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1. Introduction. In the theory of Boolean algebras, the following
result is well known. A completc Boolean algebra of a given infinite
cardinal number m cxists if and only if m=m¥°. In this note a
similar theorem is proved.

THEOREM. A Banach space of a given cardinal number m exists
if end only if m =m0, In this note, we assume all Banach spaces

to be nontrivial.

2, LemMma |, Let Bbea Banach space. Given 0 < ¢ <1, there exists
aset A C Bwith the following properties:

() Closed linear manifold spanned by A, sp () = B.
(i) xin A implies| x||=1and x, yin A implies||x — y|] >¢.

Proor. Apply Zorn's lemma for the collection of sets satisfying
{ii) and then use Lemma 3 of ([1, pp. 578]).

LemMA 2. If B is a Banach space, then iis cardinal number,|B|
= mXe for some cardinal number m.

ProoF. Let (2/3)<e< ), Let A be a subset of B given by
Lemma 1. Case (i) |Al=m2>c, where ¢ is the cardinality of the
continuum.  Obviously, | B| <mx°. Since for every infinite cardinal
numborm, mN®=m, wecan write A = 4, U 4, U ...such that A;’s are
disjoint and | A;| = m for every i.

Let 8,= 2l" A I x; belongs to B, then {.‘ Xxqgis convergent, Further,

if x;, y, belong to B, and Z x, = Z y,, then x; =)y for everyi. For,ifnis
1 i
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the first natural number for which x, # y, then 2% <= all=

I 2 x— Z yh <22 (4/3). This implics ¢ <% giving rise to
>a41 21
a contradiction. Consequently, | B| > m¥,
Case (i) |A|<c. Let D bethe lincar manifold spanned by 4. Since
D = Band every point in Bis a limit of a sequence of elements from D,
we have

c <|8lg |D|x°= number of scquences from D = | 4 |x°< ¢ Vo
| B] 2 ¢ follows from the fact that every Banach space contains a copy

of the real line. Thus we have| 8| = X,

LemMA 3. If m is a cardinal number such that m = mXe, then there exists
a Banach space B with the property | B| =m

ProoF. Let H be any Hilbert space of dimensionm. Applying a
technique used in the proof of Lemma 210 an orthonormal basis of H,

we can conclude that|Hi= m¥0 = pm,
THEOREM. A Banach space of a given cardinal number m exists if and
only if m= m¥e,

3. ReMarks. 1. The proof of the analogous theorem for Hilbert
spaces is quite simple if one works with its orthonormal basis.

2. From the theorem, we conclude if m=c +2° + 2 +..., then
there is no Banach space of cardinal number m. For, by Konig's thcorem
(see [2, pp. 45]), wo can casily verify that m # m¥o,

3. From the results proved above, the following result follows. A
Banach algebra of a given cardinal number m exists if and only if
m=m™, If Bisa Banach algebraand | B] =m, thenm Xo . For,
every Banach algebra is a Banach space. If m= mx", take any Banach

space B of cardiaality m and make it a Banach algebra by defining product
x.y =0 forevery x, y in B. Alternatively, take any abelian group G of
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cardinality m and equip G with di | Then G b a

pology.
tocally pact Abclian topological group and let p be Haar measure

onG. Then L, (G, ) is a Banach algebra of cardinality m¥o—pm.

4. It has been brought to the authors’ attention that the main theorem
of this paper follows from the resulls of [3] and also from the Lemma
31 of.[4]). But this theorem is not explicitly stated and deduced in
these papers. Morcover, the proof given here is simple, direct and
functional analytic.

The authors are grateful to Dr. M. G. Nadkarni for his valuable help
in preparing this paper.
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