8 0KIK K.
Finslly if f = Q-3 g, where Q is 8 in (8) then it is clear that
[(TufiNi—et] <6 0Kt K

and the proof is finishod.

Remark 1: Rokhlin-Kakutani theorem Is valid for aperiodio
transformation and flows, honco the results of this paper are valid for such
transformations and flows.
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Remark 2: Ifthe flow T, ¢ ¢ R is monsuro preserving thon the isomorphic
flow built under a function can also be chosen to bo measure preserving and so
also tho function which establishes tho isomorphism. Under such situation,
since g is of nbsoluto valuo ono, s0 will bo f. Thus if 7, te R, is measure
preserving thon given any A and €> 0 we can chooso a function f of
absolute value one such that tho measure (E(:) £, f) puts mass bigger than 1—e
in a pre-assigned ncighbourhood of A. This result is descriptivo as against
tho analytic ono due to Holson {1076, Theorem 1) where it is shown that
for a certain flow on Bohr group there is a function ¢ of absolute value one
such that

_}’ el (B(du) g, q), for sll roal ¢.

Remark 3: We could havo made Uy, te R, act on LE (X, g, m), ie., L1
space of function taking values in & separable complex Hilbert Spaco Z/. Tho
cocycle @ would then be unitary operator valued. It is clear that spectrum
of such a Uy, te R, would also be whole of R.

Remark 4: Assume that 7' is measuro preserving automorphism on
(X, 8, m)and let U f=foT, fe LYX, @ m). Let us say that a function ¢ on
X i3 e-eigenfunction with eigon value A if |U g~Ad|| < €. It is clear from
our construction that for each A of absolute value one we con find an
€-eigonfunction ¢, such that |¢,] = 1 and ¢“‘,’ = ¢“. $1, for all Ay, 4, in
tho vircle group.

Remark 6: Every spectral measure £ on the unit circlo has associated
with it a complete invariant which dotermines £ up to unitary equivalence.
When E acts on a separablo Hilbert Spaco this invariant is a sequence of
mutually singular measure classes fogother with an increasing sequence of
cardinal numbers € x,. What is the subclass of these invariants which come
from spectral measure of unitary operators arising from measure proserving
transformations 7 Answer to this question does not scom to bo known, We
refer tho reader to tho paper of Chacon (1970) and the bibliography therein
for some literature on tho topio.
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