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NOTES
USE OF MODIFIED ESTIMATOR IN RECOVERY
OF INTER-BLOCK INFORMATION

By C. G. BEATTACHARYA
Indian Statistical Inatitute

SUMMARY. The paper p somo modifications of the bined intra and inter.block
ocatimato, which aro bottor than the original cstimates whon we have a-priori knowlodgo of tho
lnwur }imit of tho ratio of intor to intra-block varinnces. It also givos a comparison of two auch

botween th ives and with tho woll known modification basod on the truncatod
outimato of tho varianco ratio, for which the abovo proporty appears to bo in doubt except in
apecial situstions such oa that oonsidercd in 8hah (1971).

1. INTRODUOTION
In tho ansalysis of an incomplote block design with recovery of intor-black infor.

mation, an ostimato (say 2) of a ical trast (eatimable from both intra-block
and intor-block analysis) is gonerally obtained as a welghtod aversgo of the intra.
block and inter-blook osti of that contrast using suitably chosen random

weights. The woight (say @) given to tho intor-blook ostimate can be oxpressed
in the form ¢ = 1/(1+47) and ono may rogard j as an analoguo of tho beat linear
unbiaged combination of the intra-block and the intor-block estimates in which the
unknown ratio (say 7) of the varianco of the inter.black ostimate to thst of the

intra-block estimate ia roplaced by 7. 7 is gonerally a known multiple (depending
on the dosign) of the ratio (say p) of the inter-block orror variance (per plot) to the
intra-blook orror variance. Under the infinite models gonerslly used in the litsratuio
p cannot be loss than 1 and accordingly, 7 cannot be less than o known quantity
(say 7,). Henoo, if 7 < 7, it is usually rocommonded that the value of # bo replaced
by 7, (soe Yotes, 1939). Moro genorally, wo may havo a-priori mowledgo that
p P po and thon 7, may bo taken to bo tho value of 7 corresponding to g, Lot
A denote the modification of /i corresponding to that of 7 as proposed above.
Two rogulta whioh provide theoretical sapport for modifying i by AL (undor certain
conditions) are :

(1) {9 is bottor than tho intra-block estimato for all p & 2 (seo Sheh, 1964).

(2} Y is botter thon 2 for all p 3> p, (soe Shah, 1671).
The second result was conjectured by Stein (1986). In the two papers by Shah
cited above, there are some common restriotiona on  (sce (2.2) and (2.3) of Shah,
1971). 8hsh (1971) roquires an sdditional assumption (soe (2.8) of Shah, 1071)
whioh implies that ¢ ia non.negativo. It can bo soen that well known methods such
as tho moximum likelihood method and tho MINQUE mothod lead ta estimator of
p which aro not of tho form assumed in the two papers by Shah. It is also woll
known that @ based on tho MINQUE method need not bo non.negative, In fact
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tho assumption of non-nogativity of  may ho violated ovon if one usds the customary
Yates-Rao proooduro (untruncated). Inierosted resdors may vorify this in the
oaso of ioal ta belonging to tho eigen-spaco of tho smallest non-zero
i luo of tha intion matrix for PBIB design no. Rl in Boso, e al. (1954).

Thus, tho prosont paper gonornlizes Shah’s rosulte under milder conditions.

Howovur, in tho more genorsl situntion considored hore, tho ostimator A{® does
ot soom to onjoy the proporty ostablished in Shah (1971). This leads us to consider
two natural altornatives which have the desirod property, and to compare thess two
among thomsolves and with 4{%.

2. Resvurs

Iot 2,4, 8 T, w, s =1,...,¢ be indopendont rundom variables such that
z~ N(p, a0?), y~Nip, B, Slete~xd, Tit~xh wflaot+of) ~ xb
i=1,..,q whore a('s and fi's aroc known constants and g,o% 7 are unknown
paramotors. Lot w, = (y—=x)*. lnterproto z,y, 8, T, w’s as follows: z and y
as tho intra-block and inter-block osti of a given ical which is
ostimablo from both intra-block and inter.block analysis, S and 7" aa the intra-blook
and intor-block vreor sum of squarvs, and w;’s a8 tho squared differences between
the inter-block and intra-block estimators of other canonical contrasts which are
estima’lo from both intra-block and inter-block analyses. See Poarce e al. (1974)
in this connection. Woe shall uso the following th which is inlly due to
Khatri and Shah {1974).

Theorem 2.1 : Let & = e4+-9(y—z), where @ is o measurable function of 3, T,
Wy, ..., 0 such thal ER exists. Then,

V(R) = aor'[1+ Ehg)] w21
where h{t) = B{1+7)—2, 7 = Bytjaw?, E stands for the expeciation wilh respect to
the density w,f|Bw, and f slands for the joint density of 8, T, w,, ..., 10g.

In additicn, the following lemma will help to make the results transparent.
Lomma 2.1: Let h(f) = (147} —2 where 7 3 O and let ¢ = 1/{147,) whers
7o 2 0. Then,
(o) Jforeveryt <Oandus{l, |¢]),
A(t) > h(u)
(b) foreveryt>candusfc,t)
M> M) fr37
(0} () for every t 6 (0, c),
A <0 if T < 1425

(ii) hey>0 if 1> 1427,
(d) for every t 6 (0, c)
(U] Aty < Ble) if T > 1421,

(i) ) > Me) f T,
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Proof : Tho proof is olomontacy and henoo omitted,

We first prove

Theorem 2.2: Led ¢ be as in Theorem 21. Then ¢ ¢[0, }j(14-75)] a.a.
== V() < V(@) Jor all 7 < 14-27, wilh atrict inequality holding unless f =z a.s.

Proof : In view of Theorem 2.1, it suffices to show that for all 7 < 1427,
W) < M0) =0, if 9 6(0, }/(1+7y)). But this holds by Lemma 2.1(g).

Note thst, py=1 and p 2 =7 § 21y == 7 14 2r,. Hence Theorem
2.2 yields the result of Shah (1864). We now prove
Theorem 2.3 : Let ¢ be as in Theorem 2.1, Let A{p) be @ measurable funclion
of » auch that A(¢) 6 [0, min{| 9], 1/(1+7))] if ¢ <O. Let o = 2-+9,{y—2) where
9, =minlp, 1/(1+7)] o0
= Al¥) obherwise.
Then
(i) V() < Vip)foralkr s 7o, with siricl inequality holding unless f, = fi a.s.
(i) V(R § V(z) for all 7 <1421, with strict snequalily holding unless
i =1z as.
(i) V() € Viz) for a7 5 1427, == V() < V(z) forall 7 3 0.

Proof 1 (i) It suffices to show that h(9) > A(¢,) if P4 £ 9. But this followa
from Lemma 2.1(a) and (b) sinco 9, 6 [@, |?|)if P < 0,9, = 1f(1-+7,)if > /{1 +7,).
Qe = A otherwise.

(ii) follows from Theorem 2.2,
(iil) follows from (i) and (i),
Let 1, ¢ be as in Theorem 2.1 and lot

A0 = ztolily—2), §=10,1,2 . (22)
where
P = ¢ if 0 <o <1f{l47g)
= 1f(147) otherwiso
o = minfg, 1/(1+75)] if@>0
=0 otherwise

¥ = min[|g|, 1/(1+7g))
Note that pi in the modification of f commonly used in practice and studicd in
Shah (1964, 1971). The threo estimators A, A, A® are identical if @ is noo-

nogative a.6. 68 sssumed in Shah (1971). In this caso, A{®) satisfies the condition
of Theorom 2.3, part (i) of whioh, thereforo, yields the result of Shah (1971). In
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the gonoral situstion o.g. if Prob{(—1/(147,) <@ < 0) > 0, the estimator Ao
docs not satinfy tho condition of Theorom 2.3. Henco the ecstimators ", A%
which alwsys watisfy tho condition of Theorem 2.3, appear to bo preforable to (.
In tho theorem which followa, wo compare theso threo modifications of /:

Thoorom 2.4 : Lel Vi = V("), where it are as defined in (2.1). Then
B ViV, Jorull 7 <1427,
i) Vo€V, foral 7<142n,
> " Jorall 7> 1427,
i) Vo< Vs Joral 77,
>V Jorall 1 14271,

Furthenme,lhumquamybmmnmchpaorojV,aaaaaladabmhaldcdndlyun.
less the corresp are identical olmost sure.

Proof: Lot ¢ = 1/(14-7;). Then to prove (i), it suffices to show that for all
t6(0,c) we havo Al) < A(0) = 0 if r < 14-2r,. To prove (ii), it suffices to show
that Afc) < A(0) =0 if 7 < 1427, and M) > A{0) =0 if 7> 1427, All theso
hold by Lemmsa 2.1(c). To prove (iii) it suffices to show that for overy £e(0,¢),
wa havo A(t) > k(c) if 7 < 7, B0d A8) > k() if 7 > 1427, This holds by Lemma
2,1(d).

Note: The referec has pointed out that the case whore 7 is small (say between
7y 8nd 14-27,) is more important than the caso where 7 is large since for large values
of 7 the maximum reduction in varianco over P(z) is small. Furthermore a negative
value of ¢ would gonerally indicate that tho truo value of 7 ia rather small. In view

of those the use of 4 which (at tho prosont stato of our knowlodge) appeara to bo
hard to heat in the range of r botwoon 7, and 14-2r,, may be justified even in the
goneral easn whon ¢ can sesumo nogative values. On the other hand without deny.
ing these considerations fully, ono may question if 1427, can in all cases serve as
tho upper limit boyond which tho maximum reduction in variance aver V(z) is
nogligible; and then, sinco & negative value of ¢ may be encountered with a positive
probability oven for largo 7, ono would. if possibls, like to have o modified combined
ostimator which improves upon tho original ostimator for all 7 3» 7, and conse-
Quontly rataina the proporty of being uniformly botter thon the intra-block estimator

for all 7 » 7, whenover the ongml ostimator has that propert.y Both g and
I‘-” would serve this purposo but A may not, Besldos. 41 is dominated by both

WY and B2 forall 7 > 1++-27, whilo the possibility of 24 dominating A4 for smaljer
values of 7 remains open,

B 3-21
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