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ON EXPECTATIONS OF FUNCTIONS OF
ORDER STATISTICS

By K. BALASUBRAMANIAN and M. I. BEG*

Indian Statistical Institute

SUMMARY. 1In this paper we describe a method of deriving linear relations among
expectations of functions of order statistics. This unifies various adhoc methods used in deriving
such relations. This method also sets up a one-to-one correspondence between these linear
relations and a set of combinatorial identities.

1. INTRODUCTION

If b is a Borel measurable function from #* to 7 and if W,, W,, ...
are all k-vectors of order statistics from a distribution, a relation of the form
C,Eh(Wy) =X C.EW(W,) is termed linear if C,’s are constants, independent
of the underlgfing distribution. Such relations are scattered in the literature,
a large number of them finding mention in David (1981). By specializing
(putting » = 1) we get 0, = X C, which, in general, is a combinatorial

identity. It is remarkable that this combinatorial identity is equivalent to
the linear relation in the sense that it can be used to derive the relation itself.
We prove this equivalence and exploit it to prove a general theorem on linear
relations. A large number of such relations are proved with the associated
combinatorial identities. This paper, though in spirit is similar to that of
Arnold (1977), goes beyond it.

The method is essentially using expectation under summation in identi-

k
ties involving terms of the form p§° p?l, ooy pZ" where X p; = 1.
=0
2. MAIN RESULTS

Suppose X has an arbitrary distribution with a continuous c.d.f. F(x)
and A is any Borel measurable function from 7 to 72 such that E{h(X )}
exists. Let X,., denote the r-th order statistic in a random sample of size
n from the distribution of X. It is well known that

Bt =7 () 1 M) (—F@)pdF @)
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We will write r ( :f’ ) as a(r, n). Then

E{W(X,.,)FX,,,) 1—F(X,,,))}
= a(r, n) | h(x)Frie-Y(z)(1—F (x))vto-1dF (x)
R

= (a(r, n)[ee(r+a, n+a+b)E{MX i a.nrarb)} .. (2.0)
where a and b are integers such that n4+a+b > r+a > 0. (2.1) is the funda-
mental result which we are going to exploit. In what follow we assume that
all series considered are convergent absolutely and uniformly w.r.t. the para-
meters involved so that operations on them are justified.

Theorem 2.1 : Let S be a subset of Z? (where Z is the set of all integers)

with K, a mapping from 8 to 72 and 8, a real number. Then the following
three statements are equivalent :

@) = Ka, bpgb =9,
(a,b)ES

for all p € (0, 1), g=1—p.
(ii) OE{MX,.,)}= (aZb‘.)es K(a, b)(ee(r, n)jofr+a, n+a+b)E{M( Xy a.n1a10)}

for all r and n such that 0 < r+a < n+a—+b.
(iii) I K(a,b) (a(r, n)|a(r+a, nta+b)) =4,

(a,b)eS
for all r and n such that 0 < r+a < n+a+b. for all (a, b) € S.
Proof : (i) == (i) : If (i) is true then
X K(a, b)FuXr:p)1—F(X,,,))o =9
(a,b)eS
@ bZ)SK(a’ b)h (Xf:n)Fa(Xfl’n)(l—F(Xr:n))b =4 h(an)
s 0)8
Taking expectation on both sides and using (2.1), we get

(a ges K(a, b)(alr, n)|a(r+a, n+a+b)) B{f(Xria.nias0) = 8 B{(R(Xr.,)},

which is (ii).
(ii) == (iii) : Take A(.) =1 in (ii) we get (iii).

or

(iii) == (i) : Allowing r and # to tend to co in such a way that r/n tends
to p, using Stirling’s approximation for factorials it is easy to verify that

(a(r, n)/e(r-+a, n+a-+b)) tends to poqg®
and the result (i) follows.
This completes the proof of Theorem 2.1.

Remark 1 : (ii) gives a recurrence relation between the expected values
of functions of order statistics whereas (iii) gives a combinatorial identity.
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Remark 2 : The recurrence relations between the moments, moment
generating functions, characteristics functions, and distribution functions
(nontruncated and truncated), whenever they exist can be got by setting k()
= ¥, h(z) = exp(tx), h(@) = exp(ite) and h(s) = I_oom(®@), h(2) = I o (@)
I 4,5 (x) respectively. From distribution functions we can pass on to density
functions (whenever they exist).

We now obtain results based on joint distribution of two order statistics.

Suppose X,.,, and X;,,(1 < r < s < n) are r-th and s-th order statistics
from a random sample of size » from a distribution with a continuous ec.d.f
F(x) and & is a Borel measurable function from 7% to 7. It is well known
that, whenever it exists,

E{k(Xr n XS n)}

=alr, s,n I I h(@, y)Fr=(2)(F (y)— F (x))sr*(1— F(y))~*dF () dF (y)

where a(r, s, n) = n!/[(r—1)!(s—r—1)!(n—s)!]. Then
E{h(X’:n’ Xsm)Fa(Xf:n)(F(XS:n)—F(Xr:n))b(l_F(Xs:n))c}
= a(r, s, n)w j< th(x, y)Fr+a-1 (z) (F(y)—F(x))stor-Y(1—F(y))n+e=¢ dF (x)dF (y)

= (a(r, 8, n)|a(r+a, s+a+b, nta+b+c) B{h(@r,a.niarbres Xsrasbinrarbie)}

2.2)

where a, b and ¢ are integers such that 1 < r <s < n, 1 < rta < s+a+b
< nta+b+ec.

Theorem 2.2 : Let S (C Z® (where Z is the set of all integers) with K, a
mapping from 8 to R and 8, a real number. Then the following three statements
are equivalent :

(i) = Kl(a, b, c)piplp; =6, for all py, ps, s € (0, 1) ; pr+Patp3 =1

(a,b,c)es

(ii) OB{M Xy, ,, Xs.0)}= = K(a,b,c)(a(r,s,n)/(r+a, s+a+b, n+a-+b+-c))

(a,b,c)es
B{h(%ria;niaibr0s Xorasb:niarbye)}
forallr,s,n, 1< r<s n 1<K r4a<sta+bd < ntatb+c, for
all (a, b, ¢)e S.

(iii) £ K(a, b, c) («(r, s, n)/a(r+a, s-+a-+b, n+a+b+c)) =4,

(a,b,c)s8
forall r, s, n, 1< r<sn 1< rt+a<statdb < ntatbte,
for all (a, b, ¢) e 8.
Proof of Theorem 2.2 is similar to that of Theorem 2.1.
A 1-14
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Generalization of Theorem 2.2 is now clear. Suppose X i X,,Z; R

er: n are ri-th, ry-th, ..., rp-th order statistics (1 <7 <7< ... <715 < 1)

from a random sample of size n from a distribution with a continuous c.d.f
F(z) and & is a Borel measurable function from 7g% to 7o. It is well known
that, whenever it exists,

E{h( ryiw '-2 ) ka:n)} = a(rli Tos «oes Tk, n)

(F(@g,1)—F(29)) "7 QF(2,)dF (xy). .. dF (zx)

Ioe

Joooif May, 2y .., xk)j

< .. X

where xy = —0, 2§,y = +00, 7y = 0, r,; = n+1, and
3
OTyy Toy -oes Ty M) = n!/jl’[l(rjﬂ—rj—l)!

It is now easy to see that, for integers a,, a,, ..., ax
]

E(hX K LXK, )T, )%

r ﬂ’ raim tt

= (ary, Tg5 +vvs Ty M)[Ury -0y, Tot-aytay, ..., ettt Fag_,, N))
E{nX

ritag: N? Xr,+a0+a1=N’ T er+a0+a1+,,_+ak_1:N)} (2-3)

where N = n+ay+-a,+...+ax. If by = ay+ay+...+a5, the RHS of (2.3)
may be written as

(a(r]_, 72, ceey Ty n)/“("l‘l‘bo, 7'2+b1, cesy 7']5+bk_1, N))
E{h( r1+b0 N’ X,-2+b1:N, ey xfk+blo—1:N)}’
provided 1 £ 7,+by < 790y < ... <7ptbp < N
We now have the following generalization of Theorem 2.2.

Theorem 2.3 :  Let 8 (C 2k+ (where z is the set of all intergers) with K, a
mapping from S to 72 nnd 8, a real number. Then the following three statements
are equivalent :

(i) = ka)p® =7,
acS

k
where @ = (ag, @y, ..., ax), p":pgo Ph .. P, and p4e(0, 1) for all 4 wz'th’Zop;= 1.
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(i) OB(A(X, ., X X, . )

r1:m Trgim’ U Threin

ZSK(a) (Ury, 79y .oy Tr, M)[Ury+-bg, To+Dy, ..., T5+Dg_q, N))
ac

E{h(Xf1+bo:N’ Xf2+b1:N’ evey er,+ bk—I:N)}’

where bj=a,+a,+...+a;, N=n+bg, and 1 r+-by<ry+b; <...<rg+bp_ <N.
(iii) § K(a) (a(ry, 795 -.., k1) [0(ry+bg, 7940y, ..., TE+bg_q, N) =6,
€

a
where by=ay+-a,+...4+a;, N=n+bg, and 1< r)4-by<ry+b <...< rg+bg_; < N.

Proof of Theorem 2.3 is similar to that of Theorem 2.1. Remark 1 and
Remark 2 with obvious modifications are true for Theorems 2.2 and 2.3 also.

3. APPLICATIONS

In this section we present some applications of each of our theorems of
Section 2 separately. We notice that several known recurrence relations
can be deduced from our results. But combinatorial identities are not em-
phasized and are treated only cursorily.

3.1. Examples for Theorem 1.1. Ezample 1: Let S = {(a, b)|a > 0,
B> 05 atb=m> 0} and K(a, b) = ( ”;‘) Then from binomial distribution

we have
S Koty = (7) pgme = 1.
(a, b)ES s=0 'S
Hence

X)) = £ (") el mfatr-s, n-tm) Bl - (1)

and g (m ) (e, n)fodr+t-s, n+m)) =1
§=0 ' 8
or 50 [(”; ) fr-+s) (”:i:’)] —1yr (’:) . (3.2)

for positive integers n, m and r such that r < =.
In particular if we take m = ¥, then § = {(0, 1), (1, 0)} and from (3.1)
we get
E{WX,,,)} = alr, n)[B{WX, . )} edr, n+1)+EB{f( Xy i1, pir)}olr+1, n4-1)]
or (n+1) B{(WX,,,)} = (n+r+1) EWXyr, i)} +rEM X 1. n1)} oo (3.3)
Replacing n by (rn—1) in (3.3), we get
nE{H(Xr, )} = (n—r) BhXr, 4 rBHXrs1, ),
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which is due to Srikantan (1962). Taking A(X,,,) = Xk, k=1, 2, ..., and
writing u®, = E(X%,), we get

n g = (n—r) g tr 4.

which is due to Cole (1951). (3.3) can also be obtained by using the identity
(Johnson, 1957, 1978),

(3) —NF =8 [ () Jo—rem— (V1) 1),

where N and K are positive integers, 1 < K < N.
Example 2 :  Using the identity 1 = (p~1+41—p~1)®, we have
m
= ("’
8=0

") s —prymes = 2 (")) (—vmrpom—pyms.

Thus
B{(X,,,)}= z ( )(— 1ym=s(atr, m)fedr—m, n—5) B ZKr-m. pl} . (34)
for m, n, r >0 andm<r.

Again starting with 1 = (¢g7'+41—q¢ )™, we get

m
Xy )} =2 (=1m= () ) e, )ftr-+m—s, n—2) BXrym.a;n-0)}---(3.5)
for m, n, r > 0 and r+m > s.
(3.4) and (3.5) are the recurrence relations given by Krishnaiah and Rizvi
(1966).
Example 3 : Let S = {(a, b)[a =m > 0,b > 0} and K(a, b) = (a—l—lg——l)'
We then have from negative binomial distribution,
% K, by = = (m+8_l)p"‘9’ =1
(a, b)ES 8=0 $
Hence
< 1
B = 2 (") (ot wfatrtm, ntmeto) B Erim: gomsol

(3.6)
for positive integers m, n and r such that r < n.

Example 4 : From geometric distribution (a particular case of
Example 3 with m = 1) we have

E g =1
8=0
Thus E{h(an)} =8§) (“(75 7&)/0((7’—!—1, n+8+l)) E{h(X'+1:n+8+l)}: oo (3°7)

for positive integers r and n such that r < n.
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Example 5 : From (2.1) we can write
E{WX )T X o) 1—F(Xy,0))n 41 = (1, 6)/edlr, n) BBy, ,0)}

or £1 OTE{"’(XT n)}
=:§1 0,[ ( )/t]E{h(X VFrYX, )(1—F(X )+ ... (3.8)

where C, is a function of . We now consider the following particular cases.
Taking Cr = 1/(n—r-+1) in (3.8), we get

,%1 (1/(n—r+1)) Ef(Xy:,)}

u M3

Wl (") = DIBAE ) FHX ) (1—F(Xy )7

% (" ) B, D1 ) (1P prer
=r%o(1/t) ( 7: )E{h(Xlzt)Fr(Xht) (1—F(X,.))n "4}
n=1l ,n
= [(I—F(Xnt))“t/t][ p ( ) E{h(Xlzt)Fr(Xlzt)(l-‘F(Xht))”"'}}
r=0 \ 7

= [0—F (X3 ) EHEE 0 S () Py 1—F & rr
Putting ¢ = 1, we get
$ (1fn—r+1)) B}
= B, 0~ P, )0 )

= BX;y) & FeiX,,)

= 2 E{h X]_ I)F“ 1(X1 1)}

u=

= ﬁl(a(l, 1)/, w)) B{h(X. )}, using (2.1)

U=

=u%=1(1/u) E{(Xy.u)} =;L“"1 (1/r)E{h(Xy 1)} .. (3.9)



110 K. BALASUBRAMANIAN AND M. I. BEG
Similarly with Cy = 1/r in (3.8), we get
Z (1/r)E{M(Xy,,)} = l/r E{h(X.r)}- ... (3.10)
(3.9) and (3.10) are due to Joshi (1973).
Taking Cy = r in (3.8), we get
erE’{h(X,m)} = (n[2)B{h(X, )} -+ n2[2) E{h(X,:5)}. ... (3.11)
r=

With Cp = (r—1)l@-11,  where 204l = z(x—1), ..., (x—d+1), we then
have from (3.8),
a
) (r—1)1e-11E{h( X,. )} = Id]t) X s(d, r)EB{h(Xy,r)}/r. .. (3.12)
r=1 r=1

where s(d, k)’s are Stlrhng numbers of the first kind defined as
d
zldl = Z s(d, k)xk

3.2  Examples for Theorem 2.2. Ewample 1: Let S={(a,b,¢)|a,b,c > 0;
a+b+c=m> 0} and K(a,b,c)=(m!ja!b/c!). Then from trlnomlal
distribution we have,

Y K@, b, opiplps= T (m!a!b!ec)pipdps=1.

(a,b.c)eS (a.b.c)eS
Hence
EB{h( Xy, s Xs.p)} = T (m!]alble)(a(r, s, n)/a(r+a, s+a+c, n+a+btc))
(@.b,0)eS
EB{MXr.a.nratbres Xsrate: ntatbic)}- .. (3.13)

In particular if we take m = 1, then 8§ = {(1, 0, 0), (0, 1, 0), (0, 0, 1)}
and from (3.13) we get
E{(WXy.,, Xs:p)} = alr, 8, 1) [(B{A( Xpt1. 0115 Xsta:nrr)}/e(r-+a, 541, n+1))
—I-(E{h(erﬂ, Xs:n+1)}/°‘("', 8, n+l))+(E{h(X,;n+1, Xs+1:n+1)}/0‘(7‘, s+1,n41))]
= (1/(n+1)) PEAR X 11041 Lsraint)}+ 00—+ DER(Xy, p11, Xs, pia)}+H(5—7)
E{h(XfinH, X8+1:n+1)}]- e (3.14)
Taking h(x, y) = afy* and writing uit), = B{Xj]., X*. 1 in (3.14) we get

(n+1)/t$f’s’?n = Tlhryy. 3+1:n+1+(n—3+ 1)ﬂ£{§k)n+l+(8_r)ﬂ'$]’s+l sl

Govindarajulu (1963) obtained this recurrence relation for j = k = 1.

Let
A, r, 8) = Pr{zrin <&, <&g < 5.0}

= Py {y:, < Eps Tsin 2> g Bp <&¢-
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Ifh(x,y) =1 (0,81 (x) I [€4:0) (y), then
E{h(xf:n’ xs:fn)} =k {I(-co,".‘p] (xrin) I [¢4:) (x83n)} = A(n’ 7, 8)’

and (3.14) gives .
(n+1) A(n, r, 8) = rd(n+1, r+41, s+1)4(s—r) A(n+1, r, s+1)
+(n—s+1) A(n+1, r, s).
which is due to Reiss and Ruschendorf (1976).
If h(z, y) = gly—=x), we get from (3.14)
(n+1) B{g(X;:n—Xr:n)} = rE{9(Xoi1:n41— Xrt1:n41)}
+(s—7) B{g(Xs11: 41— Xrint1)}
‘ +(n—s+1)B{g(Xs. 11— Xr:nsa)}-
Taking g(u) = » and s = r+1, we have

(7""‘ I)E(Xr-i-l : n_X" : n) = rE(Xr+2 : n+1_-X7'+1 : n+1)+(n_7')E)-Xf+1:n+1_Xf:n+1)

+E(Xry9:m11— Xrine1)
or

(n+D)E(Xp1:0—Xrin) = 1B (Xrp9:n41— rr1:m) F(0—1)E(X 1 np1— Xring1)
+E(Xr+2:n+l—Xr+1:n+1+Xr+lm01_ rm+1)-
Let y,.r = E(Xy,1:n—X,:s), then the above reduces of the form
(n+1)Xn:f = rxn+1:"+1+(7”""r)xn+1:r+(Xn+1:f+1+Xn+15f)

or m+Dxn:r = (+D)Xniraa+@—7r—1)X001:00,
which is due to Sillitto (1951). Other results of Sillitto (1951) can be easily
deduced from (3.14).

Example 2 : Let 8 ={(a, b,¢)|a > 6,5 > 0,c=m > 0} and K(a, b, c)
= (@+b+c—1)!/a!b!(c—1)!. We then have from bivariate negative bino-

mial distribution,

S Kb, o)pipips= = [(@+b+c—1) ![a! B! (c—1)!] pipdps =1,
(a, b, c)eS (a, b, c)eS

8
pN Pt = 1.
fml

Hence
E{WXy:n, Xs:n)} = X [(@+b+c—1)!fa!b!(c—1)!]
(@b c)es
(alr, 8, n)ja{r4-a+-c, s+a-+tc, nt+a-t-b-t-c))

E{h(Xr+a:n+a+b+c: X s1aic: n+a+b+o)}. ... (3.15)
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Example 3. From bivariate geometric distribution (a particular case of
Example 2 with m = 1) we have

3
S [(a4b) Ya !blptptps = 1, X p= L.
S i=1

(@ b)e,
Hence
a-+b
Eh(Xy:n Xsin)} = X ( ) (r, s, n)|a(r+a, s+a+1, nt+a+b+c))
(@ bes a
E{MXria:nia1b11, Xorariiniasbin)}- . (3.16)

3.3 Examples for Theorem 2.3. Example 1: Let 8 = {(ay, ay, ..., ak)

m

I3
@y, @y, ..., A > 0; Eo a; = m > 0} and K(a) = ( We then have

ao, a]_, ceey a]p)

from multinomial distribution

m k
I K(@ps= X < )p§°pf‘,.--,pz"= 1; Z pi=1

aeS aeS ‘Qg; Qy5 -..5 A i=l
Hence
2703 G SR a
m
= z ( )(0&(’)’1, 7’2, ceey 7‘]‘;, n)/a(’rl-l-bo, 72+b1, ceey rk+bk_1, N))
acS\ Gy, Oy, ..., Ok
B{E, i Xrenyia -+ Krgig_ ) . (317)

Example 2 : A generalization of negative binomial distribution gives
xamp. g g g
the identity

o (m—l-r—l ) ( r

z z
r=0 ay+..+ag=7r r Ay, Qg, ..., O
ag=m

)p‘{’ Pt s D PP =1

k
where p;’s are nonnegative and X p; = 1.

=0
Hence
E{h(X,.I:", Xf’:ﬂ’ ceey er:”)}
5 m—+tr—1 r
2 z ar,r,.'.,a’n
r=0 ag+ag+...+ax = ,-( r )( Ay, Agy ..., Ok )( (ry, 7o k )/

a=m
ofry+bg, 7940y, ..., Te+br_y, N))
E{h(X,ﬁbo:N, X,2+bl;N, oo Xf#bk—l’N)}‘ ... (3.18)
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Example 3 : This is a particular case of Example 2 and is from a genera-
lization of geometric distribution. This is got by setting m = 1. We state
the result

E{h(Xn:”, sz:”, cees er:n)}
® r
=2 z ( )(a(rl, Tgy «ees Ty 1)/
r=0 a1+a2+...+ak = r‘ al’ az, ceey a]g
ap =1
a(ry+bo, Tat-by, o Thtbrg, N)) BWX, Ly yoeeos Xy g in)) o (3:19)

Note : A general procedure for getting certain type of identities and
recurrence relation for expectation of functions of order statistics can be given

as follows. We give it only for ‘one order’ statistics, but the generalization
is obvious.

(i) Whenever we have an identity of the form

Z  K(a, b)prg® = 6 for all p€(0, 1), ... (3.20)
(a,b) €8S

we can get the recurrence relation
BE{k(X,m)}=( %) SK(a,b)(a(r, n)jo(r+a; n+a+b)) B{M(Xria:niasp)} .. (3.21)
a,b)e

(ii) Whenever we suspect a recurrence relation of the form (3.21) we can
settle it by proving (3.20).

Conclusion : All the recurrence relations are essentially ‘linear’ in
character. These are got by interchanging the order of summation and
expectation. Such a method obviously will work for conditional expectations
too. Authors of this paper are exploring in detail conditional expectations
of order statistics in a separate paper.
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